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An unstable three dimensional KAM torus for the
quintic NLS

Nguyen Thuy Trung

NANTES - 2018

ContentsAbstract: We consider the quintic nonlinear Schrodinger on the circle. By ap-
plying a Birkhoff procedure and a KAM theorem, we exihibit a three dimension invariant
torus that is linearly unstable. In comparison, we also prove that two dimensional tori are

always linearly stable.

1. INTRODUCTION

We consider the non linear Schrédinger equation on the torus
(1.1) 10 + Oppu = |utu, (t,z) € R x T.

This is an infinite dimensional dynamic system on the phase space (u, %) € L*(T) endowed

with the symplectic form —idu A du. The flow u(t) preserves the Hamiltonian

1
h— / lul? + <JulCda,
T 3

and also, the mass and the momentum

L= / lul*dz, M :/Im(u -Vau)dx.
T T
Let us expand u and % in Fourier basis:
u(t,z) =Y a;(t)e’”, alt,x) =) bi(t)e ",
JEZ JEZ
In this variables, the symplectic structure becomes —i ) ez daj A db;. The Hamiltonian h
of the system reads
, 1
h = Z]Q(zjbj + g . Z ajlanaijglbgzbg3 =N + P,
JEZ FAEZ3;M(5,1)=0
and the mass and the momentum

]L:Zajbj, M:Zjajbj,

= JEL.
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here M(j,1) = j1+ja+j3—{1—l2—L5 denotes the momentum of the monomial a;, a;,a;,be, be,be, .

We can rewrite equation (77?) into a system of infinite equations

id;  =j%a+g JEL,
—ibj :j2bj+% jEZ

In this article, we are interesting in the dynamic behavior near to 0 of solution of (?7) in

two specific forms:

(1.2) u(t, ) = a,(t)eP e P 4 a,(t)e' et + Ofe),
and
(1.3) u(t, z) = ay(t)e® e Pt 4 a (£)e e 4 a,, (£)e™ e ™ 4 O(e),

or more precisely the persistence of two and three dimensional linear invariant tori:

(1.4) T2 (p,q) = {lapl* = c1. |ag)* = 2},

(15) T(p,qom) = {lap|? = c1, lagl? = ez, Jaml? = e},
with 0 < ¢y, ¢9,c3 < 1.

The first result of this paper is stated for two dimensional tori.

Theorem 1.1. Fiz p, ¢ € Z, and s > 1. There exists vy > 0, and for 0 < v < v, there

2
exists D, C [1,2]* asymptotically of full measure (i.e. meas([1,2]*\ D,) — 0 when v — 0)
such that for p € D, equation (?7) admits a solution of the form
u(z) = Z a;(tw)e’”
jez
where {a;}; is analytic function from T? to (2 satisfying uniformly in 6 € T?
lap = vZoi* + lag = Vopal* + ) (14 52) oy = O().
J#Pa

Here w is a nonresonant vector in R? that satisfies
w=(p*¢") + 0.
Furthermore, this solution is linearly stable.

For three dimensional tori, it is too complicatedﬂ to consider the general case. In order

to apply KAM theorem ?7?, we avoid the case where there is ¢ € Z solving equationﬂ

(1.6) 2j1+72 =2j3+/¢
22473 =273+ L.
Lthe difficulty is to verify KAM hypotheses
2 in this case, the linear part a?l aj, b?s be + b?l bj, a?s ayg of the mode ¢ would create the instability, and the
energy would soon transfer mainly between four modes p, g, m, £, which was studied carefully in [?].
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In this paper, we will give here an example of (p, ¢, m) and p such that for v small enough
the torus T} ,(p,q,m) = {|ap|* = vp1, |ag]* = vpa, |am|* = vps} is linearly unstable. For

e = 1072, denote
D=Dy=02—¢2+¢x[l—¢1+€¢x[9—¢9+¢.

Theorem 1.2. Fiz p = —3, ¢ = 10, m = —6, and s > % There exists vy > 0, and for
0 < v < vy, there exists D, C D asymptotically of full measure (i.e. meas(D \ D,) — 0

when v — 0) such that for p € D, equation (?7) admits a solution of the form

(1.7) u(x) =Y a;(tw)e’”

JEZ

where {a;}; is analytic function from T* to (2 satisfying uniformly in 6 € T?

(18)  lap = Vopil® + lag = Vupal* + lam — opsP + Y (14 7%)%|a;* = O(F).

J#p,a,m

Here w is a non resonant vector in R3 that satisfies
w = (32,10%,6%) + O(v?).
Furthermore, this solution is linearly unstable.

In order to prove theorems ??, 7?7, we follow a general stratery developed in [?] for a system
of coupled nonlinear Schrodinger equations on the torus. Firstly, we apply a Birkhoff normal
form procedure (Proposition (??)) to kill the non resonances of P. Then we use sympletic
changes of variables to diagonalize the effective part into the form of hy. The hyperbolic
directions of torus T3 ,(—3,10,—6) are revealed in this step. Readers are suggested to take
a look at the original statement of KAM theorem in [?] for further understanding.

The study of finite dimensional tori in an infinite dimensional phase space was pioneered
by J. Bourgain [?] in 1988. However, the existence of unstable KAM tori in one dimensional
context was first proved by B. Grébert and V. Rocha [?] in 2017, where they studied the
system of coupled nonlinear Schrédinger equations on the torus. For the equation (77), in
case of u(0, z) supported maninly in four modes (p, ¢, m, s), which satisfy such a relation in
(7?), the study of solutinon was studied carefully in [?] and [?]. In particular, in [?] they
proved the recurrent exchange of energy between those modes.

Acknowledgement: 1 wish to thank Professor Bernoit Grébert for motivating me to publish
this paper with numerous suggestions and discussions. I also wish to thank Le Quoc Tuan

and Lan Anh for computations in the appendix A.



2. KAM THEOREM

In order to proof theorems ?7 and ??, we recall a KAM theorem stated in [?].
We consider a Hamiltonian A = hg+ f, where hg is a quadratic Hamiltonian in normal form
(21) ho = Q(p) 'T+ZAa(p)|Ca’2'
acEZ

Here

e p is a parameter in D, which is a compact in the space R";

e r € R™ are the actions corresponding to the internal modes (r,0) € (R™ x T™, dr A df);

e L and F are respectively infinite and finite sets, Z is the disjoint uninon £ U F;

o ( = (Cu)yez € C# are the external modes endowed with the standard complex
symplectic structure —id¢ A dn. The external modes decomposes in a infinite part
Cc = (Ca)er s corresponding to elliptic directions, which means A, € R for a € L,
and a finite part (r = ((4),c 7, corresponding to hyperbolic directions, which means
SA, # 0 for a € F;

e L has a clustering structure £ = UjenL;, where £; are finite sets of cardinality
dj <d < oo.lf a € L;, we denote [a] = L; and w, = j, for a € F we set w, = 1;

e the mappings

(2.2) Q:D—R",
(2.3) AN:D—C, acZ,
are smooth;
o f = f(r,0,(;p) is a perturbation, small compare to the integrable part hy.

Linear space Let s > 0, we consider the complex weighted ¢,— space
Zs ={C=(C€C, ae 2], <oo},

where

ISlly = D 1alPw?.

acZ
Similarly we difine

Yi={¢ =G eC aec L)l < oo},

with the same norm. We endow Z; x Z, and Y, x Y, with the symplectic structure —id( Adn,
with n = (.

A class of Hamiltonian functions. Denote w = (¢, 7). On the space

C" x C" x (Zs x Zy)



we define the norm
[(r, 0, ), = max (|r|, 6], [[C]],) -

For ¢ > 0 we denote
T ={0 € C":|30| < o}/27Z".
For o, € (0,1] and s > 0 we set
O%(o,pu) ={reC":|r| < p?} x T? x {w € Zs x Z : |[C]|, < n}.

We will denote points in O%(o,pu) as © = (r,0,w). Let f : O%oc,u) x D — C be a
C qunctionﬂ, real holomorphic in the first variable x, such that for all p € D, € O%(o, u) :
Vof(z,p) € Zs X Zs

and

Vowe [ (@) € L(Ys, Y))

wrwr
are real holomorphic functions. We denote by T°(o, i, D) this set of functions. For f €
T*(o, u, D), we define

‘agf‘U,H,D = sup maX(’a;])f’7 2 H@,J)wa(:c,p)ns 7“2 “V?UEUJL:aZf(:C’ IO)H>7

€08 (o,u); pED

and
oo = max((10) loup).

Jet functions For any f € T*(o,u, D), we define its jet f7(x) as the following Taylor
polynomial of f at r =0and w =0

fT(x) = £(0,6,0) + d.£(0,6,0) - r + d, f(0,0,0)[w] + 1/2d> £(0,6,0)[w,w].

Infinite matrices For the elliptic variables, we denote by M the set of infinite matrices
A L x L — C such that A maps linearly Y, into Y. We provide M, with the operator

norm

|A|s = ||A||£(Y5,Y5) :

We say that a matrix A € M, is in normal form if it is block diagonal and Hermitian, i.e.
AP =0 for[a] #[B] and A = Ay fora,f € L.

In particular, if A € M is in normal form, its eigenvalues are real.

Normal form A quadratic Hamiltonian function is on normal form if it reads

h=Q(p) -7+ (G, Qp)nc) + 1/2(wr, K(p)wr)

3C* regularity with respect to p in the Whitney sense
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for some vector function Q(p) € R™, some matrix functions Q(p) € M on normal form and
K(p) is a matrix F x F — C symmetric in the following sense: K} = ‘K.

Poisson brackets The Poisson brackets of two Hamiltonian functions is defined by
{fag} = VHf : vrg - vrf : Veg - Z<wa> vag>

Remark 2.1. A function f is preserved under the flow u(t) if and only if it commutes with
hie. {f,h} = 0. By this, we have

{L,h} ={M,h} =0.
Hypothesis AOQ There exists a constant C' > 0 such that
Ao — Jwal?] < C, Va € L.
Hypothesis A1l
Aol >0, Vae L;
ISA,| >0, Va e F;
Ao — Nyl =0, Va,be Z, [a] # [b];
|Ag + Ay > 6, Va,be L.

Hypothesis A2 There exists § > 0 such that for all  §—close to Qy in C*! norm and for
all k € Z"\{0} :

(1) either
IQp) - k| >0 VpeD,
or there exists a unit vector z = z(k) € R" such that
(V,-2)(Qp)- k) > 5 VpeD:

(2) for all a € L either
Qp) -k + Ay =6 VpeD,

or there exists a unit vector z = z(k) € R" such that
(V,-2)(Qp)-k+A,) >0 VpeD;
(3) for all a, B € L and a € [a], b € [f] either
Qp) - E+A, M| > VpeD,
or there exists a unit vector z = z(k) € R" such that

(V,-2)(Qp) - k+Aat Ay) 26 VpeD:



(4) for all a,b € F
1Qp) - k+ Ay £ Ay| > 0.

Theorem 2.2 (KAM theorem). Assume that hypothesis A0, Al, A2 are satisfied, [ €
T*(o, 1, D), f commutes with L, M and s > 1/2. Let v > 0, there exists a constant Cy such
that if

(2.4) loyn < Cod &= [T < Cod™,

then there exists a Cantor set D' C D asymptotically of full measure (i.e. meas(D\D') — 0
when € — 0) and there exists a symplectic change of variables ® : O%*(0/2,11/2) — O%(o, p)
such that for all p € D’

(ho+f)od=h+g
with h = Q(p)-r+(Ce, Q(p)ne)+1/2(wr, K (p)wr) on normal form, and g € T*(0/2, /2, D")
with g7 = 0. Furthermore there exists C > 0 such that for all p € D’
Q= Q| <Ce, |Q—diag(As,a € L)]| <Ce, |JK —diag(Ag,a € F)| < Ce.
As a dynamic consequence ® ({0} x T™ x {0}) is an invariant torus for ho+ f and this torus

is linearly stable if and only if F = @ (see [?] ).

Here, the matrix .J is of the form,

where [ is identity matrix of size #F'.

Remark 2.3. In [?], they constrained f in a restricted class instead of using commutation of f
with £, M since they considered a system of coupled NLS equation with more complicated

nonlinearities.

3. APPLICATIONS

The Birkhoff normal form procedure. We recall a result proved in [?].

Proposition 3.1. There exist a canonical change of variable T from O*(o, ) into O° (20, 21)
such that

h=hor =N+ Zs+ Ry,
where

e N is the term N(I) = Zjezj2‘ag’|2§



e /s 1s the homogeneous polynomial of degree 6

Zg = E jy @y @y by, by, by
R

where
R=A{(,0) € xL¥stjr+jo+js =0+ Lo+, ji+j3+75=0+0G+0G)

e Ry is the remainder of order 10, i.e a Hamiltonian satisfying
9
[ X gy ()], < C ]
for all x € O%(o, p);

e 7 is close to the identity: there exists a constant C such that
2
I7(z) — 2| < C|=]

for all x € O%(o, ).

Henceforth, since we do not care about constant, we shall write a < b in order to say
a < Ch.

Persistence of 2 dimensional tori.

Firstly, we want to study the persistence of the two dimensional invariant torus T?2 p(p, q)
for equation (77?) for v small Choose

a, = (vp1+ri(t)2 el = /T e"n®

a;, = (Vpy +1o(t))? €02t \/_ I,e%2(t)

a; =g J%n%
where {p1, p2} € [1,2]*> = D and v is a small parameter.The canonical symplectic structure

now becomes

—id¢ A dn— dI A df

with I = (11, Iy), 0 = (61,62), ¢ = (¢;); and 1 = (n;); = (¢;);-
Let

T, = {(1,0,0llI —vp| =0, [30] < o, [[¢]|, = 0}
and its neighborhood
T, (v, 0,1, 8) == {(1,0, Q|| —vp| <vp?, |S0] < o, |[C]|, < v},
We want to study the persistence of torus T,(v, o, t1, 5). Indeed we have
T, (v, 0,1, 5) = Oo, 1) = {(r,0,O)l|r] < wpi?, |S6] <o, C]l, < v/}

By Theorem ?? we have

hOT:N—f-ZG—f-RlO.
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We see that the term N contributes to the effective part and the term R;y contributes to
the remainder term f. So we just need to focus on the term Zg. Let us split it:

Ze = Lo+ L1+ Zog + Zsg.

Here Zyg, Z16, Z2 are homogeneous polynomial of degree 6 which contains respectively
external modes of order 0,1,2. Z34 is an homogeneous polynomial of degree 6 contains
external modes of at least order 3,this term contributes the remainder term.
Thank to Lemma 2.2 on [?], the term Z; ¢ = 0. We have
Zos = lay|” + lag)” +9 (‘ap‘4|aq|2 + |ap‘2|aq‘4)
= (vp1 +11)° 4+ (vpa +12)> + 9 (vp1 +11) (vp2 +12) (Vp1 + 11+ vpy +73)
= V2 (07 + p3 + 9pipa + 9pspr) + 3V (11(p} + 6p1p2 + 3p3) + 72(ph + Gpipa + 3p))
+ jet free

where the notation ”jet free” means that the remaining Hamiltonian has a vanishing jet.

For the term Z, ¢, there are two cases that can happen.

First case
We assume that there is no solution[] {s, t} # {p, ¢} for

2p+s =2q+t
(3.1) 2 2 _o9.2 42

2p° + s° = 2q° +t°.
Hence
Zos = Zyg =9 (lap|* + lag|* + 4|ap*|ay]?) Z laj|* = 9v° (pT + p5 + 4p1p2) Z || *+jet free.

J#p.a gl
Hence
hor=h*+ R

where the effective Hamiltonian h® reads
he = (p* + 3% (p} +3p3 + 6p1p2)) 71+ (a° + 30 (5 + 3p% + 6pip2) ) 7

+ ) (P97 (0} + 03 + 4p1p2)) |G
j
=Qp)-r+ Y AIGI
J#p.q

where
Q( ) _ p2 +3v° (p% + 303 + 6p1p2)
> + 302 (p3 + 3pi + 6p1p2)

4t happens when g-p is odd
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and
Aj =72+ 90 (o] + p3 + 4p1p2) -
The remainder term R reads
R=Rip+ Zs + 3upir? 4+ 13+ 3upyr: + 18 4+ Oriry(ry + 1))

+ (rf 4 3 + 2v(p1 + 2p2)r1 + 2v(p2 + 2p1)r2) Z €1
J7#pa

In order to work on O%(o, ) we use the rescaling
(3.2) U wor, (O v
The symplectic structure now becomes

—vdr N\ df — ivd( A dn.

By definition, this change of variables send O°(o, 1) to a neighborhood of T,(v, o, i, 5). Since
7 is close to identity, the change of variables ®, = 7 o ¥ sends O*(o, i) to T,(v, 20, 2p, s).

By this change of variables, we have
ho®,—C = (h*+R)oV =vhy+vf
where C' is a constant, hy and f are defined by
hozlheo\lf f:lRo\Il.
v v

By Theorem ??, Riy € T°(o,v"?u, D). We check that the rest part of f is in 7°(o, u, D).
By construction, f commutesﬂ with I and M. For estimating the norm of f, notice that R

contains only term of order at least 3 in v and R = R, is of order 9/2 in v, so that
[.ﬂ z,,u,D 5 V2
and
[fT]csz,u,D SJ V7/2‘
So we have proved:
Theorem 3.2. Assume that for p,q € 7 there do not exist s,t solving the equation (?77).
Then, the change of variables ®, = 7 o U is real holomorphic, symplectic and analytically
depending on p satisfying
o &,: 0o, ) = Tp(v,20,2v,s);

Ssince h commutes with L, M and all the changes of variables are symplectic
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o O, puts the Hamiltonian h in normal form in the following sense:
%(ho(l)p—C) — o+ f
where C' is a constant and the effective part hg of the Hamiltonian reads

ho=Qp) -+ Y AjlG

J#p.q
with
Q( ) _ (p2 + 37/2 (p% + 3pg + 6p1p2))
¢* + 3v* (p3 + 3pi + 6p1p2)
and

Aj =52+ 902 (o + p3 + 4p1p2) ;
e The remainder term f belongs to T*(o, u, D) and satisfies
[f}fr,u,D rg V2

and
[fT];u,D S VT2,
Second case
Assume that there areﬂ s,t # p, q solving (?7?), hence
Zyo = 22176 + 9(a§a5b§bt + b;bsazat) = Z2176 + Zsy
For the second term, let us rewrite it
IWwpr +11)(wpa +12) (2O gy + 72720 (,)
The effective part of this term is just given by
92 p1ps (27 ¢y + ORI G)

Notice that
{157 Csnt + 775@} - {Ita Csnt + nsCt} = 0.

This gives us a clue that the above term does not effect to the stability of the solution.
In order to kill the angles, we introduce the symplectic change of variables W45 : O%(0, pt) —
05(07 :U’)v (7’1, T2, 67 C) = (rlla ré7 07 C/) defined by

rC/ — e2i(91—92)cs

G =G

C]/ :Cj7 j#&tap?q
ro=n - 2GP

(75 =1+ 2|7

bin this case, {p, ¢, s,t} is of the form {p,p + 2n,p+ 3n,p — n}



12
By this change of variables
h="hoW,ges =C+h®+R.
Here C' is a constant given by
C =v(p + ps + 9pipz + 9p31) + 9w’ pr + 14 p2).
The effective Hamiltonian h°¢ reads
he = (p* + 307 (p1 + 3p3 + 6p1p2) ) 1 + (¢ + 307 (p3 + 3pT + 6p1p2) ) 15
+ Y (P9 (07 4 05+ 4pip2)) 117+ (82 4+ 907 (07 + 03 + 4prpe) ) G

J#D,q,s,t
+ (74 2p% = 2¢° + 7 (21p5 — 3p7 + 36p1p2)) [CL* + 92 prp2(Cln, + 1L¢))-

It is on normal form

Qp)-r+ Y MG+ AP + MG + 9% papa(Cry + i)

J#DP,q,8:t

where (p) and A; are defined as in the first case except
Ay =t* + 172 (21p§ —3p% + 36p1p2) .
In order to diagonalize h®, we use a symplectic change of variables of the form

G+ = ﬁ(d + OéC;)
G- = \/%7((; - a({)

. —2p24-2p2 4~/ 4pt+2p2 p2 +4p4 . .
with o = ——2 L1222 Then h® can be diagonalized as

3p1p2

Qp) -1+ D> MIGE + A G [P+ A= G-

J#P,q,8:t

where

A = A — 92 prcx
Atf = AS + 9V2p1p20z.

The remainder term R reads

R = RlO o \Ijangles + 23,6 o \Ijangles + 3Vpl7°% + 7“? + 3’/[327”% + 7“3

+ 9ri7o(r1 +12) + (7’% + 13+ 2v(p1 + 2p2)r1 + 2v(pa + 2P1)7”2) Z |Cj|2
J#P.q

with r = 7] + 2|<s|2a Ty =ThH — 2|Cs|2-

Using the rescaling ¥ introduced in (?7), we get

(h®+ R) oV =vhy+vf.



13

Since Uyngies : O°(o, 1) = O%(0,3p) and 7 is closed to identity, we have 70 W5 0 U -
O*(o, ) = T,(v,20,4p, s). The study of f is the same as in the previous case. Then we
get:

Theorem 3.3. Assume that p, q, s, t satisfy the equation ??7. The change of variables
S, = 70 Vypnges © ¥ is a real holomorphic transformations, analytically depending on p
satisfying
o &,: 0o, p) = Tp(v,20,4p, s);
o &, puts the Hamiltonian h in normal form in the following sense:
%(ho(I)p—C’) =ho+ f

where C' is a constant and the effective part hg of the Hamiltonian reads

ho = Q(p) -+ Z NI+ A G [P + Ay |G- 2

J#D,q,8:t
with
2 = (% T ha A i T ane)
q* + 3v* (p3 + 3p7 + 6p1p2)
and

Ay =32+ 9% (0} + p3 + 4p1p2) |
e The remainder term f belongs to T°(1,1,D) and satisfies

[.ﬂz,u,D 5 V2

and

[fT]i,u,D S V7/2'

Now we can finish the proof of Theorem ?77.

Proof of Theorem ?7?7. By Theorem 7?7 and 7?7, there exists a symplectic change of variables
P,
ho + f, that satisfies,(see the appendix A) the hypotheses of KAM theorem ?? for § = 12
e=v"? =67 and Q) = w = (p?,¢*) + O(v?). So by KAM theorem, since the hyperbolic
set F is empty, the torusﬂ

on a asymtotical set D,D = [1,2]?, puts the Hamiltonian h = N + P in normal form

T = {(1.0.QllL — vpl = 0. [96] < 1, ], = 0}

is linear stable. Here we denote I = (1, 1,).

There we choose o = 1
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Persistence of 3 dimensional tori. Assume that
a, = (vp1+1i(t))2 M = \/_e’e1
aq ( 2 + T'Q(t) ’LHQ(t) _ \/_6102(15)

= (vps +r3(t))2 O = /T ¥
aj =G J GZ\{pyq,m}

w\»—t N\»—- m\»—x

where p = (p1,p2,p3) € D C R? and v is a small parameter. The canonical symplectic

structure now becomes

—id¢ A dy — dI A df

with I = (Ip, Iy, Inn), 0 = (61, 02,03), ¢ = (¢)jez{p.amy a0d 0 = (1) jez {p.amy = () ez ipagm}-
The same as in two-modes case, we have

h:=hot =N+ Zs+ Ryo.

We see that as in the previous case, the term N contributes to the effective Hamiltonian
ho and the term R, contributes to the remainder term f. So we just need to focus on the

term Zg. Let us split it:
Ze = Lo+ L1+ Zog + Zsg.

Here, Z; ¢ is homogeneous polynomial of degree 6 which just contains inner modes (p, ¢, m);
Z16, Zae are homogeneous polynomials of degree 6 which contain outer modes of order 1
and 2. Z3 ¢ is an homogeneous polynomial of degree 6 contains outer modes of at least order

3, this term contributes the remainder term. We have:

Zo6 = |ap|6 + |aq|6 + lan|® +9 Z |aj|4|a€|2 + 36|ap|2|aq|2|am|2
Jj.te{p,qm}
Even if it looks a bit more complicated, we deal with Zy¢ as in the previous case. We

assume that there is no solution to (??), so that Z; ¢ = 0. For Zy4, we have

Zos =Y ajiPlagPlac® + Y (af,a66,bi, +03,bs,a3,0,)

j17,j2ve S1,t1€.A

+ Z (a?sajﬁbﬁbs,zbtg + b2 bJGa”aSQatQ)

s2,t2€B

- Z (aigassbjsbjlob%+bj2'9b53aj8aj10at3)

s3,t3€C

2 2 2 2
+ 2 : (aj11aj12bj13b54 + bjnb]lzajm 34)

S4EE
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with 7; € {p,q,m}, s;,t; ¢ {p,q,m} and s; # t;. The sets A, B, C, £ are given by

A 2j3+s1 =254+ B 2j5+J6 = Jr+S2+ 1t
= 972 2 _ 92 42 = 972 4 2 _ ;2 2 42
Jz 51 = 2)5 + 17 Js +76 =J7 53+ 15

C 2j9 + 83 = jg+ jio + 13 £ 2711 +J1z2 = Jiz + 284
A 972 2 _ 2 52 42 AN 972 2 2 92
Jg 83 = )5+ Ji0 T 13 Ji1 T Ji2 = Jiz T 2455

Assume that A, B,C, £ are disjointﬁ i.e. there is no s or t appearing in two of these sets. We
shall deal with each term one by one (in case it’s not empty).

The first term just depends on the actions, and we have
laj, |?|as,|?|ael? = v2pj, 05, Gl + jet free.
The second and the fourth term are similar, since their effective parts are all of the form
9e'Cone + 9e™ G

The idea to deal with these two terms is the same as that in the two-modes case. Since

{[s + [ta Csnt} = {Is + Ita Ctns} = Oa

these terms do not affect the stability of the flow. Since A, B,C,E are disjoint, and as in
the two-modes case, a change of variables that used to deal with a pair s, only affect that
modes, i.e the changes of variables commute. We call ®; the composition of all changes of
variables used to deal with the sets A and C.

For the third term, its effective parts are of the form

1812 pjs /DioPin (€79CsCe + € nsmy)

where a = 0;, —0;, —20;,. For explicitness, we will consider the case j5 = p, js = q, jr = m,

and s, t solve the following equation

2 = t
(3.3) {p+q m+ s+

2+ ¢ =mP 4+t

then a = 03 — 05 — 260;. An example for this could be (p,q,m,s,t) = (=3,10,—6,1,9). In
order to kill the angles, we introduce the symplectic change of variables U, 1 : O%(o, 1) —
O%(0,3u); (1,6,¢) = (1,6,(') defined by

8this is the case for the example considered in theorem ??
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(¢ =ieon, ol =ideg
G =G =y
) C], :Cja 773277] j#svtapaq
rll =7+ 2|gs|2
ry =12+ |Gl
\Té :T3— |CS|2'
The effective part related to s,t is of the form
(3.4) Al G+ MG — 1812 piy/papa(Com, + 0iCY)
where
Ay =1+ 90%(p} + pi + p5 + 4p1ps + 4paps + 4pspr)
and
Ay =2+ 30%(=p} + p5 + 5p5 — 6p1p2 + 12p2p3 + 6p3pr).
Denoting a = % and b = %, we diagonalize (?77?) by the symplectic change of vari-
abled’
G- = \/1;_7“2 —iag) m- = m(ﬂé — ian)
Gr = =z (G +iag)) e = = (0, + ian)
where

a— \/a2 — 18214 pipaps

v2p1+/P2P3

O =

Then (??) becomes

A |G+ P + Ag=1G-

where Aj+ = bt +/a® — 182v4p2 pyp3. We see that two modes ¢, ¢~ correspond to hyperbolic
direction if and only if a* — 18%1%p2pyp3 < 0, a condition related to the choice of p. Precisely,
for p € D; = [1,2]3, we have Aj+ € R while for p = (2,1,9) we have a = 0 and a® —
18242 paps = —18214p2paps < 0. Hence, there exist ¢ > 0(choose ¢ = 1072) such that for
PEDy,=D.=2—€62+¢ x[l—€1+¢ x[9—¢9+¢| we have |[SA=| > 2. We call @,
the composition of changes of variables related to B.

For the set &£, without loss of generality, assume that

{Zp—l—q =m+2s

3.9
(8:5) 202 + ¢ =m?+ 252

W—=1=i
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Then, using the symplectic change of variables Wo,0 @ O°(0,u) — O%(0,2p); (r,6,¢) —
(r',0,(") defined by

( ; = eia/ZCs 7]; - e_m/27]s
Po=G m=mnj JF#Spq
7,/1 =r + ’<S‘2
7"/2 =7y + %|Cs|2
\ T3 _T3_%|Cs|2
The effective part related to s becomes
(3.6) Al G+ 2 pin/p2pa (€2 + 07

where

Ay = 302207 + p3 — p5 + 9pr1pa + 3pspr)
If A; # 0, we can diagonalize (?7) into ;ngs % 2 with 3 satisfying A8 = (1 —
B2V p1/paps, otherwise we rewrite it into iy2p1\/M(%%), however meas{p €
R3: A, =0} = 0. We call 3 the composition of all changes of variables related to &.

By construction of ®; and definition of O%(c,v), the composition ®3 o 5 o &; mapping
O%(o,v) into O*(o,3v). Using the rescaling ¥ introduced in (??), as the previous case we

get

Theorem 3.4. Assume that the equation (?7) with ji, j2, j3s € {p,q,m} has no solution in
Z and A, B, C, £ are disjoint. The change of variables ®, :== W o P30 Py0 P07 is a
holomorphic, symplectic transformation, and analytically depending on p € D, satisfying

o &,: 0o, p) = Tp(v,20,4u, s);

o &, puts the Hamiltonian h in normal form in the following sense:
1
;(ho(bp—C) :h0+f
where C' is a constant and the effective part hy of the Hamiltonian reads

ho = Q(p) T+ ZAa|<a|2

a€Z

P* + 302 (p] + 3p5 + 3p3 + 6p1p2 + 6p1ps + 12p2p3)
Qp) = | ¢+ 32 (p5 + 3p7 + 3p5 + 6p1p2 + 6p2ps + 12p1p3)
m? + 3% (p3 + 3pT + 3p3 + 6p1ps + 6p3p2 + 12pap1)
e Z is the disjoint union LU F; L corresponds to elliptic part, and F corresponds to

hyperbolic part;
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e the remainder term f belongs to T*(o, p, D) and satisfies

[f}fr,u,D S/ V2

and

[fT]z,u,'D S V7/2‘

Proof of theorem ??. By theorem ??, for (p,q,m) = (—3,10, —6) and p € D, C Dy, there
exists a symplectic change of variables ®; on D, puts the Hamiltonian h = N + P in normal

form hg + f, that satisfies,(see appendix A) assumptions of KAM theorem ?? for § = 1?2,
e=v"2=§"7"and Qy = w = (3%,10%,6%) + O(?). So by KAM theorem, the torus

T = {(1.0.Q)IIT —vpl = 0. 196] < 1. ], = 0}

is linearly unstable.

4. APPENDIX A

In this appendix, we will verify the hypothesis A0, A1, A2 of Theorem ?7 for the Hamil-

tonian in our applications. The hypothesis A0, A1l is trivial, so we focus on A2.

4.1. Two-modes case. The first case In this case, we have F = () and the other estimates
are trivial. For the hypothesis A2, we recall that
_(P* 430 (pi + 3p5 + 6pi1p2)
Q(p) - 2 3 2.2 3 2 6
¢* 4 3v° (p3 + 3pi + Gp1p2)
and
Ay =52+ 9% (p} + p3 + 4p1p2) -

Let k = (ky, ko) € Z*/{0} and z = 2(k) = (le;Tl), then we have
(V- 2)(Q(p) - k) = 6% (3(p1 + p2)k3 + 3(p2 + 3p1) ki + 4(pr + p2)kako) [k

6
> — 12|k

V2

and

(Vp - 2)A; = 180%((p1 + 2p2)ka + (p2 + 2p1) k) [k
Choosing d = 402, we get the hypothesis A2 (1). Since (V, - 2)(A; — Ay) = 0, the estimate
of small divisor Q -k + A; — Ay is followed. To estimate the small divisors €2 - k + A, and
Q-k+A; + Ay we use the fact that f commute with both the mass L. and momentum M.
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We just need to control small divisors Q -k + A; and Q- k + A; + A, whenever ¢*n; € f

and e*%n;n, € f, respectively. We have for the mass and momentum:

L=v(p+p)+ri+ra+ > |G
j
and

M = v(pps + qp2) +pri+ara+ Y 41¢1%
J
By conservation of L., we have

{e™0n;, LY} = ie™n;(ky + ky +1) = 0.
Therefore, for A2 (2) we just have to study the case k; + ko = —1. In this situation
(Vo 2)(Qp) - k+ Aj) =602k (3(p1 + p2)k3 + 3(p2 + p1)ki + 4(p1 + p2)krk2)
+ 602 |kt (3(p1 + 2p2)ka + 3(p2 + 2p1)k1)
= 6V°[k|™" (o1 + p2)k3 + (p2 + p1)kT + 2(p1 + p2))
+ 60 |k| ™ (3paka 4 3pik1 — 3(p1 + p2))
= 602 |k| ! (2(p1 + po)ki + (5p1 — pa)k1 — 3p2) )
This term is greater than J except the cases k = (—1,0) and (0, —1). The conservation of
M gives us
{e*0n; M} = ie™n;(pki + qka + 7) = 0.
For k € {(—1,0), (0, —1)}, this implies j € {p, ¢}, which is excluded.
We consider the small divisor -k+A;+A, in the same way. The conservation of the mass L
gives us k;+ky = —2 and then by computation we get k£ € {(0, —2), (—=2,0), (—1,—-1),(=3,1),(1,—3)}.
The conservation of the momentum gives us pk; + gks + j + ¢ = 0. We have
Q-k+A;+A=Npqj,0)+ppk,)

where N(p,q,7,0) = p*k1 + ¢®ka + j% + £2 and u(p) very small for |k| < 4. We see that
N(p,q,5,£) € Z,s0 N(p,q,7j,¢) <9 if and only if p*k; + ¢*ks + 5% + ¢*> = 0. Combined with
conservation of the momentum, this gives

for the case k = (—1,—1)

prg=j+L and p*+¢° =5+
for the case k = (—2,0)
p=j+0 and 2p* =%+ ¢?
for the case k = (0, —2)
2¢=j+/¢ and 2¢*=j >+ 12
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for the case k = (—3,1)

3p=q+j+¢ and 3p* =+ 5>+ 2
for the case k = (1, —3)

3¢g=p+j+¢ and 3¢ =p*+ %+

In all these cases, we get j,¢ € {p, ¢} which is excluded.
The second case We see that 2 and {A;};.p 45 are all the same as the previous case
except A+ and A;—.We remind that

2p+s =2q+t
2% + 52 =2¢% + 2.
Thank to Lemma 2.2 in [?], {p,q,s,t} is in form of {p, p + 2n, p + 3n, p — n}. Without
loss of generality, we can assume thatEOI p = 0, so we have ¢ = —2t. For Q- k + Ay+ and
Q-k+A;-, by conservation the momentum, we just need to consider the case when k satisfies
pki + gks +t = 0 ie. ky = 1/2, which is not an integer. For Q -k + Ay £ A;, again by
conservation of the momentum, we have
pky + gky +t £ j =0
p2k1 + q2k2 —|—t2 :th =0

1.e.

j2 = :F(4/{32 + 1)n2

This system has two solutions for j, either j = 0(= p) or j = 3m(= s), which are both

{j = F(2k, — I

excluded.

4.2. Three modes case. It is too complicated to verify all the possibility, in this appendix
we just do with an implicit example where (p, ¢, m) = (=3, 10, —6), which we are interesting
in Theorem ??. In this situation, we have C, £ are all empty, A = {—14,2} and B = {9,1}.
Recall that

P>+ 302 (p} + 3p3 + 3p3 + 6p1p2 + 6p1p3 + 12p2p3)
Qp) = | ¢ + 302 (05 + 3pT + 303 + 6p1p2 + 6paps + 12p1p3)
m? + 302 (p3 4 3p2 + 3p3 + 6p1p3 + 6p3p2 + 12pap1)

and
Aj = 72+ 9 (07 + 03 + 03 + 4p1p2 + dpaps + 4pspr) £ —14,—6,-3,2,1,9,10.

0ysing the change of variables j=j-p
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The hypothesis A0 and Al are trivial. For hypothesis A2 (1), let k = (ki, ko, k3) € Z3/{0},
k' = (ko + k3, k1 + k3, ko + k1) and z = z(k) = ‘Z—:', then we have
(Vo 2)(Qp) - k) =602[K'| " [p1 (33 + 3k3 + kky + kiks 4 6(ky + ko + k3)?)
+ po(3k2 + 3k2 + kykg + koks + 6(ky + Ky + k3)?)
+ p3(3k3 + 3K2 + kaky + kiks + 6(ky + ko + k3)?)].

This term is greater than 6 = v2. Since (V, - 2)(A; — A¢) = 0, the estimate of small divisor
Q-k+A; — Ay is followed.
For hypothesis A2 (2), (3), choose z = z(k) = —%, then we have
(Vo 2)(p) - k) = = 62k oo (kT + 3k + 3k3 + Ok Ky + Ok ks + 12koks)
+ po(ky + 3k3 + 3k3 + 6kyky + Gkoks + 12k, k3)
+ p3(k3 + 3k3 + 3k} + 6kgky + 6k1ks + 12koky)]

and
(V, - 2)A; = =182 |k| ' [p1(ky + 2k + 2k3) + pa(ka + 2Ky + 2k3) + p3(ks + 2k + 2k1)].

For Q- k+ A;, by conservation of the mass, we just need to estimate this divisor in the case

k1 + ko + k3 = —1, then by computation we have

+ p3(2k‘§ — Gk’glﬁ + 3]{33 + 3)}

3
> 602 k| o1 (2K — 5 k1 + 1) + 3k1 + 3) + pa(2k3

- g(/@ F1)% 4 ks +3) + p(2K2 — g(k;g + 1) 4 3ks + 3)]
= 32|k~ o1 (T + 3) + pa(k3 + 3) + ps (ks + 3)]
> V2.
For Q -k + Aj; + Ay, again we have k; + ks + k3 = —2 by conservation of the mass, hence
((V, - 2)(Qp) - k+ Aj) =612 k| [p1(2k] — 6koks + 6k1 + 12) + pa(2k5 — 6k1ks + 6ky + 12)
+ p3(2k3 — Gkoky + 6ks + 12)]

3
> 61°|k| " p1 (2K — §(k1 +1)% + 6k + 12) + po(2k3

3 3
- 5(/.c2 +2)? + 6ky + 12) + p3(2k; — E(kg +2)? + 6k3 + 12)]

= 32|k or (k7 4 12) + pa(k3 +12) + ps(k3 + 12)]
> V2.
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The set B For p € Dy: we have
|SA =] > 12 =6

so that
Q- k+Apr — A | > 2w > 6.

For Q -k + A+ + A-, by the conservation of the mass and the momentum, we just need to
estimate this small divisor if

ki + ko + ks +2 =0

—3k1 + 10ky — 6ks +2 =0

9k1 + 100ky + 36k +2 =0

ki, ko, ks € Z

This equation system has no solution[}
The set A For Q- k + Ayx and Q- £ 4+ Ag= + A; again by the conservation of the mass

and the momentum, we have

k1+k2+k3+1 =0 k1+/{32+k3+2 =0
() § —3ky + 10ky —6ks +2 =0 (#%) & =3ky + 10ky —6k3 +2+j =0
9%y + 100ky + 36ks +4 =0 9k, + 100ky + 36ks +4 + 52 =0.
It is easy to see that () has no solution in Z3. For (**) we have j = —ky — 2 (mod 3) and

j> = —ky —4 (mod 9). If j = +1 (mod 3) then we have ky = 0,2 (mod 4) and ky, = 4
(mod 9), which can not both happen. If j =0 (mod 3) then we have ks = 1 (mod 4) and
ke =5 (mod 9), which again can not happen. For Q -k + Ayx — A, because of changes of

variables, we have

Aor = Ay — Q(Ph 027,03)
No- = Ay — g(p1, p2, p3) + 12(p5 — p3 + 3p1ps = 3papr)

with g(z,y,z) = u?/81y222 + (—18zy + 18zz — 6y2 + 622)2 — p*(—18zy+ 18z — 6y* +622).
By the conservation of the mass we just need to consider the case k1 + ko + k3 = 0, then
(V, - 2)(- k4 Age — Aj) =120° || o1 (k2 4 k2 — koks — 2kg + k)
+ p2(kT 4 k3 — kiks + 2k1 — k3)
+ pa(k3 + ki — koky + 3ky — 3ko)] £ (V, - 2)g
~ 12|kl p £ [(V, - 2)g].

Hywith the implicit form of {p,q,m, s,t} in appendix B, we can solve for general p, g, m
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By the conservation of the momentum we have

—3ky +10ky —6k3 +2—35 =0
9k + 100k + 36k3 +4 — j* =0.

The solution of this equation system that closest to the origin is k = (=975, 195, 780) and
with such a big k, (V, - 2)(2- k + Ayx — A;) is far greater than 0.

5. APPENDIX B

In this appendix, we try to solve the set B in general

2p+q =m-+s+t
20 + ¢ =m?+ 2+ 12
Let ¢ =qg—p,m' =m—p, s =s—p, t' =t —p, it becomes
q/ :m/+8/+t/
q/2 — m/2 —|—S’2 —|—t,2.

m't

T ml+t
no common divisor except £1. Let k is a prime common divisor of ' and m/, i.e. t' =

t"k, m' = m”k, then ¢ = —f@mﬁ Since k 1 s, we have k | " +m”, ie. t7 = kh —m”,
k
2 ]

hence s’ = —w = —km” + ™= € Z. Let h = (=1)*"MWIIpli, z = p,?

This give us m’s’ + t's' + t'm’ = 0, hence s’ = . Assume more that s,t',m’ have

and

_ofki
Y= (—l)sgn(h)prZ i }, with p; is prime divisor of h. Then, h = 2%y and we need zy | m”,
i.e. m” = ryx. By this, s = —kayr + r’y, m' = kryz, t' = k*>z%y — ryx. Since s',t',m/
have no common divisor except +1, we have y = +1. Assume that y = 1, and kx = n,

2 2

then s = 2 —nr,m' = nr, ' = n®> —nr and ¢ = n?> — nr + 2. In general, we have

{p,q,m,s,t} = {p,p + k(n*> —nr +12),p+ knr,p+ k(r* —nr),p+ k(n* —nr)}.
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