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The effects of viscosity on the mechanical response of a liquid
bridge are investigated in the case of small amounts of liquid axially
strained between two moving spheres. An experimental setup allows
the measurement of capillary and viscous forces exerted on the
spheres as a function of the spheres separation distance and the
spheres velocity. The experimental results are found to be accurately
described over a large range in spheres velocity and liquid viscosity
by a simple closed-form expression. In addition, the bridge rupture
distance is found to increase like the square root of the separation
velocity. C© 2000 Academic Press
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1. INTRODUCTION

A lot of work has been devoted to the study of small amou
of liquid held captive at contacts between particles (1–3). M
of the work was focused on the equilibrium shapes of st
axisymmetric bridges (4–7) and the determination of forces
erted by menisci on solid surfaces, which is crucial in proble
associated for example with the cohesion of moist soils (8
or liquid-phase sintering (10). Measurements of capillary fo
between two spheres showed that the maximum force ap
to be at a small, but nonzero, separation distance (3, 22,
Recently, the interesting work performed by Simons and
workers for bridges of viscous binder between small sph
(20–30µm) seem to support this phenomenon (27–29). Squ
ing of the liquid inside the gap and associated viscous (dyna
effects arising from the measurement procedure can also b
pected (29). In the present paper, we investigate the effec
viscosity on the axial force response and the rupture dist
of small liquid bridge strained between two moving sphere
perfect wetting conditions and for small Reynolds numbers

Considering the dynamics of such liquid bridges, some w
has been done in diverse fields such as the control of the
mocapillary convection, for example (11), but the determina
of forces exerted by a bridge of highly viscous liquid strain
between two moving spheres has received less attention.
1 To whom correspondence should be addressed. LPMDI, Bˆat. Lavoisier, 5 Bd
Descartes, Champs-sur-Marne, 77454 Marne-la-Vall´ee cedex 2, France. E-mail
pitois@univ-mlv.fr.
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ertheless, viscosity effects can greatly affect the mechanica
sponse of the bridge. In the case of a viscous binder bridg
moving particles (during powder granulation processes, for
ample) dynamic adhesion forces developed by the bridges
be several times higher than their static counterparts (12)
the rupture distance of the bridge can be significantly increa
with the liquid viscosity (13). The viscous impulse required
separate a sphere partially embedded in a layer of binder wa
timated by Matthewson (14) by summing a static meniscus fo
and a rate-dependent viscous term. Enniset al. (15) studied the
influence of viscosity on the strength of an oscillating pen
lar liquid bridge between two spheres. In this pioneer pa
although general good agreement is found between experim
tal and theoretical results, discrepencies appear when the b
volume is small and the gap is large. The aim of this pape
to measure the static and dynamic forces exerted by a bridg
Newtonian liquid with a sufficient precision to allow an accura
comparison of the results with theoretical predictions. Theo
ical considerations are given in the next part of the paper.
experimental setup is presented in the third part and the re
obtained are presented and discussed in part four, befor
conclude.

2. THEORY

2.1. Capillary Adhesion

For small amounts of liquid, gravity effects can be neglect
and the static attractive force due to the meniscus can be
pressed as the sum of the capillary force and the axial com
nent of the surface tension force acting on the spheres of ra
R (9),

FCap= 2πRσ sinφ sin(φ + θ )−1P · πR2 sin2 φ, [1]

whereφ is the half-filling angle,θ is the solid/liquid contact
angle, andσ is the surface tension. The difference in hydrosta
pressure across the interface (1P) is related to the local mea
curvature0 and to the surface tension by the Young–Lapla
equation,

1P = σ · 20, [2]
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FIG. 1. Liquid bridge between two spheres.

where0 can be expressed as a function of the cylindrical
ordinates of the radial profile of the liquid–gas interface (
Fig. 1):

20 = 1

r [1+ (dr/dz)2]1/2
− d2r/dz2

[1+ (dr/dz)2]3/2
. [3]

Equation [2] can be solved analytically in terms of elliptic
tegrals (16). One alternative to exact methods is to consid
circular approximation for the meridian profile of the interfa
This toroı̈dal approximation for the meniscus shape leads t
interface of nonconstant mean curvature, so that the resultin
tractive force is not constant along thezaxis and there are sever
ways of evaluatingFCap. One of them, the “gorge method,” give
total forces within 10% of those obtained by means of an e
numerical technique (17) and leads to the simple closed-
expression,

FGorge= πρ2
21P + 2πρ2σ = πσρ2

[
1+ ρ2

ρ1

]
ρ1 = D/2+ R(1− cosφ)

cos(φ + θ )

ρ2 = Rsinφ − [1− sin(φ + θ )]ρ1


, [4]

whereρ1 andρ2 are respectively the radius of the meridian p
file and the radius at the neck (see Fig. 1). In addition, assum
that RÀ ρ2À ρ1 andD ¿ 2ρ1 cosθ , a simplified expressio
can be derived forFcap (18):

FCap≈ 2πRσ cosθ ·
[
1− D

2ρ1 cosθ

]
. [5]

Assuming now that the liquid bridge is approximately cylindri
(flat profile) and that its volume is given by

V =
∫ b

0
2πr H (r ) dr = πR

2
[H2(b)− D2], [6]

2
whereb is the radius of the wetted area andH (r ) = D + r /R,
an expression is obtained for the force as a function of the br
N TWO MOVING SPHERES 27
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volume and the separation distance:

FCap≈ 2πRσ cosθ ·
1− 1√

1+ 2V
πRD2

. [7]

This expression was earlier proposed by Maugis (19) wi
the framework of rupture mechanics theories. Nevertheless
quantitative comparison of this latter expression with exp
mental or theoretical results has been performed.

Note also that, in the presence of a gravitational field,
pressure variation as a function of height above a reference p
has to be considered in accordance with Pascal’s law. In this
numerical evaluation procedures are required (20–22).

2.2. Viscous Forces

The mechanics of thin liquid films are described by the w
known Reynolds equation, which relates the pressureP gener-
ated in the liquid to the relative displacement of the two so
surfaces (23):

d

dr

[
r H 3(r )

dP(r )

dr

]
= 12ηr

dD

dt
. [8]

Integrating twice Eq. [8], an expression can be derived for
viscous force acting on the spheres (assuming an infinite liqu

Fvis = −3

2
πηR2 1

D

dD

dt
. [9]

In the case of a finite volume of liquid (cylindrical bridge
Matthewson (14) proposed a correction coefficient to Eq.
which becomes

Fvis = −3

2
πηR2

[
1− D

H (b)

]2 1

D

dD

dt
. [10]

Note that this latter expression can be related to the bridge
ume using Eq. [6].

3. EXPERIMENTAL

3.1. Experimental Arrangement

An apparatus was constructed for measuring the resu
vertical forces exerted by a viscous liquid meniscus strai
between two moving spheres. The main part of this appar
is schematically shown in Fig. 2. The meniscus is formed
tween two polished ruby spheres of radiusR= 4 mm (±1µm).
The upper one is bolted under the platten of a counter-reac
scale (Sartorius MDRA200), which allows measurement of
vertical force applied to the sphere without displacement o
Forces can be measured in the range−1/5 N with a precision of
idge
10µN. The other sphere is bolted to a metallic rod guided along
the vertical axis by two planar springs. The rod can be moved up
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FIG. 2. Experimental liquid bridge apparatus.

and down by means of a motor-driven differential microme
screw allowing the increase or decrease of the spheres se
tion distance at a constant velocity. The separation distance
be adjusted in the range 0–1 mm and the displacement ve
ties can be varied from 0.01 to 15µm/s. A displacement senso
tracks the position of the rod with a precision of about1

4 µm.
The element described above stands in a large thermos

cell (generallyT = 22± 0.2◦C). A small thermostated chamb
can be used to maintain locally the spheres at a temper
significantly different from the ambient temperature. A lens a
a camera (connected to a computer) allow us to save imag
the contact region.

3.2. Materials

Bridge materials and related properties (25◦C) are presented
in Table 1. The angles of contact of oils with the ruby sphe
were found to be in the range 0◦–10◦. The value ofθ will be
taken equal to 10◦ in every theoretical evaluation.

3.3. Experimental Procedure

First, we measure the position for which contact betw
spheres is detected (nonzero force detected). This refer
position allows us to pull the spheres apart with a known s
aration distance (D). An amount of liquid is then inserted int

TABLE 1
Properties of the Liquids Used during the Experiments

Liquids Surface tension (mN/m) Viscosity (mPa

1 (PDMS Oil) 21 0.1
2 (PDMS Oil) 21 100

3 (Brookfield Oil) 19.5 400
NT, AND CHATEAU
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the contact region with a syringe. Images of the contact re
before and after the formation of the meniscus and some im
processing allow the determination of the bridge volume wi
precision of about 5%. Several accomodation cycles of sph
approach and separation are generally performed before sta
the measurements to obtain a perfect axisymmetric bridge.

4. RESULTS AND DISCUSSION

4.1. Capillary Regime: Fcap À Fvis

Measurements have been performed with liquid 1 during
increase ofD at a low rate:v = 0.01µm/s. The results for the
attractive capillary force are presented in Figs. 3a and 3b for
bridge volumes:V ≈ 0.05 andV ≈ 1.5µl. The values given by
expressions Eq. [4] and Eq. [7] as well as curves correspondi

FIG. 3. Comparison of experimental results with theoretical values for

attractive capillary force exerted by a liquid bridge (liquid 1) between two spheres
(a) Bridge of volumeV = 0.05µl. (b) V = 1.5µl.
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LIQUID BRIDGE BETWEE

an exact numerical resolution taking gravity effects into acco
(see Ref. 22 for more details about the numerical procedure
also plotted.

It can be seen in Fig. 3 that, in contrast to the results
ported by several authors (3, 22, 24, 28, 29), the maximum
force is reached forD = 0 (F ≈ 0.5 mN), and then the forc
decreases as the separation distance increases, until the
breaks. The present results are in good accordance with
retical predictions, although small discrepancies with nume
evaluation stem from the imprecision on volume measurem
The curves are calculated for the volume measured and n
tempt to fit this parameter has been done. It can be seen th
the smallest liquid volume all prediction methods give val
very close to the experimental one. From a practical poin
view, note the interest of using Eq. [7] in evaluating the ca
lary force exerted by small amounts of liquid with low cont
angles. In contrast to the two other methods, some discrepa
are observed for the largest liquid volume, especially at s
separation distances.

Note also the good accuracy of the numerical method in
dicting the bridge rupture distance. The end of the black l
indicates that no equilibrium configuration does exist for hig
separation distances (7).

4.2. Viscous Regime: Fcap¿ Fvis

The repulsive force exerted by a highly viscous liquid brid
(liquid 3) has been measured during the spheres approach.
present situation, viscous effects are about 106 times higher than
those in the previous case. Some results are presented in
for a bridge volumeV = 2.2µl and for several approach velo
ities. The values obtained with Eq. [10] for the correspond
spheres velocities are also plotted, takingη = 410 Pa s. Good

FIG. 4. Comparison of experimental results with theoretical values for

repulsive viscous force exerted by a liquid bridge (liquid 3,V = 2.2µl) between
two spheres and for several sphere velocities.
N TWO MOVING SPHERES 29
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FIG. 5. Dynamic attractive force exerted by a liquid bridge (liquid 2,V =
1.1 µl) measured between two spheres separating at a constant velocityv =
5 µm/s). Measurements corresponding to the static capillary force are
presented.

accordance is observed between theoretical and experim
values, accounting for the validity of Eq. [10] and the lubri
tion assumptions. Note that, in this experiment, whatever
separation distance and the spheres velocity, the order of m
tude of the Reynolds number isRe≈ wb2v/ηD ¿ 1 wherew
is the volumic mass of the liquid. Note also that for the smal
values ofD/R the influence of the interface becomes very we
so that values given by Eqs. [9] and [10] are very close (stra
lines are observed).

4.3. Intermediate Regime: Fcap≈ Fvis

Results for the attractive force measured during the incr
of the separation distance are presented in Fig. 5 in the ca
a sphere velocityv = 5 µm/s and a volumeV = 1.1 mm3 of
liquid 2. The values corresponding to the static capillary fo
(determined forv = 0.01µm/s) and to expression Eq. [10] a
also presented. It can be seen that the viscous forces dom
for the smallest values ofD whereas interactions are dominat
by capillary forces for the highest separation distances. No
particular that the maximum dynamic attractive force meas
is about 3 times higher than the corresponding static one.

A more interesting situation is presented in Fig. 6: the forc
measured during the spheres approach, forv = 10µm/s. In this
case, it is observed that the force is attractive for large sep
tion distances (capillary regime) and repulsive for the sma
one (viscous regime). For intermediate values ofD, a transi-
tional regime is observed. Note in particular the presence
maximum (Fmax) for the attractive force.

Following the approach proposed by Enniset al., the to-
tal force is now evaluated by summing a static capillary te

(Eq. [4]) and a lubrication term (Eq. [9]). It can be seen in Figs. 5
and 6 that this expression does not lead to values compatible with
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FIG. 6. Dynamic force exerted by a liquid bridge (liquid 2,V = 1.1 µl)
measured between two spheres approaching at a constant velocityv =
10µm/s).

the present experimental results. In particular (in Fig. 6), a rep
sive force is predicted for all separation distances. We prop
to sum Eq. [7] and Eq. [10], leading to the simple closed-fo
expression:

Ftot= FCap+ Fvis= 2πRσ cosθ · XV + 3

2
πηR2 1

D

dD

dt
· X2

V

with XV = 1−
[
1+ 2V

πRD2

]−1/2

.


[11]

Equation [11] is analogous to the one proposed by Matthew
(14), but in the present case,Ftot is directly expressed as a func
tion of the bridge volume and the separation distance. Note
the correction factor (X2

V) introduced in Eq. [11] significantly
reduces the viscous contribution in the case of small liquid v
umes and large gap. TakingD∗ = 0.023, for example,X2

V equals
0.1, 0.5, and 0.8 forV∗ = 0.001, 0.01, and 0.1, respectively. Th
values obtained with Eq. [11] are plotted in Figs. 5 and 6. Go
accordance is observed with experimental results, in particu
in the case of approaching spheres, where the transitional re
is accurately described. Experimental and predicted values
Fmaxare plotted in Fig. 7 as a function ofv. It can be seen that the
maximal attractive force measured during the spheres appr
is well described by Eq. [11]. During experiments, it was o
served that the interface profile could be significantly differe
from the corresponding equilibrium static one. Nevertheless,
particular behavior occurs as the separation distance is sma
that the capillary contribution is generally low with regard to t
viscous one.
Another interesting effect of the liquid viscosity on the bridg
behavior concerns the bridge rupture distance. Beyond a crit
NT, AND CHATEAU
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separation distance (DS
rupt), the amount of liquid cannot bridge

the two spheres anymore, so that it breaks into two parts. It h
been shown (17) that this rupture distance is related to the brid
volume and the contract angle by the approximate relation

DS
rupt ≈

[
1+ θ

2

]
· V1/3. [12]

In the presence of viscosity effects, the bridge rupture does
occur instantaneously during the spheres separation proces
that the dynamic bridge rupture distance (Dd

rupt) can be signifi-
cantly larger than the corresponding static one. This was qu
tatively observed during experiments on liquid bridges betwe
two spheres (13) and quantitatively in the particular case of sle
der liquid bridges (of moderate viscosity) stretched between t
disks moved apart at a relatively high speed (26) (in this ca
the triple line is fixed on the disks perimeter).

Measurements ofDd
rupt in the case of small amounts of highly

viscous liquid (liquid 2) stretched between two spheres pull
apart at constant velocities have been performed. The volu
of liquid was chosen small enough (V = 0.5 µl) for the cor-
responding rupture distance to be smaller than the maxim
separation gap (1 mm) for all separation velocities. The evo
tion of the liquid bridge rupture distance, expressed by

1Drupt =
Dd

rupt− DS
rupt

DS
rupt

, [13]

is plotted in Fig. 8 as a function ofv.
The results clearly indicate that the rupture distance increa

as the sphere velocity increases: forv = 10µm/s,Dd
rupt is 20%

larger than the correspondingDS
rupt. A power law exponent can

FIG. 7. Maximum attractive force (bridge of liquid 2,V = 1.1µl) measured

icalduring spheres approach as a function of the sphere velocity.
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FIG. 8. Increase of the bridge rupture distance (liquid 2,V = 0.5 µl) as
a function of the sphere velocity. The bridge rupture is illustrated by the
age presented in the insert (the bright point in the liquid filament is an op
artefact).

be identified over 2 decades of the velocity:

1Drupt ∝ v1/2. [14]

This power law seems to be hardly predictable through s
ple theoretical considerations. In fact, the rupture mechanis
associated with a complex interface deformation process.
image presented in Fig. 8 clearly shows that the bridge rup
proceeds in the formation of a thin liquid filament linking th
two volumes of liquid resting on the spheres. Note also the h
value of the apparent dynamic solid/liquid contact angle and
particular conical shape of the liquid remaining on each sph

5. CONCLUSION

The total axial force exerted by a liquid bridge strained b
tween two spheres has been measured with sufficient resol
to allow an accurate comparison of the results with theor
cal predictions. In the quasi-static regime, capillary forces h
been measured and the results have been found to be in
accordance with the values given by a numerical procedure
by approximate expressions. In contrast to several published
perimental results, the maximum of force has been found f
zero separation distance. Besides, in the case of small amo
of liquid (V∗< 0.01), experimental values were well describ
by a simple expression (Eq. [7]). In the case of additional v
cous effects, a rate-dependent term has to be taken into ac
for evaluating the total force. The expression proposed by E
et al. had been found to fail in predicting the total force wh

capillary and lubrication forces are of the same order of mag
tude. We proposed a modified analytical expression (Eq. [11
TWO MOVING SPHERES 31
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directly related to the bridge volume. Good accordance of
experimental results with Eq. [11] has been observed over a
range of liquid viscosity and sphere velocity. The bridge rupt
distance was also measured. It has been shown that visco
fects contribute to the increase in the rupture distance, w
was found to vary like the square root of the separation velo
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