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Abstract

We study the asymptotic behavior for asymmetric neuronal dynamics in a network of
linear Hopfield neurons. The interaction between the neurons is modeled by random cou-
plings which are centered i.i.d. random variables with finite moments of all orders. We
prove that if the initial condition of the network is a set of 4.i.d. random variables and
independent of the synaptic weights, each component of the limit system is described as
the sum of the corresponding coordinate of the initial condition with a centered Gaussian
process whose covariance function can be described in terms of a modified Bessel function.
This process is not Markovian. The convergence is in law almost surely with respect to the
random weights. Our method is essentially based on the method of moments to obtain a
Central Limit Theorem.
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1 Introduction

We revisit the problem of characterizing the limit of a network of Hopfield neurons. Hopfield
[7] defined a large class of neuronal networks and characterized some of their computational
properties [8, 9], i.e. their ability to perform computations. Inspired by his work, Sompolinsky
and co-workers studied the thermodynamic limit of these networks when the interaction term
is linear [4] using the dynamic mean-field theory developed in [I3] for symmetric spin glasses.
The method they use is a functional integral formalism used in particle physics and produces
the self-consistent mean-field equations of the network. This was later extended to the case of
a nonlinear interaction term, the nonlinearity being an odd sigmoidal function [I2]. Using the
same formalism the authors established the self-consistent mean-field equations of the network
and the dynamics of its solutions which featured a chaotic behavior for some values of the
network parameters. A little later the problem was picked up again by mathematicians. Ben
Arous and Guionnet applied large deviation techniques to study the thermodynamic limit of



a network of spins interacting linearly with i.i.d. centered Gaussian weights. The intrinsic
spin dynamics (without interactions) is a stochastic differential equation. They prove that the
annealed (averaged) law of the empirical measure satisfies a large deviation principle and that the
good rate function of this large deviation principle achieves its minimum value at a unique non
Markovian measure [5, 2, [6]. They also prove averaged propagation of chaos results. Moynot and
Samuelides [10] adapt their work to the case of a network of Hopfield neurons with a nonlinear
interaction term, the nonlinearity being a sigmoidal function, and prove similar results in the
case of discrete time. The intrinsic neural dynamics is the gradient of a quadratic potential. Our
work is in-between that of Ben Arous and Guionnet and Moynot and Samuelides: we consider
a network of Hopfield neurons, hence the intrinsic dynamics is simpler than the one in Ben
Arous and Guionnet’s case, with linear interaction between the neurons, hence simpler than
the one in Moynot and Samuelides’ work. We do not make the hypothesis that the interaction
(synaptic) weights are Gaussian unlike the previous authors. The equations of our network are
linear and therefore their solutions can be expressed analytically. As a consequence of this, we
are able to use variants of the CLT and the moments method to characterize in a simple way
the thermodynamic limit of the network without the tools of the theory of large deviations.
Our main result is that the solution to the network equations converges in law toward a non
Markovian process, sum of the initial condition and a centered Gaussian process whose covariance
is characterized by a modified Bessel function.

Plan of the paper

We introduce the precise model in Section 2| In Section [3| we state and prove our main result
(Theorem on the asymptotic behavior of the dynamics in the absence of additive white
noise. Section [4] is devoted to the general case with additive white noise (Theorem [4.1)). Our
approach in establishing these results is “syntactic”, based on Lemmas [3.3] and [3.8]

2 Network model

We consider a network of N neurons in interaction. Each neuron i € {1,---, N} is characterized
by its membrane potential (V*(V)(¢)); where t € R, represents the time. The membrane
potentials evolve according to the system of stochastic differential equations

t
Vi’(N)(t):VOi—/\/ VEN)( ds—l——E /J(N)VJ (s)ds +~B'(t), Vie{l,---,N}
0

L(vg™) = g™,

(2.1)
where VO(N) = (Vol, e ,VON) is the vector of initial conditions. The matrix J&) is a square
matrix of size N and contains the synaptic weights. For i # j, the coefficient Ji(,]]y)/ VN repre-
sents the synaptic weight for pre- synaptic neuron j to post-synaptic neuron i. The coefficient
Ji(i-v) /v/N can be seen as describing the interaction of the neuron i with itself. It turns out that
it has no role in defining the mean field limit. The parameters A and ~ are constants. The



(B(t))t, i € {1,--- ,N} are N independent standard Brownian motions modelling the internal
noise of each neuron. The initial condition is a random vector with i.i.d. coordinates, each of
distribution .

We denote by VIN)(#) the vector (VE(N)(¢),... VN (1)), Hence, we can write the sys-
tem (2.1) in matrix form:

t t 7(N)
VM@ =y - / AV (s)ds + / L v (5)ds + vB(®)
0 0

VN (2.2)
L (VO(N)> = V(()X)N.
System (2.2 can be solved explicitly and its solution v (N) (t) is given by

JWIV) ¢ JWV)
V@) = e lexp [ et | VIV + / eMexp [ Z—(t —s) | dB(s

For the rest of the paper, we make the following hypotheses on the distributions of VO(N) and
JI),

. VteR,. (23)

(H1) vy is of compact support and we note

140 ::/Ra;duo(x) and ¢0:/Rx2dvo(a:),

its first and second order moments.

(H2) The elements of the matrix JN) are i.i.d. centered and bounded random variables of
variance o2. They are independent of the initial condition.

3 Convergence of the particle system without additive Brown-
ian noise (7 =0)

In this section, we consider the model without any additive noise, that is v = 0 in (2.1)): The
unique source of randomness in the dynamics comes from the random matrices (J (N )) describing
the synaptic weights, and the initial condition.

3.1 Mean field limit

The following result describes the convergence when N — 400 of the coordinates of the vector
(V) (#))ser, to a Gaussian process whose covariance is determined by a Bessel function. The-
orem below can be seen as a kind of mean-field description of as the number of neurons
tends to infinity.



Theorem 3.1. Under the hypotheses|(H1) and|(H2), for each k € N*, the process (VFW)(t)),er

converges in law to (VF(>) (t))ter, where,
V() (1) = ¢ [Vo’f + Z"’(t)} . VteR,.

The process (Z*(t)) is a centered Gaussian process starting from 0 ( Z¥(0) = 0) such that

teR4

E [Zk(t)z’f(s)} = golo(20v/51),  where Io(z) =Y 22/(2%(00)?). (3.1)

>1

Moreover, for allt € Ry, Z¥(t) is independent of V.

Remark 3.2. The function fo 1s closely connected to the modified Bessel function of the first kind

Iy, defined as a solution of the ordinary differential equation 2*y" + zy' — 2%y = 0, y' = dy/dz.

This function is the sum of the series (22¢/(22(¢1)2))y>0 which is absolutely convergent for all
z€C,ie: Iy(z) = 2420(2/2)%/(6!)2, so that we have

Io(z) = Ip(z) — 1.

The proof of Theorem requires the following lemma.

Lemma 3.3. Let J be an infinite matriz such that its finite restrictions JWN) satisfy
and consider a sequence of bounded (not necessarily identically distributed) random variables
(YJ')jeN*> independent of J.

Assume that, almost surely,

N

1 9

A}l_r)réo N g 1 Y7 = ¢ < +oo. (3.2)
=

For all ¢ € N* and for all 1 < k < N, define
Ulfm(N) = to, ((J(N))ey(zv)) ’
where ey, is the k-th vector of the standard basis of RN. Then, for all1 < {1 < --- < £,,, m € N*,

the vector
L k@) L k()
£1U€1 T Zmem
VN VN

converges in law as N — 400, to an m-dimensional Gaussian random vector of diagonal co-
variance matriz diag(o?%¢) independent of any finite subset of the sequence (Yj)jeN*'

Remark 3.4. The hypothesis that the Yjs are bounded is not the only possible one. The Lemma
is also true for independent Y;s with finite moments of all orders.

We give one corollary of this Lemma.



Corollary 3.5. Under the same assumptions as in Lemma for all integers p > 1 and
1<k <ko<---<kp the vector

L k() L k(v
(W“Ul e e
L ko (V) L ko (V) Lk (V) L kp (V)
£1U£12 R mU&i S ZlUf1 I ngm
VN VN VN VN

converges in low as N — 400, to an mp-dimensional Gaussian random wvector of diagonal
covariance matrix diag(a%'d)), i =1,---,m repeated p times, independent of any finite subset
of the sequence (Y;)

jEN*-
Proof. 1t is easy to adapt the proof of Lemma O
Proof of Lemma[3.3,

W.l.o.g, we consider the case k = 1 and do not show the index 1 in the proof, i.e. we write

UéN) for U;’(N). We first prove by the method of moments that N(,/Q U( ) converges in law when

N — oo toward a centered Gaussian random variable of variance 2%, i.e. the case m =1 of
the Lemma. We then sketch the generalization of the proof to the case m > 1.

To do this we expand U, () and write

s (U () 40 (N) J(N) 4N
NHZ/Q (UE > an/z Z J ’]1 le,jz . le}il,jl} . Jl] J n]g e J]Z 17][ Yl .. }/}?7
where 3.1 . ;. means Z ]e .
it JZ =
We follow and recall the notations of [1]: we denote j” the sequence (word) of £+ 1 indexes

(L,41,---,747). To each word j" we associate its length ¢ + 1, its support supp(j"), the set of
different integers in {1,--- , N} in 5", and its weight wt(j"), the cardinality of supp(j”). We also
associate the graph G- = (VJ , Ejr) where Vjr = supp(j") has by definition wt(j") vertices and
the edges are constructed by walking through j" from left to right. Edges are oriented if they
connect two different indexes. In detail we have

Ejpr ={(Lj) VUi dipa)i=1,--- £ -1}

Each edge e € Ejr has a weight noted N?" which is the number of times it is traversed by
the sequence j".

We note j the sentence (j!,---,4") of n words j”, r = 1,---,n, of length £+ 1 and we
associate to it the graph Gj = (Vj, £) obtained by piecing together the n graphs G-. In detail,
as with words, we define for a sentence j its support supp(j) = Ul'_;supp(j") and its weight
wt(j) as the cardinality of supp(j). We then set Vj = supp(j) and Ej the set of edges. Edges are
directed if they connect two different vertices and we have

Ej = {(1,j{)U(j;,jZ+1),i: Ll—=1r=1,- 7n}



Two sentences j; and js are equivalent, noted j; =~ jo if there exists a bijection on {1,--- , N}
that maps one into the other.

For e € E5 we note Ng the number of times e is traversed by the union of the sequences j".

By independence of the elements of the matrix J, the independence of the Js and the Y,
and by construction of the graph Gj we have
Ni
N e
(1Y)

1 n 1
E [Nnm (U) } =2z 1L E
j CEEj

In order for T} to be non zero we need to enforce Ng > 2 for all e € Ej. This implies

E[Yji - Yjn] = ZTJ (3.3)

nt="3" Ni>2|E| > 2(wt() - 1),
GEEj

; wt(j) < [nl/2] + 1.

We now make the following definitions:

Definition 3.6. Let W, be the set of representatives of equivalent classes of sentences j,

= (51, ,4™) of n words of length £ + 1 starting with 1, such that t = wt(j) and N > 2 for
all e € Ej.

Definition 3.7. Let Ay, be the set of sentences j, j = (j', - ,j™) of n words of length £ + 1
starting with 1, such that t = wt(j) and N >2 for all e € Ej.

We now rewrite (3.3)

1 T [ne/2)+1 N
el (0) |- X 3 T0e| ()" e
t=1 .]E-AlnteeE
Z ) ZNnZ/2 [[E [( ) EYj - Yipl. (34)
=1 jeWpns i~y ecE;
Our assumption on Y ensures that
‘E[ng”'yjy] <K

for a constant K independent of j and N. In addition, for j ~ j’, we have
[1E[hn™] = HIE[J11 ]
eEF; ecEy

We deduce that for any j' € Wy, ; hence such that wt(j’) =t,

' C ’
> o T B[] By 11 < w0 | T1 B |||

i~y ecEj ecky




where

Oni=(N—-1)(N—-2)---(N—t+1)~ N1 (3.5)

is the number of sentences that are equivalent to a given sentence j’, with weight ¢ (remember
that the first element of each word is equal to 1). Since the cardinality of Wy, ; is independent
of N, we conclude that each term in the right hand side of is upper bounded by a constant
independent of N times the ratio Cn /N nt/2 - According to ([3.5)), this is equivalent to N*—¢/2-1,
Therefore, asymptotically in N, the only relevant term in the right hand side of is the one
corresponding to t = |nf/2] + 1.

In order to proceed we use the following Lemma whose proof is postponed.
Lemma 3.8. If Wy,,: # 0 and n is odd, then t < |nl/2].

We are ready to complete the proof of Lemma

If n is odd, Lemma shows that ¢ < [nf/2], so that the maximum value of Cn¢ in (3.4) is

O(NL/21=1) and we have limy_,o0 ﬁE[(UéN))"] = 0. If n = 2p is even, (3.4) commands

e[ ()] =5 ¥ TTe|()"

J€AL2p po+1 e€E;

E[Yj - Y] (3.6)

An element of Ay 2, p+1 is a set of p pairs of identical words of length ¢+ 1. Each word in a pair
contains ¢ + 1 different symbols and the intersection of their p supports is equal to {1}. Thus

we have E [(Jl,l)Né} = o2 for all j € Agappri1-

We have
2pl

1 n
E[Nnm (™) } ~ T 2 BV

jEAZ,Qp,pé+l

There are (2p — 1)!I(= 1.3.--- (2p — 1)) ways to group the 2p words in pairs. Indeed, given a
sequence of pf 4+ 1 different symbols, we set g; = 1 and pick the first £ symbols in the sequence
to obtain j9. We then choose one, say j™, r1 # g1, among the n — 1 = 2p — 1 remaining words
to form the first pair of identical words. We next go to the first unpaired word after j¥', say
7%, g2 ¢ {q1,m} and choose one among the n — 3 = 2p — 3 remaining words to form the second
pair of identical words (with the next ¢ symbols in the sequence). And this goes on until we
reach the end, having exhausted the sequence of pf + 1 different symbols. It follows that there
are (2p — 1)!! ways to group the 2p indexes in pairs.

For each such grouping and for each p-tuple of different indexes (j},- - , jy) there are (N —
pP+1)(N—-©2p+1))---(N—(({—1)p+ 1)) ways of choosing the remaining ¢ — 1 p-tuples of



different indexes (jj,- - .Ju), k=1,--- ¢ —1. Putting all this together we obtain

N
1 AN\ 1
E | s (07)] = o= 1o > B[SV
41, jP=2, all indexes different
1 N
~ (2p — 1)!!02“@ > ENi--Yj)
jla"'7jp:1

N
1
~ (2p — ) oP'E > V7
By (3.2) and dominated convergence we obtain

n 0 ifn odd
lim E <U(N)> = nne .
N—oo | N7T f/Q a?P(2p — VP if n = 2p.

At this point we have proved that

N .
N€/2 U( ) converges in law when N — oo to a centered

Gaussian of variance o ¢.

We go on to sketch the proof that for all m € N* and integers 1 < 01 < ly < -+« < Uy,
U(N)

N51/2 ) N‘-’2/2 Ug(2 ), cee sz/z UE( )) converges in law toward an

m-dimensional centered Gaussian vector with covariance matrix diag(c2¢).

the m-dimensional vector (

The proof is essentially the same as in the case m = 1 but the notations become much
heavier. The major ingredients are

1. To each Ué(iv)’ 1 < k < m we associate the graphs Gjx, with j¥ = (P, ..., jFm) and
. -k,
]km:{lajlra' '7jgk} ?“_1 ng.

2. We piece these graphs together to obtain the graph Gji .. jym. This allows us to write a

)

formula similar to (3.3)) for E [N<"1£1+'~1+nmzm>/2 (Ug(lN))nl (U(N)>nm:|.

3. We enforce the condition that edges in Gji ... jm» must have a weight larger than or equal
to 2.

4. We generalize the definition [3.6] to the set noted Wy, n, ... 4.,
Lemma [3.8

+ and prove an analog to

Tm

5. These last two steps allow us to write a formula analog to (3.4]).
6. Lemma can be easily generalized to the following

Lemma 3.9. If Wy, ny. tynmmt = 0 and if any of ny,--- ,ny, is odd, then t < |(ni6; +
b)) /2]



7. Combining all this yields the result

lim E 1 (Ung)“ S (U“V))”m} -

0 if any of ny, -+ ,ny, is odd
| JQkak(ka — DgPe i ng =2p1, -+ Ny = 2P,

which shows that the m-dimensional vector (ﬁU g(lN), WUZ(;V)’ ey Ng}n U gj)) con-

verges in law toward an m-dimensional centered Gaussian vector with covariance matrix

diag(o?t ).

This ends the proof of Lemma [3.3] It is central to our approach and allows us to establish
Theorems and in a “syntactic” manner by connecting the stochastic properties of the
matrices JN) and the structure of the sequences of indexes that appear when raising them to
integer powers.

Note that the proof also shows that this Gaussian vector is independent of any finite subset

of the sequence (Y) jEN*- Indeed, given k distinct integers ji,--- ,jg, if we eliminate from the
previous construction all words ending with any of these integers, the limits will not change and
will be, by construction, independent of Y;,,---,Y],. ]

Proof of Lemma([3.8 For any r € 1,--- ,n, consider the number of times the letter ji appears
at this position in the set of n words

n
er =D V=it
s=1

Since the number n of words is odd, at least one of the ¢, is also odd. Indeed, assume c¢; = 2k;
is even. Consider the n — 2k; indexes which are not equal to ji and assume w.l.o.g. that one of
them is jf’““. If cor, +1 is odd, we are done, else let cox, 41 = 2ko and consider the n —2k; — 2ks
indexes which are not equal to j%klﬂ and to ji. This process terminates in a finite number
of steps and since n is odd we must necessarily either find an odd ¢, or end up with a single

remaining element corresponding also to an odd c¢;.

Assume ( w.l.o.g,) ¢; is odd.

Case 1 If ¢; = 1, there must be another oriented edge (1,71) in the sentence and it cannot be the
first edge of any of the remaining n — 1 words. It means that at least one of the j; is equal
to 1. Hence there is an oriented edge (j,1), and it has to appear at least twice so that
there are at least two j; equal to 1. The total number of letters is n(¢ + 1) and we have
shown that the letter 1 appeared at least n + 2 times.

Now, since

supp(j) = {1} U (supp(j)\{1}),

and every letter in supp(j)\{1} has to appear at least twice, we conclude that

2|supp(j)\{1}| < nl -2,



and therefore wt(j) — 1 < (nf —2)/2.

—o

Case 2 If ¢; = 3, w.l.o.g, we assume that ji = j? = j

2a If ji = j2 = j3, then we have
2supp()\{L.J1. i}l <n(C+1) = n_— 3 - 3,

and hence wt(j) —3 < (nf —6)/2.

2b Otherwise, w.l.o.g., ji # j5 and ja # j5. The edge (ji,j3) must appear twice and
hence the letter ji appears at least 4 times, i.e.

2(wt(j) —2) <nl —4
Case 3 If ¢; > 5, then 2(wt(j) —2) < nl — 5.

This ends the proof of Lemma 3.8 It is a good example of the use of our “syntactic” approach:
it provides an upper bound on the number of different symbols in a sentence of n words of
indexes when n is odd which is key in establishing the convergence properties of the powers of
the matrices J™) when N — oo. O

Proof of Theorem[3.1. Without loss of generality we assume k = 1. We first expand the ex-
ponential of the matrix JN) in (2.3)) (with v = 0) and express the first coordinate of V(N (¢)
as

N
ST aDa g e (3.7)

1,71 “ 71,92 Je—1,J¢

VI (@) = e | v +Z i
£>l \/7 _]1, ,]g 1

The main idea of the proof is to truncate the infinite sum in the right hand side of (3.7)) to order
n, establish the limit of the truncated term when N — oo, obtain the limit of the result when
n — 00, and show that it is the limit of the non truncated term when N — occ.

Let n € N* and define the partial sum zN) (t) of order n of (3.7))

_y L g
et £ VN

Lemma with Y =V} dictates the convergence in law, for all n € N*, of the vector

0
with UM = te, (J(N)) Vo. (3.8)

L 1 (N)>
U y T T nUn
(\/N ! VN NeN*

to an n-dimensional centered Gaussian random vector, independent of Vol, with a diagonal co-
variance matrix ¥, such that V1 <i¢ <mn, 3;; = 02’¢0. It follows that we have the independence

(N)

between the limits in law of each 73U£ , 1 < ¢ < n and also the convergence in law of

10



the sum Z) (t) to a centered Gaussian random variable Z,(t), independent of V{, of variance
2¢ ~
b0 Iy O T (20)

Moreover, since the function fo,n converges pointwise to Iy as n goes to infinity, the Kol-
mogorov—Khinchin Theorem (see e.g. [1I, Th. 1 p.6]) gives the convergence of Z,(t).

L

L ~
Zn(t) T e Z*(t) ~ N(0, polo(20t))
4
It is clear that Z\") (t) _éz ZWN)(t) where Z(N)(t) = > st %UZ(N), so that we have
L
(N) 7 (t
Zn () N (t)
ﬁ‘n — 00 ﬁln — 00
ZMN(t) Z(t)
It remains to show that this diagram is commutative i.e. that Z(N)(¢) N—%— ZL(t).

According to [3, Th. 25.5], to obtain the convergence in law of Z(V)(t) to Z'(t) as N — +o0,
it is sufficient to show that for all ¢t € R*

lim limsupP [[ (ZzMN () — 2Nt |> E} =0, Ve > 0. (3.9)

n—-+o0o N—~4o00

By Markov inequality, we have

P[1 200() - 20 12 <] < 1

} , (3.10)

and

Moreover, by step 1, (UE(N)) converges in law as N — oo to a centered Gaussian random

variable Uy of variance ¢go?‘. Then the law of |Uy| is a half normal distribution, and hence

2¢0 4
E =125t
V) = =20
Then,
l
lim sup E [| ZT(LN)(t) - Z(N)(t) ‘} < V2% Zlge'
N—+o0 \/7? £>n+1 e

11



The right hand side goes to zero as n — oo and (3.9)) follows, hence we have obtained the
convergence in law of VE(M)(¢) to e [V + Z1(t)], Z1(t) being independent of V.

In order to prove that the process (Z'(t))icr, is Gaussian we show that aZ*(t) + bZ'(s) is
Gaussian for all reals a and b and all s, ¢ € R;. But this is clear from (3.8) which shows that

~at’ +bst 1
aZM (1) +bZM(s) = 3 % — ™,
= © VN
and the previous proof commands that aZ ) (t)+-b2Z N )( ) converges in law when N — oo toward
a centered Gaussian random variable of variance ¢o(a2Iy(20t) + 2abIo(20V/ts) + b2y(20s)). O
We now make a few remarks concerning the properties of the mean field limit.

Remark 3.10 (Decomposition as an infinite sum of independent standard Gaussian variables).
A consequence of the proof is that Z'(t) is equal in law to the sum of the following series

\FZ GZ, Vt e Ry. (3.11)

where (G?)szl are independent standard Gaussian random variables, independent of the
inatial condition Vok.

This decomposition yields the covariance of V()
Cov [v’wo) (), VF ) (5)| = goe M) [o(20v/ts) — e AEHIE(1;)? (3.12)

It also shows that the only sources of randomness in the solution to (2.1)) (when v =0) are the
initial condition and the family (Gf)ezl,kzl which does not depend on time. The limiting process
s thus an Fo+-measurable process.

Remark 3.11 (Non independent increments). It follows from the above that the increments of

the process (Vk’(oo) (t))t€R+ are not independent since for all 0 < t1 <ty <t3 < iy,

Cov [Vk’(oo)(tz) — VR (1), VR (1) — VR (¢ )} 7 0.

Remark 3.12. Using Theorem and (3.11) we obtain the SDE satisfied by the process
(VFE) (1)) e, -

AVF() (4) = _\VF() (1) dt + H*(#)dt
{ (t) (t) (t) (3.13)

L(Vy"™)) = vp.
where (H*(t))

is the centered Gaussian process

k (@)
VtZO, H (t):\/%UZTGZ+1.

>0

teR4

The standard Gaussian random variables G’g have been introduced in (3.11). It is easily verified
that

E [HH ()54 (5)] = d00°To (20V) (= d00*(1+ Ty(20V/E5))).

12



Remark 3.13 (Long time behavior). The function Iy behaves as an O (e*/V2rz) as z — +oo.
As a consequence of (3.12) o = X is a critical value for the solution: if o > X\ the solution V!
blows up when t — oo while if o < A it converges to its mean.

Remark 3.14 (Non Markov property). The hypothesis of independence between J and Vy is
crucial in the proof of Theorem[3.1l Therefore the proof is not valid if we start the system at a
time t1 > 0, in other words, we cannot establish the existence of a process (Zk(t))teﬂzq with the

same law as (Zk(t))t€R+, independent of V() (t1), and such that

VEEI (4 1) = e (V’“’(‘"’) (tr) + 2 (t)) : (3.14)

3.2 Propagation of chaos

An important consequence of Lemma [3.3] and its Corollary [3.5]is that the propagation of chaos
property is satisfied by the mean field limit.

Theorem 3.15. For any finite number of labels 1 < k1 < ko < --- < ky,, and for all t € R,

the random processes VFU(R)(t), VE2.(R) (1) ... VEe(®)(t) are independent and identically
distributed.
Proof. The proof follows directly from Corollary [3.5] and the proof of Theorem O

4 Convergence of the particle system with an additive Brownian
noise (y # 0)

In this section, we consider the general equation (2.2)) with v # 0.

4.1 Mean field limit

Here, the randomness is not entirely determined at time £ = 0, so we expect that the Fy+-measurable
property of the limit which is satisfied by the mean field limit of Section [3]is no longer true.
Considering v # 0, the explicit solution of (2.2) is

JWMN)g t JWMN)g
VI (1) = e Mexp [ —n V(N) + / eMexp [ — dB(s)| . 4.1

Theorem 4.1. Under hypotheses|(H1) and [(H2)| on the matriz J and the initial random vector
VO(N), for each k € N*, VEWN)(t) converges in law as N — +oo to

VR (1) 1= A [vok + / t eMdBk(s) + ZF(t) + vAk(t)} . (4.2)
0

The process (ZF(t))ier, is the same centered Gaussian process as in Theorem . It is
independent of the initial condition V¥, of the Brownian motion (Bk(t))t€R+ and of the process

13



AF(t). The process (Al"(t))te]RJr is a centered Gaussian process, also independent of VI and of
(B*(t))ter, - Its covariance writes

E [Al(t)Al(s)] = /08 N Io(20\/(t—u)(s —u))du 0<s<t

Proof. Without loss of generality we assume k = 1.

The proof is in two parts. We first assume 1/0 = dg9 and show that, starting from 0
(which 1mphes that only the Brownian part of ( acts) the process converges in law to
v ft “AMt=9)dBY(s) + ve M Al(t). In the second part we remove the condition vy = dy.

Part 1: Let vy = dp, then the explicit solution of (2.2)) is given by

VN (1) =~ / t e M%) exp ﬂ(t —5) | dB(s). (4.3)
0 VN
As before, we expand the exponential of J and obtain
V(1) = ye= / MdB(s) + Z/ As <(t - s)f> dB(s)| . (4.4)
>1 VN
For all ¢ > 1, we introduce the C' function A, defined by
Ag(t,s) = e et — s)t, (4.5)
and write
Y (f) = 7o / ot $)dB(s)
>1

We focus on the first coordinate of VN)(¢) and we introduce, for all £ > 1, the following
notations.

(N) t et
UM (1) o= e (J) / A(t, 5)dB(s). (4.6)
0
Then, we have
t
VI () = yem A / eMdB (s —I—Z—Uz
0 =1 VN

We next define

AMN(t) = Zn:

/=1

For each ¢ > 1 and t € R, the sequence (Yf(t))jeN*, Yf(t) = fg Ay(t,s)dB(s), satisfies (3.2)).
Indeed, by the law of large numbers

(/ Aq(t,s)dB'( )) ] / (Ae(t,5))>ds := (t) (4.7)
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Moreover, for each £ > 1, for each ¢ > 0, the Yf (t) are independent centered Gaussian variables.

It follows from Remark [3.4] and a slight modification of the proof of Lemma [3.3] that the n-

. . 1 N 1 N . . .
dimensional vector (ﬁUl( )(t) v Ur(z )(t)> converges in law to an n-dimensional centered
Gaussian process with diagonal covariance matrix diag(c*¢e(t)), £ = 1,--- ,n. This process is

independent of any finite subset of the Brownians B’, hence of fg eMdBl(s). It follows that

AN (t) converges in law toward a centered Gaussian process A, (t) of variance S} 02“p(t).

Because >}, 02¢y(t) converges to D> o2 ¢y(t) and A, (t) is a centered Gaussian process,
the Kolmogorov—Khinchin Theorem commands that A, (¢) converges in law when n — oo to
a centered Gaussian process Al( ) independent of the Brownian B!, with covariance A%(t) :=

> o> o2 ¢(t). By (@.5) and we have
t ~
A%(t) = / eI (20(t — u)) du,
0

It remains to prove that AV (#) converges in law to A'(t). According to [3, Th. 25.5], to obtain
the weak convergence of AV)(t) to A(t) as N — +oo, it is sufficient to show that for all ¢ € R

lim limsupP [[ AN () — AN @) |> 5] =0, Ve > 0. (4.8)

n—+00 N_5400

By Markov inequality, we have

Pl AN @) - AN @) 12 €] < ZE [[AN (1) - AV )],

] |

We know from the beginning of the proof that for all t € R4 and for all £ € N*, |

and

1

B[ AM®) - AN | < Y E||l—=0" 0

>n+1

Jim mU““( ) = Uplt) £ N(0,0%(t))

Then the law of |Uy(t)| for all ¢ € Ry is a half normal distribution, and

E(|UA8)]] = \/Zaf (6e(t))"?

limsup E HA%N)( A(N \/720'(@5@

N—=+o0 I>n

Then,

The right hand side of this inequality goes to zero when n — oo and (4.8)) follows. This concludes
the first part of the proof.

In order to prove that the process (A'(t))icr, is Gaussian we proceed exactly as in the proof
of Theorem and show that aA'(t)+bA'(s) is Gaussian for all reals a and band all s < t € R
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Indeed, the previous proof commands that aAV)(t) +bAW) (s) converges in law when N — oo
toward a centered Gaussian random variable of variance a?A%(t) + 2abA(t, s) + b>A?(s), where

A(t,s):/OSeQ’\“fO@a (t—u)(s—u))du 0<s<t

Part 2:

We remove the assumption vy = dg. A slight modification of the proof of Lemma shows
that the 2n-dimensional vector

L v I AT I )
——=U sy nUn ) U t?”'aiUn t )
(700" et 0 e
where U Z(N) is defined by (3.8]) and U, Z(N) (t) by (4.6), converges in law when N — oo to the 2n-
dimensional centered Gaussian vector with covariance diag(c2¢q, -+ , 02" ¢, 02¢1, -+ , 02" dn),
where ¢y, £ > 1 is defined by (4.7).

We conclude that Z\") (t) + AN (t) converges in law when N — oo to Z,(t) + A,(t), and

that Z,(t) and A, (t) are independent. The convergence of Z,,(t)+ A, (t) to Z'(t)+ A'(t) follows
again from the Kolmogorov-Khinchin Theorem. O

Remark 4.2. Note that the process A'(t) does not have independent increments.

4.2 Propagation of chaos

As in the case without noise, propagation of chaos occurs.

Theorem 4.3. For any finite number of labels ki < ko < --- < kp, and for all t € R,
the random processes VFL(®) (1), VF2() (1), ..., Vkn(®)(t) are independent and identically
distributed.

Proof. The proof follows directly from the following extension of Corollary and the proof of
Theorem [3.1]

Corollary 4.4. Under the same assumptions as in Lemma (see also Remark , for all
integersp > 1 and 1 < ky < ky < --- < ky the 2mp-dimensional vector obtained by concatenating
the two mp-dimensional vectors

L k(v L k()
(\/Ngl Ui L N U,

0 UZlev(N)’ 77£U527(N)’ ’761[]2?7(]\[)’.‘_ ’Uéi;:,(N)>’

VN VN JN SN
where UZz'7(N) — tekijej‘/(b i=1,---,p,j=1,---,m and
1 k1,(N 1 k1,(N
VN VN
1 1 1 1
- Ueklm(zv) t), -, #Ut{:m () UZp,(N) ), 75(]217(]\[) (t)) 7
VN VN VN VN
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where UZi’(N)(t) = tekiﬂi f(f Ay, (t,8)dB(s), i = 1,--+,p, j = 1,--+,m, converges in law as
N — +oo, to an 2mp-dimensional Gaussian random vector of diagonal covariance matrix
diag(o?!igg), i = 1,--- ,m repeated p times, and diag(c?“i¢y,(t)), i = 1,--- ,m repeated p times.

Proof. Follows from the one of Lemma |3.3 0

O]
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