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Abstract

Stochastic approximation methods play a central role in maximum likelihood estimation
problems involving intractable likelihood functions, such as marginal likelihoods arising in
problems with missing or incomplete data, and in parametric empirical Bayesian estimation.
Combined with Markov chain Monte Carlo algorithms, these stochastic optimisation methods
have been successfully applied to a wide range of problems in science and industry. However,
this strategy scales poorly to large problems because of methodological and theoretical difficul-
ties related to using high-dimensional Markov chain Monte Carlo algorithms within a stochastic
approximation scheme. This paper proposes to address these difficulties by using unadjusted
Langevin algorithms to construct the stochastic approximation. This leads to a highly efficient
stochastic optimisation methodology with favourable convergence properties that can be quan-
tified explicitly and easily checked. The proposed methodology is demonstrated with three
experiments, including a challenging application to high-dimensional statistical audio analysis
and a sparse Bayesian logistic regression with random effects problem.

1 Introduction

Maximum likelihood estimation (MLE) is central to modern statistical science. It is a cornerstone
of frequentist inference [7], and also plays a fundamental role in parametric empirical Bayesian
inference [11, 13]. For simple statistical models, MLE can be performed analytically and exactly.
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However, for most models, it requires using numerical computation methods, particularly optimisa-
tion schemes that iteratively seek to maximise the likelihood function and deliver an approximate
solution. Following decades of active research in computational statistics and optimisation, there
are now several computationally efficient methods to perform MLE in a wide range of classes of
models [32, §].

In this paper we consider MLE in models involving incomplete or “missing” data, such as hid-
den, latent or unobserved variables, and focus on Expectation Maximisation (EM) optimisation
methods [18], which are the predominant strategy in this setting . While the original EM optimi-
sation methodology involved deterministic steps, modern EM methods are mainly stochastic [49].
In particular, they typically rely on a Robbins-Monro stochastic approximation (SA) scheme that
uses a Monte Carlo stochastic simulation algorithm to approximate the gradients that drive the
optimisation procedure [48, 17, 37, 30]. In many cases, SA methods use Markov chain Monte Carlo
(MCMC) algorithms, leading to a powerful general methodology which is simple to implement, has
a detailed convergence theory [2], and can address a wide range of moderately low-dimensional
models. Alternatively, some stochastic EM schemes use a Gibbs sampling algorithm [12], however
this requires running several fully converged MCMC chains and can be significantly more compu-
tationally expensive as a result.

The expectations and demands on SA methods constantly rise as we seek to address larger
problems and provide stronger theoretical guarantees on the solutions delivered. Unfortunately,
existing SA methodology and theory do not scale well to large problems. The reasons are twofold.
First, the family of MCMC kernels driving the SA scheme needs to satisfy uniform geometric er-
godicity conditions that are usually difficult to verify for high-dimensional MCMC kernels. Second,
the existing theory requires using asymptotically exact MCMC methods. In practice, these are
usually high-dimensional Metropolis-Hastings methods such as the Metropolis-adjusted Langevin
algorithm [51] or Hamiltonian Monte Carlo [33, 22], which are difficult to calibrate within the SA
scheme to achieve a prescribed acceptance rate. For these reasons, practitioners rarely use SA
schemes in high-dimensional settings.

In this paper, we propose to address these limitations by using inexact MCMC methods to
drive the SA scheme, particularly unadjusted Langenvin algorithms, which have easily verifiable
geometric ergodicity conditions, and are easy to calibrate [21, 15]. This will allow us to design a
high-dimensional stochastic optimisation scheme with favourable convergence properties that can
be quantified explicitly and easily checked.

Our contributions are structured as follows: Section 2 formalises the class of MLE problems con-
sidered and presents the proposed stochastic optimisation method, which is based on a SA approach
driven by an unadjusted Langevin algorithm. Section 3 presents three numerical experiments that
demonstrate the proposed methodology in a variety of scenarios. Detailed theoretical convergence
results for the method are reported in Section 4, which also describes a generalisation of the pro-
posed methodology and theory to other inexact Markov kernels. The online supplementary material
includes additional theoretical results and some details on computational aspects.

2 The stochastic optimisation via unadjusted Langevin method

The proposed Stochastic Optimisation via Unadjusted Langevin (SOUL) method is useful for solv-
ing maximum likelihood estimation problems involving intractable likelihood functions. The method
is a SA iterative scheme that is driven by an unadjusted Langevin MCMC algorithm. Langevin algo-
rithms are very efficient in high dimensions and lead to an SA scheme that inherits their favourable



convergence properties.

2.1 Maximum marginal likelihood estimation

Let © be a convex closed set in R%. The proposed optimisation method is well-suited for solving
maximum likelihood estimation problems of the form

0* € argmax logp(yld) — g(8), (1)
=e)

where the parameter of interest € is related to the observed data y € Y by a likelihood function
p(y, z|0) involving an unknown quantity x € R%, which is removed from the model by marginalisa-
tion. More precisely, we consider problems where the resulting marginal likelihood

i) = [ p(walo)d,

is computationally intractable, and focus on models where the dimension of z is large, making the
computation of (1) even more difficult. For completeness, we allow the use of a penalty function
g:0 — R, orset g =0 to recover the standard maximum likelihood estimator.

As mentioned previously, the maximum marginal likelihood estimation problem (1) arises in
problems involving latent or hidden variables [18]. It is also central to parametric empirical
Bayes approaches that base their inferences on the pseudo-posterior distribution p(z|y,6*) =
(Y, z|6%)/p(y|0*) [11]. Moreover, the same optimisation problem also arises in hierarchical Bayesian
maximum-a-posteriori estimation of 6 given y, with marginal posterior p(6|y) « p(y|0)p(8) where
p(6) denotes the prior for 6; in that case g(6) = —logp(0) [7].

Finally, in this paper we assume that logp(y,z|@) is continuously differentiable with respect
to x and @, and that g is also continuously differentiable with respect to 6. A generalisation of the
proposed methodology to non-smooth models is presented in a forthcoming paper [53] that focuses
on non-smooth statistical imaging models.

2.2 Stochastic approximation methods

The scheme we propose to solve the optimisation problem (1) is derived in the SA framework [17],
which we recall below.

Starting from any 6y € ©, SA schemes seek to solve (1) iteratively by computing a sequence
(0 )nen associated with the recursion

97l+1 = H@ [en + 5n+1(A0n - Vg(‘%)ﬂ ) (2)

where Ay is some estimator of the intractable gradient 6 — Vylogp(y|d) at 6,, Ile denotes
the projection onto O, and (dp,)nen € (Ri)N* is a sequence of stepsizes. From an optimisation
viewpoint, iteration (2) is a stochastic generalisation of the projected gradient ascent iteration [8]
for models with intractable gradients. For n € N, Monte Carlo estimators Ay, for Vglogp(y|0) at
0,, are derived from the identity

VQp(x7y|0)

Vi lo 0) =

p(zly,0)dz

=/ Ve log p(z, y|0)p(x|y, 0)dx
R(



which suggests to consider

R
AOW, = mi Zvﬂ Ing(ngyWn) ) (3)
" k=1

where (my)nen € (N*)" is a sequence of batch sizes and (X7 )keqt,...,m,} is either an exact Monte
Carlo sample from p(z|y, 0,,) = p(x, y|0,)/p(y|0r), or a sample generated by using a Markov Chain
targeting this distribution.

Given a sequence (6,,)N_; generated by using (2), an approximate solution of (1) can then be
obtained by calculating, for example, the average of the iterates, i.e.,

()[4

This estimate converges almost surely to a solution of (1) as N — oo provided that some condi-
tions on p(y|0), g, p(z|y,0), (0n)nen, and Ay, are fulfilled. Indeed, following three decades of active
research efforts in computational statistics and applied probability, we now have a good under-
standing of how to construct efficient SA schemes, and the conditions under which these schemes
converge (see for example [6, 29, 20, 1, 44, 2]).

SA schemes are successfully applied to maximum marginal likelihood estimation problems where
the latent variable x has a low or moderately low dimension. However, they are seldomly used them
when z is high-dimensional because this usually requires using high-dimensional MCMC samplers
that, unless carefully calibrated, exhibit poor convergence properties. Unfortunately, calibrating
the samplers within a SA scheme is challenging because the target density p(x|y, 6,,) changes at each
iteration. As a result, it is, for example, difficult to use Metropolis-Hastings algorithms that need
to achieve a prescribed acceptance probability range. Additionally, the conditions for convergence
of MCMC SA schemes are often difficult to verify for high-dimensional samplers. For these reasons,
practitioners rarely use SA schemes in high-dimensional settings.

As mentioned previously, we propose to address these difficulties by using modern inexact
Langevin MCMC samplers to drive (3). These samplers have received a lot of attention in the late
because they can exhibit excellent large-scale convergence properties and significantly outperform
their Metropolised counterparts (see [23] for an extensive comparison in the context of Bayesian
imaging models). Stimulated by developments in high-dimensional statistics and machine learning,
we now have detailed theory for these algorithms, including explicit and easily verifiable geometric
ergodicity conditions [21, 15, 26, 16]. This will allow us to design a stochastic optimisation scheme
with favourable convergence properties that can be quantified explicitly and easily checked.

2.3 Langevin Markov chain Monte Carlo methods

Langevin MCMC schemes to sample from p(x|y, ) are based on stochastic continuous dynamics
(X f )i>0 for which the target distribution p(x|y, ) is invariant. Two fundamental examples are the
Langevin dynamics solution of the following Stochastic Differential Equation (SDE)

dX{ = =V, logp(X{|y,0)dt + vV2dB; (5)
or the kinetic Langevin dynamics solution of

ax’=v?, Av? = —V, log p(X %y, 0)dt — VVdt + v2dB, ,



where (By)i>0 is a standard d-dimensional Brownian motion. Under mild assumptions on p(x|y, 6),
these two SDEs admit strong solutions for which p(z|y, ) and p(z, v|y, ) = p(z|y, 8) exp(— ||v]|* /2)/(27)
are the invariant probability measures. In addition, there are detailed explicit convergence results
for (X%);>0 to p(x|y,0), and for (X? V'?)5¢ to p(z,v|y,d), under different metrics [25, 24].

However, sampling path solutions for these continuous-time dynamics is not feasible in gen-
eral. Therefore discretizations have to be used instead. In this paper, we mainly focus on the

Euler-Maruyama discrete-time approximation of (5), known as the Unadjusted Langevin Algorithm
(ULA) [51], given by

dj2

Xir1 = X — YV logp(Xely, 0) + /27 Zk41 (6)

where v > 0 is the discretization time step and (Zy)ren- is a i.i.d. sequence of d-dimensional zero-
mean Gaussian random variables with covariance matrix identity. We will use this Markov kernel
to drive our SA schemes.

Observe that (6) does not exactly target p(z|y, 8) because of the bias introduced by the discrete-
time approximation. Computational statistical methods have traditionally addressed this issue by
complementing (6) with a Metropolis-Hastings correction step to asymptotically remove the bias
[61]. This correction usually deteriorates the convergence properties of the chain and may lead
to poor non-asymptotic estimation results, particularly in very high-dimensional settings (see for
example [23]). However, until recently it was considered that using (6) without a correction step
was too risky. Fortunately, recent works have established detailed theoretical guarantees for (6)
that do not require using any correction [15, 21]. A main contribution of this work is to extend
these guarantees to SA schemes that are driven by these highly efficient but inexact samplers.

2.4 The SOUL algorithm

We are now ready to present the proposed Stochastic Optimization via Unadjusted Langevin
(SOUL) methodology. Let (6,)nen- € (R%)N and (my)nen € (N*)" be the sequences of step-
sizes and batch sizes defining the SA scheme (2)-(3). For any 6 € © and v > 0, denote by R+ ¢ the
Langevin Markov kernel (6) to approximately sample from p(z|y, ), and by (v, )nen € (R%)N be
the sequence of discrete time steps used.

Formally, starting from some X§ € R? and 6y € ©, for n € N and k € {0,...,m, — 1},
we recursively define ({X7' : k € {0,...,mp}},0n)nen on a probability space (9, F,P), where
(X7 )kego,....mn} is a Markov chain with Markov kernel R, 4, , X§ = X};;}l given F, _1, and

5n+1 Mn
01 =o |6, — Ao (X,
+1=1He . kZ:l 0, (X7)

where we recall that Ilg is the projection onto ©, and for all n € N

Fn=o0 (90, {(Xﬁ)ke{o,...,m[} e {0, . ,n}}) s F_1= 0'(90) (7)

Note that such a construction is always possible by Kolmogorov extension theorem [34, Theorem
5.16], hence for any n € N, 0,11 is F,-measurable. Then, as mentioned previously, we compute a
sequence of approximate solutions of (1) by calculating, for example,

[l (£



The pseudocode associated with the proposed SOUL method is presented in Algorithm 1 below.
Observe that, for additional efficiency, instead of generating independent Markov chains at each SA
iteration, we warm-start the chains by setting X = XT’};L, for any n € {1,...,N}.

Algorithm 1 The Stochastic Optimization via Unadjusted Langevin (SOUL) method
1: Inputs:
00 € @7 X(()) € Rd? (’Yn)nENa (5n)n€Na (mn)n€N7 N
2: forne{l,...,N -1} do
3 if n > 1 then
1 X=X,
5: end if
6: for k € {0,...,m, — 1} do
7
8
9

Zpq ~ N(0,1q)
: end for
10: Aen = an ZL:TI] V@ Ing(Xl?, y‘en)
11: 0n+1 = H@ [0n + 5n+1(A9n - VQ(GH))]
12: end for
13: Outputs:

on = {21000} {20,

To conclude, Section 3 below demonstrates the proposed methodology with three numerical ex-
periments related to high-dimensional logistic regression and statistical audio analysis with sparsity
promoting priors. A detailed theoretical analysis of the proposed SOUL method is reported in
Section 4. More precisely, we establish that if the cost function f(0) = g(0) —log p(y|0) defining (1)
is convex, and if (v, )nen and (0,)nen go to 0 sufficiently fast, then E[f(éN)] converges to ming f
and quantify the rate of convergence. Moreover, in the case where (7, )nen is held fixed, i.e. for all
n € N, ~,, = =, we show convergence to a neighbourhood of the solution, in the sense that there
exist explicit C, > 0 such that limsupy_,, E[f(0x)] — ming f < Cy®. Finally, we also study
the important case where f is not convex. In that case, we use the results of [37] to establish that
(07)nen converges almost surely to a stationary point of the projected ordinary differential equation
associated with V f and ©. We postpone this result to Appendix B in the supplementary document
because it is highly technical.

3 Numerical results

We now demonstrate the proposed methodology with three experiments that we have chosen to
illustrate a variety of scenarios. Section 3.1 presents an application to empirical Bayesian logistic
regression, where (1) can be analytically shown to be a convex optimisation problem with an
unique solution 6*, and where we benchmark our MLE estimate against the solution obtained
by calculating the marginal likelihood p(y|6) over a 6-grid by using an harmonic mean estimator.
Furthermore, Section 3.2 presents a challenging application related to statistical audio compressive
sensing analysis, where we use SOUL to estimate a regularisation parameter that controls the
degree of sparsity enforced, and where a main difficulty is the high-dimensionality of the latent
space (d = 2,900). Finally, Section 3.3 presents an application to a high-dimensional empirical



Bayesian logistic regression with random effects for which the optimisation problem (1) is not
convex. All experiments were carried out on an Intel 19-8950HK@2.90GHz workstation running
Matlab R2018a.

3.1 Bayesian Logistic Regression

In this first experiment we illustrate the proposed methodology with an empirical Bayesian logistic
regression problem [55, 45]. We observe a set of covariates {v; ?il € R?, and binary responses
{yi}?il € {0, 1}, which we assume to be conditionally independent realisations of a logistic regres-
sion model: for any i € {1,...,d,}, y; given 8 and v; has distribution Ber(s(v}3)), where 3 € R?
is the regression coefficient, Ber(a) denotes the Bernoulli distribution with parameter o € [0, 1]
and s(u) = e*/(1+e¥) is the cumulative distribution function of the standard logistic distribution.
The prior for 3 is set to be N(014,0%1;), the d-dimensional Gaussian distribution with mean 1,4
and covariance matrix o2 I;, where @ is the parameter we seek to estimate, 14 = (1,...,1) € R4,
02 =5 and I is the d-dimensional identity matrix. Following an empirical Bayesian approach, the
parameter 6 is computed by maximum marginal likelihood estimation using Algorithm 1 with the
marginal likelihood p(y|#) given by

_lIs—e14]?

dy
1) = (2mo®) 2 [ S T[stol (1= sag) pe s )

Lemma 7 in Appendix A of the supplementary document shows that (9) is log-concave with respect
to 6. We use the proposed SOUL methodology to estimate 8* for the Wisconsin Diagnostic Breast
Cancer dataset', for which d,, = 683 and d = 10, and where we suitably normalise the covariates.
In order to assess the quality of our estimation results, we also calculate p(y|f) over a grid of values
for 6 by using a truncated harmonic mean estimator.

To implement Algorithm 1 we derive the log-likelihood function

dy
logp(y|5,0) = > {yiol 8 — log(1 + eI},

i=1

and obtain the following expressions for the gradients used in the MCMC steps (6) and SA steps
(2) respectively

dy
Vi logp(Bly,0) =Y {yivi — s(v] B)vi} —
=1

Vop(B,yl0) = (14, 8 — 014) /0® .

For the MCMC steps, we use a fixed stepsize 7, = 8.34 x 107°, and batch size m,, = 1, for any
n € N. On the other hand, we consider for the SA steps, the sequence of stepsizes 6, = 60/n"8,
© = [-100,100] and 6y = 0. Finally, we first run 100 burn-in iterations with fixed 6,, = 6y to
warm-up the Markov chain, followed by 50 iterations of Algorithm 1 to warm-up the iterates. This
procedure is then followed by N = 10° iterations of Algorithm 1 to compute 0.

(B—01q)

o2 ’

I Available online: https://archive.ics.uci.edu/ml/datasets/Breast+Cancer+Wisconsin+
(Diagnostic)
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Figure 1: Bayesian logistic regression - Evolution of the iterates 0, and 6, for the proposed method during
(a) burn-in phase and (b) convergence phase. An estimate of 8%, the true maximiser of p(y|), is plotted as

a reference.

Figure 1(a) shows the evolution of the iterates 6,, during the first 100 iterations. Observe that
the sequence initially oscillates, and then stabilises close to 6* after approximately 50 iterations.
Figure 1(b) presents the iterates 6, for n = 10°,...,10°. For completeness, Figure 2 shows the
histograms corresponding to the marginal posteriors p(8;ly, v, QAN)7 for j = 1,...,10, obtained as
a by-product of Algorithm 1. In order to verify that the obtained estimate Oy is close to the
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Figure 2: Bayesian logistic regression - Normalised histograms of each component of  obtained with

2 x 10° Monte Carlo samples.



true MLE 6* we use a truncated harmonic mean estimator (THME) [50] to calculate the marginal
likelihood p(y|#) for a range of values of 6. Although obtaining the THME is usually computationally
expensive, it is viable in this particular experiment as 3 is low-dimensional. More precisely, given
n samples (53;)ieq1,... ny from p(B|y, #), we obtain an approximation of p(y|#) by computing

. o “~ 1a(Br)

where A is a d-dimensional ball centered at the posterior mean § = n~? ZZ=1 B, and with radius
set such that n=! Yo 1a(Bi) = 0.4. Using n = 6 x 10° samples, we obtain the approximation
shown in Figure 3(a), where in addition to the estimated points we also display a quadratic fit
(corresponding to a Gaussian fit in linear scale), which we use to obtain an estimate of §* (the
obtained log-likelihood values are small because the dataset is large (d, = 683)).

To empirically study the estimation error involved, we replicate the experiment 102 times.
Figure 3 shows the obtained histogram of {éNl 1000 where we observe that all these estimators
are very close to the true maximiser 6*. Besides, note that the distribution of the estimation error
is close to a Gaussian distribution, as expected for a maximum likelihood estimator. Also, there is
a small estimation bias of the order of 3%, which can be attributed to the discretization error of
SDE (5), and potentially to a small error in the estimation of 6*.

We conclude this experiment by using SOUL to perform a predictive empirical Bayesian analysis
on the binary responses. We split the original dataset into an 80% training set (y®™ai® v!rain) of size
dirain = 546, and a 20% test set (y'*t v'*s?) of size diesy = 137, and use SOUL to draw samples
from the predictive distribution p(ytest|ytrain, ytrain ytest gy More precisely, we use SOUL to
simultaneously calculate Oy and simulate from p(Blytrain, yptrain éN) followed by simulation from
p(ytest| B, ytrain ptrain gtest) “We then estimate the maximum-a-posteriori predictive response 45t
and measure prediction accuracy against the test dataset by computing the error

dtth

€ = ”ytest Atest” /dtest _ Z ‘ytest g}est} /dtest ,

and obtain € = 2.2%. For comparison, Figure 4 below reports the error € as a function of 6
(the discontinuities arise because of the highly non-linear nature of the model). Observe that the
estimated 6y produces a model that has a very good performance in this regard.

3.2 Statistical audio compression

Compressive sensing techniques exploit sparsity properties in the data to estimate signals from
fewer samples than required by the Nyquist—Shannon sampling theorem [10, 9]. Many real-world
data admit a sparse representation on some basis or dictionary. Formally, consider an ¢-dimensional
time-discrete signal z € R’ that is sparse in some dictionary ¥ € R**9, i.e, there exists a latent
vector # € R? such that z = ¥z and ||zo = E?Zl 1g+(z;) < ¢. This prior assumption can be
modelled by using a smoothed-Laplace distribution [38]

p(xz]0) ocexp( QZhA mz> , (10)
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Figure 3: Bayesian logistic regression - (a) Estimated points of the marginal log-likelihood log p(y|0) with
quadratic fit (corresponding to a Gaussian fit in linear scale). (b) Normalised histogram of 65 for 1000
repetitions of the experiment. An estimate of 8, the maximiser of p(y|0), is plotted as a reference.

where h) is the Huber function given for any u € R by

s (1) u?/2 if Jul <A (11)
u) =
A A(Jul — A/2)  otherwise .

Acquiring z directly would call for measuring ¢ univariate components. Instead, a carefully designed
measurement matrix M € RP*¢, with p < ¢, is used to directly observe a “compressed” signal Mz,
which only requires taking p measurements. In addition, measurements are typically noisy which
results in an observation y € RP modeled as y = Mz + w where we assume that the noise w has
distribution N(0, o I,), and therefore the likelihood function is given by

p(yle) o exp (= ly — M®al}} /(20%)) ,

10
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leading to the posterior distribution

d
p(zly) o< exp <— ly - M¥z|S /(20°) - 92’»%)) :

To recover z from y, we then compute the maximum-a-posteriori estimate

d
ZMAP € argmin {Hy - M‘I’x||§ /202 + 6 ZhA(%)} , (12)
z€R4 i=1

and set Zyiap = YIvmap-

Following decades of active research, there are now many convex optimisation algorithms that
can be used to efficiently solve (12), even when d is very large [14, 43]. However, the selection of the
value of # in (12) remains a difficult open problem. This parameter controls the degree of sparsity
of z and has a strong impact on estimation performance.

A common heuristic within the compressive sensing community is to set 6.5 = 0.1x[|[(M®)Ty||__ /o2,
where for any z € R, ||z]| . = max;eq1,. ¢y |2, as suggested in [35] and [28]; however, better results
can arguably be obtained by adopting a statistical approach to estimate 6.

The Bayesian framework offers several strategies for estimating 6 from the observation y. In
this experiment we adopt an empirical Bayesian approach and use SOUL to compute the MLE 6*,
which is challenging given the high-dimensionality of the latent space.

To illustrate this approach, we consider the audio experiment proposed in [5] for the “Mary had a
little lamb” song. The MIDI-generated audio file z has £ = 319, 725 samples, but we only have access
to a noisy observation vector y with p = 456 random time points of the audio signal, corrupted
by additive white Gaussian noise with ¢ = 0.015. The latent signal x has dimension d = 2,900
and is related to z by a dictionary matrix ¥ whose row vectors correspond to different piano notes

11



lasting a quarter-second long ?. The parameter \ for the prior (10) is set to A = 4 x 1075. We
used the heuristic 0.5 as the initial value for 6 in our algorithm. To solve the optimisation problem
(12) we use the Gradient Projection for Sparse Reconstruction (GPSR) algorithm proposed in [28].
We use this solver because it is the one used in the online MATLAB demonstration of [5], however,
more modern algorithms could be used as well. We implemented Algorithm 1 using a fixed stepsize
Yo = 6.9 x 1076 a fixed batch size m,, = 1, 6, = 20n=°%/d = 0.0069n°% and 100 burn-in
iterations.

The algorithm converged in approximately 500 iterations, which were computed in only 325
milliseconds. Figure 5 (left), shows the first 250 iterations of the sequence 0,, and of the weighted
average 0,. Again, observe that the iterates oscillate for a few iterations and then quickly stabilise.
Finally, to assess the quality of the estimate 0 ~, Figure 5 (right) presents the reconstruction mean
squared error as a function of 8. The error is measured with respect to the reconstructed signal and
is given by MSE(2yap) = ||2* — $ayap||3/¢, where 2* is the true audio signal. Observe that the
estimated value Oy is very close to the value that minimises the estimation error, and significantly
outperforms the heuristic value 6.; commonly used by practitioners.

104 ;
S 20 |
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Iteration (n) 2]

Figure 5: Statistical audio compression - Evolution of the the iterate 6, and én with ¢ = 0.015 in log scale
(left). Reconstruction mean squared error (MSE) in dB as a function of the @ (right).

3.3 Sparse Bayesian logistic regression with random effects

Following on from the Bayesian logistic regression in Section 3.1, where p(y|f) is log-concave and
hence 6* unique, we now consider a significantly more challenging sparse Bayesian logistic regression
with random effects problem. In this experiment p(y|f) is no longer log-concave, so SOUL can
potentially get trapped in local maximisers. Furthermore, the dimension of # in this experiment

2Each quarter-second sound can have one of 100 possible frequencies and be in 29 different positions in time.
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is very large (dp = 1001), making the MLE problem even more challenging. This experiment was
previously considered by [2] and we replicate their setup.

Let {yi}fil € {0,1} be a vector of binary responses which can be modelled as d, conditionally
independent realisations of a random effect logistic regression model,

yilz ~ Ber (s(v) B+ 0zf2)) , i€{l,....d,},

where v; € RP are the covariates, 3 € RP is the regression vector, z; € R? are (known) loading
vectors, x are random effects and o > 0. In addition, recall that Ber(«) denotes the Bernoulli
distribution with parameter « € [0, 1] and s(u) = e*/(1+¢€") is the cumulative distribution function
of the standard logistic distribution. The goal is to estimate the unknown parameters 8 = (5, 0) €

RP x (0, +00) directly from {yi}?ip without knowing the value of z, which we assume to follow a

standard Gaussian distribution, i.e. p(z) = exp{— Hx||§ /2}/(2m)4/2. We estimate 6 by MLE using
Algorithm 1 to maximize (1), with marginal likelihood given by

dy
p(0l8) = [ T o8 + 0:Fa" (1 = (5 + 02T)) ¥ pla)de
R G2
and we use the penalty function
d
9(6) =D ha(By) , (13)
j=1

where h) is the Huber function defined in (11).
We follow the procedure described in [2] to generate the observations {yi}fil, with d,, = 500,
p = 1000 and d = 52. The vector of regressors Biue is generated from the uniform distribution on
[1,5] and 98% of its coefficients are randomly set to zero. The variance Oiye Of the random effect
is set to 0.1, and the projection interval for the estimated o is [107°, +00). Finally, the parameter
Ain (13) is set to A = 30. We emphasize at this point that € is high-dimensional in this experiment
(do = 1001), making the estimation problem particularly challenging.
The conditional log-likelihood function for this model is
d?!
logp(yl,0) = Y {yi(vT B+ 0=Tw) — log(1 4 e ooy
i=1

To implement Algorithm 1 we use the gradients

dy
V. logp(z|y,0) = Z {ozi(y; — s(v] B+ o0z]z)} — 2,
i=1

dy

Vologp(x,ylo) = {(yz- —s(v B+ 0zl 1)) Lféx] } -

i=1
Finally the gradient of the penalty function is given by

0 ) B 1Bi] <A 0 B
aﬂigw)_{)\sign(ﬁi), gl > 80?0 =0

3We renamed some symbols for notation consistency. What we denote by v;, z, d, and d, is denoted in [2] by z;, U, N
and g respectively.
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where sign denotes the sign function, i.e. for any s € R, sign(s) = |s|/s if s # 0, and sign(s) =0
otherwise.

We use v, = 0.01, 6, = n7%9%/d = 0.2 x n7%9 a fixed batch size m,, =1, By = 1, and 0y = 1
as initial values. Moreover, we perform 10* burn-in iterations with a fixed value of 8y = (3o, 0¢) to
warm-up the Markov chain, and further 600 iterations of Algorithm 1 to warm-start the iterates.
Following on from this, we run N = 5 x 10* iterations of Algorithm 1 to compute Oy. Computing
this estimates required 25 seconds in total.

Figure 6 shows the evolution of the iterates throughout iterations, where we used ||3,||o as a
summary statistic to track the number of active components. Because the Huber penalty (11) does
not enforce exact sparsity on 3, to estimate the number of active components we only consider
values that are larger than a threshold 7 (we used 7 = 0.005).

1 T T T 250 :
o - ||/8n||0
0.8 | = = =Otrue 1 200 - == ||/3true||0 ]
0.6 1 150 r
04 r 1 100 r
0.2 r 1 50
0 : : : 0 3 - -
0 5000 10000 15000 0 0.5 1 1.5 2
Iteration (n) Iteration (n) %104

Figure 6: Sparse Bayesian logistic regression with random effects - Evolution of the |30 and of the
iterate G, for the proposed method. The true values are plotted in red as a reference.

From Figure 6 we observe that &, converges to a value that is very close to Ot ye, and that the
number of active components is also accurately estimated. Moreover, Figure 7 shows that most
active components were correctly identified. We also observe that @L stabilizes after approximately
6300 iterations, which correspond to 6300 Monte Carlo samples as m,,=1. This is in close agreement
with the results presented in [2, Figure 5], where they observe stabilization after a similar number
of iterations of their highly specialised Polya-Gamma sampler.

It is worth emphasising at this point that [2] considers the non-smooth penalty g(6) = A||S|l1
instead of (13). Consequently, instead of using the gradient of g, they resort to the so-called
proximal operator of g [14]. The generalisation of the SOUL methodology proposed in this paper
to models that have non-differentiable terms is addressed in Vidal and Pereyra [54], Vidal et al.
[53].
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Figure 7: Sparse Bayesian logistic regression with random effects - Support of the estimated B ~ compared
with the support of Birye-

4 Theoretical convergence analysis for SOUL, and generali-
sation to other inexact MCMC kernels (SOUK)

In this section we state our main theoretical results for SOUL. For completeness, we first present
the results in a general stochastic optimisation setting and by considering a generic inexact MCMC
sampler, and then show that our results apply to the specific MLE optimisation problem (1), and
to the specific Langevin algorithm (6) used in SOUL.

4.1 Notations and convention

Denote by B(R?) the Borel o-field of RY, F(RY) the set of all Borel measurable functions on R? and
for f € F(RY), ||fllco = sup,ega |f(z)|. For u a probability measure on (R%, B(RY)) and f € F(R?)
a p-integrable function, denote by u(f) the integral of f with respect to u. For f € F(R?), the V-
norm of f is given by || f||y = sup,cga [f(2)|/V(z). Let £ be a finite signed measure on (R?, B(R?)).
The V-total variation distance of £ is defined as

1€llv = sup
FEFRY),| fllv<t

JRELE

If V =1, then || ||v is the total variation denoted by || - | Tv. Let p be a finite signed measure, then
by the Hahn-Jordan theorem [19, Theorem D.1.3], there exists a pair of finite singular measures
pT, p~ such that g = put — p~. The total variation measure |u| is given by |u| = pt + p~.

Let U be an open set of R%. We denote by C¥(U,RP) the set of RP-valued k-differentiable
functions, respectively the set of compactly supported RP-valued k-differentiable functions. C*(U)
stands C*(U,R). Let f : U — R, we denote by Vf, the gradient of f if it exists. f is said to me
m-convex with m > 0 if for all 2,y € R? and ¢ € [0, 1],

fltz + (1= t)y) < tf(@) + (1= ) f(y) = (m/2) |z = ylI* .

We recall that if f : U — R is twice differentiable at point a € R?, its Laplacian is given by
Af(a) = 2?21(82f)/(8;v12)(a). For any A C R, we denote by OA the boundary of A. Let (2, F,P)
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be a probability space. Denote by u < v if u is absolutely continuous with respect to v and
du/dv an associated density. Let p,v be two probability measures on (R? B(R?)). Define the
Kullback-Leibler divergence of p from v by

d d .
KL () = Jpa S () log (d—‘;(x)) dv(z), ifp<v
400 otherwise .
The complement of a set A C R? is denoted by A°. We take the convention that HZ:p =1

and ZZ:;) = 0 for n,p € N, n < p. All densities are w.r.t. the Lebesgue measure unless stated
otherwise.

4.2 Stochastic Optimization with inexact MCMC methods

We consider the problem of minimizing a function f : @ — R with © ¢ R under the following
assumptions.

A1. © is a convex compact set and © C B(0, Mg) with Mg > 0.

A2. There exist an open set U C R% and Ly >0 such that © C U, f € C*(U,R) and satisfies for
any 01,05 € ©
[Vf(61) = V[(O)| < Lyl — 02

A3. For any 0 € O, there exist Hg : R — R and a probability distribution mg on (R, B(RY))
satisfying that me(Hp) < +00 and for any 6 € ©

V)= » Hy(z)dmg(z) .

In addition, (0,2) — Hy(x) is measurable.

Note that for the maximum marginal likelihood estimation problem (1), f corresponds to 6 —
—log(p(y|0))+g(0), for any 6 € ©, Hy : x — Vg log(p(z,y|0)) and 7y is the probability distribution
with density with respect to the Lebesgue measure x — p(zly, 0).

To minimize the objective function f we suggest the use of a SA strategy which extends the one
presented in Section 2. More precisely, motivated by the methodology described in Section 2, we
propose a SA scheme which relies on biased estimates of V f(6) through a family of Markov kernels
{K,0,7 € (0,7] and 6 € O}, for ¥ > 0, such that for any § € © and v € (0,7], K, ¢ admits an
invariant probability distribution 7, 4 on (R% B(R%)). In the SOUL method, the Markov kernel
K, ¢ stands for R, ¢ for any v € (0,7] and 6 € ©, where R, ¢ is the Markov kernel associated with
(6). We assume in addition that the bias associated to the use of this family of Markov kernels can
be controlled with respect to to v uniformly in €, i.e. for example there exists C' > 0 such that for
all v € (0,7] and § € O, ||y 6 — mol|Tv < Cy* with a > 0.

Let now (0,)nen € (RN and (my)nen € (N*)" be sequences of stepsizes and batch sizes
which will be used to define the sequence relatively to the variable 6 similarly to (2) and (3). Let
(Yn)nen € (Ri)N be a sequence of stepsizes which will be used to get approximate samples from
7y, , similarly to (6). Starting from X € R? and 6, € ©, we define on a probability space (2, F,P),
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({X} :ke€{0,...,mu}},0n)nen by the following recursion for n € N and k € {0,...,m, — 1}

(X,’:)ke{ow,m"} is a MC with kernel K, ¢, and X§ = Xﬁ;il given F,,_1 ,

i1 o (14)
Ons1 = o |0 — ;: > Ho, (XP)|
k=1
where Ilg is the projection onto © and F,, is defined as follows for all n € N
Fo=0 00, {(XD)reqo,..mey : L€{0,...,n}}) ,  Fo1=0(00, XJ) (15)

where {(Xﬁ)ke{()’.._,,,w} : £€{0,...,n}} is given by (14). Note that such a construction is always
possible by the Kolmogorov extension theorem [34, Theorem 5.16], and by (14), for any n € N,
0n+1 is Fp-measurable. Then the sequence of approximate minimizers of f is given by (éN) NeEN,
().

Under different sets of conditions on f, H, (6, )nen, (Yn)nen and (my,)nen we obtain that (6,,)nen
converges almost surely to an element of argming f. In particular in this section we consider the
case where f is assumed to be convex. We establish that if (v, )nen and (3, )nen go to 0 sufficiently
fast, E[f(fn)] —ming f goes to 0 with a quantitative rate of convergence. In the case where (Yn )nen
is held fixed, i.e. for all n € N, 5,, = ~, we show that while E[f(fx)] does not converge to 0, there
exists C,a > 0 such that limsupy_,, E[f(0x)] — mine f < C4®. In the case where f is non-
convex, we apply some results from stochastic approximation [37] which establish that the sequence
(01)nen converges almost surely to a stationary point of the projected ordinary differential equation
associated with Vf and ©. We postpone this result to Appendix B, since it involves a theoretical
background which we think is out of the scope of the main document.

4.3 Main results

We impose a stability condition on the stochastic process {(X}')re{o,...,m,3 : 7 € N} defined by
(14) and that for any v € (0,7] and 8 € © the iterates of K,y are close enough to my after a
sufficiently large number of iterations.

H1. There exists a measurable function V : R? — [1,+00) satisfying the following conditions.

(i) There exists Ay > 1 such that for any n,p € N, k € {0,...,m,}

E [KP

VrsOn

V(XE)

x| < av(xg),  EV(X)] < oo,

where {(Xlg)ke{o,“.,me} : £€{0,...,n}} is given by (14).

(i) There exist As, A3 > 1, p € [0,1) such that for any v € (0,7], 0 € ©, x € R andn € N, K, o
has a stationary distribution m, ¢ and

||690Kfy1,9 - 7T’Y,9||V < AQpn’yV(x) ) 7r'y,9(v) < Asz.
(iii) There exists ¥ : R% — Ry such that for any v € (0,7] and § € ©

1770 = mollyae < ®(y) .
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HI-(ii) is an ergodicity condition in V-norm for the Markov kernel K, ¢ uniform in § € ©. There
exists an extensive literature on the conditions under which a Markov kernel is ergodic [41, 19]. H
1-(iii) ensures that the distance between the invariant measure 7, g of the Markov kernel K, ¢ and
mp can be controlled uniformly in 8. We show that this condition holds in the case of the Langevin
Monte Carlo algorithm in Proposition 23.

We now state our mains results.

Theorem 1 (Increasing batch size 1). Assume Al, A2, A3 hold and f is convexr. Let (7Vn)nen,
(0n)nen be sequences of non-increasing positive real numbers and (my)nen be sequences of positive
integers satisfying sup, ey 0n < 1/Lyf, sup,cnyvn <7 and

“+00 —+o0 “+o0o
Z Opt1 = +00, Z St 1 (V) < +o0, Z Snt1/(Mpyn) < 400 . (16)
n=0 n=0 n=0

Let {(X})keqo,...mny = m € N} and (0n)nen be given by (14). Assume in addition that H1 is
satisfied and that for any 6 € © and x € R, |Hy(z)|| < VY/2(x). Then, the following statements
hold:

(a) (0n)nen converges almost surely to some 6* € argming f ;

(b) furthermore, almost surely there exists C > 0 such that for any n € N*

(Fosf o) e (59

Proof. The proof is postponed to Appendix C.1. O

Note that in (14), X§ = X-! for n € N*. This procedure is referred to as warm-start in
the sequel. An inspection of the proof of Theorem 1 shows that X could be any random variable
independent from F,_; for any n € N with sup,cn- E [V(X§)] < +00. It is not an option in the
fixed batch size setting of Theorem 3, where the warm-start procedure is crucial for the convergence
to occur.

We extend this theorem to non convex objective function see Theorem 8 in Appendix B. Under
the conditions of Theorem 1 with the additional assumption that 0© is a smooth manifold we
obtain that (6, )nen converges almost surely to some point 6* such that Vf(0*)+n =0 withn =0
if 0* € int(0) and n € T(#*,00)* if 6* € 00, where T(6,00) is the tangent space of 9O at point
0 € 00, see [3, Chapter 2].

In the case where K, 9 = R, ¢ is the Markov kernel associated with the Langevin update (6),
under appropriate conditions Proposition 23 shows that for any v € (0,7] with ¥ > 0, ¥(y) =
O(y'/?). In that case, assume then that there exist a,b,c > 0 such that for any n € N*, §,, = n~¢,
Yn =n"" and m,, = [n°] then (16) is equivalent to

a<l, a+b/2>1, a—b+c>1. (17)
Suppose a € [0, 1) is given, then the previous equation reads

b=2(1-a)+g¢, c=3(1-a)+¢, G >¢6 >0.
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This illustrates a trade-off between the intrinsic inaccuracy of our algorithm through the family of
Markov kernels (14) which do not exactly target mp and the minimization aim of our scheme. Note
also that (8, )nen is allowed to be constant. This case yields v, = n=27% and m,, = [n3+<2] with
G2 >¢1 > 0.

In our next result we derive an non-asymptotic upper-bound of (E[f (én) — ming f])nen-

Theorem 2 (Increasing batch size 2). Assume Al, A2, A3 hold and f is convexr. Let (7Vn)nen,
(0n)nen be sequences of non-increasing positive real numbers and (my)nen be a sequence of positive
integers satisfying sup, ey 0n < 1/Lg, sup,envn < 7. Let {(X])keqo,....mn1 : 7 € N} be given by
(14). Assume in addition that H1 is satisfied and that for any 0 € © and x € RY, |[Hp(2)| <
V/2(x). Then, there exists (Eyp)nen such that for any n € N*

sl /S e f(Se)

with for any n € N*,

n—1
E, = 2M32 + 2B, MoE {Vl/Q(Xg)} 3 G/ (maye)
k=0
n—1 n—1
+2Me Z Sk1® () +4BTE [V (Xg)] Z Ser1/ (miye)?
k=0 k=0
n—1 n—1
+4Y 07 W ()’ + B > i/ (men)®, (18)
k=0 k=0

where By and By are given in Lemma 11 and Lemma 12 respectively.
Proof. The proof is postponed to Appendix C.2. O

We recall that in the case where K, 9 = R, ¢ is the Markov kernel associated with the Langevin
update (6), under appropriate conditions Proposition 23 shows that for any v € (0,%] with 4 > 0,
W(y) = O(yY/?). In that case, if there exist a,b,c > 0 such that for any n € N*, 6, = n™9,
Yn = n"% m, = n° and (17) holds, the accuracy, respectively the complexity, of the algorithm
are of orders (321_,6,) " = O(n®1), respectively Sheomy = On3U-D+etl) for ¢ > 0.
Thus, for a fix target precision ¢ > 0, it requires that ¢ = O(n® ') and the complexity reads
O(e73 (log(1/2)/(1 — a))'**2). On the other hand, if we fix the complexity budget to N the accu-
racy is of order (’)(N—(3+(1+<2)/(1—a))71). These two considerations suggest to set a close to 0. In
the special case where a = 0, we obtain that the accuracy is of order O(n~!), which is similar to
the order identified in the deterministic gradient descent for convex functionals.

A case of interest is the fix stepsize setting, i.e. for all n € N, 7, = v > 0. Assume that
(0n)nen is non-increasing lim, 400 6, = 0 and lim, 4. m, = +o0o. In addition, assume that
Y nens On = +00 then, by [46, Problem 80, Part I}, it holds that

{ limy, [(22:1 5’?/”“6)/(22:1 5k)] =limy, 5400 1/my =0;
My, poo [ (5 62)/(Chey 0k) ] = limy 00 6, =0 .
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Therefore, we obtain that

limsupE l{iékf(ﬁk)/i Ok } - minf] < 2Me¥(y) .
k=1

n—-+oo —1

Similarly, if the stepsize is fixed and the number of Markov chain iterates is fixed, i.e. for all n € N,
Yn = 7 and m, = m with v > 0 and m € N*, we obtain that

{Zékf(ek)/zak}_minf] <Ei(v), (19)
k=1 k=1

limsupE

n—+oo

with
21(7) = 2B1MoE [VY2(XD)] /7 +2Me®(5) .

However if (m,,),en is constant the convergence cannot be obtained using Theorem 1. Strengthening
the conditions of Theorem 1 and making use of the warm-start property of the algorithm we can
derive the convergence in that case.

We now are interested in the case where the batch size is fixed, i.e. m,, = mg for all n € N.
For ease of exposition we only consider mg = 1 and let X,,;; = X7 for any n € N. However the
general case can be adapted from the proof of the result stated below. More precisely we consider
the setting where the recursion (14) can be written for any n € N as

X, 41 has distribution K. 4, (X,,,-) conditionally to F,, ,

- N (20)
8n+1 - H@ [on - 5n+1H§n (Xn+1)] 3
with 6y € ©, Xy € R% and where F,, is given by
Fn =0 (00, (Xe)eeqo,...n}) - (21)

We consider the following assumption on the family {Hy : 6 € 0}.
A4. There exists Ly > 0 such that for any x € R? and 61,0, € O,
1Ho, (x) — Ho, ()| < Lu|l61 — 62]|V/?(2) .

We consider a similar property as A4 on the family of Markov kernels {K, 4,7 € (0,7],0 € ©},
which weakens the assumption [2, H6).

H2. There exist a measurable function V : R? — [1,+00), A; : (Ri)2 — Ry and Ay : (Ri)2 — Ry
such that for any v1,v2 € (0,7] with v2 < v1, 01,00 € ©, x € R? and a € [1/4,1/2)]

[16:Kr,1,0, — 8:Kns.00 [lve < [A1(v1,72) + Aa(v1,72) |01 — O2]|] V() .

The following theorem ensures convergence properties for (6,,)nen similar to the ones of Theo-
rem 1. The proof of this result is based on a generalization of [30, Lemma 4.2] for inexact MCMC
schemes.
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Theorem 3 (Fixed batch size 1). Assume Al, A2, A3, A4 hold and f is convex. Let ¥ > 0,
(Yn)nen and (0p)nen be sequences of non-increasing positive real numbers satisfying sup,,cy 6n <
1/Ly, suppenn < 7, SUPpen [dn41 — 0n]d,% < 400, ZIE% On41 = +00 and

+o0 too

Z 5n+1‘I’(7n) < 400 ) Z 5121+1’71;2 < 400 )

n=0 n=0

Y Snt 1Yt A1 (s Y1) + 1 As (Vs Y1) < +00 .
n=0

Let (X,,)nen be given by (20). Assume in addition that H1 and H2 are satisfied and that for any
0 €O and x € R, ||Hy(x)|| < VV4(x). Then the following statements hold:

(a) (én)neN converges almost surely to some 6* € argming f ;

(b) furthermore, almost surely there exists C > 0 such that for any n € N*

{i%f(ék)/i%}—ﬂgnfﬁ C/<i6k>
k=1 k=1 =1

Proof. The proof is postponed to Appendix C.3. O

In the case where K, 9 = R, ¢ is the Markov kernel associated with the Langevin update (6),
under appropriate conditions Proposition 23 and Proposition 24 show that for any 1,72 € (0,7]

with ’_}/ > 0 and Y1 > Y2, \I/(’}/l) = 0171/2, Al(’yl,’}/g) = CQ(’}/l/’)/Q — 1) and AQ(’yl,’}/Q) = 03721/2’ for
C1,C3,C3 > 0. Thus we obtain that the following series should converge

+o0 too
Z Snp1mn/? < +o00, Z 81/ Vag1 < 00,
n=0 n=0

(23)
+o0

Z Sny1(Vn — “Yn-s—l)/'Y?y,-s-l < +00.
n=0

If there exist a, b > 0 such that §,, = n~* and 7,, = n~?, then (23) is satisfied if b € (2(1 — a),a — 1/2)
which is not empty if a > 5/6.

Theorem 4 (Fixed batch size 2). Assume Al, A2, A3, A4 hold and f is convex. Let (Vn)nen,
(0n)nen be sequences of non-increasing positive real numbers and (my)nen be a sequence of positive
integers satisfying sup, ey 0n < 1/Ly and sup,eyvn < 7. Let (Xp)nen be given by (20). Assume
in addition that H1 and H2 are satisfied and that for any 6 € © and x € RY, ||Hg(x)|| < VI/4(x).

a /()

Then, there exists (Ey,)nen such that for any n € N*

E HZ&J(@H/Z%} —min f
k=1 k=1
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with for any n € N*|

E, =2Me +2Me Y k1% (1) + Cs > [05s1 — 0|7
k=0 k=0

+2MeoC> Z k4171 [Ver1 {81 (Vs Yis1) + A2 (Vi Vot 1)Ok41} + Ong1]
k=0

n n
+Cs Y 071ty + Cs(0nt1/vm — So/%) +C1 > 674 -
k=0 k=0
where Cy, Cy and Cs are given in Lemma 13, Lemma 16 and Lemma 15 respectively.

Proof. The proof is postponed to Appendix C.4. O

Theorem 4 improves the conclusions of Theorem 2 in the case where 7, =~ > 0 for any n € N.
Indeed, in that case, similarly to (19), assuming that lim, . 6, = 0, Sup,cy |01 — 0n] 6,2 <
+00, A1(t,t) = 0 for any ¢ > 0, we obtain that for all n € N

{Z5kf(9k) Z&g} — min f
k=1 k=1

with Ea(y) = 2Me¥(y) < Bi(y) = 2B1MeE [VY/23(X0)] /v + 2Me¥(v). In the case where
SUP,e(0,5] ¥(7) < +oo, Ez(v) is of order O(¥(y)) and Ei(y) is of order O(y~1). Therefore if
lim, 0 ¥(y) = 0, even in the fixed batch size setting, the minimum of the objective function f can
be approached with arbitrary precision € > 0 by choosing v small enough.

limsup E

n—-+o0o

< 52(7) )

4.4 Application to SOUL

We now apply our results to the SOUL methodology introduced in Section 2 where the Markov
kernel R, ¢ with v € (0,7] and € € © is given by a Langevin Markov kernel and associated with
recursion (6). Setting for any 8 € ©, mg = p(+|y, ), we consider the following assumption on the
family of probability distributions (7g)sco.

L1. For any 0 € O, there exists Up : R? — R such that my admits a probability density function with
respect to to the Lebesgue measure proportional to x — exp(—Up(x)). In addition (0,z) — Uy(x)
is continuous, x — Ug(x) is differentiable for all @ € © and there exists L > 0 such that for any
z,y € RY,

sup IVaUp(z) = VaUs(y)| <Lz —yll ,

and {||V.Ug(0)|| : 6 € ©} is bounded.

In the case where K, g = R, ¢ for any v € (0,7] and 6 € ©, the first line of (14) can be rewritten
forany n € Nand k € {0,...,m, — 1}

X=X — mValo, (X7) + V270 20y, with X§ = X1 ifn>1 (24)

1

given (vp)nen € (O,W]N, (my)nen € (N9)Y and (Z] ) neN.keqt,...,m,y & family of i.i.d d-dimensional
zero-mean Gaussian random variables with covariance matrix identity. In the following propositions,
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we show that the results above hold by deriving sufficient conditions under which H1 and H2 are
satisfied.

Under L1, the Langevin diffusion defined by (5) admits a unique strong solution for any 6 € ©.
Consider now the following additional tail condition on Uy which ensures geometric ergodicity of
R, ¢ for any 6 € © and v € (0,7], with 4 which will be specified below.

L2. There existm; > 0 and my,c, Ry > 0 such that for any 6 € © and x € R?,
(VaUs(x),x) 2 mil|2|[ 1o,y )e () +m2 ]| VaUs(2)|* — ¢
L3. There exists Ly > 0 such that for any © € R and 0,0, € ©
IV2Us, (x) = Voo, ()| < Lu|161 — 0|V (2)"/2 .

The next theorems assert that under L1, L2 and L3 the SOUL algorithm introduced in Section 2
satisfy H1 and H2 and therefore Theorem 1, Theorem 2, Theorem 3 and Theorem 4 can be applied
if in addition A1, A2, A3 and A4 hold.

Under L2 define for any = € R?

Vi(z) = exp [ml 1+ ||x||2/4} :
Theorem 5. Assume L1 and L2. Then, H1 holds with V < V., 4 + min(1,2ms) and ¥(y) =
Dy\/y where Dy is given in Proposition 25.
Proof. The proof is postponed to Appendix C.5. O

Theorem 6. Assume L1, L2, L3 and that for any 0 € © and x € R, ||Hy(z)|| < Vo/*(x). H2
holds with V < V, and 7 < min(1, 2my) and for any 1,7 € (0,7], v2 < 71,

Ai(71,7) = Ds(n /e — 1), As(y,72) = Dsma’”

where Dy is given in Proposition 2/ in Appendix C.0.

Proof. The proof is postponed to Appendix C.6. O
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A Posterior convexity
Lemma 7. For any y € {0,1}%, 0+ p(y|0) given by (9) is log-concave.

Proof. Let 6 € R, then by (9), for any y € R we have p(y|0) = fRd p(y, 5|0)ds with

dy 791(12
ply, B16) = (2m0®) =42 T s(af B)¥ (1 = s(af )~ o5t

i=1
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Therefore we have using that for any ¢t € R, 1 — s(t) = s(—t)

log p(y, 810) = (=d/2)log(2m0?)

18— 614]
202 '

dZ‘J
+ Zyilog(S(IiTﬂ))+(1*y¢)10g(5(*ziTﬂ)) -

obtain that (8,80) — p(y, 5]0) is log-concave. Using the Prékopa—Leindler inequality [31, Theorem
7.1] we obtain that 6 — p(y|#) is log-concave which concludes the proof. O

Since y; > 0, 1 —y; > 0, (8,0) — [|8—014]°, t — log(s(t)) and t — log(s(—t)) are convex, we

B Non-convex objective function

In this section we turn to the case where f is non-convex. We recall that the normal space of a
sub-manifold M C R% at point 6 is given by

TO,M)E ifdeM;
{0} otherwise ,

N(§, M) = {

where T(0, M) is the tangent space of the sub-manifold M at point z, see [3].

Theorem 8. Assume Al, A2, A3 and that © is a dg dimensional connected differentiable man-
ifold with boundary and continuously differentiable outer normal. Let ¥ > 0, (Yn)nen, (0n)nen be
sequences of non-increasing positive real numbers and (my)nen be a sequence of positive integers
such that sup,cy 0, < 1/Ly, sup,envn <7 and (16) are satisfied. Let {(X})reqo,...,m,} = 7 € N}
be given by (14). Assume in addition that H1 is satisfied. Then (0,)nen defined by (14) converges
almost surely to some 0* € {# € ©® : Vf(#)+n=0, neN(0,00)}.

Proof. The proof is an application of [37, Chapter 5, Theorem 2.3] using the decomposition of the
error term considered in the proof of Theorem 1 and Theorem 3. Indeed we decompose the error
term 1), defined by (25) as 0, = §M,, + B,,, where §M,, is a martingale increment. Then, we only
need to show that the following sums converge

SOGaE[I6M?] > snaE[IB]
k=0 k=0
which is established in Lemma 11 and Lemma 12. O

C Postponed proofs

We first derive the following technical lemmas.

Lemma 9. Let t € (0,1) and v € (0,7] with ¥ > 0 then 3., yt" < t Vlog™'(1/t)y~! and
S en 7 < £ log=2(1/2)72.
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Proof. Let t € (0,1) and v € (0,7] with 4 > 0. Using that e* — 1 < ue for all u > 0, we have

Dot = (" = 1) < —y M log T (#) exp(—log(t)y) < ¢ 7 log M (1/t)y

neN
and _
> = (7 = 1)72 < 0y log ™! (1) exp(— log(t)7)}? <+ log~2(1/1)y72,
neN
which completes the proof. O

Lemma 10. For any probability measures u,v on B(R?), measurable function V : R% — [1,400)
such that (V) +v(V) < 400 and a € (0,1), we have

I —vlve <2[p—v|y .

Proof. Let a € (0,1]. The statement is trivial if p = v. We just need to consider the case where
p # v. Define € = | —v| /(| — v| (R?)). Using [19, Definition D.3.1] we get that

ln = vllve = (1/2)E(V) x | = v] (RY)
< (1/2)6(V)* x | —v| (RY)
<27l = vl x [l = v (RO,

which concludes the proof using that a < 1. O

Jensen’s inequality implies that H1-(i) holds for V + V' with a € (0, 1] since A; > 1. Lemma 10
implies that H1-(ii) holds replacing V by V%, p by p® and Ay by 2A,. Similarly H1-(iii) holds
replacing V' by V* and ¥ (v) by 2¥ (7).

C.1 Proof of Theorem 1

Consider (n,)nen defined for any n € N by

=it S {Ho, (X) — 7, (Ho, )} (25)
k=1

The proof of Theorem 1 relies on the two following lemmas. We consider the following decomposition

for any n € N, n,, = 77%1) + ng), where

777(;1) =E | Fn-1], 771(12) =N — E [0 Fa-1] - (26)

We now give upper bounds on E[||n"|[], E[||n%"|12] and E[||5¢2||2).

Lemma 11. Assume Al, A2, A3, H1 and that for any 6 € © and x € R?, |[Hy(z)| < VV?(z).
Then we have for any n € N

E [InVll] < BiE [VV2(X9)] /(mayn) + ()
E [InV1] < 2B [V(X)] /(mna)? + 28 (1),
with )
Bl = 2A1A2p7’y/10g(1/,0) .
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Proof. Using the definition of (F,)nen, see (15), the Markov property, H 1-(ii)-(iii), Lemma 10,
Jensen’s inequality and that for any 6 € © and 2 € R?, ||Hy(2)|| < V/2(z), we have for any n € N*

IE [l Fuma ]Il < it DO {KE, 4, Ho, (XG) — 7o, (Ho, )|
k=1

<t 3 18xy K, o, — 7o, | (Ho,)|
k=1

my
<my "> [oxpKE 4 =7, | (1Ha,|I)
k=1

Mn

<m," Y {l8xpKE o = m0.llvisz} + 7,0, — 7,
k=1

vi/2

<t 3 {2400 VI2(X0, )+ ()}
k=1

240p V(X7 )
1Og(1/p)7nmn

where for the last inequality we have used Lemma 9. In a similar manner, we have

+ ¥ (7n) ,

24,p 7V 2(X0
20 ( 0) ‘I’('YO) )
log(1/p)yvomo

We conclude using H1-(i) and that (a + b)? < 2a? + 2b? for a,b € R. O

I [no| X5[] <

Lemma 12. Assume A1, A2, A3, H1 and that for any 0 € © and x € R?, ||Hy(z)| < VV/2(x).
Then we have for any n € N

E | In112] < Bomzy7! (ma + 37 E[V(XD)])) |
with By = 2(1 + 4)? max(Ba1, Ba,2) and
By = 24A3(1 — pt/%) 245,
Bag =4y [1+643(1— p/%) 72 {As(1 = )" + 2} + A310g™2(1/p) + 43] .

Proof. Let n € N*. We have using the Cauchy-Schwarz inequality

2

Mp

E | |> {Hs, (X;) — E[Hy, (X;")| Fn1]}
k=1
<98 [|N {Ho (XD) — 70, (Ho, )}
k=1
98 || S (B [ Ho, (X])|Fa 1] = 70, (H, )} @7)
k=1
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Using the Markov property, H1-(i)-(ii), Lemma 10, Lemma 9 and that for any # € © and x € R?
|Hy(z)|| < V'/2(x) we obtain that

M 2
> AE [ Ho, (XP)|Fo1] = 7,0, (Ho, )}
k=1
M 2
<E ZE [H&XGLRA/TUQH — Ty, 00 V1/2|]:n*1]
k=1
M 2
< 4A2E ||E [VUQ (XD) } 3 g2
k=1
<4A1 A3y, %P log 2 (1/p)E [V(X7)] - (28)

We now give an upper-bound on the first term in the right-hand side of (27). Consider for any
n € N the Euclidean division of m,, by [1/v,] there exist ¢, € N and r, € {0,...,[1/v,] — 1}
such that m,, = ¢, [1/7] + rn. Therefore using the Cauchy-Schwarz inequality we can derive the
following decomposition

m 2 - 9
> Hp (X7) = 0, (Ho )| | < 2B || Ho, (X g 11/901) — Tyt (Ha,)
k=1 =
[1/7n] gn—1 2
+ 2E Z Z He” ]+k“/7n] ) 7T'Yn7 n (Hen)
j=
2
S ZE Z He" (X‘;;Ln) - 7T'Y'n79n (Hgn)
j=1
[1/9n] Gn—1 B 2
201/l Y B\ Ho(X") =m0, (Ho,)
j=1

(29)

Setting for any j € {1,...,[1/v,]} and k € {0,...,q, — 1}, X" = X kr1/4,1- We now bound

the two terms in the right-hand side. First, using the Cauchy-Schwarz inequality and H1-(i)-(iii),
the fact that r, < [1/7,] and that for any 6 € © and z € R?, ||Hg(x)|| < V/2(z) we have

E zn:Han (XP™) = 7y, 0, (Ho, || | < 7n zn:]E [HH@n, (X)) = Ty, 0, (Hen)Hz}
< [1/7]? (241 E [V(X9)] +243) . (30)

Now consider the solution of the Poisson equation [39, Section 17.4.1] associated with K[l/ Il

Ln
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x> H, g, (z) defined for any = € R? by

A0, () = > (K Ho, (@) = o, 0, (H,)) -

LeN

Note that by H1-(ii), Lemma 10 and since for any # € © and z € RY, ||Hy(z)|| < V'/?(x), we have
that for any = € R?

A

H

Yns0

(@) £ 24501 = 912V (a) (31)
and in addition for any = € R?

Hy, o (x) =K o (2) = Hy, () — 7y, 0, (Ho,) -

Yn,0n

Therefore, we have for any j € {1,...,[1/7,]}

gn—1 gn—1
> (Ho (X0 = 70, (Ho,) ) = D7 (oo, (K57 =KL 6, (X0T))
k=0 k=0
qn—2
= 3 (Fron (K42 = K3, 0, (X07))
k=0
+ oy, (X5") = KOG H 0, (X5 ) . (3Y)

Combining the Cauchy-Schwarz inequality and (32) we obtain that

qn—1 2
> Ho (X]") = 7,0, (Ho,) 3(Cy + Ca) (33)
with
C H XJ n Kfl/’Yn-\ If[ )_(jvn 2 .
1= 0 ) A sOn %,9”( qn71) )

qn—2 2

1/vn vJn
Z H’anen k 1) KI/"/,’Y"—‘ V0 n(X]Z) )

First, using (31) and H1-(i) we get that
C1 <4451 = p' ") H{E [V(X])] +E Ky 0, V(X 151] )
< 84, 43(1— p/2) R [V(XD)] | (34)

We now give an upper-bound on Cy. For any j € {1,...,r,} let (G; x)refo,q,—2} generated by Fp,_1
and the sequence of random variables X{, ... ’XI?U S 145" Using the Markov property we have for
any k €{0,...,q, —2}and j € {1,...,r,}

] Jsn
E H’anen(XkJrl) Y s0n Tn,Un

Gy = KL 0, (X0
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Therefore, for any j € {1,...,7,}, H,,. (X,]Hl) KLI/,A’:]H%“ (X}™) is a martingale increment

with respect to (G x)ke{0,q,—2} Comblnlng this result with the Markov property implies that for
any k€ {0,...,g, —2}and j € {1,...,7m,},
]

qn—2
Ca= Y B[y
k=0
Qn_2
1/vn 1/vn
SDILIEA e, (52
k=0

Define for any = € R?, g,,(x) = ||H,, o, (z)||?>. Using (35), H1-(ii)-(iii) and (31) we obtain that

M /vl £ vJsm
[0, () =KD Lo, (X0

‘H (XI™)

2} . (35)

qn— 2 9
Ca=>_ [Kif/ﬁ: 10, [ (]
k=
< 2
<2E[K21/ﬁ: 0.2
k=0
n—2 , qn—2
<E| 3 B[R0 F) @] Gyo] | + 20 w0
k=0

4A2 5 KEDI/] RIS
(1= pii2)2 Z E[ [||5 K o, mn,enﬂv‘gj’oﬂ Z T 6,

< 4A§( Pl {Az 1 =p)T'E[V(X])] +ands}
<AAR(1 - p"?) 72 {A1A2(1 - p)T'E [V(X))] + gnds} - (36)

Therefore, using (34) and (36) in (33) we obtain that

qn—1 2

> Hy, (X{") =m0, (Ho,)
k=0

< 1243(1 - p2)2 [{A14s(1 - ) ' [V(XE)] + ands} + 2B [V(XD)]] . (37)

As a consequence, using (30) and (37) in (29) we get that

Moy 2
E (> Ho, (X7) =7y, 0,(Ho,)|| | <4T1/71° (AE [V(X9)] + A3)
k=1
+24[1/7,12 A3(1 - p/%) 2 {AE [V(X9)] (A1 —,o>—1 +2) + guAs}
< [ (AE[V(X9)] [24A2(1 = P27 {A(1 - p) 7t + 2} 4] +443)
+24A43(1 = /22 Ay | (14 7)° (38)
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Combining (28) and (38) in (27) we obtain that
2

W (XE) —E[Ho, (XP)]|| | < 87, 241430 log™>(1/p)E [V (X7)]

+2 [%;2 (Alﬂ-z [V(x9)] {24/15( P22 {Ay(1— p) L 2} + 4] + 4A§)
+24A3(1 = p/2) 2 Agma 0] (1472
<2(1+7)? (AlE [V(x9)] [24A§( P22 {Ay(1— p) L +2)
+4 {1+ A3log™?(1/p)}] + 443) v, > + 48A43(1 — p1/2)_2A3(1 + )2 (M /7n)
which concludes the proof for n # 0. The same inequality holds in the case where n = 0. O
We now turn to the proof of Theorem 1.
Proof of Theorem 1. The proof is an application of [2, Theorem 2, Theorem 3].

(a) To apply [2, Theorem 2], it is enough to show that the following series converge almost surely

“+o0
Zan-i—la_[@(en - n+1v.f Zén-‘rlnn ) 25 +1||T’n)||2
n=0

where ¢ € {1,2} and the sequences (ny(ll))neN and (ng))neN are given in (27).
In the case where i = 1, since (Ilg (05, — 05+1V f(0r)))nen is bounded, we are reduced to proving

that almost surely >+ 6n+1\|nfl1)|| < +00. Using (16), Lemma 11 and Fubini-Tonelli’s theorem
we obtain that

E Zanﬂunﬁ})n] > uriE [[InPll] < +o0. (39)

neN neN

We consider the case where i = 2. Let (Sp)neny and (Ty,)nen be defined for any n € N by

= S S (e (O — 0k VF(0:), ) and T, = Y7 0pan? are (Fy)nen-martingale by
deﬁnltlon of (nEL ))nEN in (27) and (]:n)nEN in (15). Therefore, using [56, Section 12.5], the Cauchy-
Schwarz inequality and that the sequence (Ilg (0, — 6,41V f(05)))nen is bounded, it suffices to show

that +°° 62+1]E[||77 || ] < 4+00. Using Lemma 12 we get that

+o0 foo
> on i BlInPP) < Bs <Z 01/ (mnm) +E [V(X7) Z‘S +1/(mnn) ) :

n=0 n=0

Combining this result and (39) implies the stated convergence applying [2, Theorem 2].
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(b) Applying [2, Theorem 3], the Cauchy-Schwarz inequality and using A1 we obtain that almost
surely for any n € N

gjlak {£(60) — min 1}

9 —9* 2 n—1 N n—1
< LT S G o6 — 5V £00)) ~ 0%, + Y 5 e
k=0 k=0
2 n—1 ] 2 n—1 ]
<2ME =" Sk (e Ok — 5 VI(OK) — 0% 0) +23 > a7 Il 12 . (40)
i=1 k=0 i=1 k=0

which implies by the proof of (a) that sup,, cy[>_p_; 6k {f(fx) — ming f}] < 400 almost surely. The
proof is then completed upon dividing (40) by > _; .

O

C.2 Proof of Theorem 2
(2)

Proof. Taking the expectation in (40) and using that n,~ is a martingale increment with respect
to (Fn)nen, we get that for every n € N

E [Z o { £(0) rrgnf}]
k=1

n—1 n-l
2ME — > Srr1(Me (O — k1 VF(Ok)) — 0%, k) + > 51%+1||77k|2]
= k=0

<E

n—1 n—1 2 n—1 2
<20t +2vt0 Xt [[o|] +2 5otz o]+ 25 atom o]
Combining this result, Lemma 11 and Lemma 12 completes the proof. O

C.3 Proof of Theorem 3

We now introduce some tools needed for the proof. By A4 and H1-(i)-(ii), for any § € © and
v € (0,7], there exists a function H, g : R? — R% solution of the Poisson equation,

A

(Id —KMQ)H%Q = H@ - 71'%9(H9) ; (41)
defined for any = € R? by
Hy () =) {K! yHo(x) — my0(Hy)} - (42)
jEeN

Note that using H1-(ii) and Lemma 10 we have for any § € © and x € R¢

Hﬁo(x)H < Cﬁ’yflVl/‘l(x) , Cp =84, log_l(l/p)p’w4 . (43)
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Define for any n € N 5
fin = Hp, (Xny1) — 75 (Hg ) (44)

Using (41) an alternative expression of (7, )nen is given for any n € N by

= H én (XTL—‘,-l) o K’YT: en H’Yn On (Xn+1) + ﬂ-’YTme_n (Hg_n) o Trén (Hén)

:ﬁa)+n()+n(c)+~(d)

where
A =, 5, (Ka) ~ K, g M 5, (X).
777(117) =K, 4. I:I e ( n) = K'yn+1 Ont1 A’Yn+1 9“+1(Xn+1) ’ (45)
777(16) = K%+1,0n+1ﬁ%+17 On+1 +1) = K'anénﬁ"/nvén (X”"'l) ’
i =m, 5 (Hg)—mg én)-

ﬁg) ‘ for i € {a,b,c,d}. Tt is the

matter of the following technical results.
Lemma 13. Assume A1, A2, A3, H1 and that for any 0 € © and x € R?, ||Hy(z)| < VV/4(x)

Then we have for any n € N, E [||7,?] < C1, with
O = 24E [V (Xo) | + 250 [VF(O)].
0€O

Proof. Using (44), that |z 4+ y||* < 2(||z|* + ||y||®) for any z,y € R?, A1, A2, A3 and H1-(i) and
that for any 0 € © and = € R?, || Hy(x)|| < VY/2(z), we get for any k € N,

_ = 2
E [[l7]?] < 2E[||Hg, (Xk+0)IIP] + 2 [m5, (1 Hg, II)]

< UAE |V (Xo)| +25up V1)
€

Lemma 14. Assume A1, A2, A3, A4, H1, H2 and that for any 0 € © and x € R, ||Hy(x)|| <

} < Ciyy, %, with

VY4(x). Then we have for anyn € N, E [Hn(a)
Gy = A1CLE [vl/“‘(f(o)} .

Proof. By (45), using (43) and H1-(i) we get that for any n € N*

[ Ll

2 A ~
{ [H yReam] fn” —E[HK%@H%@H(X”)

< 41CH7E [V (X))

]

which concludes the proof.
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Lemma 15. Assume Al, A2, A3, H1 and that for any 6 € © and x € R?, |[Hy(z)| < VV4(z).
Then the following statements hold.

(a) There exists C3 > 0 such that for any n € N and § € ©

[ > Gk i1, iy, H

k=0
with ax+1 = Mg [ék — 5k+1Vf(0~k)} — 6%, 0* € argming f and

< (s

Z|5k+1—5k\’7k +Z5k+1’7k +(5n+1/7n+1_51/71)‘| :
k=0

Cs = A1Cyy(AMo + sup |V £(0)] + 1+ 6, L) [vl/‘*(f(o)} .
6eo

(b) If (22) holds then >} _, 5k+1<ak+1,ﬁ,(€b)> converges almost surely.
Proof. By (45) we have for any n € Nand € ©

>k lanta, )
k=0

A ~ A

= Z 6k+1ak+1’ K'Yk:ékH'Yk;ék (Xk) - K'Yk+1yék+1H’Yk+1;ék+1 (Xk+1)>
k=0

3

= Z<5k+lak+1 — bpar, K 5 H 5 (Xi))
k

I
—

A ~

~ {On+1n41, K%+1;5n+1 H’Yn+1’én+l (Xnt1))
+

H, 5, (%0)) | (46)

In addition, we have for any n € N, § € © using Al, A2, that IIg is non-expansive, (20), H1-(i)
and that for any 6 € © and = € RY, ||Hy(z)| < VV/4(x)

61&1’ 50,00

H(SnJrlanJrl - 6nan|| S 2M@ |6n+1 - 6n| + 6n+1 HanJrl - an”
< 2Me |5n+1 - 5n| + (1 + 5an) ||9n+1 — 0 H + |5n+1 - 5n| ||Vf(9n+1)||
< (2Me + sup IV £ 16n41 = Snl + st (L4 61 L)V (K1) - (47)
€

(a) Combining (46), (47), (43), the Cauchy-Schwarz inequality and H1-(i) we get that

a |H (2Mo + sup [V FO)) 414 E [V} (Ko)| 3 Ik = 04l
k=0

+ ACy(1+ LR [VA(K0)| D 670
k=0

+ 24 MoCHE [VY/4(X0)| {01/ i1 + 61/}

which concludes the proof of Lemma 15-(a).
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(b) Assume now (22). We show that almost surely the first term in (46) is absolutely convergence
and the second term converges to 0.

Using (47), (43), the Cauchy-Schwarz inequality and (22) we get that

—+o0
E lz ‘<5k+1ak+1 — dpag, Kwﬁkﬁwﬁk (Xk)>”
k=1

+oo
< (2Mo + sup [V £@)) A C V40| 3 Ik = 6kl i "
€ k=0

400
+ A1 Cp(1+ 6, Ly)E [Vl/‘l(f(o)} Y 6740 < 400,
k=0

which implies that ({3x+1ak+1—dkak, K, g, H’m,ék (X&)))ren is absolutely convergent almost surely.

We have that K 5 5. (Xn+1)| is upper-bounded using (43) by 7,1, C 5K 5 VU4 X,1).

Yrnt+1:0n+1 HH’Yn+1,9n+1 . - . Vrnt1,0n+1
It follows that we have for any 6 € ©, ¢ > 0, using the Markov inequality, the Cauchy-Schwarz

inequality, (43) and (22)

S (lansillduiiK,, g, 1, 6, (a2 €)
neN

S Z P <20ﬁM@ 6”“1’1 fy’l'?"ll‘l K7n+17én+1 V1/4(Xn+1) 2 E)
neN

< 4e 2 MZCLAE {v1/2(5(0)] 3 629,% < 4o,
neN

Using the Borel-Cantelli lemma, we get limnﬂ+oo<5nanK%70~nﬁ A (Xn» = 0 almost surely. This

completes the proof of convergence of the series ), -y Ox+1{(ax41, ﬁ,(cb)> for any 6 € ©.
O

Lemma 16. Assume Al, A2, A3, A4, H1, H2 and that for any 0 € © and x € R?, ||Hy(z)| <
VY4(z). Then we have for any n € N

o[

} < C2777j1 [’77;&1 {A1(7n77n+1) + A2(7n77n+1)5n+1} + 5n+1] s

with
Cy =4A1Aylog™ (1/p)p~7/? max [LH, Con + 245 log_l(l/p)p*:’/z} , (48)

where C. 1 is given by
Cc71 = 4A1A2 10g71(1/p)p_§/2E [V(XQ)] . (49)

Proof. We start by giving an upper-bound on |7, g, — 7,0, |v1/2 for y1,72 € (0,7] with 1 > 72
and, 01,0, € O. Let g : RY — R% be a measurable function satisfying sup, cga{|g(z)|| /V'/2(2)} <
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1. Using H1-(i)-(ii), H2, Lemma 9 and Lemma 10, we get that for any 1,72 € (0,5] with 71 > 72,
91,92 € 0 and ¢ € N*

[HK’Yl 9.9 (XO)_K‘Yz,@z XO H]

-1
; —1—j
- Zth,Gl (K'Yl,@l - K’Yzﬂz) {K’(Yzﬂz ])g(x) T 2,02 (f)}
§=0

Z 1— 2 1/2
< 2A22p N2/ HK%,% K’Ylﬂl ’72 92)V/ ( )H
7=0
-1

<24, ) pUTIIR (AL (1, 92) + Aa (1, 72) 101 — 02]]] SUPE [KE 5 V(X0)]
7=0

< 4A1Azlog™ (1/p)p P45 [Ar (1, 72) + Aa(m1,72) 1161 — B2l E [V(Xo)] -

Taking ¢ — +o0o and using H1-(ii), we obtain that for any 61,02 € © and 1,72 € (0,7] with

Y1 > Y2, 1
||7Twl,61 — Tyg,62 [yi2 < Cerva [A1(71,72) + A2 (y1,72) 161 — 62]]] (50)

with C, 1 given by(49). In what follows we give an upper bound on HK%’(;1 Hy 0, () — Koy, Hop 0, (2) H

for any 61,02 € ©, y1,72 € (0,7] with 41 > v, and # € R%. By (42) we have for any 0,0, € O,
71,72 € (0,7] with 71 > 7, and = € R¢,

HK’Ylﬂl ﬁ71791 (1‘) - K’Y2792g"/2792 ('T) H

Z{ 71,91 = 1,61 H91 } Z{ 72792 7T“/2,92(H92)}H

LeN* LeN*
< Z H{Kfn,GlH@l ((ﬂ) — Ty1,01 (H91)} - {K€2,02H92(1’) - 7T’Y2792(H92)}|| .
LEN*

We now bound each term of the series in the right hand side. For any measurable functions g1, g2
with g; : R? — R% and such that sup,cga ||gi(z)| /V/4(z) < +oo with i € {1,2}, 61,0, € O,
71,72 € (0,7] with v; > 72, 2 € R? and £ € N*, it holds that

K! go1(2) — K, pg2(x) =KE g g1(2) =K, g,01(2) + K, 4, (g1(2) — ga(2))

1
{—1
j —1—
= Z {ijﬁl 7‘-’)’1,91} (KV1791 - K’Yzﬂz) {K'yg 62 ng (z) — Ty2,02 (91)}
j=0
£—1
l L—j
3 o (K (@) = K 01(2) |+ KL, g, (01(2) = g2(a)
=0
£—1
j -1
= {szl,el - ﬂ-'Ylyal} (K71,91 - K’Y2,92) {K’yg 92ng(l') = Ty2,62 (gl)}
j=0

— 1.0 (K5, 0,01(2) = 01(2)) + K5, , (91(2) — g2(2)) .
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Setting g1 = Ho, — 7+, 0, (Hy,) and go = Hyg, — 7, 9, (Hp,), we obtain that

K’l;1791 g1 (J:) - Kf;2792g2 (I)
—1

. (17 —
- {K?h,‘% - 7‘-’)’1,91} (K’Y1791 - K’72,92) {K72,192JH91 (13) = Ty2,02 (H91)} +=e, (51)
7=0

where

S0 = —7,.0, (K5, 0, Ho, (¥) — H, (2))
+ K., o, [Ho, () — Ho, () + 7, 0,(Ha,) — 7y 6, (Ho, )]
— .0 K., 0, Ho, (2) + KE, o, [Ho, () — Hp, (2) + 71,0, (Ho, )]
= (72,05 = Ty1,00) (K, 0, Ho, (2) — 70350, (Ho, ) — 7.0, (Ho,)
+ XK., g, [Ho, (x) — Ho, (2) + 71,,0,(Hoy )]
= (75,05 = 1,00 (K, 0, Ho, () — 70450, (Hop, ) (52)
+ sz 0, (Ho, — Ho,)(x) — 7y, .0,(Hg, — Hp,) .

For the first term in (51), using H1-(ii), H2, Lemma 10 and and that for any # € © and z € R,
| Hy(z)|| < V'/4(x) we obtain for any 0,05 € ©, 1,72 € (0,7] with v, > 72, 2 € R? and £ € N*

~
[

j l—1—
{KJ%,% - 77’)’1791} (K%ﬂl - K"/zﬂz) {K'yQ 0 ]H91 (x) — Typ,62 (H91)}

<.
I
o

-1
<24, Z p(e_l_])%/z H {K’Jnﬂl o ﬂ-’Yl,@l} (K’Yhel - K,Yz’gz)Vl/Q(l‘)H
=0

/—1
< 443 [A1(v1,72) + Az (71, 72) 161 — O2]] Z pUIT =022y 1/2 ()
7=0
< 4A3[A1(71,72) + Ao (71, 72) 101 — Oa]] L1222 () (53)

For the first term in (52), using H1-(ii), Lemma 10, (50) and that for any # € © and = € R,
|Hy(z)|| < VV%(z) < VY/2(x), we obtain for any 61,62 € ©, v1,72 € (0,7] with v; > 73, z € R?
and ¢ € N*

||(7T'Yl,91 - 7T72792)(K'yz 62H91( ) 2,02 (H91))||
< 2450 2|y, 0, = Ty 0, 1/

< 24501 p? 25 { AL (11, 72) + Ao (71, 72) 101 — 62|} - (54)

For the second term in (52), using A4, H1-(ii) and Lemma 10, we obtain for any 6,05 € ©,
1,72 € (0,7] with 71 > 79, * € R? and £ € N*

K, 0, (Ho, — Ho,) () = 7,0, (Hoy — Ha,)|| < 242 Lirp2/2]|01 — 65| V2 () . (55)

V2,02
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Combining (52), (53), (54), (55) in (51) and using Lemma 9, we obtain that for any 6;,0; € ©,
71,72 € (0,7] with 71 > 79, x € R that

HK71791H’Y1791 (.23) - K’YzﬂzH’Yz,@z (x) H

< Cepvs ' 12 {AL (71, 72) + Ay, 92) 101 — 021} + 1161 — 62| V2 (2) |

with
Cen =44y log_l(l/p)p_;Y/2 max [LH7CC,1 + 245 log_l(l/p)p_wg} .

Since for any k € N, ||0~k+1 — ék“ < 5k+1V1/2(Xk+1) by (20) and the fact that for any § € © and
x € R, ||Hp(x)|| < V'/2(z) and that ITg is non-expansive, we get that for any k € N,

HK’kaék H’Yk O (Xk""l) K’Yk+179~k+1 H'Yk+17‘§k+1 (Xk"‘l) H
<C. 2’7;;11 [’Yk_jl LA (Y Y1) + Ao (Voo Vi) 01} + Okg1 | V(Xis1)

which implies by (45) and using H1-(i) that

dlis

with Cy given by (48).

} < Cz’yk}ll [Vt {AL (Vs Yes1) + Ao (Vs Ves1) 041} + O]

O

Lemma 17. Assume Al, A2, A3, H1 and that for any 0 € © and x € RY, |[Hy(z)| < VV/4(2).
Then we have for any n € N

=[Jie]) < 000

Proof. By a straightforward application of H1-(iii) and by (45) along with the fact that for any
0 €O and x € RY, |Hy(x)| < VV/*(x) we have for any n € N, E [||7||]] < ® (7). O

We now turn to the proof of Theorem 3.

Proof of Theorem 3. (a) To apply [2, Theorem 2], it is enough to show that the following series
converge almost surely

—+o0
> b1 (Mo (O — 1V F(0n)) — 26 allfinll?
n=0
with 6* € argmingeq £(0). 32,2562, ||77nH2 < 400 almost surely by Lemma 13 since Y, 62, <

+o0. Since ((Ilg (6, — JnHVf( n)) 9*,% >)n€N is a (F,)nen-martingale increment, see (21) and
by Lemma 14 and Y, 02, /72 < +00

E Y02, (Mo (0n — 0041V f(00) — 0%,()?| < +o0,

we obtain using [56, Section 12.5] that 3720 8,41 (Ile (0, — 8,41V £ (0,)) — 7177(51)) converges almost
surely. Using A1, (22) and Lemma 16 and Lemma 17 we get that Zni% Ont+1{lle(0n—0,+1Vf(0,))—
0*, ng )> is absolutely convergent almost surely for i € {¢,d}. Finally ZI:(’) Ont1{lle(0n—0n+1V f(6,))—

0* 77)7(1 )> converges almost surely by Lemma 15-(b).
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(b) The proof of is identical to the one of Theorem 1-(b).

C.4 Proof of Theorem 4

The proof is similar to the one of Theorem 2, using Lemma 13, Lemma 15, Lemma 16, Lemma 17
and the fact that ﬁﬁf‘) is a (Fn)nen-martingale increment, see (21).

C.5 Proof of Theorem 5

In this section, we give the proof of Theorem 5 by showing that H1 holds. First of all in Ap-
pendix C.5.1, we establish under L 1 and L2 stability results uniform in the parameter § € ©
for the Langevin diffusion (5) and the associated Euler-Maruyama discretization (6) based on a
Foster-Lyapunov drift condition with constants independent of #. Then, in Appendix C.5.2, we
show that the stability conditions that we derive, are sufficient to prove that H1 holds. The proof
of Theorem 5 then consists in combining all these results and is presented in Appendix C.5.3.

Under L1 and L2, for any 6 € ©, (5) defines a Markov semi-group (P; g);>0 for any z € R% and
A € B(R?) by Py g(x,A) = P(Y,? € A) where (Y,);>0 is the solution of (5) with Yy = 2. Consider
now the generator of (P );>0 for any 8 € ©, defined for any f € C*(R%) by

Agf = —(Vaf, VoUs(z)) + Asf . (56)

We say that a Markov kernel R on R x B(R?) satisfies a discrete Foster-Lyapunov drift condition
Dy(V, A\, b) if there exist A € (0,1), b > 0 and a measurable function V : R? — [1, +00) such that
for all z € R?

RV(z) < AV(z)+b.

We say that a Markov semi-group (P¢);>0 on R? x B(R?) with extended infinitesimal gener-
ator (A4, D(A)) (see e.g. [42] for the definition of (A4, D(A))) satisfies a continuous drift condition
D.(V, ¢, B) if there exist ¢ > 0, 8 > 0 and a measurable function V : R? — [1,4+0c) with V' € D(A)
such that for all z € R?

AV (z) < ¢V (x)+ 3.

C.5.1 Foster-Lyapunov drift conditions uniform on 6
Define V. : R? — [1, +00) for all x € R? by
Ve(z) = exp(mid(z)) , with ¢(z) = /1 +|[[z[* and @y =m /4 . (57)

Proposition 18. Assume L1 and L2. Let 4 < min(1,2my). Then there exist Ae € (0,1) and be > 0
such that for all v € (0,7] and § € © the Markov kernel Ry g associated with the recursion (6)
satisfies the discrete drift condition Dq(V,\7,by), i.e. for all x € R?

R, oVe(x) < AIVe(x) + bey1p (0,0 () (58)
with
. _ﬁ2(21/2_1) .
Ae =M , re=max(1,2(d+ c)/m, R1),
be = 1y (d + ¢+ 220 ) exp [xﬁl {(d+c+xﬁ1)ﬁ+ V1 +r§H )
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Proof. Since ¢ is 1-Lipschitz, by the log-Sobolev inequality [4, Proposition 5.4.1], we have for any
z€RYand 0 € O,

R, oVe(2) < exp [@iR 09(2) +@77] (59)
< exp |1/ o = VL Ua(@)P + 29d + 1+

where we have used Jensen’s inequality in the last line. Second, using L2 and v < 2ms, we obtain
that for any z € R? and 0 € ©,

& = yVaUg(2)[|* < [[2]|* = 2v(z, VoUs(2)) +~?|| VU ()|
< lzf|* = 2miy||#]| L o,ry) () + (v — 2m2) | Vo Us(z)[|* + 2v¢
< ||:UH2 —2myy[|z||1p(o,r, )< (%) + 27¢C .

Therefore, using for any a > 0, v/1+a — 1 < a/2, we get for any x € R? and 0 € O,

Ve =V Up(@)|? + 27d + 1 — ¢(x)
< ¢() {\/1 +27¢72(z)(d + ¢ — m||z[|1p(o,ry)e (7)) — 1} (60)
<o (@) (d + ¢ —m||z||Lp(o,r, )< (2)) -

Therefore, combining this result with (59) and using that for any & € B(0,7.)¢, ¢(z)?/ 1z < 2
and d + ¢ <my ||z] /2, we obtain for any = € B(0,7,)° and 6 € ©,

RyoVe(z) < exp [f1¢~ " (2)(d + ¢ — mi||z||) + &3] Ve(z)
<exp [-2m77¢ " (z)||z|| + B1y] Ve(z) < N Ve(z)

Using (59), (60), and the fact that ¢(#) > 1 for any & € R¢, we have for any x € B(0,7.) and 6 € O,
Ry oVe(z) < AN Ve(z) + (eﬁ'l(d""ﬂ”ﬁl)V - )\z) exp [ifll V14 rg} .

The proof of (58) for € B(0,7.) and 6 € © is then completed upon using that e* — e’ < (a — b)e®
for all a,b € R with a > b. O

Proposition 19. Assume L1 and L2. Then for any 0 € ©, (Pyg)i>0 associated with (5) satisfies
the continuous drift condition D.(Ve, (e, Be) for Ve defined in (57) and

Co=302/2Y2, B =iy exp [ﬁmﬂ T fg} (14 +ctd), 7o=max(l,Ri).

Proof. First, by definition, for any z € R?, we have

Vo V(z) = maV(z)/o(x)
AV (@) = {m1V (2)/¢(x) Hi |l /é(x) +d = |lz]|* /¢ (2)} -
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Therefore, by (56) and L2, we get for any 6 € © and = € R?,
AV (@) = @1V (@) /6(2)} [~ (Valp(@),2) + i o] /() + d = |lal]* /6*(x)]
< {inV(@)/6(@)} [-m 2] Lnr)- (@) +  + i |lz]]* /o) + d — o] /6*()]

< {mV(2)/d(@)} [~ (Bmi/4) 2] Ino,ry)e (2) + ¢ + 1 [|2]| Lpo,ry) () +d] -

The proof is then complete upon using that for any = € B(0,7.)°, |lz|| /o(z) > 272, for any

y e R |yl /o(y) < 1.
O

C.5.2 Checking H1

Lemma 20. Assume L1 and let V : R — [1,+00) satisfying lim g 400 V(2) = 400 and
V € D(Ayp), for any 6 € ©, where Ag is defined by (56). .

(a) Assume that there exist A € (0,1), b > 0 and 7 > 0 such that for any 0 € © and v € (0,7],
R0 associated with the recursion (24), satisfies Dq(V,\7,by). Then for any 8 € © and
v € (0,7], Ry,o admits an invariant probability measure 7,9 on (R B(R?)) and there exists
D3 >0 such that for any x € R? and k € N

5, RE4V < Ds+V(x), me(V)<Ds,  D3=0bA"/log(1/)).
In addition, for all § € © and x € R?, limp_, 4 o ||6$R’,j)9 — Ty 0llv =0.

(b) Assume that there exist ¢ > 0 and 8 > 0 such that for any 60 € O, (P1g)i>0 associated with
(5) satisfies D.(V,(,8). Then for any 0 € O, the diffusion is non-explosive, Ag admits my as
an invariant probability measure and

m(V) < Do,  Do=p/C.
In addition, for all € © and x € RY, limy_, o0 [|8:P19 — 7ol = 0.

Proof. (a) for any v € (0,7] and 6§ € ©, R, ¢ is irreducible with respect to the Lebesgue measure
on R? has the Feller property and satisfies D4(V, A7, b7y) then [41, Section 4.4] applies and R,
admits an invariant probability measure 7., . The discrete drift condition and [21, Lemma 1] give
that for any v € (0,7] and 0 € ©

RE,V(z) <V (x) +bA77/log(1/)), 7y0(V) <A77 /log(1/N) .

We obtain that for all # € © and = € RY, limp_, ;o ||5zR,’j,9 — my9llv = 0 using [39, Theorem
16.0.1].

(b) Using D.(V, ¢, 3) and [42, Theorem 2.1] we get that the diffusion process is non-explosive and
thus (Pyg)i>0 is defined for any 8 € © and ¢t > 0. Using [52, Corollary 10.1.4] for any 6 € O,
(Pt.)i>0 is strongly Feller continuous, therefore any compact sets is petite for the Markov kernel
P g, for any h > 0 and 6 € ©, by [39, Theorem 6.0.1]. Using [47, Chapter 7, Proposition 1.5], [27,
Chapter 4, Theorem 9.17], and the fact that my(Apf) = 0 for any 6 € © and f € C*(R?), we obtain
that for any 6 € ©, mp is an invariant measure for (Py)i>0. Using D.(V,¢, ) and [42, Theorem
4.5] we get that for all 8 € O, mp(V') < §/¢. Finally, the convergence is ensured using [40, Theorem
5.1].

O
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As an immediate corollary we obtain that under the conditions of Lemma 20 for any 6 € ©,
v € (0,7] and k € N, )
moRE gV < B/C+bAT7 /log(1/) . (61)

Lemma 21. Let V : R? — [1,400). Assume there exist A € (0,1), b > 0 and ¥ > 0 such that
for any 0 € © and v € (0,7], Ry,¢ associated with the recursion (6) satisfies Dq(V,A\7,bv). Let
(Y )nens (0n)nen be sequences of non-increasing positive real numbers and (my,)nen be a sequence
of positive integers satisfying sup, ey Yn < 5. Then, (Xi')nen kefo,...m,} given by (14) with {K, 4 :
v€(0,7],0 €0} ={R,0 : v€(0,7],6 € O} satisfies for all p,n € N and k € {0,...,m,}

E [R”

Tn ,0n V(XI?)

Xg} <DWV(X0),  Dy=1+2bA"7/log(1/)).

Proof. By induction we obtain that

k
VX < MV (X by DOm0 (62)

i=1

E[V(X])|F.] =R*

Yn+1,0n+1

where (Fy,)nen is defined by (15). Similarly, we obtain for any k € {0,...,mo},

k
E[V(XD)|X0] =RE 4 V(XE) < AFOV(XE) + byo A0k (63)

0,80
i=1

Define for £ € N,k € Nand ¢ € N*, qp 1 = Zf;(l) m; +k, dn = qeo and §; = Z;;Og ’yj]l(qhq”l](z‘).
In addition, consider for any p,q € N*, I'; ¢ = 37 4; and ', = Ty ,. Combining (62), (63) and
Lemma 9 we get for any n € Nand &k € {0,...,m,}

B [RE,, VOG)[XS] < N7E [VOG)|XE] + blog(1/AA~ oy
dn,k
<Ak V(X) +b Y FAT o 4 blog(1/A)A77 .
=1

Since (4;)ien is nonincreasing and for all ¢ > 0, 1 — A > —tAtlog()\), we have for all q € N*,

q q q
Do giAtrra < 5 T (1+ A7 log(W)3)

< (=A1og(N) 7' Y4 [T (A log(N)F;) = [T+ A" log(M)3;)

=1 | j=i+1 Jj=1

< (A7 log(A) .
Combining this result and (64) completes the proof. O

Lemma 22. Let V : R? — [1,+00) measurable and My > 0 such that sup,ega { (1 + ||z|)?/V (z)} <
My . Assume L1 and that for any 6 € ©, v € (0,7] and k € N,

moRE (V) < D1, mPym, oV < Dy, (65)
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with m, = [1/v]. Then for any 6 € © and v € (0,7]

Hﬂ'@Rng — 7T9P'ym~,,9|‘%/1/2

<2011+ 9) {4 23up V.U + 201 D) |
€

Proof. The proof follows the lines of [21, Theorem 10]. Let § € © and v € (0,7]. We have, using a
generalized Pinsker inequality [21, Lemma 24], that

H7T9R:f3 _ 779P'ymw,9 |%/1/2 < Z(WGR:?V + 779P,ym%9V)KL (W9R$3|7T9P~,m7,9) .
< 4D,KL (W@Rﬁghepqmwe) .

Using L1, [21, Equation (15)], [36, Theorem 4.1, Chapter 2], (65) and that for any a,b € R,
(a+b)? < 2(a? + b?) we obtain that

KL (roR 5 1P, ) < 1man?(d 4+ 5 supmoRY [ Vol (2)])

<LX1+7)y(d + 23(sup IV.Us(0)|* + L2My Dy))
S

which concludes the proof. O

Proposition 23. Let V : R? — [1, 4+00) measurable and My > 0 such that sup,cga {(1 + [|z]))?/V ()} <
My . Assume L1 and that there exist A € (0,1), b > 0 and ¥ > 0 such that for any 0 € © and

v € (0,7] Ry,g satisifies Da(V,\7,by). Assume that there exists Dy > 0 such that for any 6 € ©,
7w9(V) < Dg. Then there exists Dy > 0 such that for any 0 € © and v € (0,7]

17076 = mollyire < Day'/? .
Proof. Using Lemma 20 we obtain that for any 6§ € ©

: k
S (7R g = moPor el = [lmy.0 = mollvare - (66)
We now give an upper bound on H7T9R’§79 —7moPk0lly1/2 for k = gym., with m, = [1/v] and ¢, € N.
Using [16, Theorem 6] and that 7y is invariant for P, g with ¢t > 0, see Lemma 20, we obtain for all

e, ve€ (0,7 and k €N

7o RE 5 — woPk.0lly1/2

gy—1
—(l+1 —L

< D 0P ernymy oRYG T = 6P, oRY O™ (s

£=0

q’yfl

—(e

< Z C’g’me(qv ( +1))||779P’y€mw‘9pmw%9 — WQP’YZWWQRZ?(;”VUZ

£=0

9~

< [70Pmy,0 = TR G llyie Y CET™ (67)

=1
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where C' > 0, € (0, 1) are the constants given by [16, Theorem 6] with minorization condition given
by [16, Proposition 8a] with m = —L since L1 holds and drift condition Dy(V/2 A7, bA=7/%7/2),
since for all # € © and v € (0,7] we have that R, satisfies Dq(V,\7,by) and therefore using
Jensen’s inequality that R, ¢ satisfies Dg(V'1/2, \/2 bA=7/27/2).

We now give an upper bound on error [|mpPp, ~.9 — m,Rng |lyy1/2. Indeed, since Ay satisfies a
D.(V,(, ) and Ry ¢ satisfies Dq(V, A7, by) for any 6 € © and ~ € (0,7], we obtain using (61) that
for any 6§ € © and v € (0, 7]

TPy, 0(V) < Do,  mRIG(V)< Dy,  Dy=Do+bx"log(1/3)!
Combining this result and Lemma 22 we have for any 6 € © and v € (0,7]
H7T3P.ym,y’9 — WQRZ? HV1/2 § D271/2 s (68)
with
) ) 172
Dy =2D1/%(1+ )2 {d+ 23(L2My + sup ||vae<o>|2>Dl} b
)

Combining (67) and (68) we get for any k € N, § € © and v € (0,7]

q~
I7oRE g — moPykollyie < CDy Y & YM2 < CDy(1— &) 'y2,
=1

where we used that £7 < ¢. The conclusion follows from this result and (66). O

C.5.3 Proof of Theorem 5

Combining Proposition 18 and Lemma 21 we get that H1-(i) is satisfied with constant A4; < Ds.
L1, L2, Proposition 18 and Lemma 20-(a) ensure that H1-(ii) is satisfied by [16, Theorem 14] with
Az + D3. HI1-(iii) is satisfied combining Proposition 18, Proposition 19 and Proposition 23 with
W(7y) < Dyy'/2.

C.6 Proof of Theorem 6

We preface the proof by a technical lemma.

Proposition 24. Let V : R? — [1,400) and My > 0 such that supgega {(1 + [|z]|*)/V(z)} <
My 4. Assume that there exists M > 1 such that for any 0 € ©, v € (0,7], withy > 0 and T E R,
R,V (z) < MV(z). Assume L1 and L3, then we have for any 61,62 € ©, v1,72 € (0,7] with
Y2 <71, a € [1/4,1/2] and z € R?

||59€R’71791 - 6$R72,92”V“ <Ds [71/72 -1 +7;/2||01 - 92“] V(:C)za )

where {R+ 9,7 € (0,7],0 € O} is the sequence of Markov kernels associated with the recursion (6)
and

1/2
D5 = max <2M1/2 [d/ﬁl + sup ||V, Ug (0)||? + L2 M, 1/2} ,(2M)1/2LU> .
6co
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Proof. Let x € R%, 01,05 € © and 71,72 € (0,7], 72 < 71. Using [21, Lemma 24] we have that
”61RW1,91 - 5IR72792 ”V“
1/2
< V2 (Ryy 0,V (@) + Rop 0, V2(2))/* KL (82Ro1 0, 82 R 00)
< 2MV (@)KL (8:Ro, 0, [8:R0) (69)

Denote for any p € R% and o? > 0, Yu,o? the d-dimensional Gaussian distribution with mean
and covariance matrix o2 Id. Using that for any pi, uo € R% and oq, 09 > 0,

KL (Yyi;,01 10 Viz,0010) = [l — wal® /(203) + (d/2) {~log(o7/03) — 1 + 07 /03} .
In addition, if o1 > 09
KL (THLO'l Id|Tu2,Uz Id) < ||H1 - HQHQ /(20-%) + (d/2)(1 - 0—%/0%)2 :
Therefore, we obtain that

KL (8:R, 0,82R,.0,) < E/(472) + (d/2)(1 =71 /72)? (70)
where = satisfies

2 = |mVaUs, (2) = 72VUs, (2)]|”
= M VaUs, (2) = 12VaUs, () + 72V Us, (€) — 72V Up, (2)|?
<21 VUs, (2) = 12V Us, (2)|1% + 2[|72VaUs, () = 12V Us, ()2
< 2(m = 72)*[VaUs, (2)1* + 295V Us, () — Vo Us, (2)|?
<2(m —72)?IVals, ()% + 293 LT |61 — 622V () (71)

where we have used L3 in the last line. Using L3 again and that supycg ||V2Up(0)|| < +o00 by L1,
we get for any a € [1/4,1/2]

mewswwwwfwwwﬂyywwwﬁg%ww%
S

with Ce = 2supycg | V2Ua(0)]* + 2L2Mi,/v2~ Combining this result, log(y2/71) < 0 and and (71)
in (70), it follows that

KL (6T«R’Yl,01 |6$R"/2792) S d(l - 71/72)2/2
+ 795 (11— 12)? IV U (01, 2) 1 /2 + y2LE |61 — 62V () /2
< v ' (1= /m)/4+ 73 (n —12)?Co /2 + v L |61 — 027 /2] V() .

This result substituted in (69) completes the proof with the fact that for any a,b € Ry, (a+b)1/2 <
al/? 4 pl/2, O

Proof of Theorem 6. L1 and L2 ensure a uniform drift condition on R, ¢, see Proposition 18 . Note
that the Lyapunov function V defined by Proposition 18 satisfies sup,cpa(1 + [[z||*)/V (z) < +oc.
H2 is then a direct consequence of Proposition 24 O
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