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Regularity and a priori error analysis on anisotropic meshes
of a Dirichlet problem in polyhedral domains

Hengguang Li* and Serge Nicaise!

Abstract

Consider the Poisson equation on a polyhedral domain with the given data in a weighted L?
space. We establish new regularity results for the solution with possible vertex and edge singu-
larities and propose anisotropic finite element algorithms approximating the singular solution
in the optimal convergence rate. In particular, our numerical method involves anisotropic
graded meshes with less geometric constraints but lacking the maximum angle condition. Op-
timal convergence on such meshes usually requires smoother given data. Thus, a by-product
of our result is to extend the application of these anisotropic meshes to broader practical
computations by allowing almost-L? data. Numerical tests validate the theoretical analysis.

1 Introduction

We consider the standard Dirichlet problem associated with the Laplace operator in a bounded
polyhedral domain Q C R3:

—Au=f in Q,
1) { u=0 on 9f).

The solution of equation (1) is uniquely defined in HE(Q) for f € H~1(Q) [17, 24]. The solution
regularity, however, is determined by both the smoothness of the given function and the geometry
of the domain. In particular, the solution may possess singularities in high-order Sobolev spaces
near the non-smooth boundary points even when f is smooth [15, 18, 20, 21]. These singularities,
often being the main theoretical concern, can also severely deteriorate the efficacy of the numerical
approximation.

For a three-dimensional polyhedral domain, given a sufficiently smooth function f, there are two
types of singularities in the solution associated with the non-smooth boundary points: the vertex
singularity and the anisotropic edge singularity. In order to improve the convergence of the finite
element approximation, one has to take both singularities into account. Consequently, anisotropic
graded meshes are usually expected on such domains. This is different from the isotropic graded
meshes on two-dimensional polygonal domains, where only corner (vertex) singularities need special
numerical treatment.

The development of optimal finite element methods (FEMs) for equation (1) has been a tech-
nically challenging task, due to the combination of different types of singularities and due to the
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complexity in the three-dimensional geometry. The existing anisotropic methods [1, 4, 6, 8, 9, 25]
converge to the singular solution in the optimal rate but usually require confining angle conditions
for the simplex or restrictive conditions for the domain. Recently, a new anisotropic FEM has been
formulated [23] based on recursive mesh refinements. With less geometric requirements on the sim-
plex and on the domain, this algorithm leads to conforming triangulations that however violates
the maximum angle condition in simplexes |7, 22]. Based on the regularity estimates in anisotropic
weighted spaces Mg'(2) [10] and the interpolation error analysis in Mj'(Q2), this algorithm yields
optimal FEMs approximating the singular solution of equation (1). The tradeoff for such flexibility
on mesh generation is that the result in [23], even for the lowest-order case, requires that f at least
belongs to Mg(Q) C H? (). This is mainly due to the fact that unlike the usual full-regularity
results, the regularity estimate in M, Q(Q) has no “shifting” in space indices; while when f merely
belongs to L?(£2), the solution does not have extra regularity in the edge direction to compensate
for the lack of mesh shape regularity. It is apparent that this smoothness requirement on the given
data can be an undesired constraint limiting the anisotropic algorithm in practical computations.

In this paper, we alleviate the regularity constraint on the given data by developing new
anisotropic finite element algorithms for equation (1) when f possesses less regularity than H?2 ().
In particular, we introduce a weighted L? space (Li*(Q) in Definition 9) consisting of functions

with mild smoothness assumptions near the edges. With f € Li* (2), through a series of estimates
regarding different directional derivatives of the solution, we establish new anisotropic regularity
results for equation (1), which we formulate in Corollaries 3.5 and 3.7. Besides their applications
in numerical methods, these results themselves can be of theoretical interest. Then, we propose
an optimal finite element algorithm (Algorithm 4.4). Its validation is based on interpolation error
analysis in anisotropic weighted spaces. This method is different from those in [23], because for
fe Li* (2), the solution is no longer in M, g(Q), and therefore the algorithm and error analysis in
the aforementioned paper do not apply.

The paper is organized as follows. In Section 2, we introduce necessary notation and existing
results regarding the finite element approximation of equation (1). We also define the weighted L?
space for the given function. In Section 3, we establish anisotropic regularity estimates provided
that f € Li* (). In Section 4, we first review the anisotropic mesh developed in [23]. Then
we propose the anisotropic FEM for equation (1) with less-regular given data. In Section 5, we
include detailed interpolation error analysis for the anisotropic finite element algorithm in weighted
spaces. These optimal interpolation error estimates in turn lead to the conclusion that the proposed
FEMs obtain the optimal convergence rate approximating the target problem. Numerical tests are
implemented on two typical polyhedral domains (the prism and the Fichera corner) and the results
are reported in Section 6. These numerical results are in agreement with our theoretical prediction
and hence validate our method. The Appendix (Section 7) contains further remarks for some
arguments in previous sections.

Throughout the text below, we adopt the bold notation for vector fields. Let T be a triangle
(resp. tetrahedron) with vertices a,b, ¢ (resp. a,b,c,d). Then, we denote T by its vertices: A3abc
for the triangle and A*abed for the tetrahedron, where the sup-index implies the number of vertices
for T. We denote by ab the open line segment with endpoints a and b and denote by c% the vector
from a to b. By a ~ b (resp. a < b), we mean that there exists a constant C' > 0 independent of
a and b, such that C~'a < b < Ca (resp. a < Cb). The generic constant C' > 0 in our estimates
may be different at different occurrences. It will depend on the computational domain, but not on
the functions involved or the mesh level in the finite element algorithms. In addition, both of the
terms are used to represent the same directional derivative: 01 = 0., 02 = 0y, and 03 = 0,.



2 Preliminaries

In this section, we introduce the notation and recall some existing results regarding the solution
of equation (1).

2.1 The finite element approximation

By a polyhedral domain 2 C R?, we mean a bounded domain with a Lipschitz boundary 99 made
of plane faces (i.e., its boundary is a finite union of polygons). Thus, the boundary of €2 is smooth,
except at the vertex points and along the edges. In a neighborhood of a vertex ¢, {2 coincides with
a three-dimensional cone, while near an interior point of an edge e, 2 resembles a dihedral angle.

For a bounded domain O of R?, let H™(O), m > 0, be the usual Sobolev space that consists
of functions defined in O whose kth derivatives are square-integrable in O for 0 < k < m (hence
L*(0) := H°(0)). Let H™.(Q) := {v, v € H™(G), for any open subset G with compact closure

G C Q}. The trace operator from H' () into Hz(9Q) will be denoted by v. We denote by
Hy(Q) = {ue H(Q), yu =0 on 99},

which is clearly a closed subspace of H(f2). Then, for f € L?(Q), the variational solution u €
H(2) of problem (1) is defined by

(2) a(u,v) = /QVU -Vodzr = (f,v) = /vadx, Vv € Hy(Q).

Let 7, be a triangulation of ) with tetrahedra. Let S,, C H}(Q) be the linear Lagrange finite
element space associated with 7,. Then, the finite element solution u, € S, for equation (1) is
given by

(3) a(un»vn) - (f7 Un)a V’Un S Sn

Remark 2.1 By Poincaré’s inequality, the bilinear form a(-,-) is both continuous and coercive on
HY(Q). Then, by Céa’s Lemma [12, 15], u,, is the best approzimation from S, in H}(Q)

4 — Uy, < inf — Up .
(4) lu —u |H1(Q) _U:IElSn lu — v |H1(Q)

It is well known that the solution u may not belong to H(Q) due to the presence of the non-smooth
points (vertices and edges) on the boundary. On a standard quasi-uniform triangulation T,, the
limited regularity of w in the Sobolev space can result in a sub-optimal convergence rate for the
finite element approximation. Namely,

(5) lw = unllm1(0) < CR7[Jull g=r1(a),
where h is the mesh size in T, and 0 < s < 1 depends on the geometry of the domain.

For equation (1), there are two types of singularities in the solution that may affect the con-
vergence of numerical methods. The vertex singularity appears in the neighborhood of a vertex
and concentrates at the vertex. The edge singularity occurs in the neighborhood of an edge; it is
however anisotropic in the sense that the solution is smoother in the direction along the edge than
toward the edge. Consequently, anisotropic graded meshes are frequently applied to improve the
convergence of the finite element solution.



Due to the complexity in the three-dimensional mesh refinements, existing mesh grading algo-
rithms on polyhedral domains usually require restrictive geometric conditions on the mesh and on
the domain. For example, the meshes in [2, 16] are based on the method of dyadic partitioning.
These meshes are isotropic and optimal only for weaker singular solutions. The meshes in [1, 3, 4, 5]
are based on a coordinate transformation from a quasi-uniform mesh. They are anisotropic near
the edges and require confining angle conditions for the simplex. For these meshes, quasi-optimal
convergence rate is obtained in [4], while optimal convergence rate is hinted in [3, 5]. The meshes in
[8, 9] are also anisotropic and lead to optimal convergence rate. The algorithm, however, requires
extra steps for prism refinements to maintain the angle condition in the simplex. There are also
tensor-product anisotropic meshes based on 2D graded meshes [6, 25] that are usually effective on
a domain with simple geometry.

A new anisotropic mesh refinement algorithm has been recently proposed in 23] for the finite
element approximation of singular solutions. Based on recursive decompositions of tetrahedra, the
new algorithm is simple, explicit, and distinguishable from other existing three-dimensional mesh
algorithms by requiring less geometric conditions on the simplexes and on the domain. However,
due to the lack of mesh shape regularity and due to the anisotropic nature of the singularity, in
order for the associated FEMs in [23] to obtain the optimal convergence rate for equation (1), the
given function f is expected to belong to a subspace of H (). For less-regular given data, which
occurs often in practical computations, the study of such anisotropic FEMs for singular solutions
remains an open investigation.

In this paper, we fill the gap by studying the finite element approximation of equation (1)
with less-regular given data. In particular, we shall show that for f € L%OC(Q), some additional
smoothness in f near the edges is sufficient to compensate for the lack of shape regularity in the
mesh. Therefore it is possible to develop optimal finite element algorithms on the anisotropic
meshes for the singular solution. In what follows, before we present the anisotropic finite element
scheme, we first define a proper weighted L? space for the given data.

2.2 The domain and the given data

We denote by £ the finite set of edges and by C the finite set of vertices of (2. We also denote by
E. C & the set of edges joining at ¢ € C and by C., C C the set of endpoints of e € £. In addition, if e
is an edge with an opening angle w, > m, it is called singular, otherwise it is called regular. Denote
by I'. the cone that coincides with the domain 2 at ¢ € C. Let v, be the first positive eigenvalue of
the Laplace-Beltrami operator (with Dirichlet boundary conditions) on the intersection of T', with
the unit sphere. Then, if —1 + (v, 4+ 1/4)1/2 < 1, ¢ is called singular. For e € £ and ¢ € C, we set

w

Ae = —1/2+ (vo 4 1/4)V/2 if ¢ is singular, A, = oo otherwise.

(6) { Ae = & if e is singular, A\, = oo otherwise;
To better describe the singular behavior of the solution near the non-smooth points, we further
define the distance functions. For any ¢ € C (resp. e € &), we define R.(x) (resp. re(z)) to be the

distance from z € Q to ¢ (resp. to e). We further define 6. .(x) := ;e((a;)) as the angular distance

from x to the edge of e near c¢. Then, for any vertex ¢ € C and edge e € £, as in [10], we define the
following subsets of (2

V., = {1’ € Q7 RC(LL') < 5}7
(7) Vg = {SC S Vc, Hc,e(a:) < 5}7
VO ={z €V, O.c(z) > ¢, Ve € E.},

VO ={z€Q, R(z) >¢, O..(x) <e, YVeel.},



with € > 0 small enough, such that all these sets are disjoint for different vertices ¢ and edges e.
We further define

(8) V= Q\ ((UCECVC) U (Ue€$Vg)) :

It is clear that the subsets in (7) are neighborhoods of different non-smoothness points on the
boundary. In the neighborhoods VY and V¢, we choose a local Cartesian coordinate system in
which the edge e € £ lies on the z-axis. Let a; = (a1, a2) consist of the first two entries of the
multi-index a = (aq, a2, a3) € Z2,,. Therefore, in V0 and V¢, 9%+ = 031 0y? is a partial derivative
in a direction perpendicular to the edge e.

Then, we define the following weighted space.

Definition 2.2 (The Weighted L? Space) For p = (jic)ece with pe € R, we introduce the function:

L ifreVUUeee V),
(9) wy(r) =< Ok ifzeV:, Veel,eek,
rote ifz eV, Veef.

For any G C Q, define the space
Li(G) ={ve L} . (Q), WL € L*(G)}.

This space is a Hilbert space with its natural inner product
0.0 = [ wn@)Polalg(a) da, Vo.g € L2(9)

1
and associated norm ||[v|,, = (v,v)j, for v e L7,(2).

Remark 2.3 Note that for p. > 0, L2(Q) C L*(Q) and in order to be in the space L, an L?
function needs additional smoothness in the direction perpendicular to the edge. In the next section,
we explore the anisotropic structure of the singular solution in equation (1). In particular, we derive
reqularity estimates for each directional derivative of the solution when the given function belongs
to the proper weighted L* space. Note that when f is only in L*(Q), the second derivative of u
in the edge direction does not possess extra reqularity (see [4, 10, 9]). This extra regularity in the
edge direction, available when f € ME(Q) C H}.(Q) [10], plays an important role in validating the
anisotropic mesh that violates the mazimum angle condition. Our regularity estimates shall show
that with some mild restriction on the weight wy,, for f € Li(Q), extra regularity of the solution in
the edge direction, to a certain degree, becomes feasible. We will then use these results to develop
optimal FEMs for singular solutions by allowing the given data in a less-reqular weighted L? space.

In addition, our reqularity analysis themselves can be of theoretical interest for some readers.
Throughout the paper, we fix the parameter p* = (u3)cee, such that
(10) i €[1/2,0e) if we > and wr =0 otherwise.

Note that based on (6), Ae > 1/2. Thus, the parameter p} is well defined. Then, we study equation
(1) with f € Li* Q).



3 Regularity analysis

In this section, we obtain anisotropic regularity results for equation (1) with f € LZ*(Q). Our
analysis is based on regularity estimates in different sub-regions (see (7)) of the domain near the
vertices and edges. To better understand the dependence of the solution on the domain and on
the given data, we begin with a slightly different assumption on f: we assume f € Li(Q), where

1= (pe)ece satisfies
(11) te € (0, ) if we > ;3 and tte = 0 otherwise.

It is clear that L2.(Q) C Ly () C L*(Q) if pe < pf, for all e € £. Therefore, the regularity results
obtained for f € Li(Q) still hold for f € Li* (Q), but it will simplify the exposition.

3.1 Regularity estimates in )

Let us start with an improved regularity of the solution along the edges for f € LZ(Q)

Theorem 3.1 Let u € Hj(Q) be the solution of (2) with f € L2,(Q2) as defined in (11). Then for
any e € €, we have

(12) ue L7, (VY), Vu e L7, (V)3
(13) D3u € LZ(VBO)7

where 03 is the derivative in the direction of the edge e.

Proof. For a regular edge e, namely for which w, < 7, the results are immediate since we know
that u belongs to H2(V?) (see [15] or [4, Theorem 2.4]). Hence it remains to prove the results for
a singular edge e for which w, > .

Let £ be a fixed interior point of a singular edge e and let i be a cut-off function such that
n = 1 in a neighborhood of £ and n = 0 in a neighborhood of the vertices and the other edges.
Take the z-axis parallel to the edge e. Without loss of generality, we can assume that £ is at the
origin and we drop the index e. Denote by D = ¥ x R the dihedral truncated cone that coincides
with Q near £, where ¥ is the truncated two-dimensional cone of opening w, namely

Y ={(rcosf,rsinf) eR*:0<r<1,0<6<w}

Since the property (13) is only of interest along the edge, we can assume that the support of 7 is
included in D.
Now @ := nu is clearly a weak solution of

(14) ~At=fin D,

where f is given by ~
f=nf—2Vu-Vn—ulne L*(D).

To have the regularity @ € L7,(D) = {v € L*(D), r~#v € L*(D)} (where r is the distance to the
edge {0} x R of D), we use Theorem 2.4 of [4] that shows that

(15) 2% e L3(Q)  and  r7V(qu) € L2(Q)?,



for any § > 1 — A, where 7] is similar to 7, except that 77 = 1 on the support of . This result
directly leads to (12) and in particular to @ € L7, (D).

At this stage we apply a Fourier transform technique (see for instance [19]), namely performing
a partial Fourier transform in z, we see that V = §,(@)(&) is solution of

—AV 4+ 2V =F.(f)), in 3,
(16) { V=0, on 0.

By Parseval’s identity, we have

1y = / 18- ()O3 (s de.

ol = [ (@) ola) e

Then, we apply Corollary 2.12 of [11] that furnishes
EIVIE; ) S 18D

Taking the square of this estimate, using the Fourier transform back and again Parseval’s identity,
we find that

(17) H&%ﬂlligw) S Hf“%g(py

This proves (13). m

where

3.2 Regularity estimates in V¢

Now we describe the extra regularity in a neighborhood of a vertex ¢ € C that is an endpoint of
the singular edge e. Recall that I'. is the cone that coincides with €2 at ¢ and R, is the distance to
c. Then, for any 8 € R, k € Z>(, we define the space

VET.) = {v € L} (T.), RITII=F Doy € LA(T.), V|a| < k}.

We fix a cut-off function x such that x = 1 in a neighborhood of ¢ and xy = 0 in a neighborhood
of the other vertices of 2. Note that the vertex singular exponent of problem (2) near c [18, 4] is

given by
1 / 1
Ac,k:_ii Vc,k"_ia

where {v.;}72; is the spectrum (repeated according to their multiplicity) of the positive Laplace-
Beltrami operator LDlr with Dirichlet boundary condition on the intersection G between I'. and
the unit sphere. The associated singular function o is given by

A,k
Oc,k = RC Pe,ks
where ¢ 1 is the eigenvector of LCD;ir associated with v, j, namely

Di
LGlrSDCk Ve,kPe,k-

Then, we first have the regularity estimate for the regular part of the solution near the vertex.



Lemma 3.2 Assume A;j # % for all k € N. Recall the cut-off function x defined above. Let
u € Hy(Q) be the solution of equation (2) with f € L7, () as defined in (11). Then xu admits the
splitting

(18) Xu = ug + Z CkOc k>
0<Ae, k<%

where ug € V2 (T,), cx € C and Aug € Li(I‘c). Furthermore we have
(19) R 2wyuu € L*(T.) and R, 'w,Vuy € L*(T.)3,
where wy, is defined as in (9):

O e iffcc(x) <e, Vee&,
Wpa() :{ 1 else. )

Proof. We first apply Theorem 2.6 of [4] (see also Lemma 17.4 of [15]) that yields the decompo-
sition (18) with ¢; € C and ug € V2, (T,) that can be split up in the form

Uy = Upr + Uedge,
with u, € VZ(T.) N HY(T,) and Uedge € V1, (T.). Note that o, are harmonic function. Thus
Aug = A(xuw)

and therefore Aug belongs to LZ,(T.) owing to (12).

Note that u, € VEZ(T.) and ueqge € V2, (Tc) yields (19) far from the edges. Hence we only need
to show extra regularities along the edge. Now, we fix one edge e € £.. Without loss of generality
we can assume that the edge e is contained in the z-axis and that c is at the origin. Fix further
spherical coordinates (R, 6, ¢) such that § = 0 corresponds to the z-axis (hence R = R, near ¢ and
0 = 0. near e).

To prove the extra regularity of ug along e, we notice that Theorem 2.7 of [4] shows that

R710° 7' Vaeqqe € L*(T9)3,
for any 6. > 0 such that . > 1 — A, if we > 7, and 6. = 0 else, where
I‘={zel,, 0. <e}.
As e < Ae, we can always pick up 6., such that 1 — ue > §. > 1 — A and therefore
(20) R Vueqge € L*(T€)3.

For simplicity, let us write p instead of p..
Now we take advantage of the fact that ueqge(0) = 0 to write

U (R&@)—/Rauedge(sego)ds
edge sy Uy 0 OR s Uy .

Hence using the Hardy operator H defined in [18, p. 28|, we have

_ aued e
R luedge(R797w) = H( aRg (797@)> N



Since for almost all (6, ¢), we have

° 6uedge 2
-0 dR
| e ar < .

we can apply Hardy’s inequality (see [18, p. 28]) to get

0o [e's) aue .
| IR (RO o aR S |15 (R0, o) aR.

Multiplying this estimate by §~2#sin ¢ and integrating in § and ¢, we find that

/ |R™20" M ueqge (2)|? do g/ \R_IG_“%(QU)F dx < 0.
I'. T, (9R

This shows that
(21) R™20™Mueqge € L*(T.),

and yields the requested regularity of ueqge near the edge.

For the regular part u,, in view of its regularity ViZ(I'.), we only need to show extra regularity
along the edge e. Therefore we fix a cut-off function 7 depending only on 6 that is equal to 1 in a
neighborhood of 8 = 0, and equal to 0 outside a larger neighborhood of § = 0. Then the regularity
u, € VE(T.) implies that

(22) R™10;(nu,) € L*(T,), Vj=1,2,3.

Now for j € {1,2, 3}, we write

oo 8 ~ ~
0,m:) (R 0.i) == [ S50, 00, ) (R i) .

Hence using the Hardy operator L defined in [18, p. 28], we have

0710, (.0,9)) = ~L 0,0 (R )

Since for almost all (R, ¢),

o0 a ~ - . ~
| 150 mn ) (.6.0) 82 d < o,
0

for all € > 0, we can apply Hardy’s inequality (see [18, p. 28]) to get

|00y b paan < [ 1o (1,6, )%
0 0

for all e > 0. Integrating in R and ¢, we find that for all € > 0,

e 4,0
/F R6°10; () () > dr < / R0, () (@) de < oc.



By choosing ¢ small enough, we will have §7# < #¢~!, and therefore we deduce that
(23) R7'97"0;(nu,) € L*(T,), Vj=1,2,3.

Now we take advantage of the fact that u,.(0) = 0 to write

" o(nu,)
nuy (R, 6,0 =/ ) (5,0, ¢) ds,
(Rb.0) = [ T (s.0.0)

and with the help of Hardy’s inequality and (23), we deduce that
(24) R™20""nu, € L*(T,).

The conclusion (19) follows from (20), (21) (23), and (24). =
Besides the estimates for low-order derivatives of ug in Lemma 3.2, we now derive the regularity
estimate for the second derivative of ug along the edge.

Lemma 3.3 Under the assumption of Lemma 3.2, let u € H}(Q) be the solution of equation (2)
with f € L2,(Q) as defined in (11). Then ug from (18) satisfies

(25) 0.t 03ug € L*(VE), VeeCe€&,,

where O3 is the derivative in the direction of the edge e.

Proof. We assume that the edge e is contained in the z-axis and that c is at the origin. Fix the
spherical coordinates (R, 6, ), such that § = 0 corresponds to the z-axis (hence R = R, near c
and 0 = 6., near e). To simplify the notation, we shall drop the index e in p.. We use a dyadic
covering technique. Namely, for all j € N, we define

Yoji={r el i1 <2z <2} and Xy :={rel.:1/2<2|z| <4},
which are respectively homothetic to
Sor={zrel.:1<|z|<2} and % :={zxel.:1/2<|z| <4},

via the mapping .
hj:Te—=Te:ax— 2.
For a fixed j € N, let us now set 4o(%) = uo(hj_lfc). We fix a cut-off function 1) equal to 1 on
S0 and equal to 0 outside S Then, applying the estimate (17) to 7o, we find that

16(2) " 3Baol, < [16() " A

S He@) T Vaollg 4+ 10(@) ol
where

Soe={#€3:0(2) <e} and ¥,,={ie :0(z)< 2}
As R is equivalent to 1 on fll, this estimate implies that

l6(2) #0503, < I16(2)*Adl|E,  +IIRTO(@) T VaollE,  + IRT20(2) a0l
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Coming back to ug via the transformation h;, we find
16(x) " 3uoll%,,,, S 116(x) *AuolE,,, + IR 0(x) *Vuolls,, , + [|R7*6(x) Fuol%,,
where
Yoje ={x € Xoj, O(z) <e} and %y, ={ze Xy, 0(z) <2}

Summing on 7 € N and taking into account Lemma 3.2, we arrive at the estimate (25). m
Recall A, in (6). Then, we have the weighted regularity estimate for the second derivative of
the solution along the edge direction in the neighborhood of the vertex.

Theorem 3.4 Under the assumption of Lemma 3.2, let u € H}(Q) be the solution of equation (2)
with f € L7 () as defined in (11). Then u satisfies

(26) RE<O 103u e L?(VS), VeeCl,e€k&,

where O3 is the derivative in the direction of the edge e; and . > % — A¢ if ¢ is singular, B. =0
otherwise.

Proof. In view of the splitting (18), it suffices to show that each term satisfies the desired regularity
estimate. Since R% < 1, by Lemma 3.3, ug clearly satisfies

RE<0_ 1 93ug € LA(VY).

The singular part (that is zero if ¢ is not singular) satisfies it since by using spherical coordinates
we see that 930, behaves like Ri‘ “”“_292‘;. Hence direct calculations yield

R0, 1 830cx € L*(V5),

for any (5. > % — A W
Now, we extend our analysis and derive regularity estimates for derivatives of the solution both
along and perpendicular to the edge direction.

Corollary 3.5 Recall \. and ). in (6). Under the assumption of Lemma 3.2, let u € H}(Q) be
the solution of equation (2) with f € L7,(Q) as defined in (11). For any ¢ € C and e € &, let
ey Ve € [0,1] be such that v. < Ae +1/2 and 7. < Ae. Then, the following norms/seminorms of u
are bounded by || f||12 (o)

(27) IR0, el L2 ve),s
(28) R0, 201 ullL2(vey,
(29) IR0, OsullL2(ve),
(30) IR0 27207 ul| L2 (vey,
(31) R ™01 83ul| 12 (ve),
(32) [Re ™70, e OFul| L2 vy,

where 03 is the derivative in the direction of e and 0, is either 01 or 0.

11



Proof. Since we are interested in the regularity of u in V¢, for a fixed vertex ¢ and edge e € &,
we use R = R. and 0 =0, .

With the notation from [10], f € L7, (92) belongs to MY 4(Q) with S = 7 and S = e for
all vertices ¢’ and edges €’ (as vy Yo € [0,1]). Therefore, by Theorem 3.3 in [10], we have

R0, 7w e LA(VY).

Therefore, (27) is proved.
Note f € LZ(Q) C L3(2). According to Theorem 2.10 in [4], u = u, + us with u,, € H*(Q) N
HY(Q) and u, satisfying

RO10°719 uy € L2(VS), RP'07'03u, € L2(VO),
where
(33) B,6>0, B>1/2—X, 6>1—A\.

Note f—1>—-land 8 —1>—-1/2—A;;and § —1 > —1 and § — 1 > —)\.. Then, for the chosen
v and 7., we have

(34) R™077 9 u, € L*(VE), R0 03u, € L*(VF).

To get (28) and (29), it then remains to prove a similar property for w,. This is proved with the
help of Hardy’s inequalities (see [18, p. 28]). First by Lemma 7.1.1 of [21] (based on Hardy’s
inequalities), we have

(35) R '9ju, € L*(Q), Vj=1,2,3.

Now we fix any j € {1,2,3} and we again use the spherical coordinates (R, 0, ¢) such that R is
the distance to ¢ and § = 0 corresponds to the edge e. By fixing a cut-off function 7, € D(R) such
that 7. = 1 in a neighborhood of 0, we can write for almost all R and ¢

9/
B
ne((?’)asur(R,H’,w):/o %(ne(‘))aﬂr(R,ﬂw)) do,

since 7.(6 = 0)0;u,(R,0 = 0,9) = 0 (because u, = 0 on the boundary). This identity can be
written as

R™'0'0(0)0jur (R0, o) = H (Rlaae (ne(®)05u,(R.0, @)) (),

where the operator H is defined by

Now we show that

36 R—12 ne(0)0;u, (R, 0, p)) € L*(R), for almost all R € (0, Ry), ¢ € (0, ),
00 J
for some Ry > 0. Indeed by Leibniz’s rule one has
0 0
19 ] _ p-1. , 19 o
R 50 (ne(H)ajur(R,H,go)) R™'n.(0)0ju, + R aoajur.

12



Hence by the regularity u, € H?(Q) and (35), we obtain
0
-19 . 2
R 25 (e(0)95ur (R.0.)) € L2(9).

Since in spherical coordinates the Lebesgue measure is R? sin pdRdfdp, we get (36). This regularity
allows us to apply Hardy’s inequality and find that for almost all R € (0, Rg) and ¢ € (0, ),

| IR @0, (R P e < 4 [ TR (00005 (R 0.0)) .

Multiplying this estimate by R?sin ¢ and integrating in R € (0, Ry) and ¢ € (0, 7), we deduce that
R(J oo s
/ / / IR™Y0"'.(0)0ju (R, 0, )|? R? sin p dRdO' dyp
o Jo Jo

0
-1 . 2

This shows that
R7'97'0u, € L2(V9),
and with (34), we deduce that (28) and (29) hold.
Meanwhile, recalling that u = w,. + us, again by Theorem 2.10 in [4] and by (26), we get
(37) R u, € L2(VS), RPO, Osus € L2(VE) RPOHd2u € L2(VO),
where 8 and ¢ are defined in (33). By its definition, 1 — . >0, 1 —~. > 1/2 — A, and 1 — ~, >
0,1 — v, > 1 — X.. Therefore, since u, € H?(Q2), (37) gives rise to
R0 703 u = RV 70wy + R0 0% ug € L2(VE)
Rl_%éhagu = Rl_%alagur + Rl_%alagus S Lz(Vg)
R0 He92u € L2(VC).
Then, we have proved (30), (31), and (32). m

Remark 3.6 From the proof of Corollary 3.5, we see that we can take v, = 1 if A, > 1/2 and
take 7. = 1 if e is regular; and that the estimates (27) — (32) are also valid in V? with R, replaced
by 1 and valid in V? with 0., replace by 1.

Consequently, we obtain the regularity estimates for equation (1) with f € Li* (Q).
Corollary 3.7 Recall the interior of the domain V° in (8). Under the assumption of Lemma 3.2,

for f e Li* (Q) defined in (10), let Ye,ve € [0,1] be such that p < ve < Ae, Ve < Ae +1/2; and
Ye=1if Ae > 1, ve = 1 if A\c > 1/2. Define the weighted space

e
Té_veaivv 8¢83v, re_#:agv € L2
R;Vew, R;%0. v, R0 € L2(VY),
R.79%v, R0, 05v, R 050 € L*(V))},

(
(

rg 7w, 10w, g Ogu € L2(VY),
(
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with the norm

0By = ol + 30 (1B 025 030l + 3 IRE0% Bs0laqy
ceC,ecé,, |y |=1
IR 00l ey + 3 RO glos 12 )
|al|§2

Y IRy + D (e 030,
ceC,|a|<2 ecé

+ Y 1874 B5]|72(voy + e D0[|72 0y + > ||7"‘e‘“‘717%3MU||%2(V2)),

lay]=1 oy [<2

where O3 is the derivative in the direction of e, 0%+ = 0705% for ay = (on,02), and o =
(a1, a9, a3). Then, the solution u € Hg () of equation (1) satisfies

(38) lullaz @) < Cllfllcz, @)

Proof. The estimate (38) is a direct consequence of Corollary 3.5 and Remark 3.6. Corollary 3.5
holds for p. in (11) and for all 4. € [0,1] and 7. < A.. Thus, it still holds if we replace p. by p}
and replace 0 by p} as the lower bound for v.. ®

4 Anisotropic finite element algorithms

In this section, we develop optimal FEMs approximating equation (1) with f € Li* (). In
particular, we give explicit values for the associated parameters in the algorithm, with which we
shall prove the proposed method achieves the optimal rate of convergence, even when the solution
is singular and the triangulation does not preserve the maximum angle condition.

Recall the vertex set C and the edge set £. Following the notation in [23], we first classify
tetrahedra in the triangulation of .

Definition 4.1 (Tetrahedron Types) Let T be a tetrahedron. If an edge er of T lies on e € &,
we call ey a marked edge. Let cr be a vertex of T. If cy € C, or if cp is an interior point of
an edge e € £ but does not belong to any marked edge, we call cr a marked vertex. Let T be a
tetrahedral triangulation of Q, such that (I) each tetrahedron contains at most one marked vertex
and at most one marked edge; (II) if a tetrahedron contains both a marked vertex and a marked
edge, the marked vertex is an endpoint of the marked edge. Let S = £ UC. Then, there are five
possible types for each tetrahedron T € T .

1. o-tetrahedron: T NS = 0.

2. v-tetrahedron: TNS = c € C.

3. we-tetrahedron: T NS is an interior point of an edge in E.

4. e-tetrahedron: T NS is a marked edge, but contains no vertex in C.
5. ev-tetrahedron: T NS contains a marked edge and a marked vertezx.

Then, for the reader’s convenience, we recall the following anisotropic mesh algorithm [23].

14



Zo1

Z12

Figure 1: Refinements of a tetrahedron A*zoxiwo23, top (left — right): o-tetrahedron, v- or v-
tetrahedron, e-tetrahedron; bottom (left — right): two ev-tetrahedra with ke. = ke and ke = Ke.

Algorithme 4.2 (Anisotropic Refinement) Let T be a triangulation of Q as in Definition 4.1.
To each ¢ € C (resp. e € £), we associate a grading parameter k. (resp. ko) € (0,1/2]. Let
T = A*zorizox3 € T be a tetrahedron with vertices xg, 1,2, 3, such that xg is the marked
vertex if T is a v-, ve-, or ev-tetrahedron; and xoxy is the marked edge if T is an e- or ev-
tetrahedron. Let k be the collection of the parameters k. and k. for allc € C and e € £. Then, the
refinement, denoted by k(T), proceeds as follows. We first generate new nodes xy;, 0 < k <1 <3,
on each edge xpx; of T, based on its type.

(1) o-tetrahedron: xy = (x + x;)/2.

(II) v-tetrahedron: Suppose xg = ¢ € C. Define k = Kee := Mineeg, (Ke, Ke). Then, xp =
(xg +21)/2 for 1 <k <1<3; 20 =(1—K)xg+ Kay for 1 <1< 3.

(III) v.-tetrahedron: Suppose o is an interior point of e € E. Let & = ke. Then, g = (v +x1)/2
for 1 <k<1<3;z0q=(1—kr)xg+krx for 1 <1<3.

(IV) e-tetrahedron: Suppose xor1 C e € £. Then, xi = (1 — Ke)Tk + Kexy for 0 < k < 1 and
2<1<3; 201 = ({EO +$1)/2, XT3 = ((EQ +£C3)/2

(V) ev-tetrahedron: Suppose xg = ¢ € C and xox1 C e € .. Define kee := minecg, (Ke, ke). Then,
for2 <1 <3, 201 = (1 = Kee)To + Kectt and x1; = (1 — Ke)21 + ey o1 = (1 — Ke)@o + ke,
T3 = (1‘2 + 1}3)/2.

Connecting these nodes xx; on all the faces of T', we obtain four sub-tetrahedra and one octahedron.
The octahedron then is cut into four tetrahedra using x13 as the common vertex. Therefore, after
one refinement, we obtain eight sub-tetrahedra for each T € T denoted by their vertices:

4 4 4 4
A ToT01L02203, A L1T01L12T13, A T2T02L12T23, A L3LO3L13L23,

4 4 4 4
A% 201202703713, A T01202T12T13, A T02T03T13T23, A"T2T12T13T23-
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Figure 2: Anisotropic triangulations after two consecutive refinements on a tetrahedron, top (left
— right): o-tetrahedron, v- or ve-tetrahedron (k = 0.3), e-tetrahedron (k. = 0.3); bottom (left —
right): two ev-tetrahedra (ke = 0.3, ke = 0.4, k. = 0.3) and (ke = 0.3, £, = 0.3, 5. = 0.4).

See Figure 1 for different types of decompositions. Given an initial mesh Ty satisfying the condition
in Definition 4.1, the associated family of anisotropic meshes {T,, n > 0} is defined recursively
Tn = &(Tn-1). See Figure 2 for example.

Remark 4.3 It is clear that different types of tetrahedra in Definition 4.1 are associated to different
sub-regions of Q in (7) and (8). The anisotropic mesh in Algorithm 4.2 is determined by the grading
parameters k. and k.. A smaller value of the parameter leads to a higher mesh density near the
vertex or the edge, while the value k. = k. = 1/2 corresponds to a quasi-uniform refinement.
Therefore, in VO, the mesh is isotropic and quasi-uniform. The local refinement for a v- or v.-
tetrahedron in fact follows the same rule: the mesh is isotropic and graded toward the verter xg
based on the grading parameter k associated to the verter xo. In V?, the resulting mesh in general
is anisotropic and graded toward the edge e € £. The refinement in VS depends on the parameters
Ke and ke, e € E., which is also anisotropic, graded toward the edge e € £ and the vertex c € C.

Now, we proceed to propose our finite element algorithm for equation (1) with f € Li* (Q).

Algorithme 4.4 (Anisotropic Finite Element Algorithm) Let Ty be the initial triangulation of
Q that satisfy the condition in Definition 4.1. Then, each parameter k. (resp. k.) € (0,1/2] is
uniquely determined by a new parameter a. (resp. a.) € (0,1], such that

(39) ke =2"1% and K, =271,
Let age := mineeg, (ac, ae). Then, kee is determined by ae. via

(40) Ko = 271/ ace,
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Recall v, Ye, and p} in Corollary 3.7. We choose a. and a., such that

(41) 1—pr <a.<pl if eis singular; a. =1 if e is regular;
(42) ac =2+ Gec — QZSC < Ye-

Let T, be the mesh obtained after n anisotropic refinements (Algorithm 4.2) from Ty based on the
parameters k. and ke defined by a. and a. through (39) — (42). Then, the linear finite element
approximation u, to equation (1) is defined by (3) on the mesh T,,.

Remark 4.5 Based on (42), ac > a. > Gec, with the equal sign being taken when a. = dee.
By choosing a. close to pk and a. small, it is clear that the conditions (41) and (42) lead to a
non-empty set. Note further that if ¢ is a reqular vertex (y. = 1), the condition (42) becomes

2a
a. < e« .
1+ aee

Hence the choice a. = 1 leads to aec = 1. In other words, the choice (a. = 1) is only possible if
all the edges of E. are also regular; otherwise the simplest choice is to take a. < a., for all e € &,
leading to a. = Gec.

For 0 < a. < 1, it is clear that refinements for an e- or ev-tetrahedron lead to anisotropic meshes
toward the edge that do not preserve the maximum angle condition. Namely, the maximum edge
angle in the face of the tetrahedron approaches 7 as the level of refinement n increases. This is a
main difficulty that we shall overcome in the error analysis.

5 Finite element error analysis

In this section, we provide detailed interpolation error analysis for the finite element algorithm
proposed in the previous section. Using these local error estimates, we shall show that Algorithm
4.4 gives rise to numerical solutions that converge in the H' norm to the singular solution in the
optimal rate.

Recall that under the condition in Corollary 3.7, when the given data f € Li* (€), the solution
u € H%(Q) The space 7-[,27 is equivalent to H? on any sub-region of Q that is away from £ UC.
Therefore, by the Sobolev embedding Theorem, the solution « is continuous in the interior of the
domain. For a given mesh, we define the Lagrange interpolation u; of u such that u; = u at the
interior nodes and u; = 0 on the boundary.

Note that the tetrahedra in the initial mesh 7o = {T{0),; }3—’:1 are all shape regular and can be
classified into five categories (Definition 4.1). Then, we carry out the interpolation error analysis
on different sub-regions of €2, each of which is represented by an initial tetrahedron in 7y. Due to
the different weighted space for the solution (u € HE/(Q)) and different selection criteria for the
mesh parameters in (41) — (42), the error estimates in [23] do not extend to the problem in this
paper. However, some notation (e.g., mesh layers) and intermediate results established in [23] will
be recalled when it is necessary to simplify the exposition and to make the analysis self-contained.

5.1 Estimates on initial o-, v-, and v.-tetrahedra in 7,

We first have the estimate for an o-tetrahedron in the initial mesh.
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Lemma 5.1 Let T(py € Ty be an o-tetrahedron. For u € ’H?Y(Q), let ur be its nodal interpolation
on T,. Then, we have

(43) [u—urlm(ry,) < Chllulluz 1),
where h = 27" and C is independent of n and u.

Proof. Based on Algorithm 4.2, the restriction of 7, on T\ is a quasi-uniform mesh with size
O(27™). Since H? is equivalent to H2 on an o-tetrahedron, by the standard interpolation error
estimate, we obtain

u—wrla (1)) < C27" |Jullm2(1,)) < Ch||uH7"3,(T<0>)'

[ ]
For a v- or ve-tetrahedron in 7y, we first identify its subsets that have comparable distances to
the marked vertex.

Definition 5.2 (Mesh Layers in v- and ve-tetrahedra) Let Ty = ANzozizozs € To be either a v-
or a ve-tetrahedron with xqg € C or xg € e € £. We use a local Cartesian coordinate system, such
that xq is the origin. For 1 < i <, the ith refinement on T(g) produces a small tetrahedron with
To as a verter and with one face, denoted by P, ;, parallel to the face N3xyz9m3 Of T(0)- See Figure
1 for example. Then, after n refinements, we define the ith mesh layer Ly ; of Toy, 1 <1i <n, as
the region in T gy between P, ; and P, ;+1. We denote by L, o the region in T(gy between A3z zoxs
and P, 1; and let L, , be the small tetrahedron with xo as a vertex that is bounded by P, , and
three faces of Ti). Since xq is the only point for the special refinement, we drop the sub-index in
the grading parameter. Namely, for such Ty, we use

k=210
to denote the grading parameter near o (k = ke if g € C and k = k. if o € e € £). Then, by
Algorithm 4.2, the dilation matriz

(44) B,i:=|0 x7' 0

maps Ly ; to Ly for 0 <i <n, and maps Ly n to T(gy. We define the initial triangulation of L. ;,
0 < i < n, to be the first decomposition of L, ; into tetrahedra. Thus, the initial triangulation of
L, ; consists of those tetrahedra in Tiy1 that are contained in the layer L, ;.

Remark 5.3 Based on the refinement, on L, ;, 0 <i < n, the tetrahedra in T, are isotropic with
mesh size O(k'20="). In T(0), let p be the distance to xo. Therefore,

(45) p~ K on L,;, 0<i<n.

Namely, if T\ is a v-tetrahedron, p ~ R. for ¢ = xg € C; and if Ty is a ve-tetrahedron, p ~ re,
where e € £ is the edge containing x.

Then, we have the interpolation error estimate in the layer L, ;.
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Lemma 5.4 Let T(gy € Ty be either a v- or a v.-tetrahedron. For u € H%(Q), let ur be its nodal
interpolation on T,. Then, for 0 <i <n, we have

lu—urlmr, ) < Chllullyz, .,

where h = 27" and C is independent of i and u.

Proof. For (z,y,%2) € Ly, let (£,9,2) € L, o be its image under the dilation B, ; in (44). For a
function v on L, ;, we define ¥ on L, o by

0(2,9,2) == v(x,y, 2).

As part of 7, the triangulation on L, ; is mapped by B, ; to a triangulation on L, ¢ with mesh
size O(2'~™). Then, by the scaling argument, we have

|u — ulﬁ'il(LU,q‘,) = K'la- ftl@p(LU,o) < Cxi22=m) \'&ﬁzz(@,,o)

022(1‘7") Ii2i |U|§_12 (Lv,i) .

IN

If T(p) is a v-tetrahedron, we have R, ~ k' = K, on L, ; and ae. < ac < .. Therefore, by (40),
we have

Pl < ORI e S [RL e oulLa ) < OO .
|a|=2

If T(o) is & ve-tetrahedron, we have 7. ~ k' = ki on L, ;. By (39), (41), and i < ~. <1 (Corollary
3.7), we have

22(i7n)ﬁ2i‘u|§[2(L“J) < 022(1‘771)/{;51’% Z ”T;faeaauniz(bw)

lo|=2

<O Y o™ ullfagy, g+ Y 0% ullay, ) + s 2ulia, )

lay|=2 laL]=1

< C2|ull3z 1, ,)-
Therefore, in both cases, we have
|U - uI|i[1(Lv'i) < Cz_gn”uH%L?Y(Li,v) = Ch2‘|u||§-[?y(Li,v)7

which completes the proof. m
Then, we give the error estimate on the whole initial tetrahedron ().

Corollary 5.5 Let T(gy € To be either a v- or a ve-tetrahedron. For u € H?Y(Q), let uy be its nodal
interpolation on T,. Then, we have

lu = urlmi(r)) < Chllullaz (1),

where h = 27" and C 1is independent of n and u.
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Proof. By Lemma 5.4, it suffices to show the estimate for the last layer L, . For (z,y, 2) € Ly n,
let (&,9, 2) € T{(o) be its image under the dilation B, ,. For a function v on L, ,, we define © on
0(2,9,2) == v(z,y, 2).

Now, let x be a smooth cutoff function on T{g), such that x = 0 in a neighborhood of 2y and = 1 at

every other node of T{). Recall the distance function p from (45). Thus, p(Z,7, 2) = ™" p(z,y, 2).
Since x@ = 0 in the neighborhood of z¢, we have

(46) |Xﬁ|§{2(T(O)) <C )y ||P|a|_1aaﬁ||%2(T(0>)~

lor]<2
Define  := & — x4 and note that (y&);r = ;. We have
|t — aI|H1(T(O)) = |0+ xt-— ﬁ1|H1(T<O)) < |@\H1(T(O)) + |xt — ﬁI\Hl(T(O))
(47) = |@|mr(1)) + XU — (X 1]H1(70)) < Ol 2 (700)) + X H2(T10))

where C' depends only on Tgy. Then, using (47), (46), the scaling argument, and ™" < p~tin

Ly n, we have

lu—urling, .y = H“Iﬁ—ﬁzlip@w) < Cn"(||ﬁ||§{1(T(0)) + ) lea‘_laaa”%ﬂ(ﬂo)))
lal<2
< C Z Hp‘alilaauH%?(L,,,n) < O/ R2na Z ”pla\*lfaaau”%%Lmn)'
|a|<2 la|<2

When T{g) is a v-tetrahedron, by p ~ R, the definition of the weighted space, (40), the inequality
aee < ac, and (42), we have

u—urlipg,,) < 027" 3 R0 Ta g, ) < OB lullfz
la|<2

vn)’

When T(g) is a v-tetrahedron, by p ~ r¢, the definition of the weighted space, (39), and (41), one
obtains

u= il € 02 N 0w,
|| <2
< CR(|r OulBa, 4 s 0%ulZa, )+ D 107 Ol e,
IOtLIZ].
+ ) 0 Gy, ) < CRPulls o, -
|aL|S2

Then, the desired estimate follows by summing up the estimates from layers L, ;, 0 <i<n. =

5.2 Estimates on initial e-tetrahedra in 7

Throughout this subsection, let T(g) := A*xoxiz025 € Ty be an e-tetrahedron with zox; C e € &.
Then, we first define the mesh layer associated with 7, on T|q).
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Figure 3: A reference tetrahedron T (left); the triangulation 7; after one edge refinement (center); the
triangulation 7T; after two edge refinements (right).

Definition 5.6 (Mesh Layers in e-tetrahedra) Based on Algorithm 4.2, in each refinement, an e-
tetrahedron is cut by a parallelogram parallel to xoxy. For example, in the e-tetrahedron of Figure
1, the quadrilateral with vertices xgs2, 12, x13, To3 @S the aforementioned parallelogram. We denote
by P.,; the parallelogram produced in the ith refinement, 1 < i < n. For the mesh T, let the ith
layer Le; on T(gy, 0 <i < n, be the region bounded by P ;, P.iy1, and the faces of T(gy. Define
Le o to be the sub-region of T(gy away from e that is separated by Pe 1. Define Le n to be the sub-
region of T(gy between P, , and e. See also Figure 3. As in Definition 5.2, the initial triangulation
of the layer L. ;, 0 < i < n, consists of the tetrahedra in T; 1 that are contained in L. ;. Therefore,

(48) Te ~ KL on Le;, 0<i<n.
Then, we define the reference element for the e-tetrahedron.

Definition 5.7 (The Reference e-tetrahedron) For the initial e-tetrahedron T gy := Nixgzimozs €
To, we use a local Cartesian coordinate system, such that the z-axis contains the edge xoxy, with
the direction ofnﬁgcl> as the positive direction, and xy is in the xz-plane. Let ly := |zox1| be the
length of the marked edge. Then, we define the reference tetrahedron T = A%&g@122%3, such that

(49) jO = (0107 _10/2)7 C%1 = (07O7l0/2)7 j’.k = (S\kaékta _10/2)a k= 2737

where )\k,gk are the x- and y-coordinates of the vertices xo and x3, respectively. Therefore, §2 =0
and )\2, /\3,£3 are constants that depend on the shape regqularity of T(gy. Thus, T is a tetrahedron
with one face in the plane z = —ly/2, one face in the xz-plane, such that |ToZ1| = |xoz1]|, |Tola| =
the length of the orthogonal projection of xoxs in the plane z = —ly/2, and |ZoZ3| = the length of
the orthogonal projection of xoxs in the plane z = —ly/2. In addition, denote by 71 and T5 the
triangulations ofT after one and two edge refinements with the parameter k. to ToZ1, respectively
(see Figure 3).

For an e-tetrahedron 7; > T(;) := A*yoy17273 C Ty, 1 <i<n, we deﬁne the T( y-based local
coordinate system as follows. Let 7y, be the marked edge, such that Yo7, Yovi and Zoz share the
same direction. We use the local coordinate system in Definition 5.7, and set (yo + 71)/2 to be
the origin. Recall the reference e-tetrahedron T, and its triangulations 7: and 73 in Definition 5.7.
Then, the following mappings to the reference element can be constructed (Lemma 4.15 in [23]).
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Proposition 5.8 Let T(;1) € Ti11 be a tetrahedron, such that T(; 11y C Le; C T(gy, 0 <i < n.
Case I: Tiy1) is contained in an e-tetrahedron T(;y € T;. Using the T(;)-based local coordinate
system, there is a transformation

Kt 0 0

e

(50) B.,=[ 0 K200

bllie_i bgl’ie_i 20

that maps T;41y to one of the four o-tetrahedra in T (hence, we have finitely many reference
elements for all Tii11y). For an e-tetrahedron in the last layer T(;y C Len C T(oy, using the T(n)-
based local coordinate system, there exists a transformation B. ,, of the form (50) with i = n that
maps T(,) to the reference tetrahedron T.

Case II: T(;41y is contained in a v.-tetrahedron T(;y € T;. Let Ty € T, 1 < k <4, be the ve-
tetrahedron, such that T(;y C Ty and T(y) is contained in an e-tetrahedron T(x_1) € Tr—1. Using
the T(x—1)-based local coordinate system, there is a transformation

ng”l O 0
(51) Bix = 0 e 0
bIH;iJrl bQIigi+1 2k71516cfi

that maps T(; 1) to one of the o-tetrahedra in Ts (as in Case I, we again have finitely many reference
elements for all T(;11y). For a ve-tetrahedron in the last layer T,y C Len C T(oy, let T(yy € Tr be
the ve-tetrahedron, such that T(,,y C T(xy and Ty is contained in an e-tetrahedron T(j_1) € Tp—1-
Using the T(j,_1)-based local coordinate system, there exists a transformation By, 1, of the form (51)

with i = n that maps T,y to a ve-tetrahedron in ’ﬁ
In both cases, |b1],|ba| < Co, for Co > 0 depending on T(gy but not on i, n, or k.

Each tetrahedron in 7,1, that belongs to the layer L.;, 0 < i < n, falls into either Case I
or Case II of Proposition 5.8. Thus, there is a linear transformation B (either B, ; or B, j) that
maps T{;41) to an o-tetrahedron in either 7: or in T3. We denote this reference o-tetrahedron by
Zf’(iﬂ). It is clear that T(iﬂ) belongs to a finite number of similarity classes determined by the
o-tetrahedra in 7; and 7s. Then, for (z,y, z) € T(;11), we have

(52) B(z,y,2) = (2,9,2) € T(iy).

For a function v on T{; 1), we define 4(z,9, 2) := v(z,y, 2).

In the (i +1)st refinement, 0 < ¢ < n, when the layer L. ; is formed, it only contains tetrahedra
in 7i4+1. To obtain the mesh 7y, these tetrahedra in L. ; are further refined uniformly n —¢ —1
times. Thus, the mapping B maps 7, on T{;41) to a quasi-uniform triangulation on T(i+1) with
mesh size O(2'~"). Now, we obtain a uniform interpolation error estimate in the layer L. ;.

Theorem 5.9 Let T(g) € To be an e-tetrahedron and let uy be its nodal interpolation on T,. Then,
for 0 < i < n, we have
lu—urlm(r..) < Chllulluz(r. )

where Le ; is the mesh layer in Definition 5.6, h = 27", and C depends on Tg), but not on i.
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Proof. Based on Algorithm 4.2, the layer L. ; is formed in the (i 4+ 1)st refinement and is the
union of tetrahedra in 7;;; between P, ; and P, ;1. Therefore, it suffices to verify the following
interpolation error estimate on each tetrahedron 7iy1 3> T(j11) C Le s,

(53) lu—wrlm (1)) < Chllullaz z,.))-

Let T;) € 7T; be the tetrahedron containing T(;;1). Then, T{;) is either an e-tetrahedron or a
ve-tetrahedron. We show (53) based on T(;)’s type.
Case I: T(;) is an e-tetrahedron. Let (z,y,2) € T(;41) and (Z,9,2) € T(H_l) as defined in (52).
Then, by the mapping in (50), we have
drdydz = 27 k2 didjdz;
(54) Opv = (kg "0z + b1k, 0:)0,  Oyv = (kg 'Oy + bak, '0:)0, O,v = 2'0;0;
030 = (KL0y — 512790, )v,  9g0 = (kLD — b22710,)v, 930 = 27',.

Therefore, by Proposition 5.8, (54), and the standard interpolation estimate on T(i+1)7 we have

102 (u = ur)ll72cr,,,) < C27(l|0z(a— ﬂf)‘|iz<f(i+l>) + 10z (4 — @1)||2LQ(T(M)))

< O2—i22(i—n)|a‘i]2(f(i+l))
(55) < 92 Z 2_2ia3l€3i(|a”_l)||8aLaSSUHQL2(T@+1))'

lay [+az=2
A similar calculation for the derivative with respect to y gives

(56) ||ay(u _ uI)H%?(T(iJrl)) < 022(1771) Z 272ia353i(|a4|*1)||80¢L8?3u”%2(

|y |[+az=2

T(i+1))"

In the z-direction, by Proposition 5.8, (54), and k. < 1/2, following the calculation in (55), we
have

L R e NGRS 0]

C27(||0z(a — ap)||

IN

2 N
L2(Tiy41)) + (|02 (0 U’I)HL2(T<H1)))
(57) < 22 N e 2llen 090w ggsu|Fa g -
IQL|+OC3:2
Thus, by (55) — (57), the estimate of the term
E = 92(i—n) Z Q*Qia3,€gi(|an*1)Ha@ua;wUHQLQ(

‘OU“%’O&;;ZQ

T(i+1))

is important for the error analysis. By (39) and (48), we first have

E < 027%(27%”5%||3§“H%2(T<M>)+ Z Haal@zullizmm))+22%3i Z ||3MU||%2(T(H1)))

oy [=1 oy [=2
< CR(REV02ul e,y ) + > 10°4 8. ullf2q, ) + w7 > 10 ullZa (7))
lan|=1 los[=2
< Ch2(HTZCilazuH%Z(Tqul))+ Z Haalazu”%Z(T(Hl))_'_ Z ”Tiiacaouu||%2(T(i+1)))'
lar|=1 los[=2
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By (41) and Corollary 3.7, a. — 1 > —pu%, 1 — a. > 1 — .. Therefore,

Ch2(”re_ueagu||%2(T(i+1))+ Z ”aou6Z’UJ||2L2(T(1+1))+ Z ”Téi%aaLu”%%T(iﬂ)))

lei [=1 lei [=2

E

IN

(58)

IN

Hence, by (55) — (58), we have completed the proof of (53) in Case I

Case II: T(;) is a ve-tetrahedron. Let T(y) € Ty, 1 < k < i, be the vc-tetrahedron, such that
Ty € Tixy and Ty, is contained in an e-tetrahedron T(j_1) € Tx—1. Then, using the mapping (51),
by (52), for (z,y,2) € T(i+1) and (2,9, 2) € T(i+1)7 we have

drdydz = 2" Fk3=F=2d3dyd2, 0;0 = (k' 710, — 012V FKI7%0, )v;
(59) 0y = (KE720,, — ba2tFKI7F0, Yu, 050 = 21" FkiFO,0;
O0pv = (K170 + bikL700:)0, Oyv = (K170 + bakl™10:)0, 0,0 = 2F1kF=10;0.

Therefore, by Proposition 5.8, (59), k. < 1/2, and the standard interpolation estimate, we have

100 (e = ).y < C2FRE(I08(0 — a0) s 1050 — ) )

1=k i—ko2(i—n)| 512
=02 ke 2 |U|H2(T(i+1))
< 92(i—n) Z 22(1—k)a3Kg(i—k)asmgi—%(\%.\—1)||30u_ o3
‘OLL‘+Q3:2
(60) < 092i—n) Z 2—21a3,€§i(\a¢\—1)Ham_agaulli?‘(niﬂ)).

los [+az=2

UH%Q(T@H))

A similar calculation for the derivative with respect to y gives

(61) Hay(u _ UI)||%2(T(I.+1)) < 022(2771) Z 272iaglizi(‘OéL‘*1)||6ala?3u“%2(T(i+l)).

|y |[+az=2

In the z-direction, by Proposition 5.8, (59), k. < 1/2, and following the calculation in (60),

10:(u—un)llZaer,,,) < CE@7TRTMRZTDETRT 00 — a0,
< OQlik’fiaik(Hai(ﬁ - ﬁl)”iz(ﬂﬁ,“)) + Haf(ﬁ - ﬂf)”iz(jﬂ(Hl)))
(62) < ©2li-n) Z 272ia3,{(23i(\aﬂfl)||aoua?3u”%2(T(Hl>).

|y [+as=2

Then, by (60) — (62) and (58), we have obtained (53) for Case II.

Then, we complete the proof by summing up the estimates for all the tetrahedra 7;; 1) in Le ;.
]

Now, we extend the interpolation error estimate to the whole e-tetrahedron.

Corollary 5.10 Let T (o) € Ty be an e-tetrahedron. Foru € ’H%(Q), let ur be its nodal interpolation
on T,. Then, we have

| = urlai(ry) < Chllullag 1))

where h = 27" and C depends on T(py but not on n.
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Proof. By Theorem 5.9, it suffices to show the estimate for any tetrahedron T(, € 7, in the last
layer L. . Since T(,) is either an e- or a v.-tetrahedron, we derive this estimate in two cases.
Case I: T(;) is an e-tetrahedron. By Proposition 5.8, the mapping Be , translates T(n) to the

reference tetrahedron 7'. Consequently, it maps any point (z,y,z) € T(ny to (z,9,%) € T. For a
function v on T},,, we define ¥ on T by

(2,7, 2) == v(z,y,2).

Now, let x be a smooth cutoff function on T such that x = 0 in a neighborhood of the edge
€ := ZoZ1 and = 1 at every other Lagrange node of T. Let re be the distance to é. Let @ be
the interpolation of @ on the reference tetrahedron T. Since x4 = 0 in the neighborhood of é,
(x@); = 4y and

~ Qe — o |—1 aa A~
63)  lZagp < CUre T 2al2u g+ >0 T o), ).
oy [+as<2, az<2
Define w := 4 — xt. Then, by the usual interpolation error estimate, we have
= by = 10+ X~ gy < 9]0+ Pt — s )
(64) = [@lgpy + X = XD 1l gy < CUall gy + XA g2 )

where C' depends on, through x, the nodes on T. Then, using the scaling argument based on (54),
by (64), (63), the relation 7¢(Z, 7, 2) = k. "re(z,y, 2), and (39), we have

100 (= un)Faer,,) < C27 (10600 — an)2a g + 102(@ — @r)| 2 z)
Ae— ~ « 1 g A
<o (e Rl + D, I T M A )
‘OLL‘JFa:;SQ, az<2
< 0(2_2nHTge_la?UH%%T(n)) + Z 2_QW?’||7"|eMI_laou5337v0||2L2(T(n)))

[y |[+a3<2, az<2

<O (e 0l )+ S 0% 0eula,

lar|=1
i ulagg,) + 3 It 10 ey, )
oy <2
< C27 (|l 2ull T g, ) + > 10°+.ull72z,.,)
laL|=1
(65) +||re_182u||2L2(T(n))+ Z ||7°|eall_l_agaalu\\%%nm))'
lai <2

A similar calculation for the derivative with respect to y gives

10,0~ un)2agr,,, < €22 (Irte 0uldagr, )+ S 0% eula,

lay|=1

(66) Hirs BeullBagr,,y + S Ikl ouBa g ).

lar|<2

25



In the z-direction, using (64), (63), (54), (39), and the calculation in (65), we have

1000 —un)Bagr,,y = 220G~ )2 g,

< 2 (|re Pl Fagry,,y + D 1070l Fa e,
Ialel
(67) +||7"e_18zu||2L2(T(n)) + Z ||7"‘eou‘_1_%8%“”%2@")))'

oy [£2

By (41) and Corollary 3.7, a. — 1 > —p and a. < v.. Therefore, by (65) — (67), we have

i,y < O (I Pula,, + S 1070l

lay]=1

(68) Hretoaulza ) + > e 0% B ) < CR?ull3z (.,
lon | <2

which proves the estimate for Case I.
Case II: T(y,) is a ve-tetrahedron. Let T() € Ty, 1 < k < n, be the v.-tetrahedron, such
that T(,,y C Ti) and Ty is contained in an e-tetrahedron T(,_;) € Tx—1. By Proposition 5.8,

the mapping B,  translates T, to a v.-tetrahedron T(n) e T Thus, B,, » maps every point
(w,y,2) € T(y) to (2,7,2) € T(n). As in Case I, for a function v on T{,), we define © on T(n) by
0(2,9,2) == v(z,y, 2).

Now let x be a smooth cutoff function on T(n) such that y = 0 in a neighborhood of é := ZyZ; of
T and = 1 at every other Lagrange node of T(n). Recall the distance s to é. Since x@ = 0 in the
neighborhood of the refined vertex, we have (xa); = @y on T(n) and

12 ac—192 112 oy |—1 as 12
(69) ‘Xule(rjﬂ(n)) < C(”ré 82“”L2(T(n)) + Z Hré - 80u_823u||L2(T(n)))_

lay [+as<2, az<2

Define w := 4 — xt. Then, by the usual interpolation error estimate, we have

|4 — aI|H1(T(n)) = |+ xi- ﬂI|H1(TA(n)) < |w‘H1(T<n)) +xa - allHl(ﬂm)

(70) = |71’|H1(T”(n)) + [xa — (Xﬁ)I‘Hl(T(n)) < C(”ﬁHHl(T(n)) + |Xﬂ|H2(T(n)))a
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where C' depends on, through x, the nodes in the reference element T(n). In Ly, re(z,y,2) =
K" 1ro(2,9, 2). Therefore, by (59), (70), (69), (39), and k. < 1/2, we have

1000 = unlZagm,,) < C2 I (1000 — Al Zag, )+ 10500 — i) gz )

— — — N —1 ~
COrt M il ¢ X )
|y [+a3<2, az<?2

—k —k e—
< OO RO oty 2,
N Z 22(1,]@)@3 Hg(n—k)as Hrleoulflaou 8?3u||2L2(T(n)))
oL [+aas2, as<2

<O (|ree P Fagr, )+ D 1070 Fa e,

lay|=1

(71) e 0sulfagr, )+ Y I 0%l ).
IQLISQ

A similar calculation for the derivative with respect to y gives
10y (u —un)liocr,,) < C272(lre " Ruliow,,) + D 10 0:uliam,)
|al|:1

(72) _|_||Te—162uH%2(T<n))+ Z Hr'eaj'Fl_a“an‘Uf“QL?(T(n)))'

lai|<2
In the z-direction, by (59), (70), (69), and the calculation in (71), we have

10=(u = un)aer,,) = @R RZOTDE@T R0 (6 — )l 5,

2R (1050 — ) |22, 1050 — )22 )

IN

< 02_2n(||7"ZE_16§“H%2(T<TL>)+ Z ”aMaZuH%%T(n))
|QL|:1
(73) Hire 0zullZeir, )+ Y I T 0 ).

lar|<2
By (41) and Corollary 3.7, a. — 1 > —p and a. < .. Therefore, by (71) — (73), we have
u— UI|12Hl(T(n)) < Ch2||UH3{_27(T(n)),

which proves the estimate for Case II.
Hence, the corollary is proved by summing up the estimates in Theorem 5.9 and the estimates
for all the tetrahedra T(,) in L.,. m

5.3 Estimates on initial ev-tetrahedra in 7

In this subsection, we denote by T(o) = N*xoxiz923 € Ty an ev-tetrahedron, such that zg =c € C
and oz is on the edge e € £.. Then, we first have mesh layers associated with 7, on T .

Definition 5.11 (Mesh Layers in ev-tetrahedra) For 1 <i < n, the ith refinement on T gy produces
a small tetrahedron with xo as a vertex. We denote by P, ; the face of this small tetrahedron whose
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closure does not contain xo (see the last two pictures in Figure 1). Then, for the mesh T, on T(q),
we define the ith mesh layer Ley;, 1 < i@ <mn, as the region in T(g) between Pe, ; and Peyiv1. We
define Ley,o to be the region in T(gy between A3z zoxs and Pey1 and let Leyn C Ty be the small
tetrahedron with xo as a vertex that is generated in the nth refinement.

Then, we introduce the reference element for the ev-tetrahedron.

Definition 5.12 (The Reference ev-tetrahedron) The reference ev-tetrahedron T = N4G714073
of T(oy is defined in the same way as the reference e-tetrahedron in Definition 5.7. Namely, after

replacing the e-tetrahedron in Definition 5.7 by the ev-tetrahedron Ty, T is obtained as in (49).
For Ty, recall the grading parameters k. and k. associated with xo and xox1, respectively. For

the reference ev-tetrahedron T, one graded refinement using the same parameters ke, ke, and Kee
for &g and ToZy gives rise to a triangulation on T, which we denote by 7:. Define the union of
the seven tetrahedra in T away from Ty to be the mesh layer L onT. Denote by L the initial
triangulation of L that contains these seven tetrahedra.

Then, for an ev-tetrahedron T' C T{g)y such that T € 7;, a mapping can be constructed to take
it to the reference element 7' (Lemma 4.22 in [23]).

Proposition 5.13 For an ev-tetrahedron T = A*ygy17273 C Ty in Ti, 0 < i < n, suppose

Yo =9 =c€C and v C e € E.. Use a local Cartesian coordinate system, such that (yo+~1)/2

s the origin, 1 s in the positive z-axis, and s is in the xz-plane. Then, there is a mapping
Kol 0 0

(74) B, = 0 Koy 0

—i i _
bl/{ec bQK/ec K¢

with |by], |b2| < Co, for Co > 0 depending on Ty but not on i, such that Bey; @ T — T is a
bijection.

Before we proceed with the interpolation error analysis, we first present some useful estimates
regarding the relation between the grading parameters in (41) — (42) and the distance function
Rc(x7 Y, Z)

Lemma 5.14 For an ev-tetrahedron T(g) € To, recall the mesh layer Le,; in Definition 5.11.
Then, in the layer L, i, 1 <1 < n, the following inequalities hold:

1,.10¢ Qe —Qec 1,1 l—ac i, —iae .21 2—ac—ae
(75) 2 Kec S/ Rc ) 2 Ke 5 Rc ) 2 Ree “Ke S Rc .

For (z,y,2) € Leyn, let (2,9,2) € T be its image under Be,, . Let Re(Z,9, 2) be the distance from

(2,9,2) to &g. Then, we have
(76) 2" kpde REeTe S RgeTe, 2"RIRLTC S Ry,
(77) 2nme—cnae IiinRgfacfae 5 R?—ac—ae.

Proof. Recall the relations of parameters in (39) and (40). Based on Definition 5.12 and Propo-
sition 5.13, we have k!, < R. < k% on Le, ; and

€ec ~v

(78) Ko Re(2,9,2) S Re(x,y,2) S ki Re(2,9,2)  on Ley .

~
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Then, since ae. < ae, on L, ;, we have

1,00 _ L i(ae—aec) Qe —Cec.
2 Hecc = Ree o 5 Rcc 3

on Ley n, by (78), we have
QTLK/'gcaeRge_aec _ ,{Zc(aefaec)Rge—aec < Re—aec,

This proves the first inequalities in (75) and (76).
For the second inequalities in (75) and (76), we first note that by (42) and the regularity
estimates in Corollary 3.7, we have a. < ac < 7. < 1. Then, by (42), we have for 1 <k < n,

k k _ ok—k/a. —k/acc+k ec — k(1—
2 = b b o _ yb{1-00),

Since 1 —ac > 1— . > 0, by (78), we have

) i(l—ac) 1—
QZHZC < Kec S RC ¢ on Lev,ia

1— n(l—a 1— _
"KIR;TYC < /{ec( C)Ré ‘@ < RLTC on Leyp.

Thus, these inequalities are proved.
For the third inequality in (75) and the inequality in (77), by (42) and the regularity estimates
in Corollary 3.7, we first have

2—ac—0.>2—7v.—ae.>0.
Therefore, by (39), (40), and (42), for 1 < k < n, we have

2kl€e—ckae K?k — 2kﬁe_ckae ngé?—ac-&-aec) — ,il;£2—ac—ae).
Thus, by (78), we have

i —i 2i _ i(2—ac—ae) 2 —
2Rk = Kee S RITCT%  on Ley i,

_ 2 — n(2—ac—a 2 — _ _
anﬁecnaeﬁlané ao—ae :Hec( © e)Ré ac—ae SR% ac—f  on Lev,n-

Hence, the proof is completed. m
Now, we formulate the interpolation error estimate on the mesh layers.

Theorem 5.15 Let T(g) = A*xoxi2003 € Ty be an ev-tetrahedron defined above. Let Ley,; be the
mesh layer in Definition 5.11, 0 < ¢ < n. Let u; be the nodal interpolation of u € ’H?Y(Q) on Tp.
Then, we have

|U—UI\%11(L < Chz”“Hg{g(L

cv,i) — cv,i)’

where h = 27" and C depends on T(o) but not on i.

Proof. Let T{;y C T{g) be the ev-tetrahedron in 7;. Then by Definition 5.11, we have L¢,; =
Ty \ T(i+1)- Recall the mapping BeAv,i in (74) translates Le,; to L (see Definition 5.12). For a
point (z,y,2) € Ley i, let (2,9, 2) € L be its image under B, ;. For a function v on L, ;, define

the function ¢ on L by
0(2,9,2) == v(z,y,2).
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Let 7z be the distance to ZoZ; on the reference ev-tetrahedron T. Then, it is clear that r.(z,y, z) =
ki.re(2,9,2) on Ley,i. Meanwhile, B, ; maps the triangulation 7, on L., ; to a graded triangula-
tion on L that is obtained after i4+1—n refinements of the initial mesh £. Note that the subsequent
refinements on £ are anisotropic with the parameter . toward ZoZ, since £ does not contain ev-
or v-tetrahedra. Then, by the mapping (74), the scaling argument, Lemma 5.1, Corollary 5.5,
Corollary 5.10, (39), and Lemma 5.14, we have

10 (u = un)lf2r,, ) < Cre(l0a(i—an)l7, ;) + 10:(@ = an)l7s z))
< CR20 (|rge 0230 gy + D 107 0s0l3, ;)

lai|=1
_ N @ 1—ae
Hrg s, gy + Y T T a2, )

|y |<2

< C2 M (2W R 2 rde T Rl Fa ) + 27 RT D 10 Ozl s,

lai|=1
B L R Pl N e S
oy [<2
< 027%(”szacfae?"geflagunﬂ(Lem) + Z HRifaCaaLazU”QLz’(Lwi)
lay|=1
IR Or  0ulFa ., o+ D IIREeTeerlo T mae gy 3, ).
lay |2

Note that the estimates in Lemma 5.14 were used to obtain the last inequality above (from different
factors involving k., ke. to factors in terms of R.). Recall 0., = r./R.. By (41) and (42), we have
Ge < Ve, —s < ae—1<0, and ae. < ac < .. Therefore,

100(u = un)lFoqr,, ) < CR(IR“COe Rulfa,, ,+ D IRTCO™0ulia,,

ey |=1
HIRZ O 0ulFa ., )+ Y R ITIaeeglonlmtmac oy 2, )
oy [<2
< CR (IR0t 2ulfo,, o+ D RS0 0.ulZ2 .,
|QL|:1
HIRZO, 20 ullFap,, y+ D IR reglon T e g%y 17, )
lar|<2
(79) < Chzl\ulli.z,@w,n-
In the y-direction, with a similar process, we obtain
(80) 10y (u = ur)lliar,, ) < CPlulliz,, )

In the z-direction, by the mapping (74), the scaling argument, k.. < k., and the calculation above,
9= — ) 321 Ko w2E0: (0 — )2
ke (1102 (@ — ar)lla 5y + 1192 — an)l17, )
O lull3s

ev,i)

IN

(81)

IN

ev,i)
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Hence, the proof is completed by the estimates in (79) — (81). m
Then, we are ready to obtain the interpolation error estimate on the whole ev-tetrahedron T\g).

Corollary 5.16 Let T(gy € To be an ev-tetrahedron as in Theorem 5.15. Let ur be the nodal
interpolation of u € H2(2) on T,. Then, we have

= urlip z,)) < Chllullie 1)
where h = 27" and C depends on T(gy but not on n.
Proof. By Theorem 5.15, it suffices to show for the last layer L, »

lu — UI|§11(L61,,") < ChQ”“H%?Y(L

ev,n)

By Proposition 5.13, Beyn(Levn) = T. For (%,y,2) € Leyn, let (2,9,2) € T be its image
under B, . For a function v on L, ,, we define 9 on T by

0(2,9,2) = v(2,y, 2)-

Now, let x be a smooth cutoff function on T such that x = 0 in a neighborhood of the edge
é := ZoZ; and = 1 at every other node of T. Let R; (resp. rs) be the distance from (&, 9, 2) to
Zo (vesp. €). Then, by (74), ri.re(2,9,2) = re(w,y,2). Let 45 be the interpolation of 4 on the
reference tetrahedron T'. Since x@ = 0 in the neighborhood of é, (x@); = 4 and
NilZgy < CIR“ "t 022, 0 + 3 [REC0™ oza2, 5,
lai]=1

— — ~ — a) |—1—ae qar | ~

(52) IR 02 g+ 3 (ROl g, Y,
lvr |<2

Define w0 := @& — x4. Then, by the usual interpolation error estimate, rs < Rz, and (82), we have

o —drlgaery = 10+ X0—Grlgag) < 0]y + IXG— g g

‘w|H1(T) + [xa — (X{L)I|H1(T) < C(”ﬁHHl(T) + |Xﬂ|H2(T))

< C(IRE T rg T il gy + Y IR O™ Ostlay,
loer]=1
(83) IR sl gy + D0 IRET e T 0 T ),

o |<2
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where C' depends on, through y, the nodes on T. Then, using (83), the scaling argument based on
(74), the relation rs(&, 9, 2) = k. "re(z,y, z), and the estimates in (76) and (77), we have

10— wlBarsy < CRE(IO:( — 002 + 105 — 002 )

ev,n)
<C n(||R2—ac—ae ae—lagAHQ . HRl—acaaLaAAHQ R
=~ HZC ¢ Té ZU Lz(T) & U LQ(T)
|QL|:1
- — N —Gec —1l—a. N
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By (41) and (42), we have a, < v, —pf < a. —1 <0 and ae. < ac < 7. Therefore,

102 (w = ur)ll72s < OR (IR0 2ulfagr,, )+ D IR0 0ulia,, )

e'u,n)
lar|=1
HIRZ €O 0 ullT2y,, y + D REHTIT 0 T 0 T )
lay|<2
< CR*(||Re™ " 0ce 02ullTzy,, ) + Z R 0% dul 2,
lor |=1
+||R§7°9;§3zu\|%2(Lw,n) + Z ||R|ca*l_l_%elfe*l_l_%aalu\@?@w,n))
lay|<2
(84) < OP?|ullfy .,
A similar error estimate in the y-direction leads to
(85) [0y (v — UI)H%z(Le,,m,) < Ch2\|u||3-[_2y(L€1,m,)~

In the z-direction, using k. > Kec, the scaling argument based on (74), and the calculation above

for [0, (u — ur)||L2(z., ), We have
190 = un)Bagrny = o K20 — ) 2,
(86) < Culliz L.,
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Thus, the proof is completed by (84) — (86). m
Based on the interpolation error estimates in this section, we therefore obtain our main result
on the convergence rate for the anisotropic FEM.

Theorem 5.17 Under the assumption in Lemma 3.2, for f € L,~(Q) defined in (10), the pro-
posed finite element approximation (Algorithm 4.4) of equation (1) achieves the optimal rate of
convergence. Namely,

U — U |1 (o) < Cdim(Sn)_l/?’HfllLi* Q)

where dim(S,,) is the dimension of the finite element space associated with Ty, and the constant C
depends on Ty, but not on n.

Proof. Recall the local interpolation error estimates on different initial tetrahedra: the o-tetrahedra
(Lemma 5.1), the v- or v.-tetrahedra (Corollary 5.5), the e-tetrahedra (Corollary 5.10), and the
ev-tetrahedra (Corollary 5.16). Then, based on (4) and the regularity estimates in Corollary 3.7,
for h = 27", we have

= unlmo) < fu—urlae) < Chllulluz o) < ChllfllLz, @)-

Note that in a refinement, each tetrahedron is decomposed into 8 sub-tetrahedra. Therefore,
the dimension of the finite element space dim(S,) ~ 23". Thus, the result follows from h ~
dim(S,)"'/3. =

6 Numerical results

In this section, we use Algorithm 4.4 to solve equation (1) with the given data f in the weighted
L? space. The numerical tests are implemented on two polyhedral domains that give rise to typical
three dimensional edge and vertex-edge solution singularities: the prism and the Fichera corner.
It will be evident that the numerical results are aligned with our approximation results presented
in Section 4 and Section 5, and thus validate our method.

6.1 Test I (The Prism Domain)

Let T be the triangle with vertices (0,0), (1,0), and (0.5,0.5), and let the domain be the prism
Q:= ((0,1)>\T) x (0,1) (Figure 4). Note that the edge e with the opening angle w, = 37 /2 is
the only singular edge. We solve equation (1) with f = |z — 0.5/%! using Algorithm 4.4. It is clear
that f ¢ HY(Q) but f € Li* (Q) for any

(87) 1/2 < pp < wjwe = 2/3.

Based on the regularity estimates in Corollary 3.7, the solution is in H? in the sub-region of
that is away from the edge e. Then, a quasi-uniform mesh in such a region will yield a first-order
(optimal) convergence for the interpolation error. Meanwhile, according to Algorithm 4.4, the
condition (87) leads to the optimal range of the parameter

(88) 1/3 < ac <2/3, mnamely, 0.125 < r, = 271/% < 0.353.

In a sufficiently small neighborhood V of the endpoints ¢ of e, using the notation in [10], by Table
L in [14], we have f € M3 ,(V), for 0 < B < 2/3 and 0 < f, < 13/6, and therefore u € Mgz, (V'),
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Figure 4: The prism domain: the initial triangulation (left) and the mesh after two graded refine-
ments toward the singular edge e (k. = 0.2).

ke =02 kKe=03 k=04 kK.=0.5
0.77 0.81 0.83 0.82
0.92 0.93 0.93 0.90
0.97 0.98 0.96 0.91
0.99 0.99 0.97 0.89

@Cﬂﬂkwh'

Table 1: Convergence rates in the H! norm for the prism domain with different edge refinements
(ke = 0.5).

for a smaller neighborhood V' of these endpoints. This implies that for any a.,a. € (0, 1], these
vertices shall not affect the convergence rate of the numerical solution. See [23] for the detailed
argument. Therefore, to achieve the optimal convergence rate, it is sufficient to only implement
special edge refinement based on the value of k. in (88).

Thus, in the numerical tests, we fix the parameter . = 0.5 (a. = 1) for either of the vertices ¢
in order to verify the optimal range for the edge parameter .. Recall that for k.. = k. < 0.5 and
ke = 0.5, the resulting mesh is graded toward the edge e without special refinement for the vertex
c. See Figure 4 for such graded meshes when k., = 0.2.

In Table 1, we display the convergence rates of the finite element solution on proposed anisotropic
meshes associated with different values of the grading parameter x.. Here, j is the level of refine-
ments. Denote by u; the linear finite element solution on the mesh after j refinements. Since the
exact solution is not known, the convergence rate is computed using the numerical solutions for
successive mesh refinements

(89) convergence rate = log2(w .

ujr1 — sl (o)
As j increases, the dimension of the discrete system is O(2%7). Therefore, the asymptotic con-
vergence rate in (89) is a reasonable indicator of the actual convergence rate for the numerical
solution. See the Appendix for a brief illustration on the validation of (89).

It is clear from Table 1 that the first-order convergence rate is obtained for 0.125 < k., =
0.2,0.3 < 0.353, while we lose the optimal convergence rate if k. = 0.4,0.5, both larger than the
critical value 0.353. When k. = 0.4, that is 0.353 < k. < 0.5, this choice still leads to an anisotropic
mesh graded toward the singular edge, but the grading is insufficient to resolve the edge singularity
in the solution, and hence does not lead to the optimal rate of convergence. These results are in
agreement with the sufficient condition (88) for the optimal convergence rate in Algorithm 4.4.
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Figure 5: The prism domain (left — right): the initial mesh, mesh after one refinement, mesh after
three refinements (k. = k. = 0.2).

k=02 k=03 k=04 k=05
0.82 0.84 0.85 0.83
0.94 0.94 0.93 0.88
0.98 0.98 0.96 0.88
0.99 0.99 0.96 0.86

CTJO"»-BOJQ'

Table 2: Convergence rates in the H' norm for the prism domain with edge and vertex refinements
(K := Ke = Ke)-

Besides the edge refinements in Table 1 (k. = 0.5), we list additional numerical test results in
Table 2, where we choose k. = k. for the endpoints ¢ of the singular edge e. See Figure 5 for an
example of the mesh. Note that based on the argument above and on (88), the optimal convergence
rate only depends on the edge parameter k. for the prism domain. This can be clearly seen from
the similar convergence results in Table 2. Namely, optimal convergence rates are achieved when
Ke is in the range given by (88). We report these results to illustrate the flexibility of our meshing
options in the proposed algorithm.

6.2 Test II (The Fichera Corner)

Define the two cubes: Dy = (0,1)% and D; = [0.5,1) x (0,0.5] x [0.5,1). Let the Q := Dg \ D.
Thus, the domain € is featured with the Fichera corner at the vertex ¢ and three adjacent edges
e with the opening angle 37/2 (Figure 6). Then, the singular edges are the three edges e joining
at the Fichera corner c. In this test, we set for equation (1)

. 0 in Qg := (0,0.5) x (0.5,1) x (0,0.5),
T 1z = 0.75%1 + |y — 0.2591 + |z — 0.75/%1 in Q\ Q.

It is clear that f ¢ H'(Q) and f € Li*(ﬂ) for any 1/2 < u* < 2/3 for the singular edges.

For a sub-region D away from these three edges, the solution of equation (1) belongs to H?(D),
and therefore, a quasi-uniform mesh will lead to the optimal convergence rate for the interpolation
error. In a sufficiently small neighborhood V of the endpoints of the three edges that are not at
the Fichera corner, following a similar argument as in Test I, u € M3, (V) for 0 < 3, < 2/3 and
0 < B. < 13/6, and therefore these vertices shall not affect the conference rate for any feasible
parameters a, a. € (0,1]. In the neighborhood of the Fichera corner ¢, by Corollary 3.7 and Table
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Figure 6: The Fichera corner (left — right): the initial mesh, mesh after two refinements, mesh
after three refinements (k. = k. = 0.3).

7 | Ke=0.3 Ke=0.3 ke =0.5 ke =0.5
3 0.83 0.81
4 0.93 0.87
5 0.97 0.87
6 0.99 0.84

Table 3: Convergence rates in the H' norm for the Fichera corner.

1 in [14], the solution satisfies
uwe M for p) <ve < Ae=2/3and v, < A+ 1/2 ~ 0.954.

Then, by Algorithm 4.4, the sufficient condition to attain the optimal convergence rate for the
finite element solution is that the mesh parameters give rise to

(90) 1/3 < a. < 2/3 (for the three singular edges) and ac < 0.954 (for the Fichera corner).

There are many possible values of a. and a. that fulfill this requirement. To illustrate our method,
in Table 3, we list the convergence rates of the finite element solutions on anisotropic meshes
with a. = a. = 0.576 (accordingly, ke = k. = 0.3) and on quasi-uniform meshes a. = a. = 1
(accordingly, ke = k. = 0.5). The rates are computed using numerical solutions as in (89).

In the case ke = k. = 0.3, by (39) and (42), we have 1/3 < a. = 0.576 < 2/3 and a¢c =
a. = 0.576 < 0.954. Therefore, by Algorithm 4.4 and Theorem 5.17, we expect to obtain the
first-order optimal convergence rate in the finite element approximation. As for the quasi-uniform
mesh (k. = k. = 0.5), since the solution is not globally in H?, by (5), we expect a sub-optimal
convergence rate. It is clear that the numerical results in Table 3 validate this theoretical prediction
and hence verify Algorithm 4.4.

6.3 The L? convergence

We end this section by including the convergence rates of the numerical solutions in the L? norm
on the same graded meshes given in Table 1 (k. = 0.5) for the prism domain and in Table 3 for the
domain with the Fichera corner. These results are displayed in Table 4 and in Table 5, respectively.

We see that for the prism domain, the second-order (optimal) L? convergence rates are obtained
for ke = 0.2 and 0.3; while the convergence slows down otherwise. For the domain with the Fichera
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7 | he=02 Ke=0.3 kKe=04 K.=0.5
3| 1.62 1.69 1.72 1.69
4] 1.88 1.90 1.88 1.78
51 1.96 1.96 1.93 1.75
6 | 1.99 1.99 1.94 1.66

Table 4: Convergence rates in the L? norm for the prism domain with different edge refinements
(ke = 0.5).

7 | ke=03 kKe=03 | ke =05 kK.=0.5
3 1.71 1.63
4 1.87 1.66
5 1.95 1.60
6 1.98 1.52

Table 5: Convergence rates in the L? norm for the Fichera corner.

corner, the L? convergence is optimal when k. = x. = 0.3, which is apparently better than that on
the quasi-uniform mesh (k. = k. = 0.5). This is consistent with the H! convergence rates in Table
1 and in Table 3. Let us point out that it is probably possible to derive the L? error analysis on
the proposed anisotropic meshes using a duality argument. This is outside the scope of this paper
and will be investigated in the future.

7 Appendix

We here illustrate that the numerical convergence rate in (89) is a reasonable indicator for the
actual convergence rate. Assume

|u — Uj‘Hl(Q) = CQ_Sj,

where 0 < s < 1 is the convergence rate and C' > 0 is independent of j. Recall the Galerkin
orthogonality

a(u, uj) = auj,u;) and a(u — w1, uj1) = alu; —uj—1,uj-1) = 0.
Then,
lu — ujﬁ{l(sz) = a(u —uj,u—u;) = a(u —u;,u) = a(u,u) — a(u;, u;) = |U|§{1(sz) - |Uj|%{1(n)v
and
luj —j—1[fp o) = aluy —wj1,u; —ujo1) = a(uj —uj_1,u )
= a(uj, uj) = a(uj—1,uj-1) = [u;lin ) = [uj-1l5n )
Therefore, we have

|uj — uj—lﬁﬁll(ﬂ) = |Uj|§11(9) - |uj—1|?11(9) = |U|§11(Q) - |Uj—1|§11(9) - (|U|i11(9) - |Uj\%11(9))
U — ujﬁ_[l(g) — (2925(1-0) _ 29-2sj _ (1 _ 2—25)02225(1—3').

= lu— uj—lﬁll(ﬂ) -
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This leads to |u; — uj_1]|g10) = V1 — 2-25('25(1=3)  Hence,

U; — Ui
10g2(4| - jiﬂmm)) =5
[ujt1 — ujlm ()

In the same manner, one can show that if
2% |u — uj|grq) — C  as j increases,

then

(\uj —uj—1|m1(0)

log, ) — s as j increases.

[ujr1 — wjlmr(q)
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