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Energy-stable staggered schemes for the Shallow Water equations

Arnaud Duran !, Jean-Paul Vila -3, Rémy Baraille 234

Abstract

In this work we focus on the development and analysis of staggered schemes for the two-dimensional
non-linear Shallow Water equations with varying bathymetry. Semi-implicit and fully explicit time-
discretizations are proposed. Particular attention is given on non-linear stability results, principally
considered here through discrete energy dissipation arguments. To address such an issue, specific
convective fluxes are employed, implying diffusive terms relying on the pressure gradient. In addition
of providing an explicit control of the discrete energy budget, the method is shown to preserve mo-
tionless steady states as well as the positivity of the water height. These properties are still satisfied
in a fully explicit context, provided an appropriate discretization of the pressure gradient. These
stability results make the approach particularly robust and efficient, for both coastal flows and low
Froude number regimes. As a result, in addition of a great ease of implementation, the presented
schemes meet the operational requirements attached to the simulation of large and small scale oceanic
flows.

Keywords non-linear shallow water equations, energy dissipation, non-linear stability, staggered
meshes, well-balanced methods

1 Introduction

‘We consider in this work numerical discretizations of the two-dimensional Non-linear Shallow Water
equations (NSW), formulated below with conservative variables:

{ Oth + div(hu) =0, (1)

Oy(hu) + div(hu @ u) = —hVO.
In the above equations, h = h(x,t) stands for the water depth and u = u(x,t) the horizontal velocity,
functions of the space and time variables. The pressure force is taken into account through the quantity
O = g(h+2z), g being the gravity constant and z = z(x) standing for a parametrization of the topography.

Academic and practical interest for approximating weak solutions of the NSW equations has developed
substantially over the last few decades, and is still subject to intensive research. Nowadays, most of
modern approaches are constrained by well-established non-linear stability properties, relying on the
perservation of admissible states (positivity of the water height), preservation of steady solutions and
entropy inequalities. These results are still quite complex to achieve simultaneously, especially since
applicative issues may imply high order resolutions, complex geometries, stiff source terms or other
specific difficulties such as flooding and drying phenomena with occurrence of dry cells. The presented
schemes are principally designed to fulfill operational needs related to oceanography or river flows, which
are essentially based on these stability criteria.

In light of initial studies carried out to integrate source terms in the equations [6, 24], many researchers
have expressed interest in developing well-balanced methods, referring to the ability to exactly preserve
steady states. Due to crucial practical interests, the focus is usually put on the lake at rest configuration:

u=0 , h+z=cst, (2)

which, under its appearent simplicity, may already stand for a non-trivial task. We refer to [4, 22,
23, 30, 35, 59| for some reference works on this topic. The list is of course non exhaustive. On the
basis of other propositions [7, 33, 47, 55, 61], a quite popular strategy consists in imploying the total
free surface elevation n = h 4+ z as a new variable in the model, allowing simplified analysis and direct
extensions to high order resolutions [16, 31, 36, 39]. The very simple strategy used in this paper, based
on a straightforward discretization of ®, may fit into this category. Note however that most of the above-
mentioned methods have been subject to various improvements, with the aim of handling vanishing water
depths and occurence of dry cells, high order discretizations and unstructured geometries, or even stiff
source terms to account for friction effects for instance (see [12, 18, 21, 41, 44]). In parallel, many other
methods have been developed to furnish accurate and efficient resolutions (we refer to [46, 49, 52, 58, 60|
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for some examples). Note finally the recent efforts to propose solutions for moving steady states [10, 13,
14, 40, 43, 57].

Another challenging issue when dealing with the NSW equations is related to the concept of entropy
stability. It is well known that in the general context of hyperbolic problems, solutions may develop
discontinuities in finite time and the system must be endowed with entropy inequalities. In the particular
case of the NSW equations, defining the potential and kinetic energies by

1 1
E=g(hz+ 5h?) and K = 5h||u|\2, (3)

the total energy £ = £ + K plays the role of an entropy and the stability is often considered through
local or global discrete energy estimates. Reaching such results is far from trivial, but mandatory in lots
of operational contexts, notably those involving long time integration and/or low-Froude simulations.
Historically, most of operational platforms were developed on staggered discretizations, such as HY COM
[8], ROMS [48] or NEMO |[38]. These geometric environments are known to provide an appropriate
frame with respect to low-velocity flows and non-linear stability, which is fundamental for the targeted
applications.

Surprisingly, despite constant advances in numerical modelling during the past decades, the quantity
of academic works dedicated to staggered discretizations of the NSW equations is far less plentiful.
That being said, an extensive study is proposed in [28] for implicit and semi-implicit pressure-correction
schemes, providing global discrete entropy inequalities and consistency results. In [29], similar results
are obtained with an explicit time scheme for the barotropic Euler equations. However, the presence of
a residual term in the discrete energy balance does not allow to recover a strict total energy decrease.
It is shown however that, under some regularity conditions, this do not compromise entropy consistency
(see also [26]). The interest for staggered discretizations extends to applications to hydraulics [19] and
rotating shallow water models in [2, 27, 50]. In this respect, one can also note [34, 53], where classes
of Finite Element and Discontinuous Galerkin methods are investigated, stressing the importance of the
unknowns location in the approximation space (notably with respect to the Coriolis force, not accounted
for in the theoretical part of this work and subject to work in progress), or refer to [15] for a Discontinuous
Galerkin algorithm of arbitrary order.

In this paper we introduce and analyse a class of staggered schemes for the two-dimensional NSW
system, on the basis of semi-implicit and explicit time discretizations. The main objective is to guarantee
the discrete mechanical energy decrease, together with robustness and well-balanced properties. The
cornerstone of the method follows from the strategy used in [25], where a shifted velocity is introduced
within the convective fluxes, involving a perturbation expressed in terms of the discrete pressure gradient.
During the past two years, the method has been successfully applied to stratified shallow water flows in a
collocated frame [11, 45], also with explicit and semi-implicit time discretizations. More recently, a first
step in the adaptation to staggered meshes has been proposed in [17], also for the multi-layer system.
Following the formalism [3], we hence propose an extension of these works oriented toward operational
simulation, with the main objective of maintaining energy stability. Note that the well-balanced property
is reached through a simple discretization of the pressure gradient, without the need of any reconstruction
step.

The paper is organised as follows. In Section 2 we introduce some notations and the general settings.
Section 3 is devoted to the semi-implicit approach. After establishing the kinetic and potential discrete
energy balances, we show the non-linear stability of the scheme, understood as the global energy decrease,
and then discuss the well-balanced and robustness properties. Following the same steps, a fully explicit
time scheme is investigated in Section 4, for which similar results are obtained. Numerical results are
finally proposed in Section 5.

2 General framework

To discretize the system (1) we consider a mesh T of the computational domain  C R? made of non-
overlapping polygonal cells. Fig. 1 gives a focus on the geometry and notations at the level of an edge e
shared by two neighbor elements K and K, of T. On this basis, a dual grid T* can be built according to
Crouzeix-Raviart (CR), Rannacher-Turek (RT) or Marker And Cell (MAC) discretizations. To illustrate
the following developments, we will enter the frame of Crouzeix-Raviart elements, specifying that all the
forthcoming results are also valid for RT or MAC geometries. In this context, for each interface e, a dual
cell D € T consists in a quadrilateral admitting e as diagonal and the mass centers of the two neighbors
K and K. as vertices. As indicated in Fig. 1, it results a dual element D made of two triangles D¥,



DXe separated by the edge e. We will employ the notation D = T*(K, K.) to specify that the dual
element D corresponds to the adjoining cells K and K. of the primal mesh. The length of an edge e will
be denoted m. and myg, myx will respectively stand for the area and perimeter of an element K € T.
Similar notations are employed for the egdes f and elements D of the dual mesh T*.

K.

Figure 1: Geometry associated with the Crouzeix-Raviart discretization. Focus on a dual element D =
T*(K, K.) at the level of a boundary interface e = 0K N OK,.

3 Semi-implicit upwind scheme

We first consider a semi-implicit time discretization, as an adaptation of [45] to the present formalism.
The numerical scheme is the following:

At
Wt = W - — > Fiildexme . KE€T (4)
mig ’
e€OK
n+1l, n+1 n._ .n At n n+1 - + n n+1 - -
Rpral = hDuD——mD Z (uD (ff .nfp) +up, (.Ff .nfp) )mf (5)
feoD

—AthET (Vpettt) . DeT*

1
where the notation w* = §(w + |w|) is introduced to refer to the positive and negative parts of a generic

scalar quantity w. The mass fluxes are given by:
1= (pntl = +1 S \— +1 -
Foke e = (W (ap e, i)™ + R (Uh e ) ™) — T2 e e (6)
where

)

Me n n n =
i = yAtm—DhD“ (@ — @YtY) e i 7> 0. (7)

As detailed in [11], the quantity (7) can be seen as the discrete counterpart of a diffusive flux correction
governed by the pressure gradient, shown to bring energy dissipation at the continuous level for regular
solutions. At the level of an interface e (or equivalently a dual cell D = T*(K, K.)), following [3], the
auxiliary water height h%“ is given by:

mDh%Jr1 = mDKh}’(H + mpr. h}gl , (8)

and we assume the following discrete conservation law, in view of derivation of kinetic energy estimates:

At .
W = by =——— " Fptliispmy. (9)

D yeop

The auxiliary mass fluxes }‘?H.ﬁ t,p are derived from those expressed on the primal mesh, with varying
coefficients depending on the staggered discretization (see [3] for details). We employ the following
definition of the discrete gradient on T*, ensuring the grad/div duality (see [28]):

me n n N
Vp@™t! = P (@Ktl — O e g - (10)
o :



Finally, manipulating the mass and discharge equations (4), (5), we recover the discrete evolution of the
velocity:

At ufy, — uf -
it = A0y (MY () sy
D yeop D

3.1 Control of the mechanical energy

The objective pursued in the present section is to demonstrate the scheme’s stability in the sense of
discrete total energy decrease. Due to the staggered geometry, the system’s energy at time ¢ should be
expressed as a combination of local potential and kinetic energy contributions, computed on the primal
and dual meshes respectively:
E" = Z ngln(jL Z mDIC%
KET DET*

The time evolution of kinetik and potential energies is respectively examined in Lemma 1 and Lemma 2.
The corresponding local estimates are subsequently exploited to get non-linear stability in Theorem 1.
In what follows, we will assume the following time-step restriction:

At - 1

=3 - (Fptiimn) < Shi (12)

feap

Lemma 1. Estimation of the kinetic energy production. We have the following inequality :
n+1 n At n+1l -
Kp™ = Kb+ m Z (gK,f -”fyD)mf <Rk.p—CQk.0, (13)
feoD

with

1 + 1 -
1 = 2 1= 2 1 -
Gt itg.o = sIpI? (Ffitgn) + slap, |2 (Ffairn)
QIC,D = At h%“u%. (VD(I)nJrl) s
Ric.p = (At)* R [V p@ |2,
Proof. The proof is the same as in [17] in the one-layer case and we refer to this paper for further details.
We just give here the main steps to help in understanding the links between the constant v, which

governs the scheme’s stabillity through (7), and the CFL condition (see Remark 1). After some basic
computations, we reach the following equality:

At
K = Kp+—— > (Gicfipo)ms = Sp = Qo

feoD

where

1 At 1 . -
Sp = 5hp It —up |+ == 37 S —wh, |12 (FF g
feoD

With the use of Jensen’s inequality we have:

Lt s - < A 807 [V pen

1 At : n n n+1 - -
+W o Z (up, —up) (‘Ff -nf,D) mf
D D fedbD

(14)

Then, Cauchy-Schwarz inequality gives:
> (up, —up) (Fpiign) my

fedoD
2 —_ —_
< Z Hu%f—u% (.F}Hrl.ﬁf,[)) my Z (.F}Hrl.ﬁf,[)) my |,
feobD feobD




and we get:

Sp < h%ﬂ(At)2 Hqu)n—HHQ

120
At n " 2 il - — 1 At - (J_'.? .TLfyD)
o 2 by = (7 ) s | | 5= AR
D feoD DfeaD D
Under (12), the second term of the right hand side is negative and we get the annouced result. [l

Remark 1. In the proof above we need to estimate the quantity:

1 2
Lt —
In (14), we classically used Jensen’s inequality with the weights (1/2, 1/2), which at last gave the esti-

mation (13), provided the robustness assumption (12). As a matter of fact, a more general result can be
obtained introducing arbitrary weights in this inequality. By doing so we get:

At
Kt =K+ > (Giffirp)ms <R p — Q. (15)
P seop
with this time:
Rk = g5 (AOHE [ V@™ . (16)
where X €]0,1[. The corresponding time step restriction is
At n+1 - B n+1 .
— ,(].‘f .TLfyD) my < phlpy ,  withA+p=1.
™D (oD

As will be detailed in Remark 3, this more general formulation can be used to relax the stability condition
on 7.

Lemma 2. FEstimation of the potential energy production. We have the following inequality :

At

5;?"_1 EK + — Z (gn-‘rl Ne K)me < Qg K — RS K (17)
m
e€OK
with
Gt e = O (W (e ) — (Wi ) )

+q>n+1 (h"“(ug.ﬁw) — (P k) ) ,

QS,K _ Z hn+1 ﬁe,K)i ((1)7;(-:1 o @7}1(-1-1) Me ,
eEBK
At n+1 n+1 n+1
Rex = — (I T, i)™ (fl)Ke — O ) me.
mxg ecOK

1
Proof. Using the equality Ept" — £ = & (W — b)) — —g (W — h}‘()Q, we immediately have:

2
n+1 n n+1 n+1 n At n+1 n+1
Eptt —gn <@t (R — b)) = — p— > Frt e xme .
K ecdK
Then, using the fact that:
QU FI e = Gt e — BT (Ul e k)T (PR — @5 + (M0 e k)T (R — @)
we get the announced result. O

As a remark, one can already note that the estimates (13) and (17) do not involve additionnal
antisymmetric terms, as is the case in the collocated frame ([11, 45]). We now combine these two results
to establish the main property of the current section:



Theorem 1. We consider the scheme (4), (5), together with the time-step condition (12). We have:

2
Entl _ pn < Z (At)Qh%Jrl (me) ((I)r;(tl _ (I)}z(Jrl)Q (1 —7)
DeT* o (18)
+) At q>"+1 QI (R — W) [mp (W fie )™ — mpre (Wh.ie, k)] -
DeT*

Proof. Gathering (13) and (17), we have

Ertl— B =) mg (EFT = ER) + Y omp (KT = Kp)

KeT DeT-
<Y mk (Qex —Rex)+ > mp(Rep— Q) -
KeT DeT*

The previous inequality is then adressed locally, separating the velocity and pressure regularizations as
below.

e Terms Qi and Qg: At the level of a dual element D = T*(K, K.), the kinetic part brings

—mpAthTul, (Vp @) = —m Ath T (@7 — &)l die k- (19)

As concerns the potential part, we get two contributions, coming from each side of the corresponding
interface e:

At(R (s )™ (PFTT = @) me + Wi (e )T (@R — O ) me) (20)
Summing (19) and (20), and remarking that (u'.fic k)~ = —(u.7e k)" we get:

Atm, ((I)}’(tl — [(h}gl — WY (A k)T 4 (R — h%“)(u%.ﬁe,;()ﬂ .

We then use bl — b5 = M(h?jl — R and A — BT = Mpre (R — RYDY to rewrite
e mD e mD e
the previous term as:
Atg—; (5 — ) (W — B [mps (W e i)™ — mpr. (Whedie )] . (21)

That way we recover the second term of the right hand side of (18).

e Terms Rx and Re: Again, we focus on a dual element D = T*(K, K. ). The terms issuing from the
potential energy estimate (17) are:

—AHI e i)™ (OF = 5 )y me — AT E Aie k)™ (BT — %) me
— fAt(HZ}l.neﬁK) (@}gl — @’}g"l) Me .
Then, adding the kinetic residual R p = (At)2h%5™ ||V p®"F1||? and using the expression of the
discrete gradient (10), we obtain:
2

(At)Qh’]},“—(:;eD) (@5 — @31)* (1), (22)

which is nothing but the local contribution of the first stabilizing term implied in (18).

O
Remark 2. In the case of flat bottoms, (18) becomes:
L me 1 1\2
Entl _ gn < Z (At)Qh%J'_ e ((I)’;(J" . (1)7[1(4- ) (1 _ ,y)
* mp ¢
DeT (23)
+ Z At h"Jrl h}’(ﬂ)2 [mpx (uh.fie, k)~ — mpr. (e x)t] |
DET*



and the condition v > 1 provides the expected total energy decrease. In the presence of topography, we
can introduce the following correction in the mass fluzes (6):

mpk

1 1
Wit — hE + (2x — 2K.)
mp
1 1, MpkKe
M e G R (2
. D

to write:

2
Entl _ gn < Z (At)Qh%+1 (::LGD) (q)rlz(tl _ q)rlz(+1)2 (1 B 7)

per i (24)
+> Atme S (@ — @) [mpr (W e k)™ — mpr. (Wh.fex)T] <0.
D
DeT*

Remark 3. In this context, a sufficient condition to get a global energy decrease is given by v > 1. As
shortly discussed in Remark 1, this condition can be relazed using the general form of the residual (16).
Then (22) becomes:

N Y
In the case of low-Froude number regimes, the first term of the right hand side of (14) is dominant,
and the parameter X can be chosen close to 1 in practise. We thus obtain vo = 1/2 as a strict stability
threshold and the indication that ~ can be taken in the vicinity of 1/2 in these contexts. These conclusions
have been confirmed throughout our numerical validations.

Remark 4. The modification of the mass fluzes (6):
n+1 n+1
R — nptt,

n+1 n+1
hy'™ «—hp ",

o ot oy (o). 29)

allows to recover the centred scheme [17], with the following global estimate:

2
Bt ogr< Y (At)th“:;—; (@ — @pt)? (1),
DeT*

As can be seen when compared with (23) or (24), the upwind treatment of the mass fluzes brings another
stabilizing term in the energy budget, independent of . If this quantity is generally insignificant for large
scale flows, it is mo longer the case for advection-dominated regimes, that are typically encountered in
river flows or at the wvicinity of coasts for instance. Combined with the robustness property, (see next
Section §3.2) this term is expected to help in stabilizing the computations, notably at the level of dry
fronts.

3.2 Positivity and well-balanced properties

Here we give a short focus on robustness and stability results. As concerns the positivity preserving
features of the scheme, the existence of a space step ensuring (12) is given in [45], based on continuity
arguments. Note however that, according to (4) and (6), the upwind formalism leads to the resolution of

At

a linear system involving a monotone matrix with dominant diagonal terms 1 + — Z (0} 7 k) Tme,
m e€OK

allowing to ensure the positivity of h?jl without heavy technical difficulties.

Proposition 1. The numerical scheme (4), (5) preserves the lake at rest configurations:

up=0 , P% =cst. (26)
Proof. Assuming (26), the advective term of the fluxes vanishes and (4), (5) becomes:
At e)?
e =hp+— ) *yAt—(m ) REL (@ndt — @t ., KeT
mg mp €
ecdK
RpTustt = —AthT (Vpontt) ,  DeT*.
The first equation implies h’}g”l = h¥} for all K € T, from which we immediately deduce CIDT}('H = CIDT}(T
and then u’grl =0. O



4 Explicit scheme

We now aim at extending the present approach in a fully explicit environment. This task may not be
carried out in a straighforward manner, since the introduction of a shifted velocity in the mass fluxes is
no longer sufficient to guarantee stability. However, as shown in the collocated frame [11], this lack of
regularity can be compensated with a slight modification of the discrete pressure gradient. Following these
ideas, and keeping the notations of the previous section, the numerical scheme we consider is expressed
as follows:

At

Wt = h—— Y Flgdiexme , KeT (27)

2 ecOK

n+1..n+1 n..n At n n = + n n = -
hpmal = hpup — — Z (uD (]-'f.nf,D) +up, (ff .nfp) )mf (28)
D yeop
—Ath} (Vpd™*) , DeT".
We consider the following mass fluxes:

]:ZK-ﬁe,K = (hu)p.fe x — HZ,K-ﬁe,Kv (29)

where the notation (hu)}, = h,u’y is now used for simplification purposes. Following the semi-implicit
case, we set:

Me n n n —
Z7K:7Atm—DhD(@Ke—@K)neyK , 1>0. (30)

As previously discussed, we need the stabilizing virtues of a particular discrete pressure gradient:

Me

Vpd™* = —< (B — O ) e, (31)

mp

where m

QL =% ALy, Akp= QQgAtmL;((hu);g — (h)} ) die s, a>0. (32)

In fact, this choice also finds motivations at the continuous level, since it can be shown that the continuous

counterpart of (32), expressed in terms of the discharge divergence, brings energy dissipation. In the

expression above, (hu)’ stands for an interpolated discharge on the cell K depending on the surrounding

elements, designed to obtain entropy stability. This quantity will be defined later on (see proof of Theorem
2, formula (48)). The auxiliary water height is now given by:

A

n+1 n o __
Bl g =
mp

Z Fiiigpmy,
feobD

and the resulting velocity scheme is:

. . At up, —up\ o - hi -
P yecop D D

Note that the collocated and staggered methods proposed in [5] in the linear case for the Shallow Water
equations with Coriolis force share some similarities with the present approach. In particular, regularizing
terms of the same nature are used to get linear stability.

4.1 Control of the mechanical energy

This section will follow the same lines as the semi-implicit case. We first derive local inequalities for
the kinetic and potential energies (Lemma 3 and Lemma 4), and finally exhibit sufficient conditions for
the constants «, v to get non-linear stability. In what follows we will consider the following advective
time-step condition:

At .

oo > || < Bhp (34)

m
D yeap

with 0 < 8 < 1. We have the following result:



Lemma 3. FEstimation of the kinetic energy production. We have the following inequality :

At R
K5 —Kp + — Z (Gi s-iig.0)mys + Qx.p < —Sa.p + Ri,p + Ax.p (35)
feaD

with
G g0 = 5B (FFaig0) + 5 b, I (FF i)~
Qr.p = At (hu)p. (VpP™)
Sap = At ( e ) (b} tesc (N p — M)

Rie.p = 2(At)*hip|| Voo™,

2
Aco =2(807 (22) [ (o) + (A,.0)° .

mp

Proof. The first steps of the proof are the same as in the previous section. Skipping computation details,
we start with:

At

Kt = Kp+ — > (G yiig.p)mys = Sp — At(hu)}. (Vp@™*) (36)
mp
feoD
where ) At )
n n n 2 n T
SD:ihDJrlHuDJrlquH +m—D Z 5 qu uDH (J_'.fnfD) my
fedp
Also, note that under (34), we have:
hn
h’[‘?l <148, (37)
. . nal a b c .
For the sake of clarity, we reformulate the velocity scheme (33) as up,” —u}, = 2— + y— + z—, with
x Yy z
At up, —up n oo -
a =-— <%> (F7-7ifp) my,
DfeaD D
hp n
D
ht Me n n =
c = Ath%fl (mD) A%, b — Afkp e,
with the fixed weights
138 _1+p _14+p
TE s Y= s AT (38)

As in the semi-implicit case, other choice are naturally possible, leading to different sufficient conditions
for the constants « and ~ (see Section 4.2). Using Jensen’s inequality, (37) and chosing /3 sufficiently

small to have o < 35 (in the present case we need 8 < 1/7) , we get:
x

2

1 n n 1 1 At ’ n n = -
5hp+1 ||“1DJr1 - U%H2 = ﬁh%ﬂ <m—D) Z (qu - uD) (]:f'”fﬁD) mpy

Me

2
S0 Voo |+ (A0 (212) [ag, p— Akp]
mp

With Cauchy Schwarz inequality we have:
2

> (up, —up) (Fpaign) my| < (X up, | (Fpre) me) (X (Fizo) my).

fean feoD feaD




and write:
N w12/ n = _ 1 1 At 1 n = -
o =] 735000 0s) (35 (25 e - 7)o

Sp S(%)(Z‘ -

feobD D feoD

Me

2 2
s282my 19500 2+ (02 (2 ) [ag = A%, o]
mp

Using Jensen’s inequality on the last term of the previous estimation, the time step restriction (34), and
returning to (36), we obtain the announced result. O

Lemma 4. Estimation of the potential energy production. We have the following inequality :

At

ER = &+ —— 3 (G oo ) me — Qe i < —Sa i + Rexc + As i, (39)
MK ecOK
with
n — 1 n n
ggeneK_q)e]:e Ne, K ¢e:§(q)K+(I)Ke)’
1 At
Qe ==— > (hw)h. (P, — ®) fie,xme,
KeEBK
1 At
S = 30 37 e (@~ @) e
KeEBK
At \?
R = B — 1I e e
&K g(m ) maKZ( ek Te, k)™M

Proof. We write:
1
S"KJrl —E&x =Pk (h”KJrl — h"K) + 29 (h”KJrl - h"K)2 .

At
The mass equation (27) gives & (W' — bl ) = ——— Z R F . Tie kme. We then write:
mx e€OK
1

OUFl ek =PUF Aok — 5

(P — %) Flfle,x

—

. 1 N 1
= G2 e e = 5 (h)p. (P, — @) flesc + ST g (P, — @) Tie i -
We thus obtain the potential fluxes and the terms S¢ x and Qg . On the other hand, according to

discrete Green formula, we can artificially introduce the quantity (hu)% in the mass equation as follows:

At - At _
Rt — = —— ((hu)}p — (b)) fe, ke + P Z 07 g Tle, kM -
c€OK K ccor

Then, Jensen’s inequality gives:

2005 130" <o (Y (3 (0w~ i) om) 40 (A1) (2 1 eosem)’

mg
5 €OK e€OK
At L2
<o () mox X [~ () ] e
M
eegK
At - 2
+g (—) MoK Z (HZ,K.nQK) Me .
mi
e€cOK
(40)
This last estimation furnishes the remaining terms Ag g and Re . g
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We are now ready to establish the main result of this part, quantifying the total discrete energy produc-
tion:

Theorem 2. We consider the scheme (27), (28), together with the time-step condition (34). We have:

Ertl— BT < (A2 p(y) [h% e (@~ ‘I>’}<)2} me
mp
DeT* 9
2 MoK no_ n =
HADTYZ 3 a() [ (((h)p — (hw)Re) i) | me
KeTecOK
where

p(r) = [2 (A1)? <ue—me ) gh%} Voyt2 o, = MoK | MoK (41a)

mp mg meg,

MoK Me

q(a) = [S(At)Q ( ) ghg} o —a+1. (41Db)

mKg Mmp

Proof. Gathering Lemma 3 and Lemma 4, we have:

Ertt B =) m (EFT = ER) + Y omp (KT = Kp)

KeT DeT*
< ZmK (Qex —So,xk + Re x + Ag i) + Z mp (Ax,p + Rk,p — Qx,p —Sa,D) -
KeT DeT*

(42)
From this, the proof relies on the following steps:

Lemma 5.

Z mi Qe xk = Z mp9x,p - (43)

KeT DeT*

Proof. At the level of a dual element D = T*(K, K.), we have two contributions coming from the terms
Qe k and Q¢ k. of the potential part, giving:

Atme(hu)%. (q)?(e — @?() T_L'eyK = mp (At(hu)%VDCID”) = mDQ;QD .

O
Lemma 6.
n Me n n\2
Z mx (Re.x — So.x) + Z mpRi.p = (At)? Z () [hD (P, — Pk)"| me, (44)
mp
KeT DeT* DeT*
where
Me n mokg moK,
p(7) = {2 (At)* <ue—> ghD} V—y+2 o, 2u = 2K 0K
mp M mK,

Proof. At the level of a dual element D = T* (K, K.) the terms R¢ x, Re k. and Sp,x, So k. furnish the
interface terms:

g(At)? (";alf + %) (T2 o e ) e — AT o (D — D) e g,

Adding mpRic.p = 2mp (At)* b7 ||V p®™ ||, and using (30), we get the local contribution

2 2
((I)?(e - (I)’VIL() ’

() [h% (a2 ()

mp

which allows to conclude. O
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Lemma 7.

ZmKAs,K + Z mp (Ax,p —SAa.D)

KeT DeT*

mokK n n - 2 (45)
(At) Z Z [ (((hu)D — (hu)%) .ne7K) }me,
KeTecoK
where
q(a) = {S(At)Q (maK me) h”} o —a+1.
mg ™Mp
Proof. We consider this time the energy budget attached to an element K € T. We have:
m L2
micAsic = g (A" ZHE ST (hu)h = (b)) e | me
mKQeGBK
Me
mpAx.p = 2<At)2(m—;h% [ (Ap)*+ (A%, 0)° ]
mDSAJ) = Atme (hu)%.ﬁeyK (A?(,D — ATII(Q,D) .
In the sequel we will denote ¢, p = (hu)},).Me,x and ge,x = (hu)}.fie x to alleviate the notations.

Considering the dual cells surrounding K, and keeping the terms involving the cell K only, we are left
with the control of the following quantity:

2
g(At)? oK Z (@e.p — Qerc)? e + 2 (At)? Z Mh% (A?(,D)Q — At Z Ge,pNj pme.  (46)

m m
K ccox eCOK c€OK

Using (32), we have
MoK MoK
Ge.p A% p = 20gAt——qc p(ge.0 — Ge.x) = AgAt——= (¢Z p — @ jc + (¢e.0 — Ge.x)?) -
mg mg

It follows that (46) can be expressed as:

(a2 S [8(At)2 (W [Te > ghha? — o+ 1} g%(qe,p — Ge.xc)*Me
K

m m
ecdK K D

m
— (At ag maK S (@p—dx)m

ecOK

As a consequence, it now remains to define (hu)’ in order to guarantee

> (@2n—ax)me= > ((()pAek) — ()7 x)” Jme = 0. (47)

ecOK ecOK

To this end, one can remark that for any approximation of the mean discharge (H)’}( over the cell K, it
is sufficient to define

(hu)fe = Axc (hu) g , (48)

with

0 1fz huKneK)Qme:(),
e€OK
T 1/2
( Z ((hu)'}.Tie k) 2 e Z hu Vi Tie K)2 me> otherwise
ecOK e€OK

to ensure an equality in (47). O
Injecting the estimations (43), (44) and (45) in (42), we get the announced result. O
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4.2 Calibration of the stabilization constants

In the following section we discuss how to adjust the constants «, v adequately, bearing in mind the dual
objective of ensuring a global energy decrease while minimizing the diffusive losses in view of applicative
issues. As can be seen from Theroem 2, the energy decrease in satisfied under the negativity of the
quadratic forms (41a), (41b), which induces conditions linking « and « to the CFL number. General
trends can be extracted from a basic polynomial analysis, illustrated in Fig. 2, where the admissibility
range is given with respect to the CFL number. Not surprisingly, it follows that the reduction of the time
step allows more flexibility with respect to the choice of v and +, making the values ag = 1 and 9 = 2
appear as lower limit values. As done in the semi-implicit case (see Remark 3), it is also possible to

20

T 25

_—

— at

_— —_

T . 20 ||
15 B admissibility region || B admissibility region
15
3 10 -
10

5
} ;
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.00 0.05 0.10 0.15 0.§0 0.25 0.30 0.35 0.40
c t
CAt Ax
Az

Figure 2: Admissible values for o and ~ issuing from the polynomials (41a), (41b) with respect to the

. . Me MoK L.
CFL b th l d tc=./gh? d Ax = ———). The ad bilit
numoer in € case Of a reguitar gri (71)6 setl ¢ g D an X mp MK ) € aamisstovty

range increases as the CFL tends to zero, highligting ag = 1 and o = 2 as treshold values.

obtain relaxed conditions revisiting some of the Jensen’s inequalities implied in the demonstration (more
precisely (38) and (40)). Skipping the details of the computations, we fall on the following polynomials:

) = (2007 (e 22 Y iy 27 = + 3. (199)
i) = [s(a0? (Z2 2 ) gnp [ 2 - o+ 5. (49b)

leading to the conditions depicted in Fig. 3. Note that we recover the limit value vy = 0.5 found in the
semi-implicit case.

These results are now completed with a linear stability analysis. For the sake of simplicity we detail
here the one-dimensional case, which is already sufficient to corroborate the non-linear study. Considering
perturbations around the constant state h,% = 0, the linearization procedure gives:

. At - AN n oy pn
WP =R = (“?H/z - “?—1/2) +9 (E) (fy =207+ Hi)
" At n 7 At ? n n
uitle =, - YAz (hy = D7) + agh (E) (“z‘+3/2 2t u?—1/2> '

leading to the following system in the Fourier space:

. 2 .
jntt - (At 9 = (At i
B 1 —4vygh (E s —2ih Ay )
a (At _ (A ’
a1 —2ig (E) 55 1 —4agh (E) 83 an
where s; = sin [ j— |. Studying the eigenvalues we get necessary stability conditions linking v, o and

2
the CFL number. Skipping computation details, a representation of these conditions is proposed on Fig.
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Figure 3: Optimal admissibility conditions for « and v issuing from the polynomials (49a), (49b), with
respect to the CFL number in the case of a regular grid (we set ¢ = \/gh’, and Ax = e MoK )
mp Mk

range of admissibility increases as the CFL tends to zero, highligting oy = o = 0.5 as threshold values.

4 (left). It can be observed on both pictures the maximum admissible CFL number for given values of
the couple (v, a). A first observation highlights o + v > 1 as a necessary stability condition. We hence
recover the optimized values issuing from the non-linear study vo = ap = 0.5 discussed just before as
a particular case. A maximum CFL number is obtained for («,v) = (1,0) and (o, ) = (0,1) which is
a notable difference with the collocated case since optimal CFL values were observed all along the line
a + v = 1. This study has been reproduced considering a Heun time scheme and a standrard MUSCL
procedure in space. Looking at Fig. 4 (right), the regularizing effects of the RK2 time algorithm are
clearly noticeable. More precisely, results indicate that the viscous correction may be reduced by half
while preserving an almost optimal CFL condition, or even chosen arbitrarily small. Note finally that a
linear analysis turns out to be irrelevant in the semi-implicit case since it simply leads to the necessary
condition vy > 0.

4.3 Positivity and well-balanced properties

Since the dual fluxes are built as combinations of the primal ones, the condition (34) can actually be
ensured through a collocated time constraint of the form:

At . .
— > Pl k| < T (50)
ecOK

where £ is a strictly positive constant depending on /5 (see (34)) and the choice of the staggered dis-
cretization. After some calculations, not reported here, we finally get that the positivity of the water
level at time n + 1 is ensured under the following time step restriction:

mok - Me § h?{
At—— . At O —P7| ) <[ —— ) 2.
e (|uD e, |+ mpl K. K|> = (1+§> hn

Note that according to (8) the ratio h’%/h’, may not lead to a singularity. In practice, this time step
condition is much less restrictive than the one ensuring the existence of negative solutions for (41a)
and (41b), governed by the speed of gravity waves (displayed in Fig. 2). As regards the well-balanced
property, it is straightforward that the lake at rest configuration (26) eliminates the pressure gradient
Vp®™* (formula (31)) and leads to vanishing fluxes for both water height and discharge in (27), (28),
giving immediately the steady state preservation.

5 Numerical validations

The present technology has recently been incorporated on an experimental basis within the operational
platform of the French Naval Hydrographic and Oceanographic Service (SHOM), referred to as HYCOM

14



Maximum value of the CFL number

Maximum value of the CFL humber
> 1.0 4.0 BN RN

CFL max
CFL max

05 10 15 20 25 30 35 40 (R - : ' Af'% Z5 30 35 4u
Alpha pha

Figure 4: Linear stability analysis. Representation of admissible values of the CFL number with respect
to the stabilization constants «, 7, issuing from (49a), (49b). First order scheme in time and space (left):
the threshold values o = v = 0.5 obtained with the non-linear analysis are recovered as a particular case.
MUSCL scheme with RK2 in time (right) : regularizing effects of the RK2 time scheme.

[8]. For that purpose, both implicit and explicit schemes have been implemented in a MAC environment,
supplemented with a Heun time scheme and a standard MUSCL procedure in space. Although still under
development, preliminary results issuing from the validation process are very promising. At this level, it
clearly seems that this slight adaptation of the code comes with significant improvements, without any
increase of computational time nor technical complexity. In this section, three classical benchmarks are
proposed to assess the scheme’s performances in various configurations, including propagation around a
steady state, description of moving shoreline and displacement of a barotropic vortex. Note that these
tests have been already successfully investigated in [11] and may serve as relevant evaluation tool with
respect to the collocated methods developed in our previous works.

5.1 Small perturbation of a lake at rest

We first investigate the perturbation of a flow around a steady state, based on the classical test proposed
by LeVeque [35]. This benchmark and several variants are widely used in the literature to study the
beahaviour of well-balanced methods in the vicinity of steady states, see for instance [33, 37, 43, 56].
This simulation involves a rectangular channel with dimensions 2m x 1m, and the topography variations
are given by :

2(z,y) = 0'86—5(1—0.9)2—50(y—0.5)2 )

We first consider the so called lake at rest steady state n = 1, u = 0 as initial condition to validate the
well-balanced properties of the proposed schemes. As expected, our investigations shown that the rest
solution was preserved up to the machine error throughout the computation. Then the steady state is
perturbed by imposing the following discontinuity on the free surface:

0@yt = 0) = { 1.01if 0.05 <z < 0.15,

T 1 elsewhere .

We can observe on Fig. 5 some snapshots of the solution obtained at time ¢ = 0.46s for two different
meshes. The characteristics of the flow propagation are qualitatively well reproduced, even for the coarser
one. For a more accurate insight we examine the vertical profiles of the free surface elevation along the
centreline y = 0.5m, displayed in Fig. 6 (left). Regarding the highly resolved solution, the free surface
deformations are reproduced with the correct amplitudes, in line with other recent high order approaches
[16, 20, 46]. As for the 200 x 100 grid, we can observe that, notably due to under-resolution, the flow
experiences small oscillations juste before the upstream slope. These can be damped by increasing the
value of v, which attests of the regularizing effects of the viscous correction. Note that the constant a has
been set to 0 for this test, in accordance with the linear study. As shown in Fig. 6 (right), the constant
~ is indeed sufficient to govern the dissipation rate. Despite being oustide its application framework,
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Figure 5: Small perturbation of a lake at rest: Snapshots of the free surface at time t=0.46s obtained
using the explicit scheme. RK2 in time and second order in space, using (c,y) = (0,0.5) as stabilization
constants. Top: 200 x 100 grid. Bottom: 1600 x 800 grid.

results obtained with the semi-implicit scheme are also proposed in Fig. 6 for information purpose; note
that the corresponding CFL is ten times larger than the explicit one in this case.

5.2 Oscillatory flow in a parabolic bowl

We consider now the class of periodic solutions derived in [51]. These tests are one of the few for
which exact solutions are available and stand for a relevant validation tool in a fully two-dimensional
framework, involving dry cells and varying topography. Two classes of exact solutions are available,
namely the planar and curved cases, used for example in [9, 21, 32, 42, 54] and [9, 18, 46] respectively.
Based on the COMODO benchmark [1], we consider here the planar case, on a computational domain
200km x 200km, in which the bed profile is defined as follows:

z(:z:,y) _ DO ((217—1130)2 + (y_y0)2> 7

L? L?

with (zg, yo) the center of the domain. The exact solution is:

Do (z— - 2
hla.y.1) = 20 ( =5 cos(wt) = = sin(wt) — 7 ) |

L L L L (51)
u(z,y,t) = —awsin(wt),
v(z,y,t) = —aw cos(wt) .

The amplitude is set to @ = 1m, and we fix Dy = 10km, L = 180km. The frequency is w = f/2 +
V/f2/4+2gDy/L? 571, with f the Coriolis parameter, set to 10~*s~!. The total computational time is
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Figure 6: Small perturbation of a lake at rest: Cross section of the numerical solution at time t=0.46s
(left) and total energy variation (right) for 200 x 100 and 1600 x 800 grids at second order in space and
time - Comparison with the semi-implicit scheme with a 200 x 100 resolution.
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Figure 7: Oscillatory flow in a parabolic bowl: Comparison between exact solution and second order
explicit numerical solution at time T = 70 hours (left), and focus on the shoreline at first and second
order.

set to 80 hours and the constant  is fixed to 0.5. In the present case, friction terms are neglected and
the initial condition computed from (51) impulses a planar flow expected to follow a periodic motion
throughout the whole computation. On can observe on Fig. 7 (left) a comparison between analytical and
numerical solutions after nine complete oscillations at time 7" = 70 hours on a mesh of 40000 elements,
exhibiting an excellent agreement. Fig. 7 (right) indicates that dry fronts are also well resolved and do
not compromise the efficiency of the second order reconstruction. The scheme’s accuracy can also be
assessed through Fig. 8, where it is shown the time evolution of the free surface elevation tracked at the
points (100km, 150km) and (100km, 180km). Comparisons attest of a very good level of precision; no
significant losses of amplitude are observed, even at the level of the shoreline. This can be attributed to
the positivity-preserving property and a very low energy dissipation rate, ensured by a proper calibration
of the viscous constant 7, as can be observed in Fig. 9.

5.3 Barotropic vortex

We lastly investigate the deviation of a barotropic vortex under the effect of Coriolis force. The com-
putational domain is set [0, 1800km] x [0, 1800km]. The initial condition consists of a centred vortex at
geostrophic equilibrium, with free surface elevation

(x —20)” + (y — yo)2)>

n(‘mayvtzo):aexp <_ 2
1%
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Time evolution of the free surface at point (100,150)
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Figure 8: Oscillatory flow in a parabolic bowl: Time evolution of the free surface at points (100km, 150km)
(top) and (100km, 180km) (bottom), obtained with the second order explicit scheme with («,~) = (0,0.5)
on a reqular mesh implying 40000 elements. Comparison with the exact solution.
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Figure 9: Oscillatory flow in a parabolic bowl: Variation of potential energy (left) and total energy (right)
for the explicit and semi-implicit schemes with v = 0.5.

where a = 0.1m, zop = yo = 900km and pu = 60/v/2km. According to the original settings [11] we
consider a -plane approximation, setting f(y) = fo + By with fo = 9.054.107° and 3 = 1.788.107 L.
As in the previous case, the resulting source term (0, —fhuv, f hu)T is discretized by means of classical
interpolations. On the basis of strong connexions with what has been done recently in the linear case
[5] in the presence of rotational effects, specific work is currently being carried out to develop a class
of more evolved algorithms for the Coriolis term, able to guarantee the exact geostrophic balance or
rigorous discrete energy estimates. Again, the constant « has not proven crucial and has been set to zero
for this test. As confirmed by linear study and numerical investigations, and according to the collocated
framework [11], the regularizing effects of the RK time scheme allow to go far below the first order
condition v > 1 in practice and we take v = 0.1 in the present case. Fig. 10 shows a comparison between
numerical results obtained with the current version of HYCOM |[8] and its recent improvement relying on
the proposed approach. The benefits brought in terms of numerical diffusion are particularly noticeable
at this level of resolution. Similar results are displayed in Fig. 11 with an increasing mesh resolution
until reaching convergence. We recover the correct position of the vortex and the expected amplitudes
[11], which attests to the low-Froude characteristics of the scheme, inherited from collocated approaches.
The evolution of several diagnostic quantities related to energy are proposed on Fig. 12. Overall, these
results highlight the improvements with respect to the latest uptade of HY COM in terms of stability and
numerical diffusion, in the sense where the proposed method is able to guarantee energy dissipation while
minimizing the diffusive losses. Note that the energy variations for the 60 x 60 grid are not fully relevant
here since this level of resolution entails an inaccurate initialisation of the vortex.

6 Conclusion

In this paper we have developed and analysed a numerical approach for the two-dimensional Shallow
Water equations, on the basis of staggered discretizations. Inspired from previous works in the collocated
frame ([11, 45]), semi-implicit and fully explicit time schemes have been proposed. In the semi-implicit
case, the non-linear stability, understood in the sense of discrete mechanical energy decrease, has been
achieved introducing appropriate diffusion terms in the advective fluxes. We showed that an additional
perturbation term in the pressure gradient brought sufficient regularity to maintain this property in the
explicit case. These results were supported by a linear stability analysis. Well-balanced and positivity
results have also been obtained for both schemes. This results in a robust approach, easy to implement
and satisfying all the fundamental stabiliy criteria attached to operational simulation.
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Figure 10: Barotropic vortex: Representation of the free surface elevation after 60 days of propagation.
Comparison between numerical results obtained with the explicit scheme (left) and the current version of
HYCOM (right), using a 60 x 60 grid at second order in time and space.

7 Aknowledgements

This work has been supported by the Service Hydrographique et Océanographique de la Marine (SHOM)
and the French National Research Agency project NABUCO, grant ANR-17-CE40-0025.

References

[1]] COMODO benchmark. http://indi.imag.fr/wordpress/.

[2] M. Akbar and S. Aliabadi. Hybrid numerical methods to solve shallow water equations for hurricane induced
storm surge modeling. Environmental Modelling € Software, 46:118-128, 2013.

[3] G. Ansanay-Alex, T. Babik, J.C. Latché, and D. Vola. An L2 stable approximation of the Navier Stokes
convection operator for low order non conforming finite elements. International Journal for Numerical
Methods in Fluids, 66(5):555-580, 2011.

[4] E. Audusse, F. Bouchut, M.O. Bristeau, R. Klein, and B. Perthame. A fast and stable well-balanced scheme
with hydrostatic reconstruction for shallow water flows. SIAM J. Sci. Comput., 25:2050-2065, 2004.

[5] E. Audusse, D.M. Hieu, P. Omnes, and Y. Penel. Analysis of modified Godunov type schemes for the two-

dimensional linear wave equation with Coriolis source term on cartesian meshes. Journal of Computational
Physics, 373:91-129, 2018.

[6] A. Bermudez and M.E. Vazquez. Upwind methods for hyperbolic conservation laws with source terms.
Comput. € Fluids, 23:1049-1071, 1994.

[7] C. Berthon and F. Foucher. Efficient well balanced hydrostatic upwind schemes for shallow water equations.
J. Comput. Phys., 231:4993-5015, 2012.

[8] R. Bleck. An oceanic general circulation model framed in hybrid isopycnic-cartesian coordinates. Ocean
Model., 4:553A888, 2002.

[9] A. Bollermann, S. Noelle, and M. Lukacovd-Medvidova. Finite volume evolution Galerkin methods for the
shallow water equations with dry beds. Commun. Comput. Phys., 10(2):371 — 404, 2011.

[10] L. Cea and M.E. Vazquez-Cendén. Unstructured finite volume discretization of bed friction and convective
flux in solute transport models linked to the shallow water equations. Journal of Computational Physics,
231:3317 — 3339, 2012.

[11] F. Couderc, A. Duran, and J.P. Vila. An explicit asymptotic preserving low froude scheme for the multilayer
shallow water model with density stratification. Journal of Computational Physics, 343:235—-270, 2017.

[12] M.J. Castro Diaz, J.M. Gonzalez-Vida, and C. Parés. Numerical treatment of wet/dry fronts in shallow flows
with a modified Roe scheme. Mathematical Models and Methods in Applied Sciences, 16(6):897-931, 2006.

20


http://indi.imag.fr/wordpress/

1800 1€ surface elevation - Low Mach - 90x90

Y axis (km)

‘0.0 360.0 720.0 1080.0

X axis (km)

1440.0 1800.0

180&r@e surface elevation - Low Mach - 360x360> 0.04

|
0.033
0.026
0.019

0.012

0.005

1

Y axis (km)

-0.002

-0.009

-0.016

-0.023

360.0 7200 1080.0 1440.0 1800.0 <003

X axis (km)

! > 0.04

0.033

1440.0 0.026
{ 0.019

1080.0 0.012

- 0.005

720.0 0 -0.002
-0.009

360.0 -0.016
-0.023

o8

<-0.03

meters

meters

180&r@e surface elevation - Low Mach - 180x180> 0.04

|
0.033
0.026
0.019

0.012

0.005

1

Y axis (km)

-0.002

-0.009

-0.016

-0.023

<-0.03

360.0

720.0 1080.0
X axis (km)

1440.0 1800.0

180&r@e surface elevation - Low Mach - 900x900> 0.04

|
0.033
0.026
0.019

0.012

0.005

1

Y axis (km)

-0.002

-0.009

-0.016

-0.023

360.0 720.0 1080.0 1440.0 1800.0 < 003

X axis (km)

meters

meters

Figure 11: Barotropic vortex: Representation of the free surface elevation after 60 days of propagation.
Numerical results obtained with the explicit scheme at second order in time and space with an increasing

mesh resolution.
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