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A BLOCK MOMENT METHOD TO HANDLE SPECTRAL
CONDENSATION PHENOMENON IN PARABOLIC CONTROL
PROBLEMS

ASSIA BENABDALLAH*, FRANCK BOYER', AND MORGAN MORANCEY*

Abstract. This article is devoted to the characterization of the minimal null control time for
abstract linear control problem. More precisely we aim at giving a precise answer to the following
question: what is the minimal time needed to drive the solution of the system starting from any
initial condition in a given subspace to zero? Our setting will encompass a wide variety of systems
of coupled one dimensional linear parabolic equations with a scalar control.

Following classical ideas we reduce this controllability issue to the resolution of a moment problem
on the control and provide a new block resolution technique for this moment problem. The obtained
estimates are sharp and hold uniformly for a certain class of operators. This uniformity allows various
applications for parameter dependent control problems and permits us to deal naturally with the
case of algebraically multiple eigenvalues in the underlying generator.

Our approach sheds light on a new phenomenon: the condensation of eigenvalues (which can cause
a non zero minimal null control time in general) can be somehow compensated by the condensation
of eigenvectors. We provide various examples (some are abstract systems, others are actual PDE
systems) to highlight those new situations we are able to manage by the block resolution of the
moment problem we propose.

Key words. Control theory; parabolic partial differential equations; minimal null control time;
block moment method

AMS subject classifications. 93B05; 93C20; 93C25; 30E05; 35K90; 35P10

1. Introduction.
1.1. Problem under study and state of the art.

This paper is concerned with the following abstract linear control system

y'(t) + Ay(t) = Bu(t),

M 4(0) = 4o,

We are more precisely interested in the minimal time issue for null-controllability,
which can be roughly expressed as follows: what is the smallest time Ty > 0 such
that, for any T' > Ty, for any initial condition yg, there exists a control u such that
the associated solution of (1) satisfies y(7') = 0? Under quite general assumptions,
we shall give formulas (that are reasonably explicit and usable) for such a minimal
control time. The precise notion of solution as well as the wellposedness result for
such system will be detailed below (see Propositions 1.1 and 1.2).

We will consider assumptions on the operator A that will relate (1) to parabolic
evolution equations. Thus, due to regularizing properties, one cannot expect to reach
any target in the state space and should rather try to reach any trajectory. By
linearity, this is equivalent to the aforementioned null-controllability property (see for
instance [19, Secs. 2.3 and 2.5]).

Pioneering works for null-controllability of a scalar one dimensional heat equa-
tions are due to H.O. Fattorini and D.L. Russell [26, 27]. For instance, they proved
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null-controllability of the one dimensional heat equation using a nonhomogeneous
boundary condition as a control. For this purpose, they give a direct strategy re-
ducing the null-controllability property to a moment problem that the control should
satisfy (see Section 1.4 for a presentation of the moment problem). The moment
method they propose consists in solving this problem using a biorthogonal family in
L?(0,T) to the family of exponentials associated to the eigenvalues of A*. Let us
mention that this idea of reducing a (optimal) control problem to a moment problem
is already present in the works [24] by J.V. Egorov and [30] by L.I. Gal’chuk.

Later on, A.V. Fursikov, O.Yu. Imanuvilov [29] and G. Lebeau, L. Robbiano [38]
used Carleman estimates to solve the boundary and internal null-controllability prob-
lem of the heat equation in any space dimension. These two papers have gener-
ated plenty of null-controllability results for various parabolic problems. The com-
mon qualitative behavior of these results is that for scalar parabolic equations null-
controllability holds in arbitrary time (i.e. Ty = 0) and without any restriction on the
control domain.

Among all of these results let use mention the peculiar work [20] by S. Dolecki.
He considered a one dimensional heat equation, with a scalar control located at one
point inside the space interval, and proved that choosing suitably the location of this
control point one can achieve any value in [0, +oc] for the minimal null-control time
To. Until the years 2000’s this work seemed to be considered too peculiar and the
possible presence of a positive minimal null-control time (a very natural property
in the hyperbolic case) was expected to be generically not possible in a parabolic
setting. However, this point of view has been reconsidered recently in various works
as for instance: [3] for abstract control problems, [5] for the abstract problem (1) with
applications to systems of one dimensional coupled parabolic equations, and [11] for
a degenerate parabolic two dimensional equation of Grushin type.

Since then, the minimal null-control time property was investigated on various
examples, still in the setting of coupled one dimensional parabolic systems [6, 21,
42, 46] or in the setting of degenerate parabolic scalar equations [10, 12, 13, 14, 22].
For coupled parabolic systems a geometric control condition may also be needed for
approximate controllability to hold [18, 41], proving once again that hyperbolic-like
behavior can be observed in the parabolic setting.

Concerning the study of the abstract control problem (1), some characterizations
are provided in the series of works [31, 32, 33, 34, 35] using the formalism of Carleson
measures. However the precise question of an abstract characterization of the minimal
null-control time has not been much considered. A formula has been given for the
minimal null-control time of system (1), in [5], in a setting encompassing coupled
one dimensional parabolic equations with a scalar control. Its value depends on the
condensation index of the eigenvalues of A* (see Section 7.5 for a precise definition)
and the observation of the associated eigenvectors. In this work the authors assume
that the eigenvectors form a Riesz basis of the state space. Let us also mention the
work [7] where the null-control time is studied through a resolvent-like inequality
(introduced in [23]) that is a quantification of the well-known Fattorini-Hautus test
for approximate controllability (see [25, 41]). It is an abstract characterization that
might not be easily computable on actual examples but provides a common setting
for all the previous examples exhibiting a positive null-control time. The last two
mentioned results also rely on the moment method. Note that, even if the Carleman
approach is very powerful, it does not seem to be applicable to all the systems of
interest: in many situations (including the ones discussed in Section 5.2) the moment
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method is still the only successful technique up to now.

To highlight the limitations of the existing litterature on such problems and the
improvements we propose, let us consider the following control problem

Ory + <_g” _%ic(w)) y= (8) L (t2) € (0,T) % (0,1),

w0 = () wen=(g). re@.),
J0.2) = ple).  ae 1),

where ¢ € L?(0,1;R) is a given potential. We insist on the fact that our goal is
not to study this particular example but to develop a general characterization. The
application to this particular example is detailed in Section 5.2. The study of the
minimal null-control time for this system for an arbitrary potential ¢ is not covered
by the litterature for several reasons.

e First, depending on ¢, the underlying operator can have geometrically double
eigenvalues. This induces (a finite number of) non-observable modes and thus
prevents even approximate controllability. We thus propose to extend the
study of the minimal null-control time to a given subspace of initial conditions.
This allows to still analyze the controllability properties in this case.

e Even if the potential ¢ is such that the eigenvalues are geometrically simple
it can happen that some of them are algebraically double. In this case, to
the best of our knowledge, the only existing results are [28, 4] which ensures
null-controllability in arbitrary time if the eigenvalues are well separated (i.e.
satisfy the classical gap condition recalled in (29)).

e Finally, if the potential ¢ is such that the eigenvalues are geometrically and
algebraically simple, to the best of our knowledge, the only existing result
can be found in [5]. Under an extra assumption (on the observability of
eigenfunctions), it provides null-controllability at any time T satisfying

— Indist (A N
T > T = limsup —— oot AN
A€o (A*) A

However, their arguments to disprove null-controllability at time T < T
cannot be applied in this example when the potential ¢ is such that the family
of eigenvectors forms a complete family but is not a Riesz basis. Therefore, the
above formula for 7" may dramatically overestimate the actual null-control
time for the system. We will see in Section 5.2.1 that it may happen that
T* = +o00 whereas the system is actually null-controllable at any time 7" > 0.
We will use quite general assumptions in our analysis answering all these concerns
in the case of scalar control (see [17] for an extension to non-scalar control). Doing so,
we will prove that the difference between the Riesz basis assumption and the complete
family assumption for the eigenvectors is not only technical and a new phenomenon
can appear: the condensation of eigenvalues can be compensated by the condensation
of eigenvectors.
We continue this introduction by stating more precisely the problem under con-
sideration and the obtained results.

1.2. Functional setting.

This manuscript is for review purposes only.
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Let X be a separable Hilbert space, whose inner product and norm are denoted
by (e,e) and |le|| respectively. We shall systematically identify X to its dual through
the Riesz theorem. Let (A, D(A)) be an unbounded operator in X such that —A
generates a CY—semigroup in X and (A*, D(A*)) its adjoint in X. Up to a suitable
translation, we can assume that 0 is in the resolvent set of A. We denote by X (resp.
X7) the Hilbert space D(A) (resp. D(A*)) equipped with the norm ||z||, := |.Ax||
(resp. ||z||;. = ||A*z||). We define X_; as the completion of X with respect to the
norm

y zZ
loll_, = sup &2
zeX{ ||Z 1*

Notice that X_; is isometrical to the topological dual of X using X as a pivot space
(see for instance [49, Proposition 2.10.2]); the corresponding duality bracket will be
denoted by (e,e) ; ;..

Let U be an Hilbert space (that we will identify to its dual) and B: U — X_; be
a linear continuous control operator. We denote by B* : X7 — U its adjoint in the
duality described above.

PROPOSITION 1.1. Under the above assumptions, for any T > 0, any yo € X_1,
and any u € L*(0,T;U), there exists a unique y € C°([0,T); X_1) solution to (1) in
the sense that it satisfies for any t € [0,T] and any z; € X7,

* t *
(2) <y(t)»zt>_171* - <yo,e_t“4 Zt> " :/ (u(s),B*e_(t_s)A zt) ds.
-1, 0

U

Moreover there exists Cp > 0 such that

sup [ly(®)_; < Cr(llyoll_y + lullc2o,m0))-
te[0,T]

The proof of this result is recalled in Appendix 7.1. Let us mention that this notion of
solution is very weak. In most works concerning controllability properties for abstract
systems like (1), an extra admissibility assumption is made on the control operator B
to ensure more regularity for the solutions. Note however that this is not mandatory
to prove wellposedness of the system in the weak sense above. We will discuss below
the regularity properties of the control problem.

Let (X3, ||.|l,«) be an Hilbert space such that X} C XJ C X with dense and
continuous embeddings. We assume that X is stable by the semigroup generated by
—A* (see Remark 1.1). We also define X_,, as the subspace of X_; defined by

(Y, 2) 4 1
e {y € X1 llyll_ := sup == < 400 ¢,

2€X} l|2| o*

which is also isometrical to the dual of X} with X as a pivot space. The corresponding
duality bracket will be denoted by (e,s) . Thus, we end up with the following five
functional spaces

XiCcX;cXCcX oCX.

We say that the control operator B is an admissible control operator for (1) with
respect to the space X_,, if for any T' > 0 there exists C'r > 0 such that

T i 9
(3) / HB*mLoA zHUdt <Crlzl2, VeeX;.
0

4
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Notice that if (3) holds for some T > 0 it holds for any 7" > 0. The admissibility
condition (3) implies that, by density, we can give a meaning to the map

(t s Brem(T-0AT z) € L*(0,T;U),

for any z € X.
In this setting, following the lines of [19, Theorem 2.37] we obtain the following
regularity result for the solutions.

PROPOSITION 1.2. Assume that (3) holds. Then, for any T > 0, any yo € X_o,
and any u € L%(0,T;U), there exists a unique y € C°([0,T); X_,) solution to (1) in
the sense that it satisfies for any t € [0,T] and any z; € X,

(y(t),zt>_<>)<> — <y0,67t“4*zt> = /Ot (u(s),B*ef(Fs)A*ZOUds.

—0,0

Moreover there exists Cp > 0 such that

sup [ly(t)ll_s < O (llyoll_o + llull20,m0))-
te[0,T]
REMARK 1.1. Note that a similar reqularity result holds if we don’t assume that
X7 is stable by the semigroup generated by —A* except that we need to restrict our-
selves to initial data yo € X. In that case the solution satisfies for any t € [0,T] and
any z € X,

<y(t)72t>,070 - (yme_tA*zt) = /Ot (u(s),B*e_(t_s)A*zt) ds,

U

sup [ly(®)ll_s < O (llyoll + llull L2(o,7507))-
te[0,T
REMARK 1.2. The case where X = X{ means that we do not have any additional
regularity property for B. Conversely, the case XZ = X means that we have the best
regularity we can hope for system (1) (this is the usual definition of an admissible
control operator as in [19, 49]).

To give more accurate results, we aim at analyzing the minimal null-control time
problem for each specified set of initial data. This is the object of the following
definition.

DEFINITION 1.1. Let Yy be a closed subspace of X_.
We say that system (1) is null-controllable at time T from Yy if for any yo € Yo
there exists u € L?(0,T;U) such that the associated solution of (1) satisfies y(T) = 0.

As a specific choice of Yy one can think of Yy = X_,,, in which case we recover the
classical notion of null-controllability. On the opposite side, if Yj is a one dimensional
subspace Yy = Span{yg}, then the notion above amounts to consider only the null-
controllability of the system for that particular initial condition yyq.

From now on, we will assume that the space Yp is given, and we denote by Py, the
orthogonal projection onto Yy with respect to [le||_, and by Py € L(XJ) its adjoint
in the duality X_,, XJ. Notice that these definitions yield

(4) [P, |

<z
<&

Vz € XJ.

o* )
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Notations. We give here some notations that will be used throughout this article.
e For any integers a,b,c € N, we shall define the following subsets of N:

[a,b] := [a,b] NN,
[a; b2 := [a, 0] \ {¢}.

For any complex number p € C we define e, : (0,+00) — C to be the
exponential function

(5) ey s e M

We shall denote by C,, ... 4, > 0 a constant possibly varying from one line to
another but depending only on the parameters v1,...,7;.

For any multi-index o € N”, we denote its length by |a| = Z?:l a; and its
maximum by |a|e = max;eqi n] ;-

For o, u € N, we say that u < « if and only if p1; < «; for any j € [1,n].
For any finite subset A C C, we will make use of the polynomial P4 defined
by

(6) Pa@) = T] (@ - )
peA
It satisfies in particular, for any \ € A,
PiN) = T[N - ).

HEA
HFEN

1.3. Presentation of the main results.

1.3.1. Spectral assumptions. In addition to the hypotheses described in the
introduction that are necessary for the well-posedness and regularity of our control
problem, we shall make now the following structural assumptions.

e First of all, we shall only consider scalar controls in this paper, that is U = R.
e We assume that the spectrum of A* is only made of a countable number of

geometrically simple eigenvalues denoted by A. We refer to Section 6.3 for a
discussion on this assumption.

We shall also assume for simplicity that the eigenvalues are all real (see how-
ever the discussion in Section 6.1) and that

(7) A C[1,400).

Note that, if (7) does not hold, we can replace A by A + 7 for v > 0 large
enough and find an associated null-control . A null-control for the original
problem is then given by t ~ e"u(t) and we can explicitly bound its cost
with respect to the parameters v and T.

For any eigenvalue A € A, we denote by a) > 1 its algebraic multiplicity and
we assume that there exists an integer > 1 such that ay <7 for any A € A.
The main structural assumptions on the eigenvalues A we shall make in this
paper are the following:

— Asymptotic behavior:

1
AEA
6
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— Weak gap condition with parameters p € N and p > 0:

(©) #(Am [u,u+p]> <p, Ve [0,400).

In the case p = 1, the weak gap condition above simply reduces to
IAN=X|>p, VAN EANAN,

which is the usual gap condition used for instance in [26]. If the spectrum A
is increasingly indexed as A = (Ay;,)m>1 the weak gap condition (9) reads

Amdgp — Am > p, Vm > 1.

As we will use a different labelling of the spectrum in this paper we shall not
use these notations anymore in what follows.

We denote by (¢{)rea an associated family of eigenvectors of A*. These
eigenvectors are chosen to be normalized in X.

As we are interested in null-controllability properties of system (1), we will
first assume that

(10) B*¢ #0, for any \ € A.

This is a necessary condition for the approximate controllability of system (1),
and is therefore mandatory if we expect null-controllability to hold. In our
setting, the assumption (10) is also a sufficient condition for approximate
controllability (see [25, 41]).

When the considered set of initial data Y is not the whole space X_,, the
approximate controllability condition (10) can be too strong and we can relax
it. We will discuss this point in Section 6.2.

For each A € A, we denote by (¢&)l€ﬂ1,axflﬂ a Jordan chain associated with
#Y, that is a family satisfying

A*ph = Aol + o4t Ve [1,an —1].

By (10), we may uniquely determine such Jordan chain if we impose in addi-
tion that the generalized eigenvectors satisfy

(11) B*¢h =0, VIe[l,ay—1].

This particular choice of the Jordan chain is not mandatory but will sim-
plify the forthcoming computations. In the case were the eigenvalues are
algebraically simple (n = 1) we drop the superscipt 0 for the eigenvectors.
We introduce the notation

®:= {gh A e A le0,ar—1]},

for the family of all the (generalized) eigenvectors of A4*. We assume that ®
is complete in X} i.e. for any y € X_,,, we have

(12) (0:6) oo=0, Voc@) = y=0.
7
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We emphasize the fact that we will not make any additional assumptions on the
family ®. This is a very important difference with related results in the literature
in which, most of the time, it is assumed that ® forms a Riesz basis of X}. This is
discussed in Sections 1.3.4 and 3.

In the forthcoming paper [17], we will study the extension of our analysis to the
case of possibly infinite dimensional controls.

1.3.2. Groupings of eigenvalues. To introduce our formula for the minimal
null-control time it is convenient to define adapted groupings for the spectrum A. We
highlight that this notion does not exactly coincide with the condensation groupings
introduced by Bernstein [15], even though it is closely related.

DEFINITION 1.2. Let p € N* and r,p > 0. A sequence of sets (G)r>1 C P(A)
is said to be a grouping for A with parameters p,r,p, and we will write (G)g>1 €
G(A,p,r,p), if it is a covering of A

A= ]G

E>1
with the additional properties that for every k > 1,
gk = #Gr < p,

sup(Gy) < inf(Gry1),

(13) diSt(Gk, Gk-‘rl) >,
and
(14) diam Gy, < p.

We prove in Appendix (Proposition 7.1) that such a grouping always exists for
any A satisyfing the weak gap condition (9).

Once we are given such a grouping, we shall always adopt the following labelling
of the elements of A

Gr={ 61, s Mgt
with Ap1 < -+ < Agg,, and the (generalized) eigenvectors will be relabelled accord-
ingly
Ghj =\, Vk>1,Yj€[1,0], Vi€ [0,ar;—1],
where in the same fashion oy, ; := ay, ;. For any k > 1, we gather the multiplicities
associated with the elements of G, in the multi-index oy, = (a, ;5. .., ., ) € N9

REMARK 1.3. The condition A1 < --- < Mg g, 18 convenient to treat the abstract
problem (1) but might not be convenient in actual examples. As all the estimates in
our analysis will depend on the parameters p and p, the eigenvalues inside a same
group are mostly interchangeable and thus the increasing labelling is not needed.

1.3.3. Minimal control time definition. From now on, we assume given a
grouping (Gg)r in G(A,p,r,p). Thanks to the assumption (10), we can define the
following family of elements in X}

Py, (k)

B*(bo , Vk> I,V] € Hl,gk]],Vl S [[0,0ékJ — 1]]
k.j

(15) ¢§c,j =

8

This manuscript is for review purposes only.



309
310
311
312
313

314
315
316
317
318
319
320

321

NN
w N

324

336

337

Let

WD, )

max k1 o kg

plag

)

where the notation ¢[...] stands for the generalized divided differences (see Section
7.3.2, in particular Proposition 7.7). From Proposition 7.11, notice that the quantity

In (
(16) To(Yp) := limsup
k—oo Ak,

w[)\](f 11), el )\,(C“;:)] appearing in the previous definition is a linear combination of the
elements

{¢§€,j ; ] € [[lvgk]]7 le [O7ak,j - 1]]}

whose coefficients can be explicitely computed on actual control problems (see Sec-
tion 5) and that only depends on the group G} and on the multiplicity multi-index
-

In the simpler case where the eigenvalues are assumed to be algebraically simple
(i.e. n = 1) we can immediately give a more explicit formula for T(Yp). Indeed, in this
case one recovers the standard divided differences (whose definition and properties are
recalled in Section 7.3.1) and thus

1 a. A . )\ *
n m,lrg[[l),{gk]] ||¢[ kyms ’ k,l]”o
m<l

(17) To(Yp) = limsup
k—o0 )\k,l

Then, using Corollary 7.1 and (14) it comes that the computation of all those divided
differences is not needed and the formula reduces to

In <l€rﬁ11axﬂ 1Ak, -5 Akl <>*>
(18) TO(Yo) = hm sup Ik
k—»00 >\k,1
l Yk
ln max 2J
le[1,9x] || j=1 ie[llJ]]#j()\k,j*)\k,i) )
(19) = limsup o
k—o0 )\k,l

where the last equality comes from the use of Newton formula (see Proposition 7.3).

REMARK 1.4. The definition above corresponds to a given grouping of the spec-
trum, however the minimal null-control result stated in Theorem 1.1 will show that its
value does not depend on this particular choice of a grouping. As a consequence, for
specific examples, one can compute the minimal null control time To(Yo) using any
convenient such grouping in a class G(A, p,r, p).

For the sake of simplicity, for any yo € X_, we denote by Ty(yo) the quantity
To(Span(yo)). Of course, we have the following proposition relating To(Ys) and To(yo)
for yp € Yp.

PROPOSITION 1.3. For any closed subspace Yo C X _,,

sup To(yo) = To(Yo)
Yo €Yo

This assertion is proved in Section 7.4.

This manuscript is for review purposes only.
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REMARK 1.5. Let us discuss the sign of To(Yp).
e In the case Yo = X_, (the operator Py thus reduces to the identity), the
minimal time To(Yy) is always non-negative. Indeed, from the case p =
(1,0,...,0) in the definition (16) of Ty we have that

51

. R

To(X_,) > limsup :
k—o00 Ak:,l

From the admissibility condition (3) applied to z = ¢271, we deduce the fol-
lowing upper bound ‘B*qbg 1‘ < Cy/ Ak chg 1H . Thus,
) ’ O*

0
481

hl N7E " llo*
. [B*¢? ,
lim sup — >0,
k—o00 Ak:,l

which proves that To(X_s) € [0, +00].

e In the general case where Yy is a strict closed subspace of X_o, it may happen
that To(Yo) < 0.
For instance, if we choose yy € X1 to be an eigenvector of A for an eigenvalue
A € A, then we have Ty(yp) = —oo. Indeed, we first observe that

(Y0, 0%) oo = (40, 8%) =0, YN € AN # A,

which implies, with Yo = Span(yo) that P{ioqﬁf{, =0 for any N # \. We
deduce that the logarithms in the definition of Ty(yo) are all equal to —oo for
k large enough.

1.3.4. Null-controllability result. The main result of this paper reads as fol-
lows (see also the extension discussed in Section 6.1).

THEOREM 1.1. Assume that the operators A and B satisfy the assumptions given
in Section 1.3.1. Let T > 0 and To(Yy) be defined by (16). Then,
i. If To(Yo) < 400 and T > Ty(Yy), the system (1) is null-controllable from Yy
at time T'.
i. If To(Yo) > 0 and T < To(Yp), the system (1) is not null-controllable from Y,
at time T.

Let us briefly mention that our strategy of proof relies on an adapted block resolu-
tion of the associated moment problem (see Theorems 2.1 and 4.1). In the case of
spectral condensation this new method of resolution ensures sharper results than the
one given by standard biorthogonal families. However, as a by-product, in the case
of algebraically simple eigenvalues we recover the known optimal estimates for such
biorthogonal families (see Corollary 2.1). In the case of algebraically multiple eigenval-
ues we provide new estimates for such biorthogonal families (see Corollary 4.1). Before
describing with more details this strategy of proof let us make some comments.

e There are settings in which formulas for the minimal null-control time are
already known in the literature for instance when the eigenvalues are alge-
braically simple and:

— when the condensation index of A (see Appendix 7.5 for a precise defi-
nition) is equal to 0 (see [7, Remark 1.15]);

— or when the family (¢x)rea of eigenvectors forms a Riesz basis of X}
(see [5]).

10
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Obviously, in those settings we recover the known expressions. This is dis-
cussed in Section 3.1 and Section 3.2.

However, we also prove that the Riesz basis assumption considered in [5]
is not only technical. More precisely, we show in Proposition 3.2, that if
the Riesz basis assumption does not hold, then the actual minimal control
time is less or equal than the value T* given by the formula in this reference
(see (61)). Moreover, we present in Section 5.1, a few examples that are
built such that the value of T* is any chosen element of [0, +o00] whereas the
minimal null-control time Ty(X_,) is in fact 0.

This highlights a new phenomenon: when (¢y)xea does not form a Riesz
basis, it may happen that the eigenvectors condensate (or more precisely the
eigenvectors normalized with respect to the observation i.e. Bf;)) and this
condensation can compensate for the condensation of eigenvalues.

The weak gap condition (9) is particularly well adapted to the applications we
have in mind, namely coupled one dimensional parabolic equations in which
case the spectrum is given by a finite union of sequences satisfying a classical
gap condition (see for instance Lemma 2.1).

The restriction to the one dimensional case in those applications comes from
the assumption (8). Although this assumption can be seen as a restriction
due to the use of moment method, as we are considering scalar controls (U =
R) it is also a necessary null-controllability condition (see for instance [40,
Appendix A]).

As we precised the space of initial conditions in this study of minimal null-
control time, it directly comes that finite linear combination of eigenvectors
are null-controllable in arbitrary small time: the existence of positive mini-
mal null-control time is definitely a high-frequency phenomenon as already
observed in Remark 1.5.

In this article we not only prove Theorem 1.1 but we also develop a new
strategy to solve moments problem: the block moment method presented in
Section 1.4. The resolution of these problems (see Theorems 2.1 and 4.1)
is done with precise estimates. This not only leads to the construction of a
control but also to uniform estimates, with respect to A in a certain class,
on this control (see Corollaries 2.2 and 2.3). Those uniform estimates are
important in various contexts when one wants to achieve bounds on the con-
trol for parameter-dependent problems (see for instance [1, 2] for an example
in numerical analysis of null-controllability problems, or [39] for an example
in oscillating coefficient problems). Thus, the block moment method can be
of interest to study parameter-dependent problems even in the presence of a
strong gap condition, in particular in the case where the strong gap badly be-
haves with respect to the parameter. Actually, this strategy has already been
applied in [16] to study the boundary controllability of a coupled parabolic
system with Robin boundary conditions, uniformly with respect to the Robin
parameters. Moreover, this uniformity property will be crucial in Section 4 to
infer the results on multiple eigenvalues from the ones on simple eigenvalues.

1.3.5. Structure of the article.

We end this introduction by describing the global strategy used to prove Theo-
rem 1.1 and giving some further bibliographical comments. Section 2 is dedicated to
the proof of Theorem 1.1 in the case of algebraically simple eigenvalues. We provide
in Section 3 a comparison of our results with available results of the literature. In

11
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Section 4 we prove that the uniform estimates obtained in Section 2 allow to prove
Theorem 1.1 in the general case of algebraically multiple eigenvalues. To highlight
the new cases and phenomenon covered by our analysis we present different examples
in Section 5. Then we propose some extensions in Section 6. To ease the reading we
gather various technical results in Section 7.

1.4. Strategy of proof.

The proof of the positive controllability result (that is point i. of Theorem 1.1)
relies on a block resolution of the moment problem. Let us give more details about
this strategy.

Let yo € Yy and u € L?(0,T;R) given. Using Proposition 1.2, it comes that
y(T) = 0 if and only if the control u satisfies

T
(20) —<yo,e’“*¢> = / u(t)B e~ T4 pdt, Vo e X7

—0,0 0

As the family ® of (generalized) eigenvectors is assumed to form a complete family
in X7 (see (12)) it is in fact sufficient to test (20) against the elements of ®. Therefore
a null control u is characterized by the following countable set of equations

T
(21) — <y0,67TA*¢l>\>70 = /0 w(t)Br e T4 gl dt, Vae A, VI e [0,an — 1].

Using the formalism of generalized divided differences, we can give a convenient ex-
pression of the action of the semi-group on the generalized eigenvectors as follows

l
A _ (—t)P -
Gl =Y . N

p=0

l

-3

p=0

!
= Zet[)\(pﬂ)w[)\(lfpﬂ)]
p=0

(N 1y
pl A

erd) A,

—~

this last equality coming from Definition 7.3. Then, y(T') = 0 if and only if for any
A€ A and any [ € [0, o) — 1],

T
/O w(T = 1)B* ((er ) AN dt = — <yo, (6T¢)[)‘(l+1)}>_070

By (11), and since yo € Yo, this reduces to find v € L?(0,7T;R) such that for any
A€ A and any [ € [0, 0y — 1],

T _nl
(B*¢9\)/O U(T — t)( [lt) e~ Mdt = — <yo,P§0(eT¢)[)\(l“)]>

—0,0

that is, using (10) and (15),

T Y
(23) /0 u(r 1) lf) e Mdt = — (yo, (ext) NV]) VA€ AVIE [0,00 -1,

12
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To solve this so-called moment problem the classical strategy introduced in [26]
consists in designing a biorthogonal family in L2(0,T) to

{t = tle™ N e A, 1[0,y — 1]]}

with associated estimates. Then, thanks to these estimates, a suitable control is de-
fined. Usually in this procedure each biorthogonal element is estimated separately.
Thus, this method is somehow inoperent to analyse the possible condensation of eigen-
vectors (which is related to possible cancellations in linear combinations of right-hand
sides of (23)). We will thus propose to solve this moment problem using the grouping
introduced in Section 1.3.2; in order to cope with such possible compensations. We
then look for a solution u in the form

(24) u(t) == qu(T —1)

k>1

where each g will solve the moment problem corresponding to the group Gy. More
precisely, such a control will formally solve (23) if

T 4

—t

/ qk(t)( m) e MWkt =0, VK # k, V5 € [1, 9], VI € [0, a5 — 1],
0 .

(25) T )
[ a0 e (s terin5)
0 ! —0,0
vk > 13 VJ S Hlagk]]a vl e [[0,0ék,j - 1]]

Then the proof of point i. of Theorem 1.1 reduces to the resolution of such a
block moment problem with suitable estimates (see Theorem 4.1). First, we solve
in Theorem 2.1 the block moment problem in the case where the eigenvalues are
algebraically simple i.e.

T
/ qk(t)e_kk/’j/tdt = 07 Vkl 7é ka VJ/ € [[]-vgk’]]a
(26) ’

T
/O qe(t)e Matdt = e T (yo, i g) o, V> 1,V € [1,gi]-

This construction uses a Laplace transform isomorphism together with a suitable
restriction argument (Proposition 2.4). The obtained estimates on ¢ will allow to
prove convergence of the series (24) when T > Ty(Yy). Those estimates are uniform
with respect to A in a certain class (see Definition 2.1) which will allow in Section 4
to infer the resolution of (25) in the general case.

REMARK 1.6. Contrarily to the classical strategy, notice that the sequence (qx)
is not a biorthogonal family to

{t»—>tle_)‘t; AeA e [[O,a,\—l]]}.

The function qi is only orthogonal to those functions corresponding to groups other
than Gy. Inside the group Gy its definition is adapted to solve the moment prob-
lem (23). Through the right-hand side (adapted to each initial condition) we will
possibly take into account the unsufficient observation of eigenvectors, the conden-
sation of eigenvalues but also the condensation of eigenvectors. This construction

13
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can thus be seen as a block moment method. As we consider at the same time the
eitgenvalues associated to a same group this will lead to sharper estimates than the one
coming from the design of a biorthogonal family (i.e. when considering each eigenvalue
individually).

However, as already mentioned, our strategy still allows to prove the existence and
sharp estimates on biorthogonal families (see Corollary 2.1 and Corollary 4.1). Let
us mention that, to the best of our knowledge, the estimate we obtain in Corollary 4.1
for a biorthogonal family in presence of algebraic multiplicity of eigenvalues without
the standard gap condition was not known. FEven though these biorthogonal families
are not always suitable to deal with controllability properties in presence of spectral
condensation (this is why we designed this block resolution of the moment problem)
they can be useful for other problems.

Let us mention that, in the context of control problems with a spectrum satisfying
the weak-gap condition, divided differences were already used for instance in [8, 9].
Among other things, in theses works, the authors give a necessary and sufficient
condition for the family of (generalized) divided differences

{t — et[i/\kyl], . ,t — 6t[i)\k’1, . 7i)\k79k] s k > 1}

to form a Riesz basis of L?(0,7;C). The possible condensation of eigenvalues then
appears to deduce properties on the original family of exponentials (t + €™)\en.
Their results are then applied to hyperbolic control problems.

The results presented in our work can be seen as the ‘parabolic’ equivalent (or
the ‘real-valued’ equivalent if one focuses on the exponentials) of these results. Never-
theless, the control problems have really different behaviours as well as the families of
exponentials. Indeed, in our setting the considered families never form a Riesz basis.
Thus, neither work can be deduced from the other.

The proof of point ii. of Theorem 1.1, relies on the optimality of the bounds
proved in Theorem 2.1 for the resolution of the block moment problem.

As dealing with null-controllability from a proper subspace of initial conditions
is not classical let us recall the following lemma that characterizes this controllability
through an observability inequality.

LEMMA 1.1 (see for instance [1, Lemma 2.1]). Let M > 0.
The following two propositions are equivalent.
1. For any yo € Yy there exists a u € L*(0,T;U) such that y(T) = 0 and

lull20,m50) < M lyoll s -
2. For any zp € X}, the following partial observability holds:

(27) HP{}O (e—TA* zT) ’

o

T . 9
< M2/ HB*e_(T_t)A zTH dt.

In this case, the best constant M satisfying those properties is called the cost of con-
trollability from Yy at time T and is denoted M(Yy,T).

2. The case of simple eigenvalues.

14
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2.1. Null-controllability in large time.

The goal of this section is to prove point i. of Theorem 1.1 in the case of alge-
braically simple eigenvalues. Thus, in all this section we assume that n = 1.

As explained in Section 1.4, we will now focus on the construction of a solution
to (26). Of course as we want to design a control u € L?(0,T;U) the estimate of
llax |22 (0,7;r) Will play a crucial role to prove that the series (24) makes sense. Actually
we will prove sharp estimates that are uniformly valid for A in a certain class. These
uniform estimates can be used for various applications and will be crucial to deal with
algebraic multiplicity of eigenvalues in Section 4. We start by precising the class of A
we will consider.

DEFINITION 2.1. Let p € N*, p > 0 and N : (0,400) — R. We say that a count-
able family A belongs to the class L, (p, p, N') if A satisfies the weak-gap condition (9)
with parameters p and p and if for any € > 0 we have

(28) > % <e.

AEA
A>N ()

This definition is directly inspired by the pioneering work [27]. More precisely,
the class of sequences used in [27] is similar to £, (1, p, ), but it is however slightly
different since in (28) the summation condition is given on the value of A itself whereas
in the above reference the condition is on the index of the eigenvalue in A (which is
supposed to be sorted increasingly). Despite this small difference (whose aim is to
simplify some computations) the results we shall take from [27] that use this definition
are also valid with this alternative definition and thus we set L(p,N') := L, (1, p, N).

REMARK 2.1 (The usual gap condition). With our definition, a sequence A be-
longs to L(p,N') if it satisfies the classical gap condition

(29) N =X >p  YANEA A£N,

and the asymptotic behavior estimate (28).

As we will see in the examples (Section 5), the typical situation where sequences
satisfying the weak gap condition appear is when one glues a finite number of se-
quences, each of them satisfying a standard gap condition as in Remark 2.1. This is
formalized in the following lemma.

LEMMA 2.1. Let p,p € N*, p,p > 0 and N, N : (0,400) = R given. Then, for
any A € L,(p,p,N) and A € L,(p, p,N'), we have

AUA € L,(p, p, N),
with p=p+ p, p=min(p, p) and N () = max(N(/2),N(/2)).
Proof. Let us first prove the weak gap condition. For any p > 0, we have
o+ 2N (AUR) = (s e+ 1A U (e + 510 A)
< (mp+ ol M) U ([ p+ 4] NAY,
and taking the cardinal, we get

#l,n+pN(AUA) <p+p=p.
15
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For the asymptotic behavior of the sequences, we have

1 1 1 1 1 e €
< - < - —<-4-=¢
Agﬁ)\_g/\—i_)\z;\)\_ é\ >\+ % )\_2+2 )
€AU 3 € €
ASN(e) A>N(e) A>N(e) A>N(/2) ASN(2/2)
The claim is proved. ad

The following straightforward facts will also be useful.

REMARK 2.2. Let A € Ly(p, p, N).
o Any A C A also satisfies A € L,(p, p, N).
e forany h € (0,infA), A+he L, (p,p,%),

Using this class we prove the following theorem.

THEOREM 2.1. Let T € (0,+c0|. Let p € N*, r,p > 0 and N : (0,400) — R.
Assume that A € L,(p, p, N) and let (Gi)r € G(A,p, 7, p) be an associated grouping.

For any € > 0, there exists a constant Ce 1 prpn > 0 such that for any k > 1,
for any wi1, ..., Wy, € C, there exists qi, € L?(0,T;C) satisfying

T
(30a) / (e ortdt =0, VK £ kY5 € [Lgr],
0
T
(30b) / gr(t)e Matdt = wy 5, Vi € 1, gx],
0
and
(31) H(ZkHLz(O,T;C) < CE’T,p,T’p’Ne‘E)"“’l max w[)\k,l, R )\k,i] .
ZE[[l,gkﬂ

Moreover, up to the factor e 1, this last estimate is sharp: any solution q, €
L?(0,T;C) of (30b) satisfies

(32) ||q1c||L2(0,T;(C) > 6’;,, max w[)\kyl, R )\k,i]

. b)
i€[1,9x]

for some ép > 0.

The proof of Theorem 2.1 is conducted all along Sections 2.1.1 and 2.1.2.

Before going on with the proof, let us notice that the resolution of the block
moment problem (30) for a specific choice of wy ; allows to prove, as a by-product,
the existence and uniform estimates of a biorthogonal family to the exponentials
(ex)ren where ey is defined by (5).

COROLLARY 2.1. Let T € (0,+00]. Let p € N*, r,p > 0 and N : (0,4+00) — R.
Assume that A € L, (p,p,N') and let (Gr)r € G(A,p,7,p) be an associated grouping.
For any k > 1, for any j € [1, gx], there exists g ; € L*(0,T;R) satisfying

T
(33) / quj(t)eik"'/’jltdt = 5k,k/5j,j’7 Vk, K > 1,Vj S [[1,gk]],Vj’ (S [[l,gklﬂ,
0

where § denotes the Kronecker symbol. Moreover, for any € > 0, there exists a
constant Ce 1.prpn > 0 such that for any k > 1 and for any j € [1, gi],

66)\]@,1

gk, illz207R) < CeTproN T T
J ( ) &,14,p,T,p |Pék(Ak7])|7
16
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where Pg, is defined in (6).
Moreover, up to the factor e 1, this estimate is optimal since any function Qk,j
satisfying (33), satisfies the lower bound

- 1
lgk,ill20.m:R) = Corr—i—7
TIEAOTR) PIPL, (Mky)]

for some CN'p > 0.

Proof. Let k > 1 and j € [1,gx]. Let qr; € L?(0,T;C) be the solution of the
block moment problem (30) given by Theorem 2.1 associated with the right-hand side
wy j» = 0; i for any j' € [1, gx]. Since those values of w are real we can change gy, ; in
its real part without changing its properties. Then, the equalities (33) follow directly.
Moreover we have

lak.jllL20,mm) < Ceroprpn €™ 1 max |wMe1, ..., Aril|-
’LEIILgk]]

From the Newton formula (see Proposition 7.3) it comes that for any ¢ € [1, gi],
0, ifi <7,
1
WKLy - A) = ,if i > .
H (Ak,j - )‘k,m) -

me[[l,i]]#]-

To conclude the proof of Corollary 2.1 we prove that there exists C} , > 0 such that
for any k > 1, j € [1, gx] and any i € [4, g],

(34) I P =Xl > Copl P, )l

me[[l,i]]#j

Indeed, we have

[T Pes— Aeml [T i — Aeml
me[1,i]; _ mellily _ 1
1PG, (Ak5)l IT A= Meml [T s — Aeml
me[l,grll; meli+1,9x]

By (14), we get
|/\k7j_)‘k,m| Sp7 Ym € [[l+1agk]]

Thus,

[T ks — Aeml

mell il 1\
(35) z() :
|Pg, (Ak,5)l p

As the right-hand side only takes a finite number of values, inequality (35) proves (34)
and ends the proof of Corollary 2.1.

The lower bound directly follows from (32) and the inequality
1

~PL O] 0

> ‘W[Ak,l,...7xk,gk]

‘max WAk, 1,. .5 Akl
'LGIIl,gk]]
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2.1.1. Resolution of block moment problems in infinite time.

In this section, we start by proving Theorem 2.1 in the case of simple eigenvalues
and with T = 4o00. More precisely, we prove the following proposition.

PROPOSITION 2.1. Let p € N*, r,p > 0 and N : (0,+00) — R. Assume that
A€ Ly(p,p,N) and let (Gi)r € G(A,p, 7, p) be an associated grouping.

For any € > 0, there exists a constant Ce . p N > 0 such that for any k > 1, for
any w1, ..., wk,g. € C, there exists qi, € L*(0,+00; C) satisfying

+oo
| atme tae =0, £k vi € Law],
0

(36) oo
/ Gr(t)e MItdt = wy vjie 1, 9],
0
and
||ak||L2(0,+oo;C) < Ce,p,r,p,/\/egl\k’l max (wW[Ak1,- -5 Akl
i€[1,9k]

The proof relies on the construction of an holomorphic function satisfying suitable
properties and estimates. The resolution of the block moment problem (36) then
comes from the isomorphism induced by the Laplace transform.

Proof. Let us start by recalling classical properties of the Laplace transform (see
for instance [47, pp. 19-20] and the references therein). Let H?(CT) the space of
holomorphic functions F' on C* = {z € C; R(z) > 0} such that

sup [ (o + o)l 2 micy < +oo,
endowed with the norm
1F %2y = sup I1F (0 + i) |72 (mic)-
From the properties of H?(C"), it comes that
IFleny = [ IPGrIPAr, WP e HA(E).

Then the Laplace transform

“+o0
L: f € L*0,400;C) (F:/\E(C+»—>/ e‘”f(t)dt) € H*(CM)
0
is an isomorphism.
We shall construct for each k, a function J, € H?(C") satisfying
(37) Jk()\) =0, VA€ A\Gk,
(38) Jk(Akj) = wiy, Vi€ 1,9l
and such that for any € > 0, there exists C; p, ., v > 0 such that
/|Jk(i7)|2d7 < Ceprpne™ !t max |whet,..., Aedll, VEk>1
R i€[1,9x]

Taking advantage of the isomorphism property of the Laplace transform we will then
set g := L=1(Jg), to conclude the proof.

18
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Construction of Jy.
We define Jj, as

Pk(z)

. +
Jp:2ze€eC l—>(1+z)p

Wi(2)

where Py is a polynomial of degree less than p which is precised below and Wy is the
following Blaschke-type product

P

A—2z
Wi(2) = H H Atz |’
J=1 \XeA;\Gy
where
(39) A] = {)‘l,min(j,gl)7 l 2 1}

The sequence A; contains the j-th element of each group Gy, except if this group
contains less than j elements, in which case, we replace it by the largest element of
G that is A 4,. In particular, we observe that A; is a subsequence of A.

From (8), we deduce that Z/\eAj% < 400, so that for any j, the associated
infinite product uniformly converges on any compact of C*. As a consequence, W}
is well-defined and holomorphic in C* (see for instance [45, Chapter 15]). It follows
that Jj, is also holomorphic on C¥.

We shall need the following property, whose proof is technical and postponed to
Section 2.1.4.

PROPOSITION 2.2. There exists a constant Ce p r.p x> 0 such that for any k > 1,
any 1 € [0,p], and any 0 € Conv(Gy),

(10) | (:) "0

From the definition of W, it comes that (37) is satisfied. Next, it comes that (38)
is equivalent to

E)\kJ

< CepprpNE

(1+ Apy)? .
Po(D )= —22 i, V 1 .
% (Ak,5) WiOve) Wej, Vi€ [1, 9]
Let
fiseR— (1+5s)?, and fr:seR— f(s)
Wi (s)

To satisfy (38), we define Py as the Lagrange interpolating polynomial at points Ag_;
with values (frw)[Ak ;] == fr(Ag, j)wk,; that is, in Newton form,

Pk(z) = Z(fkw)[AkJ’ ey )\k,j] H(Z — )\k,i)~

Thus, to conclude it remains to estimate / | Ty, (i7)|2dT.
R
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Estimate of Jy.
Notice that since the eigenvalues in A are real, for any £ > 1 and any 7 € R, we
have |W(i7)| = 1. This implies

A p—1
7+ Mg

A1 Ji(i)] =
(41) ) < 9 = e

(frw)[A,15 - - -,)\k,j]’

and thus J, € H?(CT).
Using Leibniz formula (see Proposition 7.6),

J
(42) (fkw)[xk,l,...,xk,j]‘ <y ‘fk[xk,i,...,xk,j]‘ ‘w[m, . .,Ak,i]‘.
i=1

Using again Leibniz formula (see Proposition 7.6),

i 1
) ks ] = D s A (757 ) e Ml

The two factors in each term of this sum are estimated using Lagrange theorem (see
Proposition 7.4):
e First, we have
f(m—i)(ek)
)\ By ey )\ -
f[ ki k,m] (m — Z)'

with 5 € [Ak,i, Ak,m]. It comes that there exists C}, > 0 such that
(44) £kt Al | S Col1+ Aen)? < Cpl1+ )P

e Second, we have

(V[l/k> Ny« Akl = m (V[l/k>(jm+1) R

with ék c P\k,ma )‘kyj]'
By using (40), it follows that

(45) ’(I/Ilfk) Akms -5 Ak

Recall that (14) implies Ag g, — Ak,1 < p. Then, using (44) and (45) into the identity
(43) proves that there exists C. o a0 > 0 such that for any ¢,5 € [1,gx],7 < j, we
have

5>‘7€1§k

< Ceppne

‘f’“ Pis )‘k,j]} < Ceprpne™.
Plugging it in (42) we obtain
max |(frw)Ae,1s o M)l < Ceprpne™ ! max (w1, ..o, Akl |-

Jj€1,9%] i€[1,9%]

Finally, getting back to estimate (41), and using the isomorphism property of L
ends the proof of Proposition 2.1. ]
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2.1.2. From infinite time horizon to finite time horizon.

In this section we first prove that the estimates on the solution on (0, +00) of the
block moment problem (36) for simple eigenvalues given in Proposition 2.1 implies
the resolution on (0,7') of the similar block moment problem (30). More precisely we
prove the following.

PROPOSITION 2.3. Let p € N*, p > 0 and N : (0,+00) — R. Assume that
A e Ly(p,p,N). For any T > 0, there exists a constant Crp , x> 0 such that for
any q € L*(0,+00; C) there exists g € L?(0,T;C) satisfying

T “+o00
/ q(t)e Mdt = / qt)e=Mdt, VA €A,
0 0
and
||Q||L2(07T;<C) < CT,p,p,NHa“L2(0,+oo;<C)-
For any T € (0, +00], we set

2 .
AAT) :=Spanfer; ae A} 09,

where e is defined in (5). The proof of Proposition 2.3 mainly relies on the following
proposition that gives an estimate on the inverse of the restriction operator.

PROPOSITION 2.4. Let p € N*, p > 0 and N : (0,400) — R. Assume that
ANe Ly(p,p,N). Let T > 0 be fized. Then, the restriction operator

(46) RA,T S A(A, +OO) = q|0,1) € A(A,T)
is an isomorphism. Moreover there exists a constant Cpp , ;v > 0 such that

(47) ”RX,lT” < CrppnN-

In the case p = 1, this result is due to Fattorini and Russell [27, Theorem 1.3]. Our
proof follows closely the strategy developed in this reference and takes advantage of
the uniform estimates we established in the previous sections.

Proof. The fact that Ry is an isomorphism is proved in [47] under the sole
assumption (8). The only thing to prove is thus the bound (47).

The proof is done by contradiction. Assume that the estimate does not hold for
given T, p, p, and N, then there exists a sequence (A™),,>1 belonging to the same
class L, (p, p,N), such that

—1
(48) [ xm | —— +o0.

For each m, by Proposition 7.1, we consider a grouping (G}")x € G(A™,p, p/p,N),
and from (48) we know that there exists coefficients aj’; such that the finite linear
combination

m

K™ gj
P" it Z Z a,ijef)‘kmvjt,
k=1j=1
satisfies
1P™ L2 (0,00:0) = 1, and  [|P™| z2(0,7:c) — 0.

m—r oo
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Let 0 < ¢ < Z be fixed and let C5. = {z € C; R(z) > 2¢}. We prove that the
sequence z — P™(z) is uniformly bounded on any compact of C4_

Let m > 1 and z € C§.. Then for any k € {1,..., K™} the application of Propo-
sition 2.1 to the sequence A™ yields the existence of g,"* € L?(0, +00; C) satisfying

+oo
/0 Grite Natdt =0, VK #k, V5 € [1, g0,
(49)

+m m m
/ g (e Matdt = e M VY e [1, 9],
0

ez[A;c'fh...,Agfj]‘) 7

15 1200y < Coppve™s (| man
J€llg]
where e, is defined in (5).
The previous right-hand side is estimated using Lagrange theorem (see Propo-
sition 7.4). As the function e, is complex-valued we apply it on both its real and
imaginary parts. This yields

( max
J€lL,97*]

e[ A\ AT D < O plzfPe TN

Thus,
\IG?’ZIILZ(o,+oo;C> < Ca,p,p,-’\f‘Z|pe_(%(z)_s))\k’1

Then, using (49) it comes that, for m sufficiently large,

K™ gk/ 9
m A,z —AT t~m,z _ m ="z
(P™, 4% ) 12(0,00,0) = E g as ; / e Wt (t)dt = g ajje” i,
k=1j=1 j=1

From Cauchy-Schwarz inequality we deduce that
Za’ﬁje—/\ﬁjz < IP™[| 220,000 181" 22(0,4-0050) < Ce,p,p,N|Z‘p6_(%(z)_e)>\?’l'

Summing these inequalities we obtain that for any z € (CQJ;,

K™ | 93"
|P™ (2 E E a’,gfje—%,jz < Ceppnlzlf E e~ (R()=eAEy
k=1 |j=1 k>1

From the properties of the groupings (see Definition 1.2), it comes that A;?; > 2 (k 1).
Thus, for any z € (C;E,

(50)  [P™(2)| < CeppunlelPe 7RO Y em 0D < €, pefafPem PR,
k>1

This gives that (P™),, is a sequence of holomorphic functions uniformly bounded
on any compact of C§.. From Montel’s theorem it comes that we can extract a
subsequence converging uniformly on any compact of C;“s to an holomorphic function
P.

22

This manuscript is for review purposes only.



782
783
784
785
786
787
788

789

790

791
792
793

794

795

796

797

Now recall that ||P™| z2(0,7;c) goes to 0 as m goes to infinity. This implies that
P(t) = 0 for any ¢ € (2¢,T). The function P being holomorphic it comes that it
vanishes on (C2+E. Using (50) and the Lebesgue dominated-convergence theorem yields

HPm||L2(0,+oo;C) Vn—>—oo> 0.

This is in contradiction with |[P™||12(0,4+00;c) = 1 and ends the proof of Proposi-
tion 2.4. 0

We now have all the ingredients to prove Proposition 2.3.

Proof (of Proposition 2.3). This proof follows closely the one of [4, Section 4]
and [5, Lemma 4.2]. From [4, Corollary 4.3], as A satisfies (8), it comes that A(A, 4+00)
is a proper subspace of L?(0,+o0;C). Let I, the associated orthogonal projection.
Let ¢ € L?(0,+00,C). Then, by construction, we have

+oo +oo
(51) / MaAq(t)e Mdt = / gt)e Mdt, VA€ A.
0 0

From Proposition 2.4, the restriction operator R 1 defined by (46) is an isomorphism.
Thus, setting q := (RX’IT)*H Aq ends the proof of Proposition 2.3. Indeed, there exists
Crp.p,n > 0 such that

lallz20.7:0) < Crpop N 10l 20,4000 5

and, using (51), for every A € A,
T
/ q(t)e Mdt = ((Ry ') TIag, ex) 20,7y = (TIAG, Ry 'p Ra1€A) 12(0,400)
0

+oo
= / q(t)e M. u|
0

We can now conclude the proof of Theorem 2.1 for simple eigenvalues.

Proof (of Theorem 2.1). The resolution of the block moment problem (30) as well
as the estimate (31) follow directly from Propositions 2.1 and 2.3.

The only thing left to prove is the lower bound (32). Let ¢, € L?(0,T;C) be any
solution of (30b). Using the linearity of divided differences, equalities (30b) imply
that for any ¢ € [1, g

T
(52) WMoty Apa] = / ar(Desers - A ldt
0

where e, is defined by (5). From the Lagrange theorem (see Proposition 7.4) and the
fact that etz_l) is decreasing on (0, 4+00), it comes that for any ¢ € (0,7, we have

et N1y - -y Ai]| < tPe™ Mt < gPe !

since we assumed that A C [1,400). Thus applying the Cauchy-Schwarz inequality
to (52) gives

1
2

T
WAk 15 -5 Akl < llakllz2 0,70 </ t2p6tdi> < (2p)Nlarllz20,750)
0

which proves (32) and ends the proof of Theorem 2.1. d
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2.1.3. Construction of the control.

In this section we gather the previous ingredients to prove the positive controlla-
bility result. We also give an upper bound and a lower bound on the cost of control-
lability from Yy at time T as defined by Lemma 1.1.

Proof (of point i. of Theorem 1.1 for simple eigenvalues).

Assume that Tp(Yp) < 400 and let us consider an initial data yg € Yy. Without
loss of generality we assume that ||yl _, = 1.

Let T € (To(Yp),+o0) and € > 0 be such that T > To(Yy) + 2. From Proposi-
tion 1.3, it comes that T > Ty(yo) + 2e.

For any k > 1 and j € [1, gx] we set

G_Ak'jT <

Whj = Y0, Pk j) oo -

Let (gr)k>1 be the solution of the block moment problem (30) given in Theorem 2.1.
There exists a constant Ce 75,0 A > 0 such that

lakllrz0,7:8) < Cerprpne ™ max |w[hg1,..., k)|, Vk>1.
i€[[1,9%]

Let &k j := (Yo, Vr,j) .- Notice that wy ; = er (A ;)& 5, where er is defined in (5).
From Leibniz formula (see Proposition 7.6),

(53) WAE L - Ak] = Y er Ny Ml €Dk -5 k)

m=1

In this expression, £]...] stands for the divided differences associated with the values

(Me1,€,1)5 - -5 (Mo grr Ek.g ). From Lagrange theorem (see Proposition 7.4) it comes
that (iem)
ey 0k _ (=T)7" _gr
Aoy Api] = L - .
erl, kil = T T =y

with 0y € [Mgm, Ak,s]. Using the definition (18) of To(yo), it comes that,

(59)  [eDns o M| = [0 B P M) o | < Gt Tolwod4),
Thus, there exists Crj, > 0 such that

‘W[)\k,ly e Akd]| < OT,peAk,l(TO(yO)JFg*T)_

Then, as T > Ty(yo) + 2¢, the series (24) is convergent in L2(0,T;R) and defines
a control u that solves the moment problem (26), which implies that the associated
solution of (1) satisfies y(T') = 0. d

With the same strategy we can prove a more accurate result. Namely we get the
following uniform bound for the cost of controllability.

COROLLARY 2.2. Let p € N*, r,p > 0 and N : (0,400) — R. Assume that
A€ Ly(p,p,N) and let (Gg)r € G(A,p,T,p) be an associated grouping. Assume that
n=1 and Ty(Yy) < +o00. For any T > Ty(Yy), let C* > 0 be such that

To(Yo)+T
2

(55) max ||’Q/J[)\k71, ceey >\k,l] S C*exk’l

le[1,gx]

. Vk> 1.

oO*
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Then, there exists a constant Cry(vy),7.p,rpN > 0 such that for any yo € Yo, there
exists a control u € L?(0,T;R) such that the associated solution y of (1) satisfies
y(T) =0 and

lull 2 0,7:R) < Cry(ve). 7o € Yol s, -

Proof. We follow the same strategy as in the proof of point i. of Theorem 1.1

with € = %O(YO) but we do not use (54). Instead notice that using (55) we have
60 M| = | 08Dt M) | < €7M I ],
From (53) it comes that
Dt Am]| € O TCr M B |

Thus, writing that [jul] <, gk, we get

To(¥Q)=T
lullz2(0,78) < CroprpaC* lyoll o D €M1 4
k>1

From Definition 1.2 it comes that Ay1 > r(k — 1) which ends the proof of Corol-
lary 2.2. ]

We also provide the following lower bound for the cost of controllability.

COROLLARY 2.3. Let p € N*, r,p > 0 and N : (0,+00) — R. Assume that
A€ Ly(p,p,N) and let (Gy)r € G(A,p,7,p) be an associated grouping. Let T > 0
and Yo C X_,. Assume that n = 1. If system (1) is null-controllable from Yy at time
T then,

oO*

U/ Ak
M(YO, T) > 2&1:1) lerﬁlla;z]] TJ ||(€T’(/J)[>\k’1, ey )\k,l]

where er is defined by (5), ¥ is defined by (15) and M (Yy, T) the cost of controllability
from Yy at time T is defined in Lemma 1.1.

Proof. Let k > 1 and [ € [1, gx]. If system (1) is null-controllable at time T from
Yy, we apply Lemma 1.1 with

Pk,
B* ¢,
T = .
Z; [T My — Ak
MRS EW
By definition of z7 we have
l Pk.j
~TA* e T B* k.
e Zr = e i
’ ; [T ey —Ana)
J i€[1,0];
and thus
: |75, =)l
M(YOaT) 2 T I et 5
e 2J
dt
/o Zl [T (ks = Ara)
MRS EW)
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From Newton formula (see Proposition 7.3) and Lagrange theorem (see Proposi-
tion 7.4), for any ¢ € [0, T], there exists & in [Ag 1, Ag,] such that

! —Ag it l l
Z S < Lot < 2e_’\’“t.
o H ()‘kyj — >\k,i) - -

ieﬂl,l]]#j

Using Newton formula (see Proposition 7.3), we have
Py (™™ ar) = (ert) M, A,

which ends the proof of Corollary 2.3. |

2.1.4. Estimates on Blaschke products.
This aim of this section is to prove the technical estimate stated in Proposition 2.2.
This relies on an extension of the following result by Fattorini and Russell.

LEMMA 2.2 (see [27, Theorem 1.1]). Let v > 0 and J : Rt — R. Let L(v,J) be
the class introduced in Remark 2.1. For any ¥ € L(vy,J) and o € ¥ we define

o' —z
WyizeCho [ 5—-
-0+ z

o'ex

o'#o

Then, for any € > 0, there exists C. . 7 > 0 such that
’WE(O’)‘ >C. e .

REMARK 2.3. To be complelety accurate let us precise that [27, Theorem 1.1] does
not exactly state such estimate since this theorem only deals with the estimate of a
biorthogonal family. However, the estimate given in this theorem together with the
[27, equality (2.1)] given during its proof directly yield Lemma 2.2.

The generalisation we propose is the following.

LEMMA 2.3. Let v > 0 and J : Rt — R. For any e > 0, there exists Ce 7 > 0
such that, for any sequence ¥ € L(v,J), for any o € ¥, we have

WZ(2)| = C.h7e™7, VzeCT st [z—0| <

N2

Proof. For any o’ > 0, since (¢/ — R(2))? < (¢/ + R(2))?, it comes that

o' —z _ (0" —R(2))? +S(2)? < (o' — R(2))?
o' +z (0 +R(2))* +3(2)? ~ (0! + R(2))*
and thus,
(56) Wy (2)] = W3 (R(2))]-

We introduce the family 3 obtained from X by replacing o by R(z), that is

5= S\ {o}) U{R(2)}.
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Since only one value has been modified, 3 also satisfies
1
< 0
ses
886 As,

87 (57) [R(=z) — o] < |z = o] < 2,

888 it comes that ¥ satisfies the gap condition (29) with p replaced by 3. Notice that
889 {R(2)} € L(1,e L). Thus using Remark 2.2 and the arguments of the proof of

800 Lemma 2.1 it comes that £ € £ (%, j) with J depending only on 7.

891 Obviously, as the terms ¢’ € ¥ that are different from o have not been modified
892 it comes that .

893 Wy = Wi)‘%(z)’

894 Applying Lemma 2.2 it comes that for any € > 0, there is C; 5,7 > 0 such that

e Wi (RE)| 2 Cepy g™,

896 Finally, recalling (56) and (57), we obtain

897 W3 (2)] = W5y (2)] 2 Wiy (R(2))] = Cpge™ M) > Cepy ge™2e™?

898  which ends the proof of Lemma 2.3. ]
899 We now turn to the estimates we need for the derivatives of ﬁ

900 PROPOSITION 2.5. Let v >0 and J : RT — R.

901 Then, for any 1 > 0, for any € > 0, there exists Cjc .5 > 0 such that for any

902 X e L(y,T),
1\®
903 (WE) (o)

< 0175,7“7656, Vo € X.

904 Proof. The case [ = 0 is nothing but the estimate given in Lemma 2.3.
905 Let
906 D, :={z€C+;\z—o|<l}, Co ::{z€C+;|z—U|=1}.
907 7 =2 7 2
908 As W2 does not vanish in an open neighbourhood of D, it comes that V&Z is
909  holomorphic on this domain. Thus applying Cauchy formula yields
( 1 )W( - / ws (2) .
910 - o) = — ———dz.
wz 2im Je, (2 — o)ttt
911  From Lemma 2.3 it comes that for any € > 0 there exists C. , 7 > 0 such that
912 L ()| <C 7, Vz el
o WE z — Ea'Yaje I z g,
[og
913  This directly implies
1\" Il
914 (sz> (0)] < Cepy g€~
ag
915 and ends the proof of Proposition 2.5. O
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We shall now move to the proof of Proposition 2.2 which is the main objective of
this section.

Proof (of Proposition 2.2). Recall that the function A/ : RT™ — R is the one
appearing in (28) and that the subsequences A; are defined in (39).

We recall that the index k is fixed, as well as the value § € Conv(Gj,). We intro-
duce the new sequence ]\j obtained from A; by replacing the k-th value Ay min(j,g.)

by 6 i.e. ~
Aj = (A \{Memingion }) U {6}

Notice that, using Proposition 7.1, the fact that A; is a subsequence of A such that
each term belong to a different group, and by the assumption on ¢, we obtain that
A; satisfies the gap condition (29) with p replaced by v = %. Notice that {0} €
L (17 € %) Thus using Remark 2.2 and the arguments of the proof of Lemma 2.1
it comes that i&j ecL (’y, j) with 7 depending only on A

With these notations and Proposition 7.1 it comes that

I ﬁ 1
W~ e

Finally, using Leibniz rule (for derivatives), evaluating the result at z = 6 and using
Proposition 2.5 yield the claim. ]

2.2. Lack of null-controllability in small time.

The goal of this section is to prove the point ii. of Theorem 1.1 in the case of
algebraically simple eigenvalues. Thus, in all this section we assume that n = 1. The
proof mainly relies on the optimality on the bound obtained in the resolution of the
block moments problem in (32).

Proof. Let T > 0 and assume that null controllability from Yp in time T of (1)
holds.

Thus, there exists Cp > 0 such that: for any yg € X_,, there exists u €
L?(0,T;R) such that the associated solution of (1) with initial condition Py,yo satis-
fies y(T') = 0 and |[ul|L2(0,7;r) < Cr [|yol| -

Due to the equivalence between null controllability and the moment problem (23)
it comes that

T
/ e M=y (t)dt = — (o, e_’\TwQ_o o VA e A.
0 :

Recall that 1y is defined by (15). Thus, for any k& € N* the control u(7 — e)
solves (30b). Using the lower bound (32) with wy ; := (yo, e T4y ;) __ . it comes
that

’w[/\m, . .,/\k,l]‘ < Cpllullz20,mir) < Cp,r llyoll s Vk e N*, Vi € [1, gk]-
Due to the definition of wy, j, this can be rewritten as
| (yo, (ex¥)Art, - Akal) oo | < Corllwoll o Yk €N, VL€ 1, gi],
where e; is defined by (5). By the dual characterization of the norms this implies

(58) l(er)[Ar,1s-- s Alllye < Cpry  Vh €N, V€ [1, gi],
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Notice that 1y ; = eMiTe  wiTyyy o = e [\ ](ert))[Mr,;]. Thus, using Leibniz
formula (see Proposition 7.6), we obtain,

(59)
l

D1 M) = 3 (er®) Mty Aegle Mg Akal, VB € NT, VL€ [1,g4].

Jj=1

From Proposition 7.4, it comes that for any j,! € [1, gx], there exists z € [Ag j, A1
such that

o
e(—T])(Z>
T
Finally, plugging this estimate and (58) into (59) we obtain,

1601 Aklllge < Cppre T

Due to the definition of Ty(Yp), this implies that T > To(Yp) and ends the proof on
the lack of null-controllability at time T < Tp(Yp). |

e, ;T AeaT
< CpeiT < Cp pree T

|€7T[>\k,ja ey >\k,l]

3. Comparison with some already known results.

In this section, we prove that we actually recover the known formulas for the
minimal null-control time when there is no condensation of eigenvalues or when the
eigenvectors are assumed to form a Riesz basis of X}. Doing so we will highlight in
Proposition 3.2 that the actual minimal null-control time is always smaller than the
value predicted by the formula that would be valid under the Riesz basis assumption.
As all these results were proved for albreaically simple eigenvalues we assume in all
this section that n = 1.

Notice that the proofs in all this section only rely on the definition of the minimal
null-control time (19) and thus do not depend on Theorem 1.1.

3.1. When there is no condensation of eigenvalues.

In this section we prove that, if the condensation index of the sequence A vanishes
(the definition of ¢(A) is recalled in Appendix 7.5) then the expression (19) coincides
with the known expression relating the minimal time for null-controllability to the
observation of the eigenvectors ¢, through the operator B*.

PROPOSITION 3.1. Assume that A and B satisfy the assumptions of Theorem 1.1
with n = 1. If ¢(A) =0, then, we have

—In|B*
To(X_o) = limsup M
A—r00 A
AEA
This result was already proved in [5] with the additional assumption that the
family of eigenvectors ® = (¢x)reca forms a Riesz basis of X or in [7, Remark 1.15]
in a more general framework encompassing the one studied here.

Proof. Notice that when Yy = X_,, the operator Py reduces to the identity.
Thus, considering [ = 1 in (19) always lead to

—In|B*
To(X_o) > limsup M
A—00 A
AEA
29
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988 We assume that

—1In |B*
989 (60) To(X_s) > liin sup M,
—00
A€EA

990 and we will prove that c¢(A) > 0.
991 We shall reason as in the proof of point ii. of Theorem 1.1 (see Section 2.2) but
992 starting with the formula (17) instead of (18). We can find an integer [* > 1, an
993 extraction (ky,)n>1 and integers m,, such that 1 <m, <m, +1* —1 < g,, and such
994 that if

995 T, = V[ Air s - - s Mbirmn 15 —1)s

996 we have

oz lo-

997 lim
n— o0

= TO(X—0)~

Kn,l

998 Moreover, we can assume that for any [ € [1,1* — 1], we have for some € > 0

In o [Nk - A ] ] o
m<r
999 T(1) := lim sup romsl 3 <To(X_o) — &,
n—-4oo Kn,1

1000 since, if it is not the case, we can reduce the value of [* accordingly. Note that, as

1001 ||Py, éall,. < 1, by (60), we know that I* > 1.
1002 From the definition of divided differences (see Definition 7.1), it comes that
1003 Ty = w[)\ﬁnvmrz"!‘l’ ) )\Wn;m7z+l*_1] B w[)\ﬁn;m'rﬂ o )\Hn>mn+l*_2] .

)\’{n M+l =1 7 )\"in sMn,

1004 For n sufficiently large, we have

1005 @], > eren 1 (To(X—0)—€/2)

1006 Using the definition of T(l* — 1) it comes that, for n large enough,
1007

1008 ||w[)\"‘namn+17 et )\Kn,mn+l**1] ||<>* + ||¢[)‘H”,mn» LERR )‘Kn,m,f%l*f?] ||<>*

< rrn (T =1)+¢/2)
1011 Thus, since [* > 2, we can combine the last two estimates to obtain
‘)‘Rn,mn—&-l - /\Nn,mn| < ‘A’in;mn"'l*_l - >\K3n7mn|
1012 Se—A,m,1(TO(X_Q)—e—f(z*—l))
Sep(To(X—o)—e—f(l*—1))8—Ann,mn (To(X—o)—e=T(I"~1))
1013 In particular, we have

—1In |Pé:w (Akp,m)] —In|Ag, mn+1 — Ay mn |

1014 lirirlsolip Y~ > liririsolép -

1618 > To(X_o) —e—T(I* —1) > 0.

1017 Using Proposition 7.12, we conclude that c(A) > 0, and the claim is proved. |
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3.2. When there is a Riesz basis of eigenvectors.

As already mentioned the null-control problem for (1) has been considered in [5]
with the additional assumption that the family (¢x)xca forms a Riesz basis of X7.
Observe that it is equivalent to ask that (¢x/ ||@all)rea is a Riesz basis of X.

With this additional assumption, the minimal null-control time from Yy = X _,
was proved to be equal to

NI
(61) T* := limsup —— 2"
A—00 A
AEA

where the interpolating function Ej is defined in (126).

REMARK 3.1. Notice that, since ¢ is normalized in X7, there exists C > 0 such
that

1
— < < A
CA — H¢>\||_Cv v )

so that the value of T* in (61) does not change if one considers the normalization of
eigenvectors in X instead of in X7.

In our setting, we prove that the formula above for 7% is always an upper bound
of the actual minimal null-control time, without assuming the Riesz basis condition.

PROPOSITION 3.2. Assume that A and B satisfy the assumptions of Theorem 1.1
with n = 1. Then, To(X_o) < T* where T* is defined by (61).

Proof. First step: we begin by proving that the grouping designed in Proposi-
tion 7.1 ensures a simpler expression for T*. Let (Gg)r>1 € G(A, p,T, p) be a grouping
as introduced in Section 1.3.2. For each A € A, we denote by G the unique group
in (Gg)k>1 that contains A\. Then, we have

In (g5 TP o]
(62) T* = limsup ¢ ,
A—00 A
AEA

where, for each group G, the polynomial Py is defined by (6).
e Let GG be a group of eigenvalues and A € G. We prove that, for any finite subset M
of A\ G, whose cardinal is denoted by n := #M, we have

n
(63) IT = 5!
pneM
where 7 := %. To this end, for any j € [1,p], we define
M; = {p € M; 3k > 1 such that p = A\ ;}.
P
Since the groups are covering A, we have a disjoint union M = U M;. It follows that

j=1
there exists jo € [1,p] such that #M;, > {%J From (13) it comes that

A=l >r,  YpeM,

and
= >r, Ve [l,pl,\Vu, ' € My, p#p'.
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Then,

p
IITr=ul={T1 IT A=w || I] A-nul
neM J=1 peM; neMj,
J#Jo
> (0NN ) (r#00) {#%J!

This proves (63).
e From (63) we apply [5, Theorem 3.8] to obtain that for any subsequence (A,)n>1 C

A,

In E (1/\ N In [Py 1](An)\
64 i AR Gon =0.
(64) Ao "

This directly implies (62).

REMARK 3.2. Notice that (63) is not the exact assumption required in [5, Theo-
rem 3.8]. For this result the authors assumed

(65) IT A=l =rmn,

pneEM

with the same notation as in the proof above. We claim that with the exact same proof
it is sufficient to assume (63). Indeed, in the proof of [5, Theorem 3.8], the only point
were assumption (65) is used is the Second step in the middle of page 2097. Then
the term n! is estimated asymptotically using Stirling formula to prove that the term
k1 goes to 0 as k goes to co. As the rest of the proof is long, technical and remains
unchanged when replacing (65) by (63) we do not reproduce it here for the sake of
brevity.

Second step: we end the proof of Proposition 3.2. Recall that from (34) we have
that there exists Cp, , > 0 such that for any k£ > 1, [ € [1, gx] and any j € [1,1],

IT s = kil = Co ol PG, k)
i€|I1,l]]¢j

As we have considered normalized eigenvectors, and by (4), for any £ > 1 and
any ! € [1, gx]), we have

1 1 ]
> <X
= I ey =) = I ey =Aki)
€L o ie[1,1]; o
Pk,
<[ max =
T e IT (Mky = Aki)
i€[1,0] 25 o
<[ ma 1
X .
= ogelnd |B*orl TT 1Ak — Akl
i€ [1,0] 5
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Using (34) this leads to

l Vk,j 1
d < Cl max .
; [T kg =)~ selnnn B l|Pg, (Ak.;)]
i€[1,0] 25 o*
Thus,
i: Yk, j
In max —_—
4 [T ei—Aki) 1
eltaed \ [l7=1 cepmy, L N BT TP e Ay In(Cl)
< max —= 4 .
Ak,1 J€ll,gr] Ak,j Ak Ak,1
Then, using (62), we obtain
To(X_o) < T*. 0

We now prove that we indeed recover exactly the expression of the minimal
time (61) (or (62)) when we assume that the eigenvectors form a Riesz basis.

PROPOSITION 3.3. Assume that A and B satisfy the assumptions of Theorem 1.1
with n =1 and that (dx)rea forms a Riesz basis of Xr. Then, To(X_o) = T* where
T* is defined by (62).

REMARK 3.3. It will appear clearly in the proof that the Riesz basis assumption
s much stronger than what we really need. The only thing that we actually use at

the very beginning of the proof, is that the spectral radius of the inverse of the Gram
matriz My, := Gramx: (¢x,1,. -, Pr,g,) salisfies

sup p(M; 1) < +oo.
k>1

A careful inspection of the proof shows that it is in fact sufficient to assume that

—1
lim sup %

=0.
k—o0 Ak,l

Note in particular that, in practice, estimating such a spectral radius in each group is
much simpler than proving that the whole family is a Riesz basis.

Proof. As we assumed that (¢x)aea is a Riesz basis of X} it comes that there
exists C' > 0 such that for any k > 1, for any oy 1,...,ak,4, €R,

Nl

9k Ik
2
max oy ;| < E a,; | <C E A jPhjl|
j€l1,9%] =1

=1 o
and thus
l
iy lows | € ooy |3 o
o
Setting )
T By IT kg — i)
i€[1,gr];
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1100 yield
1 gk B(b);ﬁ’j
1101 max <C ot
ieltad IB*orl I [k — Anl ; (Akj = Aki)
i€[1,gr]+; i€[1,9k]+; o
l P
B*d)k .
1102 < C max s
T i<i<o ; (Mg — Akyi)
1103 i€[1,1]; o*
1104 Tt follows that for any j € [1, gx],
1105 1 1
15} =
1B*on il |PG, M)l 1B brl  T1 [k — Awil
i€[1,9x] 5
l P,
1106 < C max -
1<i<gy ]; [T Aey—Are)
1107 i€, o
1108 Thus, taking the logarithm,
l P
In max I Ow v B*(d;\];’jv_/\k .
£ ¢, J N
1109 —In|B* ¢ ;1|1 PG, (Mk.j)] < etbod \ =1 ven, LAV C
1110 Ak,j - Ak Ak

1111 Since by definition we have Gy = G*»3], this ends the proof of Proposition 3.3. 0

1112 4. The case of multiple eigenvalues.

1113 In this section we prove Theorem 1.1 in the case where we allow algebraic multi-
1114 plicity for the eigenvalues i.e. n > 2. As previously, the main issue is the resolution
1115  of the block moment problem given in (25). This is detailed in the next subsection.

1116 4.1. Resolution of block moment problems.

1117 We prove in this subsection the following theorem which is the generalization of
1118  Theorem 2.1.

1119 THEOREM 4.1. Let T € (0,400]. Let p € N*, r,p > 0 and N : (0,400) — R.

1120 Assume that A € L, (p, p,N) and let (Gg)r € G(A,p, 7, p) be an associated grouping.
1121 We also consider an integer n > 1.

1122 For any € > 0, there exists a constant Ce 1 prpnn > 0 such that for any k > 1,
1123 for any multi-index oy, € N9 with |agle < 1, any set of values w,, € (C'ak‘, there
1124 exzists qx € L*(0,T;C) satisfying

g

T l
—t
1126 (66b) / qk(t)i( l') e~ Ml gt = wfm, Vi e [1,gx],Vl € [0, ak,; — 1],
0 !

1127

T 4
—t
1125 (66a) /qk(t)( ) st g = o, Yk # kY5 € [L,gw], VI € [0,n],
0

34

This manuscript is for review purposes only.



1128

1129

1130
1131

1132

1133

1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
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1165

and the bound

67 laelezore) < Cerprpmae™ max WINI, . NG
pnlay
Moreover, up to the factor e =1, this last estimate is sharp: any solution qi of (66b),
satisfy
~ (11) (1r)
(68) ||Qk HLQ(O,T;C) > Cp,n Mng%g(k wp\klﬁl PR /\kli;k] )
pla

for some épm > 0.

In the case p = 1 (usual gap condition), a solution to (66) is given by the biorthogonal
family built in [4]. Here, we extend this resolution using a weak gap condition (9) and
we prove that the obtained estimates are uniform with respect to A in a given class
‘CU) (.’ ., .).

COROLLARY 4.1. Let T € (0,+00]. Let p € N*, r,p > 0 and N : (0,+00) — R.
Assume that A € L, (p, p, N) and let (Gi)r € G(A,p, 7, p) be an associated grouping.

We consider an integer n > 1 and for any k we suppose given a multi-index
ay € N9 guch that |ag|s < 7.

Then, for any k > 1, for any j € [1,gx] and any | € [0,ar ; — 1] there exists
Qk.j1 € L*(0,T;C) satisfying

r (_t)ll — A ot
; qk’j,l(t) 7 e ki dt:(sk,k'aj,j'(sl,lu

for any kK" > 1, any j € [1,9x], 7 € [L,gw] and any I € [0, — 1], I €

[0, cs j» — 1]. Moreover, for any € > 0, there exists a constant Ce 1 prpnn > 0 such
that for any k > 1, any j € [1, g] and any l € [0, o, ; — 1], we have

llgk,5.llz2(0,7:0)

<C 66)\;971 1
> LeTop,rpnN H |)\k,j — )\k,i|ak’i ( >ak)jll :
i€[1,9x];

i€[1,9x] 25 min |>‘k,j = ki

The proof of Corollary 4.1 is left to the reader: it follows closely the one of Corollary 2.1
and makes use of the estimate given in Proposition 7.11 instead of the Newton formula
for standard divided differences.

REMARK 4.1. Contrary to the estimate in Corollary 2.1, the above estimate is
not optimal in general, even if we do not consider the exponential factor. Indeed,
some cancellations can occur depending on the relative positions and multiplicities of
the eigenvalues that are not taken into account in the above general bound. In actual
examples, one needs to compute carefully the coefficients of the generalized divided
differences introduced in Proposition 7.11 to see whether or not a sharper estimate
can be obtained.

Here also, the proof of Theorem 4.1 relies on the resolution of the block moment
problem (66) with T = +o0o and then on a restriction argument. For pedagogical
resaons (the proof being less technical) let us present first this restriction argument
(which is the generalization of Proposition 2.3).
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1177
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1179

1180
1181
1182

PROPOSITION 4.1. Let p € N*, r,p > 0 and N : (0,4+00) — R. Assume that
A€ Ly(p,p,N) and let (Gp)r € G(A,p,7,p) be an associated grouping. We also
consider an integer n > 1.

For any T > 0, there exists a constant Crprpnn > 0 such that for any ¢ €
L?(0,+00; C), there exists ¢ € L?(0,T;C) satisfying

T (——t)l +oo (——t)l
/ q(t) T e”\tdt:/ q(t) T e Mdt, YA e AVl e [o,n],
0 : 0 :

and the estimate
lallz20.1:0) < CrprpmnlldllL20,400:0)-
Proof. For any h > 0, we define

n
A= J@A+1n).
=0

Using Remark 2.2 and Lemma 2.1 we have that Ay, € Ly, (pn, p, N') for some N which
does not depend on h. We suppose given a fixed ¢ and, for any h > 0, we can

apply Proposition 2.3 with the sequence Aj and obtain the existence of a function
qn € L*(0,T;C) such that

T +o00
(69) / qu(t)e” A+t — / Gt)e=MMtar wa e AV e [0,7],
0 0
and satisfying moreover the uniform estimate

lgnllLz0,750) < Crpy e p i @l L2(0,4-0050), VR > 0.

We can then find a subsquence (gp,, ), that weakly converges towards some ¢ €
L?(0,T;C) such that ||q||r20,mc) < Cr pyrp @l L2 (0,400;c)- We will show that ¢
solves the required equations.

Let A € A and I € [0,n — 1] be fixed. Combining the equations (69) to make
appear divided differences, we have the equality

T “+o0o
(70) / an (Desh A+ L] dt = / el A+ Th] dt,
0 0

where ¢; is defined in (5). The Lagrange theorem (see Proposition 7.4) implies that,
for any t and any n, there is a &, € [A\, A + [hy,] such that

_ 1\
et [)\7 L) )\ + lhn] = %e_gt,nt,

which implies that |e:[A, ..., A+ lh,]| < t o=t and

e\ A lhy] ——

By the Lebesgue dominated-convergence theorem we deduce the strong convergence
1

in L2(0, +00;C) of t = e¢[\, ..., A+ h,] towards t — (7;) e~ and the claim follows

by weak-strong convergence in (70). d
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Let us now turn to the resolution of the block moment problem (66) for T' = +oo.
The next proposition is the generalization of Proposition 2.1.

PROPOSITION 4.2. Let p € N*, r,p > 0 and N : (0,4+00) — R. Assume that
A e Ly(p,p,N) and let (Gp)r € G(A,p,7,p) be an associated grouping. We also
consider an integer n > 1.

For any € > 0, there exists a constant Ce p r pnn > 0 such that for any k > 1, for
any multi-index ay, € N9 with |agle < 1, and any set of values w,, € Cloxl, there
exists qr € L*(0,+00; C) satisfying

+oo —t U
/0 qk(t)( l’!) e Mrtdt =0, VK # kY e [1,gp], VI € [0,1],

Foo )" 5 .
/ Qk(t)%e Ak’Jtdt = w;aj? VJ S Hl,gk]]’VZ S [[07ak7j - 1H7
0 .

and the bound

A (k1) (bi)
M) bl S Coprpne™ mas [w3f)- AL
pnlay

Before getting to the proof let us mention that Propositions 4.1 and 4.2 imply
Theorem 4.1. The lower bound (68) is proved in the exact same way as (32) and is
thus left to the reader.

Proof. As in the previous proof, for h > 0, we define

n
An = @A +1n),
=0

that belongs to the class L., (pn, p, N). For any k > 1, we set

n
G = J(Gr +1h).
=0

For any h < r/(2n), the family (G )k is a grouping in G(Ap, pn,7/2,p +1r/2).

Now, we are given a fixed index k. We observe that, there exists a hg € (0,7/(27))
(possibly depending on k) such that, for any h < hg, the sets G, Gy +h, ..., G +nh
are pairwise disjoint.

Since we need to take into account precisely the multiplicities we are interested
in, encoded in the multi-index ay, we introduce the modified k-th group

Ik
Gin = U{Akvj’ Mej+h, oo Ak + (ag; — 1R} C Gyp,

Jj=1

and the new family

Ap = UGl,h UG h,
I>1
1%k

which satisfies A, C Aj, and therefore also belongs to the class L., (pn, p,./\7 ).
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1231

By construction, the family of points in ék,}«” that we denote by upp1 < - - <
kb, |oy| 18 @an approximation of the weighted family ((Ax,1,- .., Ak,g,, ), @) in the sense
of Definition 7.2. Let F': R — C be a smooth function satisfying the conditions

1 .
(72) EF(”(/\M) =wh,, Vi€l gl V€[00, —1].
For each h > 0, we apply Proposition 2.1 to the family A}, to find a solution Qk,h €
L?(0, +00; C) to the following moment problem

+oo
/ G (t)e” M Tt g = 0, WK # kY5 € [1,g1], VI € [0,7],
0
(73) .
/ G (t)e”Mea Ot gp — P(\ 5 + Bl), Y € [1,gx],¥ € [0, — 1],
0

and satisfying the following bound, with a constant uniform with respect to h,

_ pEAE,1

gk,nllL2(0,+00:0) < Ccpprp i€ max |\Fpg p1s - Mk |-

i€f[1,|o|]

By Proposition 7.7, we know that the right-hand side in the above estimate converges
when h — 0 towards a similar quantity with generalized divided differences instead
of the usual divided differences. It follows that we can extract a subsequence (gx. n,, )n
that weakly converges in L?(0, +o0o; C) towards a function g, that satisifies the bound
(71).

Finally, by the same argument as in the proof of Proposition 4.1 above, we can
combine the equations (73) to make appear divided differences on both side and pass
to the weak-strong limit in the integral to finally get

+oo —t l
/ qk(ﬂ( z') e watdt =0, VE' # kY5 € [1, 1],V € [0,1],
O .

+oo —t l ) .
/ qk(t)( )V e=hst gt = FINDY, Vi€ [0, g1l V€ [0, oy — 1],
0

I
which is exactly our claim since, by the computation rule (121) and by (72), we have
!
FY) =t . O

4.2. Proof of the minimal null-control time property.

In this section we end the proof of Theorem 1.1. The extension of Corollaries 2.2
and 2.3 as well as their proofs to the case 1 > 2 are straightforward and left to the
reader.

Controllability in large time: proof of point i. of Theorem 1.1.
Let T > Ty(Yo) and yo € Yy. For any k > 1, let ¢, € L?(0,T;C) be given by

Theorem 4.1 with -
+
k= (o (ert) M)

As in Section 2.1.3, since T' > Ty(Yp), the estimates (67) imply that

wi=—> q(T — ) € L*(0,T;C).
E>1

Moreover, as qx solves the block moment problem (66) it comes that u solves the
moment problem (23) and thus y(7T') = 0.
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Lack of null-controllability in small time: proof of point ii. of Theorem 1.1.
The proof follows exactly the lines of Section 2.2 and relies on the lower bound (68)
given for the solution of the block moments problem (66).

5. Examples.

In this section we study various examples. In Section 5.1, we design ‘abstract
examples’ to highlight the phenomenon described in Section 1.3.4: the condensation
of eigenvectors can compensate the condensation of eigenvalues. More precisely we
design an example which is null-controllable in arbitrary time but with an arbitrary
condensation of the eigenvalues. We also give examples to illustrate the new settings
covered by our analysis when the eigenvalues are algebraically multiple in the absence
of a gap condition. The interest of these abstract examples is to highlight the different
phenomena as the computations are straightforward.

Finally, we provide in Section 5.2, actual examples of one dimensional coupled
parabolic control systems that have motivated the present study. The precise analysis
of null-controllability for those systems was not possible using existing results in the
literature.

5.1. Abstract examples: a possible compensation of condensation of
eigenvalues.

The design of these abstract examples is inspired from the work [3]. Our goal is
to illustrate, in particular, the fact that, even if the control operator has no influence
on the minimal null-control time, the knowledge of the condensation index of the
eigenvalues of the operator A is not sufficient to understand the null-controllability
properties of system (1).

Let A be a positive definite self-adjoint operator with compact resolvent in a
Hilbert space H whose eigenvalues (f)r>1 are assumed to be sorted in increasing
order. One can think of A, for instance, as the Laplace operator —0,, or any Sturm-
Liouville operator with homogeneous Dirichlet boundary conditions.

If we denote by (¢x)r>1 a corresponding Hilbert basis of eigenvectors, A may be
written

A= (o) or, DAY=z e H; Y pj (v, 00)y < +00 ¢,
k>1 k>1

where (s, ), denotes the scalar product in H. We assume that (u)r>1 satisfies (8)
and (9) with p = 1, i.e., satisfies the so-called gap property. Let p > 0 be such that

(74) 0<p< élefl(ﬂkﬂ — H)
and f:0(A) — R a positive function defined on o(A) the spectrum of A satisfying
(75) 0 < f(pe) <p, Vk = 1.

Let f(A) be the operator defined on D(A) by

FOA) = ) (o, 08) g Pk
k>1
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Let x¢p € H fixed satisfying

(76) | (20, px) | > e Ve, Vi > 1.

REMARK 5.1. This vector xog will be used to design the control operator B. This
assumption will ensure that the terms B*¢y appearing in the definition (19) have
no influence. This will allow us to really emphasize the role of the condensation of
etgenvectors.

5.1.1. Perturbation of a 2 x 2 Jordan block.
Let X =H x H,

(77) A= (g‘ A A)) . D(A) = D(4) x D(A),
and
(78) B:ueRHu<J?O)€X.

It is easy to see that (—A, D(A)) generates a Cp-semigroup on X and that B: R — X
is bounded. Thus we consider for this example that X; = X = X_, and Yp = X.
The spectrum of (A*, D(A)) is given by

A= {pr, p + f(ur) s k> 1}

PROPOSITION 5.1. Let us consider the control system (1) with A and B given
by (77)-(78).
i. For any function f satisfying (75), null-controllability from X holds in any
time i.e. To(X) = 0.
ii. For any T € [0, 400, there exists a function f satisfying (75) such that c(A) =
T.

This gives a first example in this setting where the minimal time is not related to
the condensation index. As it will appear from the proof, see (79), this is due to a
condensation of eigenvectors compensating the condensation of eigenvalues.

Proof. The proof of point ii. directly follows from straightforward computations
using Proposition 7.12 with the explicit choices f : s — pe*\/g, f s pe % with
c>00rf:s'—>pe_52.

We now turn to the computation of the minimal null-control time. Using (74)
and (75), it comes that (8) and (9) are satisfied with p = 2. We define our grouping
by setting Ag 1 := p and A2 := px + f(px). The associated normalized eigenvectors
are

¢k,1 = m (fgﬂk)) Pk ¢k,2 = (?) Pk

which do form a complete family in X. Moreover, for all k£ > 1,

B 1 = ————= (w0, k), and Bdr2 = (Zo,0k)y
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1326

so that, with (15), we have

From Definition (18), we have

In (max{||z/;k71|| , W})

To(X) = limsup

k—o0 M
One has
1Vk,2 — Vi1l 1 H(l) 1
7 N = k|| = T————
(%) ) Teoeal || \0 o e)n ]
Using (76) and (75) we easily deduce that
0
In gyl
To(X) = limsup ————#= = 0.
k—o0 M
REMARK 5.2. Notice that,
o 21 - VIR T?)
_ — 0,
||¢k,2 ¢k71” 1+f(ﬂk)2 oo

thus the eigenvectors of A* do not form a Riesz basis of X. If this family were a
Riesz basis, then we would deduce from [5] that the minimal null-control time would
be equal to the condensation index c(A).

REMARK 5.3. Let us consider in the same setting the evolution problem (1) given

A T
a=(3 1)
In this case, the operator A* has spectrum o(A*) = {ur ; k > 1} with algebraically

double eigenvalues satisfying the gap property and an associated Hilbert basis of (gen-
eralized) eigenvectors given by

A= (D)en @t ad=(g)e

Notice that from (79) one has

Vg2 — Vi1 _ 1 <1)<p _ o
Flw) (o, i)y \0) 77 Brg¥”

by

Thus, the analysis of (77)-(78), is unchanged if ones sets f = 0.
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5.1.2. Algebraically multiple eigenvalues.
Let X =H x Hx H. Let >0 and g: 0(A4) — R be such that

(80) g(ur) = pe 1,

with p satisfying (74). Let

A T 0
(81) A=10 A 0 , D(A)=D(A) x D(A) x D(A),
0 0 A+g(A)
and
0
(82) B:ueR—ulx
To

Again B is a bounded control operator and we also set for this example X} = X = X_,
and YO = X.
The spectrum of (A*, D(A)) is given by

A= {pw, pi +9g(uk); k> 1}

PROPOSITION 5.2. Let us consider the control system (1) with A and B given
by (81)-(82). Then,

(83) Ty(X) =28 = 2¢(A).

REMARK 5.4. In this case, the family of (generalized) eigenvectors do form a
Hilbert basis in X. However due to the presence of algebraically multiple eigenvalues
one cannot compute the value of the minimal null-control time using [5]. Its value
is still related to the condensation index of A but also depends on the multiplicity of
each eigenvalue in the system.

Proof. From (80), we see that the eigenvalues are geometrically simple. Then, it
comes that (8) and (9) are satisfied with p = 2. We define our grouping by setting
A1 o= g and A2 := g + g(p)-

In this setting, the eigenvalue Ay ; is algebraically double and A 2 is algebraically
simple. The associated eigenvectors and generalized eigenvectors of A* are

0 1 0
W= |1,oe, dh1:=1{0|vk, dRo:=1]0] s,
0 0 1

which obviously form a complete family in X. Moreover, for all £ > 1,

B*¢2,1 = B*¢2,2 = (20, k) 1 »

leading to
0 1 0
0
- 1 @kv ,(/) - O QO]{;,
ol (w0, Pk) g 0 h2 (w0, Pk) g1 1
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1360

1361
1362

1363

1364

1365

1366

1367

1368

1369

1370

1371
1372

1379

1380

1381

and

1 1
Yo = ——— | 0| ¢n-
kil ($07<Pk)H 0

To compute the minimal time Tp(X), let us estimate the different terms appearing
n (18). We have [\, 1] = 1[1271 and Y[Ag,1, A\g1] = 1/1,;1 implying

1
‘ (1‘0, 90/‘0)H | .

Using Proposition 7.10, it only remains to compute and estimate the generalized
divided difference 9[Ak 1, k.1, Ak,2]. This comes from (121) and (122) as follows

0kl = [0k 15 Akl =

0 0
1 1 1 1
YAk, Ak2] = 1) ppr=7—"""—" k>
P, ezl (o, k) Ak2 — Ak | 4 (%0, 0x) i 9(p) 4
and
Ve, Mt o] = YAk 1, Ak2] — V[ Ak, Aki)
e Ak,2 — Ak
1 1 _g(ﬂk)
= -1 Pk -
(3307 @k)H g(/ik)Q 1
Thus, using (80) we obtain
1 1
[Y[Ak,1 Ak 15 Ar2]|| = g(pr)? +2
I91 PN TR EAG
— 1 p—2e2ﬂuk /p2€72’8”" + 2.
(Jfo, ka)H
Then, for k large enough, we have
max {1’ p7262ﬁ#k /p2e—2ﬁyk + 2} _ p7262ﬂ/—tk /p26—2ﬁ,u;C +2,
and, using (76), this leads to (83). |

5.1.3. Competition between different perturbations.

Let X =H x H x H. Let o, 8 > 0 with a # 8 and f,g: 0(A) — R be such that

Flur) = pe™ ", glu) = pe™ P,
with p satisfying (74). Let
A 1 0
(84) A=[0 A+ f(A) 0 , D(A)=D(A) x D(A) x D(4),
0 0 A+g(A)
and
0
(85) B:ueR—u|ax
Lo
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1395
1396

1397

1398

1399

1400

1401

1402

1403

1404
1405

1407

1408

Again B is a bounded control operator and we still set for this example X7 = X = X_,
and Yy = X.

PROPOSITION 5.3. Let us consider the control system (1) with A and B given
by (84)-(85). Then,
To(X) = 8 + min{a, 8}.

Proof. The spectrum of (A*, D(A)) is given by

A = {pg, pr+ flpr), pr +g(pe) ;s k> 1}

By construction, these eigenvalues are geometrically simple. Then, it comes that (8)
and (9) are satisfied with p = 3. We define our grouping by setting

At o= M, A2 = pr+ flug), and gz = pr + g(u).

Notice that the eigenvalues are not necessarily increasingly sorted inside the &*" group
depending on the relative positions of o and 8 but, due to the invariance of divided
differences with respect to permutations, this does not change our analysis.

These eigenvalues are algebraically and geometrically simple and the associated
eigenvectors are

o

1 _f(Mk) 0
TRV 1 ks Pr2:= 1]k, Pr3:= 10| ¢k,
1+ f(pe)? 0 0

which do form a complete family in X. Moreover, for all k£ > 1,

¢k,1 =

[

1

B*(bk,l = 77— (%0, %k ’ and B*(bk,Q = B*¢k,3 = (%o, Pk )
e o (@005
leading to
1 7]‘.(#1@) 0
1/%,1 — 1 Pk, d)k,Q - 1 Lk,
(95079%)}1 0 ($07<Pk)H 0
and
1 0
Y3 =———|0] ¢
(xOﬂOk)H 1

To compute the minimal time Ty(X), let us determine the different terms appearing
n (18). We have ¥[Ap1] = Y1,

Y[Ak,1, Ak2] = 0 or=7—""——1|0] ¥,
(0, Pr) g Akj2 — Ak, 0 (o, 1)l \
0 0
1 1 1 1
U2 sl = 1) g 1)
e sl = o M= \ 3 ) P Gopndr 9o — Fan) \
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1410

1411

1412

1413

1414

1415

1416

1417

1418

1419

1420

1421

1422

1423

1424
1425

1426

1427

1428
1429
1430

1431
1432
1433
1434
1435
1436

1437
1438

and finally

Y[ Ak,15 A2l — Y[ Ak,2, Ak3]
Akl — k3

1 1 9(ux) = f ()

(@0, ) g 90mw) (9m) — F() 11 o

YAk, 1 Ak,25 Ak3) =

Since limg_ 400 g(1x) = 0, we immediately see that, for k large enough, we have
max { [¥[Ae,a]ls (191, A2l 1901, A2 Aralll b = 19015 An2, Al
so that using (76) and (18) we get

1 Ak 1y Ak2, A -1 —
k— o0 1223 k—o0 M

3

The analysis is now split into two cases:
1. Assume first that

(87) B < a.
We deduce from (86) that
—Ine2Bex (1 _ e*(a*ﬁ)m@)

To(X) = limsup =20.
k— o0 Mk

2. Assume now that
(88) 8> a.
We deduce from (86) that

—Ine— (@B (1 — e—(ﬁ—a)uk)

To(X) = 1ilr€n sup o
— 00

=a+p.

REMARK 5.5. As previously the family of eigenvectors does not form a Riesz basis
since for instance we have ||@r,1 — ¢k 2| v 0. Thus, one cannot apply the results
— 00

of [5] that would give that the minimal null-control time is (see Appendix 7.5)
-1
k—o0 223

Yet, in the case (88) we still have To(X) = c(A). However, in the case (87) we have
0 < To(X) = 28 < ¢(A). Notice that, in this case, setting f = 0 one recovers the
system studied in subsection 5.1.2 for which the minimal time is exactly 2.

=a+p.

5.2. Condensation in partial differential equations.

We provide in this section actual PDE examples covered by our analysis. First
of all, let us emphasize that our setting naturally covers a wide range of coupled one
dimensional parabolic equations. Indeed if there exists p € N* such that the spectrum
of A is given by the union of p families

N={N;k=1}

such that each family satisfies (9) and (8), then the structural assumptions on A are
automatically satisfied (see Lemma 2.1).
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5.2.1. A system with two different potentials.

Let us consider the following boundary control system
_awac +c1 (J?) 1 o 0
o+ (T, L w)r=(0) o <o,

(89) wm—@va®‘®’““”

y(0,z) = yo(z),

where 1, ca € L2(0,1;R). Without loss of generality we assume that ¢; and ¢y are non-
negative. The operator A appearing in this system is defined in X = (L?(0,1;RR))?
with domain X7 = D(A) = (H?(0,1;R) N Hg(0, 1;R))2. The control operator B is
defined in a weak sense as in [49]. The expression of its adjoint is easier to rule out

and is given by
(5 i (%) = (o)
B*: € X{— . | = .
(g ! B*g —4'(0)

Here we denoted by B* the (scalar) normal derivative operator at x = 0 defined
on H?(0,1;R). Standard parabolic regularity properties show that, if we define
X = (H}0,1;R))?, then the operator B is admissible with respect to X_, =
(H71(0,1;R))?, in the sense of (3). Therefore, for any u € L?(0,T;R), (89) is well-
posed in CO([0, T], (H~1(0,1;R))?).

For any non-negative potential ¢ € L?(0, 1;R), we denote by A° the definite posi-
tive self-adjoint operator in L?(0, 1; R) with domain H?(0,1;R) N H}(0, 1;R) defined

by A®y = —0,,y + c(x)y. Its spectrum is denoted by A¢ C (7%, +00) and satisfies
90 inf A — > 0.
(90) nf VA= Vil

AFp

We choose associated eigenfunctions denoted by ¢§ that are normalized in L?(0, 1;R)
and that satisfy (see for instance [37, Theorem 4.11])

(91) @5 (x) = V2sin(VAz) + O (\%) , uniformly in z,
(92) 95 (2) = V2V A cos(VAz) + O (1), uniformly in 2.

In particular, there exist C,C > 0 such that,
(93) CVA<|B* o5 | = 10295 (0)] < CVA, VA€ A% Vi=1,2.

The analysis will be based on the careful inspection of spectral properties of the
adjoint operator
« (A0
o= )
It is easily seen that the spectrum of A* is given by A = At U A°2. We will often use
the following straightforward property
(94) (A%, 7)< CN, YA€ A9, Vi, je{1,2},

where C' depends only on ||¢1]| and ||ez]|-
Our controllability result concerning system (89) is the following.
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THEOREM 5.1. For any non-negative potentials c1,csa, there exists a closed sub-
space Yy of (H71(0,1;R))? of finite codimension such that:
e For any yo € Yo, system (89) is not approzimately controllable.
e For any yo € Yo, system (89) is null-controllable at any time T > 0.

REMARK 5.6. The set Yy can be equal to the whole space (H~1(0,1;R))?, for
instance if ¢; and co are close enough.

Before proving this theorem, we would like to emphasize the fact that for a system
like (89), the condensation index of its spectrum can be arbitrary. Therefore, Theorem
5.1 gives another example of a system which is null-controllable at any time 7" > 0
(for well-prepared initial data) despite the fact that the condensation index of the
spectrum is non zero.

PROPOSITION 5.4. For any T € [0,+00] there exist c1,ca € L*(0,1;R) such that
the condensation index of the spectrum A of the operator A* satisfies ¢(A) = 7.

Proof. This follows from inverse spectral theory. Indeed, it is proven in [44,
Chapter 3] for instance, that for any o € R and any sequence (v )x>1 € {2, one can find
a potential ¢ € L?(0,1;R) such that the spectrum of A€ is given by (k?72 + a + v ).
It is then clear that we can choose ¢; and ¢y such that the spectrums of At and A
are asymptotically as close as we want and then generate an arbitrary condensation
index for the spectrum of A*. Note that such potentials are not necessarily non-
negative, but this is actually not really needed in our analysis (we simply need that
the spectrum of A¢ is made of positive eigenvalues).

In the context of parabolic control problems, this was already noticed and used
in [42]. d

We can now move to the proof of the main result of this section.

Proof (of Theorem 5.1). The first part of the proof consists in a precise descrip-
tion of the spectral properties of A*.
e For any A € A2, we have a first eigenfunction of A* given by

(95) ¢%<£J-

Moreover, by (93), we have
B = B £0,

so that all those eigenfunctions are observable.
— If A & A°t, this eigenfunction is algebraically and geometrically simple.
— However, if A € A®2 N A, this eigenvalue is (algebrically or geometri-
cally) double. As detailed in Section 6.3, we can deal with geometric
multiplicity of eigenvalues with an adequate choice of the space of initial
conditions Y. This choice will be precised in (101).
Let us define

(96) B = (5, 0%).

By (91), we see that there exists A\g such that

(97) <Br<1, YAEA2NAT, st A > A
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1515

1516

1517

1518
1519

x If B\ = 0 then there exists a solution of
(4% — N9y = 5,

that we can choose to satisfy B*¥ = 0 in such a way that

0. (PN
¢>\ L (,19)\) )

is another independent eigenfunction of A4* associated with A that
satisfy B*$Q = 0. Note that, by (97), we know that 3, can vanish
only for a finite number of values of A.

x Assume now that 8y # 0. In that case, A\ is geometrically simple
but there exists a generalized eigenfunction ¢} associated with qbg

of the following form
1 <1
1. = (¥
¢)\ . 5}\ (X)\) )

where ) is the unique solution of

(A% = Xxa = Bap — o5
that satisfy B*xx = 0.

We can express x» in the basis ¢2* as follows

(PS5 92)
XA = axpy — Z T’:@ZQ;
HEA?
HFEA

with

1 (O3 e52) . .

ax = 5o 2{: — B @N?.
Broy e A H

HEX

e Consider now A € A\ A®2. We obtain another family of eigenfunctions given

by

C1
98 Q= (2
(99 8= (%),
where &) satisfies
(A%~ X)er = —¢5'.

This last equation has a unique solution since A € A2 and it can be expressed
as follows

(99) b= Mﬁ.

HEAS2 A—p

We now state the following lemma, whose proof is postponed at the end of
this subsection.
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LEMMA 5.1. There exists C,Co > 0 depending only on c1,co such that
(100) |B*6\|? > C1A — Oy, VA€ A\ A%,

This lemma shows in particular that B*£, can only vanish for a finite number
of values of \.
It is straightforward to prove that the family of (generalized) eigenfunctions we
just computed is complete in X. We can now define Yy to be the set of initial data
Yo € X_o such that

<y0,q~59\> =0, VA€ A NA?, s.t. 8y =0, see (96),
(101) —0.0
<yo,<;59\>_<><> =0, VA€ A\ A st. B*¢, =0, see (99).

By construction, this set is closed and of finite codimension, moreover it is clear that
initial data not belonging to this set are not approximately controllable. Note that this
definition actually excludes the influence of the possible presence of a geometrically
double eigenvalue in the system.

We will now endow the space XZ with the following norm

I

which is equivalent to the usual H'-norm and more comfortable for the following
computations. Note that, if f,g € H?(0,1;R), this quantity is simply equal to

(A% f, f) + (A%g, 9).
From (90), we can find a p > 0 such that

= (A, g1 + (A%, 9 m-1 1y

2
oF

WA= Vil >p, YA#pe A Vi=1,2.
This implies, in particular, that
(102) X =l > p(VA+ Vi) > p, YA#pe A Vi=1,2.

Without loss of generality, we can assume that p < % where C and C) are respec-
tively defined in (93) and (100).

It follows that A satisfies the summability condition (8), as well as the weak gap
condition (9) with p = 2. We can thus consider a grouping (Gx)x € G(A, 2,7, p) for
a suitable 7 > 0. We will now use the formula (17) we obtained for Tp(Yy) to prove
that the system is null-controllable from Y; at any time 7" > 0. For that we will
consider one of the groups G (we drop the index k which is not important here) and
give estimates of the corresponding divided differences.

e Case 1: G = {\} is of cardinal 1.
— If A € A°2 we need to estimate the quantity

P 02 ¢0 2
IS = H Bal || < H B0l
A llox Ao
except if A € A® N A° and 8y = 0. The computations above, and (93),
show that
2 1 . A 1
YAl < (A%pS, 3) = B < 5

|B*<p§\2|2
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1549 — If A € A® \ A°, recall that ¢9 is given by (98) and that we need to
1550 estimate the same quantity |[¢[A]]|,., in the case where B*§y # 0. Since
1551 A is the only element in the group G, we know that |\ — u| > r for any
1552 other eigenvalue y. With this remark, we can deduce that
1
2
1553 (R[S W((Aclw?,wil) +(A726,6))

1554 s + Z 90)\7@;1,)

- e
1555 S Z (@5 @) (05 A2 p2)
= \B*§>\|2 2 =, >\ u A H
1556
1557 Using Parseval’s identity, (94) and then (100), we finally obtain
: NI < g (M + (68 46 )
558 ;
= BGP e
1559 < # 1 + g
29 — |B*§)\|2 r2
1569 <c
1562 — Finally, if A € A N A°2, then we need to estimate the contrlbution of
1563 the generalized eigenvector [[i)[A, ] ||<>* = HP{, ?3/( B*(bo) oo A com-
1564 putation similar to the one above, for A > ), leads to
1 C C:
1565 [P N2 < e (A7 95, 05 + (A2xa, X))
|B*63 1265
1 (05, p52)?
1566 == *f )\(1 + a%\) + 7”,”
| B5 1255 HEXA:CQ (A= p)?
wf)\
15 <1 ()\(1 +ad)+ (AC2 ))
567 S Thr 302 a O35 5
FERERIEE: 3 e
A C
1568 1 2, =
‘ < *“*W)
1569 < C(1+dd).
1571 Here, we have used (97) to bound from below the term (). It remains
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1572 to bound ay. We proceed as follows, by using (92), (102), and (94)

1 (P55 22) || s
1573 Ia,\ISW Z TAYTH B* o7 |
A pEAN2
HFEX

f
1574 AS Z (oSt o)l ————
\/7#€AC2 \/7_’_ \/—
JTEN
1

2

Nl=

1 1
1575 < \ﬁ Z | SDA ,4,0# Z -
pEA2 peAC2 K
HFEX
C 1
1576 < — (A5t )2
I PR O
1572 <C.
1579 This concludes the proof of the uniform bound of ||¢[A, A]|,.-

e Case 2: G = {\1, A2} is of cardinal 2. Since the diameter of G is smaller than
p, we can choose the numbering such that A; € A\ A® and Ay € A%\ A,
In particular, we have B*gf)gl # 0, B*qﬁgz # 0 and there is no generalized
eigenvector associated to this group G. Therefore, the only new quantity we
need to estimate is the contribution of the following divided difference

1 & &, |
||1/J[)\1,>\2] N — A2 * t) T 2 ZE) :
ST nE B B
1580 Using formulas (95) and (98), we find
1 1 a 1 0 ’
P

1581 [, A2, < ( ) ( )
. | lie =Xl || B6x, \on ) Brel \9N |
1583 Since A1 and Ao can be arbitrarily close it is not clear that this estimate does
1584 not blow up. In particular, if we use the triangle inequality, we will not be
1585 able to take benefit of compensations that occur in the divided difference.

We will thus make appear from (99) the principal part of &5, as follows

Bria c
§>\1 = A\ : )2\2 ((p)\zz + C)\l)’
with B)\h/\z = (30?17()0(;\22) and
C)\ — )\1 - )\2 (‘Pill ’ (10/32) 9062'
Brixe penes A=
HFEN2
1586 Thus,
- S Y Ve S 2 v
B, BreY, Bl +0n)  BreR
1 1 Cx

1588 (103) = | 57= - | Y e
1539 (B (‘»"/\22 +¢,) B 90;2) B (‘»"/\2 + )
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1600
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1608

Since we are only interested in the asymptotic behavior when A1 and Ae are
large, we see that we can assume from (91) that the following properties hold

(104) Baiaal 21/2, V2=V A/2> 1

Using that |[A; — p| > r for all p € A, with p # A2, we can find with (104)
and (94) the following bound
(A2p5,0%)

105 A2y, Gy) <M — Ao
( ) ( C/\1 Cx ) = | 1 2| 7"2|5/\1,>\2|2

< %A — Aoy

Moreover, we have

« A1 — Mg |(<P§\178062)| ¢
|B*(x, | < > B,

|ﬂ>\1,)\2| LEAC2 | 1 :u’|
BFEN2
8 (5 %52
SO0 =Xl D = =im i
HENC? 1 H
HFEN2
1/2 1/2
~ 1
< CCA = A Z (W Z =l
LEA2 pencz 1M K
HFEN2 HFEA2

We use Parseval’s identity and (94) to bound the second factor by Cv/A;.
Moreover, by using (102), we have for any u € A2, u # Ao,

A= pl = (A2 — pf = [A = Ao = p(V+ VA2) — p = pi/1t,

so that the value of the series in the last factor is uniformly bounded. Hence,
we have proved

(106) |B*(x | < CrlAr — AoV A1

From this last estimate, (100) and (93), we deduce that

IB(¢52 + Ol = (1B7652] = CalAs = 2ol VL)

> CVA = C1A = AV AL

Recall that p < C/(2C}). Since A\; and )\ belong to the same group G, we
have |A; — A2] < p and thus, we obtain the estimate

* C2 é
(107) [B*(@5, + Ol 2 5 VA

Coming back to the definition of ©¥[A1, A2] and using (103) and the triangle
52
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1609

1610

1611

1612

1615

1616
1617
1618
1619
1620
1621

1622

1623

1624

inequality, we write

2

1
0 Aellle: =r5—5r

A1—A c
cl 61‘1»‘2 <p>\11 - : < 92)
B*(SD;Q + C/\1) ‘Pf\z + C)q B*SOA2 LW

e J(e)]

oO*

B3 e B (052 + CAI)I 1B*(5, + Qu)lP[A = A2f?

AL

2
1 1
A1 — )\2|2 B* (o +COn)  BroY
=:51 4+ 52 + Ss.

o

We now analyze each of the three terms.
— Using (94), (104) and (107), we can obtain

16
S1< &
— Using (105) and (107), we get
8C*
Sy < ot
— Finally, with (94), we write
AQ (B*CAI )2

S3 =

A1 = Aaf? (B(¢5, + ) (B¢},
so that, with (93), (107) and (106), we get

ct

Sg S @

Allin all, we have obtained a uniform bound for |[1)[A1, A2]|| ., which is exactly

the compensation phenomenon we were expecting for this particular system.

As a conclusion, we finally proved that, whatever the group G is, all the divided
differences ¥[A], Y[\, A] or 9[A1, A2] remain bounded uniformly. It follows from (17)
that Tp(Yp) < 0, so that our main Theorem 1.1 show that (89) is null-controllable at
any time 7" > 0 for any initial data yg € Y. ]

It remains to prove the lemma.

Proof (of Lemma 5.1). By definition, the function £, satisfies
(108) — acxé.k + CQ(JI)f)\ = /\f)\ — g&il, n (0, 1)

Using [2, Lemmas 2.2 and 2.3], and the fact that ¢$! is normalized in L?(0,1;R), we
have

©@P + 31066 < (60 + 0.60PF) + 5. Yoy e b1
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We take y = 0 in this inequality and we integrate with respect to x to obtain

C ¢ C C
2 ~ 2 ~ _ 2 R* 2 ~

It remains to bound from below the L? norm of £y. To this end, we multiply (108)

by ¢f' and integrate over (0,1). After integration by parts, and using the equation
satisfied by %', we get

1
—-1= / (62 — Cl)f)\(pil.
0
The Cauchy-Schwarz inequality gives

1< Jler = eallExlllle5! [ zoe,

and since by (91), we have a uniform L* bound on ¢!, the proof is complete. ]

5.2.2. A system with different diffusions and a non constant coupling
term. Let us briefly describe another example of a coupled parabolic system with
boundary control which has motivated our study. This example is analyzed in details
in [46]. We consider the following system

ow+ (7o M8 Ju= (7). e 0.

— V0

vt = () wen=(0). e,
y(0,z) = yo(x),

(109)

where ¢ € L*>°(0,1) and v > 0.

N o 0
The spectrum of A* = (q(m) 1B,

e System (109) in the case where ¢(x) =1 and v # 1 was studied in [5] where
the influence of the condensation of eigenvalues in the system was first pointed
out. It was proved that the minimal null-control time was exactly the con-
densation index of A, provided that /v € Q.

e System (109) with a non constant ¢ but with the same diffusions, that is
v =1, was studied in [6]. The picture is different since in that case, there is
no condensation of eigenvalues but there may however exist a minimal null-
control time (depending on the coupling term ¢) due to very weak observation
properties of the eigenfunctions.

e In the general case, assuming that /v € Q, the eigenvalues are algebraically

and geometrically simple and it is proved in [46] that the associated family of
eigenfunctions is complete in X} = (H~1(0,1))?, and that, moreover, there
exist functions ¢ and values of v, /v € Q, such that this family (properly
normalized) is not a Riesz basis of X}. Therefore the abstract results in [5, 6]
do not apply.
Inspirated by the block moment method presented in the present paper, a
suitable value of T¢"” is defined in [46] (taking into account both effects of
condensation of eigenvalues and weak observation of eigenfunctions) such that
Tg" is the minimal null-control time of (109).

) is A={k?vk® k>1}.
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1652 6. Extensions.

1653 6.1. Dealing with complex eigenvalues.

1654 In the previous sections, we decided to state our results in the framework of

1655 real eigenvalues to simplify the presentation. However, most of them still hold for

1656 complex eigenvalues satisfying assumptions largely inspired from [5]. More precisely,

1657 for a function A : Rt — R, we will consider the class £,,(d,p, p, N) of the families
1658 A C C satisfying
e Parabolicity condition:

RA > 5N, VA€ A

e Asymptotic behavior: for any € > 0, we have
1
> ohee
sen A
AI>N(e)
e Weak gap condition with parameters p > 0 and p € N*:
#A O ([, + pl +1R) <p, Vi >0.
In that case, a grouping (Gy)x should satisfy

A= U G, #Gi <p, diam(Gy) < p,inf(RGi4+1) — sup(RGy) > r.

k>1

The corresponding formula the minimal time Ty (Yy) will be now given by

1 Al )
n | e I A ]|
nlay

To(Yp) := limsu ,
O( O) k~>oop 8:E>\k,1

1659 and our results (namely Theorems 1.1, 2.1 and 4.1) still hold in that case.

1660 Most of the proofs are very similar by taking care of the following points:
1661 e The divided differences associated with pairwise distinct points zq,..., T,
1662 in the complex plane do not satisfy the Lagrange theorem but instead the
1663 following slightly weaker result, due to Jensen [36].
1664 PROPOSITION 6.1. Let U C C be a convex open set and xq,...,T, € U be
1665 pairwise distinct. For any holomorphic function f: U — C,
— there ezists a z € Conv({zo,...,xn}) such that
f (2
|flxo, .- za]| < #
n!

— For any z € U, we have

FM(2)

n!

flxos . xn] — < Cf pdiam(U).
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e The Blaschke product W}, should be replaced by

A—z
14/k(2) = ]jI =
J=1A€A, Atz

e Finally, in the restriction argument of Section 2.1.2; the holomorphy domain
C3. should be replaced by a sector {z € C,Rz > 2¢,[3z| < 3|A[}.

6.2. Weakening the assumptions on the control operator.

In this article, we not only study the classical null-controllability property (i.e.
Yy = X_,), we also provide a more accurate description depending on the space of
initial conditions Yy one wants to drive to 0. In this setting, the assumption (10) can
be too strong.

It is easily seen that a necessary approximate null-controllability condition in that
case is the following: for any A € A and any [ € [0,y — 1] we have

(110) (B9, =0, Vic o) = (P, =0, vico),

where, in this formula, ((bf\) ;j is a Jordan chain associated with the eigenvalue A. Note
that such a Jordan chain is not unique but (110) does not depend on the particular
chain we choose. Note also that the assumption (12) can be verified using any Jordan
chain.
From now on, we assume that (110) holds. For any A € A, two cases have to be
considered:
e Case 1: We have

B*¢) =0, for all j € [0,y — 1].

From (110), it follows that for any yo € Yy, any T > 0, all the moment
equation (21) corresponding to this eigenvalue are automatically satisfied. It
follows that we can simply remove this eigenvalue from the family A when
studying the control problem at time T from Yj.

e Case 2:

(111) there exists j* € [0,ay — 1] s.t. B ¢} = 0,Vj < j*, and B*qi)f: # 0.
In that case, for j > j* we set
5

B¢l

B =

and then by induction, we define

1, for j < j*,

_ -
112 =< 3 - .
(112) A L+ E Bj+je—ids, for j > j*.

k=j*

This construction ensures that (qgf\) ; and (gbf\) ;j span the same space, that

(113) B*¢), = 0,if and only if j # j*,
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and finally satisfy the equations
i e _—
A H =N+ B+
for some «; € R whose precise value is unimportant in the sequel.
A straightforward computation shows that the semi-group generated by —A*

satisfy
e G € () NI+ VI,

where V7" := Span(¢9, . . ., qﬁf:*l). We shall prove that the term in V7~ does
not contribute to the moment problem. Indeed, from (110) and (111), we
have V7" C Ker B* N Ker Py . Thus:

— Concerning the control term, we have

Bre tA qBJA = B*(etdg)[)\(jﬂ)],
and by (113), it simply remains
IR if j < j*
B* tA* 1 — ? o o ’
’ (ZS)\ {(B*(;Sj)\ )etp‘('jij )]7 if j > j*.
— Concerning the contribution of the source term, we have
Pl e A = B (erd) N0
j+1 _ ~
= Py, Y er[ATFRIg®)]
k=1
Jj+1 _ ~
=P, Y erAUTEPISR®),

k=j*+1

with the convention that the sum is 0 as soon as j < j*.
We may now adapt the definition of our null-control time by setting

P 757+l
(114) wgz%, Vi e [0,y —1— 5],
B* ¢y,
so that the moment problem associated with this eigenvalue becomes
T (=)’ —At (+1) j
w(T =) rme Mt = = (yo, (er)NV]) W€ [0,an—1-57],
0 : —o,

This is formally exactly the same as (23) except that the multiplicity of the
eigenvalue have been changed into ay — j* and the associated values of 3
have been constructed as explained above by (112) and (114).

As a conclusion, to obtain the definition of the minimal null-control time from Y;
assuming that (110) holds, we simply need to ignore the eigenvalues corresponding
to case 1, and to modify the multiplicity and the Jordan chain as explained above
for the eigenvalues that are in case 2. Then, we define formally Tp(Yp) by the same
formula as (16) and we obtain exactly the same result as Theorem 1.1.

Moreover, it clearly appears from the proof that (110) is actually a necessary and
sufficient condition to solve the moment problem associated to any finite number of
eigenvalues. Thus (110) is a necessary and sufficient condition for the approximate
null-controllability from Yj.
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6.3. Dealing with geometrical multiplicities.

In the considered setting of scalar controls, if one wants to be able to control
every initial data, that is to take Yy = X_,, then it is absolutely necessary to assume,
as we did in Section 1.3.1, that all the eigenvalues are geometrically simple. Indeed,
as soon as dim ker(A* — ) > 2, there necessarily exists an eigenfunction that belongs
to ker B* and the system is thus not even approximately controllable.

However, if we are willing to restrict the space of initial data we consider, then our
result can apply when some eigenvalues are not geometrically simple. More precisely,
we will show that our results can be adapted under the condition

(115) ker(A* — A) Nker B* C ker Py, VA€ A,

replacing the geometrical simplicity condition and the observation condition (10).
We will also assume, for simplicity, that geometrically multiple eigenvalues are alge-
braically simple. Let us give the main arguments.
e First, it is clear that (115) is a necessary condition for the null-controllability
from initial data in Yy. Indeed, if this condition does not hold, there exists
a ¢ € ker(A* —A) Nker B* and a yo € Yp such that (yo,¢) ,, # 0. For
this particular yo, it cannot exist a u such that y(T) = 0 because it would
contradict the equality (20).
e Assume now that (115) holds. For each A € A, there are two cases:

— If ker(A* — X\) C ker B*, then by (115), we also have ker(A* — \) C
ker Py, . In that case, the controllability condition (20) automatically
holds for any ¢ € ker(A* — A) and any control u since both terms in the
equality are equal to 0.

Hence, everything happens as if A\ were not an eigenvalue of A*, and we
can essentially not consider it in the moment problem to be solved.

— Ifker(A* —\) ¢ ker B*, we fix any ¢} in ker(A* —\) such that B*¢S # 0.
As B* is a linear form, we observe that

ker(A* — \) = (Span ¢}) + (ker(A* — ) Nker B*).

Tt follows from (115) that (20) holds for any ¢ € ker(A* — \) if and only
if (20) holds for ¢ = &Y.

Therefore, everything happens as if A were geometrically simple with
qﬁg\ as a unique (up to a scalar) eigenvector. Our analysis can then be
pushed forward without change.

7. Appendices.

We gather in this final section some definitions or intermediate results that we
used in this paper.

7.1. Wellposedness.

This section is dedicated to the proof of Proposition 1.1.

First of all, let us notice that the problem (2) admits at most one solution y €
C°([0,T); X_1) and that the continuous dependancy directly follows from (2). Thus,
it remains to prove the existence of a function y € C°([0,7]; X_1) satisfying (2).
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From [49, Proposition 2.10.3] it comes that A can be uniquely extended to an
operator A € L(X,X_1). Moreover it comes from [49, Proposition 2.10.4] that —A
generates a C”—semigroup in X_; satisfying

e A = Ae AT Wt > 0.
Thus, for any 7 > 0, any yo € X_; and any u € L%(0,T;U) the problem

{ Y (t) + Ay(t) = Bu(t),
y(O) =Y

admits a unique mild solution y € C°([0,7T], X_1) given by
. t .
(116) y(t) = ey —|—/ e~ =948y (s)ds.
0

We prove now that this function satisfies (2). To do so, we simply prove that the
semigroup e~ is the adjoint of e *A" in the duality between Xi and X_;.
Let ¥ € X and z € Xj such that x = Az. As A is an extension of A it also comes
that © = Az. Then, as e *4(X;) C X, it comes that
ety — e ALV Ay = Ae Ay = Ae Ay = e tA Ay = oty

Then, for any z € X and any z € X7

<e_tAx’Z> L <e_tAm’Z>—171* - (e_tA:r,z) - (x,e_m Z) - <x,e_t“4 Z> 11+

Thus, the density of X in X_; implies
(117) <e*t‘4y, z> = <y, e*tA*z> , Yye X_1,Vz € X7.
—1,1* —1,1*

Finally, the duality pairing of (116) with any z; € X{ with the computation rule (117)
directly gives (2).

7.2. Existence of a grouping for sequences satisfying the weak gap con-
dition.
PROPOSITION 7.1. For any A satisyfing (9), there exists at least one grouping in
g (A,p, ﬁm)-
Proof. Let r = p/p. We set p1 = inf A. and we consider the p disjoint sets
AN (pr,pr +r], AN (ur +ryp +2r], ..., A0 (p1 + (p— 1)ry w1 + prl.

By (9), we know that one of this sets is empty since if it not the case, there is at least
p+1 elements in A N [u1, 1 + p] because pu; € A and pr = p. Let j € [1,p] such that
AN (pr+ (G — D7, p1 + jr] = 0. We define

G1 = AN [y, p+ (J = 1)r],
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whose cardinal is, by (9), less or equal than p and diameter is less than p. Moreover,
by construction, we have

(inf(A\ Gy)) —supGy > r.

This allows to build G5 by the same construction applied on A \ G; while ensuring
the required properties, and following this process we construct the sequence (Gy)x.0

7.3. About divided differences.

In this section we give all the properties concerning divided differences that are
used all along this article. This notion is a key technical tool in our analysis as it
drastically eases the computations and the formulation of the results. The definition
and results given in Section 7.3.1 are classical in the field of interpolation (see for
instance [43, Chap. 5]). To deal with algebraic multiplicity we use a generalization
of divided differences where the ‘interpolation points’ are not necessarily distincts.
Let us mention that there exists generalizations in this direction (see for instance [43,
Chap. 5]) in the context of Hermite interpolation. However as we are not directly
dealing with interpolation, we propose such a generalization adapted to our purposes.
This is detailed in Section 7.3.2.

7.3.1. Definitions and basic properties.

Let V' be a real vector space, n € N and z1,...,z, € R. Assume that z1,...,2,
are pairwise distinct (see Section 7.3.2 for a generalization). Let fi1,...,f, € V be
given.

DEFINITION 7.1. The divided differences are defined by

flzd] == fi, Vi €[1,n],

and then recursively for any k € [2,n], for any pairwise distinct i1, . ..,i, € [1,n], by
L f[mﬁ?""mik—l] - f['rizv"'v'rik]
f[.’L‘il,...,.’I}ik] = .
Tiy — Iik

In all what follows, if f : R — V is a given function it will be implicitely assumed
that f; = flzi] = f(zs).

PROPOSITION 7.2. The divided differences are symmetric with respect to their ar-
guments: for any k € [1,n], for any pairwise distinct iy,...,i; € [1,n] and any
o€ S({i,...,ik}),

f[xa(il)a ‘e ,xg(ik)] = f[fEl'l, ‘e ,$1k]

The following property states another (equivalent) definition of divided differences
known as Newton formula.

PROPOSITION 7.3. For any k € [1,n], for any pairwise distinct i1, ..., i, € [1,n]

k .
f[a:il,...,a:ik] :Z f[xzj}i

This manuscript is for review purposes only.



1810
1811
1812
1813
1814

1815

1816
1817

1818

1819

1820

1821

1822
1823

1824
1825

1826

1827
1828
1829

1830

1831

1832

1833

1834

1835

1836

1837

1838

1839

1840

1841
1842

The next result about divided differences is crucial to obtain the different esti-
mates we need. It is known as Lagrange theorem.

PROPOSITION 7.4. Assume that V. = R and that f € C"~! (Conv{zy,...,z,}).
For any k € [1,n], for any pairwise distinct iy,...,ir € [1,n], there exists a z €
Conv{z;,,...,x; } such that

A C)
f[$i1,. .. ,xik] = W

The divided differences naturally appear in polynomial interpolation problems as
recalled in the following classical result.
PROPOSITION 7.5. The polynomial function P : R — V defined by

n—1

(118) P(z) := flx1] + (x — x1) flz1, 2] + - + (H(m—xz)> flz, - @),

i=1
is the unique polynomial of degree less than n — 1 such that
(119) P(.Tz) = f[l‘l], Vi € [[1,’[7,]].

We recall a simple way to compute divided differences of a product which is known
as the Leibniz rule.

PROPOSITION 7.6. Let g : R — R and (gf)[z] := g(x)flx]. For any k € [1,n], for
any pairwise distinct iy, ..., i, € [1,n],

k
@D wir, sz ] =D glwir, ol @]
j=1

Finally, we deduce from the results above the following useful corollary.

COROLLARY 7.1. Assume that V is equipped with a norm ||e|,. For any k €

[1,n] and any pairwise distinct iy, ..., i, € [1,n], we have
[ fl@irs - ma]lly <n2°7H 1+ R)™Y max || flan,. ozl
Jelt,n]

where R = diam({x1,...,Tn}).

Proof. Let P be the Lagrange interpolation polynomial defined in (118) and let
i1,...,1 be fixed.
By the Hahn-Banach theorem, there exists ¢ € V', such that ||¢|ly = 1 and

<¢a f[xiw ce 7:L.ik]>V/7V = Hf[xha o 7x7§1€]”V .

Additionally, by (119) and by linearity of ¢, we know that

<¢7 f[xily cee 7xik}>vl,v = <¢7 P>V’,V [‘riw' cey xik].

Applying Proposition 7.4 to z — (¢, P())y,,, € R we find that for some z €
Conv{z1,...,2,}, we have

<¢’ P>V’,V [xil" e ’xik] = (k%l)l(wsv P>V/,V)(k71)(z)

1

BRCEY] (6 PE0()
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Combining those identities, we arrive at
1 1
e zi]ly = —— { ¢, P > < prw H .
fles ozl = =g (6 P4V @), L < o )|,
Let us compute the derivatives of P. Let C be the circle of center z and radius R in
the complex plane. The Cauchy formula leads to

1 .1 P(w)
G )(z>_%/c(sz)’“dw’

so that

1
(k—1) < pl-k
e, < v ip,

(

Then, the triangle inequality implies that for any w € C,
1Pw)lly < Iffeddlly + @R Iflz, z2llly + -+ QR flan, .2y

which finally gives the result. ]

7.3.2. Generalization of divided differences.

Assume that V' is a normed vector space.

Let ¢ = (z1,...,%,) € R™ be pairwise distinct real numbers and let o € N™ a
multi-index such that o« > 0. To such a multi-index we associate elements of V' that
we gather in a f, € V1%l and that are indexed as follows

Jl'a JE [[17”]]71 € H0,0Zj - 1]]

DEFINITION 7.2. We set N = |a|. We say that a family of points (yﬁ)pe[[l,N]],
depending on a small parameter h > 0, is an approximation of the weighted family
(z, ) if

e For each h > 0, the points yf, e ,y]}{, are pairwise distinct.
o There exist disjoint subsets P; C [1, N] such that for any j € [1,n],

#P; = a;, and yg E} x;, Vp € Pj.

PROPOSITION 7.7. With the notation above, let F' : R — V' be any smooth function
satisfying

1 .
(120) ﬁF(l)(xj) = Jl», Vj e [1,n], Vi€ [0,a; —1].
For any approzimation of the weighted family (x, ), the (usual) divided difference
Fly,... ,yJ’(,] weakly converges when h — 0 towards an element in V' that depends

only on x, a and fo. In particular it does not depend on the particular choice of F
nor or the approzimation families (yl),.

This limit is called the generalized divided difference associated with the points x,
the multi-index o and the values f,, and is denoted by

f[xgal),...,ng‘")}, or flx1,...,x1,T2,...,%2,...],

aqtimes astimes
or, in a more compact way, flz(®)].

Moreover, we extend this definition if some of the a; are 0, simply by not consid-
ering the corresponding points.
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REMARK 7.1. If the function F is chosen to take its values in a finite dimension
space then the above convergence is actually strong. It is always possible to make
this assumption, for instance by chosing F' that takes its values in the subspace of V
spanned by the elements f,.

Proof (of Proposition 7.7). The proof is done by recurrence on N.
e If N = 1, then we necessarily have n = 1 and a1 = 1. The result is just a
consequence of the continuity of F' and we simply have flz1] = f}.
e Assume that the result holds for a given value of N and let us prove it for the value
N +1.
— First case: If there is only one point x1. It means that n =1 and a; = N +1.
In this case, for any h > 0, and any ¢ € V', we use the Lagrange theorem to
get the existence of a z¥"" € Conv({yf,...,y~_,}) such that

<’(/)7F[y]}_L7 v ay]}([+1]>v/’v = <¢,F>V/,V [?J{L, ce 7y1}if+1]

1
= 51 PV ).

Since, by assumption, all the points yg converge to the same point z1, we
have z¥" — £ and thus

1

<¢aF[?J{L7 e 7y1}{7+1]>V’,V m NI <¢7F(N)(m1)> <waf1]\/>v/7v7

vV

— Second case: We assume that n > 1. By assumption there exists two distinct
indices j1,j2 € [1,n] and two distinct indices py,p2 € [1, N + 1] such that
yp, — j, and y — x;,. By symmetry of the usual divided differences, we
can always assume that p; = N and po = N + 1. It follows that we can write

Flyt, . oyh_ oy — Flyl .y
h _h
YN+1 — YN

Flyt, ... yhii] =

The recurrence assumption shows that the two terms in the numerator have
weak limits that only depends on the points z, the multiplicities & and on the
values f,, whereas the denominator yj’(, 41— y?v converges to x;, — x;, which
is not zero. The result follows. 0

The above construction also shows, as a by-product, the following rules to com-
pute the generalized divided differences: for any p € N™ such that p < «

(121) flat o am)) = i g =0 for all § # 4,
and for all j; # jo and pj, > 0,5, >0
(122)
(ki —1) (1jg) (k1) (rjp—1)
f[acg”l),...,x%“”)]:f[“"lej N AT B AR A T A

Lj1 — Tjg
Let us now give some useful properties that are the extension of the classical
properties recalled in Section 7.3.1.

DEFINITION 7.3. Let o € N" be a multi-indez, g, € RI®l a set of real values
associated with o and f, € V12 a set of elements of V associated with «.
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We define (gf)a € V1l to be the product set of values as follows:

l
(9)s=> gk fi* Vjelln],viel0,a;—1]
k=0

PROPOSITION 7.8 (Leibniz formula). Let 2 € R™ pairwise distinct points, « € N™,
da € RI®l 4 set of real values, and fo € V1®l a set of values in V.
Then, for any family of multi-indices (UP)peo,|a)] € N™ satisfying

pr=t <P, Vp e [1,]all,
(123) |uP| = p, Vp e [0,|a],

plel = a,
we have the Leibniz formula

||

(gh) @] =" glaW] flalems"].
p=1

Proof. By assumption, for each p € [1,|«|], the multi-index p? is obtained from
pP~1 by incrementing exactly one of its element. We denote by i, € [1,n] this index,
and we define y;f = x;, + ph. It is easily seen that, for A > 0 small enough, those
points are pairwise distinct.

Let F : R — V be a function satisfying (120) and G : R — R be a function
satisfying (120) but with the values g, instead of f,. The usual Leibniz formula as
well as the Definition 7.3 shows that the product GF' exactly satisfies

HER)O(;) = (of)h, ) € [Ln], Vi€ [0,05 11

We can thus apply the Leibniz formula from Proposition 7.6 as follows

||

p=1

and then pass to the limit as A — 0 to obtain the claim. 0

PROPOSITION 7.9 (Lagrange theorem). Let x, o as before. We set N = |a|. With
any f: R — R of class CN ™1, we associate the set of values f, € RN by

1 .
£} = 5O (@y), Vi € Ll VL€ [0,0; - 1],

Then, there exists a z € Conv({z1,...,x,}) such that the generalized divided differ-
ence built on these data satisfies

f[m(“)] — !f(N—l)(Z).

1
N -1

Proof. Let y},...,y% be an approximation of the weighted family of points (, )
as in Definition 7.2. By definition, the generalized divided difference f[z(®)] is the
limit as h goes to 0, of the usual divided difference f[y%, ..., y%]. For this last divided
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1917
1918
1919

1920
1921
1922
1923
1924
1925

1926

1927
1928
1929
1930
1931
1932
1933
1934
1935
1936

1937

1938
1939

difference, we can apply Lagrange theorem (see Proposition 7.4) to get the existence
of a point 2" € Conv({y},...,y%}) such that

h hy_ Y (N-1),h
f[ylaﬂl/N]_(Nil)'f (Z )
It is clear that (z"); is contained in a compact set so that, up to a subsequence,
we may find a limit z of ("), that belongs to Conv({z1,...,7,}) and satisfies the
required property. ]

PROPOSITION 7.10. Let (uP)peqo,ja)y € N™ be a family of multi-indices satisfying
(123). For any multi-index p such that p < o we have

£l < N2V A+ RV max | 2]
pelLfal]

Proof. We proceed as in the proof of Proposition 7.8 by passing to the limit in
the similar result for standard divided differences (Corollary 7.1). |

For generalized divided differences, there is no simple equivalent to the Newton
formula (Proposition 7.3). However, we can state the following result.

PROPOSITION 7.11. For any multi-index p < o, there exists coefficients (G;I)j’l
depending only on x and p, such that

n aj—1

(#) }E: 2{: Hulfj’

Jj=1 1=0

and which satisfy the following estimates
0 if py <141,
10%,] < Clul 1

#i) (minseqn ny,, (v — ;)"

—— if py >0+ 1.

iepnn,, 12 =2

Proof. Since the divided differences are clearly linear with respect to the data
fa, the existence of the coefficients 05, ; is straightforward. Let us prove the claimed
estimates. From now on we assume that [ is fixed. Moreover, for any j € [1,n] we
introduce the notation d; := min;er ], |z; — ;| and we define 47 € N™ to be the
Kronecker multi-index, that is (5{ =0 for i # j and 5; =1.

e When p; < 1+ 1, it is clear from the recurrence formulas (121) and (122)
that the value of f[z(")] does not dependent on the value f}, and therefore

0, = 0.
o Lét us show by induction on N = |u| that, for all j € [1,n], with p; > 141,
we have
C 1
(124) 6] < -

) pj—l—1"
(Hie[[l,n]]¢j |z; M") dj’

— Assume first that N =1+ 1 and let p such that || = N. If p; <1+1

we have already seen that 0 , = 0 which obviously implies (124). If

p; =1+1, since |u| =1+1, we necessarily have p; = 0 for any i # j, so
that (121) gives

f[x(u)] — fjl',
which implies that 0%, = 1, that is exactly (124) with Cj,| = 1 in that
case.
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1940
1941

1942

1943
1944
1945
1946
1947
1948
1949

1950

1951

1952

1953

1956

1957
1958
1959
1960

— Assume now that, for some N > [+ 1, (124) holds and let u such that

|g| =N+ 1.
If p; = 0 for any i # j, then we have

fla®W] = o,

which implies that 0;‘7 , = 0since [ # p; — 1 and (124) is obvious.
If there is a ig # j such that u;, > 1 then we use (122) to get

frato) = L = Sl T)

Tiy — l’j

which implies the formula

p—67 p—6"0
0j,l - ej,l

or =
" Lig — Lj ,
and thus ‘ ‘
Y _sio
P B il
P |£L'7;0 - le |xi0 - xj|

Since |u— 67| = |u— 6| = N, we can apply the induction hypothesis to
bound the two terms in the right-hand side as follows

87 _§d
|9;‘L,l | CN—1|9;‘€1 | Cn_1 1 1
|x;, — 4] = d; = ni—1=2 .7
v ! (Hieul,nu# g — i ’“) 9 !
and
_§'0 _g§t0
|9§L,z | CN71|9§L,1 |
|z — x5l T @y — @i
Cn_ 1 1
= — =510\ g oy — |
(Hie[[l,n]]#j |2 — il ) i J
Summing those two inequalities gives (124) with Cn = 2Cn_1. a

7.4. The supremum of Ty(yo).

We prove here Propositon 1.3, that is

sup T()(yo) = To(YQ)
Yo €Yo

Proof. Since by definition Ty (yo) only depends on Span(yp), it is actually equiv-
alent to prove

sup  To(yo) = To(Yo).
Yo €Yo
llyoll =1
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1961 To ease the reading let us do the computations in the simpler case n = 1; the
1962  extension to the case n > 2 being straightforward. Let us introduce

l

(o
1963 Ty = Z i ()\kjj ) Vk > 1,V € [1, gx]-

=l cizj<

. Py bk .
1964  with ¢y ; = BY*%:? as defined in (15).
s
1965 Notice that, since |yo||_, = 1, for any z € X7,
. * _ *

1966 HPSpan(yo)Z S 21}1{p <y7PSpan(y0)z> oo
Y —o %
vl _,=1

1967 = 51}1(p <Pspan(yo)y,z>_<><>
yeX_o ’
vl _o=1

1968 = sup (Y:90) o (Y05 2) 40
yeX_o
lyll_o=1

1969 = z .

1970 ‘(yo, )00

1971 Thus, with those notations, we have

<y07 wk,l)_m

ln( max )

lefi

1972 To(yo) = lim sup €l ,
k— 400 A1

In (lerﬁllax]] ||xk,l||o*>
1973 To(Yp) = limsup g
1974 k—+o00 Ak,1
1975 e Since g is normalized, we have ’(yo, 1) ool < Tkl for any & and [, it
1976 immediately comes that To(yo) < To(Yp) and thus
1977 sup To(yo) < To(Y())
YoE€Yo
1978 e Conversely, let T be such that
1979 sup  To(yo) <T.
Yo€Yo
lwoll _=1
1980 Setting &y := e‘AkJTa:k,l, it comes that for any yy € Yy, we have
1981 sup ‘<y0,5€k,l>,oo < +00,
k>1 ’
le[1,gx]

and this property is in fact true for any yo € X_, since Py, Ty = Tg,1, 80
that we have

(Y0, Tht) o0 = <y0>P§5050k,l>,o’o = (Pyo%0, Th) o
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1982
1983

1984

1985

1986

1987

1988

1989

1990

1991

1992

1993

1994

1995

1996

1997

1998

1999
2000

2008
2009
2010

2011

2012

and Py0y0 €Y.
Applying the Banach-Steinhaus theorem, this implies that

sup ||k, 1l[,. < +oo.
E>1
le[1,9x]

Thus there exists C' > 0 such that ||z
1 <[ < gg. Finally this yields,

AT
or < Cet? for any k > 1 and any

In (l max ||z, <>*>
1,95
To(Yp) = lim sup Cloxl <T.
k—o0 Ak,l
This ends the proof of Proposition 1.3. 0

7.5. On the condensation index.

In this appendix we give some useful properties concerning the condensation index
of a sequence. Let X be a family of positive real numbers. We start by recalling the
definition of ¢(X).

DEFINITION 7.4. Assume that ¥ satisfies

(125) > é < +oo.

oeX

The interpolating function is defined by

(126) EZ:ZE(C»—)H(I—(ZTZ).

oeD
The condensation index ¢(X) € [0, 4+00] is defined by

—In|Ej
¢(X) = limsup M.
gET o
g —r 00

This definition (and also its extension to complex sequences) is given in [48]. Notice
that due to the assumption (125), both functions

zECH(E(lj), ze(CHUl;[Z(lJr;),

are entire. Since ¥ C (0, 400), the function Fy, has simple roots corresponding exactly
to ¥. Thus, the condensation index of such sequences is well defined. The fact that
it belongs to [0, 4-o00] is proved in [5].

In the case where the considered sequence satisfies the weak gap condition (9) the
computation of the condensation index can be simplified: the grouping introduced in
Proposition 7.1 is an optimal condensation grouping in the following sense.

PROPOSITION 7.12. Assume that ¥ satisfies the assumptions of Definition 7.4 as
well as the weak gap condition (9). Denote by (Gr)rk>1 a grouping satisfying the
conditions of Definition 1.2. Then,

—In|P!
¢(X) = limsup 711' g ()] )

oEX g
o—00

Recall that G1°! is the element of (Gi)k>1 containing o.
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2013
2014
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2016

2017

2018

2019

2020

2029

2030
2031

2032
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2053

Proof. The proof follows directly from (64). |

Using this result, we compute easily the condensation index of the particular
sequence used in Section 5.1.

PROPOSITION 7.13. Let (ju)k>1 be a real increasing sequence such that

Zi<+oo.

k>1 M
Let a> >0 and © = {up, i + e~ g, + e Pie s k € N*}. Then,
c(®)=a+p.
Proof. One can directly verify that the grouping defined by
G = {Nka L + e~ Wk i + e—ﬁuk}
satisfies the requirements given in Proposition 7.1. Then, direct computations lead to

Pl ()| = i = (e + )] g = (o €)= e (@,

|Pé'k (b + €78 = [ + e~ — ] | + e~ — (uy, +e_6“’“)|
= ef(a‘i’ﬁ)/"'k (1 _ ef(afﬁ)ﬂk>

)

and
PG, (1 + e 1)| = i+ €% — ] [y, + €771 — (g + =)
— o~ 2Bnk (1 _ 6—(04—/3)/%) )
Thus, as 26 < a + 3, we obtain ¢(0) = a + . d
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