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Abstract. Thermal conductivities of ionic compounds (NaCl, MgO, Mg2SiO4)
are calculated from equilibrium molecular dynamics simulations using the Green-
Kubo method. Transferable interaction potentials including many-body polarization
effects are employed. Various physical conditions (solid and liquid states, high
temperatures, high pressures) relevant to the study of the heat transport in the
Earth’s mantle are investigated, for which experimental measures are very challenging.
By introducing a frequency-dependent thermal conductivity, we show that important
coupled thermoelectric effects occur in the energy conduction mechanism in the case
of liquid systems.
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Knowledge of the thermal properties of ionic materials under extreme conditions has

become a focus of attention in several fields of study. The thermal conductivity, which

measures a material’s capability to transport heat, is of particular interest; it is also the

most difficult to measure experimentally at high pressures [1] and high temperatures [2].

Its computation is also very challenging [3, 4]. For these reasons, very few data are

available. Lack of knowledge of the thermal conductivity of minerals at the temperatures

and pressures relevant to the Earth’s mantle is a significant barrier to quantitative

understanding of the heat flux from the earth’s core to the surface [5, 6]. Several

new energy-related technologies also require information on the thermal conductivity of

ionic melts at high temperatures. In the Generation IV nuclear reactor concepts, the

Advanced High-Temperature Reactor (AHTR) [7] and the Molten Salt Fast Reactor

(MSR) [8], a molten fluoride acts as coolant. Molten salts are also proposed for heat-

exchangers in solar thermal and fusion power plants. In these technologies values for

the thermal conductivity are required for engineering calculations of the proposed plant

performance.

In this work, we use some recently introduced expressions for the energy flux [3] to

calculate thermal conductivities of ionic compounds from classical molecular dynamics

simulations. The method is particularly appropriate to high temperatures where

quantum effects are negligible and where an approach based upon a calculation of

the vibrational modes cannot be applied because of dominant anharmonic effects or

melting. Here we focus first on NaCl, for which we study both the pressure effect

on the solid state thermal conductivity and the difference of behaviour between the

solid and liquid states. We then determine the thermal conductivities of two oxide

systems in the liquid state, namely MgO and Mg2SiO4. Our approach involves two key

aspects: First, we employ interaction potentials that include many-body effects and

were parameterized from first-principles calculations [3, 9]. This allows us to save a lot

of computational effort compared to purely first-principles based approaches [10, 11].

Second, we determine the thermal conductivity from equilibrium molecular dynamics

simulations, using the Green-Kubo method.

Ionic compounds are thermodynamic systems in which irreversible processes of

thermal conduction, diffusion and electric conduction arise due to the existence of

temperature, chemical potential and electric potential gradients, and important coupled

thermoelectric effects occur. The entropy production for a mixture containing N ionic

species is given by [12]:

σ = − 1

T 2
JQ ·∇T − 1

T

N∑
i=1

Ji ·∇Tµi −
1

T
JZ ·∇φ (1)

where Ja designates the nonconvective fluxes of heat (a = Q), mass (i) and charge (Z);

the subscript T means that the chemical potential gradient has to be taken at constant

temperature. In computer simulations, the calculation of the microscopic energy flux jE
is more convenient than its heat counterpart. We therefore introduce the macroscopic



Thermal Conductivity of Ionic Systems from Equilibrium Molecular Dynamics 3

energy flux defined by

JE = JQ +
N∑

i=1

h̃iJi (2)

where h̃i is the partial specific enthalpy of component i, in the presence of an electric

field φ , h̃i = hi+ziφ (this quantity parallels the electrochemical potential µ̃i = µi+ziφ).

In systems containing one anionic species only (which will be labeled N), following the

approach proposed in reference [13] it is also useful to introduce the fluxes

JZi
= (zi − zN)Ji, i ∈ [1, N − 1]. (3)

In the linear response regime, these fluxes can be written as a set of linear equations:

JE = − LEE

T 2
∇T −

N−1∑
j=1

LEZj

T
∇
(
µ′j
T

)
(4)

JZi
= − LZiE

T 2
∇T −

N−1∑
j=1

LZiZj

T
∇
(
µ′j
T

)
(5)

where µ′i = (µ̃i − µ̃N)/(zi − zN) and Lab are the phenomenological coefficients. For the

purpose of present work, it is useful to introduce the frequency-dependent quantities:

Lω
ab =

1

3V kB

∫ ∞
0

〈ja(t) · jb(0)〉 exp(ıωt)dt. (6)

The frequency-dependent thermal conductivity is then given, for a binary ionic

mixture [14, 13], by:

λ(ω) = T−2

(
Lω

EE −
(Lω

EZ1
)2

Lω
Z1Z1

)
(7)

In the most recent work on inorganic molten salts, the interactions between the ions are

described by polarizable interaction potentials which are parameterized on the basis of

first-principles electronic structure calculations [15]. Such potentials have been shown

to reproduce bulk structural, thermodynamic and transport properties extremely well

[16, 3]; they are predictive in the sense that no empirical information is used in their

construction and highly transferable from pure materials to mixtures. The potentials

are constructed by a generalized “force-matching” method. A suitable condensed-

phase ionic configuration is taken from a molecular dynamics simulation using some

approximate force-field for the material of interest. Typically a hundred ions would be

used in periodic boundary conditions. The configuration is then input to a planewave

DFT electronic structure program and an energy minimization carried out to find the

ground-state electronic structure. From the results of this calculation the force and

dipole moment on each ion is obtained, the latter by making use of the transformation

of the Kohn-Sham orbitals to a Maximally Localized Wannier Function (MLWF) set.

The parameters in the polarizable potential are then optimized by matching the dipoles

and forces from the potential on the same ionic configuration to the ab initio values [15].

If necessary the process may be iterated, by using the fitted potential to generate a new
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Figure 1. (color online) Upper panel: Thermal conductivity of solid and liquid NaCl
(Tm = 1073 K). Experimental values are taken from references [2] and [20]. Lower
panel: Frequency-dependent thermal conductivity of solid NaCl at T = 900 K and
P = 1 GPa (solid line), Lω

EE/T
2 for the same system (dashed line). Insert: Thermal

conductivity λ(ω = 0) (same units) as a function of pressure in solid NaCl at T = 900 K.

ionic configuration to input to the ab initio calculation. The resulting potentials may be

used in much larger scale MD simulations to obtain the physical properties of interest

[17, 18]. In the case of simple systems, the “force-matching” may even be avoided by

computing the various interaction terms separately [19].

We first focus on NaCl, for which experimental data are available in both the liquid

and solid states. We made use of the interaction potentials and methods described

in reference [3], and the simulation details are given as a supplementary information.

Our results are summarized on figure 1. They agree very well with experimental data

at zero pressure [2, 20]. Standard errors of 0.07 W.m−1.K−1 (solid at 0 GPa) and

0.02 W.m−1.K−1 (liquid) were determined following reference [21]. Upon pressurization

of the solid at 900 K, we observe an increase of the thermal conductivity, which reaches

a value of 5.13 ±0.19 W.m−1.K−1 at P = 11.5 GPa. This increase is more pronounced

compared to the values proposed by MacPherson et al. [22]. Unfortunately, this is the

only experimental data available at 900 K at high pressure; by comparison with other

authors’ data at room temperature it appears that a serious systematic error was not

taken into account in this work [23]. Hofmeister has shown that the measured thermal

conductivity varies with the number of physical contacts between the sample and heaters
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and/or thermocouples [1]. The discrepancy between our value and McPherson’s at high

pressure is of the same size as that seen between his value and that reported by others

at ambient pressure and attributed to this source of error [23].

In the recent work focused on the first-principles calculation of thermal

conductivities in ionic crystals (MgO), two different approaches have been proposed.

The first consists of determining the phonon lifetimes and frequencies [10]. It involves

relatively few computations and therefore seems more adapted to such materials than

our equilibrium molecular dynamics method, which requires typical simulation times

of a few tenth of ns in the case of simple solid systems. It will nevertheless suffer

from drawbacks in some important applications: For complex solids, the evaluation of

anharmonic phonon frequencies becomes much more difficult, and in the case of liquid

systems the method cannot be applied. The second method, proposed by Stackhouse

et al., builds upon past work on non-equilibrium molecular dynamics methods. A time-

dependent energy flux jx
E(t) is imposed across the simulation cell, and the thermal

conductivity is extracted using Fourier’s law:

λ′(0) =
〈jx

E〉
〈∂T/∂x〉

(8)

where we have used the notation λ′ because it neglects the coupled thermoelectric effects

corresponding to the second term of equation 7. This approach therefore is valid for

ionic insulator systems only. On the bottom panel of figure 1, we show the comparison

between λ(ω) and  Lω
EE/T

2 for T = 900 K and P = 1 GPa. It can be seen that the two

curves match very well apart from an intense peak centered at ω = 167 cm−1. The latter

corresponds to fluctuations of the electric current at transverse optic frequency. At lower

frequencies, the two set of data merge, therefore validating the approach of Stackhouse

et al. for crystalline systems like NaCl and MgO. In the case of ionic conductor crystals

like CaF2 and UO2, it was shown by Lindan and Gillan that the two terms of equation

7 strongly cancel each other, preventing the use of non-equilibrium molecular dynamics

for such systems [24].

In the case of ionic liquids, it is very likely that thermoelectric effects will be

very important. Surprisingly, it was shown by Galamba et al., from a direct comparison

between equilibrium and non-equilibrium classical molecular dynamics simulations, that

the two methods provided results in good agreement one with each other for molten NaCl

and KCl [13]. This result is largely due to the fact that in these systems the second-term

of equation 7 remains small, which would not be the case in molten LiCl [3]. Here we

will consider liquids that are relevant for the study of Earth mantle, namely MgO and

Mg2SiO4 (forsterite). We stress that our calculation do not include the contribution

from radiative effects or the electronic mechanism, which are expected to be important

at the temperatures of interest (2800 K and 3500 K respectively); these terms can be

calculated separately [5]. The interaction potentials needed to describe the oxides are

more sophisticated than the dipole-polarizable potentials which suffice for halides. The

many-body polarization part includes dipolar and quadrupolar degrees of freedom, while

the short-range repulsion takes into account an asymmetric shape deformations of the
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Figure 2. Frequency dependent thermal conductivity (solid line) and Lω
EE/T

2 (dashed
line) for liquid MgO at T = 3500 K.

oxide ions. Here again, the parameters were obtained from first-principles calculations,

and no experimental data were used in the parameterization. The model reproduces

accurately lattice parameters and thermoelastic properties of minerals in a wide range

of compositions [9], and has been shown to be transferable in a wide range of pressure

and temperature [25], which means that we can be confident in their ability to predict

quantities that have never been measured, like the thermal conductivities in the liquid

state.

The frequency-dependent thermal conductivity obtained for liquid MgO at

T = 3500 K is displayed on figure 2. We calculate a thermal conductivity of

3.06 ± 0.2 W.m−1.K−1. In this case, an evaluation based on the energy flux based

term only would provide a value of around 4.39 W.m−1.K−1, i.e. an error of 43 %. The

origin of this difference is clearly seen on figure 2: The Lω
EE/T

2 term presents an intense

peak centered at a frequency of 480 cm−1, which is broad enough to still be appreciable

at the smallest frequencies which are relevant for the thermal conductivity itself. The

peak is due to fluctuations of the electric current and is therefore projected out by the

second term of equation 7 in λ(ω). This means that, unlike molten NaCl or KCl, it is

very unlikely that a non-equilibrium molecular dynamics will provide a reliable result

in this case.

Even more interesting is the example of liquid Mg2SiO4. In this case, the thermal

conductivity is given by

λ(ω) = T−2

(
Lω

EE −
A

B

)
(9)

where

A = (Lω
EZ1

)2Lω
Z2Z2

+ (Lω
EZ2

)2Lω
Z1Z1

(10)

− 2Lω
EZ1

Lω
EZ2

Lω
Z1Z2

B = Lω
Z1Z1

Lω
Z2Z2
− (Lω

Z1Z2
)2 (11)
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Figure 3. Frequency dependent thermal conductivity for liquid forsterite (Mg2SiO4)
at T = 2800 K. Inset: Lω

EE/T
2 (same units).

The frequency-dependent thermal conductivity at T = 2800 K is given in figure 3. We

calculate a thermal conductivity of 2.4 ± 0.4 W.m−1.K−1. The important error bar

in this case is due to the need to determine six different auto-correlation functions,

and to the very strong cancellation between the two terms of equation 9: The neglect of

thermoelectric effects would lead to a value of around 20 W.m−1.K−1, which is physically

unrealistic for such a liquid. As shown in the inset of figure 3, this is again due to

some fluctuations of the electric current; which are enhanced by almost two order of

magnitudes compared to the case of liquid MgO because they include the internal

vibrations of the SiO4 tetrahedral entities present in the melt [26].

In conclusion, we have shown in this paper that equilibrium molecular dynamics

simulation remains the method of choice for determining thermal conductivities in

ionic systems at high temperatures. This is at the price of substantial work on the

parameterization of reliable and transferable interaction potentials. This approach also

presents the advantage of providing a full set of thermodynamic and transport properties

(viscosity, heat capacity, diffusion coefficients...) within one single simulation. In the

case of solid systems, large simulation times are needed, but this drawback is largely

compensated by the much lower computational price compared to fully first-principles

methods.
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