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1 | INTRODUCTION

The treatment of cancers with cytotoxic chemotherapies often encounters two major pitfalls: the side toxicity of the drugs on
healthy cells and organs, and the emergence of resistance to the treatment. This resistance can occur because of an initial genomic
heterogeneity of the tumour: in its early stages, it contains several distinct populations of cells, that differ from one another
because of successive mutations'. If one of these lineages is resistant to the first line of treatment, then using strong doses of
drug, as it is done in many classical protocols, kills all sensitive cells, and lets this resistant lineage grow without control. It
is thus important to take into account cancer heterogeneity before starting a treatment. Mathematical modelling can, in this
framework, give guidelines on how to treat such tumours.

For example,2* study the growth and treatment of heterogeneous tumours, and determine optimal dosages of drugs for fixed
time injections. The treatment protocol is there considered as instantaneous injections of drugs. We will work here in a framework
of continous treatment. In%, an ODE model of heterogeneous tumour growth is studied under continuous treatment. The optimal
control theory is used to give necessary conditions on optimal protocols, in order to reduce the tumour volume while preserving
its heterogeneity. We refer the reader to>* for different models of tumour growth, presented and studied in the framework of
optimal control theory.

In this paper, we will consider a model for heterogeneous tumour growth, with interactions between two cancerous cells
populations: s which is sensitive to the treatment, and r which is resistant to it. The biological model is an in vitro experiment,
with both ligneages developping in a Petri dish, so that no other cells intervene in their evolution. It has been already considered
in®, where an optimal treatment is characterized to treat heterogeneous tumours. This objective is satisfactory for experiments
on in vitro tumors, but might not be adequate for medical applications with longer time objectives.

The main goal of the present work is to maintain permanently the tumour size under a certain threshold, defined by medical
considerations, under which the tumour is considered benign. When this objective cannot be satisfied (for instance, if the initial
tumour is already bigger than the designed threshold), we would like to find a good strategy to lower the tumour volume, in such
a way that we will then be able to maintain it under the size threshold. These problems will be referred as stability or reachability
problems. We will formulate these objectives as control problems that we will solve in the framework of Hamilton-Jacobi (HJ)
equations.
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An important problem arising from biological applications is the influence of uncertainties. For example, since several cyto-
toxic drugs target cells during their dividing phase, the drug efficiency may greatly differ depending on the tumour composition at
the time of injection. The Hamilton-Jacobi framework is suitable to consider uncertainties as an opponent player, thus adjusting
the optimal strategies to varying parameters.

Hamilton-Jacobi theory has been investigated, for stability and reachability problems, in many works. We refer
to OIS and the references therein. In particular, let us also mention the works” where Hamilton-Jacobi framework
is considered to take into account uncertainties in the case of collision avoidance for unmanned vehicles. In that paper, the
uncertainty is the trajectory of another vehicle.

Recall that Hamilton-Jacobi equations characterise the value function associated to the control problem. Once this value
function is computed numerically, a reconstruction algorithm can be used to get the optimal strategies for stability or for reach-
ability. In this paper, we consider a reconstruction algorithm for control problems in presence of state constraints. We prove the
convergence of this algorithm and we show with several numerical simulaitons the relevance of our approach.

This article is organized as follows. Section 2 presents the different models, objectives and constraints that will be considered
in this paper. Section 3 is devoted to the mathematical analysis. In this section, a Hamilton-Jacobi approach is introduced to
characterize some reachability sets. In section 4, we analyse some trajectory reconstruction algorithms. Finally, section 5 presents
and analyses some numerical simulations.

2 | MATHEMATICAL FORMULATION OF THE PROBLEM

We present here some notations that will be used throughout this paper. We will denote by | - | the Euclidean norm and by (-, -)
the Euclidean inner product on RV (for any N > 1). The notation B stands for the unit open ball {x € RY : |x| < 1} and
B(x,r) := x + rB for any x € RY and r > 0.

For every set M C RN, M, M and dM denote its interior, closure and boundary, respectively. The distance function to M
is dist(x, M) = inf{|x —y| : y € M}.

For any M > 0, the set L'(0, +00; e~M'dt) is the set of functions f : [0, +c0) — R such that /0+°° | f(®)|e~M!dt is finite: | f]
is integrable for the measure e"M*dt. The set W-1(0, +c0; e~M'dr) is the set of functions f € L!(0, +o00; e M!d¢) such that
their derivative is also in L'(0, +00; e~M!d?t).

We consider the following controlled differential system :

y(@) = fo(0), a(®) + (1), a(®)u(?), 6]

where u is the control, y the vector of state variables (y(t) € R”, with n = 2 or 3 depending on the problem we consider), and
a(t) a vector of m parameters that can change over time ¢, representing the uncertainties. We consider only measurable controls
taking value between 0 and a certain U,,,, > 0 ; in other words,

u€elV :={u:R" - Rismeasurable, u(t) € [0,U,,,,] ae.}.
We also consider that the uncertainties are measurable functions taking values in a given compact subset A of R” (with (m > 1)):
a € A :={a: Rt - R"is measurable, a(t) € A a.e.}

In all the sequel, we will consider models where the vector fields f, : R”" X R” — R" and f; : R”" X R” — R" satisfy the
following assumption:

(Hy) f, and f, are continuous fonctions, and Lipschitz continuous with respect to the first variable uniformly with respect to
the second variable: there exists a constant M, > 0 such that:

| fox,a) = fo(x' )| + | f1(x, @) — f(x', )] < My|x — x| Vx,x" € R" and Va € A. 2)
Under this assumption the functions f, and f, satisfy a linear growth: there exists a constant M, > 0 such that:
[folx, )] < M (1+|x]) and |fi(x,a)] < M1+ |x|) Vx € R" and a € A. 3)
We will also use a function f that is defined as:

SO, au) = fol,a)+ fi(x,0)u forx eR", a € A, u € [0,U_,,]
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Let x € R", u € U be an admissible control and a € A a perturbation. By a solution to (I)) we mean an absolutely continuous
function y(-) that satisfies

t
() =x+ /[fo(y(s), a(s)) + f1((s), a(s)u(s)ds  forall 1 > 0.
0

By the Lipschitz continuity of f;,, f; and by their linear growth, the solution of (T)) is uniquely determined by the control input
u € U, the initial condition y(0) = x € R" and the uncertainties « € A and will be denoted by y%*. Furthermore, the maximal
solution is defined for all times. Note, that by the Gronwall Lemma, we have:

Yol < 0+ Ixhet 120,

|y2() — x| < (1 + |x[e™" = 1) 120,

|7%40] < My(1+ |xDe’  ae.t>0.
Moreover, for any R > 0, there exists Mz > 0 such that:

|y24() = 5" )] < Mg|x — x'|eMo! Vx,x' € B0, R).
For any x € R", we denote by S(x) the set of all solutions y{*, on [0, +oo[, of equation (1) associatedtoax € Aandu € U’

and with the initial condition x:

S(x) = {(y** € WH(0,+c0,e™™"), a € A, ue U}.

In the control problems that we will consider, the control input u will have to adapt to uncertainties a. In this context, we
consider a differential game with two players, one can act by choosing the control @ and the other one can respond by chosing the
function u. Following the work of1%, we use the notion of strategies u : a — u[a], and since we cannot predict the fluctuations
of the parameters we consider the set of all non-anticipative strategies Y given as:

Y:={u:A->VU/VY(ad)e Aand Vs >0,
(a(r) =a'(0)Vr €[0,1]) = (ulal(x) = ula'](x) VT €[0,1])} .

2.1 | Two models for heterogeneous tumour growth

The first model that will be considered in this paper, has been presented and studied in®. It represents the growth of two popu-
lations of cells in a Petri dish in competition for nutrients: s is the population sensitive to the treatment u, and r the population
resistant to it. They are fairly similar, so their division rate for small populations p is identical. They compete for food and space
with a logistic growth rate, which is represented by the total remaining space K — s(¢) — mr(?), K being the size of the Petri dish
and m the size ratio between sensitive and resistant cells. Moreover, interspecies competition is stronger on resistant than on
sensitive cells, which is represented by a supplementary competition term fs(¢)r(¢). We suppose that no mutations occur during
the time of our study. Finally, the treatment only has an influence on the sensitive population.

L (1) = ps()(1 — L0y (1)s(0yu(o)
(1) = prn)(1 — 2220y  p(0)s(r)r(n).

This model includes some uncertainties a(t) = (y(¢), f(¢)) on the drug efficiency and on the interspecies competition. We suppose
throughout the paper that these uncertainties take values in a set A that has the following form

M)

a(t) €EA:= [ymin’ ymax] X [ﬁmin’ ﬂmax]’

where the parameters y,,. > Vin > 0 and g, > B, > O are given. The values that will be used in the numerical simulations
are summed up in section 5} Table[I]

One can show easily that the set X := {(s,r) € R?/s > 0,r > 0 and s + mr < K} is invariant under the action of system
@D, whichever « € A and u € U are. This is consistent with the fact that K represents the total space in the Petri dish, thus
it is a bound on the size of the in vitro tumour.

Remark 1. Note that the dynamics function doesn’t satisfy the Lipschitz continuity of assumption (H;). However, since we are
interested in system (MI)) in K, we can modify f; and f, outside of K such that for a certain R > max(K, K/m), |y| > R
implies fy(a, y) = f,(a,y) = 0 for any a, then f,, and f, are Lipschitz continuous on R? x R2.
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In our simulations, we will consider the case where y,.; U.... > p, meaning that we have access to relatively large doses of
treatment.

Limiting the drug dosage to a maximal value U,,,, is important, but the cumulated dose of treatment over a period of time
should also be kept under a certain threshold. Otherwise, cumulated effects on the patient global health can be very harmfull?,
A first solution to take this toxicity into account is to set the following condition: for any ¢ > 0, we impose that:

t+7

/ u(s)ds < Doy 4)
t
where 7 is a typical time of treatment, and D, ,, the maximal quantity, or dose, of treatment to be delivered during time 7. This
condition gives rise to a delayed system of equations. This proves very difficult to control, both theoretically and numerically,
for the problems we are about to define. But since the necessity of (@) comes from a biological interpretation, one can transform
this condition by adding a virtual global health indicator, which will keep track of the toxicity. We thus propose the following
model:
L(0) = ps(t)(1 — 220y — y(1)s(tyu(t)
(1) = pr(n(1 — 22Dy — p(o)s(1)r(r) (M2)
Z21) = p,, — puo(t) = vio(t) max(0, u(t) — uy,).
This model is inspired by?", in which the state variable w is a white blood cells count. The new state variable w represents a
virtual global health indicator, that is renewed at a constant rate p,,, evacuated from the system at rate yw, and destroyed by
drug doses larger than the threshold u,, > 0. The set

K= {(srw) eRY/s>0,r>0,w>0,s+mr < Kandw < p,/u)}

is invariant under action of system (M2). As mentioned in Remark [T} the dynamics can be changed in adequate way outside of
K’ such that it fits assumption (Hj).

Note that in (M2)), the indicator w does not interact with sensitive or resistant cancerous cells. Indeed, we are still considering
cancerous cells cultivated in vitro without any other population: the state variable w only serves as as way to limit drug usage,
by imposing for example w(t) > w,,;, for any # > 0.

In Section 5] we will present numerical simulations of the problem ; the values chosen for the different parameters are listed
in Table [Tl

2.2 | Objective functions and state constraints
From now on, we will consider two control problems. Both problems involve the tumour size, that we define as:
¢ y=(s,r)—> s+ mr.

For the simplicity of notations, even when we consider the model (M2)) where the state variable is y = (s,r, w) € R3, we will
still denote ¢(y) = s + mr.
Now, we can state the two problems that will be considered in this paper. The first one is a stability problem.

Problem 1 (Stability). Let O > 0 be such that O < K. Given x, € R”, does there exist a strategy # € Y such that for any
perturbation a« € A,
V1 20, pO2"(1) < Q.

In other words, given a threshold in tumour size Q, can we find a control strategy such that the tumour size never exceeds this
threshold?

The second problem that will be analysed in this paper is a reachability problem.

Problem 2 (Reachability). Let @ > 0 be such that O < K, and let T > 0. For x, € R", does there exist a strategy u € Y and a
minimal time 7 € [0, T'] such that, for any perturbation a € A,

Vi T, (i) < 0.



| s

In other words, given a certain time of treatment 7', minimize the time 7 at which the tumour size is stabilized under the
threshold Q, without this time exceeding T .

The above two problems will be considered for models (MI)) and (M2).

State constraints (Global health indicator). In both models (MI)) and (M2), the functions s(-) and r(-) should take values
respectively in [0, K] and [0, K /m].

Furthermore, in the model (M2), the global health indicator system w(#) should remain above a certain threshold w
time #:

min? at any

V120, w(1) 2 Wi o)
where w,;, is a given constant that satisfies % > W,,- One can also check from the dynamics of w that if w(0) < %, then:

Vi >0, w) < 22
u

3 | STABILITY AND REACHABILITY

We now describe the mathematical formulations that will be used to address Problems[T]and 2]

3.1 | Definition of the stability kernel
Let T be a subset of R”. We will call the stability kernel of T under the dynamics (Z.1)) the set N7 C R" defined by:
={xeR"/IueY,Vae A V>0, y*"1) eT}.

It is the set of starting points for which there exists a strategy u € Y that keeps the solution in T for any time ¢ > 0 and for any
perturbation a € A.

Let us point out that the above definition of stability is identical to the notion of descriminating kernel analyzed in2!, It is also
related to the notion of viability under set-valued dynamics in the monograph“?. Here, we prefer to call the set N a stability
set because it will represent in our application the initial composition of the tumours that can be kept forever under a certain
size threshold.

In our context as described in the previous section, and in order to answer the stability problem (Problem 1), we are lead to
the question of determining the stability kernel for a set Ty, that is defined, for a given threshold value Q € (0, K) of the tumour
size, as follows:

- In case of model (MT),

Tp :={(s,r) € IRz/s >0,r>0and s + mr < Q}

- In case of model (M2),

Tp :={(s,r,w) € IR3/s >0,r>0,s+mr<Q, andw € [wmm,%]}.

— Jmin. _t
Proposition 1. For Model (MI), if 0 > K(1 —y T /Kﬂmm) then ./\/'T has a non empty interior. If Q < 1+Kﬁmm 7 then
Ny, = 10,01 % {0}.

Proof. The two assertions of this proposition come from phase plane analysis of System (MI])).
1 Kﬂmin

Assume that Q > K(1 — fmo — Ly In this case, consider the constant control u(f) = u® = — —=Fmin __ For any fixed
Q ( Vmax 1+p/Kﬂmin) ( ) Ymax ]+Kﬂmin/p y

B € [Prins Prmax]> and any ﬁxed Y € [Vmins Ymax]» ON€ can check that the point (K(1 — Zuo) 0) is stable and locally attractive in
R+2 since K(1 — %uo) > 1+Kﬂ - . Thus the segment [K (1 — fm0) K (1 — miny0)] x {0} is locally attractive in R+ for any

perturbation a(#). Thus there exists a neighbourhood of this segment embedded in M o’ since K(1 — pr‘“ u%) < Q.
K
1+K pmin/p
Under constant control u(t) = y” (1- g) for any s € (0, Q] and any perturbation « € A, we have y( 0)(t) € (0, Q] for all

t > 0. Moreover, (0,0) is stable under any treatment, thus [0, O] X {0} C N . However, suppose that f(t) = f,,, ; for any

Now, consider the case O <
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(s,r) € Ty such that r > 0, we have %(l) >rp

min(ﬁ — 5) > 0. Thus any trajectory starting in T, will leave it in a finite
time. "

O

With similar arguments as in the above proof, it is possible to check that the statement of proposition|[I]is still true for system

IS I S
@D as long as ulox > Ymin (1 1+Kﬂmin/p)'

As we are interested in controlling heterogeneous tumours (i.e. with r > 0), we will consider in the sequel that Q > !

14K Brin/ P

3.2 | Level-set approach for stability problem

To characterize the stability kernel, we use a level-set approach and define a control problem and its value function whose
0-sub-level set coincides exactly with the stability kernel (see'>'Z and the references therein).

For this, we fix O > m and define a bounded Lipschitz continuous function g, : R" — R* such that

A particular choice of g, could be:
8o(x) = min(1, dist(x, Tp)).
Now, consider the following control problem parametrized by the initial position x € R":
+o0

P,) min max / e Mg (1)) dr,

ueY acA
0
where A > 0 is a constant that will be chosen later. We consider also the value function (called also cost-to-go function) defined

by:

V,o(x) = min(P,), Vx € R".

Before studying this control problem, let us first point out some straightforward remarks on the value function.

Remark 2. First, g, being bounded, the integral /0+°° e"“gQ( ye!())dt is well-defined for any @ € A and any u € U". Also,
because the function 8o is bounded, the value function Vo is also bounded.
Furthermore, it is not difficult to check that the stability kernel N- 1, Can be characterized as the 0-sub-level set of the function
VQ:
.N'TQ ={x € R" | V,(x) = 0}.

In the sequel, we shall study the properties of the value function V,, and show a way to get an efficient approximation on K
by solving an appropriate partial differential equation.

Proposition 2. The value function Vj, is Lipschitz continuous on R" if 1 is large enough. Morevover, it satisfies the following
dynamic programming principle:
h

Vx € R", Vh > 0, V,(x) = min max / e M go (Y )dt + e V(v (b)) | (6)

ueY acA
0

Proof. Because f is Lipschitz continuous on R” for problems (MI)) and (M2)), according to the Gronwall lemma, for any x,
x' €R", anyt>0,any a € A and any u € U,

Y2 () — y5 (0] < e |x — x|



Furthermore, function 8o is 1-Lipschitz continuous, thus for x, x’ € R", we have:

+oo +oo
NP —At ulal . — At a,ula]
[Vo(x) = Vo(x)| = ;ggggf / e g (VI U(1)dt — inf max / e Mgy, (D)t
0 0
+0o0
< sup max —A wulal(ryy — wulel o))\ dt
< ueg max / e g (VD) — 8oy ()]
0
+oo
< /e_’”eMO’|x - x'|dt.
0
If we choose A > M), then the function VQ is Lipschitz continuous.
The proof of the dynamical programming principle comes from classical arguments (see?? for example). O

From (6), one can show that V, satisfies a Hamilton-Jacobi equation:
Theorem 1. For any 4 > M|, the value function V}, is the unique viscosity solution of the Hamilton-Jacobi equation:
MWy + H(x,D,V,) —gp(x) =0, x€R, 7
where D, V,, represents the derivative of V, (in the viscosity sense), and the Hamiltonian H : R" X R” — R is defined by:

H(x,p) :=min max {(—f(x,a,u),p).
(x,p) min ma ]< f(x, a,u), p)

max

This theorem can be obtained by using classical arguments in viscosity theory2#23,

We note that the expression of the hamiltonian H can be given in a more explicit form for the different models we are
considering in this paper:

For model (MT),

the hamiltonian is:

s+ mr s+ mr

H((S7r)ap)=_p1ps(1 - K

+ max(0, ¥pinSUmaxP1)-

) _ ngr(l — ) + min(pzﬂminsr’ pZﬂmaXSr)

For model (M2)),

the hamiltonian is:

s+

mr S + mr
X ) = papr(

H((s,r,w), p) = — pyps(1 — ) = P3Py — )

+ min(p, frinST> P2 Prmax ST)
+ max(0, YminSUtoxP1> yminSUmaxp] + #W(Umax - utox)p3)'

These expressions will be useful for the numerical implementation purposes in the approximation of the HJ equation.

3.3 | Minimum time function - Reachability problem

We now move to the problem of reachability (Problem . Here, we assume that A T, is known (or an approximation of N’ T,
is given). Then, we are interested in the set of initial positions from where there exists an admissible trajectory that can reach
NTQ in a finite time horizon 7' > 0 while remaining in a given domain; D := [0, K] X [0, K /m] for model @I), and D :=
[0, K]x[0,K/m] X [w %] for model (M2)). Therefore, the capture basin is defined as:

min>
R(T) :={x €R"|u e Y,Va € A,y**NT) € N7, and y>“el(s)y e DVs €0, T]}.
An illustration of N- T, and some trajectories reaching it are presented in Figure |1} In this figure, the filled region represents

the set NTQ. Starting from the points A or B, it is possible to find admissible trajectories that can reach N- T, in a finite horizon
T'. So both points A and B are in the capture basin (represented in the figure as the set surrounded by the dashed line).
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g0

0] Q K s
FIGURE 1 Illustration of the sets .N'TQ (filled region) and R(T') (set surrounded by the dashed line).

Notice that for some x € R”, it may not be possible to get to the stability kernel ./\/TQ in a finite time. For example, if
x = (0, K/m), then for any > 0, any u € U" and any & € A, we have y2*(f) = (0, K /m). Thus, if O < K, whatever control is
chosen, the trajectory will never enter N- T,

Here again, we will follow some ideas investigated by
attime T'.

First, we introduce the function g : R” — R that is the oriented distance to the set D:

) dist(x,dD) if x e R"\ D,
8.\ X =
v —dist(x,0D) ifx € D.

232612715 and use a level-set approach to define the capture basin R(T)

Now consider the control problem and its value function W defined, for every x € R” and ¢ € [0, T'], by:

. . a,ulal a,ulal
Wi(x,t) = mip max { max ( max 8V (), Vo (¥ (t))> }

According to>, for T > 0, the capture basin is given by:
RT) ={xeR"|W(x,T)<0}.
Moreover, the minimum time, 7 (x), for a starting position x € R" to reach the target N- T, (before time T') is given by:
T (x) =min{r € [0,T]/W (x,1) < 0}. ®)
Besides, as it has been shown in'l%, the value function W satisfies the following dynamical programming principle for every

x € R" foreveryt € [0,T]and h € [0,T —1]:

W (x,t+ h) = min max (max (Omaxh gw(y;““[”] (7)), W(yz’"[”](h), t)) ),
<r<

ueY acA
and W is the unique viscosity solution to the following Hamilton-Jacobi-Bellman equation:
min (0,W (x,1) + H(x, VD (x,1), W(x,1) — g,(x)) =0 forx € R",1 € (0,T], (9a)
W(x,0) = Vy(x) forx €R", (9b)

where 0,W (x,t) and D, W (x, t) are respectively the time derivative and the space derivative (in the sense of viscosity notion,
23
see'=?),

4 | TRAJECTORIES RECONSTRUCTION

Once the value functions are constructed up to some error on a grid of calculations, we want to deduce optimal controls for a
starting position x.



4.1 | A trajectory staying in N\ To

Let f" be a family of numerical approximations of f. We make the following assumption:
(H,,) for any R > 0, there exists kg > 0 independant of £ such that:

| f(x,a,u) — f(x, a,u)| < krh Vx| <R a€AuelU

We will use an approximation scheme for the differential equation using f”: an approximation of y&4(¢) with constant a and
u will be
§=x+hfx, a, u).
For example, the case of an Euler forward scheme corresponds to the choice f* = f.
Now, for any A € (0, 1) consider an approximation of V,, noted VQh. We make the following assumption:
(H,,) For every h € (0, 1), there exists an approximation VQh of V,, which satisfies:

. h E,
E, = max [Vo(x) — VQ(x)l, % et 0.
Remark 3. The theory of approximation of viscosity solutions states that for a given time step size z, an approximation V,, . of
V,, can be computed with an error of order \/? This error is guaranteed under some stability assumptions linking the time and
space mesh sizes (the so-called CFL condition). So to comply with the assumption (H 4,), one can consider the approximation

V} = V.. Where 7(h) = h* with k > 2. In this case,

@=0<W>=o(hkzi) 0,

h h

and assumption (H 4,) is satisfied.

Let h € (0,1) be a time step, and N, € N a number of steps. The actual realization of the uncertainties @ is known ; we
will denote o, = @(kh) for simplicity. For any y € R?, we define the trajectory reconstruction algorithm up to time T, = N, A,
described in Algorithm|[I]

Algorithm 1 Stability

The starting point y and the uncertainties realization & = (@), are known.

Initialization  Set yg =y.

Recursive definition of yz Suppose (y?) is known for Z = 0...k — 1. To determine yZ, we define an optimal control ”Z such
that:

u € argmin,e VI, + S " @ w)e™ + Ahgo (v ).
The new position is then defined by:
Yo=Yy RO @ uy).

Complete trajectory ~ We associate to the sequence of controls (uf)k the piecewise constant function u(¢) = uf fort €
[kh, (k + 1)h), and an approximate trajectory y” defined on [0, +c0) by:

yi(t) = fh(yz,ak,uZ) fort € (kh,(k + 1)h)

y'(kh)=y! VkeN, k<N,

y'(0 = f(y®),a,0) Vi>T,

Note that in general, yi’]“h # y". We shall show that any accumulation point § of (y"), is a trajectory realyzing better than a
minimum for the cost function Vo: since @ is an actual realization of the uncertainties, it might be "better than the worst".

Theorem 2. Let y € R” and let (yz) be the sequence defined by Algorith under hypothesis (H;) and assumptions (H,;) -
(H,,). Suppose furthermore the following limits to hold true:

2
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Then the functions (y”) form a better than minimizing sequence in the following sense:

+oo

Vo(y) > lim sup / e g, (y"(1)dt (11)
h—0
0

Furthermore, the family (y”) has an accumulation point y in W 1([0, 4+00), eMo"), and if Vo(y) = O then it is a viable trajectory,
in the sense that:
vVt >0, y@) € N}TQ.

Proof. Let y € R? and let (yZ) and (uZ) be the corresponding sequences constructed by Algorith One can show that there
exists R > 0 such that for any 2 > 0 and any n < N, | yZl < R. Thus taking into account (3), there exists M such that

Vh>0,Vk <N, YueU, |f(y} au)| < Mg.

The proof of Theorem [2]is carried out in three steps.

Step 1
Let us show that there exists ¥ > 0 such that:
Vop) 2 Voug + hf" (5. ag.ug))e™" + Ahgo(vg) = kh* = 2, (12)
For simplicity, we will note here y(’; = y,, and u(’)’ = uy. Recall that the dynamical programming principle for V,, writes as:
h
Vo (o) = mip max Vot (hy)e" + / gy e dr . (13)

0

Let it, € Y be the minimizing strategy for this problem. Let a* be an approximation of the uncertainties, satisfying a*(¢) = a;

for any ¢ € [kh, (k + 1)h). Then the following inequality holds:
h
Volvo) = Vo ™ (hy)e= + / 8oy e, (14)
0

We denote iip[a*] =u, € V.

Let us consider the first term of the right-hand member of inequation (T4). By convexity of f(x, @, U") for any x € R" and
a € A, there exists u; € U such that

h

Yo+ / S gs ags ug(0))dt = yo + hf (g, @, US)
0

Then, y;’;’“" the trajectory starting at y, for t = 0 and following uncertainties @™ and control u, satisfies | y;;’u“(h) — Yol £ Myh.
Moreover:

h
Iy‘ylﬁ’""(h) —Yo— hf()’o’ *, U3)| < / If(yzg’""(t), *, uo(f)) - f(yOs ®, uo(T))|dt
0

h
@y, 2
< /M0|yy0 (1) = yoldt < MM gh”,
0
where M, is the Lipschitz coefficient of f.
Moreover, using f” the approximation of f:
|y " (h) = yo = hf " (o, @, )| < MoMgh? + Kgh’.
Fromwe know that V7, is a Lipschitz continuous function on R? ; thus by denoting Ly, its Lipschitz coefficient:

Vo™ (h) = Voo + B (vos agu p)] < Ly [y ™ (h) = yo = hf " (g, ag. ).
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which leads to:
Vo™ (h) = V(3o + hf " (s ag. ) — Ly (MM + k)h?,
> Vo + hf" (3o, ag up) = Ly (MM + kg)h* = Ej,
> V(o + hf" (3o, ag, 1)) = Ly (MgMy + k)h* — E,,  (by definition of u))
> Voo + hf" (o, @, C)) = Ly (MgM g + kp)h? = 2E,.

We now deal with the second term of (T4). Since the function 8o is 1-Lipschitz, we get that for any 7 € [0, A]:

lgo(s ™ (1) = go ()l < / Lf (0™ (), o, wg(s))|ds < K,
0

which leads to:
h h h

a*, — — — h2
/ 2oy, M) Mdt > / go(p)e Mdt — / Kpte Mdt > zth(yO)—KRT
0 0 0
Going back to (T4), we get that:

_ h?
Vo) = V(g + hf (g, ag, ug)e™ = L, (LM y + kg)h* = 2E,, + Ahgy(v,) — Lykp=

which concludes the demonstration of (I2) by setting k = Ly, (LMy + k) + L k/2.
Step 2
We can generalize (I2) to any k < N
Vo) = Vo + hf " a u))e™ + Ahgy(y) — 2Eh — kh*.
Moreover,

Vo) = Vo(r)e ™™ + Ahgy(yy) — 2Eh — kh’
> Vo (y)e > + Ah(go(yy) + e *go(3))) — 4E), — 2xh’.

By induction we deduce that:

N,—1
Voo) > Voyn,)e M + ah Y e, (y,) = 2N, E), — kN, h?
k=0
Step 3
Now consider the complete integral fOT” e~ Mg, (y"(1))dt. We have that:
T, N1 (k+Dh N, -1 h
/e‘*’ggw”(t»dt: D / Mgy @)dt = Y e / e Hgo(y" (1 + kh))dt
0 =0 i k=0 0
N,—1 h Ny—1 h2
< Yot /e—“(gQ<yk)+tcR>dr <Y et (Ath(ym 70R>.
k=0 4 k=0
Moreover,
+00
/ e Mgy (0)dt < llgollwe™ .
Th
Thus,
+o0

C
Vo) = / e Mgy (1)dt - hZNh(TR +K) = 2N, E; — lIgolloe™ M. (15)
0
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This concludes the proof of (TI)), since using the assumptions (I0), we get;

+oo

Vo(yp) = lim Sup/e_hgg(yh(t))dt. (16)
h—0
0

Finally, the functions (y”) are equicontinuous in WI([0, +c0),e™Mo"), so they have an accumulation point y €
W LL([0, +00), e=Mo"). Using (T6)), we have:

+oo

0="Vo(y) 2 / e Mgp(y)dr.
0
Therefore, the trajectory is viable, which concludes the proof of Theorem [2]

O

Remark 4. It is possible that, for a fixed 2 > 0, the constructed trajectory yh is not viable on [0, T}, ]. However, because of @[),
for A small enough the trajectory stays close to N- T,

Moreover, it is possible that for an initial point y, that satisfies g,(y,) = 0 but V,(y,) > 0, for certain realizations of the
uncertainties @, the trajectory y constructed by AlgorithnI]is viable.

In Algorithn{I] the uncertainty function & is supposed to be known. This is obviously the case when the problem is without
uncertainty. This algorithm is also of interest when the model is with uncertainties. It provides a tool to explore different scenarii
and adjust the control depending on the variations of these uncertainties.

It is also possible to modify the algorithm to define the worst case scenario and to compute the best response to that scenario.
In this case, the algorithm should be modified as shown in Algorithm 2]

Algorithm 2 Stability (worst case)

The starting point y is known.
Initialization  Set yg =y.
Recursive definition of yZ Suppose (y?) is known for £ = 0...k — 1. To determine yZ, we first define the worst value of
uncertainties:
) € argmax ¢, min VI + ' aou)e™ + dhgo (v ).

Then we consider the optimal control ”Z such that:
u) € argmin,e V(v + RS af,w)e ™ + Ahgo ().
The new position is then defined by:
Yo=Y +hf M),
Complete trajectory ~ We associate to the sequence of controls (uZ)k the piecewise constant function u”(f) = “Z fort €
[kh, (k + 1)h), and an approximate trajectory y” defined on [0, +c0) by:

yi(@) = Ot aluly  fort € (kh, (k + 1)h)
y'(kh) =y} VkeN, k<N,
Vi) = f(y(@®),a,0) Vi>T,

Remark 5. Algorithm[2]provides a robust trajectory with respect to any uncertainty within the range of interval A. This trajectory
can be seen as a trajectory of total "victory", but it can also be seen as a pessimistic trajectory because it is foreseen in the worst
case. In this perspective, the trajectories of Algorithm|[I]are less pessimistic because they adjust to the value of the uncertainty
if it becomes available (by measurement for example) as the trajectory evolves.
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4.2 | Minimal entry time

We now study how to construct optimal trajectories, knowing an approximation of W, entering N- T, in a minimal time. We
focus on system (MI]), an extension to can be obtained with results from'12.,

The first algorithm we present is a direct application of the value function W. Suppose an approximation W of W has been
constructed. Choose a starting point x,, such that W"(x,, T) < 0. Given a fixed perturbation & € .4, and maximal number of
time steps N (the fixed time step being h = T'/N), we define the trajectory reconstruction by Algorithm3]

Algorithm 3 Minimal entry time

The starting point x;, and the uncertainties realization & := (&), are known.
Initialization ~ Set yg = Xq.
Recursive definition of y"  Suppose (y) is known for # = 0...k — 1 < N. To determine y/', we define an optimal control u'
such that:
u! € argmin,e, W'/ + hf"O)_ @, u), kh)

The new position is then defined by:

Yo=Y A hI o e u).
Complete trajectory ~ We associate to the sequence of controls (uz)osks ~1 the piecewise constant function u” () = uz for
t €]kh, (k + 1)h], and an approximate trajectory y" defined on [0, T'] by:

y*(kh) = yZ VneN,n<N
yvi@) = fh(yi’,ak,uZ) fort € (kh,(k+ 1)h], k < N.

We suppose that there exists E;, > 0 such that E, /h — 0 when 2 — 0 and:
V> 0, [[W (1) = W'Dl < By
Then the following convergence theorem holds:

Theorem 3. Let y € R? and let (yZ) be the sequence defined by Algorithm [3| We suppose true the assumptions (H;) and
(H,1)-(H,,). Then the functions (y”) form a better than minimizing sequence in the following sense:

Vi € [0,T1, W (x,1) < limsup do(y" (1))
h—0

Moreover, the family of functions y” admits cluster points as 2~ — 0. Any such cluster ¥ is a trajectory of system (MI) with
uncertainties a.

This theorem can be proven by using similar arguments as in the proof of theorem (IT).

Remark 6. As there might be several controls such that the trajectory is optimal, the control found by Algorithm[3]might present
lots of variations depending on the implementation of the argmin function. Moreover, recall that u represents a dosage of drug
to give to a patient (or to put on a Petri dish as a first biological model). Thus, shattering controls are really not interesting for
a medical application. Gratefully, as shown in Section [5] the controls found numerically are rarely shattering, so their actual
implementation would be feasible.

In Algorithm[3] the the realization of the uncertainties is supposed to be known. To have a better hindsight of the adaptability
of the system, we can consider the worst case scenario, were the uncertainties always take the worst value possible to delay the
entrance in N- T, In this case, the corresponding trajectories can be obtained by Algorithm E}

Remark 7. As mentioned in Remark[5] the worst case (Algorithm[d)) provides an admissible trajectory that can reach the stability
kernel for any uncertainty within the set A, whereas Algorithm [3| provides a less pessimistic trajectory that can reach a target
and adjust to the values of the uncertainties if they become available.
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Algorithm 4 Minimal entry time (worst case)

The starting point x, is known.
Initialization ~ Set y(’)' = Xq.
Recursive definition of y".  Suppose (y) is known for # = 0...k — 1 < N. To determine y}', we first define the worst value
of the uncertainties:
a,i‘ € argmax,. 4 iléllljl Wh(yz_l + hfh(yz‘_l, a, u), kh)
We then consider the optimal control uf such that:
up € argmin,e, WGP+ hf"O)_ @l u), kh)

The new position is then defined by:

Vi = Vo O ).
Complete trajectory ~ We associate to the sequence of controls (uﬁ)oskS ~_1 the piecewise constant function u”() = uz for
t €]kh, (k + 1)h], and an approximate trajectory y" defined on [0, T'] by:

{y"(kh) =)' VneN,n<N

v = fROh ol uly  fort € (kh, (k+ Dh], k < N.

S | NUMERICAL SIMULATIONS

We present in this section numerical simulations solving the viability and reachability problems. The simulations were performed
with the software ROC-HJ. The values of the different parameters are listed in table[I} These parameters were chosen arbitrarily
to show some general numerical results.

Parameter Symbol Value for numerical simulations
Growth rate p 1.0
Capacity K 3.0
Metabolism difference m 2.0
Size threshold 0] 1.3 (Q=0.8 in Test 1)
Maximal time of treatment T 2,50r 10
Ghobal health indicator renewal P 1.0
Global health indicator evacuation u 1
Drug effect on the global health v 1.0
Drug threshold for the global health Upox 6.0
Maximal drug dosage U ax 10.0
Minimal/Maximal drug efficiency | ¥min> Ymax 01+0
Minimal/Maximal competition force | Bin> Bmax 2/3+6
Range of uncertainties 0 0.0% (Tests without uncertainties),
2.0%, 5.0%, 7.5%, or 10.0%

TABLE 1 List of parameters and their values for numerical simulations

To solve the viability and reachability problems formulated in the previous sections, we proceed by solving the corresponding
Hamilton Jacobi equations. We first start with some simulations for model (M1)) when there is no uncertainties in the model, in
other words when the set A is reduced to a singleton.
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5.1 | Numerical approximation of the value functions V, and W

Following Theoremm we know that the value function Vy,, corresponding to the viability problem, is the unique solution of a
steady HJ equation in the following form:

Wo+ H(x,VVy) —go(x) =0, x€R",

where 4 > M|, and the Hamiltonian H is defined in Theorem E} An approximation of ¥V}, can be obtained by a numerical
discretization of this HJ equation. Note that numerical approximations of HJ equations have been studied extensively in the
literature. One can cite for instance the Semi-Lagrangian methods?2?3U, or the class of finite differences methods. It is known
that a Semi-Lagrangian scheme would require a discretization of the set of the control variables. Since we have an explicit
formula of H, we prefer to use a scheme that will exploit this structure of the Hamiltonian and hence avoid the discretization of
the control variables. For this reason, in all our simulations we will use a scheme based on finite difference approximations. Let
Ay = (Ay;)1<k<, e a spatial discretization step (with Ay, > 0). Consider a uniform grid on R" as follows:

G :={y, =iAy = (LAY )1 chems | = (iys ... i,) € Z"}. (17)

Denote {e;},_; ., the canonical basis of R". For a function V' : G — R, the terms D} V' (x) are given by:
V(x+Aye) —V(x)
=+ Ay, .

The vectors D¥V (x) are defined by: D*V (x) := (DI—'V(x), -+, DXV (x)). An approximation of V,, can be obtained by solving
the following approximated scheme:

DV (x) := (18)

Vix) =1 - AV (x) — HA(x, D'V (x), D"V"(x)) + g(x) forx € G, (19)

where the numerical Hamiltonian H2 is an approximation of the Hamiltonian function H. The numerical approximation
VI . R" 5> Ris a bilinear interpolation of {V”(x), x € G}.

Following®!"12, if the numerical Hamiltonian H” is Lipschitz continuous on all its arguments, consistent with H (i.e.,
H%(y,p,p) = H(y,p)) and monotone (i.e aanf y,p~,p") >0, aaif(y, p~,p") < 0) together with the following Courant-
Friedrich-Levy (CFL) condition o i
aaH_A ».p.p") 6H+A } <1,
P Py

n
1
hy —{
= AV

then, as h goes to 0, the numerical solution V" converges uniformly, on every compact set, towards the desired solution Vo-
In this paper, a simple Lax-Friedrich scheme has been used:

».p",p")

"

_ p+p* o C _
HACxp™p") 1= HO.———) = Y, = = p)).
k=1

with constants ¢, > |% |, and a fictitious time step A such that:
k

n

Cr
Ry £ <. (20)
ZT Ay

Although (T9) is a nonlinear equation, the use of a fictitious time 4 such that A4 < 1 guarantees that the following fixed-point
algorithm converges towards a unique solution that happens to be V" (see2328130):

eFor k = 0, consider V¥ a given function on the domain of computation D
eFor k > 0, compute V' "*+1 by:

Vi (x) = (1 = AWV % — HA(x, DTV (x), D"V (x)) + g(x) forx € G. (21)

In practice, the above fixed-point algorithm stops at a stopping criteria:
[Vt — Vi <,

where € is a given tolerance. In all our simulations, this tolerance will be set to € = le — 8.
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Remark 8. Instead of a fixed-point algorithm described here above, one can use a policy iterations method (or Howard
algorithm), see#33, In the rest of the paper, we prefer to focus on the analysis of the obtained results and not on the performances
of the numerical schemes. We simply use the Lax-Friederich scheme coupled with a fixed-point algorithm.

An approximation of W is now determined through the following scheme. Let N a given integer, denote Atz the time dis-
cretization step such that T/N = dt. Set t, := £At, and denote by wf an approximation of the solution W (t,, y;). By using
again the Lax-Friedrich scheme, we consider the explicit scheme, as in L2

wf = max <wf+l — At H? (yi, D_wf“, D+wf+]) , wf - gw(yi)>, (22a)

£e{l- N} Y, EG
w! = Vo) for y, € G, (22b)

1

and we denote W2 the interpolation of (I/Vf),J on (f),%;) ;-

Remark 9. Under the CFL condition:

n e
At ) — <1,

the scheme produces a numerical approximation W that converges to the desired solution W, as A = (At, Ay) go to 0
(see? for more details).

Notice that Algorithm 2 of trajectory reconstrunction requires the values of the approximate function W2 at every time step
t,. It means, that the values w’ should be stored on the grid G at each time step. To reduce the storage effort, we can use the
minimal time function mapping 7 defined in (8). Indeed, while computing the approximation W, we can obtain and store an
approximation 72 as follows:

For 7 = 0, set T729(y,) = 0if V,,(y;) < 0, and 72°(y,) = +00 otherwise;
For ¢ > 1, once wf is computed, the minimum time function can be updated by:

Ty =4" if w{ <0and 7477 () = +oo,
l TA=1(y,) otherwise.

An algorithm of reconstruction, based on the minimum time function 72 can be considered (insted of Algorithm . We
describe it in Algorithm 3]

Algorithm 5 Minimal entry time, using 72

Let x, € K be the starting point and consider the given uncertainty realization a.
Initialization  Set yg = X;.
Recursive definition of . Suppose (y) is known for # = 0...k — 1 < N. To determine y}', we define an optimal control u]
such that:

uQ € argmin,; T"(yz_l + hfh(yz_l, ay, u))
The new position is then defined by:

=y RO ).

Complete trajectory ~ We associate to the sequence of controls (MZ)OSkS ~ the piecewise constant function u”(¢) = uZ for
t €lkh, (k + 1)h], and an approximate trajectory y” defined on [0, T'] by:

y'(kh)=y" VkeN, k<N
y'(@0) = fPON aul) fort € (kh, (k+ 1h], k< N.
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In general, the function 7 is not Lipschitz continuous and there is no proof of convergence for Algorithm[5] However, in the
simulations that we have performed in this section, we have considered both Algorithms [3|and[5] and the resulting trajectories
are very similar. Algorithmcan thus be seen as a numerical tool to reduce the memory storage. For more details, we refer to=%,

Next, we will present different simulations and discuss the results on the two models (MT)) and (M2). Table [2] gathers all the
parameters used in our simulations.

Domain of computation for model (MT)) D :=[-0.1,3.1] x [-0.1, 1.6]
# grid points 320 x 170
Domain of computation for model (M2)) |D :=[-0.1,3.1] X [-0.1, 1.6] X [0, 1.2]
# grid points 320 x 170 x x120
] Fictitious time 4 in (T9) \ 2.6e-4 \
’ Time step in 22) ‘ 2.6e-4 ‘
’ Stopping threshold & in ‘ g:=1e-8 ‘

TABLE 2 Parameters used in numerical reconstructions of functions ¥V and W'.

5.2 | Model without toxicity and without uncertainties

Test 1
As stated in proposition|l} if O < 1+Kll;m;n 7 then the set NTQ is reduced to the segment {(s,0), s € [0, O]}.

Our numerical resolution is robust enough to retrieve this result, as shown on Figure [2a] Furthermore, for T large enough,
one can check that the set of initial tumours that can be brought to .N'TQ is then reduced to {(s,0),s € [0, K]}, which we can
also numerically observe in Figure [2b] for T = 10. If we chose a size threshold too small, the only tumours that can satisfy the
objectives are the ones without any resistant cells. We do not represent trajectories corresponding to this problem here, as they
are all part of the {(s,0), s € [0, K]} segment. Of course, this case is trivial, and the aim of this simulation is just to show that

the methodology works even when the capture basin has an empty interior.

0.6 0.6
0.5 0.5
04 04
= 0
© o
Q o3 O o3
£ E
E 0.2 ﬁ 0.2
3 D
o (-
0.1 0.1
o o
-0.1 -0.1
o 0.5 1 1.5 2 2.5 3 o 0.5 1 1.5 2 2.5 3
Sensitive Cells Sensitive Cells
(a) Stability set (in green) (b) Reachability set (in blue) at T = 10

FIGURE 2 (Test 1) - Model (MI) with Q = 0.8.

Test 2
In this test, we consider the model with Q = 1.3. We first compute the stability kernel N- 1, which is displayed in Figure
[] In this figure, some viable trajectories and the corresponding control functions are represented.

More precisely, in Figure [3a] the computed stability kernel is represented as a filled zone and is limited by a dash line. Three
viable trajectories are represented inside the stability kernel. On Figure [3b|are displayed the control functions corresponding to
the three trajectories. The time horizon chosen for this display is T = 20. In Figures[3cJand[3d] we show the two components of
the stable trajectories. In this figure and all the following, for every displayed trajectory, we use a different color and line style

that is the same also used for the corresponding control function.
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FIGURE 3 (Test 2) - Model (MI) with Q = 0.13, stability kernel Ay and some viable trajectories

One can notice that the controls for each trajectory, after a certain amount of time without treatment, do not reach the maximal
control value U, but reach an intermediate value. Moreover, the trajectories seem to be attracted to a region on the {(s,0), s €
[0, O]} segment. As stated in Proposition|[I] this segment contains points that are stable and locally attractive for certain constant
values of the control u: the stability problem is thus numerically solved, here, by reaching their basin of attraction and setting
the control value to the corresponding fixed control.

Moreover, in this case, setting the control law u(-) to a high value near U, even for a short time, could make the system
escape N T, Indeed, the trajectory under control U,,,, starting from any point in N T, is rapidly shifted to the left (corresponding
to a fast elimination of sensitive cells s), thus if the treatment is not stopped early enough, the system would exit N/ T, by its
left-side border.

Test 3
Here, we still consider the case of Model (MT)) with Q = 1.3. Now, we consider the reachability problem where we want to steer
the trajectories to the stability kernel N- T, computed in Test 2.

Figure @] shows the capture basin R(T') (filled, blue region) corresponding to the positions from where there exist trajectories
that can reach the stability kernel NTQ in a time less than T" = 2 (ﬁgure@) and in a time less than T = 10 (figure . In the
same figures, some trajectories are represented. These trajectories correspond to the optimal paths starting from some initial
positions outside the stability kernel and that reach the stability kernel in a minimum time less than 7. The same trajectories
along with the associated control functions are also displayed in Figure 5]

The trajectories shown here all exhibit the same behaviour: two phases of control can be observed, a first one with no treatment,
and a second one with a maximal line of treatment, as pictured on Figure[5c| During the first phase, the sensitive cells population
usually increases as seen on Figure [5a] while the resistant cells population globally decreases, as seen on Figure[5b] During the
second phase, we see a decrease in the sensitive cells population, and a stabilization of the resistant cells population.

This can be expressed through the following biological interpretation. Since the control only acts on sensitive cells s, and that
resistant cells are repressed only through competition with sensitive cells, a tumour can be treated only if sensitive cells already
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FIGURE 4 (Test 3) - Model (MI)) with Q = 1.3, different capture basins
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FIGURE 5 (Test 3) - Model (MI)) with QO = 1.3. Some trajectories in R(T), for T = 10.

have a numerical advantage over resistant cells. Thus, if a tumour is initially too resistant, it is more interesting to wait for it to
be "resensitized" than to treat it immediately. Then, once sensitive cells are sufficiently present, the control is set to its maximal
value in order to minimize the time of entry into AN T, This maximal dose period would then correspond to the loading charge
treatment used in classical chemotherapies.

Using maximal doses on actual patients can be very harmful for their sane cells, because of the general toxicity of the drugs
used. This is why system takes into account the effect of high doses of treatment on a quantity representing the global
health of the patient. We expect that this should change the behaviour of the system for the reachability problem, but not for the

stability problem.
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5.3 | Model with toxicity and without uncertainties

Here, we consider the model (M2). Likewise in the simulations performed with model (MT)), we first compute the stability kernel
and then we compute the set of positions from where it is possible to find admissible trajectories that can reach this stability
kernel in a time less than T = 10.

The stability kernel N- T, is a 3-dimensional object, we represent a section of this kernel for a fixed value of the indicator w(0) =
’)7“’. The trajectories represented on the phase planes are projections of the 3-dimensional trajectories on the 2-dimensional plane.

For the reachability problem, we also represent only the section of R(T') for w = ”7‘

Test 4
Figuredisplays the stability set ./\/'TQ for a fixed initial indicator w(0) = %’. This corresponds to a patient initially healthy.
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(c¢) Some trajectories in the stability kernel.

FIGURE 6 (Test 4) - Model (M2): approximation of the stability kernel and some viable trajectories.

As expected, the stability kernel, displayed on Figure [6a] looks quite similar to the stability kernel for model (MT). This is
because of our choice of parameters Q and u,,.

Indeed, we chose Q such that the control u = u, = f(l — %), for which the point (Q, 0, w) is stable and attractive, is small
m Thus some values of # smaller than u, ., which do not affect the evolution
of w, can be sufficient to remain in N T,

However, models (MT)) and (M2) do not produce the same trajectories nor the same control laws. Figure [6c| shows three
trajectories, starting from three different positions y, in J\/'TQ and that stay forever in the stability kernel. The corresponding
control inputs are given in ﬁgure@ As can be noticed in this figure, the control laws present periods of drug holiday (periods
without drug application), which correspond on figure[6c|to an increase of the global health indicator. The controls are constant
by parts, which is interesting for further medical applications.

enough so that w, = is greater than w

min*



Test 5

We now run simulations for the reachability problem for model (M2). We gather the resulting trajectories into three groups of
similar structure.

Figure[7] presents a set of trajectories where the initial tumour is mostly sensitive to the treatment. The treatments begin with
a maximal dosage, but since this is very toxic for the patient, the controls switch quickly to an intermediary value, as seen on
Figure [7b] This intermediary value maintains the indicator w at its minimal value w,;,, as it can be seen on Figure [7c| This
delays the time of entrance into N- T, when compared to FigureEIfrom model (MTI).

-

Resistant Cells

Control input

o 0.5 1 1.5 2 25 3
Sensitive Cells o 0.5 1 1.5 2 25
Time variable

(a) Capture set (section at w = %‘”) at T = 10, and some

11
projected optimal trajectories (b) Control laws

Sensitive Cells Resistent Cells Global Health Indicat
5 19

'-:!:“:-:.'(-:Ia-&—r:é
1 2

1 2 "o
Time variable Time variable

1 2
Time variable

(c) Optimal trajectories (sensitive cells, resistent cells and global health indicator)

FIGURE 7 (Test 5) - Reachability analysis for model (M2). Some trajectories corresponding to large sensitive initial tumours.

The set of trajectories gathered on Figure [§] represents tumours initially large and heterogeneous. As in model (MI), the
control starts with an initial phase at u = 0, then switches to higher values, as pictured on ﬁgurelg_Bl Because of the toxicity
constraint, except for short periods of time the control does not maintain u = U, . Instead, an intermediary value is selected,
which maintains the indicator w at its minimal value, as pictured in FA§igure

Finally, Figure 0] represents tumours that are initially very resistant to the chemotherapy. The controls gathered on figure [0b]
are very shattered, but present a global behaviour similar to previous results: a first phase without treatment to resensitize the
tumour, then an increase in dose. The control finally mainly selects a value maintaining the indicator w at its minimal value.

We note that the model still favours the use of maximal treatment doses for the reachability problem, but for shorter periods
of time, as it immediately increases the toxicity. Then, intermediary doses of treatment are preferred. During the intermediary
doses arcs, we notice that the condition w(t) > w,,;, is saturated: the global health indicator is at the lowest level the patient can
endure.
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FIGURE 8 (Test 5) - Reachability analysis for model (M2). A set of trajectories corresponding to large heterogeneous initial
tumours.

5.4 | Model with toxicity and with uncertainties

In this section, we consider again the model (M2), this time we assume that the treatment efficiency y(-) and the competition
force f(-) are unknown functions (i.e. there are uncertainties on some parameters of the model). In our simulations, we will
consider the range of uncertainties for these functions are +0%, +5%, +7.5%, or +10%.

Test 6

Figure (10| presents sections of the stability kernel M- T, and the reachability set R(T') at time T = 5. In all these sections, the
health indicator is fixed to the value w = "7'”.

As it can be seen on Figure as the range of uncertainties increases, the stable set N- T, shrinks in size, and for a fixed time
T, the reachability set R(T') also appears smaller. Indeed, as the expected uncertainty on the parameters is bigger, the model is
more pessimistic. Especially, with a range of uncertainties of +10%, both the sets are almost reduced to a segment, as seen on
Figure[I0d] With a medical application in mind, this tells us that if uncertainties on the parameters are too high, our method or
the model might not be adapted to the objective.

Let us stress that the reachable sets represented in Figure[I0]correspond to the set of initial positions from where it is always
possible, for any uncertainty (within the prescribed range), to find a control strategy u(-) such that the corresponding trajectory
reaches the stability kernel and then stays there for ever.

Algorithm [4] provides robust trajectories corresponding to the worst case scenario. Figure [TT] shows some of these robust
trajectories, starting from different initial positions and that reach the stability kernel for any perturbation a within a range of
uncertainties of 6 = 7.5%.

As mentioned in Remark [5] the robust trajectories might be too pessimistic. If the function a becomes available, it is then
possible to use Algorithm 5]to reconstruct an adjusted trajectory that takes into account the value of a.
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FIGURE 9 (Test 5) - Reachability analysis for model (M2). A set of trajectories corresponding almost resistant initial tumours.
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FIGURE 10 (Test 6) - Stability kernel (in cyan) and capture basin (in blue) at time T = 5 for model (M2) with uncertainties
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FIGURE 11 (Test 6) - Example of robust trajectories: range of uncertainties= +7.5%

4

In Figure we represent the trajectories, starting from the same initial position y, = (2.0, 1.0, 1.0), and corresponding to
four different functions «; := (y;, ;) (for i = 1, -+, 4) within a range of uncertainties of § = 7.5% (here, 7 = 0.1, f = 2/3):
fort € [0, 1],
fort €]1,2],
fort > 2,
fort € [0, 1],
fort €]1, 2],
fort > 2,
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y for t €]1,2], b)) =
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FIGURE 12 (Test 6) - Admissible trajectories corresponding to different uncertainties

We observe in Figure [12] that the overall trajectories are quite similar. However, the time of entry in NTQ depends on the
outcome of the uncertainties @; wich confirms that the computed trajectories adjust to the values of the uncertainties a.
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