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Abstract

In this paper, we consider a unidimensional piecewise deterministic Markov process
(PDMP), with homogeneous jump rate A(z) . This process is observed continuously, so
the flow ¢ is known. To estimate nonparametrically the jump rate, we first construct
an adaptive estimator of the stationary density, then we derive a quotient estimator
An of A. Under some ergodicity conditions, we bound the risk of these estimators (and
give a uniform bound on a small class of functions), and prove that the estimator of
the jump rate is nearly minimax (up to a In?(n) factor). The simulations illustrate our
theoretical results.

Keywords: Piecewise deterministic Markov processes, model selection, nonparametric esti-

mation
Mathematical Subject Classification: 62G05, 62G07, 62M05, 60J25

1 Introduction

Piecewise deterministic Markov processes are a large class of continuous-time stochastic
models first introduced by Davis [13]. They are used to model deterministic phenomenons in
which randomness appears as point events. They are not diffusions, which adds complexity to
their study. This family of stochastic processes is well adapted to model various problems in
biology (see for instance Cloez et al. [10], Rudnicki and Tyran-Kaminska [29]), neuroscience
(Hopfner et al [22], Renault et al [28]), physics (Blanchard and Jadczyk [9]), reliability
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(De Saporta et al. [14]), optimal consumption and exploration (Farid and David [18§]), risk
insurance, seismology,. ... See also the references in the survey Azais et al. [4].

In this article, we consider a filtered piecewise deterministic Markov process (PDMP)
(X¢)i>0 taking values in Rt with flow ¢, transition measure Q(z,dy) and homogeneous
jump rate A(x). Starting from initial value xy, the process follows the flow ¢ until the
first jump time 77 which occurs spontaneously in a Poisson-like fashion with rate A(¢(z,t)).
The post-jump location of the process at time T} is governed by the transition distribution
Q(é(xo,T1),dy) and the motion restarts from this new point as before.

To fix the ideas, let us consider two major examples of unidimensional PDMP.

The TCP (transmission control protocol) (see Dumas et al. [I7], Guillemin et al. [20] for
instance) is one of the main data transmission protocol in Internet. The maximum number
of packets that can be sent at time ¢, in a round is a random variable X;, . If the transmission
is successful, then the maximum number of packets is increased by one: X, = X;, + 1. If
the transmission fails, then we set X;, ., = xX;, with x € (0,1). A correct scaling of this
process leads to a piecewise deterministic Markov process (X;) with flow ¢(z,t) = x + ct
and deterministic transition measure Q(x,y) = lfy—uy). This process grows linearly (by
construction) and the constant x can be configured in the server implementation (so it is
also known), but the moment when the transmission fails is of course unknown. In the
literature it is usually supposed that the jump rate satisfies A\(x) = x, but with this work we
can check whether it is a realistic assumption or not.

Another example of PDMP is the size of a marked bacteria (see Doumic et al. [16], Robert
et al. [20], Laurengot and Perthame [25]). We randomly choose a bacteria, and follow its
growth, until it divides in two. Then we randomly choose one of its daughters, and so on.
Between the jumps, the bacteria grows exponentially: ¢(z,t) = ze. The size of the bacteria
after the division is random, as the bacteria does not divide itself in two equal parts.

The process (X;) is observed continuously without errors (so the flow ¢ is known); it is
assumed to be ergodic, with fast convergence toward the stationary measure, and exponen-
tially S-mixing. We denote by (T1,...,T,) the jump times and consider the Markov chain
(Zy = x0, (Vi = XT;J’ Zr = X1, )ken). Our aim is to construct a non-parametric adaptive
estimator of the jump rate A on a compact interval.

There exist few results concerning PDMP’s estimation. Azais et al. [5] and Azais and
Muller-Gueudin [3] consider a more general model, for a multidimensional PDMP. They
construct a quotient of kernel estimators, which estimate the compound function A(¢(z,t)).
Their estimator is consistent ([5]), asymptotically normal, and its pointwise rate of conver-
gence depends on the bandwidth of the kernel (see [3]). They explain how to construct an
adaptive estimator, but do not bound its risk.

Doumic et al. [16] and Hodara et al. [21] also consider multi-dimensional PDMPs but for
very specific biological models.

Fujii [19] and Krell [24] both consider unidimensional PDMP, and provide estimators of
Alx). [19] constructs an estimator of A(z) thanks to a Rice formula, by estimating local
times. He proves the consistency of his estimators. [24] considers a deterministic transition
measure (so Yy is a function of Z;). Her estimator of X is a quotient of a kernel estimator



of the stationary density of Z; and an empirical estimator D,, of another function D with
the parametric rate of convergence n'/?. This nonparametric estimator is asymptotically
normal, and bounds for the pointwise risk are provided. In a very recent article, Azals and
Genadot [2] construct a nonparametric estimator of A(z) for a multidimensional PDMP and
prove its consistency.

This article is an extension of the work of [24]. We consider a wider class of models
(in particular, the transition measure () does not need to be deterministic any more). We
bound the L? risk of the adaptive estimator, whereas [24] only considers the pointwise risk
of the nonparametric estimator with fixed bandwidth h. We also prove that our estimator
is minimax (up to a In*(n) factor).

For this purpose, in analogy with [24], we use the equality

0= 503

where v is the stationary density of pre-jump locations Yj (see Assumption A2 for the
existence of this stationary density) and D a function defined in equation . We get an
estimator f)n(a:), which converges with rate n'/2. To estimate the density function v, we
use a projection method. We obtain a series of estimators (g, o4, ..., Uy, . ..) of v. Then we
choose the "best” estimator by a penalization method, in the same way as Barron et al. [6],
and give an oracle inequality for the adaptive estimator ;. The constant in the penalty
term is intractable, but can be estimated thanks to a slope heuristic. Finally, we construct
a quotient estimator of A, A= Dy, / D,,, and bound its L2-risk. In Section , we specify the
model and its assumptions. The main results are stated in Section [3] Proofs are gathered
in Section 4] and in Appendix A for the technical results. In Appendix B, some simulations
for the TCP protocol and the bacterial growth are provided, with various functions A. The
outcomes are consistent with the theoretical results.

2 PDMP

A piecewise deterministic Markov process (PDMP) is defined by its local characteristics,
namely, the jump rate A, the flow ¢ and the transition measure () according to which the
location of the process is chosen after the jump. In this article, we consider a unidimensional
PDMP {X(t)}+>0. More precisely,

Assumption Al.

a. The flow ¢ : RT x RT — RT is a one-parameter group of homeomorphisms: ¢ is
CY, for each t € RY, ¢(.,t) is an homeomorphism satisfying the semigroup property:
o(,t+s) = o(o(.,5),t) and for each x € RY, ¢,(.) := é(x,.) is an increasing C*-
diffeormorphism. This implies that ¢(z,0) = .



b. The jump rate A : RT — RT is a measurable function satisfying

/

Vz e RT, 3¢ >0 such that / Ao(z,s))ds < o0
0

that s, the jump rate does not explode.

c. Ve € RT, Q(z,RT\ {z}) = 1.

For instance, we can take ¢(z,t) = x + ct (linear flow) or ¢(z,t) = xe® (exponential

flow). The transition measure may be continuous with respect to the Lebesgue measure or
deterministic (Q(z,{y}) = Lyy=f@))-

Given these three characteristics, it can be shown (Davis [I3, p62-66]), that there exists
a filtered probability space (€2, F, {F:}, {P.}) such that the motion of the process { X (f)}:>0
starting from a point g € R™ may be constructed as follows. Consider a random variable
T, with survival function

t
P (T, > t| Xo = x0) = e 2@ where A(z,t) = / AMo(z, s))ds. (1)
0
If T} is equal to infinity, then the process {X(t)};>0 follows the flow, i.e. for ¢t € R*,
X (t) = ¢(wo,t). Otherwise let Y] = ¢(zo, T} ) the pre-jump location and Z; the post-jump
location. Z; is defined through the transition kernel @Q: P(Z; € A|Y; =y) = [, Q(y, dz).
The trajectory of {X(¢)} starting at zo, for ¢ € [0,T}], is given by

X() = (o, t) for t < Ty,
Zl for t = Tl.

Inductively starting from X (7},) = Z,,, we now select the next inter-jump time 7,,,1 — 7, and
post-jump location X (T}, 41) = Z,+1 in a similar way. This construction properly defines a
strong Markov process { X (¢) }s>0 with jump times {7} }ren (where Ty = 0). A very natural
Markov chain is linked to {X(¢)}:>0, namely the jump chain {Y,,, Z,}nen (or, equivalently,
{Tm Zn}neN)'

To simplify the notations, let us set ¢,(t) = ¢(z,t) and zy = zo. By (1)),

P(Y: >y Zo = 20) =P (T1 > (6:) ' (9)] Zo = )
(h29) " (w)
—exp [ - / M= ())ds | Lgyzmg)

and by the change of variable u = ¢,,(s) (we recall that for any z € R*, ¢, is a monotonic
function), we get

P(Y; > y| Zo = 2) = exp (— /y Au) (621 (u)du) Tiysz0)- (2)
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Figure 1: Examples of simulations of processes {X;}:>o and {Zj }ren

TCP protocol Bacterial growth
N /| / /
/“/////////// g ;] ///// /‘///-/ v/
oz, t) =x+t, Z =Yi/2, oz, t) = ze!, Zy = Y,U, U ~ [(20,20),
Az) =z Ax) = 22
e : process {Zx}ren  — : process { X (t)}i>0

If the function A\(y)(¢. ') (y) is finite, we obtain the conditional density:

20

P(20,y) == Ay) (621 (y)e Fo X0 dug (3)

By analogy, we set P(zq,dy) =P (Y] € dy| Zy = z0).

Our aim is to estimate the jump rate A on the compact interval Z := [i,45] C (0, 00).

The ergodicity is often a keystone in statistical inference for Markov processes. We also

assume fast convergence toward the stationary density.

Assumption A2.

a. The jump rate does not explode before iy: for all x < iy, (fl Ay) (oY) (y)dy < oo and
SupyE[h,ig] >\(y> < 0.

. The process (Y, Zx) is recurrent positive and strongly ergodic. We denote by v the
stationary measure of Yy, by p that of Zy, by p the stationary measure of the couple
(Yi, Zy) and by & that of (Zk, Yii1). We have that:

i) = [ w(inQds) = [ pldyd). pldy.dz) = v(dn)Q.dz).
vldy) = [ €ldoadn) = [ Pl €(ddy) = plde)PCeudy). (4

. There exist a function V greater than 1, two constants v €]0,1[, R € R™ such that,
for any function ¢ : (RT)? — RT, |¢| < V., for any integer k:
B (¢(Ye, Zi)| Zo = 20) — B, (¥(Y1, Z1))] < RVa(20)7".
The inequality || < Vy means that, for any (y,z) € (R")?, [(y,2)| < Va(z). This
inequality is true in particular for any function ¢ bounded by 1 and for(y, z) = Va(2).
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Under Assumption APR] the conditional measure P is continuous with respect to the
Lebesgue measure on [0,is] X [i1, 4] and sup, ,eio.ip)xfirin) P(T,y) < 00. So is y — v(y):
v(dy) = v(y)dy. Moreover,

sup v(y :sup/sz (dz)
y€li1,ia] y€li1,ia]
We can also remark that, for any z > 0, [E, (VA(Z1)) | < Va(z) + RV, \(z) < 0.
Let us set E,, (U) =E(U| Zy = 2). Under Assumption the empirical mean is close
to its expectation under the stationary density, as shown by the following lemma (proved in
the Appendix).

Lemma 1. Under Assumptions AT-A3, for any bounded function s:

E. (%ZS(Yk,Zk)> - /S(y,Z)p(dy, dz)

RV (20)

< sl © (1 — )

and

n

1
Var,, ( S(YkaZk)> < 5/82(@/, z)p(dy, dz)
k=1

2
S o lls

where Gy(z) = % (Va(z) + [ Va(u)p(du)) and ¢y depends explicitly on (v, R, V). We can
remark that Cy := [ G\(z)u(dz) = 22 fV,\ p(dz).

S|

In the bound of the variance, the first term is the same as for i.i.d variables. The second
term is due to covariance terms (we found a similar term for stationary S-mixing processes),
the third comes from the non-stationarity of the random vectors (Yy, Zy).

To study an adaptive estimator of v, we need to prove that the Markov chain (Y}, Zy) is
weakly dependent. It is the case if the process is S-mixing.

Definition 2. Let (Xj)r>0 be a Markov process. Let us define the o-algebra
O'=c({X;, €h,....,X;, €ln},a<j <...<jn<bmneNI, € BR"Y)).
The B-mizing coefficient of the Markov chain (Xy) is

Px(t) =sup sup [Pgy oo (E) = Ppp @ Poe, (E)]

t+k
k EBeOix0%,

where Py o is the joint law of an event on O x . The B-mizing coefficient characterizes
the dependence between what happens before T}, and what happens after T, . The process
(Xk)k>o0 @s B-miazing if im0 Bx (k) = 0. It is exponentially (or geometrically) 5-mizing if
there exists two positive constants c, 8 such that Bx (k) < ce™P*.
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The following lemma is a consequence of Assumption A2 It is proved in the Appendix.

Lemma 3. Under Assumptions -A@ the Markov chain (Y, Zy) is geometrically 5-mizing.
Moreover, its B-mixing coefficient satisfies: Vk € N:

By z(k) < cy®  where ¢ = R/V,\(Z)u(dz) + R(1+ R)V x(xo).

Estimating directly A is difficult, but we can construct a quotient estimator. By and
(3), we get that, for any y € Z,

Ay) (021 () <y P (Y1 > y| Zo = 20) = Pl20,y)
AWE (Lzo<yeriy(D20) )| Zo = 20) = P(20.y)

and we integrate with respect to the stationary distribution u of Z

AE: ((620) W) hzesyens) = [ Plesputdz) = v(y

recalling that ¢ is the stationary measure of the couple (Zp, ;). Let us set

D(y) = E¢ ((¢7,) () Lzo<y<vi}) - (5)
Then, if D(y) > 0, we get:
A») = i )

It remains to ensure that D(y) > 0 on Z = [iy, ia).

Assumption A3. There exists Dy > 0 such that

inf D(y) > Dy > 0.

inf D() 2 D >
Remark. Assumption Aj3|is very natural; indeed, let us set @ := inf,<i, yez(05) (y). As ¢,
is invertible, and ¢/(-) is continuous, ®5 > 0. Then

D(y) > ®P¢ (Zo <y <Yi).

If the probability P¢ (Zy < y < Y;) is null, then under the stationary distribution, the proba-
bility that (X;) passes through y is null and the jump rate at that point can not be measured.
We can remark that if D > 0 for some point y, then so is P(1z,<,<y;) > 0 and its

estimator
n

1

Du(y) = - Y (651) W)z <y<y, > 0.

k=1

Then if we take an interval [i;, 5] such that for some n, and some observation (X+t)t>0, D,
is positive on this interval, then Assumption A3 is satisfied on [i1,15]. However, the true
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value of Dy is unknown in that case. It should be noted that the interval [i;, 73] should not
be changed for each simulation, otherwise the convergence of the estimator on the whole
interval can not be guaranteed (the interval of estimation would become larger and larger,
and as D is smaller on the edges on the new interval, and the convergence of the estimator
is therefore slower).

Assumptions and are not explicit in (A, @, ¢), so it is not easy to check that a
particular model satisfies those assumptions. We give some explicit sufficient conditions on
the coefficients (A, @), ¢). For the next assumption, we use the Holder spaces H*, as defined

in Appendix [A.4]

Assumption (S).

a. The transition kernel is a contraction mapping: there exists k < 1, such that P (Z; < kY) =

1.

b. The flow is bounded: there exist two functions m and M such that, Vz,y € (R*)?:
0 <m(y) < (¢;')(y) < M(y).

c. The jump rate is positive on [i1, 00| and there exists a > 0, b > —1 such that

b

Wy > i Ay)m(y) > apt

Then ¥y > z, P. (Y1 > y) < exp(—a(y**' — ")) and lim, o P. (Y1 > y) = 0.

d. The jump rate does not explode too soon: there exist two positive constants L,1, such
that A oo iy i) < L and Jo AMuw)M(u)du < 1 where

] o b+l 1/(b+1)
i . . .
io, = max [ ig, (ia — 1) + (a(l =y In (1 — ,€b+1)> D>y | -

These conditions ensure that Assumptions Ag and A are satisfied. The following two as-
sumptions allow us to control the reqularity of v (the rate of convergence of the estimator A,
depends on the regqularity of v, not on the reqularity of ).

e. For anyy € RT, A(y) < oo. This ensures that v and P are continuous with respect to
the Lebesque measure on RT.

f. There exists a > 0 such that:

o VK C R*™ compact, Vz € RY*, the function (¢~1)(.) belongs to H*([0, 2] x K).
e VK C R™ compact, A\ € H*(K).



e The transition measure () can be written

Q(xa dy) = Ql(ma y>dy +P0 60 dy + sz 5fl

with, for any compact K, Qy and (p;)o<i<j, i H* (K), and (fi)1<i<j, invertible
functions such that (f; " )1<i<j, € H*(K).

If Assumption (S) is satisfied, for fixed flow ¢ and transition measure ), we can introduce
the class of functions

b

Elob.) = {3 & (@) = i Awm) = 225 [T AWM <1 e <1

with s = (a,1,L) € (R")? and the convex set
j = \7\_04] U [1172,2] = [jlvj?] (7)

is defined by the recurrence:

JjQ
Jo=71 and Jpy1 = Conv <IU U fi_l(jk)> :

i=1
The following lemmas are proved in the Appendix.

Lemma 4. Under Assumptions and (S)

a. Assumption A@ is satisfied for Vy(x) := exp (axb“) : there exists R, v, for any function
|¢| S Vb;

s )IEZO (¥ (Ye, Zi)) — E, (&(Yo, Zo))| < RVy(20)7"
el (s,0,a

recalling that the inequality || < V, means that, for any (y,2) € (R")?, [&(y,2)| <
Vb(z).

b. Assumption A3 is satisfied. Moreover, there exists n > 0, Dy > 0 such that

inf 0.4¢]) > d f D > Dy.
Ae&lg,b,a)'u([ ]y Zman Aeslg,ba) zl;relz ) 0

Lemma 5. If Assumptions and (S) are satisfied, we can control the regularity of v:

Whirery < Yo (INlaa) 10 ogosas)) with T = L, o] defined in [3).



Remark. In [24], the author introduces the set of functions F(c,b) with very similar condi-
tions. As she considers a transition measure ) deterministic, the sets F(c,b) and £(s,b,a) N
H® may not be equal. In particular, if A € &£(s,b,«), then there exists ¢ such that
A € F(e,b) N H*. On the contrary, if A belongs to F(c,b) N H* and the deterministic
transition f is f(x) = kz, then for i; large enough, there exists s such that A € &(s,b, ).
This is no longer the case if, for instance, f(r) o« z”. As the transition measure Q is
unknown, it is not possible to exploit its characteristics.

Another difference between the two sets is that \ is estimated on the fixed interval [iy, is]
and the assumptions depends on (i1, 72), whereas in [24], the interval of estimation depends

on the set F(c,b).

3 Estimation of the jump rate

3.1 The observation scheme

As in [3] and [24], the statistical inference is based on the observation scheme (X (¢),t <
T,) and asymptotics are considered when the number of jumps of the process, n, goes to
infinity. Actually the simpler observation scheme: (X(0),(X(7;-),X(T3)),1 <i < n) =
(Zo, (Y;, Z;),1 < i < n) is sufficient, as ¢ is known and one can remark that for all n > 1,
T, = ¢Ei71(Yn)

3.2 Methodology

[24] and [3] construct a pointwise kernel estimator of v before deriving an estimator of A.
Indeed, densities are often approximated by kernels methods (see Tsybakov [30] for instance).
If the kernel is positive, the estimator is also a density. However, we want to control the L?
risk of our estimator (not the pointwise risk), and also to construct an adaptive estimator.
Estimators by projection are well adapted for L? estimation: if they are longer to compute
at a single point than pointwise estimators, it is sufficient to know the estimated coefficients
to construct the whole function. Furthermore, to find an adaptive estimator, we minimize a
function of the norm of our estimator, that is the sum of the square of the coefficients, and
the dimension. That is the reason why we choose an estimation by projection.

We first aim at estimating v on the compact set Z. We construct a sequence of L?
estimators by projection on an orthonormal basis. As usual in nonparametric estimation,
their risks can be decomposed in a variance term and a bias term which depends of the
regularity of the density function v. We choose to use the Besov spaces (see Section
to characterize the regularity, which are well adapted to L? estimation (particularly for the
wavelet decomposition). The "best” estimator is then selected by penalization. To construct
the sequence of estimators, we introduce a sequence of vectorial subspaces S,,,. We construct
an estimator 7, of v on each subspace and then select the best estimator 7.

Assumption A4.

10



a. The subspaces S, are increasing and have finite dimension D,,.

b. The L?>-norm and the L>-norm are connected:
Fipy > 0,Ym € N,Vs € S, |Is]12 < 1 Do ||8][75 -
This implies that, for any orthonormal basis (¢;) of S,

D,

2
E %
=1

S wle

[e.9]

c. There exists a constant 1y > 0 such that, for any m € N, there exists an orthonormal
basis p; such that:

D
Y ledelw@)l| < vaDp.
=1

o0

d. There exists v € N, called the regularity of the decomposition, such that:
3C > 0,Va <r,Vs € By, [|s = smll;o <CD," ||3||B2a

where sy, is the orthogonal projection of s on Sy, and B3, is a Besov space (see
Appendiz|A.J}).

Conditions [}, [b] and [d] are usual (see Comte et al. [I2, section 2.3] for instance). They
are satisfied for subspaces generated by wavelets, piecewise polynomials or trigonometric
polynomials (see DeVore and Lorentz [15] for trigonometric polynomials and piecewise poly-
nomials and Meyer [27] for wavelets). Condition || is necessary because we are not in the
stationary case: it helps us to control some covariance terms. It is obviously satisfied for
bounded bases (trigonometric polynomials), and localized bases (piecewise polynomials). Let
us prove it for a wavelet basis. Let ¢ be a father wavelet function, then D,, = 2™ and ¢,(z) =

222 —1). We get that |27 il lou(@)l | < 27 el [ Eiealot@ = D|.- As ¢
is at least O-regular, for m = 2, there exists a constant C' such that |p(z)] < C(1 + |z|7?).
Then sup, > o5 [o(x — 1)| < Csup, Y7 (1 + |2 — 1| 7?) < oo and condition (d|is satisfied.

3.3 Estimation of the stationary density

Let us now construct an estimator 7, of v on the vectorial subspace 5,,. We consider an
orthonormal basis (¢;) of S, satisfying Assumption . Let us set

Dm

ap =< |, v >= /Icpl(x)l/(x)da: and  vp,(x) = Zalgol(x).

=1

11



The function v, is the orthogonal projection of v on L?(Z). We consider the estimator

D

) A R AN
Um(z) = app(r) with @ = - Z ©1(Ye)-
I=1 k=1

3

Proposition 6. If D? < n, under Assumptions -A@ and

N D,, ¢
Eey (17m — VIl3am) < Mom = vl + (1 + Cae) 4+ £

where C = fTR,Y [ V(z)u(dz) and ¢ depends explicitly on Vy, 7, R.

When m increases, the bias term decreases whereas the variance term increases. It is
important to find a good bias-variance compromise. If v belongs to the Besov space By’ (Z),
then ||v, — V||i2(z) <C ||V||Bgm(z) D, ** (see Assumption A@) If a > 1/2, the risk is then

1/(20+1

minimum for Dy, , ocn ) and we have, for some continuous function :

~ 2 o .
E., (HVTTLopt - VHL2(1)> < <||V||B%w(1) V), R, 7) 20/ (20+1)

This is the usual nonparametric convergence rate (see Tsybakov [30]). If o < 1/2, then the

risk is minimum for D,, = n'/? and the bias term is greater than the variance term. We can
: . . . 1/2

remark that a piecewise continuous function belongs to By/ .

Let us now construct the adaptive estimator. We compute (2, . .., U, ...) form € 4, =
{m, D2 < n}. Our aim is to select automatically m, without knowing the regularity of the
stationary density v. Let us introduce the contrast function v,(s) = ||s||7. — 237, s(Y).

If s € Sy, then we can write s =), by, and

D, Dm 9 n
Yl(s) =Y b =D b - > V).
=1 =1 k=

The minimum is obtained for b, = 4; = %22:1 ©1(Y,). Therefore

(09]
~—

U = arg 1IN Y (s). (
As the subspaces S, are increasing, the function 7, (2,) decreases when m increases. To
find an adaptive estimator, we need to add a penalty term pen(m). Let us set pen(m) =
48(w1+iw2)Dm + 282% (or more generally pen(m) = 2= 4 %/, with o > 48(1y + Caiba),
o’ > 48cy1)1) and choose

meMn

We obtain an adaptive estimator 7.

12



Theorem 7 (Risk of the adaptive estimator). Under Assumptions ALFAZ and A, Vo >
48(Y1 + Cxiha), 0’ > 48cyiy, pen(m) = UD’“ +Z

/

~ 2 . 2 C
Exo (I = 2o ) < min (3 [vm = VI3a(z) + dpen(m)) + =

where ¢ is a function of (Vi, R, 7, [V 12(z)). We recall that 4, = {m, D% < n}.

The estimator is adaptive: it realizes the best bias-variance compromise, up to a multi-
plicative constant. We have an explicit rate of convergence if v belongs to some (unknown)
Besov space By, : in that case,

HV Vm“L? < 3 Hymopt VHLQ(I) + 4p€n(m0pt) + < O HVHBCX —2a
and if o > 1/2,
Eey (Iv = 9alliam)) <0 (Vg ) Vi B y) 2/ (10)

for some continuous function .

3.4 Estimation of the jump rate
By @, we have

v . _
My) = 575 recalling that - D(y) = Ec ((¢,) (1) Lzy<y<ni))

where ¢ is the stationary measure of (Z, Yiy1)-

Remark. We notice that this formula is different as the one used in [24]

where }
D(y) :=E, ((f o ¢2)" ") (f W)z <rwy Lzizrwi) -

As in [24], the author works under the assumption that Q(x, {y}) = Ny=f(z)}, the study was
easier, here we need to consider the Markov chain (Y}, Zx)ren-

To estimate the jump rate, we construct a quotient estimator. Let us consider the
estimator
()

D.(y)

~

An(y) =

Lo,y >0}]1{D y)>In(n)—1} (11)

where
n

1
= EZ QSZk 1 ]l{Zk 1<y<Yk}
k=1

13



Remark. As the process {X(t)} is observed continuously without errors, ¢~ (and therefore
(¢~1)') is known on Ug[Zk_1, Y%] so D, (y) is computable.

The estimator A, converges with nearly the same rate of convergence as v:

Theorem 8. Under AllAY, as soon as In(n)~* < Dy /2,

3 2 - 2 In*(n)

E., ( A=A L2(1>) < 3 (MEx, (17 — Vil ) + A
. In*(n
< 31n*(n) 77?611/2” {3 |0 — V||i2(z) + 4pen(m)} + ¢\ (n)

where 94
A 2 2 -
& = 0 (31 + 12 ey ) . ®r= swp (6 ().
0 z€[0,i2],y€L

The bias term depends of the regularity of the stationary density v, not of the regularity of
A. If we consider A and v as functions of a Besov space, their regularities are not related: the
Besov spaces are not stable by product (as they are subspaces of L*(Z)). We would like
to link the rate of convergence of A, to the regularity of A rather than v, at least when
A € E(s,b,). In that case, A belong to some Holder space, which is stable by product,
composition and integration. See Appendix for the definition and properties of Besov
and Holder spaces. We obtain the following corollary:

Corollary 9. Under (S) and as soon as In(n)™1 < Dy/2, for any a > 1/2,

sup E,, <‘
XEE (s,b,0)

Remark. [24] obtain the same rate of convergence for a kernel estimator (with the regularity
of A known).

Ay — A

2 ) SJ 1112 (n>n72a/(2a+1).
L2(T)

3.5 Minimax bound for the estimator of the jump rate

We have proved that, under assumptions Afl] (S) and A4]

2

~

An — A

sup E, ( > < In?(n)n~20/(RatD),

AEE(s,b,00) LX(I)

We would like to verify that our estimator converges with the minimax rate of convergence,

1.e:
2

inf sup E, ( 5\n — A
An AEE(s,b,)

> 1112 (n)n72a/(2a+1) )
) =

The lnz(n) factor comes from the quotient estimator, we can not expect it will stay in the
minimax bound. Indeed, it is clear that one could replace In"*(n) in by any function

14



w(n) greater than Dy/2. The best estimator will be obtained of course by taking w(n) =
Dq/2 and the risk of this estimator (unreachable as Dy is unknown) will be proportional to

n—2a/(20+1)

Theorem 10 (Minimax bound). If A, (S) and Ay are satisfied, then

inf sup IEZ()(
An AEE(s,b,q)

Xn—A‘

2 > 20/ (20+1)
Lx21))

where the infimum is taken among all estimators.

4 Proofs

Lemmas 1}, [3] [4] and [5] are proved in the Appendix.

4.1 Proof of Proposition [6]

We have the following bias-variance decomposition:
ey (I = il = [ B (00) = 9m(2)?) d

= [ 010) =By (@) o + [ Var (@) da

=Wm@0—ﬁﬁn+éwmﬁ%@Dw-

The estimator 7, (and therefore its expectation E, (2,,)) belongs to the subspace S,,. Then,
by orthogonality

L2 2 A 2 .
E (”V - VmHL?(I)) = [lv - Vm”L?(z) + |Ez (9m) — Vm”LZ(I) + /IVarZO (U (2)) d.

The first terms are two terms of bias, the third is a variance term. Let us first bound the
second term of bias. As the functions (¢;)i1<i<p,, form an orthonormal basis of S,,, we have

D

=1

By Lemmal[I]

RV)\(Z())

< ||901||oom‘

S B, (1) - [ a@papts

15



As the L? and the L*®-norms are connected (see Assumption A@, lei|>. < ¥y D,y and,
since D2, < n, we get:

||Ezo (ﬁm - HL2

lelf VA PR AVAG) LRI
Z T T e N () I R ()

Let us now consider the variance term. As the functions (¢;) form an orthonormal basis of
Sm, the integrated variance of 7, is the sum of the variances of the coefficients ay:

D,
/VarzO (U () dz = /VarzO (Z dlgol(x)> dr = Z Cov, (Gr, a1) < @1, 1 >12(7)
z I =1 k.l
D
= ZVarzO (@) -
=1

By Lemma as [ p(x,dz) = v(z), we get:

Var,, (a;) = Var,, ( Zgol Yi )

1 ) )
< —/SOIZ(x)I/(x)dx—i—%/ |90l($)|GA(Z)p(dx,dz)+M'
g IxR+

n n?

By Assumptlons AHH and l YV, Zl lcpl( z) < 1Dy, Zl[i"f ||gpl\|oo|¢l(x)| < 3D, and
Z HSOZH < ¢ D% < yn. Therefore:

DT’!L

/VarZO Vm dl‘ = ZV&IZO al Q/J1 + CA¢2)— + 1/11 (12)
7
where Cy = [ Gi(2)u(dz) = £ [ Va(2)u(dz) and ¢y depends only on V), R and .

4.2 Proof of Theorem [T

The number of coefficients in the adaptive estimator is random. If we are still able to control
easily the bias term, we can not simply control the variance of our estimator by adding the
variances of its coefficients. For any m € ., by definition of m (see and (9)), we have
the following inequality:

V(D) < Yn(Om) + pen(m) — pen(in) < v, (vim) + pen(m) — pen(m),
with v, (s) = [Is[|72(z) — 2n 7 32y s(Y2). Then

3

(0 (Ye) — v (Ya)) - (13)
pt

120722y < Wil za(r) + pen(m) — pen(ii) +

S
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We have that, for any function s € L*(Z), ||s HL2 =|s— V”L2 ||VH%2(Z)+2 J; s(@)v(x)de.
We apply this equality to ; and v,. Equatlon . becomes

R 2 2 .
105 — 122y < 1Vm — V|72(z) + pen(m) — pen(in)

+ %Z D (Vi) — vm (Vi) — 2 /(ﬁm(l') — vm())v(2)dz.

T

The function 5 — v, belongs to the vectorial subspace Sy, + S,,. Therefore:

. 2 2 .
125 = VIl 12z) < v = VIlL2 ) + pen(m) — pen(in)

n

Z%S(Yk) - /s(x)y(x)d:z:

k=1 1

+ 2|0 — vinll 2y sup

SEQWJ;I

where By = {5 € S+ Snv, ||| 122y = 1} As the sequence (S,,) is increasing, Sy + Sy
is simply the largest of the two subspaces. By the inequality of arithmetic and geometric
means,

. 2 N T 2
19 = Vllzay < lvm = vl + pen(m) — pen(iin) + 4 (17 = vll72(z)

+ sup 4(%23(1@)—/8(1:)1/(@@:) :

Seﬂm,m k=1 A
By the triangular inequality, || — I/m||L2 < 2||Ug, — 1/||L2 + 2 ||V — V||L2 , and:

10— Vl22zy < 3 1vm — l2agzy + 2pen(m) — 2pen(ih)

+8 sup (%Zs(Yk)—/Is(x)l/(z)dx) .

SE@W,m

We can decompose the last term in a bias term and a variance term. Let us set:

n n

1(5) 1= & 3 s(0) = By (5040), Jo(s) 1= 2 3 (B (600 = [ stoworae) (10

k=1 k=1

and p(m,m’) := (pen(m) + pen(m’))/8. Then:

~ 2 2
IEZO (Hl/m - V||L2(I)> < 3 ||Vm - V”L?(I) + 4p6n(m)

SG-_@mym

+ 16E,, ( sup I%(s) + Ji(s)) — 16p(m,m). (15)
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By Assumption A@, § € By implies that ||s||%, < ¢y (D, + Dy) < 2¢1n'/? (we recall that
D,, and Dy, are smaller than n'/?). Then by Lemma ,

R2v2 2 4 2R2v2
sup JTQL(S) < sup zA(ZO) ||82||oo < Yy )\('220)'
Seggm,ﬁz Seggm,fn n (]' - /Y) n(l - /Y)

(16)

It remains to bound E,; <sup36@m _I2(s) — p(m, m)) . The unit ball %,, ;; is random. We
’ +

can not bound I%(s) on it, we have to control the risk on the fixed balls %, ,,. We can
write:

Ezo< sup fﬁ(S)-ﬁ(Wﬁ)) < > ]Ezo< sup IZ(S)—p(m,m’)> . ()

SE:@m’m m,m’@/fn Sea@m’m/

The Markov chain (Y7,...,Y,) is exponentially S-mixing with S-mixing coefficient By (k) <
cy® = ce=(1/MF The following lemma, is deduced from the Berbee’s coupling lemma and a
Talagrand inequality. It is proved in the appendix.

Lemma 11 (Talagrand’s inequality for S-mixing variables). Let Y1, ... Y, be a Markov chain
exponentially B-mizing, with B-mizing coefficient By (k) < ce™**. We choose g, := ¢, In(n)
with ¢, > 2/bo, pn = n/(2q,). We have that By (g,) < cy?™™ <n=2. Let us consider

n

L(s) = =3 s(Vi) — Exy (5(%))

n
k=1

If we can find a triplet (My, V' and H) such that:

RN 1
Vi, sup Var,, (q— Z s(Yk)> < —,

SE«@m’m/ k—i qn

H
sup sl < My and E( sup un<s>\) <7

Seggm,m’ Seﬁm,m/ n

then we have:

1% H? M2 o H
E. I%(s) — 6H? < K;— —ky— Ky—2 —k
°<sei?fm/'"<5) " '); 1neXp( IV)+ " P exP( \/CTM>

where Ky, Ko, k1 and ko are universal constants.

18



For the sake of simplicity, let us set D = D,,, + D,y and & = %, y. By Assumption

AHp)
SSS” Slloe < SUP¢1/2D1/2 I8l L2z) = 12DV = M.

By Lemmal[I]
Var,, (i anS(Yk)> < i/32(2)1/(2)dz + llslloe / |s(2)|v(2)Ga(2)dz + %
qn 15 an Jz 4n Jz 4n
By Cauchy-Schwarz,
HSQ’/HU(Z) < H5||L2(I) ||3VHL2(I) < ||5HL2(I) 1 ||VHL2(I)

and
HSVGA“Ll(Z) < HGAHLOO(Z) HSHLQ(I) HVHL2(I)-

Then

k= n

1 & ||3||L2(I) ||V||L2(I) HSHio
Var, (=3 s(zi) | < =2 (Islle + MG i) + x5
n 1 n

By Assumption IIsl < 1/>DY2, moreover, sup 5|/ ;2. = 1 and then
9] 1 seB L2(7)

1/2 y1/2
Lo WD [l oy (141Gl ) exen D
sup Va,I‘ZO 1 ZS(Zk> S @ @ 4 C/\,lvz}zl
SER dn 1 dn a,
ClD1/2 D |4
< + Co— 1= —.
qn q'n, Qn

It remains to find H such that E., (sup,ey4 |In(s)|) < H/y/n. Let us introduce (¢;)1<i<p
an orthonormal basis of Sy, + Sy = Smax(m,m) satisfying Assumption . Then we can write
s =Y, bip. As the function s — I,,(s) is linear:

sup I2(s) = sup (sz ) < sup <262> (Zfi(cm)) =Y IXe).

s€B > b?=1 Yo b?=1

We can remark that I,(¢;) = @ — E, (@) (see equation (14)) and by consequence,
EZO ([2(80[)) VarZO al . By .

E. (sup _72 ) Z EZO 12 gpl Z Var,, (a;)

< (@/)1 + Cxp2) D n Cxl/h 7

n n n

19



We can now apply Lemma [11| with
My =¢?DV?, V =e,DY? 4 ,D/q, and  H? = (i1 + Crba) D + exiby.

For p(m,m') > 6(11 + Cxp2)D/n + 6¢xipy /n, we get

By =B, (sup 2(6) — pln. ) )

SER +

1% o? M3 Nl M?
< Ki— ki— | + K== 2—2.
st (hp) < megen (e i) <2

As 2/(z +y) > min(1/z,1/y),

—k Ul < —ﬁ min il ch
exp 1y ) SexXp 2 ca1DY27 ¢3D /g,

< MH? N o H
exp | — exp | —
= OXPp 2c,D1/2 P 2¢oDq,,

and therefore

DY? D ki D k! Dqy,
ok (e (oo (-5m) =0 (457))

KiD 1
+ p2 eXpP | —RaDy qul/Q D1/2

D D Dln*(n n'/? D
<K} (E exp(—kDV?) + - exp(—kf%)) + Ké\% exp (—ké\ln(m) + Kgﬁ

where (K})1<i<3 and (k})1<i<2 depend on (Vy, R, 7, (1, 12), HUHLQ(I)). The second term can
be made smaller than n=2 for ¢, large enough. The third is also smaller to n=? thanks to
the exponential term. Then

Dm m/’ Dm m/
M<wpmwwmw0sm7;wWMWM+m ;
SE.@m’m/

All the dimensions D, s are different, so > .. , D€ Do, - <32 le —d'? 5o, More-
over, as Sup,ye g Dmm' <V D 0e 4 D < MaXpre s, Dy o < m. Then by (17),

(18)

Slo

SEL@mﬁm

Ezo ( sup IT2L<S) _p(m7m)> S

Collecting , and , for any m € A,:

~ C
Es, (120 = vll72) < 3 llvm — VI3 + dpen(m) + —.
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All the constants involved in the bound of J? and I? (M,, H, V) depends on V), 7, R and
1] 22y < HVHBg (z)- Then there exists an continuous function 1) such that x — ¢ (z, v, ¢, r)

is increasing and

U (IWllsg Va7 R)

n

Eay (19 = Vi) < 3llm = lEace + dpen(m) +

4.3 Proof of Theorem

Let us first control E,, ((D,, y) — D(y))?). As ¢ is a diffeomorphism, the function (¢-1)’ (y
0 x

is bounded on [0, 5] x Z. The function s, .(y) = (¢;') (y)Ifz<y<s is bounded by a constant
on Z:
_ /
||SIE,Z||LOO(I) < sup (¢x1) (y) = q)1~ (19)

x€[0,i2],yeL

We have that

n

E., ((ﬁn(y) - D(y))Q) =E,, (l > sz W) —Ee(szom (y))>

n
k=1

with & the stationary density of (Z;_1, Y}) introduced in Assumption A2. By Lemma |1, we
have

E., <<15n(y> - D(y))2> < (@% a2 / Gk(z)u(dz)> + % . @f_ng?_(?))?

. d2(1+ Cy) . D2(cy + RQVE(QZ())/(l —7)?)

n n

and therefore )

. ) c
E., ((Daly) = D))?) < 2 (1+C) + . (20)
For n large enough, 1/1In(n) is smaller than Dy/2 (D is defined in Assumption and
then by Markov inequality,

P (Da(y) < 1/n(n)) <P (|Du(y) - D(y)| = Do/2) < DiE ((Dulw) =DW)?) . (21

As v is a positive function, |A,(y) — AW Lo )>01 < IAn(y) — A(y)| and therefore,
according to the definition of the estimator A, (see (L1))),

Ls,=1/mmy T A Nn, ) <t/mem)y-
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We can write:

ﬁm(?{) —v(y) v(y)
D.(y) D,.(y)D(y)

<

Ui
D.(y) D)
As D > Dy by Assumption AR}

) D.(y) ~ D)l

An(y) = Ay)| < In(n) (|0 (y) — v(y)]) + In(n) Dy (¥) + AW Lp, (4)<1/1n(n))-
By (20) and (21)),
2
) , ) )
E,, () A — A L2(I)) < 3I2(n)E., (||ym _ y||L2(I)>

[E., (D) - D)) ()
#2057 [ B, ((Ba) = D)) w0

1 2
< 3In*(n)E,, <||ﬁm - V‘@?(I)) + C/AM

+ 3Dy 1In?(n) /

: o2 2 2
with ¢} = D—%(4 +2C) B V72 + 12 Al 22(2))-

4.4 Proof of Theorem [10|
We use the reduction scheme described in Tsybakov [30], chapter 2|. By Markov inequality,

2
)27
L2(T)

> O/n—a/(Za—H)) -0

"2~ 20/ 20+ D) A (‘ A, — )\’ > Cln—a/(2a+1)) '
)

Xn—A‘

L2(T

Our aim is to show that

inf sup P (’
An AEE(s,b,q)

5\n—>\’

L*(T)

Instead of searching an infimum on the whole class £(s, b, ), we can limit ourselves to the
finite set { Ao, ..., Ap,} € E(s,b, ), such that

[Ai — )\jHLQ(I) = 2C/7fa/(2a+l)ll{is«'ﬁj}' (22)
Then

Ey:=inf sup P (’ > C’n‘th)

A AEE(s,b,00)

Xn—A’

L*(T)

An = A

> inf max PV (‘

An I

> C’n_2aa+1) .
L2(T)

22



We note ¥* the predictor

An — A

1* := arg min

0<j< P L2(T)

By the triangular inequality,

> e = Myll o) — H)\W ~ A

L2(T) L2(T)

An = A

Consequently, as ‘ ‘ ,
q Y LX) L2(T)

\ - > ) L= ) > Y > _
{‘ " e T An} N {{H/\w Ml oy = An} N {H/\w Al i) 2 QA”}}

By (22), || A+ — A ill 2y = 200 @/t DYy, Then setting A, = C'n~%/Ga+D),

n

| P C'n=o/t 2“*”} D {¢* # j} and therefore:

inf sup IP’)‘<

An AEE(s,b,)

R 2
A — /\H > C’n_a/(2"‘+1)> > inf max PV (4" # j).
L2(T) A J

n

We denote by P the law of (Zy, Y1, Z1, . .., Ya, Z,) under \;. The following lemma is exactly
Theorem 2.5 of Tsybakov [30].
Lemma 12. Let us consider a series of functions Xy, ..., Ap, such that:

a. The functions \; are sufficiently apart: Vi # j
|| — )\ ||L2 > 20/ —a/( 2oc+1)

b. For all i, the function X\; belongs to the subspace E(s,b, a).
c. Absolute continuity: V1 < j < P,, PY << P,

d. The distance between the measures of probabilities is not too large:

1 &

P2 (PYPY) <cln(P)
noi_q

with 0 < ¢ < 1/8, and x*(.,.) the x-square divergence.
Then

inf sup (C"%p2e/CerDEA (H)\ —)\‘

) > inf max PV (¢ # j)
An AEE(s,b,) L2(T) J

wﬁ—(l‘%” m@m)

> 0.
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Step 1: Construction of (\g,...\p,). Let us set

b x?

— 1 . h =
(b+1)m(m) {z>jp} Where & max a(

o(z) = el <a<jn) + 2 welini]  (b+ 1)m(x)

with 7 = [j1, jo] defined in (7). As Ao is constant on 7, this function belongs to the Hélder
space H*(J) and [ Aol ya(7) = € (see Appendix for the definition of the Holder space).
It remains to ensure that it belongs to £(s,b, ). If e > L, then £(s,b, ) = 0. If L = ¢, then
any function A € £(s, b, o) satisfies: Vo € [i1, jo], A(z) = Ao(z). Let us assume that ¢ < L:
in that case, there exists ¢ > 0 such that || Aol ga sy <L —4.

We consider a non-negative function K € H*(R), bounded, with support in [0, jo — i1]
and such that ||K||,; < 1. We set h, = n~ Y@+ = [1/h,] and, for 0 < k < p, — 1,
xp =11 + hpk(j2 — i1). We consider the functions ¢ () := ah® K ((x — x)/h,) with a < 1.
The functions ¢y have support in [zg, xx+1) C J. Moreover, by a change of variable y =
(0 = 21) s Nl = ah ™ K0 < ah3*T and il = a2h2+1 K. We consider the
set of functions

pn—1
gn = {)\6 = )\0 + Z €LPk, (Ek) € {07 1}pn} :
k=0

The cardinal of ¢, is 2P». For two vectors (e, n) with values in {0, 1}, the distance between
two functions A, and A, is:

Pn
IAe = Mgl = @R KT ) (e — m)®. (23)
k=1

As the series € and 7, have values in {0, 1}, the quantity
Pn Pn
p<€7 77) = Z ]l{ek;énk} = Z(Gk - 77k)2
k=1 k=1

is the Hamming distance between 1 and €. To apply Lemma [12] we need that, Vn # e,
A = All% > 4C™h2* and consequently p(e,n) > Ch;,*.

This is not the case if we take the whole ¥, (the minimal Hamming distance between two
vectors € and 17 is 1). We need to extract a sub-series of functions. According to Tsybakov [30,
Lemma 2.7] (bound of Varshamov-Gilbert), it is possible to extract a family (e, .., €p,))
of the set © = {0, 1}"* such that € = (0,...,0) and

VO0<ji<k<P, pleg)ewy)>pa/8, and P, > opn /8,

As D > nl/(2o¢+l)’
In(P,) > In(2)n/ 1) /8, (24)
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We define
)‘j = )\e(]-) and %L = {)\0, )\1, .. >\pn}

Then, for any \;, \y € 74, if j # k , as p, = [1/h,], by .,
12 = Aellze > @ | K[ b2t pa /8 > a® || K ||z B /8.

This is exactly the expected lower bound if we take C' = a ||K|| 2 /(4v/2).

Step 2: Functions \; belong to £(s,b,«). We already know that Ay belongs to £(s, b, a).
Let us first compute the norm of A\; on H*(J). Let us set r = |a]. We have that
(K(./hp))® = h-*K®(./h,). We compute the modulus of smoothness:

(r) _ a =)\ T
w(py s t)oo = aw | hy | K ; 1 =ahtw | h,"K ; Jt

t
— ah®tw | K®
ahe w( m)m

r t
|0k | e = sup t‘f_aw(gol(C ), t)oo = asupt™ *hy Tw (K(r), h_)
t>0 n

t>0

and

= asup 2" w(KW, 2) = a| K|y

z>0

by the change of variable z = t/h,. The functions ¢; have disjoint supports. For any
(z,y) € J, there exists (i, 7) such that = € [x;, z;41( and y € [z, z,;41(. Then

M) = 2 () = & (67(@) = o7 0) +25 (6@ = o))

Therefore
WO Do < 5D (W, o0 + (67 D)) < 20(617, 1)
Z7]

and |Ay|ge(g7) < 2a|K|ga. Moreover,
[ Akl Lo () < Mol poo () + @l ([ Koo < [[Aoll poo () + 20 [ K| o

and consequently [|Axl|ga(7) < [[Aollga(7)+2a | K[ go. Then Ay € H*(J, L) for a sufficiently
small. It remains to check that Ay € £(s,b, ). For any 0 < k < Py:

. . . b
a. As K is non-negative, Vax > iy, \g(z) > am

b. [|Akll a7y < L for a small enough.
0“ Ak (u)M(u)du =0 < 1.

Therefore A\, € £(s,b, ) for a small enough.
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Step 3: Absolute continuity. We denote by P; the transition densities Py,. As
(Zo,Y1,24,...,Y,, Z,) is a Markov process,

P/\j (Z07 dyb le cee adyrw dzn) = Pj(Z07 yl)Q(yla le) cee Pj(zn—b yn)@(yrw dzn)dyl cee dyn
By , we can rewrite: Py(x,y) = A,y exp(—[lm’y) where

Auy = Do) D) ysay Apy = / " Mo(w) (671 (w)du (25)

and P;(x,y) = (A y+Bey) exp(—flz,y—éw) where B, , = > /", eka;y, BM =", ekéﬁ’y
and

B, = )0 )y By = [ anl)(6rY () (26)

The probability density P is null if one of the Q(y;, dz;) is null, if one of the indicator
function 1y, , >, = 0, or if one y; is smaller than 4;; then P% is absolutely continuous with
respect to P20,

Step 4: The \? divergence. As P* P are equivalent measures, we have:

AW
X2(PAJ',PAO)=/(ZPAO) AP — 1.

Let us set B3 := x*(P P*) + 1. We can write:

P'(vayl)-..P‘(Zn_hyn))z
E — J J 7) 7 7) "
3 /(R+)n (PO(ZO’yl)'“PO(Zn_1,yn) 0(205 Y1) Po(Zn—1,Yn)

X Q(y1,dz1) ... Q(Yn, dzn)dyy . . . dy,.

(RH)™

As Q is the transition density, for any y,, [5, Q(Yn,dz,) = 1. Moreover, as [, Po(z,y)dy =
fR+ Pj<w7 y)dy = 17

Es :/ (Pj('z(byl)-‘-Pj(Zn—van—l))z
(R+)2(n—1)

,dZ nf’dzni d dn,
7)0(207y1)"'7)0<2n727ynfl) Q(yl 1) Q(y 1 1) Y1 Yn—1

(Pj(2n-1,yn))?
X/R+ Po(2n—1,Yn) K 27)

This expression of the x? divergence enables us to approximate it more closely. Let us

set
DP = /1R+ %dy —1= /IR+ (% — 1)2770(x,y)dy

- /R+ ((1 * ij) exp (~Buy) - 1)2 Apyexp (~Auy) dy. (28)
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As the support of ¢y, is included in J, we can remark that B, , is null on J¢ and

B, = / ou(0) (651 (u)d.
[z,y]NT

We bound the y2-divergence differently on J and J¢ DP = R; + R, where

B,, - ? .
Ry ::/ ((1 + 1 )exp( B 7y> - 1) A,y exp(—As,)dy,
J z,Y
~ 2 ~
R, ::/ (eXp (—Bm7y> - 1> Ay yexp(—Azy)dy.
We have that BY | < M(y) |kl Liyza) Liyelope,,. ¢ and therefore, as [lok | = ahy | K|,
Byy < SUEM(y)ahi 1Kl Lyeqy < Cahyliyesy. (29)
ye

By , we obtain, as the functions ¢, are supported in J:

B, = [ o) (02 (20 < sup(M()su s < k™ sup(M(2)

zeJ zeJ

and, as p, = [1/h,],
< C'ap,h®™ < C'ah®. (30)

Then by and as [p, A,y exp(—A,,)dy =1
Ry < / O(a*h2*) A, exp (—flz,y) dy = O(a*h2).
R+

As \g =eon J, wegetbythat

ellgy>zy inf m(y) <supA,, <sup M(y)sﬂ{y>x}.
—yeg yveg | yeJ -

Moreover, on RT, exp(—flm,y) < 1. Then by and (30), we get that
R, = / (14 O(ahy)exp (—=O(ahy)) — 1)2 O(1)dy = / O(a’h2)dy = O(a*h2®).
J J

Therefore DP = O(a*h?*) and, by and , we get by recurrence

E _/ (Pj(207y1)"'73j(2n—27yn—l))2
3 =
(R+)2(n—1) 7)0(207 yl)mpo(zn—2, yn_1)
x (O (a®h2) +1)

H (a®h2*) + 1) = 1+ a’nO (h2*).

Q(’yl, d21> Ce Q(Yn—h dzn—l)dyl---dyn—l

27



1
AS hn = ’)’L_ 2a+1’

XQ(P)\O, P/\j) _ E3 —1< CZQO (nl/(2a+l)) )

By (24)), In(P,) > In(2)n'/>+1 /8 and therefore,

1 &

o D PP, PY) = a0 (n/C*) = ?0 (In(P,)) < In(P,)/8
" k=1

for a small enough, which concludes the proof.
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A Technical proofs and results

A.1 Proof of Lemma 1

We consider a function s such that ||s||_, = 1; we obtain the expected result by dividing s
by its L>-norm. According to Assumption AZ2]

E., (% Zs(Yk,Zk) — /s(y, 2)p(dy, dz) )

k=1

RV)\(Z[))
ZRV)\ Z() k m

which proves the first inequality. Let us set 5(Y,Z) = s(Y,Z) — E,, (s(Y, Z)). We have:

2
1 o _ #
(E;S(Yk,zk)> == § E., (82(Yi, Zy) +—§ K., (3(Ya, Z1)3(Yar, Zu))

k<k!
(31)
We notice that:

E., (8 (Y, Zt)) = ey (5*(Ya, Z8)) — (Bxy (s(Ye, Z)))* < Eey (5°(Ya Z))
< [ S Aol dz) + By (200, 2)) ~ [ 0200y, d2)

< / 2(y, 2)p(dy, dz) + RV (20)7"

by Assumption A2l Therefore

( Z YlmZk) < %/52(%2‘)1)(@76&) +%£Z?Y))- (32)

Let us bound the last term of (3I). We can remark that (Zo, Y1, Z1,..., Y%, Zy,...) is
an inhomogeneous Markov chain. Therefore, for any (k < k'), E (s(Yw, Zi)| Ys, Zk) =
E (s(Yy, Zy)| Zy) and by Assumption AP

E(5(Yar, Zi )| Vi, Zi)| < ‘E(S(kazk'ﬂYk,Zk) - /S(y, z)p(dy, dz)

n \—Em (50 ) + [ 50,2y, 02
< RY¥ MV \(Z),) + RVa(20)7" . (33)
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Then

By = Z By (3(Ye, Z1)3(Yir, Z1)) | = Z B, (3(Ye, Z)E (3(Yer, Zu)| Y Z)) |
k'=k+1 k'=k+1

< 30 Ee (150 Z0I(RY TVA(Z) + RVA(zo)0"))
k'=k+1

< %EZO (15(Ye, Zo)| (Va(Zi) +7"Va(20))) -

As [5(Ye, Zi)| < |s(Ya, Zi)| + By (Is(Ye, Z1))),

2B (I5(Yas Z1)]) -
By Assumption AR] for any function || < V),
By (00 Z0) < [ (0. 2)oldyd2) + RV, (o)
Then
Z (/’ s(y, 2)|Va(2)p(dy,dz) + RV \(20)y >
#3 ([ st dy.de) + RV
k

(/VA p(dy, d=) + RV x(20)7 )
+§:f““( 2h (/|g,zvmwcky+Rvg%) )

1
(/' S\Y, 2 ’V/\ dy,dZ —|—/|8 Y,z |p dyadz /VA Z)[L(dZ))
Va(
R \(20) (R R/V,\ w(dz) + R+2/| yz|p(dydz)>

RQ(R + 2)V3(z0)
(T=7)(1 =72
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By and (32)), we get:

n

e <%25(Yk,zk)> < % (/ SQ(y,Z)p(dy,dZ)Jr/IS(y, Z)IGA(y,Z)p(dy,dZ)>
C
T

where C  depends only on R, V, and ~ and we recall that Gy(z) =
= (Va(2) + [ Va(u)p(du)).

A.2 Proof of Lemma (3]
Let G be an event of OF x 07¢,. Then G is a disjoint reunion of events E* N FJ where
Ei = {(}/1’ Zl) € J{? cr (Yk7 Zk) € lez}a
F'9 = {(Yesn, Zevw) € I7 -+ (Yirkins Zorran) € I}

with J¢ and 1;7 subsets of (R*)? and 1 < n < co. Then
D¢ = Pyg o (G) = Ppg @ Po (G) = Y P (E'NFY) —P (E') P (F").
.3
As (Y, Zk)ren is a Markov chain,
Ay =P (E'0FY9) — P (E') P (F)

= / P(20,dy1)Q(y1, dz1) - .. Plzr—1, dyr) Q(yr, d2k)
JEX X

X / (P (Yisk € dygy, Ziir € dz| Zi = 21) — P (Yegr € dypy, Zigr € dzgy| Zo = 20))
15
x / P20, dy1)Q(y1, d21) - - - P(Zn_1, ) Q(Yn, d2p)-
If’jx‘..xlf,’j
To simplify the notations, let us set

Ri(x, dyr, dzy, . .. dyg, dzg) i= Px, dy1)Q(y1, dz) . .. P(2k—1, Yr) Q(Yr, 21)-
and R (z,dy,dz) =P (Y; € dy, Z; € dz| Zyg = ). Then

A@j :/ _Rk(zo,dyl,dzl,...,dyk,dzk)
JEX X
X / (R (s dyy d2g) = R (20, dy, dz)) 1,y s oo
Iy

! ! ! / !
X / , - Ra(2, dyy, d2, ... dyy, dzy).
I x . xIy?
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We regroup the F:
A=Y Ajj=>Y P(E'NFY)-P(E)P(FY)
J J
= / Ri(z0, dyr, dz, - o dyg, dzy) (Esy (WY, Z0) — Eup (W(Yerws Zigr)))
Jix..xJ!

where 9(y, z) == ;1 (y,2)eli fli’,jxmxlﬁj Ru(z,dyy,dz,, ... dy.,dz.). We can remark that
Dy, 2) = 350, cpnaPe (Y1, 2) € €17,...,(Ya, Zu) € I7) and by the law of total probabil-
ity, ¥(y, z) < 1. We can apply Assumptlon AI to the function :

E., (¥(Ys, Z0)) = Bzy (U (Yian, Zesn))| < RY'Va(zi) + By Vi (20).
Then

|Dg| =

ZA

< Ry Z/ k(20, dyr, dz1, ..., dyk, dz) (Va(2i) + Va(20))

X. ><J’

< By! (B., (VA(Z0) + Va(z0).
By Lemmal[I]
B, (Va(Z) < [ Va(o)u(d2) + R Va(aa)

Therefore

B2 (t) = sup m>uMsm(/wwwwﬁuﬂwm@.
k Geokxor,

As v < 1,
By.z(t) < ce” P!

with 8 = —In(y), c = R (J Va(2)p(dz) + (1 + R)Vx(20)).

A.3 Proof of Lemma 4
A.3.1 Assumption is satisfied

Assumption (S)@ implies Assumption AQ@ To prove Assumption Agﬂ and , in analogy
with [24], we apply the following result, which is Theorem 1.1 of Baxendale [7] written for a
Markov chain on R? and a finite measure instead of a probability.

Result (Sufficient conditions for ergodicity). Let us consider (Yy, Zy)r>1 an homogeneous
Markov chain on (R?, B(R?)) with transition probability R. Under the following three con-
ditions,
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Minorization condition There exist a set € C R? and a finite measure s such that
V(yl,zl) S (g, VA € %(RQ),

/ R(yl,zl,dy,dz) > s(A).
A

Strong aperiodicity condition s(%’) > 0.

Drift condition There exists a function V : R* — [1,00[ and two constants c <1, K >0
such that
Ey1721 (V(Y27 Z2)) < CV(yh Zl)ﬂ{(yLZl)E‘fc} + Kll{(?h,m)e%}‘

Then the process {(Yi, Zx) : k > 0} is recurrent positive and strongly ergodic, and has a
unique stationary probability measure p.
Moreover, there exists v and R depending only on's, ¢ and K such that, for any function
V<V,
[E (4 (Yi, Zi)| Zo = 20) — E, (¥(V1, Z1))] < RV (20)7".
Then Assumptions AZp| and [d are satisfied.
Let us check that its three conditions (minorization, strong aperiodicity and drift) are sat-

isfied. We need to control the transition density. As (Zy, Y1, Z1,...,) is an (inhomogeneous)
Markov chain, let us note

R(y1,z1,dy,dz) =P (Ys € dy, Zy € dz| Z1 = z1,Y1 = y1) = P(z1,dy)Q(y, dz).

L, . 1 | 2/€b+1 1/(b+1) .
11 = max | 11, a(l — /{b+1) n 1_ /{b"'l {rb+1>1/3} | -

Minorization condition Let us set € = R" x [0,4}]. For any (y;,21) € €, any A C (RT)?,
by Assumption (S)b| we have that

| Renzdyd) = [ Aoz e (— / yx<u><¢;>'<u>du) 2y Qg d2)dy

z1

Let us set

Yy
> [Awm@en (- [ MM 12000 d:)dy
A 0
By Assumption (S)d and [d for any A € £(s,b, o),
~ Yy
[ Ry > [ A exp ([ AwMwda) Q. d:)dy
A An[it i) x[0,i,] 0

b y
Z/ a’ exp (—l— L/ M(u)du) Q(y, dz)dy
Anfit i) <o) 0+ 1 i
=:84(A)

and s,(A) is a finite measure.
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Strong aperiodicity condition

ooy
sg(%):/ eXp( 1-L /M du)/ Qy,dz)d
i b—l—l
(_1/)/\12
Z/ b exp( 1-L / M(u du)/ Q(y,dz)d

For any y < k'), by Assumption (S) @, foilQ(y,dz) P(Z, <i|Yi=9y) = L

Therefore
(G YNA yb il
ss(€) > /2/1 ag = exp -1-L z M(u)du | .

Then s4(%) > 0.

Drift condition For any (y1, z1), as (Y1, Z1, Y2, Zs) is an (inhomogeneous) Markov chain,
E(Vi(22)| Y1 = 41, 21 = 21) = Bz, (Vi(%2))

= / P(Vb(z2) > Z| Z1 = Zl)dZ
0

where V,(z) = exp (az’*!). By Assumption (S)@, as V, is an increasing function,
Vi(Za) > 2 < Zy >V, (2) = Yy >k 'V, T(2). Then by and Assumption

(SIB}

B (V(Z) < [ P (4 2 0719, (2)

0o 1V (z)
- /0 exp <_/ (61 (A (u) du) o

0o 1V 1(2) N
< / exp (_/ ’ m(u))\(u)du> Dp1yo1()32) 07 = I(z1) (34)
; >

Z1

Let us make the change of variable y = k~1V, !(2), then dz = kV(ky)dy and

(%) =k /0 h V) (ky) exp (— y m(u)A(u)du) TIgys-0ydy.

Let us first bound this quantity for z; > ;. By Assumption (S), for any z; > iy,

/ m(u)A(u)du > a(y’™ — 241,
21
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As Vy(y) = exp (ay"™), Vj(ky) = a(b + 1)k"y’ exp (arx’Ty"™) and, for any 2 > i,

f(21> S / a(b+ 1) b+1ybeXp( yb+1(1 . I{b—i-l) —f-ale)—H)) dy

21
b+1

< Vo) Ty [ exp (a1 = )y )]

21

b+1

KR kb1
S me(zl)Vb(zl) 1. (35)
We have that
1 2xbH b1 2k0H1
b1 —K
(le) 2 a(1 — Kjb""l) In (1 — 5b+1) then (Vb< )) 2 1_—W

Therefore, for any z; > i}, as V, is an increasing function,

b+1 b+1_1 < 1 — Hb+1

vita)” = o

LV (i)"

Then

(36)

Moreover, by ,
B Vi (Ki1)

sup I(z) S/ exp / w)A(u)du | dz
21<01

K’IVJI(Z)

/ u)du —/ m(u)\(u)du | dz
Vb(/ﬂq i1
RV (2)
< Vy(kiy) / / m(u)A(u)du dz]l{ﬁ,wb_l(z)Zil}

< Vy(kiy) +
and by ,

sup 1:(21) < V(i) +

21 <%}

Therefore the three conditions (minorization, strong aperiodicity and drift) are satis-
fied, which gives Assumption AP}
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A.3.2 Assumption is satisfied

It remains to prove that Assumption A is satisfied. We recall that

o= inf (¢;')(y) and ®1= sup (¢;)(y).

x€[0,i2],y€L z€[0,i2),y€T

By equation ({]), for any y € Z,

v
D(y) > @y inf / P(Y: > | Zo = x) p(dz).
0

y' el

By equation (2)), Assumption (S)b]and |d] for any y € Z,

]P(Zl > y‘ ZO - :U) 2 eXp (—]_ — / L<¢x1)/(u)du) Z e*I*L‘I)liQ.
(51

Then

: : > —1-L®;iz i 1).
redlh 2 PW) 2 oe (0 1)

It remains to bound ([0, ,]) away from 0.
As p is the stationary density of (Zy), u(]z,00]) = P, (Z1 > z). Therefore, by Markov
inequality, as V, is an increasing function,

p(lz,00) = P (Vo(Z1) > Vi(2)) < Vi (2)E, (Vi(Z1)) -
By Lemma [4p],

sup E, (Vi(Z1)) < Vi(20)(1 +vR) < o0.
AeE(s,b,a)

AS SUD)eg(spa) Bu (Vi(Z1)) < 00, and V, is an increasing function, there exists yo > 0,
SUD\eg(s,b,0) (Y0, 00[) < 1 and consequently, infieg(sp.a) ([0, 40]) > 0. Let us consider the
sequence

(Zo = il, Z1 = Zg/\/g, R ijl/\/g = /i_j/Qil, vy Rk T K,_kn/Qil)

where 2, 1 < Yo < 2p,. We can remark that

inf 0. 37
Aeglg,b,a)'u([o’ 2k, ]) > (37)

As p is the stationary density, for any z > 0,

u(0.3]) = [P (20 <51 2= a) i)
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AsP(Zy <kYV)=1,P(Z1 <z|Zy=2) >P (Y1 <k 'z| Zy = x) and by (2),

1

uoz) > [ (1 — exp (— / o A<u><¢;1>'<u>du) ﬂ{xgnlzj}) p(d)
> [ (1 — exp (— / o A(u)(as;l)'(u)du)) p(d)

as K 'z; > zj41. By Assumption (Sfbland[d A and (¢;')" are bounded by below and there
exists a constant 7 such that

inf inf  A(u)(é,) (u) > n.

Xe&(s,b,a) u€li1,z, |
Therefore, as k™ 12; = k™22,
Zj+1 1
p(0.5) = [ (1= exp(-n( s - 2510)) ()
i1
> (1 = exp(—n(n (1 = VR)) allis, )

Let us set ¢; = (1 — exp(—n(k~'z;(1 — v/k))). We can note that

1(10, 2]) = ¢; (([0, 2j11]) — p([0,1]))

and in particular, u([0,41])(1 4 ¢o) > cou([0, 21]]. By recurrence, we obtain:

(1 + i ch) 1([0,44]) > (ﬁ Cj) ([0, 2, ])-

j=0 i=0 §=0

Then by

inf 0.i]) > 0
AEé}g’b’a)u([ ,11])

which concludes the proof.

A.4 Besov and Holder spaces
Definition 13 (Modulus of continuity). The modulus of continuity is defined by

w(f,t)= sup [f(z) = f(y)l-

lz—y|<t

If f is Lipschitz, the modulus of continuity is proportional to t. If w(f,t) = o(t), then f
is constant: the modulus of continuity can not measure higher smoothness.
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Definition 14 (Modulus of smoothness). If f is a function on A, we define its modulus of
smoothness by

r

arl £y = s IAL(F Mgpiy where Af(F.2) =3 (~1)°Cf(a + k).

k=0

We can remark that if f is C*, then

B ] () C o g—a — Tim =TT, £®)

%g%t we(f,t), = ||/ HLP(A) and Ilfl_I)%t wr+1(f,t)p—%1_r>rét w(f", 1),
In particular, if f € C"(A) with A compact and if f&+Y is Lipschitz, then wy(f,?)
O™, If f@® is (a — r)-Hélder-continuous, that is if Yo,y € A, |f®(z) — f©(y)
Clz — y|*™", then

p
|

IA I

west(f, 1)y = OL%).

If £) is piecewise-continuous and (o — r)-Hélder on the points of continuity, then
Wer1(fot), = O(tYP 1),
The modulus of continuity and the modulus of smoothness are sub-linears:

we(f +g,8)p S wil(f,t)p +we(g, 1)y and  we(af,t)y = awr(f, t)p.
Definition 15 (Besov space). The Besov space By (A) is the set of functions:
B (A) = {f € L*(A), sup twey1(f,t)2 < oo}
t>
where v = |a|. The norm is defined by: ||f||Bg 1= supot Wt (fit)2 + || fllp2ar We
denote By (A, M) = {f € #5 (A), ||fHB;OQ(A) < M,}.

See DeVore and Lorentz [15] and Meyer [27] for more details. We use the Besov space to
control the risk of the estimator of the stationary density v.

Definition 16 (Holder space). The Hdélder space is the set of functions:
HYA) = {f € €"(A), 1" “w(f 1) <00 V¥ t >0}

wherer = |a]. We note | f|gaa) := suppg ' w(fT, ) and define the norm of the Holder
space || fll oy = [flaecay + [ fll g gy and H* (A, My) = {f € H*(A), | fll goa) < Ma}-

As noted before, t**w(f® t)o = t Wy (f, t)oo: the Holder space H*(A) is included in
B o (A) which itself is included in B _(A). We can remark that if a function is C* and

piecewise C**!, it belongs to Bgr;j/ ® but only to H*.
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A.5 Proof of Lemma [5
As v is the stationary distribution of (Y}), by and , we have, for all y € J:

vy) = /R+ VDR, d2)P(z,y)dx
/ /Qxdz ) () (y)e J2 M@= (w)du gy

= [ vt [ @

Az, y) = Aly) (671 (y)e 2 M@= i,

As the Holder spaces are stables by multiplication, composition and integration, A has the
same regularity than A and (¢;')’. We have that

with

v(iy+h)—v(y /w /er Qx,dz)(A(z,y + h) — A(z,y))dx

+/R+ /nyrhV(@Q(x,dz)A(z’y)dI'

Let us set Qu(y) = o1 JJ 9(x)Q(z,dz)dx. If Q, is differentiable, we get:

J(y) = / o) [ Q) 52 o + M) Q)

and if Q, belongs to C*, there exist (Ck, ky )k, +ko<r—1 € R such that :

o )_/ ( >/yQ( d )ak—A( Yo+ Y akl%A( )QU M (y).
v = | ) | Qe dz) gz y)de Chika i Y Y

k14+ko<r—1

It remains to study the regularity of the function 9,,.
We consider some particular transition measures () in order to understand how the reg-
ularity of Q, (and v) depends on the form and the regularity of Q.

Continuous transition measure There exists a function @; such that Q(z,dy) =
Q1(z,y)dy, and we can write

/w/ 2)Qi(z, 2)dzdz and Q(y) = /R+ V(2)O1 (2. y)da

Moreover, as Q(z,y) = 0 if x < y, with Z = [iy, i5], we get

1Qull oo zy < 22 1Q1 ] oo iy oofx1) /]R+ v(z)dr = iz || Q1| oo iy oo[x1) -
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Furthermore, by definition of the Holder semi-norm, for r = |«a/]
| Qv o) = Stllg gret sup ‘Qg) (y) — Qz(/r) (Z//)}
>

vy €L |ly—y'|<t
ot "'

8yr_1 (l’,y) - W(xvy) dx

< sup tr"‘l/ v(zx)sup sup
>0 R+ x>y yy' €L,ly—y'|<t|

ar_lQl ar_lQl
Ssupt™lsup sup S (2y) = 5 (=Y / v(x)dx
>0 z2i1 yy' €T |ly—y'|<t oy—1 (=) oyt ( ) R+
= sup |Q1(z, )| e-1(7)-
z>141

Then HQu”Ha(I) < HQluHa—l([il,oo[xI)-

Deterministic transition measure Let us assume that @) can be written Q(x,dy) =
d5(z)(dy) with f a bijection. As P(Z < rY) =1, f(0) = 0. Then we have that

V()

Ly)
v = [ M@ e ad Q)= [ vl

0

If f~1is differentiable:

So we get:

()
J(y) = / u(x%(f(x),mdx+A<y,y)(f—1>'<y>u<f—1<y>>.

The regularity of v/ on Z depends on the regularity of v on f~!(Z) and of A and f~!
By recurrence, there exists a function vy such that

HQ”HH“ @ < P2 < ‘)‘HHQ H HHQ([O,jQ}XJ) ’ HfA”Ha(J))

where
J
Jo=T , Tu1 = Conv <IU Ule(jk)> and J = Jja) U [i1, ).
i=1

If f is not a bijection (and f(z) # 0), then v can be less regular than A. Let us consider
f(z) = |z/2]. Then

L] 00
v(y) = /R+ )Y Ui oy Alk, y)de = > w([2k, 2k + 2)A(k, y) i<,
k=0

k=0
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Then v is a piecewise constant function and is not differentiable. We can remark that
oo
= v([2k, 2k + 2]) g,
k=0

is not differentiable.

If Q(m dy) = do(y) (which implies that the vectors (Zx, Y)) are independent), then v(y) =
fR+ A(0,y)dz = A(0,y) has the same regularity as A. We can remark that Q,(y) =
Jps V(@) = 11is C*.

General case Under Assumption (S),

JjQ

Q(x,dy) = Qx(x, y)dy + po(x)do(dy) + Y _ pi(2)31,(x)(dy)

=1

with (f;) invertible, therefore

/R X / x)Q1(w, z)dz + /R v@)po(w)de + jZQ /O e pi(@)v(z)dx

=1

and

Q) = [ ve) G e+ Y p T WU W)

i=1
Therefore, there exists a function 5 such that

V] fo(z) < 2 (||A||Ha(y) s (Lfill gy r<i<io s (IPill a1 (7))1<i<ia ”QIHHQ*l(j)) :

As A € H*(J) and Vz, (¢, ') € H*(J), then Vz, A(z,.) € H*(J) and there exists a
continuous function v; such that

-1
||A(., ')HHQ([O,jg]XJ) < <||(<Z§ yHHa([o,jg]xI) ) ”)‘HHQ(J)>

which ends the proof.

A.6 Proof of Talagrand’s inequality for beta-mixing variables

The following lemma is very useful to replace weak dependent variables by variables which
are independent by blocks. It is proved by Viennet [31l, proof of Proposition 5.1].

Lemma 17 (Berbee’s coupling lemma). The random variables {Yj}ren are exponentially
p-mixing. Let us set q, = [(r + 1)In(n)/B] where B characterizes the B-mizing coefficient
(see Definition[d). We have that B(q,) < 1/n"1. We set p, = n/(2q,). There exist random
vectors (Y*,...,Y.") such that:

rTn
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o Y, and Y have same law.

e The random vectors (Y3, 3/(;k+1)qn)0§k<pn are independent, as the random vec-

2kQTL+17 ceey
tors
* *
(Y(21c+1)qn+17 T 7Y(2k+2)qn)0§k<pn-

o For any integer k, 0 < k <2p,—1, P (qunH, s Yern)gn) #F (Vg1 ,}/'(’,;H)qn)) <
By (qn) < n= D),

Let us set Q* = {w,Vk, Y, = Y }. Then

P () < iy () < -

T

This following inequality comes from Talagrand’s inequalities (see Birgé and Massart [<8,
Corollary 2 p354)).

Lemma 18 (Talagrand’s inequality). Let X, ..., X,, be independent random variables and
S a vectorial subspace of finite dimension D satisfying Assumption[f] We denote by F a
countable family of S. Let us set

Fulu) = 3 u(X3) — Ex, (u(X0))

with w € L%, If

sup Jull, < Ma, E., (sup |Fn<u>|) <H, supVar, (u(Xy) < V.
ueF

uEF uEF

% nH? M?2 nH
2 2 2
E,, <Slelg Fi(u) —6H >+ <C (E exp (_6_) + 2 OXP <_k2ﬁ2>)

where C' is a universal constant and ky = (v/2 —1)/(21/2).

then

Proof of lemma[18, We apply Theorem 1.1 of Klein and Rio [23] to the functions s'(u) =

%W (notation used in Theorem 1.1 of Klein and Rio [23]). We obtain that

TL./EZ
P Fo(u)| > H < - .
(SE};‘ ()] = H + x) = &P ( 2V + AHM,) + 6M2:U)

We modify this inequality following Corollary 2 of Birgé and Massart [§]. It gives:

2 : 1
P (sup 1R = () + ) < oxp (—fomin (£, 08D )

The end of the proof is done in Comte and Merlevede [11], p222-223]. ]
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Proof of lemma|11l To deduce lemma |11} we simply apply the Berbee’s coupling lemma to
exponential S-mixing variables, and then the Talagrand’s inequality. Indeed, by Berbee’s
coupling lemma, as Y;” and Y}, have same law:

n

Tu(s) = — D7 () — ey (5(V3)) + (03) — ().

We first bound the second part of the sum Ir(s) :== = > 7" | s(Y;) — s(¥). We have:

I(s) = % <Z(3(Yk) - s(n*))nyk;ﬁy;) < 4%2 (Z n{y,c#yk*})

k=1 k=1

By Cauchy-Schwartz, I2(s) < % > i1 Liyizv+y and by Berbee’s coupling lemma,

E., (sup,c Io(s)) < 2.

Let us now bound the first term I;(s) :== = 37| s(Yy) — Ez, (s(Yy)). We have

1 1
Li=—> u(Xj0) = Esy (ug — Z By (us(Xj51))
e P =
J
where X, := (YQ*(].H)%H7 s Y1) ) and ug(zy,...,2,,) = qin Yot s(xy). The ran-

dom variables X are independent, the same can be said for X;;. Moreover, |X;;| < M,
and Var,, (X;,;) < V. Let us set

I (s) = — ) ua(Xja) — Bay (ua(X50)) -

Pn

We have: [1(s) := (I}; o(s) + I 1(s))/2. Then,

seB sen 4

le E., (sup ())? —6H2>+.

SER

£, (s 125 - (%Hz)+ < 2., (sup g (L4061 2005, (9)7) — 617

As the dimension of S is finite, we can find a countable family .# dense in % and we can
then apply the Talagrand’s inequality to I, , and I; ; which concludes the proof.
O
Appendix B: Simulations

For the simulations, two very classical PDMP processes are considered: the TCP and the
size of a marked bacteria.
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TCP protocol. The transmission control protocol (TCP) is one of the main data trans-
mission protocol in the Internet. The maximum number of packets that can be sent at time
tr in a round is a random variable X;,. If the transmission is successful, then the maxi-
mum number of packets is increased by one: X; = X; + 1. If the transmission fails,
then X;, , = kX, with x € (0,1). A correct scaling of this process leads to a piecewise
deterministic Markov process (X;) with the characteristics:

¢z, 1) =z +ct, QM {y}) = ly=pa), A

Then the function (¢;1)’ is constant: (¢ "

1Y =1/c. Let us denote by A a primitive of A\. By
(2), we have:

LA - A ) T,

As ) is positive, its primitive is invertible and by a change of variable:

P(Y1 > y[Zy = z) = exp (—

P(A(Y)) > v|A(Zy) = u) = exp (—% (v — u)) N>y

Then A(Y;)|A(Z;_1) follows an exponential law translated by A(Z;_;) and of parameter 1/c.
Therefore, if we can find the inverse of the function A, we can construct the sequence (Y}, Z;)
by recurrence:

A(Y)) = MZj1) + cEj, Zj = kY (38)

where E; are i.i.d. of law &(1).
If \(x) = A\2® with § > —1, then Yj‘Sle Z‘SJrl +¢(d + 1)/AE; and we obtain

541 (6 + 1)0
v +\/z;+11 L0t g,

This model satisfies Assumption (S). In order to have a model with a non-increasing function
A, we also consider the function A(z) = (z —a)*+b with @ > 0, b > 0. In that case, by (33),

(Y; —a)* +3b(Y; —a) = (Z;_1 —a)® + 3b(Z;_1 — a) + 3cE;

and, by Cardan’s formula, this equation has a unique real solution, which is

\/Q+ 4b3+Q2+\/Q VA + Q2
_a+

where Q = 3cE; + (Z;—1 — a)® + 3b(Z;_1 — a). This model also satisfies Assumption (S).
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Bacterial growth. We choose randomly a bacteria, and follow its growth, until it divides
in two parts more or less equal. Then we choose randomly one of its daughter, and so on.
Between the jumps, the bacteria grows exponentially. During a jump, the size of the bacteria
is more or less divided by two. We model this by setting Z, = Yj x Uy, where U}, is a random
variable independent of Yy, in (0,1), and centered in 1/2. The Beta distribution f(«, «)
satisfies these conditions. For a = 1, it is the uniform distribution, and when « increases,
the distribution is more concentrated around 1/2. We choose a = 20. Then

L G )¢

— ppCt —
¢($a t) =xe, Q(xa y) - 5(20, 20) £E38 ﬂ{ygx}-
Then (¢, (y) = i and by (2),
1 (Y A(s
P(Y1 > y|Zo = ) = exp <_E/ %dS) Iy>ey-

We need to find a primitive of A\(z)/z. If A(z) = Az°, § > 0, then:

A
(y5 - x5)> Liy>ay-

de

P(Y: > y|Zy = z) = exp (—

Therefore A\
P (Y > ylZy > x) = exp (—%@ - x)) Liy>a}

and the law of the random variable Y is an exponential translated by Z2 ; and of parameter

A/dc. Then
)
Yi= /5Bt 2l Zi=Yili

with B ~ &(1) iid. and Uy, ~ £(20,20) i.i.d. All the conditions of Assumption (S) are
satisfied, except point [ Indeed, P(Z <Y) = 1, but there do not exists any £ < 1 such

that P (Z < kY') = 1. However, in the simulations, it seems that the process is ergodic and
that ABlis satisfied.

Computations For the two models, v has a density with respect to the Lebesgue measure
on R, so it can be estimated on any compact interval A, here A = [—1, 5] to avoid edge effects.
The estimator is computed thanks to a projection on a trigonometric basis. The constant
involved in pen(m), cpen, should be greater than %(1/11 + 1 Cy), with ¢ = ¢y = % The
problem is that C), a correlation term, is not easily tractable. We set cpen=1); + 1y = 2/3
for all models. This choice seems confirmed by the simulations results: the oracle or remains
close to 1.

The constant cpen could be determined via the slope heuristic. Indeed, if the constant

in the penalty is too small, the algorithm selects the maximal dimension. If the penalty is
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large enough, it selects models of reasonable size. We then let the constant ¢ in the penalty
vary and note the dimension selected. For ¢ smaller than a value ¢,,;,, the largest models
are selected, and for ¢ greater than c,,;,, smaller models are chosen. The "best” constant is
¢ = 2Cmin- See Arlot and Massart [I] for instance.

Figure [2| shows the selected dimension with respect to cpen, the constant in the penalty.
When the constant in the penalty increases, the chosen dimension first decreases very rapidly,
until cpen=0.24, then it decreases very slowly towards 1. Then 2¢,,;,, = 0.48. Our chosen

penalty constant, 2/3, is a little greater than 2¢,,;,, and selects the same dimension (here
17).

Figure 2: Choice of the dimension

60 80 100
1 1

chosen dimension
40

0.0 0.5 1.0 1.5 2.0

cpen

However, the slope heuristic involves quite a lot of computations, so it can not be used
for every simulation, only to check that the penalty constant is coherent.

In Figures I 3| and 4 I for each graph, five simulations of the PDMP with n = = 10° are
realized. For each simulation, the estimator )\ the density 7; and D,, are drawn.

In the tables, 200 simulations for each 4-tuple (n,c, k, \) are computed. The estimation
interval Z = [0.5, 2] is such that D is greater than the threshold (In(n))~! on Z for n = 107
for all our models. For each set of parameters, the mean of the selected dimension ﬁm,
the mean and the standard variation of the L? error on Z, denoted by "risk” and ”sd” are
calculated. We also want to prove that our estimator is truly adaptive. As v is unknown,
we can not check that m is the better choice for estimating v. Instead, let us consider the

estimator
A Vm

A = 5 ]l{ym>0}]l{D >(In(n))~1}-

n
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~ ~

Then A\, = A;. The optimal dimension is

Moy = IiN
P meEMn

and the minimal risk Hj\ . In the tables, we give the empirical means of D,

Mopt -
Dy, the empirical mean and standard deviation of the risk and the empirical mean of the
oracle ,
or = mean( —)\‘ /Hj\mom —)\‘ ) .
L2(T) L*(1)

In Figure , four simulations are realized, each for a different value of n (n = 102, 103,
10* and 10°) in order to show the convergence of our estimator.

Results In Figures [3{4] the estimator A is very close to A, at least when z is neither too
small nor too large, that is when there are enough values to compute the estimator. The
estimators 2, and D,, are quite smooth, whereas A tends to oscillate. This is due to the
division of two estimators. In Tables |3 l-l, the risk decreases when n increases and seems to
tend toward 0. The oracle remains close to 1, our estimator is really adaptive. When the
number of observations is small, the risk may seem quite important (for instance, for figure
when A(x) = z?). This is simply because D is smaller than the threshold (1/1n(10?) = 0.2),
and the estimator \ is set to 0 on some part of Z, or even on the whole interval. The
estimation near 0 can be good for some models, for instance when x = 1/5 and A\(x) = «z,
because the random variables 7, take smaller values (at a jump, we divide the process by
5 instead of by 2). The function D then take higher values near 0, and the estimator A is
positive even for small values of z. This problem is illustrated in Figure [} when n increases,
the estimator is better both because the support interval of )\ increases and because on the
support interval, the estimator is closer to the true function.
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Figure 3: TCP protocol: ¢(x,t) =z +1t, Q(x,y) = dy—ps

k=1/2,\z) =1, =[0.5,2]

)
005 1015 20 28

00 05 10 15 20 25

2

. estimated \

n | Dgn Dy, risk sd or
102 | 5.1 6.7 0.12 0.06 1.27
ai 10 | 83 10.1 | 9.6e-3 9.6e-3 1.72
10 | 12.3 144 8.5e-4 5.he-4 1.64
- 10° | 17.1 18.6 1.2e-4 6.6e-5 1.47
k=1/2,\z) =2,7=10.5,2]
n | Dy Dy, risk sd or
102 7.1 85 0.24 0.20 1.16
103 | 10.4 12.8 9.5e-3 6.5e-3 1.64
10 | 14.1 164 1.1e-3  7.3e-4 1.49
- 10° | 18.1 20.5 1.2e-4 6.9e-05 1.31
k=1/5,\z) =xz,7 =10.5,2]
n | Dy D, risk sd or
12| 66 6.7 0.54 0.24 1.08
10% | 10.9 10.7 0.077  0.083 1.40
10* | 18.0 15.9 1.5e-3 1.0e-3 2.17
. 10° | 25.9 224 | 2.0e-4 1.2e-4 1.81
k=1/2,\z) = (z —1)*+1/2,Z = [0.5,
n | Dy D, | risk sd or
102| 54 6.6 |0.080 0.014 1.06
102 ] 73 8.9 0.045 5.4e-3 1.01
104 | 9.3 11.3 | 0.027 2.3e-3 1.004
+ 10° | 11.7 16.3 0.014 5.9e-4 1.003

: estimated D,,

20
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o, 1) = z exp(ct).

Figure 4: Bacterial growth

A(z)

5w

10

00 05

)

2 3

. estimated \

2, Q(z,y) = £(20,20)2

19( y)19

Z/39 ]l{ySfE}

ANz) =z, c=1,7=10.5,2]

n | Dy Dy, | T1isk sd or
10| 38 6.1 0.72 0.29 1.04
10| 6.6 7.8 | 0014 0.021 2.32
10* | 11.2 10.7 | 2.4e-3 1.5e-3 1.97
10° | 17.7 169 | 9.0e-4 3.1e-4 1.29

AMz)==xz,c=1,7 =10.5,2]

n | Dgn Dy, | 1isk sd or
10| 52 6.3 0.59 0.26  1.07
103 82 9.1 |9.2e-3 9.0e-3 2.05
10 | 12.0 132 | 1.2e-3 8.le-4 1.60
10° [ 17.3 171 | 2.2e-4 1l.4e-4 1.54

Mz)=2c=1,T=10.5,2]

n | Dy Dy, | T1isk sd or
0] 7.1 79 2.64 0.35 1.01
103 | 10.1 11.7 1.48 0.21  1.003
10* | 135 14.2 0.41  0.094 1.002
10° | 17.4 175 | 2.8e-4 2.5e-4 1.62

Mz) =2%c=3,T=105,2

n | Dg Dy, | risk sd or
10| 3.8 3.0 4.29 0 1
103 | 57 3.0 4.29 0 1
10t | 7.8 11.1 1.56  0.11  1.001
10° | 10.0 13.9 | 0.087 0.0026 1.001

. estimated D,,

o1




Figure 5: Convergence of the estimator (size of a marked bacteria)

Hx,t) = ze',  Az) = 2? oz, t) = xe™,  Az) =2
0 I/ I /
< I <
™ ™
2 Z
o ~

Estimator’s support increases with n The estimator is null if n < 10?
n=10°--n=10% ... n=10% — n=10%
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