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We study the stability of granular systems constituted by particles with inhomogenous distribution
of inner mass, which is a factor that has not been previously analyzed. In particular, we report
experimental results concerning the stability of two-dimensional piles of hollow plexiglass cylinders
containing an inserted smaller metal rod. These particles partially fill a rough-edged drum whose
rotation produces successive avalanches. The distribution of the maximum angle of stability, angle
of repose and avalanche sizes are analyzed for systems where the inserts are fixed or free to move.

PACS numbers: 45.70.-n, 45.70Ht, 47.80.Jk

I. INTRODUCTION

The mechanical stability of granular piles has been the
subject of numerous both experimental and theoretical
studies [1–12] and has been found to depend on vari-
ous factors: number of grains, packing fraction, history,
boundary conditions and cohesion, in particular due to
humidity. Also, the maximum slope that the pile can ex-
hibit depends on the shape of the grains, on the physical
properties of their surface, for instance on the roughness,
and on the distribution of their size [13–17].
Many experiments have been carry out with symmet-

rical grains, e.g. spheres. Grains with a radial sym-
metry have a tendency to organize in crystals charac-
terized by an ordered contact network as well as an or-
dered positional array of the particles center of mass. It
has been observed that such ordered and compact ar-
rays of grains are more stable than disordered ones [6].
The formation of crystals can be avoided by the use of
non-spherical grains. In absence of crystallization, the
stability of the granular pile is not only influenced by
the disorder, but also by the packing fraction, by the ge-
ometry of the grains and by the roughness of the grain
surface [13, 14, 16].
For instance, Cantelaube et al [13] have studied the

stability of piles of pentagons and polidisperse disks. In
both cases, piles are amorphous or disordered in the sense
that they lack crystalline order. Nevertheless, the pile
of pentagons has been observed to be much more sta-
ble than the pile of disks. The observed behavior is
explained by the face-to-face contacts between the pen-
tagons, which restrict the rotations and, thus, enhance
the stability.
Another example was provided by Ertaş et al [14]

and Olson et al [16] who studied the stability of two-
dimensional piles of anisotropic or elongated grains. In
particular, Ertaş et al have studied piles of monodisperse
glass spheres (monomers) mixed with a fraction of dimers
(two glass spheres rigidly bonded), i.e. short elongated

grains with the same typical surface irregularities than
the spherical grains. The increase in the weight fraction
of dimers leads to a decrease in the packing fraction, but
to an increase in the stability of the pile: the stability
of the pile is related to the irregularity of the dimers
shape at the grain scale which enhances their stability at
the free surface. Besides, Olson et al have also consid-
ered, experimentally and numerically, monomers, dimers
and trimers and reported the effect of the grain shape
on the ordering and on the stability of the piles. They
found that dimers form piles that are much more sta-
ble than both other systems. Piles of trimers are the
most unstable because they are the most disordered (in
both positional and contact network), the grains failing
in forming an ordered network. However, monomers are
unstable with respect to shearing motion along the lattice
directions while dimers are more stable because shearing
motion is inhibited by the disordered arrangment of the
dimer bonds that enhances interlocking.

Finally, we mention that Frette et al analyzed the
avalanche dynamics for piles of three types of grains of
rice: elongated rough grains, elongated smooth grains
and rounded smooth grains [18]. They observed that
elongated grains slide collectively while rounded grains
tend to individually roll. Even if the authors did not
specifically analyzed the stability of the piles, one can
guess that these different relaxation mechanisms might
influence the stability. They observed a smaller angle of
repose, which indicates a less stable system, for the pile
of rounded grains.

In many practical situations, particles might have an
inhomogeneous distribution of their inner mass. This is
the case, for instance, of seeds and of pharmaceutical
capsules partially filled with powder. In this case the
particle center of mass does not correspond to their ge-
ometrical center. Moreover, for instance in the case of
pharmaceutical capsules, the possible motion of the in-
ner powder introduces an internal degree of freedom, i.e.
a mobile center of mass. Therefore, it is pertinent to ana-
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lyze the stability of piles of grains having a center of mass
displaced from their geometrical center. In the present
work, we study the stability of two-dimensional granular
systems constituted by hollow plexiglass cylinders con-
taining a smaller solid metallic rod.
In particular the three following systems are considered

(Fig. 1):

• A pile of hollow plexiglass cylinders containing a
smaller solid metal rod that is free to roll inside
the cylinder: at rest, inserts are at their lowest po-
sition inside the cylinders leading to systems that
can present order in the contact network as well
as in the array of centers of mass. However, during
avalanches, the center of mass is free to move inside
the particle.

• A pile of hollow plexiglass cylinders containing a
smaller solid metal rod that is fixed to the inner
wall of the cylinder: at rest, this system can exhibit
order of the contact network without any order of
the centers of mass.

• A pile of axi-symmetric particles, cylinders without
insert, which is taken as a reference case.

We remark, in addition, that even for piles of axi-
symmetric particles, i.e two-dimensional stacks of homo-
geneous and isotropic cylinders, not much work has pre-
viously been done regarding their stability [5, 6, 13].

II. EXPERIMENTAL SETUP

The experimental setup is sketched in Fig. 1. Three
hundred cylindrical particles (N = 300) partially fill a
cylindrical drum [inner diameterDdrum = (40.0±0.1) cm
and width Lgap = (15.0±0.1) mm] with horizontal axis of
rotation. In order to prevent the grains from organizing
into an hexagonal array, a partial monolayer of particles
is glued to the inner wall of the drum in a disordered
manner. The two vertical walls are transparent which
makes it possible to image the grains from side.
Each grain consists of a cylindrical external shell of

length L = (15.00 ± 0.02) mm, external diameter D =
(9.80 ± 0.02) mm, inner diameter d = (7.00 ± 0.02) mm
and mass mcyl. = (0.63± 0.03) g. Depending on the ex-
perimental conditions, the shell is empty (grains with-
out insert) or a steel rod (the insert) of length l =
(14.2±0.1)mm, diameter ds = (5.00±0.02)mm and mass
mrod = (2.14± 0.02) g is introduced inside. The insert is
either free to move (mobile insert) or fixed (fixed insert).
For the grains with mobile insert, the center of mass is
displaced at most, when the insert is in contact with the
inner wall of the shell, by dcm = (0.77 ± 0.05) mm, i.e.
dcm ∼= 0.16D/2, from the axis of the plexiglass shell.
For the grains with fixed insert, the metal rod is main-
tained against the inner wall of the shell by two rubber
beads of diameter dbead = (3.00 ± 0.02) mm and mass

FIG. 1. Top left: picture of the experimental setup. The
cylindrical drum (inner diameter 40 cm) is filled with cylinders
with a mobile insert, i.e. a steel rod. Top right: sketch of the
3 different types of piles. Bottom : photographs of the 3 types
of grains (external diameter 9.8 mm).
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FIG. 2. Angle θ(t) vs. time t for a system of particles without
insert.

mbead = (0.030 ± 0.005) g, such that, due to their ad-
ditional mass, the center of mass of the assembly is dis-
placed by dcm = (0.76 ± 0.05) mm from the axis. Pho-
tographs of the grains are reported in Fig. 1.

Successive independent avalanches are produced by ro-
tating the drum at small angular velocity, ω = 0.85 deg/s
[19]: an avalanche is a catastrophic event that affects the
free surface and a few layers beneath it leading to a sud-
den decrease of the slope of the pile. It can be charac-
terized by the maximum angle of stability, θM , which is
the slope that the free surface makes with the horizontal
when the avalanche starts and by the angle of repose, θR,
which is the slope that the free surface makes with the
horizontal when the avalanche stops.

To determine both characteristic angles, θM and θR,
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we report the angle θ(t) that the free surface makes with
the horizontal as a function of time t (Fig. 2): the pile is
imaged from the side with a monochrome CCD camera,
at 2 Hz. For each image, the free surface coordinates are
found with ImageJ [20] and the angle θ is obtained by
linear interpolation with a precision of 0.2 deg. In Fig. 2,
an avalanche is characterized by a sudden decrease of
θ. Indeed, before an avalanche, θ(t) increases linearly
until the system looses stability at the maximum angle
θM . Because the angular velocity ω is small, the sudden
decrease of the slope associated with the rearrangements
of the grains is easily detected.
Finally, we mention that, even if the spatial resolution

is good enough to determine precisely the angle θ(t), the
imaging system does not allow the tracking of the in-
sert inside the shell. In the following, we thus limit our
study to the global effects of the insert on the angle of
avalanche, θM , and the angle of repose, θR, without con-
sidering the internal state of the system.

III. EXPERIMENTAL RESULTS

We report results of experimental runs during which
more than 700 avalanches were detected. We consider
that an avalanche corresponds to a sudden decrease of
θ(t) by more than 1 deg. Note that, with such a thresh-
old, small rearrangements that occur before an avalanche
and do not significantly alter the slope (drop in θ smaller
than 1 deg) are naturally filtered by this procedure and
thus discarded from this study.
For each avalanche, we measure, as illustrated in Fig. 2,

the angle of avalanche, θM , and the angle of repose, θR.
Both angles fluctuate throughout the experimental run
and it is thus adequate to discuss their values through
their probability density functions (PDFs). We point
out that the PDFs reveal a large dispersion. In order
to exclude that the dispersion was not due to a lack of
statistics, we performed a complementary, longer, exper-
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FIG. 3. PDF of the angle of avalanche θM . Markers are
placed at the center of each bin (2 deg). Lines are only guide
for the eye.

TABLE I. Average values of θM , θR, and δ.

Type of packing 〈θM 〉 (deg) 〈θR〉 (deg) 〈δ〉 (deg)

Fixed insert (32± 4) (20± 4) (12± 6)
Without insert (33± 4) (23± 4) (10± 5)
Mobile insert (34± 4) (23± 4) (11± 6)

iment, which did not reveal any substantial difference in
the width of the distribution or mean values of θM and
θR. The dispersion is thus intrinsic to this type of system
as was also observed in the two-dimensional experimen-
tal work of Cantelaube et al [13]. Taking into account
that the uncertainty in the value of both angles is about
1 deg, we shall report histograms using bins of 2 deg.

A. Characteristic angles

We focus first on the stability of the pile, thus on the
angle of avalanche, θM . Probability density functions
(PDFs) and average values of θM for the three systems
under study (grains without or with insert, fixed or mo-
bile) are presented in Fig. 3 and Table I, respectively. For
all systems the distributions are skewed to larger values
of θ, but, regarding the stability, the following observa-
tions can be made:

• The pile of particles with fixed insert is associated
with the smallest average value 〈θM 〉 of θM . This
system is thus the most unstable, in average.

• The pile of particles with mobile insert is associated
with the largest average value 〈θM 〉 of θM . This
system is thus the most stable, even more stable in
average than the pile of grains without insert.
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FIG. 4. PDF of the angle of repose θR. Markers are placed
at the center of each bin (2 deg). Lines are only guide for the
eye.

Let us now consider the state of the system right after
the avalanche which is, at least partially, characterized by
the angle repose, θR. We observe on the PDFs reported
in Fig. 4 that in all cases, the distributions are skewed to
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FIG. 5. PDF of the avalanche amplitude δ. Markers are
placed at the center of each bin (2 deg). Lines are only guide
for the eye.

larger values of θ, as previously observed for θM . From
the PDFs in Fig. 4 and from the average values reported
in Table I, we note that:

• Avalanches of particles without insert or with a mo-
bile insert stop, in average, when the slope of the
free surface reaches almost the same angle of re-
pose, θR.

• Avalanches of particles with a fixed insert lead to
a significantly smaller angle of repose, θR.

B. Avalanche size

Before we discuss the qualitative effects of the insert on
θM and θR, we report on measurements of the avalanche
size in term of the variation δ ≡ θM − θR of the free sur-
face slope resulting from the avalanche. From the PDFs
of δ reported in Fig. 5 and from the average values re-
ported in Table I, we draw the following conclusions:

• Avalanches of particles with fixed insert are asso-
ciated with the largest values of δ, thus with the
largest variation of the slope of the free surface.

• Avalanches of particles without insert are associ-
ated with the smallest values of δ.

One can then wonder if the size of the avalanche in
term of variation of the slope of the free surface, δ, cor-
responds to its size in terms of the displacement of the
grains during an event. To get some insights, we measure
the cumulative displacement of grains in relation to the
cumulative size of the 300 particles, Fm. To do so, each
frame is binarized (with the same threshold) to detect
the proportion of black pixels, Po, that corresponds to
the 300 particles in the drum. From the fluctuations ob-
served from one image to another, we estimate that Po is
measured to within 1%. Then, excluding the rotation of
the drum, the difference between two consecutive frames
gives an image in which the fraction of black pixels, Pm,
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FIG. 6. Avalanche relative size Fm vs. amplitude δ.
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FIG. 7. PDF of the avalanche size Fm – Markers are placed
at the center of each bin (0.05). Lines are only guide for the
eye.

accounts for the cumulative displacement of the particles.
For each avalanche Pmax, the maximum value of Pm, is
measured and we define Fm ≡ Pmax/Po. Considering
the uncertainty in the determination of Pm (and Po),
we estimate that Fm is obtained with at most a 3% of
uncertainty.

One could expect that the amplitude δ (the change in
the slope) be proportional to the avalanche size in term
of the cumulative displacement of the grains that move.
We indeed observe a good correlation between δ and Fm,
which are, in average, proportional to one another for
each type of grains (Fig. 6). However, the proportional
coefficient is system dependent: for the same change in
the slope δ, avalanches of the particles (without insert)
involve more grains than avalanches of both other sys-
tems, whereas avalanches of grains with mobile or fixed
inserts are of the same size. In conclusion, the avalanches
of grains without insert involve in average a significantly
larger cumulative displacement of grains as observed in
the PDFs of Fm reported in Fig. 7.
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IV. DISCUSSION AND CONCLUSIONS

We studied the stability of 2D piles of grains consid-
ering the angle of avalanche θM , the angle of repose θR
and the size of the avalanche in terms of both the vari-
ation δ of the the free surface slope and the cumulative
displacement of the grains involved, Fm. Grains without
or with inserts, fixed or mobile, were considered.
First, we point out that the effects of the insert on

the characteristic angles, θM and θR, remain small: the
angle of avalanche, θM , and the angle of repose, θR, are
changed by two or three degrees, at most (Table I). Ac-
cordingly, the effect of the insert on the avalanche size,
characterized in terms of the variation δ of the inclination
of the free surface, remains small (Fig. 5). However, we
observe that the insert has a rather large effect on the dis-
placement of the grains involved in the avalanche (Fig. 7):
avalanches of grains without insert involve a significantly
larger displacement. Remarking that the grains with in-
sert, fixed or mobile, are significantly heavier than the
grains without insert, we conclude that the avalanche
size in terms of cumulative displacement of grains is al-
tered by the weight of the particles only and not by the
additional internal degree of freedom added by the insert.
We observe that the particles with fixed insert form the

less stable piles (smallest θM , Fig. 3) and give rise to the
avalanches with largest erosion (largest δ, Fig. 5). The
angle of avalanche relies on the fact that, upon tilting, a
local configuration of particles looses its mechanical sta-
bility. Considering the latter, the effect of the fixed insert
on the stability of the pile can be understood by the fact
that the stability of the local arrangement of the parti-
cles depends on the angular orientation of the insert. In
particular, if oriented toward the slope, the insert adds a
moment of the weight about the contact point that favors
the loss of stability. Due to the disorder in the angular
position of the insert in the pile, upon tilting, the system
reaches such an unstable configuration and looses stabil-
ity for an angle θM , smaller, in average, than observed
for the two other systems. Said in a different way, the
fixed insert reduces the number of stable configurations
accessible to the system. For the same reason, we can un-
derstand why particles with a fixed insert give rise to the
largest erosion (largest δ): for the avalanche to end, the
system must encounter a new stable configuration, i.e.
a configuration of the geometrical center of the particle

and of the angular position of the insert that satisfies the
mechanical stability. The fixed insert reduces the num-
ber of accessible configurations and, as a consequence,
the avalanche lasts longer before a new stable state is
reached.

By contrast, particles with mobile insert form the most
stable piles (Fig. 3) with intermediate erosion (Fig. 5).
Upon tilting, the insert rolls at its lowest position inside
the particle. In this position, the particle center of mass
remains closer to the contact points below and, in con-
sequence, the moment of the weight, which is reduced, is
less likely to overcome the friction. This system is even
more stable than the system without insert. During the
avalanche, the insert moves inside the grains, having its
own kinetic energy: a particle (its shell) can encounter
a stable position, but the inner motion of the insert can
destabilize this position of the particle that then goes far-
ther [21]. As a consequence, the variation of the slope, δ,
is slightly larger for grains with a mobile insert than for
the particles without insert.

The present study reveals the interesting effects of the
inhomogeneous distribution of the inner mass in the par-
ticles constituting a granular material. This seminal work
opens a much wider field of investigation. On the one
hand, one can consider the equilibrium and flow prop-
erties of granular piles made of particles having a con-
tinuous, inhomogeneous distribution of mass or a mobile
insert with dissipation (viscous or solid friction, using for
instance a powder as insert) or several discrete permit-
ted positions (sawtooth or ratchet on the inner wall of
the external shell). On the other hand, one can regard
an array of grains with a fixed insert as a prototype of
plastic crystal, a material likely to exhibit a crystalline
order of the particles geometrical center but an orien-
tational disorder at the same time. The study of this
system is particularly interesting in the framework of the
statistical mechanics of dissipative systems.
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