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In mathematics education it has been argued that traditional assessment provides insufficient 

evidence of students’ overall achievements. Assessment of problem solving has been put forward as 

a more comprehensive form of assessment. This however entails a subjectivity which raises 

concerns regarding the reliability. This study aims to investigate mathematics teachers’ assessment 

of mathematical problem solving. Nineteen teachers have been interviewed in five groups and asked 

to discuss a sample of 16 accounts of problem solving by 10-year-old students. The analysis focused 

on examining how five mathematical abilities, described in the Swedish mathematics syllabus, were 

addressed and discussed by the teachers. Preliminary findings indicate that the accounts provide 

teachers with very little evidence of students’ mathematical abilities. One of the reasons for this 

appears to be that the accounts do not offer clear descriptions of the problem-solving process. 
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Introduction 

Assessment forms a large part of teachers’ practice yet studies indicate that teachers feel 

inadequately prepared for the task of judging students’ performances, skills and understandings. 

(Cumming & Wyatt-Smith, 2009; Mertler, 2004). Research that has investigated teachers' 

assessment practices has also criticized such practices for failing to meet standards of reliability, 

objectivity and validity (Allal, 2012). Assessment is inherently a process of professional judgment 

in which the element of interpretation is salient. In mathematics education Morgan (1998) has 

shown that teachers can interpret the meaning of the same passages of texts, produced by students in 

mathematics, very differently. When teachers interpret observed test results or other types of 

information to come to a conclusion about a student’s level of knowledge or skill such a conclusion 

may be referred to as inference, and although some inferences can be made with more confidence 

than others, no conclusion about a particular student’s knowledge or skill can ever be made with 

certainty (Cizek, 2009). Assessment in school mathematics has always relied heavily on students’ 

written work (Morgan, 2001b). Written responses to mathematical tasks, such as problem solving, 

require that students explain both their thinking and the proposed solution. For such written material 

to act as valid evidence, from which judgements regarding students’ problem-solving processes and 

mathematical abilities may be inferred, it has to be clear and comprehensive. There is reason to 

believe that not all students possess the ability to produce clear and comprehensive accounts of their 

mathematical problem solving (Monaghan, Pool, Roper, & Threlfall, 2009). 

 

This study represents a microstudy on groups of teachers’ assessment of a specific set of accounts of 

solving mathematical problems. The accounts were collected from two classes of 10-year old 

students. The aim of the study is to investigate the aspects of mathematical problem solving which 

are addressed and discussed by the teachers and to relate these to the five mathematical abilities set 

by the Swedish mathematics syllabus. These abilities are related to: problem solving, mathematical 

concepts, mathematical methods, mathematical reasoning and communication.   



Students’ writing in mathematics 

It can be argued that the written mathematical work of students in school mathematics typically 

serves two very different functions. It can be seen as a part of a learning process in which writing is 

used to record and perhaps reflect on various mathematical ideas; hence, the text is written by and 

for the student herself. It can also however, be seen as a product for the purpose of assessment; 

hence, written for a teacher or examiner. Unlike the work of professional mathematicians, which is 

often thought to be the model for school mathematics, the work in school mathematics often serves 

these two functions at the same time (Morgan, 2001a). When problem solving is viewed as an 

individual cognitive activity, students use their writing to understand, explore, record, and monitor 

their own problem solving (Stylianou, 2011). Several studies indicate that writing poses problems 

for students. Evidence suggests, for example, that it is far more common for children to experience 

problems with semantic structure, vocabulary and mathematical symbolism than they do with, for 

example, standard algorithms (Ellerton & Clarkson, 1996). 

Assessing mathematical problem solving 

Assessment of students’ mathematical problem solving is complex. There are different definitions 

of what mathematical problem solving is and what constitutes a problem. A generally accepted 

definition suggests that problem solving can be seen as a response to a question for which one does 

not already know or have access to a method (Monaghan et al., 2009). This understanding is also 

used by OECD in the PISA 2012 Assessment and Analytical Framework (OECD, 2013). Problem 

solving can be seen as a goal, a process, and a skill and problem-solving activities are thought to 

engage students in a number of different processes such as reasoning, communication and 

connections (Rosli, Goldsby, & Capraro, 2013). In a situation where traditional assessment in 

mathematics is increasingly seen as providing insufficient evidence of mathematical knowledge and 

abilities beyond routine skills and algorithms there are high hopes for alternative forms of 

assessment of which problem solving is one (Jones & Inglis, 2015; Rosli et al., 2013). Despite its 

power to engage students however, problem solving has been problematic to use as a source from 

which to make inferences about students’ mathematical achievement. Reliance on the traditional 

mathematics test has often been justified on the grounds of reliability and comparability, but this has 

often been at the expense of validity (Watt, 2005). The challenges to assessment of problem solving 

are several. The first is that it requires access to evidence of the process. Most test situations do not 

include the option of observation to provide such evidence but rather require students to produce an 

extended written account which includes an explanation of both their problem-solving process and 

their proposed solution(s). This is problematic because considerable skill is required to produce 

clear and comprehensive accounts of problem-solving processes, a skill that students may or may 

not have (Monaghan et al., 2009). The second challenge is the element of interpretation and, thus, 

subjectivity. As teachers read and assess students’ texts, their professional judgment is formed by a 

set of resources which varies with their personal, social and cultural history as well as their relation 

to the particular discourse. These resources are individual, as well as collective, and they include: 

personal knowledge of mathematics and the curriculum, beliefs about the nature of mathematics and 

how these relate to assessment, expectations about how mathematical knowledge can be 

communicated, experience and expectations of students and classrooms in general, and  experience, 

impressions, and expectations of individual students (Morgan & Watson, 2002). Individual teachers 



may also have particular preferences for particular modes of communication as indicators of 

understanding. A study from Australia has also indicated that teachers themselves object to the use 

of alternative assessment methods such as problem solving on the grounds that it is perceived as too 

subjective (Watt, 2005). In Sweden there have been calls for national tests to be assessed and graded 

externally instead of by the teachers who already know the students. External grading is seen as a 

way to secure objectivity and fairness. 

Mathematical abilities 

Assessment in mathematics has many concerns, of which perhaps the most important one is: what is 

it that is being assessed? This issue has been dealt with and given many names throughout the 

history of mathematics education including numeracy, mathematical proficiency, mathemacy, 

matheracy and quantitative literacy, to name a few (Wedege, 2010). Competency frameworks in 

mathematics are constructs that build on the assumption that mathematics is a domain in which it is 

possible to provide a generic set of mathematical practices (Säfström, 2013). Given that 

mathematical activities have to be about something, arriving at a common and generic set of such 

skills and abilities proves a challenging task, as has been pointed out by many (see for example 

Jablonka, 2003; Kanes, 2002; Kilpatrick, 2001; Wedege, 1999). Some frameworks have focused on 

this ‘something’ whereas others have focused on the mental processes that are associated with 

mathematical activities in general. Influential examples of the latter include the five strands of 

mathematical proficiency introduced by the Mathematical Learning Study of the NCTM in the US 

(Kilpatrick, Swafford, & Findell, 2001) and the KOM project in Denmark (Niss, 2003; Niss & 

Højgaard Jensen, 2002). 

One of the motives behind the above referenced frameworks is the clear intention to break with a 

traditional teaching of mathematics associated with rote learning and procedures and instead 

promote a more dynamic view of what it means to do mathematics (Boesen et al., 2013). In Sweden 

the Swedish national curricula has been influenced by the ideas from these frameworks and in the 

Swedish syllabus in mathematics, introduced in 2011, five different abilities which the teaching in 

mathematics should provide the students the opportunity to develop, are described. These include 

the ability to: 

 formulate and solve problems using mathematics and also assess selected strategies and 

methods, 

 use and analyse mathematical concepts and their interrelationships, 

 choose and use appropriate mathematical methods to perform calculations and solve routine 

tasks, 

 apply and follow mathematical reasoning, and 

 use mathematical forms of expression to discuss, reason and give an account of questions, 

calculations and conclusions. (SNAE, 2011, pp. 59-60) 

 

In the syllabus the abilities, described above, are actualized in a set of knowledge requirements 

which define what constitutes an acceptable level of knowledge for the grades E, C, and A, where A 

represents the most advanced. In the results section the five knowledge requirements are shortened 

to: problem solving, mathematical concepts, mathematical methods, mathematical reasoning and 

communication. 



Data collection 

The study sets out to investigate teachers’ assessment of a specific set of accounts of mathematical 

problem solving and aims to identify the aspects of mathematical problem solving which are 

addressed and discussed by the teachers. Nineteen elementary school teachers from four schools in a 

middle-sized town in mid-Sweden were interviewed in groups. There were five groups of 3, 4 or 5 

teachers respectively. At the time of the interview all nineteen teachers were teaching mathematics. 

They were initially chosen by their principals and asked to participate based on their own interest. 

The interviews were all recorded on video and an additional audio recorder. The teachers were 

presented with 10-16 accounts of problem solving produced by students, aged 10. The problem-

solving was centered on two specific problems. They were both Diophantine equations involving 

the identification of a number of ways to distribute: a) 30 legs on 12 animals or b) 36 wheels on 11 

vehicles (see figure 1). This type of problem can be formulated in this way where there is only one 

possible combination or as an open problem to which there are many solutions. A small number of 

legs or wheels also results in a small number of combinations; the problem can therefore be adapted 

to fit different students or age groups. The students can also be asked to demonstrate that they have 

found all possible combinations and explain how they know this. The problem offers opportunities 

to adopt a more or less systematic trial-and-error strategy, but there are also other ways to solve the 

problem. Given that the problem involves concrete objects it also offers students opportunities to 

draw. All these properties contributed to the choice of the problem type.  

The teachers in the interviews were given information on the problems but very little information on 

the situation in which the texts were created. Being faced with an account of mathematical problem 

whose origin you know very little about forces a teacher to focus on the account itself and the 

interpretations derive to a larger extent from the account than it would had the teacher been asked to 

comment on their own students’ written material. The teachers were asked to discuss the different 

accounts from an assessment perspective and to provide arguments for their reasoning. The group 

interview was chosen so as to create room for discussions but also for eliciting the teachers’ idea of 

possible ‘common grounds’ in evaluating students’ accounts. The interviews, which amounted to a 

total of 4 hours 26 minutes, were transcribed. 

Analysis 

The analysis was performed in two steps. In the first step the transcribed interviews were analyzed 

with the intention of identifying instances in which the teachers discussed what the students seemed 

to be doing. This focus was inspired by the understanding that knowing mathematics is doing 

mathematics, as described above. This analysis included identifying verbs connected to instances of 

action such as understand, know, think, draw, calculate, see and show.  

The second step in the analysis was focused on relating the identified instances to the different 

abilities described in the syllabus. The five abilities problem solving, methods, concepts, reasoning, 

and communication, did not have to be mentioned specifically. A discussion regarding a method 

such as trial-and-error was considered as relating to method even if the term method was not used.  

Discussions about failed attempts or deficiencies were also considered as belonging to the category 

of the ability in question. Examples of quotes from the teachers are shown below together with the 

abilities they were thought to relate to. One quote can be related to several of the listed abilities. 



Teacher:  Here they have really tried…drawn all the tires… (problem solving, method, 

communication) 

Teacher:  He has counted the number of fours he has taken away and those are plus signs… 

it is plus 7… (problem solving, method) 

Teacher:  There is no reasoning to show that this is correct… (reasoning, communication) 

Teacher:  They cannot reason without explaining a little bit more… she has not used any 

concepts for example… (concepts, reasoning, communication) 

Teacher:  It is not enough to just write an answer…you have to be able to show in writing 

how you arrived at this… (communication) 

Teacher:  Yes but she…she does know how to solve the problem… (problem solving, 

communication) 

Teacher:  And then you try different numbers… that is how they have done it… you can see 

that they have erased… (problem solving, method, communication) 

 

Preliminary results 

The preliminary results are presented under headlines which are consistent with the five abilities 

described in the syllabus. In some cases the teachers’ discussions are covering two abilities at the 

same time and in these cases they are either presented under both headlines or presented as a 

compound ability which is treated under one headline. 

Problem solving 

Many of the teachers’ discussions are focused on the students’ choice of method or strategy for 

solving the problem and the teachers spend considerable time trying to identify the specific method 

of each student. Once this has been identified however, the discussions tend to turn to other issues. 

A problem solving strategy is seldom judged based on its appropriateness or sophistication. Other 

aspects of problem solving that are addressed by the teachers include the ability to describe a 

problem-solving approach. The ability to describe a method, strategy or problem-solving approach 

can be seen as part of a problem-solving ability and this aspect is also mentioned in the knowledge 

requirements. This aspect however is very difficult to distinguish from the ability to account for and 

communicate a method, strategy or problem-solving approach. The teachers’ discussions on 

students’ ability to communicate are treated under this headline below. The ability to reason about 

the plausibility of results of the problem solving, or to propose alternative approaches, which is 

mentioned in the knowledge requirements, is not discussed.  

Mathematical concepts 

Very few discussions deal with mathematical concepts. The four operations are mentioned but they 

are referred to as calculations which illustrate the process rather than as concepts. One student is 

identified by several teachers as having used the equals sign in a non-standard way which can be 

interpreted as relating to the concept of equality but this can also be connected to the way students 

choose to present their calculations. 



Mathematical methods 

As was presented above this is the ability which many of the teachers’ discussions are focused on. 

The method that most teachers identify is the trial-and-error method. Several teachers claim that this 

is the method that all students have used. There are several accounts which show different ways in 

which the students have carried out and represented this method but these differences are most often 

referred to as relating to the ability to communicate. There are examples of accounts where the trial-

and-error method is not used systematically and other examples where the representation indicates a 

calculation that precedes the trial-and-error since the account either contains no errors at all, or 

displays errors that have been erased but which are still traceable. This difference stirs many 

discussions among all the teacher groups. They are discussing whether they can tell if a student has 

tried different combinations and ruled some out or if the student came by the right combination by 

chance or by doing mental calculations that are not represented in writing. Sometimes they agree 

that they cannot tell and that this is due to students’ lack of ability to communicate their problem-

solving processes, other times they have different opinions regarding what can be inferred. 

Mathematical reasoning 

There is only one teacher who addresses the students’ mathematical reasoning. This teacher argues 

that any account of problem solving which describes a method or strategy constitutes evidence of 

some form of mathematical reasoning. The rest of the teachers in this group are not questioning her 

but they are not offering her support and the issue of mathematical reasoning does not come up 

again. 

Communication 

There are very few discussions that do not involve students’ ability to account for and describe their 

approaches to solving the problem. Practically every instance involves a question from the teachers 

regarding what the students have done or what they mean. Even in cases where the teachers have 

identified a successful strategy along with a correct answer to the problem they still raise questions 

regarding the clarity and coherence of the account. The discussions on presentation are focused on 

the students’ [lack of] logic, neatness, clearness, abstraction, accuracy, appropriateness, and 

comprehensiveness. When discussing students’ choice and employment of different method a 

typical comment from the teachers is “if she had only shown…”. This fictional comment 

summarizes the teachers’ frustration with what they perceive as lack of evidence on which they can 

base their judgements regarding other abilities. 

Discussion 

The preliminary results presented above can be used in response to the calls for external grading of 

national tests in mathematics in Sweden, and elsewhere, as a way to ensure objectivity and fairness. 

The results indicate that students’ lack of communicative skill makes it difficult for the teachers to 

use these written accounts to assess other mathematical abilities. The study thus confirms 

Monaghan et al’s (2009) claim that students’ ability to communicate, to describe and to account for, 

their processes or their thinking, is crucial for teachers as well as for students. In order for teachers 

to evaluate students’ abilities, they need to understand what the students have done and why. In 

order for students to write in a way that reflects their mathematical knowledge they need to know 



how to represent their problem-solving process along with explanations and arguments for their 

various choices. The fact that there are different ways to interpret what the students have written, 

further strengthens the conclusion that using this writing, to assess other mathematical abilities, may 

be problematic. The results should not be interpreted as suggesting that problem-solving should not 

be used to assess students’ mathematical abilities but rather that both teachers and students need to 

know more about different ways to clearly and comprehensively account for problem-solving 

processes. 

References 

Allal, L. (2012). Teachers’ professional judgement in assessment: A cognitive act and a socially 

situated practice. Assessment in Education: Principles, Policy & Practice, 20(1), 20-34. doi: 

10.1080/0969594x.2012.736364 

Boesen, J., Helenius, O., Bergqvist, E., Bergqvist, T., Lithner, J., Palm, T., & Palmberg, B. (2013). 

Developing mathematical competence: From the intended to the enacted curriculum. The Journal 

of Mathematical Behavior 33, 72-87.  

Cizek, G. J. (2009). Reliability and validity of information about student achievement: Comparing 

large-scale and classroom testing contexts. Theory Into Practice, 48(1), 63-71. doi: 

10.1080/00405840802577627 

Cumming, J. J., & Wyatt-Smith, C. (2009). Framing Assessment Today for the Future: Issues and 

Challenges. In J. J. Cumming & C. Wyatt-Smith (Eds.), Educational Assessment in the 21st 

Century: Connecting Theory and Practice. Dordrecht: Springer. 

Ellerton, N. F., & Clarkson, P. C. (1996). Language factors in mathematics teaching and learning. In 

A. J. Bishop, K. Clements, C. Keitel, J. Kilpatrick & C. Laborde (Eds.), International Handbook 

of Mathematics Education (pp. 987-1033). Dordrecht: Springer Netherlands. 

Jablonka, E. (2003). Mathematical literacy. In A. Bishop, M. A. Clements, C. Keitel, J. Kilpatrick & 

F. S. Leung (Eds.), Second International Handbook of Mathematics Education (Vol. 10, pp. 75-

102). Netherlands: Springer  

Jones, I., & Inglis, M. (2015). The problem of assessing problem solving: can comparative 

judgement help? [journal article]. Educational Studies in Mathematics, 89(3), 337-355. doi: 

10.1007/s10649-015-9607-1 

Kanes, C. (2002). Towards numeracy as a cultural historical activity system. In P. Valero & O. 

Skovsmose (Eds.), Proceedings of the Third International Mathematics Education and Society 

Conference (pp. 385-394). Roskilde, Denmark: Centre for Research in Learning Mathematics, 

The Danish University of Education, Roskilde University, Aalborg University. 

Kilpatrick, J. (2001). Understanding mathematical literacy: The contribution of research. 

Educational Studies in Mathematics, 47(1), 101-116. doi: 10.1023/a:1017973827514 

Kilpatrick, J., Swafford, J., & Findell, B. (2001). Adding it up: Helping children learn mathematics. 

Washington DC: The National Academies Press. 

Mertler, C. A. (2004). Secondary teachers' assessment literacy: Does classroom experience make a 

difference? American Secondary Education, 33(1), 49-64.  

Monaghan, J., Pool, P., Roper, T., & Threlfall, J. (2009). Open-start mathematics problems: an 

approach to assessing problem solving. Teaching Mathematics and Its Applications, 28(1), 21-

31. doi: 10.1093/teamat/hrn023 

Morgan, C. (1998). Writing mathematically: The discourse of investigation (Vol. 9). Abingdon: 

RoutledgeFalmer. 

Morgan, C. (2001a). Mathematics and human activity: Representation in mathematical writing. 

Research in Mathematics Education, 3(1), 169-182. doi: 10.1080/14794800008520091 

Morgan, C. (2001b). The place of pupil writing in learning, teaching and assessing mathematics. In 

P. Gates (Ed.), Issues in Teaching Mathematics (pp. 232-244). London: Routledge. 



Morgan, C., & Watson, A. (2002). The interpretative nature of teachers' assessment of students' 

mathematics: Issues for equity. Journal for Research in Mathematics Education, 33(2), 78-110. 

doi: 10.2307/749645 

Niss, M. (2003). Mathematical competencies and the learning of mathematics: the Danish KOM 

project. Paper presented at the 3rd Mediterranean Conference on Mathematical Education - 

Athens, Hellas 3-4-5 January 2003, Athen. 

Niss, M., & Højgaard Jensen, T. (2002). Kompetencer og matematiklaering - Ideer og inspiration til 

udvikling af matematikundervisning i Danmark. (nr.18-2002). Copenhagen: 

Undervisningsministeriet, Uddannelsesstyrelsen. 

OECD. (2013). PISA 2012 Assessment and analytical framework: Mathematics, reading, science, 

problem solving and financial literacy. Retrieved from 

http://dx.doi.org/10.1787/9889264190511-en doi:10.1787.9789264190511-en 

Rosli, R., Goldsby, D., & Capraro, M. M. (2013). Assessing Students’ Mathematical Problem-

Solving and Problem-Posing Skills. Asian Social Science, 9(16). doi: 10.5539/ass.v9n16p54 

SNAE. (2011). Curriculum for the compulsory school, preschool class and the recreation centre 

2011.  Stockholm, Sweden: Swedish National Agency for Education Retrieved from 

http://www.skolverket.se/publikationer?id=2687. 

Stylianou, D. A. (2011). An examination of middle school students’ representation practices in 

mathematical problem solving through the lens of expert work: towards an organizing scheme. 

Educational Studies in Mathematics, 76(3), 265-280.  

Säfström, A. I. (2013). Exercising mathematical competence: Practising representation theory and 

representing mathematical practice. Doctoral Thesis, Gothenburg University, Gothenburg.    

Watt, H. M. G. (2005). Attitudes to the Use of Alternative Assessment Methods in Mathematics: A 

Study with Secondary Mathematics Teachers in Sydney, Australia. Educational Studies in 

Mathematics, 58(1), 21-44. doi: 10.1007/s10649-005-3228-z 

Wedege, T. (1999). To know or not to know – mathematics, that is a question of context. 

Educational Studies in Mathematics, 39(1-3), 205-227. doi: 10.1023/a:1003871930181 

Wedege, T. (2010, January 26-27, 2010). Ethnomathematics and mathematical literacy: People 

knowing mathematics in society. Paper presented at the MADIF7, The Seventh Mathematics 

Education Research Seminar, Linköping. 

 

 

http://dx.doi.org/10.1787/9889264190511-en
http://www.skolverket.se/publikationer?id=2687



