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TOWARDS OPTIMAL TRANSPORT
FOR QUANTUM DENSITIES

EMANUELE CAGLIOTI, FRANCOIS GOLSE, AND THIERRY PAUL

ABSTRACT. An analogue of the quadratic Wasserstein (or Monge-Kantorovich)
distance between Borel probability measures on R¢ has been defined in [F.
Golse, C. Mouhot, T. Paul: Commun. Math. Phys. 343 (2015), 165-205]
for density operators on L2 (R”l)7 and used to estimate the convergence rate
of various asymptotic theories in the context of quantum mechanics. The
present work proves a Kantorovich type duality theorem for this quantum
variant of the Monge-Kantorovich or Wasserstein distance, and discusses the
structure of optimal quantum couplings. Specifically, we prove that, under
some boundedness and constraint hypothesis on the Kantorovich potentials,
optimal quantum couplings involve a gradient type structure similar in the
quantum paradigm to the Brenier transport map. On the contrary, when the
two quantum densities have finite rank, the structure involved by the optimal
coupling has, in general, no classical counterpart.

1. INTRODUCTION

Let p,v € P(RY) (the set of Borel probability measures on R%). Given a Ls.c.
function C : R? x R% - [0, +00], the Monge problem in optimal transport is to
minimize the functional

1c[T] = [R C(a.T(2))u(dr) € [0, +oo]

over the set of Borel maps T': R? - R? such that v = T#u (the push-forward
measure of u by T'). Here C'(x,y) represents the cost of transporting the point x to
the point y, so that Ic[T] represents the total cost of transporting the probability
on v by the map T. An optimal transport map 7" may fail to exist in full generality,
so that one considers instead the following relaxed variant of the Monge problem,
known as the Kantorovich problem:

ﬂel'i[r(l;f;,y) .[fRded C(x’ y)ﬂ-(dl‘dy) .

Here, II(p,v) is the set of couplings of u and v, i.e. the set of Borel probability
measures on R? x R? such that

f/P\ded(eb(x)W(y))vr(dxdy): [R L o(@)u(dr) + fR L (@)v(dz)

for all ¢, € Cp(R?) (where Cy(R?) designates the set of bounded and continuous
real-valued functions defined on R?). An optimal coupling Topt always exists, so
that the inf is always attained in the Kantorovich problem (see Theorem 1.3 in
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[24] or Theorem 4.1 in [25]). Of course, if an optimal map 7T exists for the Monge
problem, the push-forward of the measure p by the map = — (z,7(z)), which can
be (informally) written as

(1) m(dxdy) := p(dx)dr (s (dy)
is an optimal coupling for the Kantorovich problem.
In the special case where C(z,y) = |z—y|* (the square Euclidean distance between

x and y)
. N a2
distyrk,2 (@, v) = Mﬁl(lﬁvy) \//]dx |z = yPr(dzdy)

is a distance on

Py(RY) = {ueP(Rd) st [ |x|2u(d1')<oo},

referred to as the Monge-Kantorovich, or the Wasserstein distance of exponent 2
(see chapter 7 in [24], or chapter 6 in [25], or chapter 7 in [1]). In that case, there
is “almost” an optimal transport map, in the following sense: 7 € II(u,v) is an
optimal coupling for the Kantorovich problem if and only if there exists a proper!
convex ls.c. function a: R? - R u {+oco} such that

supp() < graph(da)
(where da denotes the subdifferential of a). This is the Knott-Smith optimality
criterion [19] (Theorem 2.12 (i) in [24]). If p satisfies the condition

(2) B is Borel measurable and H*(B) < 0o = u(B) =0,

there exists a unique optimal coupling 7 of the form (1) for the Kantorovich prob-
lem, with T = Va, where a is a proper convex Ls.c. function? on R%. (In condition
(2), the notation H%!(B) designates the d — 1-dimensional measure of B.) This is
the Brenier optimal transport theorem [4] (stated as Theorem 2.12 (ii) in [24]). It
allows recasting (1) as

(3) (y - Va(z))m(dzdy) =0,

and the a.e. defined map Va is referred to as the “Brenier optimal transport map”.
Integrating m against a test function depending only on = shows that Va trans-

ports the xz-marginal p of 7 to its y-marginal v, i.e.

(4) v=Vaf#L.
(This equality can obviously be deduced from (1) as well.)

Recently, an analogue of the Monge-Kantorovich-Wasserstein distance distak 2
has been defined in [13] on the set D($)) of density operators on the Hilbert space
$:= L2(R%). (Recall that a density operator on § is a linear operator R on ) such
that R = R* > 0 and trace(R) = 1.) This definition is based on the following well
known correspondence between classical and quantum paradigms.

(a) Bounded continuous functions f = f(g,p) on the phase space Rg x Rg should
be put in correspondence with bounded operators on the Hilbert space $ = LQ(Rg)
of square-integrable functions defined on the configuration space Rg.

Te. not identically equal to +oo.
21n particular Va is defined a.e. on R?.
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(b) The (Lebesgue) integral of (integrable) functions on R% x R{ should be replaced
by the trace of (trace-class) operators on £).

(c) The coordinates g; (for j = 1,...,d) on the null section of the phase space Rngg
should be put in correspondence with the (unbounded) self-adjoint operators @;
on ) defined by

Dom(Qy) = {uenst. [ @lv@Pdg<eo}. (Qu)@)=a(0)

forall j=1,...,d.

(d) The coordinates p; (for j =1,...,d) on the fibers of the phase space Rg x Rg
should be put in correspondence with the (unbounded) self-adjoint operators P; on
$ defined by

Dom(P;) = {wefst. [ 10, 0(@Pda<oo} . (P)(a) = -ihdy, i(a)

forall j=1,...,d.
(e) The first order differential operators f ~ {q;, f} and f ~ {p;, f}, where {-,-} is
the Poisson bracket on Rg x Rg such that

{pjvpk:}:{Qj7Qk}:Ov {pjan‘}:(sjk fOI‘j,kzl,...7d

should be replaced with the derivations on £($)) (the algebra of bounded linear
operators on $)) defined by

A~ %[Qj7A] and A~ %[Pj,A]
forj=1,...,d.

Following these principles, the quadratic transport cost from (x,€) to (y,n) in
R? x RY should be replaced with the differential operator on RZ x RZ

d
(5) C =3 (x5 -y)* = h*(8, —0y,)%).
j=1
Henceforth we denote by H the Hamiltonian
d
. 2 2\ _ (2 32
(6) Hi= 2 Q)+ P = [ef - A,
iz
of the quantum harmonic oscillator. Given R, S € D2($)), the set of density opera-
tors p on $) such that trace(pl/Qle/Q) < oo, the quantum analogue of the Monge-

Kantorovich-Wasserstein distance distyi 2 is defined by the quantum Kantorovich
problem (see Definition 2.2 in [13])

(7) MKp(R,S) := Fgé?lgs)\/traceyj@,;j(Fl/ZCFl/Q),

where C(R, S) is the set of quantum couplings of R and S, i.e.
(8) C(R,S) :={F e D(H®9) s.t. traceges((A®I+I®B)F) = traces (AR+BS)} .

(See Definition 2.1 in [13].) The functional M K} is a particularly convenient tool
to obtain a convergence rate for the mean-field limit in quantum mechanics that is
uniform in the Planck constant A (see Theorem 2.4 in [13], and Theorem 3.1 in [16]
for precise statements of these results).

The striking analogy between the Wasserstein distance distyk,2 and the quantum
functional M K} suggests the following questions concerning a possible Brenier
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type theorem in quantum mechanics, motivated in a heuristic way by the following
considerations.

As mentioned before the classical underlying paradigm for quantum mechanics
is the classical phase space R*? = T*R? equipped with the standard symplectic
structure leading to the Poisson bracket defined in item (e) above. Therefore, in
this setting and under assumption (2), equation (3) reads

(9) (2" -=va(z))r(dz,dz') =0,

where z = (¢,p) and 2’ := (¢/,p") are the coordinates on the phase space T*R? and
dz :=dqdp, dz' =dq'dp’.

Defining the mapping J : T*R? - T*R? entering the definition of the symplectic
form o of T*R? as o(dz,dz’) =dz ndJz" — in the z = (¢, p) coordinates

{0 Ipa
J‘(—IRd 0)

— equation (9) can be put in the form
(10) (2" ={Jz,a(2)})n(dzdz") = 0.

This symplectic formulation of the Brenier theorem is more likely to have an ana-
logue in quantum mechanics. Indeed, according to the items (c), (d) and (e) above,
the factor (z'-{Jz,a(z)}) should be put in correspondence with the (vector-valued)
operator on £ ® H

1
(11) Ig®Z—%[JZ,A]®Iﬁ:I;,®Z—VQA®I;J,
(3

for some operator A on $). In (11), Z designates the vector of operator-valued
coordinates (Q1,...,Qa4, P1,..., Py), and we use the notation v := %[JZ7'].

Having in mind that the optimal classical coupling 7 should be put in correspon-
dence with an optimal element F,, of C(R,S) defined in (8), the only ambiguity
which remains in giving a quantum version of (10) is the choice of an ordering for
the product of the operators Iy ® Z - VRA® I and Fop.

It happens that this ambiguity will be resolved by distributing the square-root
of Fy, on both sides of the expression (11), which leads us to the very symmetric
equality (see Theorem 2.6 in the next section):

(12) FlP(Ig® Z -VRA®I5)Fi?=0.

(Notice that one cannot define a square-root of the optimal coupling in the classical
case, since such a coupling is a Dirac measure, as shown by (1).)

Clearly (12) gives a hint on the structure of optimal quantum couplings in the
definition (7) of the M K (R, S) and on an analogue of the notion of Brenier optimal
transport map. Notice that we are missing a quantum analogue of the original
variational problem considered by Monge, or, equivalently, of the coupling (1), so
that defining a notion of quantum optimal transport seems far from obvious.

Nevertheless, (12) says that, once projected on the orthogonal of the kernel of
an optimal coupling, the operators Iy ® Z and VRA ® I are equal, in agreement
with Brenier’s theorem put in the form: “the support of the optimal coupling is
the graph of the gradient of a convex function”.

The presence of Folf on both sides of the expression between parenthesis in the
left hand side of (12) forbids getting a quantum equivalent to (4), whose formula-
tion is not clear anyway. Indeed, changes of variables in quantum mechanics are ill
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defined, except for linear symplectic mappings through the metaplectic representa-
tion. However, denoting by Z’ the (operator-valued) vector

7' = VQA,

(with the same operator A as in (11)-(12)) and writing the trace of the left hand
side of (12) in terms of the marginals of Fy, shows that

(13) trace (ZR) = trace (Z'S).

Formula (13) can be interpreted in the framework of the so-called Ehrenfest cor-
respondance principle (abusively called Ehrenfest’s Theorem sometimes) [12, 17]:
in quantum mechanics, trace (ZR) is known as the expected value of the variable
Z in the state R (in the case where R = |p){(¢|, then trace (ZR) = (¢ - Zy¢)g). It
is the only deterministic quantity that one can associate to a particle in a given
state, by taking the average of the (non-deterministic) result of (an — in principle
— infinite number of ) measurements. It is interpreted in the (statistical) Ehrenfest
picture as the classical value of the coordinate Z of the state R. Thus the Ehrenfest
interpretation of (13) is clear: the deterministic information we have on the state
R is transported to the corresponding one on the state S by the change of variables
Zw 7.

In the present article, we first state a Kantorovich duality theorem (Theorem
2.2) for M Kp, i.e., for every density operators R, .S on ),

MEKn(R,S)? = sup traceg (RA + SB),

A=A* B=B*eL(9)
A®I+I®B<C

where C' is defined in (5). In Theorem 2.4, we prove that the sup in the right
hand side of the equality above is attained for some possibly unbounded operators
a and b defined on appropriate Gelfand triples with Ker(R)* and Ker(S)* as pivot
spaces. Theorem 2.5 provides a criterion for the sup on the right hand side of the
equality above to be attained on bounded operators A, B satisfying the inequality
constraint on the form domain of C'. It provides also a family of density operators
R and S for which this criterion is satisfied.

Theorem 2.6 is devoted to an analogue of Brenier’s theorem for quantum optimal
couplings.
When the sup in the equality above is attained by two operators A and B bounded
on $ such that the constraint A® I + I ® B < C is satisfied on the form-domain
of C, we show in Theorem 2.6 (1) our quantum result “a la Brenier”, namely the
formula (12) already mentioned

FllP(Io® Z - VAR ) Fi? =0

with A = %(H —a). Here H is the harmonic oscillator defined by (6) and V< is
defined by (11).

On the other hand, when R and S are of finite rank, formula (12) has to be replaced
by the following one (Theorem 2.6 (2))

(14) F(F-veA © I)F =0

with A’ = 2(H’ - a). Here H' is the harmonic oscillator H projected on Ker(R)*
and F is the following vector operator valued on Ker(R)* ® Ker(S)*:

d
(15) Fi=22[(JZ2%);,Zf e Z;, j=1,....d.
k=1
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where Z% (resp. Z°) is the vector Z projected, component by component, on
Ker(R)* (resp. Ker(S)*) (see Theorem 2.6 (b) for explicit expressions).

There is no chance that the term —-[(JZ®);, Z[*] in (15) reduces to 8; 1, leading
to F; = I®Z), so that (14) would reduce to (12). Indeed, it is well known that there is
no representation of the canonical relations in finite dimension. But at the contrary,
nothing prevents Folfkoolf to be equal to (a multiple of) Folf(] ® Z,f)Folf‘ We
will show, Lemma 7.2 in Section 7.2, that this is indeed the case for the quantum
bipartite matching problem for two one-dimensional particles with equal masses,
studied extensively in [7].

Natural examples of classical analogues to the finite rank (independent of the
Planck constant) quantum situation are the cases where p, v are singular. Therefore
these cases are not covered by the Knott-Smith-Brenier result. This is the case
for the bipartite problem we just mentioned for which p = “Tnda + 1_7775,,1, v =
20+ 26_4, =1 < <1 in the classical situation and R = 1+T”|a)(a| + 1_77’| —a)(-al, S=
2|b)(b] + L[ = b){(~b| in the quantum one. When n =0, z is optimally transported to
v by any flow which send +a to +b, and in this case (14) takes the form of (12), see
Proposition 7.3. But when 7 > 0, the mass of a has to be splited in two parts, an
amount % to be send to b and an amount g which goes to —b, and p is optimaly
transported to v by a multivalued map.

Therefore, beside the fact that formula (12) represents a quantum analogue of
the Knott-Smith-Brenier result, formulas (14)-(15) have in general no analogue in
terms of classical (monovalued) flow.

The main results, Theorems 2.2. 2.4, 2.5 and 2.6, are stated in Section 2 and
proved in Sections 3, 4, 5 and 6 respectively. Section 7 is devoted to some examples,
including the finite rank and T6plitz situations, and the three Appendices contain
some technical material, including a result on monotone convergence for trace-class
operators in Apendix B.

To conclude this introduction, we mention other attempts at defining analogues
of the Wasserstein, or Monge-Kantorovich distances in the quantum setting. For
instance Zyczkowski and Stomeczynski [26] (see also section 7.7 in chapter 7 of
[3]) proposed to consider the original Monge distance (also called the Kantorovich-
Rubinstein distance, or the Wasserstein distance of exponent 1) between the Husimi
transforms of the density operator (see (64) for a definition of this transform).

Besides the quantity M K} appeared in [13], other analogues of the Wasserstein
distance of exponent 2 for quantum densities have been proposed by several other
authors. For instance Carlen and Maas have defined a quantum analogue of the
Benamou-Brenier formula (see [2] or Theorem 8.1 in chapter 8 of [25]) for the
classical Wasserstein distance of exponent 2, and their idea has been used to obtain
a quantum equivalent of the so-called HWI inequality: see [8, 9, 22].

Other propositions for generalizing Wasserstein distances to the quantum setting
have emerged more recently, such as [18] (mainly focussed on pure states) or [10],
very close to our definition of M K}, except that the set of couplings used in the
minimization is different and based instead on the notion of “quantum channels”
(see also [11] for a definition of a quantum Wasserstein distance of order 1).
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2. MAIN RESULTS

The key argument in deriving the structure (1) of optimal couplings for the Kan-
torovich problem involves a min-max type result known as “Kantorovich duality”.
For each j,v € Py(R?), one has

(16)  distuca(u)* = s ([ s@u@n) s [ euan).
opeCy(RY) IR R
P(a)+9(y)<lz—y|?
When g, v do not charge small sets, in the sense that they satisfy (2), one can prove
that the supremum in the r.h.s. of (16) is actually attained and

distyx o (i, v)? = weIl'Ill(ij,l,u)./]l;ded |z — y|* 7 (dxdy)

/]Rded |z = y*7op (dzdy)
= max (/Rd (x)p(dr) + ./r;d w(y)y(dy))

deL’ (n), peL' (v)
B(@)+(y)<|lz-y[®
n®r-a.e.

. Gan@td) + [ oy ()w(ay)

for two proper convex l.s.c. functions ¢,, and 1,, on R

Moreover, a(z) = 2 (22 - ¢op(x)) is precisely the function appearing in (3), the
gradient of which defines a.e. the Brenier optimal transport map of the previous
section. (See Theorem 1.3, Proposition 2.1 and Theorem 2.9 in [24].)

Likewise, the operator 4 in (12) will be similarly related to an optimal operator
appearing in a dual formulation of definition (7), to be presented below.

Before we state the quantum analogue of the Kantorovich duality, we need some
technical preliminaries.
The quantum transport cost is the operator

d
(17) Ci= 3 (a5 = y) = 0% (0, = 0,,)%).
j=1
viewed as an unbounded self-adjoint operator on L?(R? x R?) with domain
(18) Dom(C) := {p € L*(R*xR?) s.t. |z —y|*¢ and |D, - D, [* € L*(R*xR%)}.

Henceforth we denote by H the Hamiltonian of the quantum harmonic oscillator,
i.e.

(19) H = |z> - h*A,,
which is a self-adjoint operator on L?(R?) with domain®
(20) Dom(H) := {¢ e H*(R?) s.t. |z|?¢ e L*(R%)}.

3If u e C° (R?), one has
[ JePu@Hu@)de = [ (ol u(@)? + h2aP[vu@)P)de +h? [ oo (u(@)?) do
= [l = dn)u(@)? + h2la? [ Vu(@)P)de,

o that [fel2ul2, gay < VHul g2y a2l 2y + A2l 2 gy Thus, if u e L2(R7) and
Hu e L?(R?), then one has |z|?u € L?(R?), which implies in turn that ~Au € L?(R?). The same
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In the sequel, we shall also need the form-domains of the operators H and C"
(21)
Form-Dom(H) :={¢ e H'(R?) s.t. |z|¢ e L>(R%)},

Form-Dom(C') :={¢ € H©$ s.t. (z;~y;)¢ and (0,0, )Y € H®H, 1< j<d}.

The definition of the form-domain of a self-adjoint operator can be found for in-
stance in section VIIL.6, Example 2 of [20]. Observe that

’9 Form-Dom(H ® [+I ® H) = {1y ¢ H'(R™R?) s.t. (Jz]+]y|)y € L*(R*R%)}
(22) c Form-Dom(C) .

Lemma 2.1. Let R,S € Da2(9), and let Q € C(R,S). Each eigenfunction ® of Q
such that Q® # 0 belongs to Form-Dom(H ® I + ®H) and

0<(®|H® I +1® H|P) < tracegy (RY*HRY? + SY?HSY?) < o0,

In particular ® € Dom(C) with
(23) (®|C)®) < 2traces (RYV2HRY? + SY2HSY?) < 0.
Proof. Since R, S € D($)), one has

traceses (QV2(H ® I)QY?) = traceq (RY?HRY?) < oo

traceses (QV2(I ® H)QY?) = traceq (SY?HSY?) < oo
for each Q € C(R,S) by Lemma C.3. In particular

traceqes (QV2(H I+ 10 H)QY?) < 0o.

Let (g ) x>0 be a complete orthonormal system of eigenvectors of @, and let (A )gs0
be the sequence of eigenvalues of @ such that Q®y = A\ @y, for each k > 0. Thus

A >0 = P e Form-Dom(H® I +1® H)

and Y A\ (®x|H @ I + 1 ® H|®y) = traceses (QV*(He I +1® H)Q'?)
k>0

= traces (RY?HR?+ SY? HSY?) < oo |
and this implies the desired inequality. Using (22) shows that
¥ ¢ Form-Dom(H ® I + I ® H) = V¥ € Form-Dom(C') and
0<(T|C|0) < (U|H @ +]®H[).
O

2.1. A Quantum Analogue to the Kantorovich Duality. The statement be-
low is an analogue of the Kantorovich Duality Theorem (Theorem 1.3 in [24], or
Theorem 6.1.1 in [1]) for the quantum transport cost operator C' defined by (17).

Theorem 2.2 (Quantum duality). Let R, S € D2($). Then

(24) min _traceses (FY2CFY?) = sup traceg(RA+ SB),
FeC(R,S) (A,B)ef

where
K={(A,B)e L(H) xL(H) st. A=A"  B=B" and AQI+I®B<C}.

argument shows that U € L2(R?xR%) and CU e L?(R?xR?) imply that |z —y|?U € L2(R?xR?).
These observations imply that the domains of H and C' are the spaces given above.
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In the definition of &, the inequality
Al+I®B<C

means that
(WlA® I+ 1@ Blp) < (p|Clyp)

for all ¥ € Form-Dom(C').

Notice that the inf on the left hand side of the duality formula is attained — in
other words, there always exists an optimal coupling F € C(R,S). On the contrary,
the sup in the right hand side of the duality formula is in general not attained —
at least not attained in the class £ in general.

2.2. Existence of Optimal Operators A, B. In this section, we explain how the
sup in the right hand side of the duality formula is attained in a class of operators
(A, B) larger than 8.

2.2.1. Gelfand triple associated to a nonnegative trace-class operator. We shall use
repeatedly the following construction. Given a separable Hilbert space 7 and
T € LY(#) such that T = T* >0, let (£,)ns>1 be a complete orthonormal basis of
F of eigenvectors of T'. Set

(25) Jo[T] := span{&,, s.t. (&.|T|&) >0},
and
(26) (D) = (DT W),  &,9 e To[T].

Let J[T] designate the completion of Jy[T] for the inner product (:|-)r. Obviously

(27) J[T] c Jo[T]=Ker(T) < J[T]
(where Jo[T] is the closure of Jo[T] in $). The first inclusion is continuous since,
for each ¢ € Jo[T'], one has

1612 < 1 T1(Blo)r = | T (AT ]6) -

The operator T~*/#, which is a priori defined on Jy[T] only, has a unique continuous
extension which is the unitary transformation

1/2

(28)  T7Y2: J[T] - Ker(T)* with adjoint T~ : Ker(T)* - J[T] .
In other words, one has a Gelfand triple

(29) J[T] SKer(T)l cJ[T] .

(Notice that the embedding J[T] c Ker(T)* is compact since T/? is a Hilbert-
Schmidt, and therefore compact, operator on $).) With the unitary transformation
(28), one defines the isometric isomorphism

(30) L(T[T],T[T)) 33w TY?37? = Z ¢ £(Ker(T)*).

Under this isomorphism, 3* is obviously mapped to Z*.
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2.2.2. The optimality class R(R,S). While the original class £ is independent of
the quantum density operators R and S, the optimality class £(R, S) significantly
depends on R, S.

Definition 2.3. For each R,S € Dy(9), let R(R,S) be the set of (b,10) with
ve L(J[R],T[R]) and v e L(T[S],T[S]") such that
(a) the operators V = RY?0R'? and W = S?w S/ satisfy
RVPHRY? >V = V* e £} (Ker(R)*)
2RVZHRY? > W=W"e L} (Ker(S)*);
(b) for each ® € Jo[R] ® Jo[S], one has
(PloeI+10w|P)<(P|C|P).

Notice that the left hand side of the inequality in condition (b) is well defined,
since Jo[R] ¢ J[R], so that v Jo[R] ¢ J[R]’. Hence any element of v Jy[R] is
a linear functional which can be evaluated on any element of Jo[R] ¢ J[R], and
likewise any element of wJy[S] is a linear functional which can be evaluated on
any element of Jp[S] c J[S].

As for the right hand side, let (e;);>1 and (fx)r=1 be complete orthonormal
systems of eigenvectors of R and S respectively in §). By the implication in (69)
(see Lemma C.1 in the Appendix)

e; € Ker(R)* = e, € Form-Dom(H),
fr €eKer(S)* = fi e Form-Dom(H).
In particular
(31) Jo[R] ® Jo[S] c Form-Dom(H ® I + I ® H) c Form-Dom(C)

so that the right hand side of the inequality in (b) is finite.

2.2.3. The sup is attained in R(R,S). Passing from 8 to R(R,S) is equivalent
to seeking the optimal Kantorovich potential in L'(R% 1) as in Theorems 1.3 or
Theorem 2.9 of [24], instead of Cp(R?) — see the last sentence in Theorem 1.3 of
[24], together with Remark 1.6 in that same reference.

Theorem 2.4 (Existence of optimal duality potentials). For all R, S € Da(9),

min _traceges (F/2CFY?) = max  traceg(RY?aRY? + §1/2p5Y2)
FeC(R,S) (a,b)eR(R,S)

If R and S are of finite rank, R(R,S) c L(Ker(R)*) x L(Ker(S)'), so that any
optimal pair (a,b) for the max in the right hand side of the equality above consists
of operators a and b defined on the finite-dimensional linear spaces Ker(R)* and
Ker(S)*.

2.3. Structure of optimal couplings. In the classical setting, pick a proper
convex l.s.c. function ¢ : R%+ R U {+oo}, and let u € P(R?) satisfy condition (2)
and

(32) /F;d(lilfl2 +|Vo(@)|? +[p()] + 6" (Vo (2)) ) p(d) < oo
Then
(33) m(dxdy) = p(dz)d(y - Vo(z))
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is an optimal coupling of the measures p and v := V¢#pu for the Kantorovich
problem with the cost C(x,y) = |z - y|*.

We begin with a necessary and sufficient condition on density operators R, S €
D2($H) to have the sup in (24) attained in R, along with an optimality criterion
for the couplings of such density operators. This is the quantum analogue of the
sufficient condition in Theorem 6.1.4 of [1].

Theorem 2.5 (Optimality criterion). Let (A, B) € R be such that
Ker(C-Ae®I-I®B)#{0}.
Let (®;) be a complete orthonormal system in Ker(C' - A®I-1® B), and let
(34) Fi= Y A®)®;,  with A;20 and S A;=1.
J J

Call Fy :=traces(F) and Fy := trace; (F) the partial traces of F' on the second and
first factor in $ ® § respectively. Then F is an optimal coupling of Fy and Fy:

traceqes (FY2CFY?) = min  traceges(QY2CQY?)

QeC(Fy,Fs)
= sup traceg(Fia+ Fyb) = traceq (F1 A + F»B).
(a,b)er
Conversely, if (A, B) € R is an optimal pair for R, S € Do($), i.e. if
(35) MKx(R,S)?* = traces; (RA+ SB),

then Ker(C - A® I -1® B) # {0} and any optimal coupling of R and S, i.e. any
F eC(R,S) such that MKp(R,S)? = traceggs (FY2CFY?) is of the form (34).

In the previous theorem (Theorem 2.5), we have obtained a complete description
of the densities R, S € D3($) such that the sup in (24) is attained in K. Next, we

give necessary conditions on the structure of the optimal couplings F' € C(R, S) for
such density operators R and S.

In the classical setting, the structure (33) of optimal couplings is a straightfor-
ward consequence of (32). Indeed, the set of points where the Young inequality

P(x)+9"(y) 22y

becomes an equality is included in graph(d¢). This suggests the idea of looking
for a quantum analogue of the Brenier optimal transport map in the optimality
criterion in Theorem 2.5.

We shall need the following basic functional analytic considerations. The linear
space Dom(C) endowed with the inner product

(2, ¥) = (2[¥)pom(c) = (2|¥)sen + (CPICTY)ses

is a Hilbert space. Hence C' € L(Dom(C),H®$H) (with norm at most 1). Since C is
symmetric on Dom(C), it has a unique extension as an element of £($), Dom(C)")
(where Dom(C')’ designates the topological dual of Dom(C')), which is defined by
the formula

(36) (C(I)7 \II)Dom(C)’,Dom(C) = ((I)|C\I/)5’J®f)
for all ® € H® H and ¥ € Dom(C).
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On the other hand, the linear space Form-Dom(H ® I + I ® H) endowed with the
inner product

(@, 0) = (2|¥)rorm-pom(Her+1am) = (P[¥)sen + (P/H @ 1 +1® H|V)
is a Hilbert space. If T € L(Form-Dom(H®I+I®H ), H®5)) is a symmetric operator,
it has a unique extension as an element of £($, Form-Dom(H ® I+ ® H)"). This
extension is defined by the formula
(37) <T(P7 \II)Forrn—Dorn(H®I+I®H)’,Form—Dom(H®I+I®H) = ((I)|T\II))’)®.6

(where Form-Dom(H®I+I®H)' is the topological dual of Form-Dom(H®I+I®H))
forall e H®H and ¥ e Form-Dom(HRI+1I® H).
In particular

(38) [T,C] : Dom(C)nForm-Dom(H®I+I®H ) —Dom(C) +Form-Dom( HRI+I®H )’
is a continuous linear map. Since
Dom(C)’+Form-Dom(H®I+I®H)' c (Dom(C) nForm-Dom(H®I+I®H)) |
the bilinear functional
(2, ¥) = (Q[T, C|¥) = (TL|CV¥) 505 — (CRITY) 505

is continuous on Dom(C) nForm-Dom(H®I+IQH).
Henceforth we use the following notation:

ij(xl, ey I’d) = xjw(xla LR ‘TN) 5 p]w(xh sy CEd) = —ihazjw(%, ey zd)
for all v € Form-Dom(H) and all j =1,...,d, and
@qu::%[pj,S], Dp, S = —%[qj,S].
Theorem 2.6. Let R, S € Do(9), let F € C(R,S) be an optimal coupling, i.e.
" FU20pt/2y - n ot 120012
raceson( )= uin_ tracenss (Q2CQ1?)

and (A, B) € R(R,S) a pair of optimal operators such that

traces (RA+SB) = sup traces(Ra+ Sb),
(a,b)er

Then,
(1) if Ae L(T(R),$) (resp. Be L(T(S),9)), let us denote by the same letters
A, B two extensions of A, B to L($)) such that
A®I+I®B<(C
on Form-Dom(C) (in other words, (A, B) € & defined in Theorem 2.2)*.
Then
(a) any eigenvector ® of F such that F® # 0 satisfies

® e Dom(C) and CP = (AQI+1® B)P;
(b) Let us denote

1 1
A.— E(H_A) andB.— E(H_B),

4Note that even when Ker(R) = Ker(S) = {0}, so that Jo(E)®Jo(S) is dense in &5, Theorem
2.4 provides optimal operators A, B satisfying the constraint inequality only on Jo(F) ® Jo(S)
and not automatically on Form-Dom(C'). This is why the preceding constraint inequality has to
be supposed to hold true.
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where H is the harmonic oscillator in (19).
Then, for each j=1,...,d, one has

F2(Teg; - 2, A8 )FV? = F*(T o p; - 7, A® )F/* =0,
F'(gj@1-19©2,B)F'*=F'"(p;0l-182,B))F'*=0.

(2) if R and S have finite rank, one knows by Theorem 2.4 that A € L(Ker(R)*)
and B € L(Ker(S)*'). Let us denote by B and Q be the orthogonal projec-
tions on Ker(R)* and Ker(S)* respectively.

Then, by identifying F with its projection on Ker(R)* ® Ker(S)* thanks
to Lemma 4.1, one has (on Ker(R)* ® Ker(S)*),
(C) (‘ﬁ@QC‘I?@Q—A@Iker(S)l + Iker(R)J. ®B)F =0.
(d) Let us denote

A= L(PHP - A) and B' = 1(QHAQ - B),

and; fO?” eaChj = 1a .. '7d7 QJR = mQ]maij = mpjm7Q]S = DQ]Q’PJS = QP]D
One has

Fl/Q(Zd:(%[PJR,QkR] ® Qi + ;[P Ao P]) - Zgn A e F'? =0
k=1

(3 (HQF, QR 8 Qf + [Q% P @ PY) - 75, A 0 )P <0
o1

FIR(S QR © 1[PS,Q1+ PR @ 4[5, PE]) - T8 ZgpB) 1 <0
k=1

P(YQf © 405 QF]+ Pl §[Q5. P - T8 25 B)F -0
=1

As mentioned in the introduction, the two last identities of (b) are analogous to
the condition (9)

(2" -va(z))n(dz,dz") =0

obtained in the setting of classical optimal transport in the case where the convex
function a is smooth, so that da(z) = {Va(z)} (see the Brenier or the Knott-Smith
theorems, stated as Theorem 2.12 (i)-(ii) in [24]. Indeed, using the (vector-valued)
operator

VQ:(‘@‘JI7""QQd?‘@p17"'7@pd)

together with the vector of operators Z defined right after (11), statement (b) of
Theorem 2.6 reads

(39) F3(Z®I-18VRA)F? =0.

Notice that the quantum analogue of the function a is the operator %(H -A)
(equivalently, the classical analogue of A is (|g|*> +|p|*) - 26(q,p)): see Remark 2.13
(iii) following Theorem 2.12 in [24], where the relation between ¢ and the optimal
pair in the Kantorovich duality theorem is described in detail.

Concerning (d), it is a straightforward computation to show that the two first
equalities can be synthesized as formulas (14)-(15) in the introduction.



14 E. CAGLIOTI, F. GOLSE, AND T. PAUL

3. PROOF OF THEOREM 2.2
Set E:=L(H®9). Define f,g: F - Ru{+o0} by the formulas

o [0 fT=T">-C,
H(T) = + 00 otherwise,
and
traces (RA + SB) fT=T"=A®I+I1I®B,
9(T)=4 | .
00 otherwise.

For each T =T* € L($H ® H), the constraint T > —C in the definition of f is to be
understood as follows:

(9|T|p) = —(¢|C|p)  for each ¢ € Form-Dom(C).
On the other hand, the nullspace of the linear map
T:L(H)xL(H)>(A,B)» AI+I®BcL(H®H)
is Ker(T") = {(tI,-tI) s.t. t € C}. Since traceg(R) = traceg(S) = 1, one has
traces (RA + SB) = ttraceg(R—S) =0 for all (A, B) = (tI,-tI) € Ker(T")

so that
A®I+I® B traces(RA+SB)

defines a unique linear functional on ran(T"). Besides
(A®I+I®B)" =A"®I+I®B",
so that, by cyclicity of the trace,
T=A®I+I®BandT=T" =— A=A" and B=B"
= ¢g(T) = traces (RA" + SB™) = traces (AR + BS) = g(T) .
Therefore, the prescription above defines indeed a unique function g on E with
values in (oo, +00].

One easily checks that f and g are convex. Indeed, f is the indicator function
(in the sense of the definition in §4 of [21] on p. 28) of the convex set

{T=T*e¢Est. T>-C},

while g is the extension by +oo of a real-valued linear functional defined on the
linear subspace ran(I") of E. Clearly,

f(0)=9(0)=0.
Moreover f is continuous at 0. Indeed, the Heisenberg uncertainty inequality im-
plies that

(40) C >2dhlI ,
so that

T=T"and |T| <dh = T >-2dhI>-C.
Hence
T=T"and |T| <dh = f(T)=0,
so that f is continuous at 0.
By the Fenchel-Rockafellar duality theorem (Theorem 1.12 in [5])

inf ((T) + 9(T)) = max(=f* (=) - g"(A)) .
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Let us compute f* and ¢g*. First
F(=A) =swp((=A,T) = f(T)) = sup (-A,T).

T=T*>-C
If A € E' isnot > 0, there exists Ty = T > 0 such that (A, Tp) = —a < 0. In particular,
nTy =ndy > -C for each n >0, so that
F7(=A) 2 sup(-A,nTp) = supna = +oo.
n>1

n>1

For A € E’ such that A >0, define
(A,C):= sup (A, T)e[0,+00].

TeE
T=T*<C

(That (A,C) > 0 comes from observing that T = 0 satisfies the constraints.) With
this definition

. (A, C) ifA>0,
Fr=A) = { + 00 otherwise.
Next
g (A) = ;ug((A,T) -g(T)) = sup ((A,T) - trace(RA+ SB)).

T=AQI+I®B

If there exists A= A" € L($) and B = B* € L($) such that
(A,A® I +1® B) > trace(RA+ SB),

then
g (A) 2sup (n{A,A® I +I® B)-ntraceg(RA+ SB)) = +o0.
nx1

Likewise, if
(A,A® I +1® B) <traces(RA+ SB),
then

g (A) > sull)((A, -n(A®I+I®B))-traces(—n(RA+SB))) = +cc.

Hence
0 if (\,A®I+I® B)=traces(RA+SB),

+ oo otherwise.

9" (A) = {
Notice that the prescription (A, T) = traces(RA + SB) whenever T' = T* € ran(T")

defines a unique linear functional on ran(T") since Ker(T') = {0} as explained above.
By the Fenchel-Rockafellar duality theorem recalled above,
(f(T)+g(T)) = inf traces (RA + SB)
A )

=A% | B=B¥eL(®H
ARI+I®B>-C

il
=max(—f"(-A) -g"(A)) = max -(A,C)

0<AeE’
(A, A®I+I®B)=trace s (RA+SB)

or equivalently, after exchanging the signs,

sup traces(RA+ SB) = min (A, C).

’
A,B)e 0<AcE
( ’ )R (A, A®I+I®B)=trace 5 (RA+SB)

(We recall that the constraint A® I +1 ® B < C in the definition of R is to be
understood as explained immediately after the statement of Theorem 2.2.)
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One can further restrict the min on the right hand side with the following ob-
servations.

Lemma 3.1. Let V = L(S) where F is a separable Hilbert space. If £ € V'
satisfies £ >0, then

T=T"e¢V = ({,T)eR and €] = (€, L) .
Proof. Indeed, for all T =T € V', one has —|T|I <T < |T| s, so that
~|T|is < T <|T|1s, sothat —|T[{{, L)< ((,T) <|T|{¢, ).

In particular, for all T=T* € V, one has (¢,T) € R. For all T € V' (not necessarily
self-adjoint), write

R(T)=3(T+T") and I(T) := 5i(T* - T).
If (¢, T) # 0, there exists a € C s.t. |a| =1 and (¢,aT) = |{¢,T)|. These considerations
show immediately that (¢,J(aT")) = 0 so that
(6, T) = (6, R(aT)) <(¢, L) [ R(aT)]|
<3{0, Le) (|| + [ (@T)* 1) = (¢, Le)I T

Hence |¢| < (¢, 1), while it is obvious that (¢, I,») < |¢||. This concludes the proof
of Lemma 3.1. g

Lemma 3.2. Let 0 < A e E'. Then there exists Q € L1($ ® $) such that
Q=Q 20, and |Q|s <[A],
and L € E' such that

L>0, 0, and |L|<|A],

L|/<(sa®fa) -
satisfying
A =tracegen (Qe) + L.

Proof. Since L} (H® H) = K(H®H)’, one has
A|]<:(f)®y)) = tracef}@-ﬁ(@') )
for some Q € L1($H ® H).

First, observe that
A>20 = Q=Q">0.
Indeed, since Q € L'($H ® $), then Q is compact. Writing
N(Q)=3(Q+Q") and 3(Q)=-3(Q-Q"),
one has R(Q) =R(Q)* and J(Q) =T (Q)*, so that
(A,3(Q)) = traceqesn (R(Q)I(Q)) + itraceses (3(Q)?) € R.

Since

tracesesn (R(Q)I(Q)) =traceseqs (I(Q)R(Q))
=traceqen (M(Q)I(Q))") = traceses (R(Q)I(Q)) € R,

one concludes that
traceqes (J(Q)?) =0, sothat J(Q)?)=0.
Thus Q = Q*. Next observe that, for each £ € H ® §,
1)l = (IENENT 20 so that (A, [§){E]) = traceqes (QIE)(E]) = (£|QIS) 2 0.
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Let (¢n)ns0 be a complete orthonormal sequence of eigenvectors of @ in ) ® 9,
and let )\, be the eigenvalue of @) associated to ¢,,. Then

Qlles = racenen(@) =sup 3" hy =sup (A, 32 16,)(601) < (8, Tran) = A1
n> k=1

n2l =1

Define
L := A —tracepgs (Qe) ,
so that

L|IC(I3®.6) =0

by construction. Let IT,, be the orthogonal projection on span(dg, ..., ®,). Obvi-
ously I1,,@Q = QIT,,. Then, for each T=T"* >0 in E,

0<(A, (Ings — L) T(Ipes —11,)) = (A, T) - (A, TIL,) - (A, 1L, T) + (A, 11, TTL,)
= (A, T) - tracegen (Q(TIL, + IL,T - 11,,T11,)) = (A, T') - traceqeq (11, QIL,T)
> (A, T) —tracegen (QT) = (L, T)
as n — oo, since Q € L1(H® $H), so that I1,,QIL, - Q in L1 (H®$H) as n — co. This
shows that L > 0. In particular (see footnote above), one has
IL] = (L, Isesn) = (A, Ines) - traceges (Q) < (A, Ines) = |A] .
This conlcudes the proof of Lemma 3.2. a

Lemma 3.3. Let 0 < A€ E' satisfy
(M,A® I +I® B) =traces(RA+SB), forall A=A" and B=DB" € L($).
Then A is of the form
A =tracepgn(Qe), with Q@ =Q" >0 and traceggs(Q) =1.
In particular, Q is a coupling of R and S.
Proof. Let (e1,ea,...) be a complete orthonormal system in §, and let P, be the
orthogonal projection on span(es,...,e,). Consider
T,=(Us-P,)®P,+P,®(I5-P,) >0, n>1.
Since P, ® P,, > 0, one has
0<T,<Ig®P,+P,®15 < Igg.
Hence
0< (A, T,) <tracenes(Q((Ig — Py) ® Ig + I ® (I — Pp))) +{L,T,)
< traces ((Q1 + @2) (I = Pu)) + (L, Ings)
> (L, Ises) = (A, Laes) — traceses (Q)

as n — +oo. In the formula above, @)1, Qs are the partial traces of @), defined as

follows:
Q1€ L1($H) and traces(Q1A) = traceges (Q(A® Iy)),

Q2 € L1(H) and tracey(Q24) = traceges (Q(Is ® A)),
for each A € L($).
Thus

lim (A, T,,) < (A, Iggs) — traceges (Q) = 1 - traceges (Q) -

n—oo0
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Taking A = I and B =0 shows indeed that (A, Iggg) = traceg (R) = 1.
On the other hand, (I - P,)® (I - P,) >0, so that

T,=1q0 P, +P,®Isy-2P,Q® P,,
and hence
(A, T,,) =traces ((R+S)P,) -2(A, P, ® P,)
=tracen ((R+ S)P,) — 2traceges (Q(Pr, ® Pr))
since P, ® P, is a finite-rank operator (and therefore a compact operator). Thus

lim (A, T,) = traceq (R + 5) — 2traceqgs (@) = 2(1 — tracegen (Q)) -

Therefore
0 < 2(1 - traceges(Q)) = lim (A, T,,) = lim (A, T},) < 1 - traceses (Q) ,
so that

1 =tracenes(Q) and |L] = (A, 1) - traceseq(Q) = 1 - tracengs (Q) = 0.

Summarizing, we have proved that A is represented by Q € £1($ ® ) such that
tracesesn (@) = 1, and the condition A > 0 implies that @ = Q* > 0 according to
Lemma 3.2. Finally, the definition of A implies that

(A, A® Iy) = tracepes (Q(A ® Iy)) = traces (RA) ,
(A, Ig ® B) = tracepeqn (Q(Is ® B)) = tracey (SB),

so that the partial traces of @ are Q1 = R and Q2 = S, meaning that Q € C(R, S).
This concludes the proof of Lemma 3.3. ([

At this point, we have proved that the minimizing linear functional A in the
duality formula above is represented by @ € C(R,S). In other words,
sup traceg(RA+SB)= min trace QC),
o 5( ) oemin s (QC)

with the notation

tracegen (QC) == sup traceses(QT),
T’
where the constraint 7' < C' has the meaning recalled above. Let us prove that
(41) sup traceggs (QT) = traceqes (Q/2CQY?).

T=T*c¢E
T<C

Let (®g)rs0 be a complete orthonormal system of eigenvectors of @, and let
(Ak)ks0 be the sequence of eigenvalues of @ such that Q®y = APy for each k > 0.
With the notation in Appendix A, one has, by Lemma 2.1,

2> > M2t na) + DTy g[8

= Z )\k(q)k|C|(Dk> <2 Z )\k(cbk|H®I+I®H|CI)k> <00,
k>0 k>0

By Corollary C.2, one has Cy = (Iggsn + 5 C) C = Cx € L(H®H) for each N > 1,
and

(42) tracegesn (QCN) — traceges (QY/2CQY?)  as N - oo.
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Since 0 < Cn = Cy < C for each N > 1
lim tracepgs(CNQ) < sup tracepegs(QT) = sup traceg(RA+SB).

(43) N T:TT*;E (A,B)es

On the other hand, since A\, > 0 = ¥} e Form-Dom(H ® [+] ® H) c Form-Dom(C),
for each (A, B) € R, one has

2 A URA® Iy + I ® BlUg) < 3 A (0[C1T)
k50 k50

or equivalently, since Q € C(R, S),
traces (RA + SB) =traceqes (QV2(A® Iy + Iy ® B)QY?)
<traceges (QY2CQY?).

The inequalities (42), (43) and (44) obviously imply (41), and this concludes the
proof if Theorem 2.2.

(44)

4. PROOF OF THEOREM 2.4

Let (Ag, Bi) € R be a maximizing sequence, i.e.

trace(RAy + SBy) — sup trace(RA+SB)=:7€[0,+00) ask — oo.
(A,B)est

That 7 < +c0 comes from the fact that the inf in Theorem 2.2 is attained by some
optimal coupling F' € C(R,S), and that R and S both belong to D2($). Indeed,
using Lemma C.3 shows that

FeC(R,S) = 0 < trace(FY/2CF?) <2trace(FY*(H ® I + 1 ® H)F/?)
=2trace(RY?HRY? + SY2HSY?) < +o00.
4.1. Step 1: normalizing the maximizing sequence. For each k > 1, set
ap:=2H-A, and b,=2H-By.
Thus
ar®I+1®b,>2(HI+I®H)-C
= Zd:((—ihawj —ihdy,)? + (z; +y;)?) = £ >0.
j=1

The operator X satisfies the same uncertainty inequality as C":

d
¥ = Z((IJ + yj) + Z(—’Lhaz] - Zhayj))((l'] + yj) — z(—zh@mj — Zhayj))
(45) = ;
+ Z i([—ih@zj 5]+ [—ihﬁyj,yj]) >2dhI® 1,
j=1

and
(46) Form-Dom(X) = {1 € H®9 s.t. (x;+y;)Y and (0,+0,,)Y € H®H, 1 <j<d}.

Set oy, := sup{a € R s.t. ap > al} for each k > 1. Since H = H* > 0, one has
ay > —Ag 2 —| AgllZ, so that oy, > —||Ak|. On the other hand, let ey be a normalized
eigenvector of R such that Reg # 0. Since R € D2($), one has 0 < (eg|Hleg) < +o0
by (69) (see Lemma C.1 in the Appendix), so that

ag > al = a < (eglagleo) < 2(eo|Hleo) + | Ax| -
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Hence ay € [—|Ak|,2{eo|Hl|eo) + ||Ax||]]. By definition of «y, there exists ¢, €
Dom(H) such that

|onlls =1 and (dnlar|dn) > o as n — oo for each k> 1.

Thus
(dnlak|dn )] + b > 2dhI  for each n > 1,

so that
apl + b > 2dhI .

On the other hand, again by definition of «j, one has

ap —opl >0.

Setting
ap = ay —apl +dhl, by :=by +apl —dhl,
one has A
ar®I+1®by=a, @ +1®b, >3,
ar=a;>dhl,  by=Dbf>dhl.
Finally

0 < traces (RY2a, RY? + §/20, %) = traceq (RY?a, RY/? + §1/2b;,51/)
=2traces (R/?HRY? + SY2HS'Y?)
— traceg (RA + SBy)
>2traceg (RY2HRY? + SY2HSY?) — 1
as k — oo.
4.2. Step 2: defining the unbounded operators a and b. With the minimizing

sequence (ay, by) replaced with its normalized variant (ay, l;;g) as explained in the
previous section, one has

0 < trace(R?a;, RY/?) < sup trace( RY?a, RY?) < +o00,
k

0 < trace(SY2b,SY?) < sup trace(5Y2b,SY?) < +00
k

since both these sequences are converging as k — co. Therefore, the sequences of
operators RY?a,RY? and $/2b,5'2 are bounded in £1($). Since £'($) is the
topological dual of K(£)) (the algebra of compact operators on §)), the Banach-
Alaoglu theorem implies that there exists a subsequence of (ay,by) (abusively de-
noted (&k,lA)k) for simplicity) such that

RY?a,RY? >V and  SY20,SY? > W in £'($) weak-* as k — oo.
Since
ag=ap>dhl and by = b} >dhl,
one has
V=V*>dhR and W =W">dhS.

In particular
Ker(V) cKer(R) and Ker(W) c Ker(S).
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On the other hand
ran(V) cran(R'Y2) =ran(R) and ran(W) cran(S'/2) =ran(S).
(To check the first inclusion, pick £ = Vz, and observe that
(y|R"2a R |) = trace(RY?ay, R |2)(y]) — (y|V])

so that &, = R?a, R'?z e ran(R'/?) satisfies &, — & weakly in $). Hence & belongs
to the weak closure of ran(R'/?), which is equal to its strong closure ran(RL/2)
since ran(R'/?) is a convex subset of £: see Theorem 3.7 in [5].) Since

Ker(V)* =ran(V) cran(R) = Ker(R)*,
Ker(W)* = ran(W) c ran(S) = Ker(S)*,

(see Corollary 2.18 (iv) in [5]) one has

Ker(V)=Ker(R) and ran(V)=Ker(R)",

Ker(W) =Ker(S) and ran(W)=Ker(S)*.
In particular
Ve L' (Ker(R)') and W eL'(Ker(S)').

Let ve L(J[R],J[R]") and to € L(T[S],T[S]’) be the operators associated to V
and W by (30); since V = V* and W = W*, one has

*

p*=p and wW'=w.

Next
Jo[R] ® Jo[S] ¢ Form-Dom(H ® I + I ® H) c Form-Dom(X)

where the first inclusion comes from (31), and the second from (21) and (46). By
construction, the sequences (ag)r»1 and (bg)x»1 satisfy

(Dlag @ I+T®b, —X|®) >0 for all ® e JH[R] ® Jo[S].

For each ¢ € Jy[R], there exists a unique ¢ € Jo[ R] such that R'/?¢ = ¢, so that
($laxlo) = (SR arR'?|3) — (BIVI0) = (@lolo)  as k — co.

Likewise (¢]bp[1h) > (¥|rofih) as k — oo for each ¢ € Jo[R]. Passing to the limit in
the last inequality implies that

(Pl I+I@w-X|®)>0 forall ®e JH[R]® Tp[S].
Let a=a* ¢ L(J[R],J[R]') and b =b* € L(T[S],T[S]') be the operators associ-
ated to 2RY?HRY? -V e £ ((Ker(R)")) and to 282 HS/? - We LY((Ker(S)4))
respectively. The last inequality on v and to implies that (a,b) € R(R,S).

4.3. Step 3: relaxing the constraint. In this step we prove the following: for
each (a,b) € R(R, S) and each F € C(R,S), one has
(47) traceges (F/2CFY?) > traceq (RY2aR'? + §1/2pS5Y?) .

Let (€}) and (f]) be orthonormal sequences of eigenvectors of R and S belonging
to Jo[R] and Jo[.S], and assumed to be complete in Ker(R)* and Ker(.S)* respec-
tively. Call p,,, and g, the orthogonal projections on the m first elements of (e;)



22 E. CAGLIOTI, F. GOLSE, AND T. PAUL

and on the n first elements of (f/) respectively, so that

0<p1<...<Ppm Ssuppy, =P = orthogonal projection on ker(R)"*,
0<q1<...<qn <SUpg, = Q= orthogonal projection on ker(S)*.

We shall argue instead in terms of the operators
v=0" € L(J[R],T[R]) and w=w"eL(J[S],T[S])
associated by (30) to the operators
RYVZHRY?-R'?aR'? ¢ £} (Ker(R)*),
SY2HSY? — 512512 ¢ £ (Ker(S)*).
Since (a,b) € &(R, S), one has (®|C-a®I-1®b|®) > 0 for each ® € Jo[R]® To[S],
so that, for each m,n, one has
Prm ® AnENPm ® dn < P @ An X @ A <(PmUPm) @ dn + P © (4n WG
<(Pm0pm) ® Q+ P @ (dnWdn)

where Sy = (Ingg + 5) 'S =3} € L(H®H) and 0< Ty < T for each N > 1.

That (PmTPm) ® qn < (Prm0pm) ® Q is seen easily, for instance by the following
argument. Let ® be any element of Ker(R)* ® Ker(S)*, which we decompose on
the complete orthonormal system (e} ® f):

=Y 0uciaf, 2|Pul=|Pien <.
P 7l

Then
(@|(pmVPm ® qn|P) = Z q)ijlq)kl(l_’eﬂefc)v’,v

1<j,ksm
1<isn

S; > B (veller) vy = (Plpntp, ® QD)

1<j,k<m

since the matrix ({ve}|e})vv)1<jk<m i3 Hermitian nonnegative. The analogous
inequality for w is proved similarly.
Thus, for each F € C(R,S), one has

tracef)@ﬁ(F(pm ® qn)ZN(pm ® qn)) < tracef)@ﬁ(F((pm@pm) ®Q+ f’B ® (qann))) .

Lemma 4.1. Let R, S € D($) and let P and Q be the orthogonal projections on
Ker(R)* and Ker(S)* repectively. For each F € C(R,S), one has

F=(PoQ)F(PeQ).
Taking this lemma for granted, we conclude the proof of (47). First
traceses (F((Pm0pm) ® Q)) = traceses (F(B @ Q) ((pntpm) © (P © Q))
=tracengn (B @ Q) F (P Q)((pmopm) ® 1))
= tracesgn (F((pmtpm) ® 1))
= traces (R(Pm0Pm)) = traces (R (popm ) RY?)
= traces (P RY?0RY?p,,) < traces (RY?5RY?)

where the first equality comes from the fact that Bp,, = p,n = p*PB, the second and
the fifth equality follow by cyclicity of the trace, the third equality from the lemma
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above, the fourth equality from the fact that F € C(R,S), and the sixth equality
from the fact that p,, is a spectral projection of R and therefore commutes with
R. The last inequality is obtained by computing the trace of R/?oR'? ¢ L1($) on
a complete orthonormal system in $) whose m first vectors span ran(p,,). By the
same token,

traceses (F (P ® (qn0q,))) < traceg (S72wS?).
On the other hand
traceses (F'(Pm ® 4n) XN (Pm ® dn)) > traceses (F(P @ Q)Xn (P Q))
= tracepes (FXN)
passing to the limit in m,n for each N > 1. Indeed
Pm®q)ZN(Pm ®qn) > (PIDEN(P Q)  strongly in L(H®H)
for each NV > 1, since for each ¥ € ) ® $
(B QEN(PBQ)V - (pm ® 4n) N (Pm ® 45) V||
<[(BeQ-pm®q,)En(BeQ)Y|
+[(pm @ 4n)EN (PR Q - prm @) ¥
<I(BeQ-pm@dn)En(BeQ)Y|
+HEN[I(B Q- pm ®9,)¥] >0

in m,n for each N > 1. Then, one concludes as in Example 3 of chapter 2 in [23].
Thus, we have proved that

traceges (FXN) < traceg (RY20RY? + SY258Y2) | for each N > 1.
By Corollary C.2, tracesgs (FXn) — tracesgs (F/2XEFY?) as N — oo, so that
traceges (FY/2SFY?) < traces (RY?5RY? + $Y2@51/?)
which is equivalent to the sought inequality (47).

4.4. Step 4: the squeezing argument. Pick an optimal coupling F,,; € C(R,S).
(We recall that the existence of such a coupling is one of the conclusions of The-
orem 2.2, and follows from the Fenchel-Rockafellar duality theorem.) One has the
following chain of inequalities:

sup traceq(RA+SB)<  sup  traces(RY2aRY? + S1/2p51/2)

(48) (A,B)ef (a,b)eR(R,S)
< tracegez (FJZ{?CF(}TG) .
The second inequality has been proved in Step 3.
As for the first inequality, observe first that
(49) sup traces(RA+SB)= sup traces(RA+SB),

(A,B)eR (A,B)eR
with the notation

R:={(A,B)e R st. A<2H —dhl and B <2H —dhl}.
This is proved by the normalization argument in Step 1: pick

p=sup{aeRst. 2H-A>al}.
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Then p € [—|A|,2(eo|Hleo) + | A|], where eq is a normalized eigenvector of R such
that Reg # 0, and one has

A+(p—dh)I<2H -dhI and B-(p-dh)l<2H-dhl

by the same argument as in Step 1. (Indeed, by definition of p, there exists a
sequence ¢, € Dom(H) such that |¢,|s =1 and (¢,|2H — Alg,) — p as n > oo.
With the inequality A® I + I ® B < C, this implies that, for each ¥ € Dom(H ), one
has

pl0l5 + (VI2H = Bl) 2 (¢ @ YI2(H @ I + I ® H) = Clon ® ¢) 2 2dh[ 0[5, ,
since 2(H®I+I® H)-C > 2dhI ® I.) Observing that
(A,B)e R = (A+(p—dh)I,B-(p-dh)I) €K,
and that
traces (RA + SB) = traces (R(A + (p—dh)I) + S(B - (p-dh)I))

leads to (49).
Let B and Q be the $H-orthogonal projections on Ker(R)* and Ker(S)* respec-
tively, as in the previous section. We claim that

(A,B) e R — (PAP,QBA) € K(R,S).

Indeed
PAP = (PAR)" € L(Ker(T)*) c L(T[R], T[R]')

0B = (QBQ)* € L(Ker(S)") c L(T[S],T[S])-
because of the double continuous embedding (27). Then
2H > A — 2RY?HR'? > RY? ARY? = RV2pBABRY/?
2H > B = 28'?HS'? > §'2BS'? = s QBas'?
since PRY? = R/2P = RY/? and Q82 = §12Q = /2 and
traces (2RV/2HRY? — RY?BAPRY?)
< traces (2RY?HRY?) + | A| < +o0
traceg (2SY2HS'? - §Y2Q BN SY?)
< traceg (252 HSY?) + | B| < +o0,

so that
2R'VZHRY? - RM?BAPBRY? ¢ £ (Ker(R)*),

252 H G2 _ SY2QBOSY? € £ (Ker(S)Y).

Finally, the inequality
(P|A® I +1® B|P) < (D|C|P)
holds for all ® € Jo[R] ® Jo[S] c Form-Dom(C'). Observe that
e DHIRIOIH[S] = (I-P)eNP=(Ix([-2))P=0,

and therefore

(O|(PAB) @ I +I® (QABN)|P) < (2|C|P)
for all ® € Jo[R] ® Jo[S], so that (PAR, QBA) € K(R, S).
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Since PRY? = RY?>P = R'/? and Q8% = §1/2Q = §'/2, one has
traces (RA + SB) = traceg (RV*BAPRY? + $12QBNSY?),
we conclude that

(50) sup trace(RA+SB)< sup trace(RY?aRY?+ SY2BSY?) .
(A,B)ef (a,b)eR(R,S)

Then (49) and (50) imply the chain of inequalities (48). By the quantum duality
theorem (Theorem 2.2), all the inequalities in (48) are equalities:

sup traceq(RA+SB)= sup  traces(RY%a+ SY2bS1/?)
(51) (A,B)es (a,b)eR(R,S)
= trace;a@g(F(}I{fCFjI{f) .

4.5. Step 5: the pair (a,b) € E(R, S) is optimal. For each finite rank orthogonal
projection P = P* = P2 € £($), one has

traces (PRY?0RY?P) = traceg (PRY?0 R'/?)
= lim traces, (PRY?a,R'?) = Jim traces, (PRY?a;, R'/*P),
traceg (PS/?wSY2P) = traces (PSY/?1w05/?)
= klim traces (PRY?a, RY?) = klim traces (PRY?a, RY?P),
since
R'?a,R'? 5 vV = RM?oR'? and S'?0,8'? > W = §1 S/

in £1($) weak—» by construction.
Since ay = a;, > 0 and by, = b}, > 0 for each k >0 (by construction), one has

traces (PRY?a,RY?P) = |PRY?4,RV?P|,
< |RY?a, RM?|; = traces (R?a, RY?),
traces (PSY20, 512 P) = | PSY?b,5' 2P|,
< |52, 52|, = traceg (SY2b,SY?).
Thus, for each finite rank P = P* = P2 € £(§)), one has
traces (P(RY?0RY? + §Y2n SY2) P) < khlgo traces (RY2a, RY? + §1/2b,5%/?)
= traces (2RY?HRY? + 28 2 HSY?) — 7.
Indeed .
ar =2H — Ay, — ol +dhl and by, =2H - By, + ay. I — dhl
so that
traces (RY2a, RY? + 5120, 5%/?)
= 2tracen (RYZHRY? + SY2HSY?) — traceq (RY? AL RY? + SY2 B, SY?)
- 2traces (RY?HRY? + SY2HSY?) — 7

by definition of the sequence (A, By) (which is a maximizing sequence for the right
hand side of (24)).
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Since RY?0R'? ¢ £1($) and SY*wSY? ¢ £L1($), one has

traceg (RY?0RY? + §Y2np5Y2) = sup  traces (P(RY?0RY? + §'/20 51/2) P)
ki
< 2tracen (RYV2HRY? + SY2HSY?) — 1
Equivalently, in terms of a and b, one has
traceg (RY2aRY? + §Y/2p5%2) > 7

and we deduce from the first equality in (51) that

traces (RY2aRY? + S12p5Y2) > sup  traceg (RY2aRY? + SY/2pSY?).

(@,b)eR(R,S)

Since (a,b) € R(R,S) as proved at the end of Step 2, the inequality above is an
equality and the pair (a,b) is optimal.

Finally, if R and S have finite ranks Jy[R] = J[R] = Ker(R)* and Jp[S] =
J[S] = Ker(S)*. Since these spaces are finite-dimensional, their dual spaces are
finite dimensional with the same dimension. Thus the inclusions Ker(R)* c J[R]'
and Ker(S)* ¢ J[S] in (29) are equalities. Any optimal pair (ag,bg) € K(R,S)
such that

traces (RY2agRY? + §12605Y%) = MKy (R, S)?
satisfies ag € L(Ker(R)*) and by € L(Ker(S)*).

This concludes the proof of Theorem 2.4.

It remains to prove Lemma 4.1

Proof of Lemma 4.1. One has
traceges (((1 - P) @ [ F((I -F) ® 1)) =traceqes (((1 -B) @ I)F)
=traces ((I -PB)R) =0
since I - is the orthogonal projection on Ker(R), so that
(I-P)eHF((I-P)eI)=0

sihnce (I-P))F((I-P)oI)=((I-P))F((I-P)®I))* 0. Next observe
that

(o @ pl(Bo HF((-B)o D¢’ @)

(oo Y|(BoF(PeI)pev) ¢’ @y |((1-P) e HF((I-P)e )¢ @)
for each ¢, @', 1,1’ € $ by the Cauchy-Schwarz inequality since F' = F* >0, so that
(pey[(BeNF((I-P)e )’ ®y’)=0.

Hence
BeNF((I-P)oI)=((BeNF((I-PB)&I))" =((I-PB)e)F(P&I)=0,
so that
F=(Ppe)F(PeI).

The same argument shows that
F=(I®Q)F(I®Q),
so that
F=I0Q)F(I®Q)=(IQ)(PNF(PeHIoQ)=(BeoQ)F(Pe),
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which is precisely the desired equality. O

5. PROOF OF THEOREMS 2.5

Proof of Theorem 2.5. Since ®; € Ker(C - A® I —I ® B), one has in particular
®; e Dom(C') with

IC®;[ < (JAl+ [B)]®;l = |A] +|B]  for all 5.
Therefore
Y An{@m|Cl@,) < (A +[B) D Am = Al + 1B,

so that
FY2CFY2 = 3\ /A0 (®5]C| 05 )| @ )Pk € L1(5H ® )
gk

by Lemma C.1. Since @), € Ker(C' - A® I - I ® B) for all k, one has
FY2COFRY2 =3 NN P,|A® T + 1 ® B|®y)|®;)(Py|
ok

=F'?(AeI+I® B)F'?,
and thus
traceggs (F/2CFY?) —traceges (FY2(A® I + I ® B)F'/?)
=tracepes(F(A® I +1® B)) =traceg (F1A + F3B),

where the second equality follows from cyclicity of the trace, while the third equality
comes from the definition of F} and F, as the partial traces of F. Therefore
(52)

GEC%II}{,F@ traceses (G/2CGY?) <traceggs (F/2CFY?)

=tracen (F1 A+ FoB) < sup traceg(Fia + Fab).
(a,b)er

For each G € C(R,S), let (¥ )r»1 be a complete orthonormal system of eigenvectors
of G, and let (vx)k>1 be the sequence of eigenvalues of G, so that GUy, = v, Uy, for
each k> 1. Then

traceﬁg)y)(Gl/QCGl/Q) <00 —> Z Vi Ui |C|Tg) < 00
k>1

Thus, if traceggs (G/2CG?) < o, one has, as explained in Lemma 2.1
U}, € Form-Dom(C') for each k>0 s.t. vy, >0.
For all (a,b) € R, one has therefore
Ve >0 = (Ui|C-a®I-1®bT) >0,
so that

0<Y 1(Up|C-ael-1®0bTy)
k>0

= traceggn (GY2CGY?) - traceges (Y2 (a® I + I ® b)GH?)
= traceggs (GY2CGY?) - traceges (Gla® I + I ® b))
= traceg g (GY2CGY?) — traces (Fra + Fub)
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Therefore

(53) sup traces(Fia+Fyb) < inf traceges(GY2CGY?).
(a,b)ef GeC(R,S)

Putting together (52) and (53) leads to the announced result.
Conversely, if R, S € Do($) satisfies (35), let F' be any optimal coupling of R
and S. Then
MEKx(R,S)? = traceqps (FY/2CFY?) = traceg (RA + SB),

Since R,S € Dy($), the quantity MKp(R,S)? = traceges(FY?CFY/?) is finite,
so that all the eigenvectors of F' corresponding to positive eigenvalues belong to
Form-Dom(C'). The second equality above can be equivalently recast as

tracegen (F/2(C- Aol -T® B)F'/?)=0.

Since (®|C - A® I -1® B|®) >0 for all & € Form-Dom(C), this implies that all
the eigenvectors of F' corresponding to positive eigenvalues belong to Ker(C - A ®
I -1 ® B). In particular, this nullspace is not equal to {0} and F is of the form
(34). O

6. PROOF OF THEOREM 2.6

Proof of (1) when A, B € .
Since F' € C(R,S) with R, S € Dy(9H), any eigenvector ® of F such that F® 4 0
satisfies

® ¢ Form-Dom(H ® I + I ® H) c Form-Dom(C)

by Lemma 2.1. By cyclicity of the trace
traceges (FY2(A® I +1® B)FY/?) =tracesepq (F(A® I +1® B))
=tracen (RA+ SB).

Since FU2(He I +1® H)F'/? ¢ L1(H®$H) and since C < 2(H® [+ ® H) on
Form-Dom(H ® I + I ® H), one has

traceqes (F/2(C-A®I-1® B)FY?)=0.
Let (®;);>1 be a complete orthonormal sequence of eigenvectors of F', and define
Aj 20 by the condition F'®; = A\;®;, for each j > 1. Then

0 = traceges (F/2(C - A® I -1 ® B)F'/?)

=@, |F*(C - A T-1® B)F'?|®;)

j>1

:Z)\j<q)j|C—A®I—I®B|q)j>,

g1
so that
Aj>0 = (,|C-A®I-I®B|®;)=0, forallj>1.
Indeed, since ®; € Form-Dom(C') and (A4, B) € &, one has
(®,/C-A®I-I®B|®;)>0, forall j>1.

Since (®|C— A® I -1 ® B|®) >0 for each ® € Form-Dom(C'), we conclude from the
Cauchy-Schwarz inequality that

Aj>0 = (P|C-A®I+I®B|®;)=0, forall;j>1and ®eForm-Dom(C).
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In particular, choosing ® = W,,, . m,ni,....n, (I the notation of section A) shows
that

2h(2(n1, s 7nd) + d)(q/ml;<~-7md;n17~--;nd|¢)j> = (\Ilmla-~7md777/17---777/d|A ®l+I® B|¢)]> )
so that
an? Y (20nas e na) + AWy g, a5 < (JA]+ [ B])?

my,...,mg>0
n]yemg20

This implies that ®; € Dom(C') with |C®,| < | Al + || B| for each j > 1. Hence
Aj>0 = (C-A@I-I®B)b; eHxH
and (C-A®I-1®B)®; L Form-Dom(C).

Since Form-Dom(C') is dense in $ ® §), we conclude that (C-A®I-I®B)®; =0
for all j > 1 such that A; > 0. This proves (a).

For each j=1,...,d, one has
(24;01)(C-A®I-1®B)=%,;,(H-A)®1-21®q; =2(Z,;A®1-1®q;)
€ L(Form-Dom(H ® I + [ ® H),Form-Dom(H ® [ + [ ® H)"),
(Zp, @) (C-A®I1-1®B)=%, (H-A)®I-2I®p;=2(Z,,A®1-1®p;)
€ L(Form-Dom(H ® [ + [ ® H),Form-Dom(H® [ + [ ® H)").

Applying (37) with T'=¢; ® I, p; ® I, I ® qj, I ® pj shows that all these operators,
which are bounded from Form-Dom(H ® I + I ® H) into ) ® §), can be extended as
bounded operators from $® $ to Form-Dom(H ® I+ [ ® H)'. Since A € L($), this
shows that the right hand sides of these identities belong to

L(Form-Dom(H ® [ + I ® H),Form-Dom(H ® [ + I ® H)".
Next, (38) with T'=¢; ® I or T'= p; ® I show that these identities hold in the space
L(Form-Dom(H ® I + I ® H) nDom(C'), Form-Dom(H ® [ + I ® H)' + Dom(C)").
Likewise, for j =1,...,d, one has
(I©Z,)(C-A®I-1©B)=2(I1®%2,,B-q;®1)
€ L(Form-Dom(H ® I + I ® H),Form-Dom(H® I + [ ® H)"),
(I, )(C-A®I-1®B)=2(I® %, B-p;®I)
€ L(Form-Dom(H ® I + [ ® H),Form-Dom(H® I+ ® H)").
Let ®, ¥ € Ker(F)* be eigenvectors of F. According to (a), one has
®, ¥ e Dom(C) nForm-Dom(H® [+ [ ® H),
and
2((Z4; A I - 1® q;)®, V) porm-Dom(HeI+I@H)’,Form-Dom(HI+I®H)
(54) =5 ((p;®NO(C-A®I-1®B)¥)g05
~L((C-A®I-1®B)?|(p; @ 1)¥)gesn =0
forall j=1,...,d, since &,V e Ker(C-A®I-1® B) by (a). Likewise
2((Zp; A® I =1 ®p;)®, V) Form-Dom(HeI+I@H) ,Form-Dom( HI+I0H)
(55) =—4((p; @ NO(C-ASI-1® B)¥)g0s
+2((C-A®I-18B)®|(p; @ I)¥)gesn =0
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forall j=1,...,d.
Let (®g)r»>1 be a complete orthonormal system of eigenvectors of F' in $ ® 9,
and let Ag > 0 be defined by F®; = A\ Px. Then

FY72 = 3 0|04 ) (@4,
k>1

and, for each T € £L(Form-Dom(H ® I + I ® H),Form-Dom(H ® I + I ® H)') and
each ¢, € H® H, one has

Yo VAN (Pi]1h) se2 (Prl @) go2 (TP, P1 ) Form-Dom(Ho e H) ,Form-Dom( He & H)

k,1>1
ApA>0

= (¢|FPTF2|p).

Observe that this last series is absolutely convergent since

1/2\1/2
Yo NN TUT @k, 1) Form-Dom(He I+I H) Form-Dom(HeI+ I H)
k,l1>1
)‘k’;l)(]

X ((I)k|¢)5§®y3 (®1]) sosl

< H T H L(Form-Dom(H®I+I®H),Form-Dom(H®I+I®H)")

< 3 AI@1lD) s 3 AN(@ilv) ses|

k>1 121
A >0 A>0

< HTHE(Form—Dom(H®I+I®H)7Form—Dom(H®I+I®H)') Z An
n>1
1/2

1/2
x (Z |(<I>k|¢)ﬁ®ﬁ|2) (lZl|<<I>k|w)ﬁ®ﬁl2)

k>1

< HT”E(Form—Dom(H®I+I®H),Form-Dom(H®I+I®H)’) ”¢”5’J®ﬁ ”w“ﬁ@ﬁ .

Hence
> )\,IC/Q)\ZI/Q(T‘I% @) Form-Dom(HeI+I®H)’ ,Form-Dom(Hel+IeH)| Pr ) (P
(56) st
Ak A>0

=FPTF2 e L(H®H)
by the Riesz representation theorem. Setting successively
T=9,A01-1®q; and T= %, AI-1®p;,
T=19%,B-q;®l and T= 1®%,B-p;®l,
for all j=1,...,d in (56) and using (54) and (55) implies statement (b). O

Proof of (2).

The proof of the statement (2) follows closely the line of the proof of the case
(1), simplified by the finite dimensionality.

The densities R, S being of finite rank, Jo(R) = J(R) = Ker(R)* and the same
for S. Therefore, by Theorem 2.4 and Definition 2.3, we have that

A® Iker(S)L + Iker(R)L @B<PRACPT A = .
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Moreover by the optimality condition and Lemma 4.1,
traceker(r):@Ker(S): (FY2(C'-A® Ler(syr + Tker(r): ® B)F'/?)
= tracesgy (F/?(C-A® -1 B)F'/?)
=0
and, by the Cauchy-Schwarz inequality again, this time on Ker(R)* ® Ker(S5)*, (¢)

is proved.
Let us remark that, with the notation defined right after (11),

C' = PHPRI+I®QHA-2PZPAZN
d
= PHPRI+I100HA -2 (QF®Q; + PFe ).
k=1
Hence, for example, for any j=1,...,d,

d
Dy, ®1(C'-A®I-1®B) = (2,QF 0 Qi + 2, Pl @ Py -2, A &1
k=1

so that, by the same argument as before,
d
F'2(3(2,QF ©Qf + 2, PF o Py - 9, A/ @ I)F'/* = 0.
k=1

By using the fact that F/? commutes with 3 ® 9 thanks to Lemma 4.1 and doing
the same argument for &, instead of Z,; we get immediately (d).

Note that Fl/z(.@qj.A'®I)Fl/2 = F”%%[pf,A’]@[)Fl/z so that one can replace
Dy; A’ by %[pf,A'] in statement (d). O

7. EXAMPLES

In this section, we shall study the optimal operators a and b from the Kan-
torovich duality theorem, together with the structure of optimal couplings, on a
few elementary examples. We will also give a necessary and sufficient condition for
the optimal coupling of two quantum densities of semiclassical (T6plitz) type to
present the same feature.

7.1. The case where R is a rank-one projection. Let R = |¢)(¢| with [¢|s =1
be a rank 1 projection, and let S be a finite-rank density operator on the Hilbert
space $). By Theorem 2.4 in the finite rank case, the optimal operators a and b
should be sought in the form

(57) a=alo)e], b= kz Belex)exl.

where (ex)1<k<n 18 an orthonormal basis of Ker(S)*, to be determined along with
the real numbers a, 81, ..., 5,. We shall see that

(a) the basis (e;)1<j<n is orthonormal in Ker(S)* and orthogonal for the Hermitian
form (,¢") = (¢ ® Y|C|¢p ® ') on Ker(S)* — in other words, the lines Ce;

for j = 1,...,n are mutually orthogonal principal axes of this Hermitian form in
Ker(S)*, while
(b) the real numbers a + §; for j = 1,...,n are the eigenvalues of the Hermitian

(diagonal) matrix with entries (¢ ® e;|Cl¢ ® ) for j,k=1,...,n.
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These conditions do not completely determine the orthonormal basis (e;)1<j<n
and the real numbers «, 81, ..., 3,. For instance, if (a, b) of the form (57) is optimal,
then (a+t[¢)(|, b —tIker(s):) is also optimal — this corresponds to changing o in
a+tand §; in B;-tfor j=1,...,n. Likewise, if (¢p®¢,|C|p®¢;) = (¢ ®ek|Clop@ex)
for some j # k, the frame (e;, ex) can be replaced with its image under any rotation
in the plane span{e;, ex}.

To prove (a)-(b), we begin with an important observation on the set of couplings
of R and S, which is a straightforward consequence of Lemma 4.1.

Lemma 7.1. Assume that R € D($)) is a projection. Then rank(R) =1 and for
each S € D(H), one has
C(R,S)={R®S}.

This is the quantum analogue of the case where one considers two Borel proba-
bility measures p and v, one of which, say u, is a Dirac measures. In that case, it is
obvious that II(u,v) = {u®v} (all the mass from v is transported to the support of
the Dirac measure). Indeed, pure states, corresponding to density operators of the
form R = |¢)(¢| where ¢ is a normalized element of §, are the quantum analogues
of phase space points in classical mechanics.

Taking this lemma for granted, R® S is the optimal coupling — in fact the only
coupling — of R and S. Therefore the optimal operators a and b satisfy

traceqgs (B2 ® S7)(C-a®I-1®b)(R?®S57))=0,
(U|IC-a@I-1®b/¥)>0 for UeKer(R)" ®@Ker(S)".
Hence
(p@Y|C-a®l-1®blp®y')=0 for all 1,7 € Ker(S)".

This condition can be checked on any basis of Ker(S)*. For instance, using the
orthonormal basis (e;)1<;j<n 0f eigenvectors of b leads to the identity

(p@ej|lClop®er)=(a+B;)0k, foralljk=1,...,n.

This obviously implies the conclusions (a) and (b) on the real numbers «, 1, ..., B,
and the orthonormal basis (e;)1¢j<n of Ker(S)*.

Proof of Lemma 7.1. We recall that, if R is an orthogonal projection, one has
rank(R) = trace(R). On the other hand trace(R) = 1 since R € D($). Denot-
ing by Q the orthogonal projection on Ker(S)*, Lemma 4.1 implies that

(ReNF(RoI)=(R®I)(R®Q)F(R®Q)(R&I)
=(RP®Q)F(R*®Q)=(R®Q)F(R®Q)=F.
Thus, for each ¢1, ¢o, 11,19 € $, one has
(1 ® 1| F|p2 ® 1) = (1 ® Y1 |(R® I)F(R® I)|p2 ® ¥2)
= (@1le)(elp2){e ® Y1 |Fle @ 1)
= (o1|R|p2(¥1|Gle2)

where |e|s =1 and Ce = ran(R), while G is the self-adjoint operator on $) such
that
(0|Glepa) = (e@ Y |Fle® o), 1,92€9.

(The existence and uniqueness of G follows from the Riesz representation theorem.)
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Hence F'= R® G, and since F € C(R, S),
trace((R® G)(I ® B)) = trace(GB) = trace(SB)
for each finite rank B € £L($), which implies that G = S. O

7.2. The quantum bipartite matching problem. A classical bipartite match-
ing problem consists in computing the optimal transport between two probability
measures p and v given by

=500+ HE106,, v=20+30, a,b>0,
associated to
distmk,2 (1, ).
A quantum analogue consists in considering
MK} (R,S)
where

R=2-a)a| + 52~ a)(-al, and S = L[b,0)(b|+ L] - b)(-b].

Here |q) = |q,0) where |q,p), ¢,p € R, is a coherent state defined by (62). Since
a,b>0, R,S are operators of rank 2 so that Theorem 2.6 (2) applies. Since we are
in dimension d = 1, the two first equalities of the result read

FUE(A[PR QR0 Q% - A[Ph ATe DF'? =0
FRGIQN PR o Q% - [QF, ATe DF'? =0
Note that when 7 =0 (equal masses), a classical transport is just any one trans-
porting —a to —b and a to b (see [7, Section 1]). We will consider the quantum
problem in this case n = 0, that is we will study M K (R, S) where
1 1
R =S (la)al+[~a)(-al) and S:= S ([b)(b] + |- b){-]).
Define , )
Ai=(al-a) =€ /M = (b-b) = eI,

and consider the two pairs of orthogonal vectors

o VT cve VR Y cwwn Y
Hence

R= a6 )@udraclo )6 ), § = Bulb )b bl = S (163), fui= o (12p).

In [7, Section 4], we computed an optimal coupling F' between R and S of the
following form: in the basis {¢; ® V4, P+ ®U_, p_ @y, d_ @ _} F is expressed by
the matrix

T+Ap+A+p 0 0 V(L + )2 = (A + p)?
1 0 1-Ap+A—p V=22 = (A -p)? 0
4 0 V@ =Ap)2 - (A - p)? 1-Ap-A+u 0
V@ +A)2 = (A +p)? 0 0 T+Ap—A—p

Therefore one sees easily that Ker(F') is generated by the two vectors

1 1-
[ 4) — IR ) o) /R ),
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with |+, +) = ¢, ® 1), so that Ker (F)" is the two-dimensional subspace of §) gener-

ated by
)\ 1- -1
{on =+ 4) -/ - -) o = [+ -) - [ | -

Moreover, straightforward computations show that

R_ o [0 1 R_ —iax [0 1
Q T Vi-x2 (1 0)’P T Vi-xz\ -1 0)°

so that

irpR ARy _ 2222 (1 0
E[P >Q ]_I—AQ(O 1)
and
irpR AR S_ 247 -1 0 0 1
AP QT eQ" = (1-22)y/1-p2 ( 0 1)®(1 0]
Hence one easily get that, for o, 8 € C,

(‘01 (1))®((1) (1))(@(|++>- AL )4 (| +-) - %%ﬁl—ﬂ))

1-)\1- 1-21
Sl =) =B+ +) +\ /15 -

and, defining |la, 8) = ap + B2,

@ s1(o Vel o)iam-@seracie i

Moreover
((1) ‘;)®(§’ é)(a(|++>- AR - 0480+ - B - )
=a(l+-) -\ iRl - )+ B(++) -/ AT - )
and
(o', Bl (é (1)) ® ((f é) o, ) = (@B + o) (1+ 133
so that

] ) o L R ] ) EY (R [

We just proved the following lemma.
Lemma 7.2.

. 242
Fl/Q(%[PR7 QR] ® QS)F1/2 _ F1/2( _ h%¢;7§2)1' ® QS)F1/2

We also computed in [7, Section 2] the matrix C’ of P ® QCP ® 9, the cost
projected on the range of R ® S°,

A+2h 0 0 5

0 Bean s 0

(59) =1 o 5 C+2n 0
5 0 0 D+2h

5The cost used in [7] is shifted by —2h with respect to the one in the present paper.
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where
1- 1- 1- 1 2ab(1 -
A:az—)\+b2 IJ7 B:aQ—)\+b2 +/~‘7 y=— ab(1 - Ap) 7
1+ 1+p 1+ 1-p /(1= X2)(1 - p2)
c- 21+ b21 1] Do a21+)\ b21+u _ 2ab(1 + ) .
1-A 1+p’ 1-X 1-p’ (1-A)(1-p2)

By the same computation, we get that the matrices H* and H® of the harmonic
oscillator projected on the range of R and the one of S are

1-2 bih 4 0
R _ a1+/\+h 0 s _ T+p
" ( 0 aty +h)’ " 0 bk +h)

Finally, we proved in [7, Section 2| that two optimal operators A, B can be chosen

in the form
_fa1 O (B O
(5w (0 a)

where aq, s, 51, B2 satisfy

a=a1+P1-A, b=a1+B-B, c=ax+p1-C, d=as+pB2-D
with

1=b 1 7 a 22,2
+d=b+ Z a-d= 1‘2—4’)/27 b-c= 1‘2—452, .f:_%.
We get, after some algebraic computations,
4)a

_ =a-c+A-C=
a1 —Q2=a—-C+ 1_)\2

(b-a).

U 0

Let us remark now that, if D = (O v

), U,V e C, then

irpR _ax 0 V-U\Y_ \xv-U) R
JP’D}WNkv(V_U 0 |77 R @

Therefore, defining A’ = %(HR - A), one find

] 2
(60) %[PRv-AI] = 2h(a(m N M) oy - a2)QR hg((i 12) ZQR.

By Lemma 7.2 and (60), and the same type of computations changing Q% in P®
and Q° in P°, we get finally the following result.

Proposition 7.3. In the equal mass situation, we have
F”%I®QS—QQR®Iﬂﬂﬂ =0

F1/2(I®PS be”

ae”

;,‘n :r‘:"

wlh pRe P - g

which correspond to a transport (—a,a) — (=b,b). The renormalization of Q¥ and
b2

PE by g and be—z respectively corresponds to sending (QF, P®) to (Q°,P°) by a
“h

ae
transport not in the (usual) form of a conjugation by a unitary transform sending

{¢+7¢—} to {1/471#7}-
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7.3. The case where R =S is a Toplitz operator. We first recall that
MKy(R,R) >2dh >0

by (40), at variance with the classical setting, where distyk 2(p,p) = 0 for all
p € Po(RExR?). Therefore, computing an optimal coupling and optimal operators
a and b is nontrivial problem even in this case. However, this problem can be solved
when R is a Toplitz operator, defined as follows.

Let 41 be a Radon measure on R?xR; the (possibly unbounded) Téplitz operator
with symbol p is defined by duality by the formula

(61) (O [l = s [ ol plo)uCdap).

for all u,v € L?(R?) such that the functions (¢,p) + (u|g,p) and (q,p) = (v|q,p)
both belong to L2(R? x RY, 1), where

(62) 4.9} () = (h) el it
We recall that
pePy(RYxRY) = OP;[u] € D2(9),
(see [15], Theorem 2.2 (iii)), and that
MK (OPE [n], OP} [v])? < distyk 2 (p, v)? + 2dh

for all u1,v € Po(RY x R?) (see [15], Theorem 2.2 (iii), or Theorem 2.3 (1) in [13]),
while
2dh < MKp(R,S)? for all R, S € Da(H),
according to fla. (14) in [13].
Hence
MKy (OPy [u], OP [u])” = 2dh.
This is Corollary 2.4 in [15].
An optimal element of C(OP} [1], OP} [p]) is
2
Fie= | o lap)apl® u(dgdp).
That F e C(OPL [n], OPL [p]) follows from Lemma 4.1 in [13]. This is the analogue
of the diagonal coupling diag#u of one Borel probability measure p with itself,
where diag is the diagonal embedding diag : = — (z,z). (Informally, the diagonal

coupling is p(dz)dé(y — x).)
Moreover
trace(FY2CFY?) = sup trace(F(I + eC)'C)

>0

:/Rded(qyq,p,p|C|q,q,p,p)u(dqdp):2dh.

as explained in the proof of Lemma 2.1 of [15]. In the formula above, we have
denoted

lg1,92,p1,p2) = |q1,p1) ® a2, P2}, (q1,42,P1,p2| = (91, 1] ® (g2, P2
We claim that one can choose in this case
(63) a=b=dhlg.
Indeed, according to the Heisenberg uncertainty principle
C>2dhi®l=a®1+I®a.
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On the other hand
trace(a OP} [1]) = dhtrace(OP} [1])

— dh fRdXRdu(dde _dh,
so that, with the choice of a and b above, one has
trace(a OPY [1]) + trace(b OPY [1]) = 2dh = trace(FY2CF/?).

In the classical setting, the optimal functions ¢ and ¥ in (16) are ¢op = 9op = 0.
This is in complete agreement with (63) in the limit as A — 0.

7.4. When is the optimal coupling a To6plitz operator? Let R and S be
Toplitz density operators, of the form R = OPL[(27h)%u] and S = OP} [(27h)%v]
with p,v € Po(R? x R?). When is an optimal coupling of R and S a Téplitz
operator, of the form F = OP}[(27h)%?\] for some A € P(R? x R? x R% x R%)?
We shall see that this question is answered in the affirmative only under rather
stringent conditions.

We already know the answer in two different cases discussed above:
(a) R =S (see previous section);
(b) p =04, and v = 64 p, in which case R and S are rank-one operators, in which
case the only (and therefore the optimal) coupling is

R®S =0PL[(2rh)* nev].

Moreover, as recalled at the end of Section 1 and in Section 7.2, we studied in [7]
the case where

R = HTn|a7O)<a’a 0| + 177?7| -a, O><_a7 O| = OP;[(Qﬂ-h)Qlu]a H= 1+7775(0,,0) + 177776(—0,,0)
S = 10b,0)(b,0]+ | - b,0)(-b,0| = OPL [(27h)?v], v = 35,0y + $0(-b.0), a,beR".
we proved in [7, Section 4] that

e when 7 = 0 (equal mass case), an optimal quantum coupling F' is the T6plitz
quantization of a classical one f:

F

1
5(\@) ® [b)(al ® (b] + | - a) ® | - b){-a| ® (-b])
OP%[(%Th)Q%(fS(a,O) ® 0(b,0) + O(-a,0) ® 5(717,0))] = OP;[(Qwh)Qf]

e when 7 # 0 (non equal mass case), one easily shows that (we take a = b) a
classical optimal coupling is

F= 38000 ®0(a,0) + 520(-a,0 ® 0(-a,0) + 26,0 ® I(-a,0):

and we proved that, non only OPg[(QWh)Zf] is not an optimal coupling
of R, S, but no optimal coupling of R,S can be a Téplitz operator in this
case.

In the analysis below, we consider this problem when p and v are of the form
u(dqdp) = m(q,p)dgdp, v(dgdp) =n(q,p)dgdp,  m,n>0 a.e..
(The case (b) mentioned above obviously fails to satisfy this assumption.)

This assumption clearly implies that Ker(R) = Ker(S) = {0}. To see this, we
first recall one definition of the Husimi transform of an operator A on L?(R?):

(64) WilAl(g,p) = Gamyala:plAla,p),  apeR.
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(There is another, equivalent definition in terms of the Wigner transform: see (49),
and the formula following (53) in [13]; the equivalence between these two definitions
is the formula before (54) in [13].) Now, if ¢ € Ker(R), one has, by formula (54) of
[13],

($1RI) = trace(@)@IR) = [ | WalloNel)(a,p)m(q. p)dadp =0.

This implies that Wx[|¢)(¢|] = 0, which implies in turn that ¢ = 0. For this impli-
cation, see for instance Remark 2.3 in [14]. Equivalently, using (46) and (54) in [13]
with R = |¢){¢| shows that

|91 = trace(lo)(@]) = [ Wall6)(ol](q. p)dadp = 0.

Let (a,b) € R(R, S) such that
trace(RY?aRY? + §265Y%) = MKx(R, S)?.
Assume that |g,p) € J[R] n J[S] for each (q,p) e R? x RY, and that the functions
(a,p) = (¢, plalg,p) and  (q,p) = (q,plblg, p)

are of class C? on R% x R%. Define

a(g,p) = Walal(a.p). b(q.p) = Wa[b](a,p),
and
a(g,p) = 5(af* + pI* = a(g,p) + dh),  b(g,p) = 5(Ia* + [p|* = b(g,p) + dh).
Notice that a € L' (R2, p) and b € L' (R??,v) since RY?aR'? and S'?65'/? belong
to L£1(H) by definition of &(R, S), because Ker(R) = Ker(S) = {0}.

Theorem 7.4. The following conditions are equivalent:
(a) there exists A € P(R? x R? x R x R%) such that F = OP}[(27h)%?\] is an
optimal coupling of R and S, i.e.

FeC(R,S) and trace(FY?CFY?) = MKy(R,S)?;

(b) one has
MEKp(R,S)? = distumi 2 (p, ) + 2dh;

(¢) the functions @ and b are the Legendre transforms of each other, i.e.
a*=b and b =a,
and satisfy the Monge-Ampére equation
det(v?a) =

nova
If these conditions are satisfied, X\ is of the form

A(dqidpidgadpa) = m(qu, p1)d((q2,p2) — Va(qr, p1))dqidp: .

Let us recall that, for two Téplitz densities R and S in Dy (L?(R?)) with symbols
(27h)%p and (2mh)% resp., it has been proved in [13] (Theorem 2.3 (1)) that
MEKp(R,S)? < distmi 2 (p, ) + 2dh.

We also recall the example constructed in section 3 of [7], where p and v are
convex combinations of two Dirac measures with identical supports, for which the
inequality above is strict. This example explains the title of [7]: quantum optimal
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transport is “cheaper” that classical optimal transport, due to additional degrees
of freedom in quantum couplings which have no classical interpretation: see the
penultimate paragraph on pp. 161-162 in [7].

At variance with the example in section 3 of [7], the situation where the optimal
coupling between two Toplitz densities R, S is a Toplitz operator is the closest to
the classical setting. The classical optimal transport map between the symbols of
R and S is transformed into an optimal quantum coupling by T6plitz quantization.
There are no strictly quantum effects in this coupling, unlike in the case discussed in
section 3 of [7], so that, the inequality in Theorem 2.3 (1) of [13] becomes an equality
in this case. In other words, apart from the additional term 2dh, the quantum
distance between such Toplitz densities is indeed the classical Monge-Kantorovich
distance between their symbols. Examples of Toplitz densities satisfying properties
(a) and (b) of the theorem above can be found in section 2 of [7]. However, the
example constructed in section 2 of [7] does not fall exactly in the class of densities
considered in the theorem above, since the symbols of the densities considered
in section 2 of [7] are convex combinations of two Dirac measures (with different
supports and equal coefficients).

Proof. Assume that (a) holds. One has

(65)  trace(F'2CFY?) = /RM Wi[C](q1,p1, 42, p2)M(dardp1dgadps)

and
Wa[C(q1,p1, 92, p2) = c(q1,p1, G2, p2) + 2dh
with
c(q1,p1,92,p2) = |1 —612|2 +|p1 —p2|2-

Let us take (65) for granted — we shall give a quick proof of this formula at the
end of the present section.

Since F € C(R,S), the symbol (27h)2?\ of F satisfies A € II(u,v), the set of
couplings of p and v, according to Lemma 4.1 in [13]. Hence

MKp(R,S)* = wa c(q1,p1, 42, P2)M(dqrdprdgadps) + 2dh > distak 2 (1, v)? + 2dh
By Theorem 2.3 (1) of [13], one has
MEKp(R,S)? < distumi 2 (p, ) + 2dh,

which proves (b).
Conversely, pick an optimal coupling X € II(u, ) and set F' = OPL[(27h)?)].
Then F e C(R,S) by Lemma 4.1 in [13], and

distMK,Q(u,y)%mh:fW (1, 1, g2, po) M(dqrdp1 dgadps ) +2dh =trace( FE CF ).
Hence, (b) implies that

MKn(R,S)? = trace(FY2CF?)
so that (a) holds.
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If (a) holds, then

fRM c(q1,p1,q2,p2) M(dqrdp1dgadps) + 2dh

= trace(FY2CFY?) = trace(RY?aRY? + 51/2p51/?)

= /r;% a(q1,p1)pu(dgidpy) + /;{Qd b(g2, p2)v(dgzdp2) .
On the other hand, since (a,b) € R(R, S), and since |¢,p) € J[R] n J[S], one has

(qlaQ2ap17P2|C|Q1,QQaP1,P2> 2 <Q13P1|G|Q1,p1) + (QQ,p2|b|Q27p2)
i.e.
c(q1,p1,G2,p2) = alqr,p1) — dh +b(q2,p2) - dh.
Since a € LY(R2¢, 1) and be L*(R??,v) and A € TI(, v) with
/RM c(q1,p1,q2,p2)M(dqidpidgadps ) = /1;2d(a(q17p1) - dh)p(dqidp )

+fde(b(qQ,pz)—dh)V(dQQdm),

we conclude from Theorem 1.3 in [24] (the Kantorovich duality theorem) that A is

an optimal element of II(p, ), and that the optimal functions @ and b are Legendre
duals of each other (see Lemma 2.10 in [24]).
By the Brenier theorem (Theorem 2.12 (ii) in [24], the measure X is of the form

Adqidpidgadpa) = m(q1,p1)0((q2,p2) = V®(q1,p1))dqidpy

with ® convex. Hence

a(qr,p1) +b(V®(q1,p1)) = q1 - Vo@(q1,p1) +p1 - Vp®(q1,p1)  for a.e. (q1,p1).
On the other hand, we know that

El(Z,C) + B(V(b(thl)) 2z Vq(I)(QhPI) + C . qu)(QIupl) for a.e. (Q17P1a27C) .

Therefore

a(z,¢)~a(q1,p1) 2 (2=q1)-V¢®(q1,p1)+(C=p1)-Vp®P(q1,p1)  for ae. (g1,p1,2,().

Hence V® = Va, and since V®#pu = v, the change of variables formula implies that
det(V2®)nov® =m.

This proves (c).
Conversely, assume that (c) holds and set

AMdqidpidgadpa) = m(q1,p1)0((q2,p2) — Va(qi,p1))dqidp: -

Obviously, A € II(u,v) because of the Monge-Ampere equation satisfied by a, and
Brenier’s theorem implies that

AM c(q1,p1,q2,p2)MNdqudprdgadps) = distyk 2 (p, v)? .

Set F = OPy [(2wh)?*A]; by Lemma 4.1 in [13], one has F € C(R,S). On the other
hand, since a* = b and b* = @, one has

a(qu,p1) + (g2, p2) = q1 - g2 + p1 - Pa A— a.e. in (q1,p1,92,P2)
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or equivalently

fp&d c(q1,P1, G2, p2) M dgrdprdgadps) + 2dh =fR2d a(qr, pr)p(dgidpr)

+[Ru b(q2, p2)v(dgadp2) .

Since a = Wp[a] and b = W5[b], this equality can be recast as
trace(FY2CFY?) = trace(RY?aRY? + §Y268%%) = MKx (R, S)?,
so that F' is an optimal element of C(R, S), and (a) holds. O

Proof of (65). Let (ej)j»1 be a complete orthonormal system of eigenvectors of
FeDy(H®9), so that

F=>"lle;)e;l, with Y ¢;=1and ¢; >0 for all j > 1.
g1

g1
On the other hand, by formula (48) in [13]
OP} [c] = C + 2h(Agy p11a,ps ) 505 = C +4dhI
where we recall that
c(q1,p1,92,p2) = @1 —Q2|2 +|p1 —p2|2-
By Tonelli’s theorem, denoting z; := (q1,p1) and 23 := (¢2,p2), one has
trace(FY2CFY?) + 4dh

g

= 2 G fR4d<ej|ZlvZQ)(zlaZ2|€k)<€k|€j)c(zl7ZQ)d(hdpld(deQ

J,k>1

=2 (zwzijz)w [R4d<ej|zlvz2>(zlv22|€j)0(2‘1»22)dQ1dp1dqup2
j=1 '
= fmd > @:ﬁ(eﬂzhZz)(Zh22|€j>0(2’17Zz)dQ1dp1dQde2
o1

:fR4d WI[F)(21,22)c(21, 22)dq1dpidgadps .

Since F' = OP}[(27h)%?)], one has Wy[F] = e2MBapiaara )\ (see (51) and the
formula following (53) in [13]), so that

trace(F1/2CF1/2) +4dh = fRM W[F](zl, 29)¢(21, 22)dq1dp1dgadps

1
=fRMGQhA“’“"""’p"’C(qulaQQ,P2))\(dQ1dP1dQQdP2)

since e2"Aap1azp2 is self-adjoint. On the other hand

hBavriaarac(gy,py, o, p2) = c(q1,p1, g2, p2) +4dh,

1
e 2
so that

trace(F'/2CF'/?) + 4dh = /RM(C(Qlaph q2,p2) +4dh)N(dqidp1dgzdps)

which is equivalent to (65).
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APPENDIX A. THE QUANTUM TRANSPORT COST

The quantum cost is the differential operator

d
C = Zl((a;j —y;) = h* (0, — 0y,)?).

For each f = f(x1,y1,...,24,yq4) € S(R*?), one has
Cf(whyl?"wmdayd)

d
= (Y] - 4RP00 ) f( Xy + 5Y1, X1 = 5Y1,. ., Xa+ 5Ya, Xa— 3Va).
J=1

The d operators Y — 4h*33. obviously commute pairwise. Since each one of these
operators is the quantum Hamiltonian of a harmonic oscillator, we know that a
complete orthonormal system of eigenfunctions for Yj2 - 4h2632,j on L?(R) is

(2h) V4, (Y;/V2h), n>0,
where h,, is the n-th Hermite function
ho(2) = 7 4@ ) V2 L (2) ) Ho(2) = (-1)"€ (77 )™
ha(Y;) = (w2h) VA2 nl) 2 Y L (Y /V2R) n> 0,

with
(Y} - 4h*05, ) (Y3/V2h) = 2h(2n + 1)h, (Y;/V2h), n>0.
Since the linear transformation of R2¢
(X17Y17"'7Xdayd) = (Xl + %Y17X1 - %5/13 "7Xd + %YCbXd_ %Yd)

has Jacobian determinant (-1)¢, it leaves the Lebesgue measure of R?? invariant,
so that

d
‘Ilml,.wmd,nl,...,nd (x17y15 vy xd7yd) = (2h)_d/2 H hmj(:;]\;% )th(z\J/}zj )
=1

defines a complete orthonormal system of eigenfunctions of C, i.e.

fR%' \Ilm’l,...,mzi,n’l,...,n:i\ljml ..... MGy T] yeney nd(l'lvyla"’v‘rd,yd)dml~'~dyd

d
= H 5m9.,mj 6n;,nj ’
J=1

with
C\I/mhn-a’md,nh---,nd(xhyla s 7$d7yd)
= 2h(z(nl +.o..+ nd) + d)q/ml,...,md,nl,...,nd(xhyla cee 7$d7yd) .
Thus
C=2h Z (2(n1 +"°+nd)+d)|\I}m1’-~,md7n1’m,nd>(\Ijm1,~--’md,n17~-~,nd )
MYy, mg20
nyhemg20

in other words, C has the spectral decomposition

E(d\):= Y, §(A-2h2(ni+.. 4na) +d)) Wy manasena ) (Wi, mansenal -
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APPENDIX B. MONOTONE CONVERGENCE FOR TRACE-CLASS OPERATORS

Here is an analogue of the Beppo Levi monotone convergence theorem for oper-
ators in the form convenient for our purpose.

Let 27 be a separable Hilbert space and 0 < T =T* € L(#). For each complete
orthonormal system (e;);»1 of J, set

tracey (T) = |T[1 := D (e;|Te;) € [0, +00] .
j>1

See Theorem 2.14 in [23]; in particular the expression on the last right hand side of
these equalities is independent of the complete orthonormal system (e;);>1. Then

Tel(H) — |T|1<oo.

Lemma B.1 (Monotone convergence). Consider a sequence T,, = T} € L} ()
such that

(i) 0<Th<To<...<T,<..., and sup(z|T,|z) < +oo for all z € H°,
n>1
or
(i) 0<Ti<Th<...<T <y and suptracey (T},) < +oco.
nx1
Then

(a) there exists T =T € L(S) such that T >0 and T,, > T weakly as n - oo, and
(b) trace o (T),) — trace(T') as n - oo.

Proof. First we prove statements (a) and (b) under assumption (i). Since the
sequence (x|T,|x) € [0,+00) is nondecreasing for each x € 7,

(z|Th|z) — sup(z|T,.|z) =: q(x) € [0,+00) for all x €
nx1

as n — oo. Hence

(2|Taly) = (YITula) - (a(z +y) - a(z ~y) +iq(z —iy) —iq(z +iy)) = b(z,y) € C
as n — +o0o. By construction, b is a nonnegative sesquilinear form on 2.
Consider, for each k >0,
Fy:={x e st. (x|T,|z) <k for each n>1}.

The set Fj is closed for each k > 0, being the intersection of the closed sets defined
by the inequality (z|T,|z) <k as n > 1. Since the sequence (z|T),|x) is bounded for
each x € 2,

J Fp=27.

k20
Applying Baire’s theorem shows that there exists NV > 0 such that Fy # @. In other
words, there exists r >0 and xq € 77 such that

|z — x| <7 = |{z|Th]z)| < N foralln>1.
By linearity and positivity of T;,, this implies
(2|Tpl2)| < 2(M + N)|z|? for all n>1,  with M := sup(wo|Tn|zo) -
n>1
In particular
2
supg(z) < 2(M +N),  so that [b(z,y)| < ~ (M + N)llzloelyl e

|z|<1
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for each x,y € £ by the Cauchy-Schwarz inequality. By the Riesz representation
theorem, there exists T € L(4#) such that

T=T">20, and b(x,y)={(zT]y).
This proves (a). Observe that T' > T,, for each n > 1, so that

sup trace (T,) < trace(T).

n>1
In particular

sup trace (T),) = +o0 = trace(T') = +oo.
n>1

Since the sequence trace#(T},) is nondecreasing,

tracez (T,,) — suptracex(T,) asn — co.
nx1

By the noncommutative variant of Fatou’s lemma (Theorem 2.7 (d) in [23]),

suptrace  (T),) < oo = T e L () and trace»(T) <suptrace%;(T ).

n>1
Since the opposite inequality is already known to hold, this proves (b).
Next we prove (a) and (b) under assumption (ii). Since any z € 5 \ {0} can be
normalized and completed into a complete orthonormal system of 7, one has

sup(z|T|z) < |z|%, sup trace » (T},) < oo

n>1 n>1

Thus, assumption (ii) implies (i), which implies in turn (a) and (b). O

APPENDIX C. THE FINITE ENERGY CONDITION

Let A = A* > 0 be an unbounded self-adjoint operator on 7 with domain
Dom(A), and let E be its spectral decomposition.

Throughout this section, we assume that T € £!(J#) satisfies T = T* > 0, and
let (e;);j>1 be a complete orthonormal system of eigenvectors of T' with T'e; = T;e;
and 7; € [0, +00) for each j > 1, such that

(66) S [ MelE@Ne) <

g=1

Lemma C.1. Under the assumptions above,

(67) TVZATV? = 3 711210 ( [O )\(ej|E(d)\)|ek)) le;) el
jik>1
satisfies 0 < TY2ATY? = (TY2ATY2)* ¢ LY(A) and
(68) tracep (TY2ATY?) = ¥ 7; f Me; | E(dN)]e;)
7=1

In particular
(69) e; € Ker(T)* = e; ¢ Form-Dom(A4).
Proof. For each Borel w c R and each x,y € 7, one has
(2| E@)ly)] = (E(@)alEw)y)] < | EW)z| | E(w)y] = {z[E(w)|z) /(Y| E(w)ly)'/
since E(w) is a self-adjoint projection. In particular, for each o > 0, one has
22| B(w)ly)l < aleB(w)le) + 5 (Y E(w)ly) -
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Hence, for all j,k>1
ajg = fooo Mej|E(dN)|ex) € C
satisfies
2|aj;€|2 <aaj;+ éakk for all a >0, so that |ajk|2 < ajjagk -
Since (7;ja;;) 51 € £*(IN*) by (66) and since
(e, 12 AT Plex) = )77 Py = (ex TP AT P2l ),
one concludes that T'/2ATY? = (TY? AT /?)* € L2(#). Moreover, for each z € 7

(@2 AT 2a) = 5 1P el enla) [ MelB@Nlen)
jk>1

> [ A( > 72 eslahes BN Y r;/2<ej|x>ej>

g1 j=1

- f MNTY22|E(dN)|TY22) > 0,
0
so that T'2AT/? > 0. Finally
ST AT ) = 2 5 7P ([ M) ) (e erler

>1 1>1j,k>1

=2 2 le/QTii/Z (fooo )‘(ej|E(d/\)|€k>) 01501k =

121 j,k>1

S fow Me E(dN)|er) < oo

>1

so that TY2ATY? e L' (), with

HT1/2AT1/2H1 _ tracek%(Tl/QATlm) - ZTl / )\(6[|E(d)\)|€l> < 00.
z1 YO0

In particular for each j > 1, one has
7; >0 = (ej|Alej) = [Ooo Mej|E(dN)le;) < %trace%(Tl/zATl/z) <00,
and this proves (69). O
Corollary C.2. Let ®,, € C(R,) satisfy
0<D(r) <Po(r) <...<Dp(r) > asn—oo.
For each n>1, set
o, (A) = fo T B, (\E(dN) € L(HA), so that B, (A) = D, (A)* 2 0.
In the limit as n — oo, one has
T%q)n(A)T% > T3AT? weakly, and trace (T®,(A)) » trace%(T%AT%).

Proof. Since E is a resolution of the identity on [0, +00), and since ®,, is continuous,
bounded and with values in [0, +00), the operators ®,,(A) satisfy

0<P1(A)<Py(A)<... <D, (A) <D, (A) < (Sup ‘I)n(z)) Iy.

220
Set R, = T'/2®,,(A)T"/?; by definition, one has R, = R} € £L(£)) and
0<KRi<Ry<...<R,<...
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On account of (66), one has

tracep(Rn) = ). 75 /;oo P, (M) (e;|E(dN)]es) < D 7y ﬁw Me;|E(dN)|ej) < o0

j>1 j=1

By Lemma B.1, one has R,, - R weakly, with R e £}(#) and R = R* > 0. Finally

TV ATV~ R, = ¥ le/zT;/z (/0 (A - <I>n()\))<ej|E(d)\)|ek>) lej ekl
7,k>1

using the definition (67) of T /2AT"/? given in Lemma C.1, so that

(@ T2 ATY = ooy = [ O %(A))( > 72 (eslwdes | E(N)] Y T;/2<ek|x>ek)

k>1
- f (A = D ATV E(dN)|T22) > 0.
0
Hence TY2ATY? - R, = (T'2AT? - R,))* € LY () with T'2AT/? - R,, >0, and
|TY2ATY? — R, |y =trace (T2 AT'? - R,)
“% 7 [ a0 BN > 0

S
as n — co by monotone convergence. Therefore R,, - T'2AT'? in £'(#), and
trace o (T®,(A)) = trace s (T2 @, (A)TY?) - trace o (TY2ATY?)  asn— oo.
(]

Lemma C.3. Let S e EI(H@)’}A-Z) satisfy the partial trace condition trace 7(S) = T.
Then 0< SY2(A®1)SY? = (SYV2(A®15;)SY?)* e LY A ® H#) and one has

trace%@,ﬁz(slﬂ(/l ® I%)Sl/z) = trace (T2 ATY?)
Proof. For all n > 1, set A, = ®,(A) € L($), with ®,,(r) := ﬁ for all r > 0. Thus
Ap=A;, and 0<A;<Ax<...<A,<...
Hence S'/2(A, ® 1 7)SY? = (SY2(A,, ® I )SY?)* for all n > 1, with
0<SY2 (A1 @ 1)S? < S (A @I )8 <. < SV (A, @I )8 <.
The partial trace condition implies that
trace%&}?(Sl/Q(An ® Iﬁ)Sl/Q) = trace 0 7(S(An ® I 7))
= tracep (T Ay) = trace (T2 A, T'?)
while
trace%&;?{Sl/z(An ® I%v)Slm) - tracejf@ﬁ(Sl/Q(A ® Iﬁ)Slp)
trace (T2 A, T?) - trace o (T2 AT'?)

as n —» oo by Lemma B.1. This implies the announced equality by uniqueness of
the limit. (]
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