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ABSTRACT
The influence of a population of randomly-oriented cracks on the macroscopic thermal and linear-
elastic response of a hexagonal polycrystal is addressed using a self-consistent method. Coupling be-
tween micro-cracks and crystal anisotropy is taken into account through the effective medium where
all inhomogeneities are embedded. In the absence of cracks, the proposed approach reduces to the
self-consistent estimate of Berryman (2005). The accuracy of the present method is first assessed us-
ing numerical, Fourier-based computations. In the absence of crystal anisotropy, the estimates for the
effective elastic properties are close to that obtained numerically for a homogeneous body containing
disk-shaped cracks, with Boolean spatial dispersion. Various other analytical estimates and bounds,
that are available for homogeneous cracked bodies, are also considered and compared to the present
approach. Second, the combined role of crystal anisotropy and micro-cracks is investigated analytically,
specifically when the in-plane shear modulus of the crystal becomes zero. The cracks-density perco-
lation threshold is found to diminish abruptly in this limit. This “advanced” percolation threshold is
concomitant to the onset of large, weakly-loaded regions surrounding cracks in strongly-anisotropic
crystals.
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1. Introduction

Quasi-brittle materials represent a wide and important class of engineering materials, comprising con-
crete, soft rocks, sintered and jointed materials and many composites. Their common characteristic is
to undergo distributed damage, namely micro-cracking, prior to failure. An important effect of micro-
cracks is the induced decrease of the macroscopic elastic stiffness (elastic softening), whereas their
effect on macroscopic thermal expansion does not necessarily follow the same trend. In the general
case, elastic softening is accompanied by induced anisotropy, known to reflect the non-uniform dis-
tribution of micro-cracks orientations, itself the result of either the strong initial heterogeneity and
anisotropy of the material, such as in fiber reinforced composites, or the directionality of the load, in
initially isotropic materials such as concrete, un-textured rocks and many ceramics. From now on, the
focus will be restricted to the latter case, and more precisely on initially isotropic polycrystals.

Modeling this softening effect is not straightforward, and has generated a large amount of work, either
by phenomenological means (see in particular the brief review of Cormey and Welemane [1] or more
recently [2–4]) or via micromechanical modeling (see [5–9], and the more recent studies [10–14] among
many others). Most of these works have considered the damaged material as a homogeneous matrix
containing a distribution of micro-cracks. However, real materials are not homogeneous in their initial
state, and this assumption may be seen as being too restrictive, as noted for example by Ortiz [15],
Pijaudier-Cabot and Bazant [16], or Challamel [4].



The problem however is potentially very complex, as it may involve open and closed cracks, complex
unilateral effects due to strong local heterogeneities, closed crack kinking, and friction. Therefore, the
present work will focus on a simplified problem, only involving open micro-cracks in a macroscopically
isotropic material in its initial and damaged states as well, in a locally linear, thermoelastic framework.
Initially isotropic materials should remain so if micro-cracking results from the application of a non-
directional load, in particular by heating or cooling slowly enough for the temperature field to remain
uniform. Such a situation may be encountered in materials made of strongly thermally and elastically
anisotropic crystals, such as polycrystalline graphite [17, 18], or the energetic material 1,3,5-triamino-
2,4,6-trinitrobenzene (TATB) [19, 20].

A previous attempt was made by Huang and Hu [21], aiming at predicting the elastic behavior of
micro-cracked polycrystals, in the case of crystals of cubic symmetry. The present work is a first effort
in making such predictions for other symmetries, in the present case hexagonal (transverse isotropy).
This choice is motivated by applications to polycrystalline graphite or TATB, and because hexagonal
symmetry is amenable to a relatively simple analytical treatment.

The proposed model uses the self-consistent approach. Exact expressions for the Hill tensor (or
equivalently Eshelby’s tensor) have been derived for cracks embedded in a transversely-isotropic [22]
or orthotropic case [23], for particular crack shape and orientations. Closed-form explicit solutions of
Eshelby’s problem for an ellipsoidal crack in a medium with arbitrary anisotropy are not available.
Therefore, in the present approach, we consider the grains, of any crystallographic orientation, and the
randomly-oriented cracks as separate phases embedded in the homogeneous effective medium. Under
this assumption, we do not take into account the exact interaction between an oriented crack and the
crystallographic orientation of the surrounding medium.

The obtained formulation is first discussed in terms of its percolating behavior, and compared to
previous models of microcracked materials. Quantitative model predictions are then confronted to nu-
merical ones obtained by Fourier-based simulations, first on a homogeneous matrix in which (isotropic)
populations of micro-cracks of various crack densities are embedded, then on polycrystalline microstruc-
tures representative of a TATB-based material, in which the same populations of micro-cracks as before
are embedded. The confrontation uses the Bristow-Budiansky-O’Connell [5, 24] definition of micro-
crack density, widely accepted to be a good quantifier (see for example [3]), up to relatively large crack
densities (up to around 0.7) representing several thousands of micro-cracks at most.

2. Thermoelasticity problem for cracked polycrystals

Consider a polycrystal in a domain Ω of volume V , containing a population of frictionless cracks along
a set of surfaces Γ and subjected to mechanical and thermal loading. In the rest of this work, it is
assumed that the applied load results in the opening of all micro-cracks, so that:

σ(x) · n = 0, x ∈ Γ (1)

where n is the normal at point x along Γ (oriented indiferently) and σ is the stress tensor. Outside of
the cracks, the strain field ε is determined as a function of the stress by the linear thermoelastic law:

ε(x) = S(x) : σ(x) +α(x)∆T, σ(x) = C(x) : [ε(x)−α(x)∆T ] , x ∈ Ω\Γ, (2)

where ∆T = T − T0 is the difference of temperature with respect to a reference temperature T0. The
permanent regime is attained at all time during cooling or heating, so that ∆T is homogeneous in Ω
and represents a macroscopic thermal loading. Small deformation εij = (1/2)(∂iuj + ∂jui), with u the
displacement vector, and quasi-static equilibrium, i.e. divσ ≡ 0 is assumed for all thermo-mechanical
loadings. Hereafter, the compliance S and stiffness tensor C = S−1 of the crystal in (2) have hexagonal
(i.e. transversely-isotropic) symmetry. Equation (2) is rewritten as:

(ε11, ε22, ε33, 2ε23, 2ε13, 2ε12)t = S · (σ11, σ22, σ33, σ23, σ13, σ12)t +αt∆T, (3)
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where S is expressed, in the above Voigt notation, as the following 6× 6 symmetric matrix:

S =



1/Ep −νp/Ep −νpz/Ep 0 0 0
1/Ep −νpz/Ep 0 0 0

1/Ez 0 0 0
1/Gzp 0 0

sym 1/Gzp 0
2(1 + νp)/Ep

 , (4)

in an orthonormal basis (e1, e2, e3) local to each grain where e3 coincides with the crystal’s axis of
symmetry. The compliance tensor S depends on five elastic moduli: the in-plane (Ep) and out-of-plane
(Ez) Young moduli, the out-of-plane shear modulusGzp, the in-plane (νp) and out-of-plane (νpz) Poisson
ratios. In contrast to isotropic elasticity, Poisson effects depend on the loading direction, hence, the
coefficients νp and νpz can exceed 1/2. They vary in the range:

−1 ≤ νp ≤ 1− 2ν2
pz

Ez
Ep
≤ 1, |νpz| ≤

√
(1− νp)Ep

2Ez
≤
√
Ep
Ez
. (5)

With the condition Ez ≥ 0, Ep ≥ 0, Gzp ≥ 0, the above guarantees that S (or C) is positive semi-
definite. The two Young moduli Ez and Ep vary in the range:

2ν2
zp

1− νp
Ep ≤ Ez ≤

1− νp
2ν2

pz

Ep,
2ν2

pz

1− νp
Ez ≤ Ep ≤ Ez

1− νp
2ν2

zp

, (6)

where we have introduced νzp = νpzEz/Ep, inequalities (5) and (6) being equivalent. When needed, we
refer to the following Voigt notation for stiffness tensors, equivalent to (3):

(σ11, σ22, σ33, σ23, σ13, σ12)t = C ·
[
(ε11, ε22, ε33, 2ε23, 2ε13, 2ε12)t −αt∆T

]
, (7)

where C is represented by the 6× 6 matrix inverse of (4).
In the crystal, we assume that a purely-thermal loading induces transversely-isotropic dilation or

contraction with the same axis of symmetry as that of S. In the same basis used in (4), where e3 is
the axis of symmetry of the crystal lattice, the thermal expansion tensor entering (3) reads, in vector
notation:

α(x) = (α11, α11, α33, 0, 0, 0)t, (8)

i.e. α11 = α22 and α12 = α13 = α23 = 0.
The polycrystal is a space-tessellation of Ω, in which all grains are made from the same, randomly-

oriented crystal. In an orthornormal basis (xI) attached to the laboratory:

SIJ,KL(x) = RiI(x)RjJ(x)RkK(x)RlL(x)Sij,kl, αIJ(x) = RiI(x)RjJ(x)αij , x ∈ Ω\Γ, (9)

where R(x) are constant-per-grain rotation matrix and where Sij,kl and αij are given by (3), (4) and (8).
The effective thermoelastic response of the polycrystal reads:

σ = 〈σ(x)〉 = C̃ : (ε− α̃∆T ) , (10)

where ε = 〈ε(x)〉 and σ are the macroscopic strain and stress fields, computed by averaging the fields
ε(x) and σ(x) over the domain Ω. In the following, the rotation matrix R and cracks’s orientations
are uniformly-distributed random variables in the space of 3D matrix rotations and in the sphere,
respectively, and the polycrystal is statistically isotropic. In particular, the orientations of two different
crystals are uncorrelated.
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The effective stiffness tensor C̃ reduces to its bulk modulus K̃ and shear modulus G̃ or equivalently,
its Young modulus Ẽ and Poisson ratio ν̃, and the effective thermal expansion tensor is diagonal with
the unique eigenvalue α̃11. The macroscopic volumetric expansion is α̃V = tr(α̃) = 3α̃11.

In the analytical treatment that follows, we use Eshelby-type solutions for the cracks, in a manner
that model them as infinitesimally thin ellispoidal voids. Under this hypothesis, the strain field in the
cracks is singular and each crack contributes to the spatial mean 〈ε(x)〉 by (see e.g. [9]):

1
V

∫
Γi

dS b · n + n · b
2 , (11)

where V is the volume of Ω, Γi the surface along crack i, dS an elementary surface along Γi and b is
the displacement jump at each point of Γi. In the above, denoting u±(x) the displacement vector field
on each side of the lips of the cracks, b = u+ −u− where n is oriented positively from the − to the +
side.

In a homogeneous body containing cracks, the effective elastic moduli depend on a non-dimensional
cracks-density parameter η. This parameter arises naturally from Eshelby’s single-inclusion problem in
the “dilute limit” where cracks interaction are neglected [24] and has been subsequently used in most
self-consistent schemes, e.g. [5]. When the cracks embedded in the polycrystal are equisized disks of
radius a, the cracks-density parameter reads:

η = n0a
3

V
, (12)

where n0 is the number of cracks in Ω and n0/V the number of cracks per unit volume. The cracks’s
locations are arbitrary, in particular, cracks may interpenetrate with one another. In the rest of this
work, we assume that the spatial distribution of cracks in the polycrystal and their morphology can be
described by the cracks-density parameter 0 ≤ η ≤ ∞.

3. Self-consistent estimate for cracked polycrystals

We now derive estimates for the homogenized thermoelastic response of a cracked polycrystal using
classical self-consistent assumptions. Elastic moduli are first considered. Our method is based on Es-
helby’s problem for: (i) an isolated penny-shaped crack in an isotropic medium and (ii) a spherical grain
with transversely-isotropic elastic response embedded in an isotropic medium. Assume for now that the
grains and cracks are isolated from one another and that they are embedded in a homogeneous isotropic
body of compliance tensor S0, subjected to an applied stress σ. The contributions of the cracks and
grains to the material’s macroscopic strain ε are summed up as:

ε = S̃ : σ = S0 : σ + f〈H(S; S0) : σ〉C + η〈G(S0) : σ〉O, (13)

where the second-term on the r.h.s. represents the strain change due to the presence of grains, of
volume fraction 0 ≤ f ≤ 1, and the third-term on the r.h.s. the strain change due to the cracks.
The contributions of individual grains (tensor H) are averaged over all crystallographic orientations C.
Likewise, the contributions of the cracks (tensor G) are averaged over all cracks orientations O. The
transversely-isotropic tensors H and G are obtained in terms of Eshelby’s or Hill’s tensor [25] for their
respective problem. Tensor H reads (see e.g. [26]):

H(S; S0) =
[(

S− S0
)−1

+ Q(S0)
]−1

, (14)

in which Q is the isotropic stiffness tensor defined by [27, Chap. 2]:

Q11 = Q22 = Q33 = 16
15

G0

1− ν0 , Q12 = Q23 = Q13 = 2G0

15
1 + 5ν0

1− ν0 , (15)
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where we refer to the Voigt notation (7). Other components are obtained from the above, e.g. Q44 =
Q55 = Q66 = (Q11 − Q12)/2. The variables G0 refer to the shear modulus associated to S0 and ν0 to
its Poisson ratio, i.e. G0 = 1/S0

44 and ν0 = S0
44/(2S0

11)− 1. An equivalent form is given in [28] for the
reciprocal tensor P = S0(I − QS0) whereas a more general expression for Q is given in [29] for an
ellipsoidal inclusion with revolution symmetry.

Tensor G entering (13) is given in closed-form expression as [27, Chap. 5]:

G33 = 8(1− ν0)
3G0 , G44 = G55 = 16(1− ν0)

3G0(2− ν0) , G11 = G22 = G12 = G13 = G66 = 0, (16)

in the Voigt notation (3) where e3 is normal to the crack.
Assume now that the embedding medium with compliance S0 has the same elastic response as the

heterogeneous medium, so that S0 = S̃. Accordingly, when the material is subjected to the macroscopic
stress σ, the deformation induced by the cracks compensates that of the grains:

〈H(S; S̃)〉C + η〈G(S̃)〉O = 0, (17)

where we took f = 1, so that the grains cover the entire domain and the cracks have no volume. The
assumption S0 = S̃ can be thought of as the construction of a hierarchical material with infinitely
many scales, in the following way. Consider a material made of a homogeneous matrix containing
widely-separated grains and cracks. Replace the embedding matrix by a set of grains and cracks at
a much smaller length-scale, and repeat this operation until the matrix is entirely covered by grains
and cracks. Now, in a polycrystal where cracks and grains have the same typical size, one may assume
that each crack or grain is surrounded by many different, randomly-oriented cracks and grains. The
approximation S0 ≈ S̃ amounts to replace the surrounding medium around each inhomogeneity by a
homogeneous effective material.

Rewrite now Equation (17) using (14), (15) and (16). We refer to [29] for amenable formula for
the product and inverse of transversely-isotropic tensors. The means 〈A〉C,O of a transversely-isotropic
stiffness tensor A with axis of symmetry parallel to e3 is the isotropic tensor with bulk and shear
moduli [28]:

KA = 2(A11 + A12 + 2A13) + A33

9 , GA = 3(2A44 + A66) + 2(A11 − A13) + A33 − A12

15 , (18)

respectively, where the Aij refer to the Voigt notation (3). Denoting KT and GT the bulk and shear
moduli associated to the compliance tensor of the l.h.s. of (17):

T = 〈H(S; S̃)〉C + η〈G(S̃)〉O, (19)

one obtains the expressions below for the inverse moduli:

K−1
T = 2u2 + u1 − 4u3

u1u2 − 2u2
3

+ 8η(1− ν̃)
3G̃

, ν̃ = 3K̃ − 2G̃
2(3K̃ + G̃)

, (20a)

G−1
T = 2u2 + 4(u1 + 2u3)

15(u1u2 − 2u2
3) + 6

15u4
+ 6

15u5
+ 32η(5− 6ν̃ + ν̃2)

45G̃(2− ν̃)
, (20b)

where ν̃ is the effective Poisson ratio and the ui are a set of five independent components of the tensor
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U = H−1 as follows:

u1 = U1111 + U1122 =
[
18K̃G̃− 2(G̃+ 3K̃)Ez

] EpEz
∆u

+ 2G̃(9 + 5ν̃)
15(1− ν̃) , (21a)

u2 = U3333 =
[
18K̃G̃(1− νp)− (4G̃+ 3K̃)Ep

] E2
z

∆u
+ 16G̃

15(1− ν̃) , (21b)

u3 = U1133 =
[
18K̃G̃νzp + (2G̃− 3K̃)Ez

] EpEz
∆u

+ 2G̃(1 + 5ν̃)
15(1− ν̃) , (21c)

u4 = U1212 = G̃Ep

2G̃(1 + νp)− Ep
+ G̃(7− 5ν̃)

15(1− ν̃) , (21d)

u5 = U1313 = G̃Gzp

G̃−Gzp

+ G̃(7− 5ν̃)
15(1− ν̃) , (21e)

∆u = [2(νp − 1)Ez + (8νzpν̃ − 1)Ep] (3K̃ + G̃)Ez
+18(1− νp)K̃G̃Ez + 3Ep

[
E2
z − (12K̃ν2

zp + Ez)G̃
]
, (21f)

again, expressed in a basis where e3 is the axis of transverse symmetry. The bulk and shear moduli KT

and GT are, accordingly, rational functions of the bulk and shear moduli K̃ and G̃ and of all parameters
of the problem. Condition (17) therefore can be rewritten as two polynomial equations in K̃ and G̃.
The first one is of order 4 in K̃ and 5 in G̃, whereas the second one is of order 9 in K̃ and 5 in G̃. For
an isotropic tensor S with bulk modulus K and shear modulus G, they reduce to a system of cubic
equations:

G̃K̃
[
(9 + 16η)K̃ − 9K

]
= 3G̃2(K − K̃)− 12ηK̃2K, (22a)

27(75− 32η)K̃2G = 3G̃K̃
[
27(25 + 16η)K̃ + (704η − 675)G

]
+ (450 + 512η)G̃3

+3G̃2
[
9(75 + 64η)K̃ + 2(128η − 75)G

]
. (22b)

Numerical solutions of the above are determined using the software “Mathematica” [30]. We obtained
a unique set of real solutions in the domain K̃ > 0, G̃ > 0, for all elastic moduli K̃ and G̃ and crack-
density parameter η considered in the present work. For arbitrary anisotropy, numerical solutions are
readily obtained using the following fixed-point algorithm:

Initialization: set K̃−1 = 9∆/[2Ep + (1− νp + 4νpz)Ez],
G̃−1 = 6∆/[Ep + 2(1− νp − 2νpz)Ez]s, ∆ = 1− νp − 2νpzνzp. (23a)

Iterations: set K̃−1 ← K̃−1 +K−1
T (K̃, G̃), G̃−1 ← G̃−1 +G−1

T (K̃, G̃),
until the absolute values of K̃ and G̃ change by less than 10−10. (23b)

In this algorithm, the effective moduli are initialized to the Voigt-Hill upper-bound given by 〈S−1〉C
(step 23a) whereas iterations (23b) enforce infinite bulk and shear moduli KT = GT = ∞, i.e. the
compliance tensor T vanishes. We emphasize that the value of K̃ used to evaluate successively the
functions KT and GT in step (23b) changes, as K̃ is updated before G̃. No convergence is observed,
except at small cracks-density values, when the same value of K̃ is used to evaluate KT and GT . With
the above algorithm, nevertheless, we obtained fast convergence for arbitrary crack-density η and all
sets of crystal anisotropy considered in the present study.

To estimate the effective thermal expansion tensor, we rely on the exact relationship [31]:

α̃ : 〈σ(x)〉 = 〈α(x) : σ(x)〉, (24)

where σ(x) is the local stress field resulting from the macroscopic stress loading 〈σ(x)〉 = σ, with no
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thermal loading applied (∆T = 0). Since the stress is distributed over all grains, the l.h.s. and r.h.s.
may be rewritten as a mean over all crystallographic orientations i:

α̃ : 〈σi〉i = 〈αi : σi〉i, (25)

where σi is the constant stress field occuring in an isolated spherical inclusion of compliance tensor
Si and thermal expansion tensor αi, oriented along direction i, and embedded in a medium with
compliance tensor S0. Now, the macroscopic strain ε in a large domain containing one single inclusion
can be decomposed as:

ε = S0 : (σ − fiσi) + fiSi : σi,

where fi is the inclusion volume fraction. Comparing the above to (13), one obtains σi = Γ : σ where
the tensor Γ =

[
I + Q : (S− S0)

]−1 allows one to express the uniform field inside the inhomogeneity
in terms of the prescribed field (see e.g. [29]). Equation (25) now reduces to:

α̃ : 〈Γ〉C : σ = 〈α : Γ〉C : σ, (26)

and, taking σij = δij :

α̃V = 6α11(Γ1111 + Γ1122 + Γ1133) + 3α33(Γ3333 + 2Γ3311)
Γ3333 + 2(Γ1111 + Γ1122 + Γ1133 + Γ3311) , (27)

where the components of Γ are given in a basis with axis of symmetry e3. Making use of (15) the
effective thermal expansion coefficient reads:

α̃V
3 = α11γz + α33γp

γz + γp
, ∆γ = ν̃

2G̃(1 + ν̃)
− νzp
Ez

, (28a)

γz = (2u3 − u1)∆γ + (u2 − u3)
[

1
Ez
− 1

2G̃(1 + ν̃)

]
, (28b)

γp = (u3 − u2)∆γ + (u1 − 2u3)
[

1− νp
2Ep

− 1− ν̃
4G̃(1 + ν̃)

]
, (28c)

where the ui are given in Equation (21), and the effective bulk and shear moduli K̃ and G̃ are the
solutions of (17).

In what follows, the self-consistent estimates (17) and (28) are denoted (SC′). When the polycrystal
contains no crack (η = 0), the system (17) reduces to two polynomial equations, one of degree 2 in K̃
and the other of degree 6 in G̃ (not shown here). Using the software Mathematica [30], the authors
verified that these two polynomial equations and the self-consistent estimate of Berryman [32] have
the same unique roots in the domain K̃ > 0 and G̃ > 0. Accordingly, in the absence of cracks, our
approach is equivalent to that of Berryman’s for elasticity. Berryman’s estimates are based on Hashin-
Shtrikman bounds for the polycrystal (not considered in the present approach) and are determined by
the equations:

3GV = C33 + C11 − 2C13 − C66, 3KVGR = C33 (C11 − C66)− C2
13, (29a)

9KV = C33 + 2C11 + 2C12 + 4C13, ξ = G̃

6
9K̃ + 8G̃
K̃ + 2G̃

, (29b)

5
G̃+ ξ

=
KV + 4

3G(
K̃ + 4

3G̃
)

(GV + ξ)
+ 2
C44 + ξ

+ 2
C66 + ξ

, K̃ = KV
GR + ξ

GV + ξ
, (29c)

where the Cij refer to the Voigt notation (7) for the stiffness tensor of the hexagonal crystal.
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Consider now the exact cross-property relation, due to Hashin [33], which relates the bulk and
volumetric thermal expansion coefficient of isotropic polycrystalline aggregates containing hexagonal
crystals such that S and α share a common axis of symmetry:

α̃V = α̃11 + α̃22 + α̃33 = αV + (α33 − α11)1/K̃ − Siikk
Sii33 − Sii11

. (30)

where e3 is the axis of symmetry of the crystal and repeated indices are to be summed up. Hashin’s
result applies to the present problem when η = 0, and as expected estimates (17) and (28) satisfy (30)
in that case. When η 6= 0 instead, (30) is not verified.

4. Percolating behavior

In porous and rigidly-reinforced materials, self-consistent estimates typically predict a percolation
threshold. The results of these methods should be taken with care, especially with respect to percolat-
ing behavior, where the theory’s predictions are sometimes unrealistic compared to real materials [34].
In linear elasticity, for instance, different percolation thresholds may be obtained for the bulk and shear
moduli – whereas in real materials, the mechanical and geometrical percolation thresholds are expected
to coincide (see [35, Chap. 10] for a discussion). This is because self-consistent estimates are realizable
by very peculiar, hierarchical microstructures made of infinitely-many scales [36] and with no finite
correlation length [37]. That being said, it is nevertheless a merit of the self-consistent theory that,
in contrast with most other approximations and bounds, it does predict a percolation threshold (see
e.g. [38] for a discussion).

For cracked media, the percolation thresholds is often expressed in terms of a critical crack-density
threshold ηc, as, for instance, in the context of conductivity [39], permeability [40] or elastic wave
propagation [41]. In the present problem of quasi-static elasticity, the percolation threshold is associated
to the loss of connectivity of the matrix [42], at which point the effective elastic moduli vanish. For a
Boolean set of uniformly-oriented disks, the geometrical percolation threshold of the complementary
set of the disks has been estimated numerically in [43]. The authors give the threshold (4/3)πηc ≈ 22.9
i.e. ηc ≈ 5.5 for the critical crack-density.

The zeros of the Euler-Poincaré characteristic (or connectivity number) has also been used to estimate
the percolation thresholds of binary media [44]. Its expession reads, for a Boolean model of volume
fraction 1− q, intensity θ and primary grain A:

qθ

(
1− θMASA

4π + πθ2S3
A

384

)
, (31)

where SA is the surface area of A and MA the integral of the mean curvature along the boundary of
A. For a disk of radius a, SA = 2πa2, MA = π2a so that, setting the above expression to zero provides
us with the approximation ηc = θa3 = (4/π2) × (3 ±

√
6). The first value ηc ≈ 0.2231 is close to the

numerical estimate ηc ≈ 0.2230 [45] for the percolation threshold of the disks. However the prediction
using the connectivity number for the second threshold, ηc ≈ 2.21, related to the loss of connectivity
of the matrix, is significantly smaller than the estimate given in [43]. For linear elasticity, the self-
consistent scheme of Budiansky and O’Conell [5] predicts the percolation threshold ηc = 9/16 ≈ 0.56
for “dry cracks” embedded in an isotropic homogeneous body, whereas a different percolation threshold
ηc = 45/32 ≈ 1.41 is obtained for “wet” (fluid-saturated) cracks.

For the self-consistent estimates proposed in this work, the percolating behavior is obtained by
expanding K−1

T and G−1
T (Equation 20) as a Taylor series of order 2 near the point η → ηc where ηc

is unknown. The equations K−1
T = 0 and G−1

T = 0 provide a set of conditions on K̃, G̃ and ηc. We
look for solutions of the form K̃ ∼ K1(ηc − η), G̃ ∼ G1(ηc − η) where the prefactors K1 and G1 are
independent of η. These asymptotic forms will be confirmed later on in this study, using numerical
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results. We obtain the following condition on ηc:

135(225 + 1424ηc) = (64ηc)2(64ηc − 28), (32)

which provides the percolation threshold ηc ≈ 1.15752. Furthermore, in the limit η → ηc, the self-
consistent estimates predicts constant thermal expansion coefficient and Poisson ratio, independently
of the crystal’s elastic moduli:

α̃V → αV = 2α11 + α33, ν̃ → 8704η2
c − 4608ηc − 6075

512η2
c + 1800ηc

≈ 0.09144. (33)

The limiting value for α̃V implies, in light of (24):

〈σ(x) : α(x)〉 = 〈σ(x)〉 : 〈α(x)〉, (34)

where σ(x) is the local stress field occurring in the polycrystalline material subjected to stress loading,
with no thermal loading. The above equality can be interpreted as a lack of correlation between the
crystal’s orientations and the stress field, as the percolation threshold is approached.

The considerations leading to (32) do not hold when some of the eigenvalues of C vanish. We first
investigate the case Gzp = 0 with the moduli Ez and Ep strictly positive. Equation (20) yields the
lower percolation threshold η′c solution of:

4
(
2048η′2c + 2448η′c + 675

)
= (2176η′c + 1125)

√
16η′c + 9 , (35)

so that η′c ≈ 0.373126. Second, when Ez = 0, keeping Gzp > 0, Ep > 0, a third percolation threshold
η′′c , in-between η′c and ηc is obtained:

η′′c = 32 + 13
√

46
160 ≈ 0.751064. (36)

In Figs. (1) and (2), we compare the predictions of estimates (22a) with three homogenization schemes
developped in the litterature: the self-consistent scheme of Budiansky and O’Connell [5] (denoted SC),
the Mori-Tanaka method of Benveniste [46] (denoted MT) and the Hashin-Shtrikman-type bounds
of Ponte Castañeda and Willis [47] (denoted HS). The effective Young modulus Ẽ is represented in
Figs. (1) as a function of η. Scheme (MT) amounts to using an asymptotic expansion truncated to
first-order in η � 1 for the inverse 1/Ẽ, and is equivalent to the “non-interacting approximation”
presented in [26]. Notice that the scales used for coordinate η (horizontal axis) are quite different for
the two self-consistent estimates SC′ and SC (Figs. 1a and 1d).

Method (HS) provides rigorous upper-bounds for classes of materials containing cracks embedded
in uncracked regions (“security spheres”). In this construction, the cracks do not interpenetrate and
the cracks-density parameter is constrained in the range η ≤ 3/(4π) ≈ 0.239. The four methods are
equivalent up to the first-order correction in η in the limit η → 0, and are qualitatively similar for small
cracks-density parameter η ≤ 0.4. The stiffest estimate is provided by scheme MT which percolates at
η =∞, whereas method SC is the most compliant. This behavior is a consequence of the self-consistent
assumption employed in method SC, which reads [6]:

S̃ = S + η〈G(S̃)〉O.

This is in contrast with the present method, where both the matrix phase and the cracks are embedded
in the equivalent medium.

Method (HS) predicts different percolation thresholds depending on ν, however these thresholds lie
outside of the domain of validity of the bounds. The present method provides a material-independent
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Figure 1. Normalized effective Young modulus Ẽ/Ẽ vs. crack density η for a homogeneous isotropic solid containing randomly-
oriented cracks, for various Poisson ratios ν in the matrix: estimates SC (a) and MT (b), bounds HS (c), present self-consistent
method (d).

percolation threshold at about η ≈ 1.16, consistently with (32). The effective Poisson ratio ν̃ is repre-
sented in Figs. (2) as a function of η for various Poisson ratios ν in the matrix (the same values as in
Fig. 1 are used). The limiting value for the effective Poisson ratio at percolation (Equation 33, method
SC′) is confirmed in Fig. (2d)

5. Comparison with Fourier-based numerical results

5.1. Isotropic body containing cracks

In the following, we compare the predictions of SC′ with Fourier-based numerical computations. We first
consider the simple Poisson-Voronoï tessellation for the polycrystalline aggregate, parametrized by the
density of germs, equal to ng/V , the number of grains per unit volume. Assuming the volume Ω is a cube
of dimension L, we choose to parametrize the tessellation by the grains typical size ` = [3/(4π/ng)]1/3L,
defined so that the mean grain volume equals that of a sphere of radius `. We model the cracks by a
Boolean model of equisized disks of radius a with homogeneous Poisson point process. The intensity
of the Poisson point process is ηa3. The Boolean model of disks is “superimposed” on the tessellation,
so that the orientations of the grains and cracks, and their position compared to one another, are
uncorrelated. In method SC′, no scale-separation hypothesis is made between the typical length scales
of the cracks and that of the grains. Hereafter we choose a = ` so that the cracks and grains have
similar size. A schematic view of the model is presented in Fig. (3). The Voronoï-Boolean model is
not representative of real materials, but is useful nevertheless to draw comparisons between analytical
estimates and exact numerical results.

Numerical Fourier-based computations are carried out on the random cracked-polycrystal model,
using the backward-and-forward difference scheme [48, 49]. The domain Ω is discretized on grids of
L3 = 1283, 2563 and 5123 voxels, the cylindrical cracks have a diameter of D = 40 or D = 80 voxels
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Figure 2. Effective Poisson ratio ν̃ vs. crack density η for a homogeneous isotropic solid containing randomly-oriented cracks,
for various Poisson ratios ν in the matrix: estimates SC (a) and MT (b), bounds HS (c), present self-consistent method (d).

and the thickness is set to w = 1.25, 1.4, 1.5, 2, 3, 4 and 5 voxels. The diameter of the cracks in each
configuration is adjusted so that the crack-density parameter stay the same. As described in another
study [50], the effective elastic moduli are overestimated when w ≤ 1.4, whereas a linear behavior is
observed with resprect to w in the region w ≥ 1.5. Results for all data sets are extrapolated in the
limit w → 0. The mean absolute difference between the apparent moduli computed for the various
data sets, i.e. different values of L and D, are used to estimate error bars. Data detailed in [50] show
that the error on the bulk modulus is not more than 1% when η ≈ 0.38. Nevertheless, the precision
of the method deteriorates when the number of cracks increases, and hereafter we restrict ourselves to
η ≤ 0.8.

FFT predictions for the normalized bulk modulus K̃/K and normalized shear modulus G̃/G are
shown in Fig. (4), and compared to the analytical estimates SC, SC′, MT and HS. As discussed
previously, the analytical estimates differ significantly. Numerical results for the Boolean microstructure

Figure 3. Random model of polycrystal containing a population of cracks: Poisson-Voronoï tessellation superimposed on a
Boolean model of penny-shaped cracks (2D cut).
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Figure 4. Normalized bulk modulus K̃/K (a) and shear modulus G̃/G (b) vs. crack density η for a homogeneous isotropic body
(Poisson ratio 0.2) containing cracks: comparison between analytical methods SC, SC′, HS, MT and FFT numerical results.
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Figure 5. Normalized bulk modulus K̃/K vs. crack density η for a homogeneous isotropic body (Poisson ratio 0) containing
cracks: comparison between analytical methods SC, SC′, HS, MT and FFT numerical results.

considered here are very close to the predictions of methods SC′, up to about η ≈ 0.6. At higher crack
density (η ≥ 0.6), the estimates provided by method SC′ are more compliant than numerical results.
This behavior is not surprising since the percolation threshold for the loss of connectivity of the matrix,
equal to 5.46 according to Yi and Esmail [43], is much higher than ηc ≈ 1.16. Similar observations hold
when the Poisson ratio is ν = 0 in the matrix (Fig. 5).

5.2. Cracked polycrystalline aggregates

Method SC′ is now applied to a polycrystal containing cracks. To illustrate the predictions of the
method, we fix Ez = 1, Gzp = 5/12, νzp = νp = 0.2 and let Ep vary between 0 to its maximum value
10 (see Equation 6). Isotropic crystals are recovered when Ep = Ez = 1 (black solid line). The effective
thermoelastic properties are represented as a function of the cracks density η in Fig. (6). The limiting
value of ν̃ ≈ 0.091 (Equation 33) is recovered when η → ηc, for all values of Ep, as well as α̃V = αV .
In Fig. (6e) we have choosen α11 = 1 and α33 = 0, however the behavior α̃V for any value of α11 and
α33 can be obtained from this data.

The onset of an “advanced” percolation threshold when Gzp → 0 (Equation 35) is confirmed in
Fig. (8a), where the effective bulk modulus K̃ is represented as a function of η for decreasing values
of Gzp monitored by the parameter γ = Gzp/(5/12) = 0.50, 0.1, 0.01, 10−3 and 0. At Gzp = 0, SC′
predicts vanishing bulk and shear moduli when η ≥ η′c ≈ 0.37. Likewise, in the limit Ez → 0 a
percolation threshold η′′c ≈ 0.75 (Equation 36) is obtained (Fig. 7).

Additionally, in the case Gzp → 0, we have carried out numerical FFT computations (see symbols
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Figure 6. Self-consistent estimate SC′ for the effective response of a cracked polycrystal vs. crack density η, for varying in-plane
Young modulus Ep ≤ 10 with νzp = 0.2, Ez = 1, α11 = 1 and α33 = 0. (a) Young modulus Ẽ, (b) Poisson ratio ν̃, (c) bulk
modulus K̃, (d) shear modulus G̃, (e) thermal expansion coefficient α̃ = α̃V /3.
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in Fig. 8a). The lie very close to the predictions of SC′ when the anisotropy is moderate (Gzp > 0.1)
or when η is smaller than η′c. This is not the case when the crack density is high (η > η′c) and the
out-of-plane shear modulus is very small (Gzp ≤ 0.01). On the one hand, FFT results indicate a finite
limit for the effective elastic moduli of the cracked polycrystals, even when Gzp = 0. This is confirmed
in Fig. (8b) which represents the effective bulk modulus as a function of Gzp, in semi-log plot, when
η = 0.3815 is fixed. In this plot, the dotted line is the FFT prediction when Gzp is strictly zero. On
the other hand, although no advanced percolation threshold is observed according to FFT results, a
strong decrease of the effective moduli with respect to η is observed up to about 0.4, followed by a
slower decrease in the range η > 0.4.

These results suggest the existence of a mechanism responsible for the strong weakening of the
moduli at moderate crack density. The local stress fields are useful to interpret this phenomenon. The
stress component σ33 occuring in a crystal is represented in Fig. (10), with cracks shown in white. The
crystal has been choosen so that its axis of symmetry, e3, lies almost exactly in the same plane as the
2D cut where the fields are represented. Accordingly, σ33 corresponds to the traction component in
the out-of-plane direction, and is oriented about 45 degrees from the horizontal in Fig. (10). Maps (a)
to (e) show the fields at decreasing values of Gzp. When the shear modulus Gzp approaches zero, the
material is weakened by large regions where the stress field σ33 is close to zero (Fig. (10e, regions in
blue). These regions organize through large bands parallel to direction e3. Indeed, Gzp = 0 implies in
the crystal σ31 = σ32 ≡ 0. Accordingly, using stress equilibrium, ∂3σ33 ≡ 0. Along cracks embedded
in the crystal, however, σ · n = 0 implies σ33n3 = 0. These two results explain the development of
weakening bands parallel to direction e3, enclosing cracks. The weakening zones however do not cross
the grain boundary (not shown). When the crystals are not covered by such bands, an increase of
η has a strong weakening effect as each crack will weaken large regions in the surrounding crystals.
When most of the material is already covered by weakening bands, however, an increase of η has a
much smaller effect. Weakening bands have been previously observed in 2D periodic structures with
strongly-anisotropic response [51]. The authors of this study show that the typical length of the bands
increase with the material anisotropy. In the polycrystalline materials considered here, the weakening
bands do not cross grain boundaries.
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Figure 7. Effective Young modulus Ẽ as a function of the crack-density parameter η, for decreasing values of Ez .

The effect of scale separation is illustrated in Fig. (9), which shows the effective bulk modulus of
cracked polycrystals as a function of the crack density η, for various values of the anisotropy ratio
γ = Gzp/G0. The value γ = 1 corresponds to an isotropic tensor C with Young moulus 1 and Poisson
ratio 0.2. Two configurations are considered. In the first one, modeled using SC′, the cracks and grains
have similar size, as previously considered (solid lines). In the second one, the size of the cracks is
much larger than that of the grains (dotted lines). This latter case is modeled using method SC′ two
times. The matrix surrounding the crack is first replaced by an effective medium by applying SC′ to
an uncracked polycrystal (in this case the method is equivalent to Berryman’s). Second, the cracks
are accounted for using method SC′ specialized to a homogeneous body containing cracks (Eq. 22a).
The two estimates coincide only when the crystals are isotropic (γ = 1, black line). In all other
cases, the elastic response is stiffer when the cracks are larger than the grains. If scale separation is
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Figure 9. Effect of scale separation on the elastic response of a cracked polycrystal as a function of η: effective bulk modulus K̃
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assumed, no advanced percolation threshold develops when γ → 0. In that case percolation occurs
when η ≈ 1.158 independently of γ. Accordingly, a homogenization approach where grains and cracks
are treated separately, using e.g. Berryman’s method for the polycrystal and an homogenization scheme
for the cracks (e.g. MT, HS or SC), would give incorrect results, in the case where the cracks and grains
have similar size and the grains have strong anisotropy. Such situation occurs in TATB polycrystals,
as recently investigated [52].

To illustrate the predictions of SC′ when Gzp = 0, the effective elastic moduli and thermal expansion
coefficient are represented in Fig. (11) for various values of Ez, with Gzp = 0, Ep = 1, νp = νzp = 0.2,
α11 = 1 and α33 = 0. At η = η′c, method SC′ predicts ν̃ ≈ 0.31 independently of Ez whereas α̃ = 2/3
as when Gzp 6= 0 (Fig. 6).
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Figure 10. Map of the quantity log |σ33| in a grain, thresholded in the range [−22; 0.5] so that σ33 ∈ [10−2; 3.16]. The axis of
symmetry e3 of the crystal is nearly-parallel to the plane of the 2D cut. Lowest values are indicated in blue, highest in red, and
intermediate values in green-yellow. The same color scale is used for all maps (a-e). Cracks in light blue. The out-of-plane shear
modulus is Gzp = 0.21 (a), 0.04 (b), 4 10−3 (c), 4 10−4 (d) and 0 (e).
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Figure 11. Effective response of a polycrystalline aggregate with out-of-plane shear modulus Gzp = 0 as a function of the crack
density parameter η, for various out-of-plane Young modulus Ez . (a) Young modulus Ẽ, (b) Poisson coefficient ν̃, (c) bulk modulus
K̃, (d) thermal expansion coefficient α̃ = α̃V /3.

6. Conclusion

In the present study, we have derived explicit formula that approximate the effective thermal and
elastic, response of a polycrystal with hexagonal symmetry containing randomly-oriented cracks. This
model is not an extension of that developed by Huang and Hu [21] for cubic symmetry. In particular,
the coupling between crystal anisotropy and cracks is much stronger in the present case.

The main results are the following. First, in the absence of crystal anisotropy, i.e. for a homogeneous
cracked body, our self-consistent approach yields estimates that are very close to that of a Boolean
model of disk-shaped cracks. Good agreement is observed up to a crack-density parameter η ≈ 0.7. In
this domain, most cracks intersect another crack, and the matrix’s Young modulus is weakened by as
much as 75% for a Poisson ratio in the embedding medium of 0.2. For general transversely-isotropic
crystals, the self-consistent estimates predict a percolation threshold equal to about η ≈ 1.16 for the
crack density parameter.

Second, “advanced” percolation thresholds at η = 0.37 and 0.75 are predicted for crystals with
vanishing out-of-plane shear or Young modulus. The low percolation threshold predicted by the self-
consistent estimate in the former case can be related to the onset of “weakening” regions that surround
the cracks and lie inside the grains. The existence of such regions has been confirmed by Fourier-
based numerical computations carried out on a Voronoï-Boolean model. However, in contrast to the
predictions of the self-consistent estimates, Fourier computations do not indicate a percolation threshold
in highly-anisotropic crystals at low-crack density, but rather a strong weakening of the elastic moduli.
The analytical estimates derived in the present approach fail to predict this mechanism.

Although the methodology presented herein has focused on cracked polycrystals, it is worth men-
tioning that such approach can be extended, in theory, to hexagonal polycrystals containing other types
of inhomogeneities, including pores or rigid inclusions.
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