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Abstract

We provide almost eigenfunctions for Toeplitz operators with real-analytic symbols, at the bottom of
non-degenerate wells. These quasimodes follow the WKB ansatz; the error is O(e=), where ¢ > 0 and
N — 400 is the inverse semiclassical parameter.

1 Introduction

This article is concerned with Berezin-Toeplitz quantization. We associate, to a real-valued function f on a
compact Kéhler manifold M, a sequence of self-adjoint operators (ITn(f))n>1 acting on spaces of sections
over M. These operators are called Toeplitz operators. Examples of Toeplitz operators are spin systems
(where M is a product of two-spheres), which are indexed by the total spin S = % Motivated by questions
arising in the physics literature about the behaviour of spin systems at low temperature, we wish to study
the lowest-lying eigenvalues and associated eigenvectors of Toeplitz operators in the limit N — +oo. In this
article we specifically study exponential estimates, that is, approximate expressions with O(e~") remainder
for some ¢ > 0.

Given f: M — R, we say that Py € M is an elliptic point when V f(FPy) = 0 and all eigenvalues of the
Hessian of f at Py are nonzero and have the same sign. Elliptic points are always local extrema, while local
extrema generically are elliptic points.

We provide, in the special case where f is real-analytic and has an elliptic point at Py € M, a construction
of quasimodes for T (f): we build (Theorem A) a sequence of normalised sections (v(IN))ny>1 and a real
sequence (A(N))n>1, with asymptotic expansions in decreasing powers of N, such that

Tn(f)v(N) = A(N)v(N) + O(e™N).

The sequence v(N) takes the form of a Wentzel-Kramers-Brillouin (WKB) ansatz: it is written as

dim(M)

v(N):z—CN 2 N (z)(vo(x) + N oy (z) +...), (1)
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where the symbol (vi)g>0 is a sequence of functions on M that are holomorphic in a neighbourhood V' of
Py, and the phase ¢ is a section over M, holomorphic on V', and decaying away from Fy:

Je > 0,Va € M, ()] < e~ dist@10)°,
dim (M)
The multiplicative factor CN 2 then ensures that v(/N) is normalised.

Since Tn(f) is self-adjoint, the existence of a quasimode implies that A\(V) is exponentially close to the
spectrum of T (f), but not necessarily that v(N) is exponentially close to an eigenfunction. In Theorem A,
we also prove that, if f is Morse (all critical points have non-degenerate Hessian), the eigenvectors associated
with the lowest eigenvalue of T (f) are exponentially close to a finite sum of quasimodes of the form (1),
attached to the elliptic points corresponding to global minima of f.

1.1 Bergman kernels and Toeplitz operators

Let us rapidly present the basic definitions associated with semiclassical Berezin-Toeplitz quantization as
introduced in full generality in [3]; see the in-depth introductions [5, 22].

Let (M,w) be a compact boundaryless symplectic manifold. Berezin-Toeplitz quantization associates,
to a function f : M — R, a sequence of Toeplitz operators (Iy(f))n>1. To perform this quantization, we
have to provide a supplementary geometrical information: a complex structure .JJ, which encodes a notion
of holomorphic objects on M, and which is compatible with w : (M,w, J) is a Kédhler manifold.

Definition 1.1. Let (M,w,J) be a compact Ké&hler manifold. Let L be a complex line bundle over M,
and let h be a Hermitian metric on L such that curvh = 2imw. The couple (L, h) exists if and only if the
integral of w over each closed surface in M is an integer multiple of 2w. We then say that M is quantizable.
Let N € N. The Bergman projector Sy is the orthogonal projector, from the space of square-integrable
sections L?(M, L®N) to the finite-dimensional subspace of holomorphic sections Ho(M, L®V).
Let also f : M — R. The Toeplitz operator Tn(f) associated with f is the following operator:

Tn(f) : Ho(M,L®N) —  Ho(M,L®N)
u = Sn(fu).

It is convenient to extend T (f) into an operator on L?(M, L®N) by the formula

Tn(f) = SNfSn;

in this way, (Tn(f))nen is a family of finite rank self-adjoint operators.
Given a Hilbert basis (s1,...,8qy) of Ho(M,L®N), the Bergman projector Sy admits the following

integral kernel:
dn

Sn(z,y) =Y si(r) @ sily).
i=1
The study of the Bergman kernel as N — 4oc0 lies at the core of the semiclassics of Toeplitz quantization.
In a previous article [10], we developed a semiclassical machinery in real-analytic regularity, in order to give
asymptotic formulas up to an exponential remainder for Sy, and Toeplitz operators, in the case where the
symplectic form w and the function f are real-analytic on the complex manifold (M, J). The analysis of the
Bergman kernel in real-analytic geometry is a recent and active topic [1, 20, 26, 6, 21, 11].

Definition 1.2. Let (M, w,J) be a compact quantizable K&hler manifold and (Sy)n>1 be the associated
sequence of Bergman projectors. Let € M and N € N. The coherent state 1) at x is the element of

Ho(M,L®N) @ ff?N given by freezing the second variable of the Bergman kernel: for every y € M, one has

Uy (y) = Sn(y, ).



Theorem A. Let M be a quantizable compact real-analytic Kdhler manifold. Let f be a real-analytic,
real-valued function on M.

1. Let Py € M be an elliptic point of f which is a local minimum. Then there exist

o positive constants C,c,c', R, ¢,
a neighbourhood V' of Py,

a holomorphic function @ on V such that

d(a:, P0)2

Jee(0,1) VeV, fp)sd-e—F—,

a sequence of holomorphic functions (ug)g>o on V., with ug(Pp) = 1 and up(FPy) = 0 for k # 0,
satisfying
VEk > 0, sup |ug| < CRFE!, (2)
1%

a real sequence (Ai)k>0, where Ao = f(FPo) and where Ay is the ground state energy of the quan-
tization of the Hessian of f at Py (see [8]), satisfying

Vk >0, |\| < CRME, (3)

such that, for every N > 1, if ¢I]¥o denotes the coherent state at Py, then with
cN
u(N) = Lyyp e <Z Nkuk>
k=0

cN
AN) = NNTF
k=0

one has
HTN<f)u(N) - /\(N)U(N)HL%M,L@N) < Ce ¢ N.

2. If the minimal set of f consists in a finite number of non-degenerate minimal points, then any nor-
malised eigenfunction of Tn(f) with minimal eigenvalue is at distance Ce=N from a linear combina-
tion of the functions constructed in item 1 at each minimal point.

The coherent state ¢g0 has a WKB-type expansion (see Proposition 2.4), and one can recover the section
1 in (1) from there and ¢. The analytic symbol (vy)g>0 is then obtained by normalising «(V), an operation
which preserves the growth property (2). Thus the expression of u(N) above implies (1).

Our method of proof consists in constructing ¢, satisfying a Hamilton-Jacobi type equation, then solve
by induction a transport equation on the coefficients ug, and finally to prove the analytic growth controls
(2) and (3).

The pseudodifferential equivalent of Theorem A is claimed in [23], however all details are not given: the
growth property (egs. (2) and (3)), which is crucial to the ability to sum until £ = ¢N terms in (1), is stated
without proof. The verification of estimates of this nature is often non trivial, and in this case, it is the
subject of Propositions 3.4 and 4.2. The purpose of this article is not merely to fix the gap in the strategy
proposed in [23], but to extend it to the more general setting of Berezin-Toeplitz operators.

Indeed, a pseudodifferential operator on R? with real-analytic symbol can be written ezactly as a Toeplitz
operator on M = C% if the symbol can be extended to a constant width strip in C?, since the exact formula
for “Toeplitz to pseudodifferential” which can be found for instance in [32], formula (13.4.12), is a heat-type



evolution at time N~! = h which can be reversed if the pseudo-differential symbol is analytic. Hence, up to
a careful check of the behaviour at infinity which we do not carry out here, Theorem A should be enough
to provide a complete proof of the result stated in [23].

The Toeplitz point of view on pseudodifferential operators is relevant for WKB eigenmode construction
and exponential estimates, both from the perspective of physics [31] and mathematics (at the core of analytic
microlocal analysis is the Fourier-Bros-Tagolnitzer transformation, which relates pseudodifferential operators
to Toeplitz operators). In addition, the Toeplitz setting contains other semiclassical quantum operators such
as spin systems, on which tunnelling estimates are widely studied in the physics community [25], although
not always in a rigorous way.

WKB estimates for low-energy eigenfunctions in a Morse energy landscape are well-known for purely
electric Schrodinger operators, of the form —h?A + V(x). Without analyticity assumptions on V, one can
construct a formal WKB ansatz [16] : a sequence of functions of the form

e(z) =
un(w) ~ e~ 53 Wy (@),
k=0

(where ~ denotes formal summation of classical symbols), which is a O(h*)-quasimode for the first eigen-
value A of the Schrédinger operator, in the weighted norm associated with :
32 _ — fe’e)
|(=r2A+V =) uhHLQ (%) O(r™).

WKB expansions of quasimodes have been the subject of recent activity in the context of purely magnetic
Schrédinger operators, of the form (ihd + A(z))?, in an increasing order or generality [2, 13, 14, 12]. In this
context, the symbol f reaches a non-degenerate minimum on a symplectic submanifold of (R??,wy;), but
subprincipal effects force the ground state to be microlocalised at one “miniwell” (as in [18, 9]). Contrary
to the electric case, real-analyticity of the magnetic potential A is, most of the time, necessary to obtain
exponential decay of the ground state away from the miniwell : in [2, 13, 14, 12], one assumes real-analyticity

of A and concludes in a formal WKB expansion. We conjecture that, as in Theorem A, the coefficients of
these formal WKB expansions can be in fact summed into an analytic symbol.

Remark 1.3. If the minimal set of f consists in several non-degenerate wells, then applying the Part 1 of
Theorem A at every well yields that the actual ground state, which is exponentially close to an orthogonal
linear combination of quasimodes as above, has Agmon-type exponential decay in a neighbourhood of the
minimal set, as in [16].

Even if the function ¢ can be extended to all of M and yields, formally, exponential decay everywhere
except at the minimal point, this rate of decay is blurred, not only by the error terms in the expression of
the Bergman kernel (Proposition 2.4) but also by the fact that we can only sum up to ¢N with ¢ small when
summing analytic symbols (see Proposition 2.2), which yields a fixed error of order e=¢N with ¢ > 0 small.
This yields a lower bound to the decay rate for the actual ground state, as a function of the position, which
follows the blue, continuous line in the following picture:




The solid line above is our best estimate for a function g : M — [0, +00) such that the ground state vy of
Tn(f) satisfies
Ve >0, 3C > 0,Vz € M,VN € N, |voy(z)] < Ce—(9@)—eN

Near Py, the rate of decay is sharp, but we have no explicit control on the constant ¢’.

Theorem A has applications to tunnelling between (locally) symmetric wells, in the spirit of [17]. In
Proposition 5.1 we prove that, if f has two symmetrical wells, and Ag, A\; denote the two first eigenvalues of
Tn(f) (with multiplicity), then

AL — Ao < Ce N, (4)

where ¢ and C are as in Theorem A. In the physics community, the tunnelling rate —N~!log(A; — Ag) is
often estimated using the degree zero approximation ¢ in the WKB ansatz, which solves a Hamilton-Jacobi
equation (see Proposition 3.3). However, in Proposition 5.2, we provide a series of examples which tend to
illustrate that the tunnelling rate is not given by ¢, and is not bounded from above by the best possible
constant ¢ in Theorem A. This contrasts with the case of an electric Schrodinger operator, where it is well-
known that the tunnelling rate corresponds to the behaviour of the Hamilton-Jacobi equation, as detailed in
[17]. The difference between the two cases is the ability to extend the problem “far away” into the complex,
and in particular, to prove sharp exponential decay, as we explained in Remark 1.3.

Let us now discuss possible alternative strategies for the proof of Theorem A. The method we follow is
the most direct one, inspired from the C'°° case, and proceeds by a sequence of perturbations of the Toeplitz
operator with a quadratic symbol corresponding to the Hessian (for which the ground state is explicit). The
necessary verification that the terms of the perturbation sum into an analytic symbol, i.e. controls (2) and
(3), occupies most of the proof.

In some situations, it might be easier to prove that one can conjugate Tn(f) (microlocally and up to
an exponentially small error) into an operator for which the eigenfunctions are explicit, such as a quadratic
operator. One can hope to do so when M has complex dimension 1, or more generally for integrable systems
near elliptic points. This fact is used, for instance, in appendix B of [19] concerned with pseudo-differential
operators on R, and leads to a result similar to Theorem A, with a shorter and simpler proof. In this
integrable case, if one can build a quantum action-angle theorem near an elliptic point in the analytic
category (which remains to be done), one could describe all eigenfunctions and eigenvectors modulo an
exponentially small error, not just the ground state.

Apart from the complete integrability assumption, there is hope that KAM-like theorems can be of use,
and more precisely, that under a suitable genericity assumption on the symplectic diagonalisation of the
Hessian, a Birkhoff normal form near the elliptic point is enough to describe the spectrum, but it is not
clear whether it would provide a simpler proof of Theorem A.

1.2 Outline

In Section 2 we briefly present the tools which we developed in [10] to tackle problems from semiclassical
analysis in real-analytic regularity in the context of Berezin-Toeplitz quantization. We then proceed to the
proof of Theorem A.

Section 3 recalls the geometrical ingredients required in order to build a formal WKB ansatz, that is,
for every K € N, a quasimode of the form (1), where there are K terms inside the parenthesis and which
satisfies the eigenvalue equation up to O(N~%-2). Each of the coefficients u; solves a transport equation,
with a source term depending on ug, ..., ur_1. The main novel result of Section 3 is a control the solution
of this transport equation, in an analytic norm, by the source term.

In Section 4, we prove that the sequences (uy)r>0 and (Ag)r>0 belong to an analytic class. In particular,
they satisfy the growth condition (egs. (2) and (3)). This allows us to perform an analytic summation
and produce a sequence of sections (indexed by N) which satisfy the eigenvalue equation for T (f) up to



O(e=¢N), for some ¢ > 0. A standard analysis of the distribution of low-lying eigenvalues of T (f) allows
us to conclude the proof in Section 5, where we also discuss the constant ¢ in the statement of Theorem A.

2 Calculus of analytic Toeplitz operators

To be able to prove the growth condition (egs. (2) and (3)), we use the framework developed in a previous
article [10], which allowed us to study Toeplitz operators with real-analytic regularity.
Given two real parameters r > 0, m, we say that a function f : U — C on a smooth open set U of R?

belongs to the space H(m,r,U) when there exists C' > 0 such that, for every j > 0, one has
79 4!
= E o C——.

U lul=j

The minimal C' such that the control above is true is a Banach norm for the space H(m,r,U). Such
functions are real-analytic, and can be extended as holomorphic functions in an tube of radius proportional
to r~! around U. Reciprocally, by the Cauchy integral formula, for all V' CC U, every real-analytic function
on U belongs to H(m,r,V), for all m € R and for some r > 0 depending on dist(V,R%\ U) and the radius
of analyticity of the function near V' (see [10], Proposition 2.15).

We will often use, in this article, the pointwise version of the C? seminorm above:

IV (@)l = ) 10#f ().

|ul=j
Generalising the definition of H(m,r,U), we obtain analytic (formal) symbols.

Definition 2.1. Let X be a compact real-analytic manifold, with real-analytic boundary. We fix a finite
set (py)vey of local real-analytic charts on open sets V' which cover X.

e Let j > 0. The C’ seminorm of a function f : X — C which is continuously differentiable j times is
defined as

1 fllesx —maXIIfOpvllca (v) = 1pas sup > 10"(f o pv)(2)].
Viul=j

o Let 7, R, m be positive real numbers. The space of analytic symbols S7:®(X) consists of sequences
(ak)g>0 of real-analytic functions on X, such that there exists C' > 0 such that, for every j > 0,k > 0,
one has )

rIRE(j + k)!

i <lC——7F7—7-—

The norm of an element a € S7;(X) is defined as the smallest C' as above; then S7;f(X) is a Banach
space.

The definition of S/ (X ) depends on the chosen atlas, but not in an essential way: elements of S7;*(X)
for a given atlas belong to S R (X) for another atlas, with ', R’, m’ suitably chosen as a function of r, R, m
and the two atlases.

These analytic classes, which we defined and studied in [10], are well-behaved with respect to standard
manipulations of functions (multiplication, change of variables, ...) and, most importantly, with respect
to the stationary phase lemma. Another important property is the summation of such symbols: if & is a
semiclassical parameter (here A = N~1), then for ¢ > 0 small depending on R, the sum

ch~1

Z By,
k=0



is uniformly bounded as & — 0; in this sum, terms of order k = A~! are exponentially small, so that the
choice of ¢ has an exponentially small influence on the sum.

Proposition 2.2. [See [10], Propositions 3.6 and 3.8] Let X be a compact real-analytic manifold with
boundary and fix a real-analytic atlas on X.

Summation Let f € S;;F(X). Let cgp = 5. Then

1. The function
crN

F(N) 12— > N fi()
k=0

is bounded on X uniformly for N € N.
2. For every 0 < c¢1 < cg, there exists cag > 0 such that

crN
sup Z N*kfk(a?) = O(e*CQN).
rxeX ]{J:ClN

Cauchy product There exists Cy € R such that the following is true.
Letr,R >0 and m > 4. For a,b € S’;®(X), let us define the Cauchy product of a and b as

k

(axb)p = Z aibg—i.

i=0
1. The space ST (X) is an algebra for this Cauchy product, that is,
laxbllg.x < Collallgr.nlbll gr.n,
Moreover, there exists ¢ > 0 depending only on R such that as N — +o00, one has
(a*b)(N) = a(N)b(N) + O(e™N).

2. Let ro, Ry, mg positive and a € S;%RO (X)) with ag nonvanishing. Then, for every m large enough
depending on a, for every r > rg2™ "0 R > Ry2™" ™0 a is invertible (for the Cauchy product)
in SE(X), and its inverse a*~1 satisfies:

-1 : —4 3
0" g < 2min(laol) g

Remark 2.3. A variant of Definition 2.1 reads

I RF 41k
agllei < C— 3

H kHC’J = (]—I—]€+1)m

ultimately, the controls on the symbol (ug)g>0 in Theorem A will take a mixed form between this and S%;%,
see (29) and (30). Other definitions can be found in the literature, as in [4], equation (1.2), or [28], chapter
1. These alternative definitions of analytic symbol spaces are all morally equivalent (they can be embedded
into each other by changing the values of r,R,m). In practice, one has to choose the convention which suits
the particular combinatorial arguments.



The summation property in Proposition 2.2, together with the stationary phase lemma, allows us to study
Toeplitz operators up to an exponentially small error. One of the main results of [10], proved independently
[26], then simplified in [6, 11, 21], is an expansion of the Bergman kernel on a real-analytic K&hler manifold,
with error O(e=¢"), in terms of an analytic symbol.

Proposition 2.4. (See [10], Theorem A, and [26], Theorem 3.1) Let M be a quantizable compact real-
analytic Kdhler manifold of complex dimension d. There exists positive constants r, R,m,c,c,C, a neigh-
bourhood U of the diagonal in M x M, a section ¥ of LRI over U, and an analytic symbol a € S5E(U),
holomorphic in the first variable, anti-holomorphic in the second variable, such that the Bergman kernel Sy
on M satisfies, for each x,y € M x M and N > 1:

cN
SN(xa y) - ]l(:v,y)EU\II®N(x7 y) Z Ndikak(]%y) < Ce ¢ N'
k=0

Note that the constants ¢, ¢/, C' here are different from that of Theorem A.

Similar ideas appear in the literature, and have been successfully applied to the theory of pseudodiffer-
ential operators with real-analytic symbols. Early results [4] use a special case of our analytic classes, when
m = 0; from there, a more geometrical theory of analytic Fourier Integral operators was developed [28],
allowing one to gradually forget about the parameters r and R when applying the analytic stationary phase
lemma. It is surprising that the introduction of the parameter m, which mimics the definition of the Hardy
spaces on the unit ball, was never considered, although it simplifies the manipulation of analytic functions
(for instance, the space H(m,r, V') is stable by product if and only if m > 3). In [10] and in the present
article, it is crucial that we are able to choose m arbitrarily large.

Along with the definition of symbol classes in Definition 2.1, we will use another analytic symbol class,
which is a mixture of Definition 2.1 and Remark 2.3. The basic remark is that, by the Stirling formula,

m\/% +1e ],
and in particular, the following classes of symbols are well-behaved:
I RF 5K o
m if j <k
lakllci < Ca -
(r/4) RF(j + kl)! >k
(G+Ek+1)" 2

We end this section with a technical lemma, which is a refinement of Lemma 4.6 appearing in [10],
adapted to the symbol class above.

Lemma 2.5. Let U, V, A be domains in C% containing 0. Let ky be a biholomorphism from V with image
contained in U, with real-analytic dependence on X\ € A and suppose that ko(0) = 0.
Let k : (\,v) — kx(v) and suppose that there exists constants Cy, 19, mg such that, for all j € Ng, one
has :
r)j!
. <. 0"
HK’HCJ(VXA) = li(] + 1)m0
Then the following is true for all m > mqg and all ¥ > rg2™~ ™05 Let f be a real-analytic function on
U x A and suppose that there exists Cy and k > 0 such that, for all j € Ng :={0,1,2,...},

I 51k

VI £(0,0 <Cp7——"——



and furthermore, for all j >k, ‘

(r/4)7(j + k)!

(G+k+1)ms

Letn <k and i < 2n. Let V! denote the i-th gradient over the first set of variables, acting on V x A; then

IV £(0,0) e < Cy

g (A= Vig(ra(v), N)o=o)

1s a differential operator of degree i acting on functions on U x A. Let (Vi)[gn} denote the truncation of
this differential operator to a differential operator of degree less or equal to n. Then, with

~v = 16Cxr
one has, for every 7 >0,
IV (VL ET£(0)] 0 < i+ 50+, k! 1 (i +7)! ifi<n
i B (i+7+k+1)m 2 (max((n+ )i —n)!,jli!)  otherwise,

and, for every j >k —min(i,n),

o , 4)IFiE!
Vi (v En £ < jdt1sd+1 i (r/
H ( Ii) f( )”21—7’ J Y f(Z—i—j-l—k—l-l)m

y (i4+j+k)! ifi<n
max((n+ 7+ k)i —n)l, (j + k)4!)  otherwise.

Proof. We proceed as in Lemma 4.6 in [10]. By the Faa di Bruno formula, one has

IV (V)= Ol < i

min(n,?) |P|

5! il .
x Y > AP 0l TT lIsllgeises- (5)
=1

leq!. .. 1(|P)sq!---
IPl=1 ot te|p=j €0-€1: e|p|. (| |).81. S‘p‘.
s1t+-+sp=|P|

We now inject the controls on f and k. First of all, for all j; € Ng,

(r/32)71 4!

Kl < C—= ,
|| ||C’71 = (]1_|_1)m

and in particular, if j; > 1, '
(r/16)* (j1 — 1)!

m

[&llen <€

since 271 > j;.
Injecting this along with the control on f, the general term in the sum (5) is bounded by

JPIE (1/16)-0(|P| 4 o) K (31 + ex — 1)+ (s, + ey — 1)
(|P])'eo! - - - eplsi!---sp)!

1
X
(I1P[+eo+k+1)m(s1+e1)™: - (sp| + e p)™




and, if |P| 4+ eg > k, there holds the more precise bound

Flil(r/a)F1Heo (r/4)i+i=e0(|P| 4+ eg + k)(s1 + ex — 1)1+ (syp| + e;p| — 1)!
(’P|)'€0‘ c '€|p‘!81! s S|P|!

1

X
(1P| +eo+k+1)™ 3 (s1 +e1)m - (s1p| + e p)™

The constraints on (s;) and (e;) are such that one can simplify the second factors:
1 < 1
(IP[+eo+k+1)™(s1+e1)™ - (sp+ep)™ ~ (i+j+k+1)™
1 < 1
(1P| + €0+ k+1)™ 2 (s1 +e))™ - (sip +epp)™  (i+j+k+1)""2

Moreover, by Lemma 2.5 in [10],

(s1+e1— D(sip +ep — ! < (i —|P|+j —ep)!
sil---sipler!---ep)! T (= |Pl+ NI —eo)!

Thus, one has the following general bound on the general term of the sum in (5):

)|p|J'Z'T'P'+e°(T/16)’” (P + e0)k!(i — [P +j — eo)! 1

A (|P[)!eo! (i — [P+ 1)!(j — eo)! (i+j+k+1)m

and, provided |P|+ ep > k, the more precise bound

p YL (r /)P0 (r/16) 1970 (|P| + eg + k)!(i — | P| + j — ep)! 1

Cr(Cx) (Pleolli — [P+ )1 — eo) TR

In both cases, one can isolate
1l
i!

DI ES

and
(i —|P|+j —eo)!

(j —eo)!
thus, the general bound simplifies into

< 27T — | P

(CO)IPIrPLpi+i (1P 4 eo)lk!(i — |P])!4! 1
I Ri—eoqi eo! (i+j+k+1m

and the specific bound into

o, Co) TP (/I (|P] + e + k)i — |P])!5! 1
2o eo! (i+j+k+1)m2
Let us now count the number of terms. For fixed |P| — ¢y and j, there are (| Iigl) < 2¢ choices for
§1,..,5p| (since each of them must be positive) and (j_iUPT|P‘) < 25— tIPl chojces for ey, . .. ,€|p|, which
are non-negative. Thus, fixing |P| and eg and summing over s1,...,s|p[,€1,...,€p|, the resulting sum is
bounded by ‘
HI(|P| + eo) k! (i — | P])!5! 1

Cy(Co PP

47=coeg! (i+j+k+1)m
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and, provided |P|+ ey > k,

[Pl Ploi+ Pl (r/4)"H(IP| + eo + k)!(i — |P])!5! 1

C(Cl .
e ! (i+j+k+1)m2

Both formulas above are increasing with respect to eg. If eg = k — |P|, moreover, the second formula is
larger than the first one up to losing a power of |P|: indeed, the ratio between the two is

2Pl (oK) 8Pl

To conclude, if j + |P| < k, then the sum over eg is bounded by

1

. |P|,.|P|,.i4+j MNEl(5 — !
JCr(A6C) T (1] + ) KA ’P’>'(z‘+j+k+1)m

and if j + |P| > k, then this sum is bounded by
1
(i+j+k+1)m 2

GCr(16C,) PlrlP12'(r J4) I (| P| 4 j + k)\(i — | P|)!

We artificially added the factor 16171 in the first bound so that, if j + |P| > k, then the second bound implies
the first one.

We can now conclude: if j + min(i,n) < k (that is to say, if j + |P| is always less than k), we sum the
first bound over | P|, remarking that it is log-convex with respect to |P|. We obtain that the sum appearing
in (5) is bounded by

ritigl

i5C 1 (16C,r)" ax ([P + )G —|P]),

(i+j+k+1)m \P\e{g,lmin(i,n)}

If j + min(i,n) > k, then we can apply the second bound for all |P|, so that we similarly obtain

(r/4)"™7

- Pl +j+ k)i —|P|).
(i+j+k+1)m |P|€{(IJI,1n21Li}§(i,n)}(| [+ 5+ RN = |P))

ijC(16C,r)"

This concludes the proof. O

3 Geometry of the WKB Ansatz

In this section we provide the geometric ingredients for the proof of Theorem A. We formally proceed as in
the case of a Schrodinger operator [15]. If a real-analytic, real-valued function f has a non-degenerate local
minimum at Py € M, we seek a sequence of eigenfunctions of T (f) of the form

z/)goeN“a(uo + N uy +..),

where 1/1% denotes the coherent state at Py. If f(FPy) = 0, then the associated sequence of eigenvalues should
be of order O(N 1), that is to say, follow the asymptotic expansion:

N~ X+ N2\ +....
When solving the eigenvalue problem, the terms of order 0 in

e—NSOTN(f)ngeNS@(uO + N_lul —+ .. )
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yield an equation on ¢. In the case of a Schrédinger operator this is the eikonal equation |Vy|? = V,
which is solved using the Agmon metric. In our more general case, we are in presence of a form of the
Hamilton-Jacobi equation (see (11) below), which we solve in Proposition 3.3 using a geometric argument
based on the existence of a stable manifold, in the spirit of [29]. Associated with f and ¢ are transport
equations which we must solve in order to recover the sequence of functions (uy)x>o. In Proposition 3.4 we
study this transport equation under the point of view of symbol spaces of Definition 2.1. This will allow us,
in Proposition 4.2, to perform an analytic summation of the u’s in order to find an exponentially accurate
eigenfunction for T (f), with exponential decay away from Pj.

The plan of this section is as follows: we begin in Subsection 3.1 with the study of an analytic phase which
will be a deformation of the phase ®; considered above. We then define and study the Hamilton-Jacobi
equation associated with a real-analytic function near a non-degenerate minimal point, and the associated
transport equations, in Subsections 3.2 and 3.3 respectively. This geometric insight on the construction of
a quasimode attached to an elliptic point is not new, but the purpose of this section is to fix notations, to
present these ideas in a self-sustained way and in the geometric context of Berezin-Toeplitz situation, and
to prove an analytic estimate for the solution of the transport equation (Proposition 3.4).

In the rest of this article,

o (M,w,J) is a quantizable real-analytic compact Kéhler manifold (which means that w is real-analytic
on the complex manifold (M, J)); L,(Sy)nen and (Tn)nen are the prequantum line bundle, the
Bergman projectors and the Toeplitz quantizations of Definition 1.1;

e f is a real-valued function on M with real-analytic regularity.

o Uy is a small neighbourhood of an elliptic point Py of f which is a local minimum (such that the
objects below exist on Uyp); without loss of generality f(FPp) = 0;

e ¢ is a Kéhler potential near Uy such that, in a chart where Py is mapped to 0,

2
o) ="+ (g :

that is, ¢ : Uy — R satisfies
00¢ = iw;

e ¢ is the holomorphic function on Uy x Up such that ¢(z,Z) = ¢(x) (holomorphic extension or polari-
sation of ¢);

e More generally, - represents holomorphic extension of real-analytic functions: for instance, f is the
extension of f and is defined on Uy x Up;

o« O Ug X 702 is defined by

By : (z,y,W,2) — 20(z, W) — 20(y, W) + 26(y, ) — 20(x, %).

The function @1 is associated with the Bergman kernel Sy in the following way: the section ¥ of Proposition
2.4 satisfies, for all (z,vy,2) € U:

(U (2,), WOV (y, 2)) pon = OV (2, 2) exp(N 1 (2,7, 7, 7))

12



3.0 Formal identification of the WKB ansatz
We search for an eigenfunction of T (f) of the form

z = U (2)eN?® (ug(z) + N~ ug (z) + ....),

where 1/1(])\’ is the coherent state at 0 (see Definition 1.2), and ¢, ug, u1, ... are holomorphic functions on a
fixed neighbourhood of 0.
This construction is local. Indeed, the only situation where the holomorphic functions ¢, ug, u1, ... can

be extended to the whole of M is when they are constant. However, if ¢ does not grow too fast (see
Definition 3.1), then the trial function above is exponentially small outside any fixed neighbourhood of zero.
In particular, applying T (f) yields, by Proposition 2.4,

T (£)(eN?(ug+ N~ uy + .. )b -

cN
2o 0 ()N [ MR N Ne) () (Z N Fay e, y>>( o(y) + N un(y) +...) dy
k=0

+ 0(e™N).
If the function appearing in the exponential

@2 : (337y) = (I)l(xa:%y: 0) + QO(.T) - (p(y)

is a positive phase function in the sense of [24] (which is guaranteed if ¢ does not grow too fast, see
Proposition 3.2), one can apply the stationary phase lemma ([28], Theorem 2.8). If y.(z) is the critical
point of this phase (which belongs to the complexification Uy = Uy x Up), at dominant order, one has

T (F)(eNPuoty ) (z) = 9§ ()N g (x))ao (2, ys (2))do (y« () T () + O(N ).

where J is a non-vanishing Jacobian.

Since we search for an eigenfunction with eigenvalue close to zero, we want this principal term to vanish.

As J and ag do not vanish, this yields N

f(y=(z)) =0,
which boils down to a particular PDE on ¢, the Hamilton-Jacobi equation. We provide a geometric solution
to this equation in Proposition 3.3.

To study the higher orders of the stationary phase lemma we introduce, as in [28], Lemma 2.7, a z-
dependent, holomorphic change of variables x;, from a neighbourhood of y.(z) in Up to a neighbourhood of
0 in C?¢, such that -

@ 0 1t (01,72) = v1 - T3, (6)

as well as the associated gradient and Laplacian, acting as follows on holomorphic functions on Uy x /Uvo:

ab(l"’{;l(vlaw)) ab(xv"'{ajl(vlv@))
(92117]' a@

(Vi) : (z,y, W) — ( (z, ke (y, W), (@, Fax(y,w))> (7)
1<j<d

(Anb) : (2., Z c (1,72) ®)

8’0173 81}2’]

At next order, the eigenvalue equation reads, for all x € Uy,
N~ Nuo(z) = T (£) (N (ug + N~y )vd) (z) mod N2
= N (@)W (@i + @) (@, ys () + A, (a0, s (2)))
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Since f(y«(x)) = 0, there is no contribution from w; at this order. Moreover, one can distribute

The first term of the right-hand side is zero when evaluated at y.(x) since f(y«(x)) = 0. We obtain
(Vi (F@0)) (y(2)) - (Vs 10) () = wo(@) (Mo = Ar, (Fao]) (ge(2)) ) -

Observe that f , as the complex extension of f, has a critical point at z = 0, so that, as long as y«(0) =0
(which is proved in Proposition 3.2), there holds V,(fapJ)(y«(0)) = 0. Hence, the equation above implies

Ao = Ay, (fao7)(0).

We will see in Proposition 4.1 that this )¢ indeed corresponds to the ground state energy of the Hessian of
f at zero. It remains to solve an equation of the form

(Vi (fd)) (9:()) - (Vs 0) (g () = o(@) (), (9)

where h(z) = Mg — Ax, (faoJ)(y«(x)) vanishes at z = 0. Similar equations are satisfied by the successive
terms wug. This family of equations is solved (with a convenient control on the size of the solution) in
Proposition 3.4. Then, in Section 4 we will prove by induction that the sequence (uy)g>o indeed forms an

analytic symbol and that the eigenvalue equation admits a solution up to an O(e*C/N ) error.

3.1 A family of phase functions

In this subsection we study a family of analytic phases (in the sense of Definition 3.11 in [10]) given by a
WKB ansatz at the bottom of a well. To begin with, we describe the conditions on a holomorphic function
¢ at a neighbourhood of zero, such that eN¥{’ is a convenient first-order candidate for the ground state of

In(f)-

Definition 3.1. A holomorphic function ¢ on Uy is said to be admissible under the following conditions:

3t < 1, Vo € Uy, |p(x)] < =]z

2
Proposition 3.2. Let ¢ be an admissible function. The function from Uy x Uy to C defined by
Dy : (2,y) = 1(2,9,7,0) + @(y) — ¢ (@) (10)

is, for all x in a small neighbourhood of zero, a positive phase function of y in the sense of [24].
The complez critical point of ®o is y.(x) = (x,7.(x)), where the holomorphic function x — g,.(x) satisfies

—2016(,J.(x)) + 2016(x,0) = =9 ().
In particular, 7.(0) = 0.
Proof. Near y = w = 0, there holds

(I)l(ovvav 0) =Yy w + O(’yaw|3)
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In particular, for z = 0, the function (y,w) — @(O,y,@) has a critical point at (0,0) whose Hessian
has a non-degenerate, negative real part (because |p(y)| < %) In particular, for z small enough, ®; has
exactly one critical point near 0, with non-degenerate, negative Hessian real part. The critical point (y, W)
satisfies the two equations

Owd(x, W) — Dgd(y, W) = 0
—20,(y, @) + 20,6(y,0) = —0p(y).

The first equation yields y = z, then the second equation has only one solution W = 7,.(z), so that the phase
at this critical point is equal to

20(2,9(x)) = 26(,Jo(2)) + 26(x,0) — 26(x,0) + p() — p(x) = 0.

This concludes the proof. (I

3.2 Hamilton-Jacobi equation

Let ¢ be an admissible function. For every x € M close to 0, there exists one y(x) in Uy such that (z,y:(z))
is a critical point for the phase of Proposition 3.2.

In order to find the phase of the WKB ansatz, we want to solve, in a neighbourhood of 0, the following
system of equations on ¢ and 7., where ¢ is an admissible function:

{f(w,yf(w)) =0. ) (11)
—281¢(a:,@c(m ) + 201¢(z, 0) = _8()0(1')

This will be called the Hamilton-Jacobi equation. This equation is non-trivial already at the formal level:
for fixed x the equation f(x,7) = 0 defines (a priori) a manifold of complex codimension 1, which has a
singularity at = 0. On the other hand, we need to ensure that 0, 5(37, Y.(z)) is a closed holomorphic 1-form
in order to solve for .

Proposition 3.3. The Hamilton-Jacobi equation (11) admits a solution near 0, such that ¢ is analytic.

Proof. We follow the usual method (see the appendix of [29]), which will consist in considering the stable

manifold of the Hamiltonian flow of f for a certain symplectic form.
Since the Taylor expansion of ¢ at zero is

1
P(x) = §|1L"|2 +O0(|zf),
the map
W > 2016(x, W) = + O(|z, W|?)

is a biholomorphism in a neighbourhood of zero, for  small. Let ~, denote its inverse, then ~, is tangent
to identity at x = w = 0.
Letting

fi: (@2) = flz,7(2)),

the Hamilton-Jacobi equation (11) is equivalent to the modified system:

{fl(:n,zc(x)) =0
—Ze(z) + 2016(2,0) = —0p(x).
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The first step is to solve this equation at main order, that is, when fl,%, ¢ are quadratic. This can
be done using a KAK decomposition, and for completeness and pedagogical purposes we detail how this is
done. The construction of this decomposition will also play a role in the proof of Proposition 3.4.

Let () be the Hessian of f at zero and C~2 its holomorphic extension (as a quadratic form). Then
fi(z,%) = Q(z,%2) + O(|z, Z]3) since ~, is tangent to identity at z = w = 0.

In the modified system, there holds Ze(z) = d(2¢(z,0) + ¢(x)), so that finding = — Z:(x) amounts to
finding a holomorphic Lagrange submanifold L = {z,Z:(z)} of C? x C4 near 0, for the standard symplectic
form (3" dxj A dzj) (which extends the symplectic form Y~ dR(z;) A dS(z;)), such that L is contained
in {fi = 0} and is transverse to the vertical {z = 0}. Then, near 0, one has L = {z,dF ()} for some
holomorphic F, and it will only remain to check that ¢ = F — 2¢(-,0) is admissible. As in [29], from f
and the standard symplectic form, the Lagrangean L will be constructed as the stable manifold of the fixed
point 0 for the symplectic flow of ]?1

Suppose f1 is quadratic; that is, fl = @ The quadratic form @) admits a symplectic diagonalisation with
respect to the (real) symplectic form - d¥(z;) A d(x;): there exists a symplectic matrix S, and positive
numbers wy, ..., wq, such that

Q = ST diag(wy, w1, w2, wa, - . ., Wd, Wg)SS.

Let us study how this symplectic change of variables S behaves under complexification. From the KAK
decompostion of the semisimple Lie group Sp(2d) (or, more practically, using a singular value decompo-
sition), the matrix S can be written as Uy DUs, where U; and U belong to Sp(2d) N O(2d) ~ U(d), and
D= diag(ol,afl, ... ,ad,agl) > 0.

We now complexify Uy, Us, D as R-linear endomorphisms of C? (in contrast with @, which we complexified
as a quadratic form). The complexified actions of U; and Us are straightforward: for j = 1,2 one has
U;(z,2) = (U, Uj_li). The action of D is diagonal: D = diag(D;, ..., Dg), with

D;(R(x)), 3(x))) = (o3 R(x)), 07 ') -

Hence, the action of D is block-diagonal, with

1 -1 -1 -1
~ o 0j+0; 0j—0:  0j—0; oj+o.
Dj(fﬂjﬁj)Z( R R e T e T e B

After applying successively the changes of variables (71,13, ﬁg, in the new variables, the quadratic form

becomes
d

froS:(g,p) = > wigp;.
j=1
Among the zero set of this form, a space of particular interest is {p = 0}. It is a holomorphic Lagrangean
subspace, which is preserved by the symplectic gradient flow of fvl o §, and such that every solution starting
from this subspace tends to zero for positive time. This subspace {p = 0} is the stable manifold of zero for
the symplectic gradient of fl 0 S. Let us show that, in the starting coordinates (z,Zz), the stable manifold
of f~’1 leads to an admissible solution of the Hamilton-Jacobi equation.

« The inverse change of variables U, ! leaves {p = 0} invariant.
« The inverse change of variables D! sends {p = 0} to {Z = Az}, with ||Az|| < t||z]/;2 for some ¢ < 1.
-1

05—

+Jj,1 € (—1,1).

Indeed, the matrix A has diagonal entries -
J
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« The inverse change of variables U; ! sends {z = Az} to Ag = {z = U; AU; '}, with a similar property:
for some ¢ < 1, there holds ||U; AU *z||,2 < t||z]|s2.

Then Ay is a linear space of the form {z = 0Fy(z)}, where Fj is the holomorphic function
1
Fo:x— 5(33, U AU ).

Hence ¢ : z +— Fy(x) — 26(z,0) = Fy(z)+O(|z|?) is an admissible solution to the Hamilton-Jacobi equations.

If f1 is quadratic, we just identified a holomorphic Lagrange submanifold transverse to {z = 0} and
contained in { f1 = 0}, as the stable manifold of 0 for the Hamiltonian flow of f1 In the general case, f1
is a small perturbation of its quadratic part in a small neighbourhood of 0, so that, by the stable manifold
Theorem ([27], Theorem 6.1), the stable subspace Ag is deformed into a stable manifold L which has the
same properties: L is Lagrangean (since it is a stable manifold of a symplectic flow, it must be isotropic,
and L has maximal dimension), and it is transverse to = a small neighbourhood of zero since TyL is the
linear Lagrangean subspace Ag described above. Moreover, the Hamiltonian flow of f1 preserves f1 so that
L is contained in {f; = 0}.

We finally let F' be a holomorphic function such that L = {(z,0F (x))}. With ¢ : z — F(z) — 2¢(z,0),
and zZ;(x) = OF (x), we obtain a solution to the modified Hamilton-Jacobi equation

{fl(@’,zc) =0
—Ze + 019(x,0) = —9p(x).

Since ¢(x,0) = O(|z|?), one has ¢(z) = F(z) + O(|z|?) = Fo(z) + O(|z|*), so that
()| = [Fo(2)] + O(|z) < %|$|2

for some ¢ < 1 on a neighbourhood of 0. This concludes the proof. O

3.3 Transport equations

In the proof of Theorem A, one must solve recursively transport equations of the form (9), and prove that
the solution is well-controlled. Let us prove that one can control the solution of this equation by the source
term.

Proposition 3.4. Let f': Uy x l/]vo — C be holomorphic and such that

(@, y,) = f(y,®) + O|z,y, w[*),

and let ¢ be an admissible solution of the Hamilton-Jacobi equation (11). Let x € Uy and let V., as defined
in (7). Let also G, be the holomorphic function of x such that (z,7,(x)) is the critical point of P2 as defined
n (10). Then there exists U C Uy containing 0 such that the following is true.

For every g : U — C holomorphic with g(0) = 0, and every h : U — C holomorphic with h(0) = 0, there
exists a unique holomorphic function u : U — C with u(0) = 0 which solves the following transport equation:

(Vi )@, 2, 7e(@)) - (Vie, [(,9,0) = u(y)]) (@, 2, Fe(2)) = h(z)u(z) + g(2).

Moreover, there exists a C-linear change of variables A(f',¢) on C%, and positive constants ro(h, ', ),
mo(h, f',0), C(h, f',p) such that, for every

k>0, m>mo(h fe), r>roh,fp)2m 08 o0,
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for every g as above which satisfies, for every j > 0,

, (5 + 1)!k!
one has, for every 7 >0,
, , I j1k!
> 10" (e AU DO < Clh ') Cog (13)

=g
If moreover g satisfies the sharper control

‘ (r/4)7( + 1+ k)! ‘
gjj e AN G (145 +k+1)""3 vj =k, (14)

Then u satisfies

(r/4)(j + k)!
(14j+ k)3

D18 (uo A(f,9))(0)] < C(h, f',9)Cy Vi > k. (15)
lul=3

Note that (14) is sharper than (12), and similarly (15) is sharper than (13), because for every j > k one
has

. e
G+RWVi+E+T _ T
Jlk147 -
in fact in the limit case k = j one has
25)\/25
@V2j+1 [17 1} '
414143 2
Proof. We let X be the vector field on U such that

(Vio )@, 2,7c(2)) - (Vi [(2,y, @) = u(@)]) (2, 2,7.(2)) = X - u().

The proof consists in four steps. In the first step we prove that all trajectories of X converge towards 0 in
negative time, so that there is no dynamical obstruction to the existence of u near 0 (if X had wandering
or closed trajectories, solving X - u = fu + g would require specific conditions on f and g). In the second
step, we identify the successive terms of a formal power expansion of u, which allows us to control successive
derivatives of u at 0: that is, we prove inequality (13) using (12). In the third step, we prove that the solution
u is well-defined on the whole of U for some small neighbourhood U of 0, using the Duhamel formula. In
the fourth step, we finally prove that (14)=-(15).

First step

We study the dynamics of the vector field X in a neighbourhood of zero. To this end, we relate k, to the
linear change of variables which appeared in the proof of Proposition 3.3 in the case where f is quadratic.

We first note that, as the Taylor expansion of f’ is

f'=F+0(z,y,@) = O(|z,y, @),

one has X (0) = 0. The Hessian of ¢ at zero is determined by the Hessian of f at zero; it then determines
the linear part of kg at 0, hence the linear part of X at 0. Up to a linear unitary change of variables, there

exists a diagonal matrix A, a unitary matrix Uy, and positive wi,...,wq, such that
d
frxw ij|(U1Ax)j|2 + O(]x|3)
j=1
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Then ¢(z) = 1(z, U1 AU 'z) + O(|z|?), so that the phase reads

B1(0,9.,0) + () — #l0) = 20— 9) - (W= VAT (@ +9)) + Oy o).
In particular, at first order, one can write
Ko (y, W) = <y — T, W — iUflAUl(y + x)) +O(|z,y, w).
Hence, the inverse change of variables is of the form
Kyt (v1,T7) = (1)1 +x,73 + %Ul_lAUl(vl + 2x)) + O(|z, v1,73)%),
so that the restriction to the diagonal
wo ki, (v,7) = u(v + x) + O(|z,v,7|*)

is holomorphic with respect to v, at first order.
We then wish to compute

Vi Vi = [0u(f 0 H;I) Oy(uo H;I) +0y(f' o ’f;l) - Oy(uo H;I)](Ul =73 =0)

which is equal, at first order, to the opposite symplectic flow (for the symplectic form I(dv A dv)) of f
applied to u:

Vi [ Vigu = [0,(f o r;) - du(uony') = 0u(f o wy) - Du(wo vz h)](v1 =73 = 0) + O(|a]?),

since 0, (f o k1) - Dy(uo k) = O(|z]?).

As seen in the proof of Proposition 3.3, the critical manifold {v;(y,w) = v3(y,w) = 0} is the stable
manifold for the Hamiltonian flow of f , so that each trajectory of the vector field above is repulsed from
zero in a non-degenerate way.

Second step.

Since X has 0 as non-degenerate repulsive point, it can be diagonalised: there exists a linear change of
variables A(f’, ) on C¢ after which

d
X = Zwixiﬁxi + O(|:c]2),
i=1
for positive w;. From now on we apply this linear change of variables and we will control [|[VZ/u(0)| in
these coordinates, from ||[V7g(0)||, in the same coordinates.

Note that, by the Poincaré-Dulac theorem, after a non-linear change of variables, the non-linear O(|z|?)
part in X commutes with the linear part; this additional simplification is not needed here. Note also that,
generically, the w;’s are independent over Q. In this case, in principle, one could completely eliminate the
non-linear part in X, and in particular, build WKB quasimodes corresponding to a higher eigenvalue, not
only the microlocal ground state.

Let us expand

d
a‘i,l/ v a
i=1 ’ ¢

lv[>2
h
h(zx) = —Tw”
v[>1 7"
9v v
gl@) =3 =
lv|>1 "
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Then, for some V' CC Uy which contains 0, for some positive g, mg, one has a; € H(mg,r9,V) and
h € H(mg,r9,V), so that

||

Ty V!
hy| < cg( 0||)m0 Viv| > 1
lv[=1
r
|ai,y| S Ca |V|m0 V’V’ Z 2.

The index shift on the control of a; will balance the one in (20) below.
Let m > mg and r > r922T™~™0_ to be fixed later on. Then, one has also

B (r/4) !

= ChW V| > 1 (16)
< (r/Tl)jl‘leyl Y| > 2. (17)

Let us now suppose that (12) holds, that is, for some k > 0, for every j > 0, one has

k(5 +1)!
|§%w”— T1+k+j+1)m (18)

We will solve the transport equation with

and prove by induction on 7 > 0 that (13) holds, i.e.

rjkljl

Y luul <Ch, f9)Cy At kt )

|ul=3

(19)

as long as m is large enough with respect to C, and C}, and r is large enough accordingly.
For j = 0, one has u(0) = 0 by hypothesis. The transport equation is equivalent to the following family
of equations indexed by p with |u| > 1:

u ZgZI Willi Z hVu,U« v Z Z al Vuﬂ v+ (20)
Iz | B ! — ’
p lv|>1 vh(n— i=1|v]>2 v v+ m)!

Here, as in the rest of the proof, 7; denotes the base polyindex with coefficients (0,0,...,0,1,0,...,0) where
the 1 is at the site q.

Observe that u, appears only on the left-hand side of the equation above, while the right-hand side
contains coefficients u, with p < u. As the eigenvalues w; are all positive, one can solve for u, by induction.
Indeed, there exists C,, > 0 such that, for every |u| # 0 there holds

d
Y wips > Ct (|pl + 1),

i=1
In particular,

az u“u v
Z Z —v+n)!

=1 |1/|>2

C Vuu VM

w1

)
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One has, directly, from (18),

Tkl 5!
Z |+ S Cw(lfk—i )m
|l=7 J
From (16), one has
hoty—o ! - |hu—p’ H
2|2 o S 2 2 el 20 S
lul=7 |lv|>1 (=1 |p|=¢ lul=j
n=p
o e 15 1
<Ch2’l“j Z|UP|Z p'(l—l—j—f)m
=1 lpl=t  |p|=j
nzp

Note that, when applying (16), we have loosened (r/4)7 into 77 ; the supplementary power 4/ will be used

only in the fourth step.
For |p| = ¢ there holds

sup 1 < 2!
u=s P!~ A
n=p

since if pps denotes the largest index of p the supremum above is (par+1)(par+2) ... (par +75—¢). Moreover,
there are less than (j — £ + 1)% polyindices u such that || = j and u > p with |p| = £.
Hence, by the induction hypothesis (19),

2.

|ul=3

-t 1—}—]
< ChZT] 7 ((1 Z |yl

=1 |p|=¢

hyty—y !
Z —v)!

|
s Ve

Y14 -0+ Ek+Hm
1+j—Om(1+Ek+om

rijlkl
Y1+ k + )"

< CuC(h, f',¢)Cy
1

From Lemma 2.13 in [10], if m > max(d + 2,2(d + 1)), there holds

L4 — 081+ k + )™ o
; (1+j—0OmA+k+£)m— C(d)fn'

In particular,
hywy,—pp! 3m i j1k!
Z P < CL,O(d ) C(h, f',¢)Cy Tkt )™

oz V=)

>

lul=3

For m large enough with respect to C;,C(d)C,, and r > rg22+™~"0_ one has

Z Py —y ! <

1
> vi(p—v)!| — 3C,

I k!
YA+ k+j)m

> C(h, f',0)Cy

lul=3

21



Similarly, from (17), one can control, for 1 < i < d, the quantity

3 @iy Up—vtn; < Z S ful S0 ‘ai,u—p+m|lf!

(1 — l _ YW
‘V|>2 v: (H V+Th /= 1|p| Y ‘“‘:j (,U, p+771)p
W2 P15
_ ! 1
\u | it -
gg%ﬁ)%% PO+ =0
W2 P15

Again we have loosened (r/4)7 into 7.
Letting pps denote again the large index of p, and p,, its smallest non-zero index, then

(g —t+Dt gt (4 1)
ul=i P! P Pm -0

In particular, by the induction hypothesis (19),

(1+j—0)°
1+j—Om(1+k+ o)™

Z i,y Up—y, 1!

j—1
< C,C(h, f',p)Cyr? (j + 1)k!
|V|22 V'(M_V+nz)' ( ) g ( ) Z: (

PG+ DI (145 — 041+ 5+ k)™

< C,C(h,
(h, £',)C, ‘(1 +]+kmz:: A+j-0m1+E+0m
3m (5 + 1)k!
< C,C(d)—C(h, f',p)Cy——"+—
= ()4m ( f‘P) g(l+]+k)m

Hence, for m large enough, and r large enough accordingly, one has, for every 1 < ¢ < d,

e viip—v+m)!| — 3dC (1+/€+])
To conclude, if C(h, ', ) > 3C,,, then
(5 + 1)k!
Sl < 5 (3O £0)+ 00T )+ 500 £1.0)) ot

|ul=3

which concludes the induction.
Third step

Let U be a neighbourhood of 0 such that all trajectories of X, starting in U, converge to 0 (exponentially
fast) in negative time. It remains to prove that u is well-defined and holomorphic on U. Since the sequence
of derivatives of u at 0 enjoys an analytic-type growth control, the associated power series converges on
some small neighbourhood W of 0. Then, from the knowledge of u on W one can build v on U using the
geometric structure of the transport equation. Indeed, by definition 0 is the repulsive point of all trajectories
of X on U. Letting (®;)tcr denote the flow of —X | there exists T > 0 such that ®7(U) C W. Then the

transport equation on v implies the Duhamel formula
u(z) = u(@r(z +/g®t a+/ (@4(2))h(Py () )dLt.
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By the analytic Picard-Lindel6f theorem, the unique solution of this degree 1 integral equation, where the
initial data u(®7(z)) and the coefficients have real-analytic dependence on ®p(x) € W, is well-defined and
real-analytic. Then wu is well-defined on U, and holomorphic since the derived equation on Ou is Ou = 0.
Fourth step
Now we impose the stronger control (14) on g and prove (15). Observe that, if j > k and

S gl < G r/4)'(j+k:+1)

= (14+j+k+1)"
and if C(h, f,p) > 6C,,, then
9ul L o /A +k+1) Lom (r/4)(j + k)!
|M|Z=J"E;‘izlwiﬂi A s T e R S

It then remains to study how the more precise condition on u propagates. Fix j > k; suppose that (13) is
satisfied for all £ < j, and that (15) is satisfied for all k < ¢ < j. Then

2.2, =2 UDINDY

] JIV\>1 |ul=7 1<|v|<j—k—1 |ul=3 lv|>ji—Fk

hl/u# z/,u' zzu,u VM'

vi(p —

zxu,u Z/,U'

In the first sum, one has |y — v| > k. Hence

huu,u l/)U“ ‘hﬂ P|,u
|up|
I;%j 1<V|§_k_1 vh(p = éz;flp;é ’ |I;J
p>p

From there and (16), one has, as previously,

ZZ |up| Z |hu p|) !

Z huuu VM

|
1<y <j—k-1"" p—v)!

2.

|ul=3 L=k |p|=¢t ln|= ]
w=p
<Chzr/4j PP p‘ l—i—] om
t=k lp|=¢ Iul =j
p>p
Jj—1 J
<O /T Y ] Y s
=k b=t = J(1+]_£)
u=p

PG AR SR (L4 — O+ + k)™
< CpC(h, f',9)Cy /) jk ;Z AG+E) (14— 0™ 51+ €+ k)™
5} — 2
(1+j+ = L = 0"+ L+ k)
<1

If m is large enough, and r is large accordingly, we obtain

(r/4)(j + k)!
_60 Ch f',)C TA+k+j)mtE

Z hy gy !

| _ |
1<iggohot V= )

2.

|ul=3

23



In the second sum, we have

| Fu—p 12! : 7!

ZZWZ##;HS@C’lf"PCgZ Meulﬂ mZW

St = Iol=t
p=p

(1+j—01
—Om(1+k+)m

k
< ! T k14—
>~ ChC<h’af 7()0)Cgr J k!4 Zz:; (1 +]

Let us prove that, since k < j, one has

ki1
. 4].'k. <9
G+EWT+Ek+1

This is a log-convex function of k; at k = 0 it is equal to 1/4/j + 1. at k = j we use the fact that

i1l
S VAT

475151 < 49(25)! x

as remarked before the proof.
In particular, since /j +k+1 < /(j — £+ 1)(k + £+ 1), one has

By | ! r/4) (5 + k)! (14+5—0%1+j+k)™m 2

> 5 bl T el <acucin gy, VUL 55 IS0 DD,
(=1 |p|=t mw“ ) AR S (A4 0™ (L4 kAt )

uzp

We finally obtain, for m large enough, and r > 22+tm—mo,

Z Z hyuufuﬂ

| _
g [ Ve = v)!

(r/4)‘(j+k)
_30 Ok, £ 9)Cs TA+j+k)m

The control on

azuuu V—‘r’l]“LL‘
Z Z W — v +mn;)!

i=1|u>2 ¥

is very similar; the only notable difference is the combinatorial factor studied in Part 2,

! (J+ )! . J!

Lt 1),
max < = U+ g
w=p—"n;

which brings a supplementary factor j + 1 in all cases. We obtain

Qi Uy —p4n; U ' < h (7"/4) (.7 + k) +1
“;NZWZ;Q (1 —v+m)! _30 Ch £',¢)C, “A+j+k)m ( )
and finally,
1 hvuu ,,,u al ,,uu petaps 1! (r/4) i+ k‘)
o TR C(h,

which concludes the proof.
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4 Construction of quasimodes

Solving the Hamilton-Jacobi equation then controlling successive transport equations allows us to prove the
first part of Theorem A, which is the object of this section.

The strategy of proof is the following: we first exhibit sequences (u;);>0 and (\;);>0 such that the
eigenvalue equation (22) is valid up to O(N~>°), and we control these sequences in analytic spaces. Then
we prove that one can perform an analytic summation in (22).

Before proceeding, we note that, if ¢ is admissible and u(NV) is the summation of an analytic symbol,
both being defined on an open neighbourhood V' of 0, then Ty eN¢u(N )T/J(])V concentrates at 0, in the sense
that there exist C' > 0, ¢ > 0 such that for every open set W C M,

N5 e eulN) g sz < CemeN SHOROD,

and moreover, by Proposition 2.4 and the stationary phase lemma, there exists C' > 0 such that, for every
N € N, there holds

vl

1 _ .4
Ve < Itve™u(N)u ||z < ONE.

In particular, if
1T (F) = AN Ly eNeu(N )Y | oqary < Cee™

then A(IV) will be exponentially close to the spectrum of Txn(f). Thus, through Proposition 4.4 we are
indeed providing quasimodes of T (f) which concentrate on 0.

Proposition 4.1. Let ¢ denote an admissible solution to the Hamilton-Jacobi equations (11), and let 1/1(])\7
denote the sequence of coherent states at 0. There exists W CC V CC U C Uy containing zero, a Sequence
(uk)k>0 of holomorphic functions on U, and a sequence (Ai)k>0 of real numbers, such that for every K >0
there holds

= O(N~37K-2),
L2(W)

K K
H (TN(f> — Z Nkl)\k> ﬂvi/}éveNSO Z Nﬁkuk

k=0 k=0

One has
Ao = min Sp(T7 (Hess(f)(0))).

Proof. Recall that, by Proposition 2.4, there exists an analytic symbol a and constants ¢ > 0,¢ > 0 such
that

cN
Sn(z,y) = NWEN (2,7) Y~ N *ag(a,7) + O(e™N).
k=0
In particular,

cN
) (x) = NN (2,0) 3" N Fay(2,0) + O(e ™).
k=0
Let (ux)ren be a sequence of holomorphic functions on U and let

K
u(N) = Z N~ Fuy,.
k=0
With a(N) = Zz]lo ag, by definition of ®1, one has, uniformly for x € W,

Tn(f) (Tved eV Pu(N)) ()

= 0 )0 [ N o)t SR () 3. 0) 7N 1)y + O ),



We are now able to apply the complex stationary phase Lemma (with analytic phase but, at this stage,
smooth symbol, as in [24]). Let % denote the Cauchy product of symbols, and let b be the analytic symbol
such that

b(x,y,w) = f(y,@)a(m,@) xa* " (z,0) * a(y,0)J (z,y, @),

where J is the Jacobian of the change of variables k; defined in (6). One has

+ON™). (21)

_N"O( )TN(f) (’(ﬂ(])VCN"Du> ZN k Z bk n(x Yy, w ))
' (yw)=(z.ye(z))

Using Proposition 3.4 with
f/ : (i’,y,@) = bO(xava)a

which indeed coincides with f up to O(|z,y,w|?), we will construct by induction a sequence of holomorphic
functions u; and a sequence of real numbers ); such that

TN(f)< éVeN‘pioNkuk>( = Y ()eN¥(@) (ZN i= 1)\) (%N’“uﬁx)) + O(N™). (22)
k=0 k=0

We further require that
1 ifk=0
up(0) = {

0 else.

In the right-hand side of (22), there are no terms of order 0. In the left-hand side, the term of degree 0
is given by the term k& = 0 in (21), so that one needs to solve

~ ap(z,0)
f(:E,yC(l‘))Uo(l‘) ao(y70)

ao(l‘,@)J(l‘,SE,yc(l‘)) = bo(SU, JJ,?C(I))U()(SL‘) =0.

Since f(x,yc(x)) = 0, this equation is always satisfied.
By the stationary phase lemma (21), the order 1 in (22) reads

Aouo (@) = (Ax,bo) (2, 2, Ye() Juo(2) = (Vi bo) (2, 2, Ge(x)) - Vi, uo(2) = 0. (23)

Here, and until the end of this proof as well as that of Proposition 4.2, we (informally) denote

Vi (%) = Vi, [(2, 4, 0) = ur(Y)] (y5)=(2,5. ()

The equation (23) allows us to solve for up with the supplementary condition uy(0) = 1. Indeed, as
Vi,b0(0) =0, at z = 0, the order 1 reads

Ao — (Aﬂzbo)(oa 0, O) =0,

so that we set
Ao = (Ak,00)(0,0,0).

We now prove that Ay coincides with the ground state energy of the associated quadratic operator
Tn(Hess(f)(0)). Indeed, Ao depends only on the Hessian of f and ¢ at zero (which together determine
the Hessian of ¢ at zero as seen in Proposition 3.3, thus they determine the linear part of the change of
variables kg, which in turn determines A, and J at 0). If f and ¢ are quadratic, then the solution ¢ of the
Hamilton-Jacobi equation is also quadratic as constructed in Proposition 3.3, so that ug = 1 satisfies (22)
exactly. Thus, Ao is an eigenvalue of T (Hess(f)(0)) which depends continuously on Hess(f)(0). Moreover,
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if Hess(f)(0) : y — |y|?, then Hess(y) = 0 so that the eigenvector of T (Hess(f)(0)) associated with \g is
the coherent state (in C%) (', which is the ground state of Tiy(|y|?); thus in this case )g is the ground state
energy. Since the set of positive definite quadratic forms in R?¢ is connected, and since there is always a
gap between the ground state energy and the first excited level, then )y is always the ground state energy

of Ty (Hess(f)(0)).
We wish now to find ug such that up(0) = 1. Setting vy = up — 1 yields

Viso 00(2) - (Vi bo) (2, 2, Ge()) = vo(@) [(An,bo) (2, 2, Fe(2)) = (A, b0)(0,0,0)].

We then solve for vy using Proposition 3.4 with f’ = by, which indeed yields vy(0) = 0.
Let us now find the remaining terms of the sequences (ux)r>0 and (Ax)r>0 by induction. For k > 1, the
term of order k + 1 in (22) is given again by the stationary phase lemma (21): at this order, the equation is

Aktio () + Aouk () — (Ak,b0) (2, 7, Fe())u () — (Vi bo) (2, 2, G (7)) - Vi, up ()
k+1k+1—n n

k—1
:—Z)\juk —j —l—Z Z Y)0ki1—n1(w,y,W)) - (24)
j=1

n=2 1=0 (yw)=(zye(x))

In this equation, we have put to the left-hand side all terms involving Ay or uy, and all terms involving A; and
w; with [ < k to the right-hand side. We can apply Proposition 3.4 to solve for ug, A once (u;, A\)o<i<k—1
are known. Indeed, (24) takes the form

(Vo b0) (2,2, 7e(2)) - Vi, up () = g(x) + h(z)ur(z), (25)
with h(z) = Ay, bo(x,z,7,.(x)) — Ao and

k+1 k+1 —-n n

k—1
=2 (@) = Mo + 3 Z
=1 n=2 [=0

By construction of \g, one has h(0) = 0; moreover,

Y)0kt1-—n—i1(z,y,W)) (26)

(y,w)=(z.y.(2))

k+1 k+1—n n

=2 2 @by (0, )

n=2 [=0

— A
(y)ﬁ):(ovo)

Thus, one can solve for A\ by setting gi(0) = 0, then solve for uj using Proposition 3.4: the role of f’ is
played by bg, which does not depend on k. Thus, letting U be as in Proposition 3.4, one can, by induction
on k, define gy as a holomorphic function on U using (26), then uy as a holomorphic function on U using
(25). O

It remains to prove that, because of Proposition 3.4, the coefficients (ux)r>0 and (A\g)g>0 satisfy analytic
growth controls.

Proposition 4.2. Let (ug)r>0 and (Ax)r>o0 be the sequences constructed in the previous proposition. Then
there exist C >0, R >0, r > 0, m € R and an open set V. CC U containing 0 such that, for allk > 0,5 > 0,
one has

il I R¥j1k!
GV =G+ k+m
RFE!
M| <O
el < (k+2)m

Moreover, if j > k, then

4)7RF(j + k)!
fulesry < CUELEULEE

(j+E+1)"
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Proof. The proof proceeds by induction on k and consists in three steps. In the first step, we show that
in equation (24) (that is, in the definition of g;), when expanding A} (u;br41-n—;), no derivatives of u; of
order larger than n appear. This will allow us to apply Lemma 2.5. The second step is the core of the
induction: we suppose some control on all derivatives of u; at zero, for 0 <[ < k — 1, and we apply Lemma
2.5 to deduce that the derivatives of g at zero are well-behaved. We then apply Proposition 3.4 to obtain
a control on the derivatives of u; at zero. In the last step, we deduce, from a control of the derivatives of
ug at zero, a control of the same nature on a small open neighbourhood.

First step.

Let fo be a holomorphic function near 0 in M. Then Txn(fy) is, locally, a multiplication operator, so
that, for all holomorphic w,

e NPT (fo) (Wd eNPu) = i fou + O(e™N).

In this particular case, no derivative of u of order > 1 appear in (21), hence in (24).
We then decompose the real-analytic function f as

F@.9) = £, 7)) + (F0.9) — F(3,7e())) -
In the right-hand side, the second term vanishes when 5 = 3,.(x), so that, with

®: (z,y,W) = @1(2,y,W,0) + ¢(y) — (),

there exists a smooth vector-valued function f; such that

F(y.9) = F(y.9.(2) + 0,8 (x,4.9) - fi(z,y.9)-

Now Sy acts as the identity on holomorphic functions and %, is a holomorphic function of x so that, by
integration by parts:

[ e N Da(N) @, 3) Flw. Tuly)dy
=03 @) T @) + [ EIa(N) @, 7)0,0(,,7) - fr(,p,5) ulydy + O )

— ¢év(a:)f(x,yc(x))u(x) + Nt /e—N‘I’(I’y@a(N)(x,y)ﬁy L1z, y, )uly)] dy + O(e—c’N)'

In particular, in the term of order N~! in (21), there only are derivatives of u of order 0 or 1.
One can in fact perform this decomposition iteratively: with

Oy [f1(@, y, 9)u(y)] = 0y - [z, y,9)uly) + fr(x,y,§)Ouly),

one can write

fi(z,y,9) = filz,y,9.(x)) + 0y ®(z,9,7) - fo0(z,y,7)
Oy f1(z,9,9) = Oy f1(2,y,7c(7)) + 0y®(2,9,7) - fo1(z,9,7),

so that the original integral is equal to
Up () f (2, gel(@) Ju()
+ Nﬁlw(j]v(w) [fl (l’, wvyc(x))au(l.) + 8yf1(x7 x,yc(a?))u(a:)]
+N? / e NI o(N) (2, 7)0y [ fa.0(z, v, 7)Ouly) + fo1 (2, v, T)u(y)]dy

+0(eN).
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By induction, the terms of order N~* in the expansion (21) only contain derivatives of u of order smaller
than k. This means in particular that, in (24), in

AL (g (y)bgy1—n—i(z,y,W))| (y,@)=(z,7,(x)) ’

there only appears derivatives of u; of order less or equal to n.

Second step.

Let us prove by induction that the sequences (ug)r>0 and (A;)r>0 are analytic symbols. We will make
use of the precise controls obtained in Proposition 3.4. Since (by)r>¢ is an analytic symbol and wug is
holomorphic, by Proposition 2.2 there exists a small open neighbourhood W of zero in C%, and a small open
neighbourhood W; of 0 in C3¢, and rg, Ry, mg, Cy, Co > 0 such that

O RE(j + k)!

[ (2, v1,v2) = bi(x, m;l(vl,vz))llm(m) < Cbm

rjj!
U ) <C B A
[uolles wy < GEm

J 1
—1y ToJ-
| ”CJ(WI) < Cﬁi(j )

Here, and the rest of this proof we again denote by x~! the map (z,v1,v2) > (z, k5 ' (v1,v2)).

Let us transform this into a control on b which is more suited to our needs. First, for all j and k, one
has

(470)7 (4Ro)" j'K!
G+k+ ot
Indeed (j + k)! < 27%F51k! and 277% > j + k + 1. In particular,

1k © &~ lci ) < Co

(4r)7 4! - (479)7 4!
(j + 1ymotT = 7P (j 4 1ymo’

1Bo © 5™l wry < Ch
On the other hand, for £ > 1, one has

(4r0)7 (4Ro)*j! (k — 1)!

bk 0 5~ iy < Co

(G+k+1me
since —&— < 1.
J+k+1 —
In particular, for any m > mq, for any r > 27+5~m0r; and R > 2™T2"™0 R, one has

_ (r/8)75!

b P < Cp——~—

H 00K HC](Wl) — b(j+1)m
_ (r/8)/ R¥ji(k — 1)!

b Yl e <C E>1

[br 0 7 iy < Cb G+k+1)m =

32)7 5! 474!

luollcswy < Cow <C (/45

GDm =Gy

¢, (r/16)( ~ 1)

i i>1.

Hflecz'(Wl) <
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In equation (24), let us isolate the terms involving uy. We obtain

Ao () + Aouk () — Ay, bo(z, 2, Yo (@) )ur(T) — Vi, bo(2, 2,7 (7)) - Vi, up ()
k+1 n

—Z

Y)bt1-n(2,y,0))
n! (y,w)=(z,Y(x))
k—1 k+1k+1—n n
S Nup—i@)+ 3 Y Y)bk1-n—1(2, y,0)) - (27)
j=1 n=2 =1 (y,w)=(2.Y.(x))
Let m,r, R, C,, C) be large enough (they will be fixed in the course of the induction), and suppose that, for
all0 <l <k—1andall j >0, one has

ui
(I +2)m
I RL5)

J <Cy——7——. 2

|| < Cy

Suppose further that for j > [ one has the more precise control
(r/4)R'(j +)!
G+1+1)mz

V7w (0)][o < Cu (30)
Our goal is now to prove the three inequalities (28), (29), and (30), in the case | = k.

To begin with, we estimate how the iterated modified Laplace operator A] acts on u; using the fact
that the former differentiates the latter at most n times (Part 1) and Lemma 2.5.

After a change of variables k; : (y, W) — v(z,y,w) = (vi(x,y,w),v2(x,y,w)) for which the phase is the
holomorphic extension of the standard quadratic form —|v|?, one has, by definition,

d 82
E:fﬁﬂiaﬁi7

i=1 )

Ag, = A, =

Hence, denoting the inverse change of variables by (z,v) — (x,y(x,v),w(x,v)), we obtain

nﬁT (wo(y)bkt1-n(z,y,W))
’ (y,w)=(z,y.(x))

n' 2
=> > (2us) Ot (y (2, 0)) om0 02 b1 —nr (2, y (2, v), W(2, ) |o=0-

ll
iy Vi = )

Since at most n derivatives on u; appear in (27) by the first step, in the expression above, the differential
operator

agul(y(xa v, 6))U:O

can be replaced with its truncation into a differential operator of degree less or equal to n, which we denote
by (V%)= (z) as in [10], Lemma 4.6. In particular, for every p € N%,

VEALu(y (v, 0)brg1—n—1(z,y(v,0), (v, 7)) Ju=0 =

12u)!p!
2 2 2 i (2 e L'L)I? SV (VI E () VPV by (9 (2,0, 0), (2, 0, D) )u=o-
lul= nv<zppi<p MY 2p —v)lpal(p — p1)!
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Moreover, if |u| = n then
n!
n
and if v < 2p then, by Lemma 2.4 in [10],

(2)!p! _ <2u> <p> _ <2n><|p\>
VICp—v)lpl(p—p)t \v ) \p1) = \I¥[) \Ip1l)

IV2A% [ (y (0, 9) b 1—n—1 (2, y (0, 0), G (0, )] oa=o

(2d)" Z Z ( )( )lIV“(V“)[<"]WIx olle1br+1-n—1 0 67 |- zn-is (wy)-

21=071=0

Hence,

By the induction hypothesis, one has

‘ rI R
VI, (0 <Cyr———s
H ul( )H(l =~ (] 14+ 1)m

then, by Lemma 2.5, there exists a fixed Cx > 0 such that

V3 (Vi) E w (y (0,9)) o= o=oller

d‘de‘HC ritti Rl (C)" max((n+ j1)!(i1 —n)!, jiliy!) ifip >n (31)
! (1+hn+1+1)m (i1 + j1)! else.
If j1 + min(i1,n) > [, one has the more precise control
IV (VI =y (y (v, 0)) emv=olln
4)iti Rl : i1+ )i — Diy!) if iy >
< e, (T/ ) (G x {@ax((ﬁ +J1'+ N —n)!, (1 +Dli!) ifir>n (32)
(i1 +j1+1+1)"2 (i1 + 1 +1)! else.
In the case [ = 0, the constant C, can be replaced with the smaller constant Cj.
Let us now control \; using equation (24) at z = 0:
k+1 k+1—n AP
/\k— Z Z K bk+1 —n— Z(O Yy, w ))
n=2 1=0 : (y,w)=(0,0)
Then, by the induction hypothesis, (31), and the fact that
: PRI =1+ 1y—)!
Vit (b o k™ V|[p < Gyl :
R e e
we obtain
k+1 Rkky C2 2\
M| < Cy —(2d)"
|k\_CCbz_:(k+2) ( )R< R) x
" (2n)!A(i1,0,n) i (k—n—0W(k+2)™ N (k+1—n)l(k+2)™
= i1!n!k! i)™k +2+n—1—i)™  (h+k—n+2)"(1+2n—1i)"
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with
Ay, jp.m) = Jmax( )l =m)t, i) it i >
(i1 + 50)! else;
in the sum above, we separated the case [ = k + 1 — n, corresponding to the specific control on bo.
For | < k — n, one has
(2n)!l!A(i1, 0, n)(k; —n— l)!
i1!nlk!

Indeed, in this case where j; = 0, one has always n!(iy — n)! < 41! if iy > n, so that A(i1,0,n) = 41! in all

cases. We obtain
(2n)i(k —n - D! _ <2n> nll(k —n —1)!

< 4",

n
k! =4

nlk! n
In the specific case | = k — n + 1, one has similarly

@Cn)l(k+1—n)! < 4nn!(k7 +1—mn)!
n!k! - k!

and the right-hand side is a log-convex function of n. At n = 2 we obtain

—1)!

32 o =65

andatn=Fk+1,
4k+1(k + 1) S 6k+1,

so that one has always
2n)!I(k+1—n)!

n'k! < 6%
Getting back to the control on A\g, we obtain
k+1 k 2.2\" 2n k+l-—n m
RFE! 6C:r (k+2)
e < CLC ——(2d)"R —
il < bz(k Ty ( ) ZO 12% L+ i+ D)k +2+n—1—i)™
Since (k+2)™ < (k+2+n)™, one has
k+1 k 2.2\" 2n k+l1—n m
RE! 6CeT (k+n+2)
M| < CC ——(2d —
el < bnz:;(k+2)m( 'R ( ) “ZO lzg (i +l+ )™ (k+24+n—1—i)™

Then, by Lemma 2.13 in [10], there holds

Rk k+1 12d02 2\ "
[Ar| < Cqu i Z .

If R is large enough (once r,m, Cy, C) are fixed), then one can conclude:

Rkk'

We now pass to the control on u;. We recall that uy solves an equation of the form

X - up = hug + g,

32



with X and h independent on k and

k—1 kt+1k+1-n
gk w = Nug—(z) — Aguo(x) + D Z Y)bkt1-n—i(z,y,W)) :
=1 b S (y;0)=(z,7.(x))

We want to prove '
rIRF(j + 1)!k!

VI g1(0)||pn < €Cly—

(33)
and, if j > k, the more precise control

(r/4)RF(j + k4 1)!

||ngk(0)||€1 <eCy 3 _1
(J+k+2)"2

(34)

in order to apply Proposition 3.4. Here ¢ > 0 must be smaller than m in Proposition 3.4, in order to
conclude the induction and prove the claimed controls on uy.

One has first A
(r/4)7 R¥ j\k!

(G + 1)m(k +2)m
Once C') and € are fixed, one has C\Cy < eC, for C, large enough. In particular, one has, for all j and k,

||)\]€VjU0(O)Hgl < C\Cy

(r/4)7 RFj\k! < i RF 1k

H/\kijQ(O)” 1 < GCu = €Uy 7 s
f G+Dm Rktm TR

and for j > k, ' '
(r/4)7 RFj\k! (r/4) R*(j + k)!
<eC

||/\kijQ(O)”gl < ECu - 1 > u 1
G+ 2 (k+2)m (J+k+2)"2

Moreover, for all j,

it S IRRjIEN Lk — 1) kg4 2)m
rI R j1k! ! ! J
> NV up—i(0) SCACu(.+k+2)m 7l ) (l+2)(m(k—l+ )
= 01 J =1 ~— — J
=(h) =
Hence, by Lemma 2.13 in [10],
k—1 m Pk
. 3 r? RFEl 5!
AV ug_1(0 <cc C —_—
; l U l( ) ” A ( —|—k+2)

Once C') and C,, are fixed, the constant CC)\Cui—: is smaller than eC,, for m large enough (and r, R large
enough accordingly), and we obtain

k—1 i Dk -

; rI R¥jlk!
E AV u_1(0 S eCyr—F""F1-
— IV Uk l()el—e (G+k+2)m

If in addition j > k, then in particular j > k — [ for all 1 <[ < k — 1, so that one has the more precise
control

. DIRFGG 4+ WL 1k — 1+ 5)! E+j4+2)m 2
uk—l(o) < C)\Cu(r/ ) (j mfl) (( k,)|j) W(Lfl ’ ) . : m—
o G+k+2m 2 5 _UTE (+2)" 2 (k—l4+j+ 172
() '



Again, by Lemma 2.13 in [10], we obtain, for m large enough,

> NV u(0)
=1

<e

m—1 i pk 1
<coc, (3) 2 (r/4)R (k‘+jl).
2

o (/AP Rk + )
p 4 (G +k+2)"" 7

( +k+2)""

It remains to estimate

k+1k+1—m n

=Y

n=2 [=0

\ Y)bky1-n—i(z,y,W))

(y7w)=(w7yc(x))] =0

41
Let us first suppose j < k. By (31), and since

) Jipl;
ijl(blofifl)Hp < (r/2) R jp 1!

EYES
one has
k+1k+1—n n
v/ x»—>z Z Y)bks1—n—i(z,y,W))
n=2 (=0 (yw)=(@y.(2)) ] z=0ll

JRE(; + 1)K k+1 22 nEk+l1-n 2n

A 2 ) X XS

n=2 =0 41=0351=0
(2n)']'l'A(Zl,]1,n)(ki —n—1l+ 1)'(277, —11+7— ]1)'
22n—i1+j—j1i1!(2n — 21)'j1'(j — jl)'n'<j + 1)']{)'
y (k+j+2)"
(h+l+hp+1)mk+2+n—1—ir+j—75)™

Let us prove, similarly to the control on g, that

2n)1A(i1, j1,n)(k—n—1+ D!(2n — i1 + 5 — j1)!
22n—i1+j—j1i1!(2n — 21)'j1'<j —]1)'71']6"(] + 1)

< 16".

First of all,

(2n —i1 +j — j1)! < 92n—ir+j—j
(2n —a )G —Jj)! —

so we are left with
<2n)!l!A(i1,j1, n)(k —n—1+ 1)!

lejl'n'k'(j + 1)
Suppose first i1 < n, so that A(i1, j1,n) = (i1 + j1)!. We are left with trying to bound

(2n)0(i1 + j1)l(k —n — 1+ 1)!
il Itk (G + 1)

This is increasing with respect to ¢; and j;, so that this is smaller than

@m0+ DUk —n =1+ D! _ 0o+ )k =0 =1+ 1)!
nlnljlkI (G + 1) = K+ 1)! ‘
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The right-hand side is log-convex with respect to [, and it is equal, at the boundaries I =0 and [ = k+1—n,

v LG 1= )l 4 )]

El(j + 1)!

This is a log-convex function of n, which varies from 2 to k + 1. At n = 2 we obtain 42% < 162 (since
j <k). At n=Fk+ 1, we obtain instead

gRH+1 (/E? f+j14)r‘;')! < ghHlghtld < ghtl
j k!

since j < k. Hence, for all n it is smaller than 16"™.
If now iy > n, and if A(iy, j1,n) = j1!41!, then we must simply bound

)Nk —n—1+1)! < LUk —n—1+1)!
nlk!(j+ 1) - E'(j+1)

With respect to [, the right-hand side reaches a maximum at [ =0 and [ = k — n + 1, yielding

n

nl(k —n+1)!
El(j+1)

This log-convex function of n is equal to 42 ( 0 < at n =2, and at n = k 4+ 1 we obtain

4k+1k +1 < 16/€+1.
j+1 7 ’

thus, again, it is smaller than 16™ in all cases.
To conclude, if iy > n and A(i1, j1,n) = (j1 +n)!(i1 — n)!, then it remains to bound

(@)t = )G+ Ik —n = L+ D @00 = m)! G+ m)lk =0 — 1+ 1)!
This function is increasing with respect to j; and decreasing with respect to i1, so that it is maximal at
i1 =n,j1 = j, where we obtain
)G +n)l(k—n—1+1)! < 4nl!(j +n)l(k—n—1+1)!
n!(j + 1)Inlk! - (j+ D)E!

which we bounded a few lines above. In conclusion,

k+1k+1—m n

x»—>nz:2 ;

\V

bk+1 n— l(x y,w ))

(yvm):($1yc ($))] =0

fl
IRF(j + 1)1k KL (160202\ " R 20 U k+j+2)"
<UD SBIDS S Lk ek
Grk+mim B ) I S Gt k24 n—l—i+j — )"
IRR(G + D)IEN L (1602p2\ " Rln 200 d k4j+n+2)"
c oo B DR SIS Lt ki)
(J+Ek+2)m = R = St a+ )k +24n—l—ii+j— )"
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By Lemma 2.13 in [10], there exists C' > 0 such that, for m large enough, (and r, R large enough accordingly)
one has

k+1k+1—m n

:c»—>z Z

\V

bk—H —n— l(w y,w ))

(y,w)(m,yc(m))] z=0ll¢1

< CCqu

rIRF(j + 1)1k ’il <16q§r2>”
(J+k+2)m = R
Thus, for R large enough (once C,,, Cy, m,r are fixed),

k+1k+1—n n

Ty >

n=2 [=0

rIRF(j + 1)!k!
(G+k+2)m

vJ

<eCy

61

bk+1 —n— l(x Yy, w ))

(y’ﬁ):(zvgc (2))] x=0

This concludes the proof of the control (33).
Suppose now that 7 > k. We start again from

k+1k+1—m n

anz; Z:

\V

Y)bk+1—n—i(z,y, W))

(Zﬁﬁ):(m’gc (:E))] x=0

/1
k+1 k+l—n 2n J (2?2)']" . . X
<2 (@d)" I VE (V) wla=oll o 1bk+1-n—1057" || i=in+20-i1 (-
Z lzg z1z:0j1z:0 i!(2n — i)l (G —g)tnl 700" ’ " IR ™)

We decompose the sum into two parts, corresponding to j; + min(iy,n) < [ and j; + min(iy,n) > I.
In the first part, the control on u; is the same as previously: one has

o PRI Ay, 51,n)
Vi (yi [<n] ol < CuL(Cy i " A ,
H x( n) ul’ 0”— ( ) (21+]1+l+1)m

and /R
_ r/8)7 RLji 11!
b Ylcimivon—i e
1br 0 &7 | gimsnran—isqwy) < Cb (Jr+1+1)m
so that
k+1 k+1 n 2n l—min(i1,n) ( .
2n)15! N .
. VI (VI E Yy ol Dkt —n—108 T | i 2n—is
2; ;% g% .g% il(2n — i)l (G — j)nl " 70" ’ " TR )

< Cu Cb

(r/AYR*(j + k 4 1)1 A2 <2dC2 2>nk+1 n 2n l—min(ii,n)

2\ ) X X X

. _1
(]+k+2)m 2 n=2 =0 11=0 71=0

4t () AGig, g1, n)! (5 — 51 +2n — i)V (k+ 1 —n —1)!
2j—j1+2”_i1n!i1!(2n — i)l =g+ E+1)!

y (G+k+2)m 2
(Gtk+2-—n—l—j—a)"(i1+i+l+1)"
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Let us now prove that

i d @)A1, m) (k= n — 1+ 120 — i+ — 1)

|
——— - < 256"/
22”*“+J*?1n!i1!(2n - Zl)']l'(] — ]1)‘(] +k+ 1)' B \/3

First, as before
(271 — 1 + J— Jl)‘ < 22n—i1+j—j1
(2n —i)l(G —J)! — 7

and we obtain

J1Cn)A(iy, j1,n)(k—n —1+1)!
If i1 < n, then A(i1,j1,n) = (i1 + 71)!, and we obtain

41t

gir+n W+ )k —n — [+ 1)!
i1l + &+ 1)!

This quantity is increasing with respect to ji, so that it is maximal at j; = [ — i1, yielding

)Nk —n—141)!
il —d)n!(j+ k+1)!

Suppose first n > é Then, with respect to i1, this quantity reaches a maximum at ¢y = é, and we obtain

4<g<mﬁﬂMMk—n—l+D!<¥®ﬂmu%—n—l+ﬂl

L\ n (j+k+1)! - (G +k+1)!

< 256".

Suppose next n < é Then, with respect to i1, the maximum of

AR (E —n — 1+ 1)1
(Il —i)nl(j+ k + 1)!

is reached at i, = n, yielding

127\ JH G =0 = L+ ) U — 0 — L 1))
n)(l-n)lG+Ek+1)! — (l=n)(j+E+1)

This decreasing function of k reaches its maximum at k = n+1[—1 (the minimal value for k for n,(, j fixed).
We obtain

i i
4n+l J < 4" ( l > )
(—n)lG+i+n)l = (=) +1+n)

To conclude, the quantity inside parentheses is a decreasing function of n ; at n = 0, we obtain

< 2V/7,

il

4l(j+z)!

since [ < j. Thus, we can bound the original quantity by 4"+%\[j < 256™/7.
If i1 > n and A(i1,j1,n) = i1!71!, it remains to bound

@)k —n —1+1)!

4i1+j1j!
nl(j+k+1)!
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Again, this decreasing function of k is maximal at k =1+ n — 1, yielding

i+ F12n)!! om gy 912! < gntl Fl2n)!! < 16741 ginll! '
nl(j+n+0)! — nl(j+n+0! — m@+n+n (J+n+1)
Now .
o Jinll
(J+n+D!

is a decreasing function of n, and at n = 0 it is equal to

it
l 3
(j+l'_\[

Hence, in this case the original quantity is bounded by 16™/7.
If i1 > n and A(i1,j1,n) = (i1 — n)!(j1 + n)!, we have to bound

J12n) (i — n)!(J1 + n)! (k‘—n—l—l—l)

4i1+J1
il Inl(j + k+1)!

This quantity is decreasing with respect to k, and at the minimal value £k =1+ n — 1 it is equal to

e 312G~ )Gy + )l
il Inl(j +n+0)!

This is now increasing with respect to ji, and at the maximal value j; = [ — n, it is equal to

v BN () g
l—n)nl(G+n+0)! — (=!G +n+)
!
(l=n)(j+1+n)

< 16™4!

We proved above that
! !

I ETE

and we obtain that the original quantity is bounded by 16™/7.
We thus obtain

k+1 k+1 —n 2n l—min(i1,n) (2n)' n
N »

X:Z ZZ(:) Z:o Zo i1!(2n —i1)!511(5 — j1)!n! V2 (V) S ool | 1108 [l gi=ir+2n—ir ()

n 21 Ji
oo TR+ E+1)! ’il 512dC2r? ”’“*i” in: l—miglv”) Vil +k+2)m%
- b . . . B A

u (j+k+2)m*% = R =0 =0 5=0 G+k+2—n—1—7j1 —i)m(iy +j1 +1+1)m

Since v/j < /j + k + 2, one can apply Lemma 2.13 in [10] and obtain, for R large enough,

k+1 k+1 n 2n l—min(i1,n (Qn) . ‘ '

22 ZE% 2:0 Zo i1!(2n — i)l (G — 71)!n! vz (V?)[Sn]u”x:OHél ”bk+1—n—l°ﬁ71ch—jl“"‘il(Wl)

n= 21 Ji

C(N@”Wj+k+n
(G+k+2)™

S €
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If j1 + min(i1,n) > [, then the control on u; takes the form

(r/4)JR'B(iy, j1,1, n)

IV2 (Vi) =yl < (C)" Cl
(1 -l-jl + Zl + l)

with
max((n + j1 +D!(iy —n)!, (j1 +DViy!)  ifip >n

B(i1, j1,l,n) =
(i1, 31, 1,m) {(21 +j1+ ! else.

Together with
_ 8)71 RLjy 1!
by o k1| < —(T/ )

we obtain
k+1 k+1 n 2n (Qn)' .
15! i [<n] B
Z Z Z Z - ; - - . ||V?,31 (v;.;l) - ul|x:0||gl ”bk_;,_l_n—loﬁ ”C’J'*J'1+2n*i1(w )
n=2 =0 41=0 j;=l—min(i1,n) 11!(271 - 7!1)‘.71'(] - ]1)'n' 3

AVRE(j 4+ k4 1)1 52 (2q02p2\ " L 20
SCqu(T/) (J+ t)z( RJ) Z Z Z

(j+k+2)m_§ n=2 1=0 41=0 j;=I—min(i1,n)
(2n)Y4!'B (i1, j1,l,n)(k+1—=n—=DI(j — j1 + 2n — iy)!
22n—iitj=igy1(2n — i) (J — j1)!n!(G + K + 1)!
(j+k+2)mz
(L+jr+ir+ 0" 2@+ k+n+j—1—j—i)™

X

Let us prove that, in this sum, one has always

( ) 'B(Z17]1717n)(k+1_n_l) (]-]1+2"I’L-Z1) 4"
22n=iiti=igy1(2n — i) 11 (J — j1)!In! (G + K + 1)! '

First,

(J —J1+2n —iy)! < g2n—inti—i
(=2 —di)! —

and it remains to bound

If i1 < n, we obtain
)il + 1+ )Nk +1—n—1)!
iljiln!(j+k+1)!
This quantity is increasing with respect to ¢; and ji, so that it is maximal at iy = n and j; = j, where we
obtain

@)+ +Dk+1-n-0t _ () _ .
. - i+k -~ .
nInl(j + k+1)! (innﬁ)

If i1 > n and B(iy, j1,l,n) = i1!(j1 +1)!, we obtain

)G+ Dk +1—n— 1))
Aanl(G+k+1)!

39



This increasing function of j; reaches a maximum at j; = j, where we obtain

@G+ DIk +1—n—Dt () _ .
nl(j +k+1)! (J;ﬁll) -

If 41 > n and B(i1, j1,l,n) = (i1 — n)!(j1 + 1+ n)!, then we obtain

@2n)l3 — )G +l+n)(k+1—n— l)
sl (j 4+ k+1)!

This is an increasing function of j;, as well as a decreasing function of 71, so that it is maximal at ¢; =
n,j1 = j, where we obtain again

@G+t +1-n=—Dt () _ .,
nInl(j +k+1)! (ijﬁi) -

As before, we conclude using Lemma 2.13 in [10]; if m,r, R are large enough, then we obtain

. I VI (V) S wa=oll o1 10k+1—n—1067 " | cs—sn+en—i ()
n= 2 =0 1=0j;=l—min(i1,n) 11!(271—11)!]1!(]—]1)!71! '

o (r/4)R\(j + k + 1)
(J+k+2)"m

This concludes the proof of (34). Now, we can apply Lemma 3.4: there exists C'(bg, ) such that

. rIRF(j + k)
J 1 <

If € is chosen such that € < C(bg, ¢) ™!, one can conclude the induction.

Third step.

We successfully constructed and controlled the sequences (A;)r>0 and (ug)r>o that satisfy (22) at every
order. Let us now prove that uy is controlled on a small neighbourhood of 0.

In the second step, we controlled the functions wuy as follows, at zero:

I RFj1k!

Viug(0)||p < Oy

Since uy, is real-analytic, in a small neighbourhood of zero, it is given by the power series

u() = ¥ O

Since

\Vd uk(O)

V!

<CR%' M<CR%KWW

the power series above converges for y € P(0, (rd)_ ), the polydisk centred at zero with radius (rd)~!
Moreover, for every a < 1, there exists C(a) such that

sup  |ug| < Ca)CyRFE!.
P(0,a(rd)—1)
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In particular, by Proposition 2.14 in [10], for every a < %, there exists C'(a) such that

< FEl.
Huk”H(_d 2 (o, ) < C(a)CuR"k

»Ta srd
In other terms, letting V' = P(0,a(2rd)~!), for every j > 0, one has
RF(Lp)i 1k
. <C c—a -
HukHCJ(V) = (CL) u (]+1)_d
In particular, u is an analytic symbol on V. OJ
We are now in position to perform an analytic summation.
Lemma 4.3. Let f, V, ¢, (ug)k>0, be as in Proposition 4.2. There exists ¢ > 0, ¢cg > 0 and C > 0 such
that, for all 0 < ¢ < cg, for all N € N, with
cN
w(N) =Ly eV > N~ uy,
k=0

one has
(1 = Sn)u(N) | 2y < Ce™ .

Proof. Let R > 0 be as in Proposition 4.2. There exists C,, > 0 such that, for all £ € N,

sup ||ug| < C,R¥E!.
\%4

e

3R’ the sum

In particular, by Proposition 2.2, for all ¢ <

Z N_kuk

k=0

is bounded uniformly with respect to N.

Let now W CC V be such that 0 € W, and let x : M — [0,1] be a smooth function such that
Tw < x <1vy.

Since there exists € > 0 and C > 0 such that, for all x € V, for all N € N,

|Q]Z)(J]V(x)eN4p(m)| < CNde—edist(m,O)QN,
and since 1 — x is supported outside W, then there exists C' > 0 and ¢’ > 0 such that, for all N € N,
(1 = x)u(N)l| z2ar) < Ce™N,

In particular, since Sy is an orthogonal projection,

ISV = X)u(N)]ll L2(ary < Ce™N.

Now

satisfies



because Jy is supported outside W as well.
We conclude using the Hérmander 0 inequality (see for instance [30], Proposition 1.1, or [7], Proposition
2.3.3)
I(1 = Sw)vllzean < N72 [0l 2

Hence
(1 = Sn)xu(N) | r2ary < Ce N,

and we can conclude:
(1= Sn)u(N) | g2y < 1L =X)u(N)1F (M) +[1(1 = Sn)xu(N) | 2ar) + | S8 (1= X)u(N) | 2 (ar) < 3Ce™Y
O

Proposition 4.4. Let f, V, (ug)k>0, (Ak)k>0 be as above. There exists ¢ > 0, ¢ >0 and C > 0 such that,
for every N € N,

cN cN
H (TN( H=-> N_j_l)\j) (nvqpév NPy N_kuk> < Ce N,

§=0 k=0

L2(M)

Proof. Let ¢ > 0 be small enough, so that one can apply Proposition 2.2: ZZJXO N~Fyy, ;ﬁo N‘j_l)\j are
bounded independently on . Let

cN
u(N) = Ly el Z Nk,
k=0

cN )
=Y N\
j=0
Outside of V, our presumed quasimode u (V) is 0, and one has also

TN (f)unl 2y = Oe™N) -

indeed, since ¢ is admissible, outside any open set W CC V such that 0 € W, one has |7,/J(1)V e NV ? < Ce <N
for some ¢’ > 0, and the Szeg6 projector Sy decays away from the diagonal, so that |1,y Sy 1w || < Ce N
as well.

Since Syu(N) = u(N) 4+ O(e=“N) by Lemma 4.3, we now replace Sy fSyu(N) — A(N)u(N) with
Sn fu(N) — A(N)u(N), and estimate the L2 norm of the latter on V. By construction, on V, there holds

[(Snf = AN)) u(N)](x)
cN cN

== > NI (@M N u(2) + T NI R (2)eN P Rk, N) (2),

j=0k=cN—j j+k<cN

where R(j,k, N) is the remainder at order ¢N — k — j in the stationary phase Lemma applied to

NQd)\je*N‘P(x) / e~ N®1(2,9,5,0)+No(y) (% b)(x, 3, 7)dy.
yeM

Since A x u is an analytic symbol by Proposition 2.2, we have, for ¢ > 0 and ¢/ > 0 small enough,

cN cN

—]—7— — /
Z Z N 1= k/\juk SCe CN,
J=0k=cN—j Lo (V)
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so that

cN cN ) ,
Z Z N7V7F N ug () Y (z)elN e < Ce N,
]:0 k‘:CN—] L2(V)

The remainder Rg, k,N) can be estimated using Proposition 3.13 in [10]. Indeed, let » > 0 and R > 0 be
such that v € Sy™(V) and b € Sy (V). By Proposition 2.2, u * b is an analytic symbol of the same class,
so that

[(w b)kllcsvy < CCuCLR M (j + k) < (CCLCy(2R)" K1) (2r) 51,

In particular, (u * b); admits a holomorphic extension to a k-independent complex neighbourhood V of Vv,
with
sup |(u * b)g| < CC,Cy(2R)*E!.
\%

In particular, by Proposition 3.13 in [10], one has, for some ¢; > 0, that the remainder at order ¢; N in the
stationary phase Lemma applied to

N2y e~ Nel@) / NP EBTOENCW) (4 5 b (2,1, 7)dy
yeM

is smaller than CCqu(QR)k(2R)jj!k!e*C/N. In particular,

(im0 w0))
is an analytic symbol in a fixed class, with norm smaller than C(2R)*k!.

fji+k< %CN, we will compare R(j,k, N) to the remainder at order ey N. If j + k > %CN, we will
compare R(j,k, N) to the remainder at order 0.

Without loss of generality, ¢ < ¢;. Then, for all j, k such that j + k < %CN , since the expansion in the

stationary phase
c1N

> (INTTEAR (b)) (ye)
n=cN—j—k

corresponds to an analytic symbol, then by Lemma 2.2 this sum is O(e~¢"); thus if j + k < ¢/2 one has
R(j,k,N) < Ce N,

If %CN < j+ k < cN, then, on one hand

A—jmk | A2y~ Ne() CN®y (2,y,5,0)+No(y) _ 2R\/TF
N7 ITRIN= e 7 e NTHEYY, P (ux*b)g(x,y,y)dy| < C | — (j+k)!

yeM N

is smaller than Ce=¢N if ¢ is small enough; on the other hand, again

(;!AZZ((u* b)kj)(yc))n

is an analytic symbol in a fixed class (with norm smaller than C(2R)*k!), so that, by Proposition 2.2, if ¢
is small enough,

de1ojeky OB 1 2R\I* N

—1=7- n . —c
NS AL e ) < 0 () GRS ce

This concludes the proof. O
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5 Spectral estimates at the bottom of a well

5.1 End of the proof of Theorem A

We now prove part 2 of Theorem A. Suppose that min(f) = 0 and that the minimal set of f consists in a
finite-number of non-degenerate minimal points P, ..., P;. At each of these points P; with 1 < i < j, one
can construct (see Proposition 4.4) a sequence v;(N) of O(e~¢N)-eigenfunctions of Ty (f). From Proposition
4.1, if p denotes the Melin value (see Section 3.3 of [8]), then, for every 1 <i < j one has

Ty (f)oi(N) = N~ u(P)oi(N) + O(N ).

Moreover, from Theorem B in [8], for ¢ > 0 small, the number of eigenvalues of T (f) in the interval
[0, 12112 w(P;) + N~1e] is exactly the number of i’s such that P; minimises p.
<i<j

Hence, any normalised sequence of ground states of Ty (f) is O(Ne=¢N) = O(e~(¢~9N)_close to a linear
combination of those v;(N) whose associated well P; minimises p (as the spectral gap is of order N~ and
the the v;(N)’s are O(e~¢N)-eigenvectors). This concludes the proof.

5.2 Tunnelling

The main physical application of Theorem A is the study of the spectral gap for Toeplitz operators that
enjoy a local symmetry. Let us formulate a simple version of this result.

Proposition 5.1. Suppose that min(f) = 0 and that the minimal set of f consists of two non-degenerate
critical points Py and Py. Suppose further that these wells are symmetrical: there exist neighbourhoods Uy
of Py and Uy of P1, and a w-preserving biholomorphism o : Uy — Uy, such that oo f = f.

Then there exists ¢ > 0 and C' > 0 such that, for every N > 1, the gap between the two first eigenvalues
of T (f) is smaller than Ce=¢N.

Proof. Near Py, one can build a sequence of O(e_C/N )-eigenvectors as in Proposition 4.4, with ¢ > 0; near P;
one can build another sequence of O(e‘C/N )-eigenvectors. Since M and f are equivalent near Py and near
Py, the associated sequences of eigenvalues are identical up to O(e_C,N ), and the approximate eigenvectors
are orthogonal with each other since they have disjoint support, so that there are at least two eigenvalues
in an exponentially small window near the approximate eigenvalue. As above (see Theorem B in [8]), there
are no more than two eigenvalues in the window [min Sp(Tw(f)), min Sp(Ty (f)) +eN 1], for € small; hence
the claim. O

Unfortunately, the actual spectral gap between two symmetrical wells cannot be recovered from Propo-
sition 4.2 or the solution ¢ of the Hamilton-Jacobi equation, apart from the upper bound (4).

Proposition 5.2. Suppose that min(f) = 0 and that the minimal set of f consists of two symmetrical wells.
Let Ao and A1 denote the two first eigenvalues of Tn(f) (with multiplicity), and let

= liminf (-N"'1 — :
@ = fmint (- loghs o)
Then o cannot be bounded from above in terms of the best possible constant ¢’ in Proposition 4.4, and
moreover a is unrelated to the solution ¢ of the Hamilton-Jacobi equation.

Proof. We first let x : [—1,1] — R be an even smooth function; we suppose that y reaches its minimum
only at —1 and 1, with x(—=1) = 0 and x/(—=1) > 0. We consider the function f = x o z on S?, where
z:S? = [~1,1] is the height function. Then f is invariant under a rotation around the vertical axis, so that
Tn(f) is diagonal in the natural spin basis (which consists of the eigenfunctions for T (z)). Since x'(—1) > 0,
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f has two global minima (the North and South pole) and they are elliptic points. Among the spin basis,
the states that minimise the energy are the coherent states at the North and South poles, respectively; they
have the same energy since f is invariant under the symmetry z — —z. In this setting the first eigenvalue
is degenerate, and shared between two states which localise at either of the two non-degenerate wells; one
has oo = 4-00.

Let us give a formal solution to the Hamilton-Jacobi equation. In stereographic coordinates near one
of the poles, the symbol reads g(|r|?) = g(r7) for some g € C*(R,R). The expression g(rs) does not make
sense if rs is not a real number, but taking s = 0 yields g(r x 0) = 0. A formal solution of g(z,dp) = 0 is
thus given by ¢ = 0. This corresponds indeed to the exponential decay of the exact ground states: ¢ =0
means that the ground state decays as fast as the coherent state (they actually coincide).

In the system above, the formal solution of the Hamilton-Jacobi equation yields the correct decay rate.
However, from the point of view of Proposition 4.4, one has ¢ = 0: if x is not real-analytic near 1 we cannot
hope to perform an analytic summation for the sequence \; as in Proposition 4.4. To be more precise, the
ground state is

N+1
77

1—2z(z) N
\Gl@) () avel()
s? 2

so that, if x is not real-analytic near —1, one cannot approximate Ag by an analytic symbol up to O(e_C/N )
for some ¢’ > 0.

We consider now a smooth perturbation of the function x above: let x; : R — [0,1] be a smooth,
non-zero function supported on a compact subset of [0,1). If we replace x with x + x1 in the previous
discussion, we still get a symbol invariant under vertical rotation, so that it is diagonal in the spin basis.
Since (x+x1)oz = xoz where the latter is smallest (near the poles), the two candidates for the ground state
are still the coherent states associated with the North and South pole, for N large enough (all other states
have an energy gap of order at least N~!). The Hamilton-Jacobi equation has the same formal solution.
However, the two candidates for the ground state now have different energies, with an exponentially small
but non-zero gap, of order e=*V. In fact, from

A= Ao =

2N
[t =it (S avoi),

s

one obtains

o= 2log (1 + maX(Supp><1)> .
2
Here, o can be made arbitrarily small by choosing y; with support arbitrarily close to 1. In this case, we
identified a family of Toeplitz operators with symmetrical wells, with identical (formal) admissible solution
of the Hamilton-Jacobi equation, and identically ¢ = 0, but such that one has possibly a = +o0o (if x; = 0)
or « arbitrarily small. O

The counterexample proposed in the proof is not entirely satisfactory, because it is not real-analytic
on the whole manifold. In fact, in the situation of Proposition 5.1, if f is real-analytic everywhere, then
there is a global symmetry o : M — M, whose square is the identity, and such that oo f = f. However,
what Proposition 5.2 illustrates is that even if the solution of the Hamilton-Jacobi equation can be globally
defined (as a section), the fact that one can perform analytic extensions only in a fixed, not necessarily large
neighbourhood of the real set means that large errors may occur.

Another possible obstruction comes from the fact that, contrary to the case of two symmetric wells for
Schrodinger operators [17], the symmetry o : M — M may not be quantizable. For instance, on the unit
torus M = C/Z2, consider f invariant under horizontal translation by %, and having two non-degenerate
wells. Then one cannot quantize o and decompose Hy(M, L) into odd and even sections (for the action of
o) if N is an odd integer. The tunnelling rate a may actually be different in the odd and even case.
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