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control
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o Abstract
Cambrésis, LAMAV, FR CNRS 2956, 59313 ) ) ) ) )
Valenciennes Cedex 9, France In this paper, we consider a damped wave equation with a dynamic boundary control.
2Université Libanaise, EDST et Faculté des First, combining a general criteria of Arendt and Batty with Holmgren's theorem we
Sciences, Hadath, Beyrouth, Liban show the strong stability of our system. Next, we show that our system is not uni-
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formly stable in general, since it is the case for the unit disk. Hence, we look for a

59313 Valenciennes Cedex 9, France. domain approach. In a first step, by giving some sufficient conditions on the boundary
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damping, we prove a polynomial decay in LL of the energy. In a second step, under

appropriated conditions on the boundary, catﬁed the multiplier control conditions, we
establish a polynomial decay in % of the energy. Later, we show in a particular case that
such a polynomial decay is available even if the previous conditions are not satisfied.
For this aim, we consider our system on the unit square of the plane. Using a method
based on a Fourier analysis and a specific analysis of the obtained 1-d problems com-
bining Ingham's inequality and an interpolation method, we establish a polynomial
decay in % of the energy for sufficiently smooth initial data. Finally, in the case of the
unit disk, using the real part of the asymptotic expansion of eigenvalues of the damped

system, we prove that the obtained decay is optimal in the domain of the operator.
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1 | INTRODUCTION

Let Q be a bounded domain of R?, d > 2, with a Lipschitz boundary I' = T, UT;, with T'; and T'; open subsets of I such that
I'yNT; =@ and T is non empty. In [12,13,17], N. Fourrier, I. Lasiecka and P. Graber studied the following problem (under the
assumption that 'y N T} = #):

u,; — Au— kgAu, + cqu, =0, in QxXRY,
u=0, on ') xR,
u—w=0, on I' xR,
dwy — krAp(aw; + w) + 0, + kqu,) + crw, =0, in I'| xR, (1.1)
w =0, on dI'; X IRj‘r,
u(-,+,0) =uy, u,(-,-,0) =uy, in Q,
w(,0) =wy, w,(-,0) =w, in I,

L
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where 0, means the normal derivative onI"|, v is the unit outward normal vector along the boundary and A denotes the Laplace—
Beltrami operator on I'. In system (1.1), two types of dissipation appear: internal (if ¢ > 0) and boundary (if k- > 0) frictional
ones and internal (if kg > 0) and boundary (if kra > 0) viscoelastic ones. A physical description of this model is first described
in [28]. In [12,13], it is shown that system (1.1) is exponentially stable if one of the following three conditions is satisfied:
kg > 0 (interior viscoelastic damping), or ¢ > 0 and c- > 0 (internal and boundary frictional damping) or cg > 0 and kra > 0
(internal frictional damping and boundary viscoelastic damping). The first case corresponds to a direct damping, while the other
cases correspond to a phenomenon of overdamping. This phenomenon was the motivation of these authors to study the balance
between the competiting dampings. On the contrary, in this paper, we are interested in the important case where only a boundary
frictional damping occurs, i.e. kg = cg = « = 0 and ki = ¢ = 1. More precisely, we consider the following problem

-

u, —Au=0, in QxRY,
u=0, on I') X RY,
u—w =0, on I'y X RY,
Jw, —Arw+9d,u+w, =0, in '} xRY, (1.2)
w =0, on dI'; x RY,
u-,0) =uy, u,(-,0)=u;, in Q,
w(,0) =wy, w,(,0)=w;, in I}.

In this case, the damping term is the term w; in the fourth equation of (1.2) and therefore the system in Q is only damped
indirectly. The notion of indirect damping mechanisms has been introduced by Russell in [36,37] and since that time it retains
the attention of many authors, because several models from acoustic theory enter in this framework. The most popular model
is the wave equation with acoustic boundary conditions that takes the following form

u;, —Au=0, in QXRj_,
u=0, on I'j xR,
o u = wy, on I'y X RY,

mw,, +dw, + kw + pu, =0, on T'; xR, (1-3)

u(-,O) = u(), ut(',o) =up, in Q,
LU(,O) = LUQ, in Fl'

L

In [8], Beale showed that this problem is governed by a Cj-semigroup of contractions, while in [35], the authors obtained,
under some geometrical conditions, a polynomial stability of the system.

In [27], S. Micu and E. Zuazua considered the following simple model arising in the control of noise consisting of two coupled
hyperbolic equations of dimensions two and one respectively:

-

un—Au:O, in QXRi,
d,u=0, on IHxRY,
ou "
— =-uw, on leR+,
dy

w,; —w,, +w,+u, =0, on T x[Rj_, (1.4)

w, (0,0 =w.(1,1) =0, for >0,
w0 =u®,  u0)=u, in Q
w(0) = wy, w,(0)=w,;, on I},

\

where I'} = {(x,0); x € (0,1)} and I'j) = I'\I',. This system is nothing else than system (1.3) where the Dirichlet boundary
conditions on I') have been replaced by the Neumann ones. Using a separation of variables method, they studied the asymptotic
behavior of the eigenvalues and eigenfunctions of system (1.4). Since there exists a sequence of eigenvalues which approach
the imaginary axis, the authors deduced that the decay rate of the energy of (1.4) is not exponential in the energy space. Later,
they proved that system (1.4) can be exponentially stable in the subspace of the energy space generated by the eigenfunctions
corresponding to all eigenvalues with uniformly bounded negative real parts. For a generalization of system (1.3) and polynomial
decay rates, we refer to [1], while an abstract framework is extensively studied in [29]. For other related problems we refer to
[2,10,14,16,25].

In this paper, in a first step, using Arendt and Batty's theorem (see [4]) and with the help of Holmgren's theorem we first show
the strong stability of system (1.2), but for the simple example like the case when Q is the unit disc of R? and T’y = @, we show
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that our system is not uniformly stable, since the corresponding spatial operator has a sequence of eigenvalues that approach the

imaginary axis. Hence, we are interested in proving a weaker decay of the energy, for that purpose, we will apply a frequency

domain approach (see [9]) based on the growth of the resolvent on the imaginary axis. More precisely, we will give sufficient con-

ditions that guarantee the polynomial decay of the energy of our system (for sufficiently smooth initial data). We actually obtain

two different decay rates. In the first case, we will use the exponential decay of the wave equation with the standard damping
9y

— =—y,, on I|XR*,
ov Vi ! +

and establish a polynomial energy decay rate of type L, In the second case, under a stronger geometrical conditions on I and
t3
I';, we establish a polynomial energy decay rate of type %

In a second step, we want to show that in some cases such a polynomial decay may be available even if the previous conditions
are not satisfied. Therefore, we consider the case of the unit square of the plane where I'; is only one edge of the boundary. In
that case, our method is based on a Fourier analysis (compare with [30] where a similar method was used for the wave equation
with Ventcel's boundary conditions) and a specific analysis of the corresonding 1-d problems combining Ingham's inequality
and an interpolation method from [3]. This leads to a polynomial energy decay rate of type % for smooth initial data. Finally, by
using the spectral analysis made for the unit disc of R” and I'y = @, we prove that, in this situation, the obtained energy decay
rate is optimal.

The paper is organized as follows. The second section deals with the well-posedness of the problem obtained by using semi-
group theory. We further characterize the domain of the associated operator in some particular cases and obtain the strong
stability. In Section 3, we show that our system is not uniformly stable in the unit disc. Section 4 is devoted to the proof of
the polynomial decay in the general setting by using the frequency domain approach. In Section 5, we obtain the polynomial
stability result for a 1-D model. This result is then used in Section 6 to show for the unit square a polynomial decay in 1/¢ of the
energy for sufficiently smooth initial data. In Section 7, we show for the unit disc that the polynomial decay in 1/ is optimal
(for initial data in the domain of the operator).

Let us finish this section with some notations used in the remainder of the paper. For a bounded domain D, the usual norm and
semi-norm of H*(D) (s > 0) are denoted by || - || p and | - || p, respectively. For s = 0, we will drop the index s. Furthermore,
the notation A < B (resp. A 2 B) means the existence of a positive constant C, (resp. C,), which is independent of A and B
such that A < C| B (resp. A > C, B). The notation A ~ B means that A < B and A 2 B hold simultaneously.

2 | WELL-POSEDNESS AND STRONG STABILITY OF THE PROBLEM

If I’ is non empty, we introduce the space HFIO(Q) as follows:

HFIO(Q) ={ue H'(Q);u=0 on Iy}, (2.1
which is a Hilbert space with the norm
lull; o = IVullg. (2.2)
Next, we introduce the Hilbert space
M= {(u, v.w,2) € HL (@) x L¥@) x H)(T,)x L*(T)) : yu=wonT } 2.3)

endowed with the product

((ul, o', w', zl), (uz, v, w?, zz))H = (Vul,Vuz)Q + (Ul, 1)2)Q + (VTwl, VTwz)FI + (zl, ZZ)F]’ 2.4)

forall (u', o', w', 2", (u?, v*, w?, 2%) € Hllo(Q) X L*(Q) x Hy(I')) x L*(T')),

1 1
and associated norm || - ||y = (-, ‘)72{, y being the usual trace operator from H!(Q) into H2(I'). In this paper, for simplicity, we

will denote yu by u.
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If ' is empty, we define H is the same manner, but in this case we equip it with its natural norm:

G, v, 10, DI 2= [, 0,0, 212, + lull?, + ]2
The energy of the solution of (1.2) is defined by:
1
E@ = Sl w, w, wplly,. (2.5)

For smooth solution, a direct computation gives

d 2
EE(I) = —llwllr. - (2.6)

Then, system (1.2) is dissipative in the sense that its energy is a nonincreasing function of the time variable . We can now
introduce the unbounded operator .A on H with domain

U=W,v,w, z) e H;
Arw —du € LXT)),

D=1, ¢ H! @, Aue 2@, [ @7
zeHé(Fl), v=zonly,
and defined by
v u
Au v
AU = , forall U = € D(A). (2.8)
z w
Arw—0,u—z z

Then, denoting U = (u, u,, w, w,) the state of system (1.2), we can rewrite system (1.2) into a first-order evolution equation

{ U,(t) = AU@), t>0, (2.9)

U0) = U,

where Uy = (uy, vy, Wy, z() € H. Itis easy to show that A is a maximal dissipative operator, therefore owing to Lumer—Phillips'
theorem (see [33]), it generates a Cj-semigroup (e’A) 1> Of contractions on the energy space H. Hence, semi-group theory
allows to show the next existence and uniqueness results:

Theorem 2.1. For any initial data Uy € H, the problem (2.9) has a unique weak solution U(t) = e’AUo such that U €
CY([0, +oo[, H). Moreover, if Uy € D(A), then the problem (2.9) has a strong solution U(t) = e’AUO such that U €
C' (10, +oo[, H) N CO([0, +co[, D(A)).

Now, we characterize the domain D(A) of A in two different cases: either I" is smooth enough and F_O N F_1 =@ or Qis the
unit square. We start with the first situation:

Proposition 2.2. If the boundary of Q is C'' and if Ty N T = @, then
D(A) = (H*(Q)n Hgo(sz)) X Hgo(sz) X (H* T n HJ(T') x Hy(T)),
with
. v, w, 2l pay ~ Nullao + vl o + lwllar, + Izl . forall (u,v,w,z) € D(A).

In particular, the resolvent (I — A)~" of A is compact on the energy space H.

Proof. The proof is based on a bootstrap argument. Let us fix U = (u, v, w, z) € D(A), and set h = Ayw — 0, u — z, that belongs
to Lz(Fl). Then by definition, u € H'(Q) with Au € L*(Q). Hence by a result of Lions and Magenes (see the end of Subsection

1 J— J—
1.5 of [18]), we will have 0,u € H™ 2(I'y) (as I'j and I'y are disjoint) with

loyull_1 1 5 llully o + lAullg. (2.10)

-3~
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Therefore w € H'(I')) satisfies
1
Ajw=h+du+ze H (I @.11)

3
Hence by a standard shift theorem, we deduce that w € H2(I"|) with

ol r, S Nl g, + e+ 0+ 211 S el p, =+ ell, + 10yl + 11zl

1
-3

Hence by (2.10), we get

oy, S Nl + Wl + llal o + 1 Aullg + izl (2.12)

Now, this improved regularity on w allows to look at u € H'(Q) as the solution of the next boundary value problem:

Au e LX(Q),

u= 03 on FOa (213)
3

u=weHI(I), on I4.

Hence again a standard shift theorem yields u € H?(Q) with

lullo S lAullg + llwll 3

9
2T

and hence by (2.12), we get

lull2o S llwllyr, +Allr, + llully o + [[Aullq + ll2]r, - (2.14)

By a trace theorem, we deduce that 0, u € H % (I';) and coming back to (2.11), we deduce that
Arw =h+0u+ze LXI).
Again a shift theorem yields w € H?(T')) with
lwllor, S lewllyr, + Aullg + 17+ d,u + zlly.
And by (2.14), we deduce that
lwllor, S Newllyr, + 1Al + llull o + 1Aullg + [zl - (2.15)
We have shown that
D(A) C (H*(Q)n Hgo(sz)) X HFIO(Q) X (H*T))n Hy(T') X Hy(T)).
On the other hand the estimates (2.14)—(2.15) yield
llull 0 + ol o + ||w||2’1—1 + ||Z||1,1"1 S, v,w, 2| pay.  forall  (u,v,w,z) € D(A),

reminding that [|U|| p 4y = U ll3; + AU |-
The converse inclusion and estimate being trivial, the proof is complete. O

Corollary 2.3. If the boundary of Q is C>' and if F_O N F_l =}, then
D(A?) = (H*(Q n Hf, (@) x (H*(Q) n Hf, (@) x (H () n Hy(Tp) x (H*T) n Hy (L)),
with

2
@, v, w0, Dl pazy ~ llulls.q + 0llog + lwllsr, + 1zllor,,  forall (u,v,w,z) € D(A%).
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Proof. U = (u,v, w, z) belongs to D(Az) ifandonly if U € D(A) and AU € D(A). Hence by the previous result we will have

Au e HY(Q),

1
andh=Ar—0u—z¢€ Hé (T')). As the previous characterization yields u € H?(Q), we know that d,u belongs to H2 (T";) and
coming back to (2.11), we deduce that

1
Arw=h+ou+ze H2(I)).

A shift theorem will lead to w € H g(l“l). Then coming back to (2.13), the improved regularity on Au and w, combined with
a shift theorem give u € H>(Q). Again coming back to (2.11), we deduce that Arw=h+0u+ze H 1(1“1), and therefore
w e H3I)).

This proves the result (for brevity we have skipped the estimates). |

Proposition 2.4. If Q is the unit square withI'y = {(0,y), y € (0, 1)}, and 'y = F\F_l then the statements of Proposition 2.2
and Corollary 2.3 are valid.

Proof. The difficulty stays on the fact that © has a nonmooth boundary and that F_O N F_l is not empty. But we take advantage of
the particular geometry.

Let us start with the characterization of D(A). Let U = (u, v, w, z) be in D(A). Then by a localization argument and Propo-
sition 2.2, we directly see that u (resp. w) belongs to H>(Q \ W) (resp. H>(T'; \ W)), where W is any neighborhood of the
corners. Hence it remains to improve the regularity of u and w near the corners. But in a small neigborhood V" of the corner (1, 0)
(or (1, 1)), as u is solution of a homogeneous Dirichlet problem with Au € L?, it is well known (see Theorem 3.2.1.2 of [18] for
instance) that u € H?(V'). Hence the main difficulty is to show the regularity of u and w in a neighborhood V of the corner (0, 0)
(or (0, 1)). By symmetry, it suffices to look at the case of the corner (0, 0). Now fix a cut-off function # € D(IRZ) such thaty =1
in the disc of center (0, 0) and radius 1/4 and equal to O outside the disc of center (0, 0) and radius 1/2. Then we easily check
that U belongs to D(A,), the operator A, being our operator .4 but defined in the quarter plane Q = {(x, y)eR%x,y> 0},
withT'; = {(0,y) € R*;y > 0} and Ty = {(x,0) € R*; x > 0}.

Now the first statement holds if we show that

D(Ay) C H*(Q) x H'(Q)x H*(T'}) x Hy(T')). (2.16)

For that purpose, we use a reflexion technique. Let us fix (u, v, w, z) € D(A,) and introduce the function

A(x. y) = u(x,y) if y> 0,
VI —ux,—y) ity <0,

defined in the half-plane R? := {(x,y) € R? : x > 0}, and similarly

o fw)  ify>o0,
wiy) = {—w(—y) ify <0,

defined in the line {(0,y) € R*;y € R}.
Now we denote by A, our operator A but defined in the half-plane R?, with I'y = #. Then denoting by I'; = {(0, y) € R?;
yE R}, by Proposition 2.2, it is clear that

D(Ay) = H*(R3) x H'(RY) x H*(T)) x H'(T')).

Hence (2.16) holds if we can show that (&, 7, 0, Z) belongs to D(/IO). The only non trivial properties are to check that A
belongs to L*(R2 ) and that @0, — 9, ii belongs to LA(T').
For the first assertion, we show that

Au(x,y) if y>0,

—Au(x,—-y) ify<O0. (2.17)

Ai(x, y) = {
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Indeed, we take @ € D(R?), we clearly have
(AL, @) = / uAd,),
[}

1 .
where d(p (S HFO(Q) is defined by
dy(x,y) = @(x,y) — @(x,—y), forall (x,y)€ Q.
Since d(p is zero in a neighborhood of (0, 0), we can apply Theorem 1.5.3.6 of [18] and deduce that
(A, @) = / Aua’(p,
0

and (2.17) follows.
Similarly, we show that

S I
Finally for any
ve H'(R?),
we have

(0,i,v) = / (Adiv + Vii - Vo).
RZ
"
Hence by the previous argument, we have
(0,1, v) = /(Audv +Vu-Vd),
o

where d,, € HFIO(Q). Hence by the definition of d, u, we deduce that
(0,4, vy = (d,u,d,),
which means that

0,u(0, y) if y>0,

2.1
—0,u(0,—y) ify<O. (2.19)

0,u(0,y) = {
For the second assertion, if we denote by A = w,,,, — d,u that by assumption belongs to L*(T")), then (2.18) and (2.19) imply
that

h(y) if y >0,

—-h(-y) ify<0, (2.20)

(@, = 0,i)(y) = {
and consequently it belongs to L? (fl ) as well.
For the characterization of D (.A2 , it suffices to notice that for (u, v, w, z) € D(A%), then

Au € Hy (Q).

Similarly h = w,,, — d,u

In a neighborhood of the corner (0, 0), we first notice that A# given by (2.17) belongs to H I(Ri).
w, Z) belongs to D(/{(z)) and

belongs to H, 5 (T"y), and hence Lbyy — d, @ given by (2.20) belongs to H ](fl ) This means that (i, 7,
we conclude by Corollary 2.3.

In a neighborhood of the corners (1,0) or (1, 1), we simply use the same reflexion technique as before (see Lemma 2.4 of
[20]) to get the H?> regularity of u. O
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Now we investigate the strong stability of system (2.9). But before going on, if I'j is empty, we need to introduce the closed

subspace
H0={(u,U,w,z)EH : /de+/ zdF+/ wdF:O}
Q r, r

of H and the restriction 3 of A to H,), defined by D(/3) = D(A) n H,,, and

BU = AU, forall U € D(B).

Note that this definition is meaningful because for all U € D(A), by some integrations by parts, it is easily checked that AU
>0 to HO

Let us also notice that the semi-norm || - ||z, is actually a norm in H,,. By using the compact embedding of H 1(Q) (resp.
H'(D) into L*(Q) (resp. L>(T), || - |13, is even equivalent to the norm || - ||.

belongs to H,,. Hence B also generates a Cy-semigroup of contractions that is simply the restriction of (e’A)

Theorem 2.5. If I' is non empty, then the semigroup of contractions (e’A) 150 I8 strongly stable on the energy space H, i.e.,
forany Uy € H, we have -

lim “efAUOHH = 0. Q.21)

t—>+o0

IfT'y = @, then the semigroup of contractions (e’A) 50 18 strongly stable on the space H. Further, for any Uy = (u, vy, Wy, z() €
Hifa= ﬁ(]g vy dx + /F1 zodl + /F1 wy dF) (where |I'|| means the measure of I';), then

lim_ ”e’AUO — a(1,0, 1,0)” =0, (2.22)
as well as
i Jeru, =0

To prove the theorem above, we apply the strategy used in [31]. First we need to prove the following two lemmas:

Lemma 2.6. Forall A € R*, we have
ker(iil — A) = {0},
while
ker A = {0},
if I'y is non empty, and
ker A = Span {(1,0,1,0)},
if I'y is empty, but

ker(iAl — B) = {0}, forall 1€R. (2.24)

Proof. LetU = (u, v, w, z) € D(A) and let 1 € R be such that

AU = iAU. (2.25)
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First, by detailing (2.25) we get

v =1ilu,
Au = iAv,
z = ilw, (2.26)

ATW—%—Z=iﬂZ.
ov

Next, a straightforward computation gives

mMUJnH=—/ﬁa%D (2.27)
Iy

Then, using (2.25) and (2.27) we deduce that
z=0, on TI7. (2.28)

Now we distinguish two cases:
Case 1 (A # 0). Using (2.28) and the third equation of system (2.26), we deduce that # = w = 0 on I';. Thus, by eliminating v,
the system (2.26) implies that
Au+A2u=0, in Q,
u=0, on I'j, (2.29)
o,u=0, on I'.
Therefore, using Holmgren's theorem, we deduce that u = 0 and consequently, U = 0.

Case 2 (A =0). The system (2.26) becomes

v=0, in Q,
Au =0, in Q,

. (2.30)
z = 0’ m F],

Arw—-0,u=0, on I.

By integrating by parts and using the boundary conditions # = 0 on I'; and w = 0 on dI", we have

0=/Am=-/ﬂ%ﬁ+/rmm=—/ﬂwm— |V rul?.
Q Q r, Q r,

Hence u is constant in the whole domain Q. Therefore if I is non empty we deduce that u = w = 0 and directly conclude that
ker(iAI — A) = {0}. On the other hand, if I is empty, then u = w constant is allowed and we find that (1,0, 1,0) is the sole
eigenvector of A of eigenvalue 0. But since (1,0, 1,0) does not belong to H, 0 is not an eigenvalue of BB and consequently we
deduce that (2.24) holds. O

Lemma 2.7. If Ty # @, for all A € R, we have

R@AI — A) =H,
while if Ty = @, for all A € R, we have

RGAL - B) = H,.

Proof. We give the proof in the case I # @, the proof of the second statement is fully similar by using (2.24). Let 4 € R and
F=(f,g,h,k) € H, then we look for U = (u, v, w, z) € D(.A) such that

iAU— AU = F, 2.31)
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or equivalently

iAu—v=rf, in Q,
iAv—Au=g, in Q,
(2.32)
iAw—z=h, on I},
ilz—Arw+du+z=k, on I}
From the first and the third identities of (2.32) and the fact that w = u on I'}, we get
—Au—u=g+ilf, in Q, (233)
—Pu—Apu+ou+ilu=k+(ii—1)h, on T,. '

Next, define the space V' by
y = {u €H. (@ :ue H(}(rl)}
endowed with the norm
llully, = IVullg, + IIVTMII%I'

Multiplying the first equation of (2.33) by & € V, integrating in € and using the second equation of the same problem, and
formal integration by parts, we get formally the following identity:

a,(u,it) = L;(@), (2.34)

where a, is the sesquilinear form from V' X V into C X C given by

a,(u,ii) = /(Vu Vi — Auii)dx + / (Vou - Voyi + (id = A%)uii)dT, (2.35)
Q r,

and L is the linear form from V into C defined by

L@ = /(g +iAf)idx + (k+ (A= Dh)adl. (2.36)
Q r,

Now, we introduce the operator A, : V — V' by
<A/lu, L?)V/’V = aj(u, ﬁ), forall aeV.

For 4, /' € R, we have

|<(A/1 - All)u, L~‘>V’,V| = |a/1(u, L~l) - a&/(u, ﬁ)'

/(ﬁ_ﬁ)uadﬁ/ (iG =2+ (A% = 22) Juidr
Q

Iy

< Cppalully (Iall 2y + 1l 2

< C/I,A/,Q”””V||L7||H1/2+E(g).
)
This implies that

!’
A —Ay € 1:<V;Hrlgz+f(gz) )
and thus A, — A is a compact operator from V into V. On the other hand, since I', # @, then, it is easy to see that, the operator
A, is an isomorphism and consequently, it is a Fredholm operator of index zero. It follows, from the compactness of A; — A/,
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2.6, we deduce the injectivity of the operator A ; (compare with Proposition 3.3 in [31]). This means that A is an isomorphism
for all A € R and therefore problem (2.35) has a unique solution u € V. By choosing appropriated test functions in (2.35), we
see that u satisfies (2.33). By defining w = u, z = iAw — honI'| and v = idu — f in Q, we deduce that U = (u, v, w, z) belongs
to D(A) and is solution of (2.31). This completes the proof. O

Proof of Theorem 2.5. We distinguish two cases:

Case 1 (Ty # 0). Using Lemmas 2.6 and 2.7, we directly deduce that the imaginary axis is included in the resolvent set of A.
We then conclude with the help of Arendt-Batty's theorem [4].

Case 2 (I'y = ¥). As before using Lemmas 2.6 and 2.7 and Arendt—Batty's theorem, we conclude that the semigroup generated
by B is stable, in other words

lim ||e”3(70”H =0, forall U,e H,.

t—>+00

But, for U, € H and « given as in the second statement of Theorem 2.5, we notice that
Uy := Uy —a(1,0,1,0)

belongs to H,,. The conclusion then follows by noticing that e(1,0,1,0) = (1,0, 1,0). The proof is thus completed (compare
with Theorem 4.3.2 of [12]). O

3 1 A NON-UNIFORM STABILITY RESULT

In this section we show that uniform stability (i.e., exponential stability) does not hold in general, since it is already the case for
the unit disc D of R? and Ty = @ as shown below. This result is due to the fact that a subsequence of eigenvalues of A is close
to the imaginary axis. First, let A € C and U = (u, v, w, z) € D(A) be such that AU = AU. Equivalently we have

U= ﬂu, in D,
Au = AU, in D7
zZ = Aw, on ()D,

Arw—o0,u—z=4iz on 0dD.

As before, by eliminating v and z from the above system and using the fact that u = w on I'; we get the following system:

Au—22u=0, in D, 3.1)
Agu—0u—A(A+ Du=0, on dD. :
A radial solution u(r, 8) = U(r) of (3.1) is a solution of
U )+ lU’(r) - XU =0, re,l), (3.2)
r .
[6pt1U’ (1) + (A2 + HU(1) = 0.

If A # 0, the general solution of the differential equation of (3.2) is given by
S =cyJy(iAr) + ey Yy(iAr), with ¢;,cy €C,

where J|, (resp. Y|)) is the Bessel function of the first (resp. second) kind of order 0. Since u is regular in D, necessarily we have
cy = 0and c¢; # 0. Therefore, using the second equation of (3.2), we find that if A € C \ {0} satisfies

—iAd ) + (A% + A) (i) = 0, (3.3)
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then 4 is an eigenvalue of A (recalling that J; = —J, (; is the Bessel function of the first kind of order 1). Our goal is to find large
eigenvalues which are close to the imaginary axis and to give their asymptotic expansion. For that reason, we fix ¢ > 0 large
enough and consider the solution of (3.3) which are in the strip

S={1eC;—c<RALc}.
For convenience, we set ¢p(4) = %ﬂ / % (—MJI (A + (A2 + /l)JO(ill)), and notice that (3.3) is equivalent to
¢(A) =0. (3.4)

In the following proposition we give the asymptotic behavior of some high frequency eigenvalues corresponding to radial solu-
tions of problem (3.1).

Proposition 3.1. There exist ky € N* and a sequence (Aksk, of simple roots of ¢ (that are also simple eigenvalues of A) and
satisfying the following asymptotic behavior:

b4 9 9 1 1
po=ilkae-Z+ 22 )L 4o(1), 35
k '(” 4+8k7r+32k2ﬂ2> k2zr2+0<k2> G:3)

for k large enough.
Proof. For clarity, the proof is divided into two steps.

Step 1. First, using the asymptotic expansions of Bessel's functions (see formula 10.7.3 of [32] for instance), we have

iTh ... . T, 1 T 9i T 1
VTJO(M) =icos (Z +l/l) + QCOS<Z —nl) + 3.2 cos(z +1/1) +O<W), as |[A| = oo, 3.6)

and
A A (i) = Acos (f - m) ~ 3, cos (f + m) +o(L), as|i - oo 3.7)
2 = 4 8 4 (A ) ' '
From (3.6) and (3.7) it follows that for A € .S with || large enough, we have

¢(A) =icos <% + iﬂ) + [(%cos (% — iﬂ) +icos (% + 1/1))]%

39 . T, 1 T, 1 1
+[—mlcos<z+ZA)+§COS<Z—1/I)]E+O<W>.

Since the roots of the analytic function 4 — cos(% +iA)are 12 =ikr — i%, for any k € Z, using Rouché's theorem, we deduce
that ¢ admits an infinity of simple roots in .S’ denoted by A, with |k| > k, for k large enough, such that

A= +o(1) = ikn — i% +o(1), as|k| — oo.
Equivalently we have

A = ik — i% +e  with lim ¢ =0. (3.8)

k|— o0
Step 2. Asymptotic behavior of ¢, : First, using (3.8) we obtain

cos (% n mk) = —i(=1)e, + o(ey), (3.9)

cos (T =) = (=1)* +0(e}), (3.10)
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and

), (3.11)

Next, by inserting (3.9)—(3.11) in the identity ¢(4;) = 0 and keeping only the terms of order %, we find after a simplification

9i(—1)k 1
(=Dfe, +oley) — Y + 0<E> =0,
and thus
RN
%= gz + (%)
Later, from the above identity we can write 4, = ikx — i% + Si—iﬂ + %, with limy _,, € = 0. That implies
.\ 9=DE =Dk, 1
cos(z+z/lk)— Y X +o0 ﬁ R (3.12)
T . k k 81 1
cos (X =iz ) = (=D = (=DF === +o( = ). 3.13
<4 )= - e <k2> G139
1 i i 1
—=—-—-——++0| =< |, 3.14
1 kx akix 0<k2> G149
and
1 1 1
F=_k2_71'2+0<ﬁ>. (3.15)

Inserting (3.12)—(3.15) in the equation ¢(4;) = 0 and keeping only the terms of order kl—z, we find after simplifications

(D&, (=DF _%i=DF 0< 1 ) —o

k kK2n?2  32k%z? k2
thus
f= 211
32kn?  kn? k
This expression in the identity 4, = ikzx — i% + % + %" leads to (3.5). O

As (3.5) shows that the eigenvalues 4, of A approach the imaginary axis as k goes to infinity, clearly system (2.9) in the unit
disc is not uniformly stable.
The asymptotic behavior of 4; in (3.5) can be numerically validated, namely from (3.5) we have

o 2.2 _
Jim KR = 1.

The table below confirms numerically this behavior.

k 100 150 200 250 300 350 400 450 | 500
-2 k*R(4,)1.00495[1.00331[1.00249(1.00199(1.00166(1.00142(1.00125]1.00111{1.001

In addition, Figure 1 represents some of these eigenvalues.
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-0.030 ° -0.025 -0.020 -0.015 -0.010 -0.005

.
eD000003

FIGURE 1 Some eigenvalues of A for the unit disc

4 | POLYNOMIAL ENERGY DECAY RATE

In this section we study the polynomial decay rate of the energy of problem (2.9) under appropriated conditions. For that purpose,
we will use a frequency domain approach, namely we will use Theorem 2.4 of [9] (see also [6,7,26]) that we partially recall.

Theorem 4.1. Let (T'(t)),»( be a bounded C-semigroup on a Hilbert space H with generator A such that iR C p(A). Then for
a fixed ¢ > 0 the following conditions are equivalent

H(is—A)_IH =0(|sl"), s — oo, @.1)
TOA | =07, t > oo. 4.2)
[roat] <o)

As the condition iR C p(A) was already checked in Theorem 2.5, it remains to prove that condition (4.1) holds. This is made
under two different assumptions. For the first one, we consider the following auxiliary problem, namely the wave equation with
a standard boundary damping on I':

@, 1) = Ap(x,1) =0, x€Q, t>0,
(p(x’ t) = 07 X € Fo, > 0, (43)
av(p(x9 t) = _(pt(xv t), X € Fl’ t> 0.

First, we introduce the following condition:

(H) : the problem (4.3) is uniformly stable in the energy space Hllo (Q) x L*(Q),

or equivalently there exist two positive constants C and o such that for any (¢, ¢;) € H %0 (Q) x L2(Q), the solution ¢ of (4.3)
with initial conditions

(p(50) = ¢09 qot('? O) = §01»
satisfies

PG 0F o + 1001 < Ce (lop g + eI, forall 120,
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Alternatively, we recall the multiplier control condition MCC in the following definition:

Definition 4.2. We say that the multiplier control condition MCC holds if there exist x, € R and a positive constant m;, > 0
such that

m-v<0onI, and m-v>m, on I,

with m(x) = x — x, for all x € R9.

Remark 4.3. In [5], Bardos et al. proved that (H) holds if I" is smooth (of class C*), F_On F_l = (J and under a geometric
control condition, called GCC (namely, the geometric control condition GCC holds if there exists 7" > 0 such that every ray of
geometrical optics starting at any point x € € at time ¢ = 0, hits I'; in the finite time T'). For less regular domains, namely of
class C2, (H) holds if the vector field assumptions described in [23] (see (i), (ii), (iii) of Theorem 1 in [23]) hold. Moreover,
in Theorem 1.2 of [24] the authors prove that (H) holds for smooth domains under weaker geometric conditions than in [23]
(without (ii) of Theorem 1). It is easy to see that the multiplier control condition MCC implies that the vector field assumptions
described in [23] are satisfied and therefore the condition (H') holds if MCC holds.

Next, we present the main result of this section.

Theorem 4.4.

1. Assume thatF_O N F_l = (J and that the condition (H ) holds. Then for all initial data Uy € D(A), there exists a constant ¢ > 0
independent of Uy, such that the solution of the problem (2.9) satisfies the following estimate

E(r)gilquui)( 4y foral t>0. (4.4)
14

2. Assume that F_O N F_l = @, that the multiplier control condition MCC holds and that the boundary of Q is C''. Then for all
initial data Uy € D(A), there exists a constant ¢ > 0 independent of U, such that the solution of problem (2.9) satisfies the
following estimate

c
E(t)5?||U0||%( ay Jorall 1>0. (4.5)

Proof. As announced, the proof is based on Theorem 4.1. Owing to Theorem 2.5, we are then reduced to show that condition

1

sup W”(iﬂl —A)! “ < +o0 (4.6)

L(H)
hold with I = 8 (respectively with I = 2). This is checked by using a contradiction argument. Indeed assume that it does not
hold, then there exist a sequence f§, € R,n € N, such that §, - 400 as n = +o0, and a sequence U, = (u,, v,,, w,, z,) € D(A)

such that

AR, — DU,z — 0, asn — +oo. (4.8)

For simplificity, we replace g, by f; U, = (u,, v,, w,,z,) by U = (u,v,w, z) and F, = B (i, 1 — AU, = (f1 s fons [3.00 Fan)
by F = (fy, f2, f3, f4)- Next, by detailing (4.8) we obtain

plipu—v)=f; —0 in Hy (Q),
plifv—Au)y=f, — 0 ?n L*(Q), 49)
Blipw—z)=f3—0 in Hj(T)),

p(ifz— Apw+0u+z) = f;— 0 in L2(I).
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Later, by eliminating v and z from system (4.9) and since u = w on I'; we obtain
+i
ﬂ2u+Au=—% in Q,

S+ (L+ID /s

PPu+ Apu—0u—ipu= 5

n Fl.

Lemma 4.5. The solution (u, v, w, z) € D(A) of system (4.9) satisfies the following estimate

jup2ar = 20
r - ﬂ/+2‘

Proof. First, multiplying Equation (4.8) by U in H, we get

1
|z|2dT = R(ipU — AU,U)y, = Ll)
r, B
Next, using the third equation of system (4.9) and using (4.12), we get
o(l)
|w|2dF = m
r, B

Finally, since u = w on I'}, from (4.13) we deduce directly (4.11).
Before going on, we give a relation between Vu and 0, u.

Lemma 4.6. Letu € H'(Q) be such that Au € L*(Q). Then
ue H'(I) < due L)
and in this case we have

lAullg + llully - ~ N9 ullr + [|Aullq.

Proof. First, we denote by 7 = Au and we set

F_[n inQ
~ 10 in R\Q

Moreover, we consider O a smooth domain such that Q C O. Next, let w € Hé(O) be a solution of

Aw="h in O.
Then w € H%(0) and we have

lwllo < A, < 18l

(4.10)

@.11)

4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Consequently v = u — w € H'(I') and satisfies Av = 0 in Q. On the other hand, using Lemma 1 of [11], we deduce that

ve H(IN) < o v e LX)
and

ol -~ 0, vl

4.17)

(4.18)

Asu=v+wandod,u =d,v+ d,w and since by (4.16) w € H'(I') and o,w €E L?(I), using (4.18) we deduce that

ue H' () < ou e L*I).
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Now, to prove the estimates from (4.15), we notice that
lullir = llo+wllyr < ol + llwll .
Hence, using (4.18) we get
lully - S Noyoll- + llwlly r < N0yully + 10, wllr- + llwlly
Finally, by using a trace theorem and (4.16) we obtain
lully r S 0yullr + llwllyo S 10,ullr + 1Allg-
The converse inequality is proved similarly. d

Lemma 4.7. Assume that | > 1. Then the solution (u, v, w, z) € D(A) of system (4.9) satisfies the following estimate

/ |0,ul*dl’ = O(p?). (4.19)
I

Proof. First, since u € Hé (T';), we haveu € HY(I'). Next, as Au € L*(Q), using (4.15) we obtain
lloully < [[Aullg + lully r, -
Therefore if Ty # @, Poincaré's inequality (in I';) implies that
llo,ullr < llAullg + IVrullr, - (4.20)

On the contrary if Iy = @, then we can subtract to u, the mean of u on I', namely consider u — m, with m = ﬁ /r u(x)dI’ and
applying (4.15) and Poincaré's inequality to u — m, we have

llo, —m)llr S |A—m)lg + llu—mll;r S AW —=m)lg + IVrully

leading also to (4.20) since m is a constant.
Next, using the first equation of system (4.10) we have

1
1Aullg S Pllullg + 22 @21)

ﬂl—l :

Finally, since fu and Vu are uniformly bounded in L%*(Q) and in Lz(Fl) respectively, then by combining (4.20) and (4.21) with
[ > 1, we deduce (4.19). O

Lemma 4.8. Assume that F_O N F_l =@, that T is C! and that the multiplier control condition MCC holds. Then, the solution
(u,v,w, z) € D(A) of system (4.9) with | = 2 satisfies the following estimate

|0,u|>dT" = O(1). (4.22)
I

Proof. First, we introduce a cut-off function n € CZ(Q) that satisfies 0 < n < 1 and

I forall xel,
= 4.23
1) {0 forall x € Q\O,. (423)

where O, is a neighborhood of I'; given by

Oaz{er; inf |x—y|§a} (4.24)
yer
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and where «a is a positive constant small enough such that F_O N O, = @. Next, multiplying the first equation of system (4.10) by
2nm - Vu we get

_ _ 1
252 / nu(m - Vi) dx +2 / nAu(m - Vi) dx = @. (4.25)
Q Q B
On the other hand, by integrating by parts we obtain
2ﬂ2m/ nu(m - Vi) dx = —d / nlpul’dx — /(m V)| pul?dx + | (m-v)|pul’dT. (4.26)
Q Q Q r,

Moreover, since U € D(A), Proposition 2.2 yields qu € H?(Q). Then, using Green's formula, we can easily check that

291/;1Au(m-va)dx=(d—z)/n|vu|2dx—2m/(vu-vn)(m-va)dx+2m/ d,u(m - Vi) dT
Q Q Q r,
- (m-v)|Vu|2dF+/(m-Vn)IVu|2dx. 4.27)
r, Q

By taking the real part of (4.25), writing Vu = 0,uv + VyuonT'| and using (4.26)—(4.27) we obtain

(m-v)|6vu|2dF+/(m~v)|ﬂu|2dF+(d—2)/anu|2dx
I Iy Q

=d/n|ﬁu|2dx+/(m-Vn)|ﬂu|2dx+2m/(vu-vn)(m-Vﬁ)dx
Q Q Q

—2R [ ou(m-Vru) dF+/ (m-v)|VTu|2dF—/(m-Vr/)|Vu|2dx+ o)
r, r, Q B
Later, using the multiplier control condition MCC we get
mg |0Vu|2dF+m0 | Bul?dT + (d — 2)/ 7| Vu|>dx
r, r, Q
< d/ n|pul*dx + /(m V)| puldx + 29{/(Vu -Vn)(m - Vu)dx
Q Q Q
_ 2 2 o(1)
=2R [ ou(m-Vyu)dT + [ (m-v)|Vpul*dT — [ (m- V)|Vul*dx + —.
r, I Q p
Its follows that
mO/ |0,ul>dT < d/n|ﬁu|2dx+/(m-Vn)|ﬂu|2dx+2m/(w-vn)(m-Vﬁ)dx
r, Q Q Q
= 2 2 o(1)
=2R [ ou(m-Vyu)dT+ [ (m-v)|Vpul*dT = [ (m-Vn)|Vul*dx + —.
r, r, Q B
Thus, applying Cauchy—Schwarz's and Young's inequalities we obtain
2 R? 2 2 2 o(1)
(my —€) [0 ul“dTT < | —+R |Vyul“dU+ C; [ |pul“dx+C, [ |Vu|"dx+ —= (4.28)
r, € r, Q Q p

where € is an arbitrary positive constant, R = ||m||,, C| = C(R, ||;1||oo) and C, = C(||;1||oo, VAl o> R).Now, sinceU € D(A),
we have u = w and therefore Vu = V,w onI';. Thus, from (4.7) we deduce that || Vu||g and ||VTu||rl are uniformly bounded.
Further, using the first equation of system (4.9) we deduce that || fu|q is uniformly bounded. Finally, setting ¢ = % in (4.28)
we directly get (4.22). |
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Lemma 4.9. Assume that | = 8. Then, the solution (u, v, w, z) € D(A) of system (4.9) satisfies the following estimate
1
|Vrul?dl = %) (4.29)
r, B

On the other hand, assume that F_OHF_I =@, the control boundary condition MCC holds and 1 = 2. Then, the solution
(u, v, w, z) € D(A) of system (4.9) satisfies the following estimate

|V ul?dl = o) (4.30)

r, p?

Proof. Multiplying the second identity of system (4.10) by u, integrating by parts and using (4.11), we obtain

— 1
|VTu|2dF+/ oundl +if [ |ul*>dU — [ |pu|>dl = "(7 (4.31)
I Iy Iy Iy ﬁ?
In the first case, using (4.11) and (4.19) with I = 8, we get
1 _ 1
| Bul?dT = Q, and / o uudll = %) (4.32)
r, pe r p
Thus, substituting (4.32) into (4.31) with / = 8 we get directly (4.29).
In the second case, using (4.11) and (4.22) with I = 2, we obtain
1 _ 1
|Bu|?dl = Q, and / 0 uirdl = o) (4.33)
r, p? r, p?
Finally, substituting (4.33) into (4.31) with / = 2 we strictly get (4.30). Il

Now, for any s € R, we consider the following auxiliary problem:

—(s2 +A)p,=u, in Q,
@, =0, on Iy, 4.34)
0,¢,+isp,=0, on I7,

where u is solution of system (4.10).

Lemma 4.10. Assume that the condition (H) holds. Then, for any s € R such that |s| > 1, the solution @, of problem (4.34)
satisfies the following estimate

Isllleulla + ll@ullie + Isllleullr, S llullo- (4.35)

Proof. If T is non empty, the result was proved in Proposition 2.2 of [1]. Hence let us concentrate on the case I'y = @. In this
case, we define the Hilbert space

H={(u,u)eH1(sz)xL2(sz) : /de+/udF=0},
Q r

with norm
@, )13, = llull} o + llolig,
and introduce the operator A on H by
AU = (v,Aw)", U =®u,v)" € D(A), (4.36)
with

D(A)={U€H :Aue L*Q),ve H(Q),du=-vonl}.
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We let the reader check that AU is indeed in H if U € D(A).
By Huang-Priiss' theorem (see [15,21,34]) the exponential stability of system (4.3) implies that there exists M > 0 such that

st -4 “ﬁ(m <M < +oo, (4.37)

for all s € R. Now for f € L%(Q), take ky = k0 and k| = isk,, with 8 € D(2) such that fQ 6 dx = 1and xk € C fixed such that

/(f—kl)dx+/k0dF=0,
Q r

k= (is)"! / 7 dx. (4.38)
Q

or equivalently such that

With such a choice, the pair (kq, f — k) belongs to H and due to (4.37), there exists a unique (¢, y) € D(A) solution of

(is = A)@,w) = (ko, [ — ky),

and such that

(@)l < M|(ko, f = kDl - (4.39)
We then deduce that
iS(p -y = kOa
isy —Ap = f —ky,

which gives y = is@ — kj and

(s> +A)p=—Ff.

k0=(is)—1</fdx>9, ky = </fdx>9.
Q Q

-1
lkollio < ClsI™ Il f Nl

kil < Cllfllg,

In view of (4.38), we deduce that

This implies that

for some positive constant C independent of s. These two estimates and (4.39) imply that

Islllellg + el o < Ml fllgs (4.40)

for some positive constant M independent of s.
To obtain the estimate

Isllellir S 1/ o (4.41)

we write

/(—s2qo—f)(bdx+/|V(p|2dx=/A(pq'odx+/ |qu|2dx=/av(p¢dr,
Q Q Q Q r

hence

/amwr= / (1Yol = 1o = £) dx. 4.42)
T Q
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Asy =is@p and d,¢ = —y on I, then taking the imaginary part of (4.42) we get

2
£,
Is|
which proves (4.41). O

|s|/|(p|2dr= |s'/f¢ dx| < 17 llallollo <
T Q

Lemma 4.11. Assume that F_o N F_l = () and that the condition (H) holds. Then, the solution @, of system (4.34) satisfies the
following estimate

|Vr@,1%dl = O(1). (4.43)
I

Proof. First, let h = A(np,) = nAp, +2Vn - Vo, + Ang, where 7 is defined in (4.23)—(4.24). Next, it is easy to check that

0 on Iy,
9,(np,) = { A r, (4.44)
and therefore
d,(ne,) € LA(D). (4.45)

Then, using (4.45) and applying Lemma 4.6 we obtain

[1rotars [ saggPax+ [1o,00 = [ nkax+ [ 1o,6,00r (4.46)
r Q r Q T,
On the other hand, using (4.35) and the third equation of system (4.3) we get
[ nax <, [ 180, Pax 1901, [ Vo Lax+ ian, [ 1o,Pdx s 5 [ uPax 447)
Q Q Q Q Q
and
/ 10,¢,1%dT = §* / l@,|2dT S / |ul*dx. (4.48)
T, T Q
Finally, since || fu||¢ is uniformly bounded, combining (4.46)—(4.48), we deduce (4.43). |

Lemma 4.12. Assume that F_O N F_l =@, that T is C! and that the multiplier control condition MCC holds. Then, the solution
@, of system (4.34) satisfies the following estimate

o(1)
/F | |V, |2dT = > (4.49)

Proof. First, multiplying the first equation of system (4.34) by 2ym - Vo, where 7 is the cut-off function defined in (4.23)—(4.24),
we get

—2[32/ (pur/(m . Vun) dx — 2/ A(pun(m . VgTu) dx = 2/ un(m . V(Tu) dx.
Q Q Q
Then, by taking the real part of the above equation and using (4.26)—(4.27) with ¢, instead of u, we obtain

d/ﬂlﬂ(ﬂulde+/(m-Vr/)lﬁ(ﬂulzdx—/(m-V)Iﬁ¢u|2dF—(d—2)/UIV%Izdx
Q Q r, Q

+2§R/(V(pu-V11)(m-Vun)dx—22R 0,9,(m-Vg,)dT + [ (m-v)|Vg,|*dT
Q Iy I

—/(m-Vr/)|V(pu|2dx=2§R/u(m-V(pTu)dx.
Q Q
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o)

Next, using the first equation of system (4.9) we get ||u||§2 =

. Then, using (4.35) we obtain

o)
/ (m - V)| B, |*dT" < Rnnum/ 1B, 7T S R||Vn||m/ |u]*dT" = —,
r, r, Q B

where R = ||m||,, and therefore

o()
.V 24r = —2,
rl(m Mol 7

Similarly, we get

o

2R [ (Vo, - Vi) (m-Vg,)dx =
/Q( @, - V) (m-Vo,)dx e

s

O(1
- 2>/n|wu|d o

1
(m-vIpe,Pdr = 22,
r, p?

/(m VIV, Pdx = 28

and

22)1/ m- Vo, O(l)
ﬂz

Later, inserting (4.51)—(4.56) into (4.50) we obtain

o(1)
7

>

(m-v)|Vq)u|2dF—22R/ 0,¢,(m- Ve, )dl =
Iy I

which implies, using the multiplier control condition MCC, that

IVr@,?dU < [ (m-v)|Vye,*dT
r Iy

(m - v)|V(pu|2dF
I

o)
+ 7

szR/ Vroulipe,ldr+ 22,
r, p?

< 2 / av(pu('n : VT(pu) dr

Iy

Applying Cauchy—Schwarz's and Young's inequalities and using (4.35) we directly deduce (4.49).

We can now finish the proof of Theorem 4.4.

(1) First, multiplying the first equation of system (4.10) by @, and applying Green's formula we obtain

/ u(f? + Mg, dx +/ (0,u@, — ud, @, )dl" = —/ <M>@dx.
Q r, Q p!

Moreover, using the second equation of system (4.10) we have

L A iBf
yo Lt A+iDs

5 5 + fPu+ Apu — ipu.

4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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Then, substituting (4.59) into (4.58), using the first equation of problem (4.34) and integrating by parts yields

/lﬁulzdxz/(—f2+iﬂfl>(7udx+/ <—f4+(1+iﬂ)f3>(7udr+ pug, dU
Q Q r,

ﬂz—z ﬁz-z r,

- r(ﬁvTuXﬁvyiiidr. (4.60)
1

On the other hand, multiplying the first equation of system (4.10) by u and applying Green's formula and using (4.59), we

get
/|Vu|2dx=ﬁ2</ |u|2dx—/ |u|2dr> —/ |Vyul?dU —if [ |u|?>dD
Q Q I r r

+/ (ﬁ—(1+iﬂ)f3)ﬁdr+/<fz+iﬁfl)ﬁdx. 4.61)
I Q
Now, using Lemmas 4.5, 4.9, 4.10 and 4.11, then from (4.60) and (4.61) we obtain

/|ﬁu|2dx =/ |Vu|>dx = o(1). (4.62)
Q Q

This implies from the first equation of (4.9) that

/ |z|>dx = o(1) (4.63)
Q
and therefore

1U I3, = o(1), (4.64)

which is a contradiction with (4.7).

Using Lemmas 4.5, 4.9 and 4.12, then from (4.60) and (4.61) we still get (4.62), (4.63) and (4.64), which is a contradiction
with (4.7).

In both cases, we have shown that (4.6) holds with / = 8 and / = 2 respectively, hence the decays (4.4) and (4.5) directly fol-
low in the case I'y # @. On the contrary if I'y = @, we get the same decays in M. But since for Uy € D(A), Uy — a(1,0, 1,0)
(with a given in Theorem 2.5) clearly belongs to D(/3), we will have

U@ — a(1,0,1,0)[,, < C+ /1 (|Uy — a(1,0,1,0)]15, + 1BWUy — a(1,0,1,0)|l;;, forall > 0.

We then conclude by noticing that [|U(f) — a(1,0, 1,0)||; = lU®)|l3, and || B(Uy — a(1,0, 1,0)|l; = | AU, |l %

S I POLYNOMIAL ENERGY DECAY RATE OF 1-d MODEL WITH A
PARAMETER

The aim of this section is to established a polynomial energy decay rate of 1-d model with a parameter associated with problem
(1.2) on the unit square Q = (0, 1)> with I' ={©,y), y€(0,1)} and Iy = I'\I';. First, we fix a real parameter L > = and
consider the solution (u, w') of the following wave equation with damping at 0:

(ul —ul + L2ul =0, in (0,1), forallt>0,
ul1,H =0, forallt > 0,
uL 0,1 = wt, forallt > 0,
) th; + L2wk - u, (0,1) + th =0, forall t > 0, G.D
ubC,0) =uk, ul(.0)=ul,  in (0,1),
wk(0) = wé, wk(0) = wt.
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Next, we introduce the energy associated with (5.1) by

I SUFNT
EL(t)=§/ <|ut (| +
0

A simple integration by parts gives

ul(x, t)|2 + L2Ju"(x, t)|2>dx + |w,L(r)|2 + L2|wL(t)|2. (5.2)

d 2
TEL() = —|wf(t)| . (5.3)

Later, we split up the solution UL = (uL, wL) of system (5.1) as follows:
Ut =u, +U,, (5.4)

where U; = (u;,w,) is solution of the same problem than (uL, wL) but without damping and (u,,w,) is the remainder
(for shortness we do not write the dependence of (u;, w;), i = 1,2 with respect to L). This means that they are respective
solutions of

Uy — Uy e + L2uy =0, in (0,1), forall >0,
u (1,1 =0, forall >0,

) u (0,1 = wy, forallt > 0, 55
wy 4+ L*w; —uy (0,1) =0, forallt > 0, :
w0 =ul, up,(,0)=ul,

| w0 = wg,  w,0)=wl,
and

Uy gy =y xx + LPuy = 0, in (0,1), forallt>0,

uy(1,1) =0, for all t > 0,

) uy(0,1) = wy, forall t > 0, (5.6)
Wy + L*wsy — uy ((0,1) + wh =0, forall >0, :
u(,0) =0, uy,(-,0)=0,

w,(0) =0, w,,(0)=0.

L

The above splitting is quite standard and is based on the following idea: First, for the problem (5.5), we prove an observabil-
ity inequality for the solution via a spectral analysis and Ingham's inequality. Next, by a perturbation argument based on the
dependence of the constants with respect to the time 7" and the parameter L, we find the requested observability estimate for the
starting problem (5.1).

First, the problem (5.5) is related to the positive self-adjoint operator A; from H = L?(0, 1) x C into itself (with a compact
inverse) with domain

D(A}) = {U, = (uy,w;) € H*0,1)X C; u;(1) = 0and u;(0) = w, } (5.7)
and defined by
AU = (= uy o + L2uy, L2w; —uy (0)). (5.8)
Therefore, we can formulate problem (5.5) into a second order evolution equation

Ul,zt(t) + ALUI (t) = 0,
Uu0=0/, (5.9
U, 0 =0k,

where UOL = (u(l)‘, wé) and U 1L = (ulL w{‘) The spectrum of A; is characterized as follows:
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Theorem 5.1. The eigenvalues A> of A, are strictly larger than L* and are the roots of the transcendental equation

1
tanVA2—[2= —— . (5.10)
1//12 _ L2

Writing {Ai };O:O the sequence of these roots in increasing order, it forms the set of eigenvalues of Ay which are simple and of

associated normalized eigenvectors given by
)
\/1+sin” 0,

Uy = i(sin(ek(l —x),sinby), & =———r— (5.11)

51 V2

with 0, = \//li — L2. Furthermore, the next gap condition

Ay = A > % forall keN, (5.12)
holds for a positive real numbery independent of k.

Proof. First, let 4> be an eigenvalue of A; and U; = (u;, w;) an associated eigenvector. Then, using Green's formula and the
boundary conditions in (5.7), we obtain

1 1
(A U Upy =/ luy | ?dx + LZ/ luy [Pdx + L |w; > 2 L*||U, ||, (5.13)
0 0

which clearly implies that the eigenvalues of A, are larger than L?. Next, for A> > L?, we look for (1, w;) solution of

—uy o+ L?uy = 22u;,  in (0, 1),
Lrw; = uy ,(0) = 2w,

u;(0) = wy,

u (1) =0.

(5.14)

We easily check that if > = L?, the only solution of problem (5.14) is u; = w, = 0, hence 4> = L? cannot be an eigenvalue of
A, .Now for A2 > L2, there exists @ € R such that the solution of the first equation of system (5.14) with the boundary condition
uy (1) =0 is given by

uy(x) = asin(6(1 — x)), (5.15)

with = v/ 42 — L? and some complex number « different from zero. Then, the second boundary condition of (5.14) becomes

6sinf = cosé. (5.16)

Therefore a nontrivial solution (u;, w;) exists if and only if (5.16) holds. The form (5.11) of the eigenvectors also follows
from this consideration. As (5.16) is equivalent to (5.10), we deduce that its roots are simple and verify, with the notation

0, = /A2 — L2,

0<00<%, %+(k—l)7r<0k<%+k7r, forall ke N*. (5.17)

Now, we check the gap between the eigenvalues. Setting @(f) = V/#2 + L2 and using the mean value theorem, we deduce that
there exists 6, € (0, 0,..) such that

0
(01 — 0p). (5.18)

\/0? + L?

Ar1 = A = 0O p1) — 0(0,) = 0,0(0.) (01 — 6)) =
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1

Since is an nondecreasing function of the variable ¢ we obtain
L4
0 0 0
c > _ % z%, withC = — 20 (5.19)
2 2 92 92
V96+L L\/L—‘;+1 S+1
Finally, setting 7 = C mincy (6)4 — 6 ), we obtain (5.12) from (5.18)~(5.19). O

Before going on, we recall Lemma 3.3 from [30] which gives a variant of Ingham's inequality [22] (see also [19]), where the
dependence of the constants of equivalence are given with respect to the gap condition.

Lemma 5.2. Let (¢,),c7 be a sequence of real numbers and a positive real number y such that the following gap condition:
E1— &, 2y, forall keZ,

holds. Then, there exist two positive constants ¢, C independent of y such that for all function f in the form

fy=Y a,e

nez
with a, € C, we have

4z

7 C
EX 10l < [T irwPar<S Y o

nezZ nezZ
O

1
Now, we set V; = D Ai) We will bound a weak energy of system (5.5) with respect to an appropriate boundary term in the

following theorem:

Theorem 5.3. Let EUI (t) be a weak energy of U, solution of (5.9) defined by
By (0= 210,60l + 210y, 0l 5.20
0,0 = 10 GOl + 310,50l (5.20)
Then, there exist two positive constants C,, C, independent of L such that for all T > C, L we have
- T
C,LEy (0) < / lw, ,(1)|*dt. (5.21)
0
Proof. By the spectral theorem, the solution U of (5.9) is given by
= sin (A1)
U,(-1) = Z <u’(§ cos (A1) + u’;T Uy (5.22)
k=0

where u(’; (resp. u}) is the Fourier coefficient of UOL (resp. U]), iie.,

+0o0 +oo
L_ k L _ k
Uy=) aU, and U = ZalUl,k.
k=0 k=0

Writting U ; = (”1,k’ wl’k), this implies that

i sin (A1)
w,(t) = Z (ué cos (A1) + ull{ﬂ—k wy (5.23)

k=0
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and therefore
+00
wy (1) = Z (—ugllk sin (Akt) + u’l‘ cos (Akt))wl’k. (5.24)
k=0

Then according to the gap condition (5.12) and using Lemma 5.2, we deduce that there exist two positive constants C;, Cs
independent of L such that for all T > C;| L we have

+o0 2 2 T
LY <A§|u’(§| +ju’;| )lw""l2s/o |w; (1), (5.25)
k=0

Next, using (5.10) and (5.11) we get

2

cos” 6

g2 = = xsin’ 6 = —————x = L C L C 0, (5.26)
2 (I+sin’0) 62 8 2

since 8, ~ kr as k goes to infinity. This equivalence in (5.25) yields the existence of a positive constant C, independent of L
such that for T > C| L we have:

+co |u11cl2 T
CZLZ |u’(§|2+7 5/0 lw, ,(0)]*dt. (5.27)
k=0

k

We conclude by the identity

+00 k2
2 ufl 2 2
Z T+ L )= UL +|UE|,.
0 12 0 H 1 Vv
k=0 k L

O
We go on with an estimate on w;.
Theorem 5.4. There exists a positive constant C, independent of L such that
T T oy
/ |w,, ()*dt < C2T? / ‘wf(t)’ dt, forall T >0. (5.28)
0 0
Proof. First, we start by rewriting problem (5.6) as follows:
Uy () + A Uy(1) = K(D H,,
U,(0) =0, (5.29)
U,,(0) =0,
with Hy = (0,1) € H and K(r) = w(t). Remark that H,, is given by
Hy = Z wy Uy -
k=0
Indeed we have
(Ho, Uy 1) gy = (O, 1), (g g w1 ) )y = w0y - (5.30)
Next, using the orthonormal basis {U ; Z:(’) of H, we can write the solution U, = (u,, w,) of problem (5.29) as follows:
+o0
Up(t) = Y w1 (O 4. (5.31)

k=0
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From (5.29)—(5.31) we deduce that for every fixed k € N, u, ;. is solution of the following boundary value problem

Uy () + A2ty 1 (1) = K(Dwy .,

4 (0) = 0, (5.32)
uy 4,(0) = 0.
Consequently u, j is given by
rsin (Ags)
llz’k(t) = wl’k/ TK(I - S) ds. (533)
0 k
Thus, we obtain
t
Uy,(1) = / u(s)K( —s)ds, (5.34)
0
oo sin(4gs)
where u(s) = Y7 — "~ w; ;U . It follows that
B K,
t
wy(t) = / w(s)K(t—s)ds, (5.35)
0
sin(A¢s) o

where w(s) = Y7 Wik which implies that

I3
wy (1) = / v, ($)K( — s)ds. (5.36)
0
On the other hand, using (5.26) we have
+00 +00
|y, (s)| = Zcos (Aks)wik < |w1’k|2 < C4 < 0. (5.37)
k=0 k=0

Later, using (5.36)—(5.37) and applying Cauchy—Schwarz's inequality we obtain

1
lw, (O < Ct / |K(t — 5)|%ds. (5.38)
0

Finally, by integrating (5.38) between 0 and T for t < T and by a change of variable we deduce that

T T T
/ lw, (OI*dt < C;T? / |K0)|*dt = C;T? / lwk(t)|*dt. (5.39)
0 0 0

(|

We are ready to prove the main result of this section.

Theorem 5.5. There exists a positive constant Cs independent of L such that for all initial data (UOL, UlL) € D(A;) XV we
have

CsL?> |
E,<——E 0, (5.40)

where E i(t) is given by

2

En=|vto|, , +[uFo (5.41)

2
D(Ap) 73
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Proof. According to Theorem 5.3, we fix T = C| L. Now using the splitting (5.4) we obtain
2
|, (0] < 2<|wf<z>| + |w2,,<t>|2>. (5:42)
Then, integrating (5.42) between 0 and T" and using the inequalities (5.21) and (5.28) we get
Nwtofars CLE o 5.43
| wrof ez TEE, 0, (5.43)
for Cg = 2% Next, since EU] 0) = EUL(O) and using (5.3), the estimate (5.43) becomes
4
CeL ~
E(0) = EL(T) 2~ Ey1 0) (5.44)
On the other hand, using interpolation theory we can show that
> logly > ot
lv, 2 = ot = —=- (5.45)
IR, TR
Thus, combining (5.20) and (5.45) we obtain
N | IEE U, B2
By 2 3—— =, (5.46)
MR, + UL 2E}©)

where E i (¢) is defined by (5.41). Later, substituting (5.46) into (5.44) and using the fact that E; (¢) is a nonincreasing function
of the variable 7 we get

EX(T)

E; (T)< E;(0)— C7E1—(())’
L

(5.47)

Ep(kT)
E} (0)
variable ¢, dividing (5.47) by EII~ (0) we can easily check that the sequence (&, ),y Verifies the following inequalities

ColL . . . . . .
where C; = 2% Now, we introduce the sequence &, = for k € N. Then, since E; (¢) is a nonincreasing function of the

Gy SE—Cy&p, . forall keN. (5.48)
Our goal is to determine a constant M such that &, < k£+1 For this aim, we introduce the sequence (F,), ¢y as follows:
M
Fo=—— keN.
KT k+1
First, we notice that
M 2 5
F,-F  =——-=<—F/. 5.49
kol T oy Dk +2) = MK+ (5.49)
Now, if we assume that
2
C—SM and & < Fy=M, (5.50)

7

then we can prove by induction that

& < F,, forall keN. 5.51)
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Hence (5.51) holds as soon as M = max {Ci, 50}. Clearly (5.51) is equivalent to
7

EL(KT) <+ M S EL(O), (5.52)

and therefore, for any 7 > 0, as there exists k € N such that kT <t < (k + 1)T, we deduce that

C,LE;(0
GLE,O it M=¢,

1LE;(O) = or (5.53)

MC

E; (1< b
C.L2E! (0)
ST =2

4C?
where Cg = C—] On the other hand, from (5.10) we know that /li > L?, from which we easily prove that
6

E;(0) <5 E!(0). (5.54)

Finally, combining (5.53) and (5.54), we conclude that (5.40) holds. |

6 | POLYNOMIAL ENERGY DECAY RATE ON THE UNIT SQUARE

In this section, we establish the polynomial stability of the system (1.2) in the unit square of R? with I't = {0} x (0, 1). This

case does not satisfy the assumptions of Theorem 4.4 since neither the condition (H') holds nor F_O N F_l = @ holds. Nevertheless,

combining a Fourier analysis and the results from the previous section we obtain a polynomial decay rate (compare with [30]).
Consequently, we perform the partial Fourier expansion of the solution U = (u, w) of system (1.2)

+00
U(x,y,1) = 2 U (x,1)sin(pry), 6.1)
p=1

where UP*(x,t) = (up” (x,1), wh* (t)) is then solution of system (5.1) with L = px. Recalling that the energy of system (5.1) is
given by

1
1 T T T T T
Ep() =3 / (1" Ce. 01 + W27 (x, D7 + p* > |uP" (x, O ) dx + |w!™ (1) + p*x W™ ()], (6.2)
0

we directly check that
+o0
E() =) E, (). (6.3)
p=1

Using a Fourier synthesis and Theorem 5.5, we obtain the following result.

Theorem 6.1. There exists a positive constant C > 0, such that for all initial data Uy = (ug, u,, wy, w;) € D(Az), the energy
of the solution of (1.2) in the unit square of R> with T'; = {0} x (0, 1) satisfies

E@M < — ||U0|| (6.4)

D(A%)"

Proof. First, combining (5.40) and (6.3) we obtain

+o0
E(t) = Z E, (1) < — Z PP 2E1 _(0), (6.5)
p=1



MERCIER ET AL. MATHEMATISCHE 31

NACHRICHTEN
where
E! (0) = [U"O)ll pga,, + 1T O)lly,.  UPO) = (" wl"), U (©0) = (", w"). (6.6)
By integrating by parts and by using the boundary conditions of system (5.1) we obtain
(EE 0)||2
L |V
1 1
/ |u0 Xx(x)|2dx +p47r4/0 |u€”(x)|2dx + 2p27r2/0 |u8,7;(x)|2dx + p47r4|wg”|2 + |ug’7;(0)|2, (6.7)
hence || - I pca,) S 1AL - Il o while by definition, we have
5 1 1
HU;’”(x, 0)|| = [ W @Pdx+ P | Wl 0Pdx + pPat |l . (6.8)
Vr 0 * 0
Now, combining (6.5), (6.6), (6.7) and (6.8) we get
Gs
E() < = Ex(0) 6.9)
where
1 +0o0
B0 =Y / PRI COP + P " P + 200l O Jax + Y pF 2l
=170 p=1
+00 1 too
+ Y Pl O + Z/ (P21 P + 2 ") )dx + X p et . (6.10)
=1 p=1
Finally, by Parseval's identity and the result of Proposition 2.4 we deduce that
Ex(©) < llug 2 )+ N0l g+ Nt 2 )+ o0 2 = 611, o 6.11)

7 | OPTIMAL POLYNOMIAL ENERGY DECAY RATE FOR THE UNIT DISC

Theorem 4.4 yields the energy decay rate of type % for the system (1.2) in the unit disc with Iy = §J and initial data U, € D(A)
(since this case enters into the second case with m(x) = x). In this section, we will prove that this decay rate is optimal.

Theorem 7.1. (Optimal decay rate) The energy decay rate (4.5) is optimal in the unit disc with 'y = @, in the sense that for any

€ > 0, we cannot expect the decay rate —— for all initial data Uy € D(A).

]+e

Proof. Let e >0 and set [ = : First, let 4;, with k > k;, be the sequence of eigenvalues of the operator A described in
Proposition 3.1 and let U, € D(A) be the associated normalized eigenfunction. Moreover, set

b =3(4y), forall k> k.

Next, using (3.5) we have

(B ] — AU, = < + o(—)) U, forall k> ko,

k22

and therefore

BT = AUl ~ ——, forall k> ko,

2¢

ke
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Thus, we deduce that

Jlim g GBI = AUl = 0.

Thanks to Theorem 4.1 (see also Theorem 2.4 in [9]), we deduce that for U, € D(A), He’A U0||H decays slower than 11 as

t2-21
the time t — +o00. The proof is thus complete. d
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