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The Spectral Analysis of the Interior Transmission Eigenvalue Problem for
Maxwell’s Equations

Houssem Haddar, Shixu Meng!+*
INRIA and Ecole Polytechnique (CMAP), Route de Saclay, 91128 Palaiseau Cedex, France

Abstract

In this paper we consider the transmission eigenvalue problem for Maxwell’s equations corresponding to non-
magnetic inhomogeneities with contrast in electric permittivity that has fixed sign (only) in a neighborhood
of the boundary. Following the analysis made by Robbiano in the scalar case we study this problem in the
framework of semiclassical analysis and relate the transmission eigenvalues to the spectrum of a Hilbert-
Schmidt operator. Under the additional assumption that the contrast is constant in a neighborhood of the
boundary, we prove that the set of transmission eigenvalues is discrete, infinite and without finite accumu-
lation points. A notion of generalized eigenfunctions is introduced and a denseness result is obtained in an
appropriate solution space.

Résumé

Nous considérons le probleme de valeurs propres de transmission pour les équations de Maxwell ot le contraste
sur la permittivité électrique admet un signe fixe seulement sur un voisinage du bord du domaine. En suivant
I’approche développée par Robbiano dans le cas scalaire, nous formulons le probleme aux valeurs propres
comme un probleme spectral pour un opérateur d’Hilbert-Schmidt. Sous I’hypothese supplémentaire que
le contraste est constant au voisinage de la frontiére nous montrons que ’ensemble des valeurs propres de
transmission est discret sans points d’accumulation finis. Nous définissons une famille de fonctions propres
généralisées pour laquelle un résultat de densité est obtenu dans un espace de solutions bien choisi.

Keywords: Transmission eigenvalues, inverse scattering, semiclassical analysis, Hilbert-Schmidt operator,
Maxwell’s equations.
2010 MSC: 78A46, 47TA75, 35Q61, 81Q20

1. Introduction

The transmission eigenvalue problem is related to the scattering problem for an inhomogeneous media.
In the current paper the underlying scattering problem is the scattering of electromagnetic waves by a non-
magnetic material of bounded support D situated in homogenous background, which in terms of the electric

*. Corresponding author
Email address: Houssem.Haddar@inria.fr, shixumenQumich.edu ( Houssem Haddar, Shixu Meng )
1. Current address (when article was published): Department of Mathematics, University of Michigan, Ann Arbor 48109,
USA



field reads :

curl curl E* — k?E* = 0 in R\ D
curlcurl E — k2nE =0 in D
vxE=vxE +vxE on 0D
vxcurlE =v x curl E* + v x curl E? on 0D
rlggo (curlE® x z — ikrE®) =0

where E‘ is the incident electric field, E® is the scattered electric field, n(z) is the index of refraction, k is
the wave number and the Silver-Miiller radiation condition is satisfied uniformly with respect to & = x/r,
r = |z|. The difference n — 1 is refereed to as the contrast in the media. In scattering theory, transmission
eigenvalues can be seen as the extension of the notion of resonant frequencies for impenetrable objects to the
case of penetrable media. The transmission eigenvalue problem is related to non-scattering incident fields
[5, 6, 15]. Indeed, if E is such that ES = 0 then E|p and Eq = Ef|p satisfy the following homogenous
problem

curlcurl E — k?nE = 0 in D (1)
curlcurl Eg — k?Eg = 0 in D (2)

vxE=vxEg on T (3)
v x curlE = v x curl E on I (4)

with I :== 0D and v the inward unit normal vector on I', which is referred to as the transmission eigenvalue
problem. If the above problem has a non trivial solution then k is called a transmission eigenvalue. Conversely,
if the above equations have a nontrivial solution E and Eq, and Eqy can be extended outside D as a solution
to curl curl Eg — k?Eg = 0 in R3, then if this extended E is considered as the incident field the corresponding
scattered field is E® = 0. In this case, the associated transmission eigenvalues are referred to as non scattering
frequencies. Let us mention that the latter notion is much more restrictive and it is for instance proven
that non scattering frequencies do not exist in special cases of geometries [4]. The notion of transmission
eigenvalues is relevant to inverse (spectral) problems as it is shown that these frequencies can be determined
from time-dependent measurements of scattered waves [11, 25].

The transmission eigenvalue problem is a non-selfadjoint eigenvalue problem that is not covered by the
standard theory of eigenvalue problems for elliptic equations. For an introduction we refer to the survey
paper [9] and the Special Issue of Inverse Problems on Transmission Eigenvalues, Volume 29, Number 10,
October 2013 [10]. The discreteness and existence of real transmission eigenvalues is well understood under
the assumption that the contrast does not change sign in all of D [7]. Recently, regarding the transmission
eigenvalue problem for the Helmholtz equation, several papers have appeared that address both the question
of discreteness and existence of transmission eigenvalues in the complex plane assuming that the contrast
is of one sign only in a neighborhood of the boundary 9D [17, 23, 24, 29, 32]. The Weyl asymptotic and
distribution of transmission eigenvalues are studied in [18, 27, 30, 33].

The picture is not the same for the transmission eigenvalue problem for the Maxwell’s equations. The
transmission eigenvalues for Maxwell’s equations is important in application [19]. Some results in this di-
rection are the proof of discreteness of transmission eigenvalues in [12, 13] where the magnetic and electric
permittivity doesn’t change sign near the boundary. It is known [7, 8, 16, 22] that, if Re(n — I) has one sign
in D the transmission eigenvalues form at most a discrete set without finite accumulation point, and if in
addition Im(n) = 0, there exists an infinite set of real transmission eigenvalues. The existence of transmission
eigenvalues for Maxwell’s equations for which the electric permittivity changes sign is an open problem. It is
our concern to study the existence of transmission eigenvalues in the complex plane under the assumption
that the electric permittivity is constant near the boundary. Although the index of refraction may be a
complex valued function, our analysis does not cover the case with absorption where the imaginary part of
n is proportional to 1/k. For the case with absorption, some non-linear eigenvalue techniques would be more



relevant [14, 20, 31]. We also remark that, similarly to the scalar case in [29], our analysis does not yield
information on the existence of real transmission eigenvalues.

Now we give an outline of this article with main results.

In section 2 we give an appropriate formulation of the transmission eigenvalue problem and relate trans-
mission eigenvalues to the eigenvalues of an unbounded linear operator Bj.

This motivates us to derive desired regularity results in Section 3 that are needed to show the inver-
tibility of By and prove the main theorem. The derivation of these results mainly uses the semi-classical
pseudo-differential calculus introduced in [29] for the scalar case with appropriate adaptations to Maxwell’s
system. The assumption that the electric permittivity is constant near the boundary considerably eases the
technicality of this section and allows us to use results from the scalar problem that are summarized in the
Appendix. The main technical difficulty related to non constant electric permittivity is that the divergence
free condition is different for E and Eq near the boundary. One therefore cannot impose a “simple” control
of the divergence of the difference which is needed to establish regularity results.

Using the regularity results obtained in Section 3, we show that B, has a bounded inverse for certain A
in Section 4.

Section 5 is dedicated to proving the main results on transmission eigenvalues following the approach in
[29] which is based on Agmon’s theory for the spectrum of non self-adjoint PDE [1]. We prove for instance
that the inverse B;l composed with a projection operator is a Hilbert-Schmidt operator with desired growth
properties for its resolvent. This allows us to prove that the set of transmission eigenvalues is discrete, infinite
and without finite accumulation points. Moreover, a notion of generalized eigenfunctions is introduced and

a denseness result is obtained in an appropriate solution space. The main result is summerized in Theorem
1.

FI1GURE 1: Example of the geometry of the problem

Throughout this article we denote m := n — 1 and shall make the following assumption on the index of
refraction n.

Assumption 1. We assume that the complez valued function n € C*°(D) and that ®(n) > 0 in D. Moreover
we assume the existence of a neighborhood N of I' such that n is constant in N and that this constant is
different from 1 (which means that m is constant and different from zero in N ).

For a complex number z = |z|e?, § € [0, 27 we define arg 2 := § and

C(m) = {arg %; r € D}.

For best readability we state the main result of this paper here and refer the readers to Section 2 on the
definition of U(D) and V (D), to Section 4 and Section 5 on the definition of S,.

Theorem 1. Assume that Assumption 1 holds and assume that C(m) is contained in an interval of length

us

< 7. Then there exist infinitely many transmission eigenvalues in the complex plane and they form a



discrete set T without finite accumulation points. Moreover, there exists z € C such that the set {u =
(k? —2)7L, k € T} form the set of eigenvalues of the operator S, and the associated eigenvectors are dense
in {u € U(D);div (1 +m)u) =0} x {v e V(D);divv = 0}.

2. Formulation of the transmission eigenvalue problem

In the following D C R? denotes a bounded open and connected region with C°°-smooth boundary

0D :=T and v denotes the inward unit normal vector on I' (see Figure 1 for an example of the geometry).
We set L?(D) := L?(D)3, H™(D) := H™ (D)3 and define

H(curl?, D) := {u € L*(D); curlu € L*(D) and curl curlu € L*(D)}
L(curl?, D) := {u € L*(D); curlcurlu € L*(D)}
endowed with the graph norm and define
Hy(curl®, D) := {u € H(curl®, D); yyu = 0 and ,curlu = 0 on T'}
where y;u := v X u|r.

Definition 1. Values of k € C for which (1)-(4) has a nontrivial solution E,Eq € L(curl?, D) and E—Eq €
Hy(curl?, D) are called transmission eigenvalues.

Following the approach in [29, 32] for the scalar case, we rewrite the transmission eigenvalue problem in

an equivalent form in terms of u:= E — Eq € Hy(curl?, D) and v := k?Ej € L(curl?, D)
curl curlu — k2(1 +m)u —mv =0 in D (5)
curlcurlv — k*v = 0 in D (6)

Definition 2. Normalized non-trivial solutions u € Ho(curl?, D) and v € L(curl?, D) to equations (5)-(6)
are called transmission eigenvectors corresponding to k.

2.1. Function spaces for the transmission eigenvectors

To study the PDEs (5)-(6) and formulate the transmission eigenvalue problem, we first investigate the
function spaces that transmission eigenvectors u and v belong to. This is the motivation of the next lemma.

Lemma 1. Assume that assumption 1 holds and u € Hy(curl?, D) and v € L(curl?, D) are transmission
eigenvectors corresponding to k. Then divu € H*(D), divv € HY (D) and in particular divv = 0.

Proof. Taking the divergence of (6) implies divv = 0 and therefore divv € H*(D). Taking the divergence
of equation (5) yields

(1+m)diva+Vm-u=—k"23(Vm-v+mdivv). (7)

Since Vm has compact support in D and v satisfies a vectorial Helmholtz equation in D, then standard
regularity results give Vm - v € H(D). Since divv € H*(D) and u € L?(D), we deduce from (7) that
divu € L?(D). Since curlu € L?(D) and y;u = 0, u € H'(D) (c.f. [3]). Hence, using again (7), divu € H'(D)
and we have proved the lemma. O

We now define the following spaces :
U(D) := {u € Hy(cw!?, D);divu € H'(D)}

and
V(D) := {v € L*(D);curlcurl v € L*(D) and divv € H'(D)} .



2.2. Relating the transmission eigenvalues to the spectrum of an operator
Having studied the function spaces that transmission eigenvectors belong to, we are ready to introduce an
operator which plays an important role in our analysis. We introduce the operator By defined on U(D)x V(D)
by
BA(u, V) = (fa g)

where
curlcurlu — A(1 + m)u —mv = (1 + m)f in D (8)
curlcurlv — Av =g in D (9)
and A\ € C is a fixed parameter (we will choose A later). We can now relate the transmission eigenvalue with

the eigenvalues of By. In fact, one observes that k is a transmission eigenvalue if and only if k% — X is an
eigenvalue of B (this also explains the motivation to define the operator B ).

To study the invertibility of the operator By, we first investigate the range of B.
Lemma 2. Assume By(u,v) = (f,g) and (u,v) € U(D) x V(D). Then £ € L?(D), div (1+m)f) €
HY(D), g € L*(D) and divg € HY(D).
Proof. Noting that v € V and curl? = Vdiv — A, we have that
Av = Vdivv — curl*v € L?(D).
Since Vm has compact support in D, standard elliptic regularity results yield Vm - v € H?(D). Since
div (mv) = Vm - v +mdivv,
we have that
div (mv) € H'(D).
Since u € U, u € H?(D)(c.f. [3]). Therefore
div (1 +m)f) = =Adiv ((1 +m)u) — div (mv) € H (D).
divg € H'(D) follows directly from divv € H!(D). This proves our lemma. O

We now define the following spaces :
F(D) := {f € L*(D);div ((1+m)f) € H'(D)}

and
G(D):={g e L*(D);divg € H'(D)} .

3. Regularity results for transmission eigenvectors

As is seen from Section 2, the analysis of transmission eigenvalues will be obtained from the analysis of
the spectrum of the operator B) or more precisely of its inverse Ry). To show the existence of R for well
chosen A, we need certain regularity results and this is the purpose of this section. Moreover, the regularity
results in this section (in particular Theorem 3) is important to apply the spectral theory of Hilbert-Schmidt
operator in section 5. The reader may proceed to read section 4 and section 5 by assuming Theorem 2 and
3 and come back to the technical details in this section after that.

In this section we will derive a detailed study of equations (8)-(9). Roughly speaking we will show that,
for appropriate A the solutions u and v are bounded by f and g in appropriate norms. The idea is based on
applying the semiclassical pseudo-differential calculus used in [29] for the scalar problem. The analysis for
Maxwell’s equations requires non trivial adaptations since the normal component of the trace of u does not
necessarily vanish, the curl curl operator is not strongly elliptic and the compact embedding for Maxwell’s
equations are more complicated. Restricting ourselves to the case m is constant near the boundary simplifies
the analysis since one can first derive a semiclassical estimate for the normal component of the trace of v.
This allows us to then derive estimates for u and v. In order to write the equation for the normal trace of
v and apply the analysis in [29] we first need to rewrite (8)-(9) as a problem in R3.



3.1. Extending solutions to R3

To begin with, we introduce a tubular neighborhood D, of I', where
D.={z:z=y+sv(y),yel,0<s<e}.

We define
Iy={z:zx=y+sv(y),yel}.
The boundary I' corresponds to I'y with s = 0.

To deal with the boundary conditions on I', we follow the idea in [29] and extend the transmission
eigenvectors by 0 outside D. To begin with, let us introduce

| u(2) in D
571 0 in R3\D.

Lemma 3. Assume (f,g) = Ba(u,v) as defined by equations (8) and (9). Then u and v satisfy the following

—Au—-A1+m)u—mv=_14+m)f — Vdivu— Vr(uy - v) ® ds—0 — uny ® Dsds—0 (10)
-1 . ovr .
—Av —Av =g+ A\ Vdivg — (2Hv7 + o vdivpvy) ® ds—g — vV @ Dgds—g (11)

where yu ;= u|r, ur :=yru:=v X (uxv)|r and uy :=yyu = v(u-v)|r. Here §5—¢ is the delta distribution
on I' and D, is the normal derivative.

Proof. From A in geodesic coordinates (c.f. [29] and [26]), we have that

0
ﬂ—|-2Hll]\/+

Au = Au+ (2Hur +
ov

0
L:V) ® ds—0 + (ur +uy) ® Dsds—o

0

where H is a smooth function on I' (see Appendix). From curl?> = Vdiv — A we are able to rewrite the
equations (8)-(9) as follows

—Au—A1+mu—mv = (1+m)f—Vdivu— (ur +uyn)® Dsds—

Ouy Juy

— (2HuT+W+2HuN+W)®6s:O (12)
and
. 8vT aVN
~Av—-)v = g-—Vdivv— (2Hvyr + —— +2Hvy + ——) ® 050

= ov ov

— (v +vVy) ® Dybs=0. (13)

We now use the fact that (c.f. [26])

Vdivu = Vdivu+ (vdivua) ® ds—

0
vdiva = z/dinuT+2HuN+¥ on T
v

with the same equations hold for v. Using above two equations to simplify equations (12)-(13) we get

—Au—-AX14+mu—mv = (1+m)f—Vdivu— (ur +uy)® Dsds—0

dur

- (2H
(2Hur + ov

— vdivrur) ® ds—¢



and

aVJ - VdiVFVT) ® ds—0

—Av—JAv = g-Vdivv— (2Hvr +
= ov

— (v +VN) ® Dgbs—o.

We now use (c.f. [26])

vxcurlu=Vr(uy -v)+v x (Ruxv)) —2Hur — aaﬂ on TI.
v

Then ur =0 and (curlu)r = 0 yields

8uT

v
and therefore we get (10). From equation (9)
—Adivv =divg.

This yields equation (11). O

The following lemma is important in our analysis as it allows us in subsection 3.2 to derive an estimate
only involving v .

Lemma 4. Assume (f,g8) = Ba(u, V) as defined by equations (8) and (9). Then

)\uN = — VN — fN.

(1+m)

In particular for A = h=2p where h > 0 and p # 0 € C, we have

uy = fh2#+m)v]v - hzifN. (14)
Proof. Equation (8) yields
A1+ m)uy = —mvy — (1 4+ m)fy + curlcurlu - v.
Since curlu x v = 0, then curlcurlu - v = —divp(curlu x v) = 0. Then we can prove the lemma. O

3.2. A first reqularity result
We prove in this subsection a first explicit continuity result for (u,v) € U(D) x V(D) satisfying

B)\(“? V) = (f7 g)

for certain large values of A\. We refer to the Appendix for notations related to pseudo-differential calculus
and some key results from [29]. Readers may need to read the Appendix first to be able to understand the
proof.

Throughout this section, we let h := \/\1|l and p := h2\. Multiplying equations (10) and (11) by h? yields
2

—h*Au — p(1+m)u—h*my = h*(1+m)f+ %Vhdivu
h h
+ ?V}%(UN . I/) & (5520 + ?uN ® DZ5S:0 (15)



and

3
—h?Av — uy = h2g — Ivhdivg

ho h )
+ ZQHvr+ Ak

h
— vdiviivy) ® Se—o + 5V ® D6, (16)

(see Appendix for notations of Dh s Vi, V) We define J(vr) by

Onvr .
— vdivivy.

h
J(vr) = QZHVT +

Based on these two equations, we will derive the desired regularity results.

Before digging into the technical estimates, we first explain the ideas and what we are doing in each
Lemma and Theorem. The general idea is to get first an estimate for vy and uy. This will allow us to derive
estimates for v and J(vr) and consequently estimates for v and u.

More spe(nﬁcally, it will be seen in Theorem 2 that the estimates of u and v stems from the estlmates of

vy in HSc (") and of J(vr) in HSC (T") evidenced from (31) and (32). To get an estimate for v in HSC ()
3

we will need to get an estimate for gs in HZ:(T") as is seen from (29). The estimate for g5 is obtained by

3
establishing an equation for uy that allows us to control the HZ.(I') norm of this boundary term. This is
the first main additional technical difference between the scalar problem treated in [29] and the present one.
For the scalar case this step in not needed since the solution has vanishing traces on the boundary.

Therefore, Lemma 5, Lemma 6, Lemma 7 and Lemma 8 serve to derive the desired estimate for uy in
3
Hz.(T'). In Lemma 8, we derive an estimate for uy that only involves v, f and g. This will serve to obtain

an estimate for v in Theorem 2. The estimate of uy in H (") stems from estimate of v in HSC (T"). This
is the motivation of Lemma 7 : an a priori estimate on vy independent of u. To fullfill this, we derive an a
priori estimate for vy (involving u) in Lemma 6 and an a priori estimate on u involving vy in Lemma 5
(such that we can eliminate u in Lemma 7).

Now we begin with the following lemma.

Lemma 5. Assume that assumption 1 holds. Assume in addition that |€]* —p #0, [£]> — (1 +m)p # 0 for

any € and x € D. Then for sufficiently small h
lallzpy S B2IVILeoy + P2 NIEllL2io) + P llgllLe o) + h°(ldiv gl L2 (p)

~

+ h2||d1vf||L2 D)+h | N| 2(1") (17)

Proof. From the Appendix, Q is a parametrix of —h?A — u(1 + m), then applying Q to equation (15)
u = hK_pu+h*Q(my) + th((l +m)f) + Q(v,,dw u)

+ Q(hvr(uN V) ® Os— 0)+Q( uy ® D) (18)

where K j; denotes a semiclassical pseudo-differential operator of order —M with M positive and sufficiently
large. From equation (18), estimate (.5) and Lemma 13

lulleepy S B2IVILao) + €l 2 (py + Blldivule(py + A% [uy]|

HLZ (T)
Lioh
. 3 . 1
£ BV o) g (19)
Then a direct calculation (see the Calculation subsection 3.3) yields the lemma. ]

With reference to Appendix .1 on the definition of Rg(x,&’), we begin with the following lemma.



Lemma 6. Assume that assumption 1 holds. Assume in addition that |£|*> —pu # 0, |€> — (1 +m)u # 0 for

any & and x € D and Ro(x, &) — %izu #0 for any & and x € T. Then for suﬁ?czently small h

|VN|H7§(F) < hE|lgllee(py + hE |divgllLacpy + h T [ElLaepy + h 7 div E] L2 p)
+ hE||Vilapy + b2 ullrzpy + A7 E |[divul z2(p)
h|J h 20
+ A (VT)|H;§(F)+ |7V\H7§(F) (20)

Proof. The idea is to derive an equation for v, which we will do in Steps 1, 2, and 3. In Step 4, we then
derive an a priori estimate for vy.

Step 1 : Relating vy to div{ivr.
From the Appendix, Q is a parametrix of —h2A — u. Then applying Q to equation (16) we have that

v = hK_yv+h*Qg - h?’Q(.thdiLg)
£ QIRI(vr) @ bumo] + Qv @ Dlisi] (21)

Taking the traces on the boundary I" and a direct calculation (see the Calculation subsection 3.3) yields

—vdivive +op(p2)vy = op(r1) (}WNK—MV + h?ynQg — h? VNQ( Vhdlv g)>

+  hop(r—1)J(vr) + hop(re)v
+  hop(r_1)(—vdivivy) 4+ hop(re) v
= g1 (22)
where we denote the right hand side as g;.
Step 2. Relating uy to vy.

Using a similar argument as in Step 1 (see the Calculation subsection 3.3) yields
uy = hywK_yu+ h3ynQ(mE_yv) + hynQmQg — h5'YNQmQ( Vhdwg)

h )
+ RPywQ((1+m)f) + ;W’NQ(V;LM)
m(p2 — p1+ A2 — A1)

20 —vdivhv
o p((Al—A2><A1—p2><pl—A2>< p2>>( dvivr)
m(p2A2 — p1A1) A
b (( —2) (M — p2)(p1 — A2)(p1 — p2>> v (3R Juw

+ o+
=
w ¥
[}
ie)
—
=
B

_3)J(vr) 4+ hPop(r_3)v + hop(r_1)un + hop(r_2) Vi(uy - v)
—p1+A2— A1) .
= h% ( m(p2 — ;1 ) —vdiviv
P =2 = p2)os —da)lpr —p) ) VYT
m(p2A2 — p1A1) ) A
+ h% ( vy +o0 uy + go. 23
PAOT )0 — p2) (o1 —2)(or —p2) ) p()\l - /\2) NTE (23)
Step 3. Derive an equation for vy.
From equation (14) uy = —h2mv1\] - hQifN. Then, combining this with equations (22) and (23)



yields

1
Rz M L p2lp
prm) VT
Ao — piA1) . 1
= h%o mlpas — p1a vy +oO —h? vy — h2=f
p((/\l—>\2)(>\1—02)(01—)\2)(,01—@)) N p(/\1—>\2)( p(l+m) p v)

m(pz — p1+ A2 — A1)
(A1 — )\2)()\12 - 021)(/71 2* )\2)1(/71 — p2) J(=op(p2)vy +81) + 82

+ h?op(

h2op <_ m _ m(p2A2 — p1A1) —mpa(p2 — p1+ A2 — A1) m A > va
n(1+m) (A1 = A2) (A1 = p2)(p1 — A2)(p1 — p2) p(1+m) A — Ao
= h2op(ro)fyx + g2 + h%op(r_3)g1 = gs.
Step 4. Getting an a priori estimate for vy .

From equations (.2) and (.3) we have A\ = —Xa, p1 = —p2, =23 = R— u(1+m) and —p3 = R — p. Then
a direct calculation yields

m 3 m(pada — p1A1) — mpa(ps — p1 + Ao — A1) m A
p(1+m) (A1 = A2) (A1 = p2)(p1 — A2)(p1 — p2) p(1+m) Ay — Az
1 A2 — (1 4+ m)ps
2(1+m)p Ao '

Then
op(A3 — (1+m)?p3)vy = h™%op(2(1 +m)pra(A2 + (1 +m)p2))gs + hop(r1)va,

which implies that

op (m((m +2)R — (1 +m)u)) vy = h™*op(rz)gs + hop(r1)v .
Let Ry(x,&") be the principal symbol of R(x,&’), see also Appendix .1. Then

op (m((m +2)Ro — (1 +m)u)) v = h™%0p(r2)gs + hop(r1)vx-
Note that

(m+2)Ry— (1+m)u#0 (24)

for any & and z € T'. Then there exists a parametrix of (m + 2)Ro — (1 + m)u and consequently

‘VNlﬂj (™)
S WMl gy TR gy
S Nl oy IRy Iy TR
A direct calculation (see the Calculation subsection 3.3) yields the lemma. g

Now Lemma 5 and Lemma 6 now yield the following.

Lemma 7. Assume that assumption 1 holds. Assume in addition that |€|* —pu # 0, |€> — (1 +m)p # 0 for

any & and x € D, and Ry(x, &) — éi:ﬁu # 0 for any & and x € T'. Then for sufficiently small h

vl S hEglleeepy + hE(ldivell ey + b2 (|E]lL2 o)

1
H,.2 (I

+ hE||Vgap) + BT E | divE| paepy + I (V)| s RV

2
H..2 () H. ) (25)
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and

ey < R2IVIiLe(o) + hlIEllezo) + h*lIgllee) + A7 [ldiv gl z2(p)

ATRE z id
£ iy + RG] g REVL (26)

Proof. The assumptions in Lemma 5 and Lemma 6 are satisfied. Therefore we substitue estimates (17) and
(36) into estimate (20) to get
3 5 . 1 1
|VN|H*%(F) < h2lglluzpy + A2 ||divellLzpy + A7 2 [[f|lL2(p) + 22 (| VIL2 (D)
h=E|divE h . +h|J : h .
iy Sl + hlvl By b

1
Since vy € Hy? (T), for h small enough we get estimate (25). Inequality (17) then yields estimate (26). This
proves the lemma. O

Lemma 8. Assume that assumption 1 holds. Assume in addition that [£]* —pu # 0, [€]* — (1+m)pu # 0 for
any & and x € D, and Ry(x,¢&") — %p %0 for any & and x € T'. Then for sufficiently small h

7 9 . 3 5
lun| S helgllez o) +h2lldivellg o) + A2 (Ifllz o) + 22 (VL o)

3
HZ(T)

3 0. 3 3
+ h2|div ((1 4+ m)f) ”ﬁic(D) +h |J(VT)|H1% - +h |7v|H;C% - (27)
Proof. From equation (23) we have

A2
A2 — A

m(p2 — p1+ X2 — M)
(A1 = A2) (A1 — p2)(p1 — A2)(p1 — p2)
m(p2Aa — p1A1)
(A1 = A2) (A1 — p2)(p1 — A2)(p1 — p2)

Applying Ay — A1 to both sides and combining this with equation (22) yields

)(—vdivivy)

Juy = hop(

op(

+ hzop( )WVN + Z2.

op(A2)uy = hPop(r_2)(—op(p2)vn + &1)
+ hPop(r_1)vn + op(r1)ga + hop(ro)un.

Since A9 # 0, for small enough h we have that

< B2 h? )
uvlyg ey S Wl o TREl s T lElg

Then a direct calculation (see the Calculation subsection 3.3) yields the lemma. g
Now we are ready to prove the main theorem.

Theorem 2. Assume that assumption 1 holds. Assume in addition that |€]> —u # 0, [€]2 — (1 +m)u # 0

for any &€ and x € D and Ry(x, &) — ;i—;’;u #0 for any & and x € T'. Then for sufficiently small h

IVleo) < Pllelleo) + hIdivelgs ) + [flleo) + Idiv (1 m)f) g o,
lllge ) S A2z + bl + Aolldiv el )+ F2Idiv ((L+m)f) g .

Proof. From (39) we have that

- -1
v = hyK_yv+h*Qg - hSQ(thdiv g)

)I (vr) + op(—2

+ op(
p1 — P2 P1— P2

)V + hop(r_2)3(vr) + hop(r_1)v.

11



Then

_ -1 .
J(vr) +op(p2)v = op(r)(hynK_mv +h*ynQg — h37NQ(ﬁVhd1V g))
+  hop(r—1)J(vr) 4+ hop(ro)v := ga. (28)
From (40) we have that
~ ~ 1
uy = hyK_pyu+ RPyQ(mK_yv) + h'yQmQg — h57QmQ(EVhdiv g)

£ QU m) + 11Q(Vadivu)
m(p2 — p1+ A2 — A1)
(A1 = A2) (A1 — p2)(p1 — A2)(p1 — p2)

m(PQ/\2 - /)1)\1) v
(A1 = A2) (A1 — p2)(p1 — A2)(p1 — p2)

1 h 1

+  hPop(r_4)J(vr) + h’op(r_s)v + hop(r_2)Vi-(uy - v) 4+ hop(r_1)uy.

+  h%op( VI (vr)

+  h?op(

+ op( Jun

Combining the above with equation (28) yields

mp2(p2 — p1 + A2 — A1) m(p2A2 — p1A1)
RS VISV T3 WS T YIS v Yo, BN 6 W v T W T o v T o D

= —h7? (th _mu+ BPyQ(mK _av) + hyQmQg — hstmQ(%Vhdiv g))

)
h
- (hZVQ((l +m)f) + iv@(%diw))
+ h_2op(r_1)V{3(uN V) 4 h_zop(ro)uN + op(r—3)g4 + hop(r—4)J(vr) + hop(r_s3)v
= g5.
As in [29], the symbol

mpa(p2 — p1+ A2 — A1) n m(p2A2 — p1A1)
(A1 = A2)(A1 = p2)(p1 — A2)(p1 — p2) (A1 — A2)(A1 — p2)(p1 — A2)(p1 — p2)

is not zero and we can apply its parametrix to the above equation. Then

< . 2
Vi o~ 18l ) 2
Estimates (28) and (47) yields
J <
IOty S Wt F Bl 2
1 3 500
S 2Vl + A2 gl oy + A2 [[divellg: p
+ h‘J(VT)|H;%(F) + |V|H;ﬁ(r>' (30)
A direct calculation (see the Calculation subsection 3.3) yields for small enough h
Wl d iy T IO 3
S B2 Vi) + P2 lgleo) + B2 ldiveleg
+ B2l p) + A2 |div (L4 m)) g - (31)

12



Notice that v satisfies equation (21). Then applying estimates (.5) and (31) gives
Vo) < b2 lIglleo) + PP ldiv gl ) + IfllLz (o) + Idiv (1 +m)f) [ (p)- (32)

From equation (18) we have that

. 1
lle oy S W21V ey + 12 Elsco) + Bl ullg )+ ¥,y

From estimates (44) (27) (31) and (32) we have
lullgg (o) S 2 IElLeo) + B gl + o ldivelig o +A2ldiv (1+m)f) g p)-
This completes the proof. ([l

3.8. Cualculation

In this subsection, we will show the necessary calculations for subsection 3.2.
1. Calculation for Lemma 5

Taking the divergence of equation (8) and noticing that A = uh~? yields
—u((1+m)diva+ Vm -u) — h2(Vm - v + mdivv) = h2div ((1 +m)f). (33)
Since Vm has compact support in D and |£|? — p # 0, estimate (.6) yields
IVm - vl2y S hlIvllez o) + P2llgllLzpy + h*||div gl L2 (p)-
Therefore

[divulzcpy S lullezoy + 22 IVIiLz o) + B2 Idiv viiLz o) + b llgllue (o) + h°(|div gl z2(p)
+ B2|ldiv (1 +m)f) || 2(p)- (34)

Since —Adivv = divg, we have that
pdivv = —h2divg
and therefore
ldiv vl (p) < PP divellg: p)- (35)
Substituting (35) (with s=0) into (34) yields

divullzipy S lulleeoy + A2 IVIiLe o) + b llgllee o) + h*lldivell L2 o)

+ Bdiv (L +m)f) |2 (o). (36)
Notice that since |fN|H—%(F) S Ifllez(py + (|div f][22(p), then
_1 .
B3l gy S 7% (IFo) v o)) (37

From equation (14) and estimate (37) we have that

S Rlvwnl oy +RPEN]
.2 () .2 (1)

+h2 (Ifleecpy + IdivEl|z2(p)) - (38)

|uN|H;%(F)

< p2
~ |VN‘H;%(F>

13



Plugging estimates (36) and (38) into (19) yields for h small enough

lalleepy S P2IvILe o) -i-hQHfHL2 (py + 1°||gllL2(py + B ||div g| £2(p)

+ h2|\divE]| 2 + b3 v

2. Calculation for Lemma 6

Calculation for Step 1

H.,, 2(1“)

Taking the traces on the boundary I' and using equations (.7)-(.8) we have

W=

+  op(

P1 — P2

My K_uv + h*7Qg — h?’wQ( Vhdlvg)

P1
P1 — P2

)I(vr) + op( )V + hop(r—2)J(vr) + hop(r—1)v

where v is the trace operator on I'. Furthermore taking the normal component yields

v = hywK_mv+ P ynvQg — h’VNQ( Vhleg)

+ op(

P1 — P2

)(—Vdiv{ivT) + op(

P1

P1 — P2

Applying op(p2 — p1) to both sides yields equation (22).
Calculation for Step 2

Substituting equation (21) into equation (18) yields

= hK_pyu+h*Q(mK_pv) + h* Qng h5QmQ( Vhdlv divg)

+ R*PQ((1+

+ hQQmQ[Q

m)E) + S Q(Vadiv)

h
J(vr) ® 50 + Ve D"6o—o]

+ Q(th(uN V)®(53 0)+Q( UN®D Og— 0)

Taking the traces on I' and using equations (.9) (.10) yields

u|p =

+

_|_

hvK_pa+

R3yQ(mK_pv) + h*yQmQg — h® QmQ( Vhdlvg)

m)f) + “YQ( ndivu)

p2—p1+)\2—/\1)
o )
02)\2 — p11)

(
o

(Al—/\z)

hsOP(T—4)J(VT

p2) (01— A2) (1 m)) Y

A1
th v)+o u
F( N ) p()\17>\2) N

) + hPop(r—g)v + hop(r_2)V}:(uy - 1) + hop(r_1 )ux.

Taking the normal component and noticing that v - Vi (uy - v) = 0 yields equation (23).

Calculation for Step /

14

)vn + hop(r—2)J(vr) 4 hop(r—1)v.

(40)



Applying estimates (.4) and (.11) gives

glytpy S PElleo) + b3 IVIino) + hE gl + ¥ div gl + b2 o)

+ hE||divulgepy + I (vr)]

s R}V 1 +hlun| i .
H,.* (T) H,.> (T) H,.2 ()
From equation (14) uy = —hQﬁer)vN — hQifN, and therefore
1 5 7 9. . 3
|g2|H—%(F) S RE|JullLzpy + A2 VlLe(py + R (|gllLe(p) + R [|div gllLe(py + R [[f]|lL2 (D)
1 . 3 3
+ hz Hle u||L2(D) +h |J(VT)|H,C% ) +h |V|H:c% )
h? h|f : 41
* |VN‘H;%<F> A N'H;% @ )
Applying estimates (.4) and (.11) yield
1 3 50 1
|g1|H’%(r) S h2|vlwzpy + h2IgllLz(p) + Rz [IdivglLz(p)
:h
+ h|J(vT)|H;% ) + h|v|H;% - + h\vN|HS,C% - + h|yd1vFvT|H;% -
Since vy and —vdiv ?VT are the normal components of v and J(vr) respectively, then
1 3 50 1.
\gl\Hj(F) S b2Vl (o) + R gl (o) + h2[ldivglLz(p)
h|J h . 42
+ hJI(vr)l g ot V-3 o (42)
Then estimates (37) (41) and (42) yield for small enough h that
3 5. 1 1.
|VN|H;%(F) S h2lglluzpy + k2 ||divglle(py + A7 2 [[f|lLzpy + A2 (|divE][L2(p)
1 _3 8.
+ h2 HV||L2(D) +h"2 Hu||L2(D) +h"2 ||d1V u||L2(D)
h|J h .
TN g gy TRV
3. Calculation for Lemma 8
From inequalities (.4) and (.11) one get
g2lyy oy S PHIule) + RHIVIe o) + R lgle o) + R div el o) + R IE e
h di h*|J h? h : 4
T hwQVadival g RO g ) TRV gy Rl (43)

This motivates us to derive an estimate for |yyQV div u\H% o’ Since Vm has compact support in D, then

estimate (.6) yields
IVm - vlig: ) S hlIvileo) + b2 lglle) + h*lldiv gl z2(p)
and

1Vm - ullgs ) < Alullueeo) + B2 (vlicem) + 2 1ElLeeo) + Alldival o).
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From equation (33) and estimate (35) (with s=1) we have that for small h

ldivalg o S [9m-ulg ) +B2ITm- Vg ) + v Vg )

h2|div ((1+ m)f)

* (=)
< hQ”"HL?(D) + h4||gHL2(D) + h4||diV gHﬁic(D) + hllullL2(py
bR (L m)D) g )+ A2 6l o).

From Lemma 13 and estimate (.11) we have

. _1 .
wQVadivyl g 0 S ROV ullge (o)

S hEldivalg g
Combined with (44), this inequality gives

3 z z . 1
S 02Vl oy + h2llgllee o) + A2 (ldivelg ) + A2 [l o)

~

[vynQVrdivu

| s
HZ(D)
+ h|div (L+m)f) gty + R £z o).

Substituting estimates (26) and (45) into (43) yields

1 5 7 9 . 3
lg2| s S RE|ullLepy + A2 |IVl|L2(p) + R gllLz(p) + B2 Hleg”ﬁic(D) + hz|f||lL2(py

HZ.()
+  hE|div ((1 +m)f) I oy + h3|J(vT)\H,%(F) + h3|v|H,%(F) +hlun| o
z 9 . 3 5 .
S hellglee oy + h2lldivelig o)+ h2 (L) + A2 (v ((1+m)E) (g p)
+ hE||vl|eeo) + h3|J(VT)|H*%(F) - h3|v‘H*%(F) +hlunl gy )’

Combining estimates (42) (25) and (46) implies that

+|g2| s

< h? L h? L
lun| N |VN|H’ + |g1|H;§ - -

s2 (D)

S hElgllee) +hElldivelg ) + 2 [IElle o) + B2 Vi)

3
HZ(D)

3 .
B (4 m)f) g )+ BIOn)] y Ry

H..2 () 2(T)

4. Calculation for Theorem 2

Applying estimates (.4) and (.11) gives

_3 1 3 5 . _1
|g5|Hg(F) S b2 lullezpy + A2 (VL) + A2 |gllLe(p) + h2(|divellLz oy + A2 [|f]|lLe(p)
1 . _9
+ h ||7QVhd1vu||H§c(F) +h |uN|H§C(F)
h|J h
TNl gy AV ) Bl
Applying estimates (.4) and (.11) gives
1 3 5 .
‘g‘dn’%(r) S hE||vlwzpy + b2 gl oy + A2 ||divglL(p)

T A oy TV b
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Combining estimates (26) (27) (29) (45) and (47) yields

< 4
Vb = 1Bl (48)
1 3 5 . _1
S Vi) + A2 gllz oy + A2 [divellg: () + A2 ([fllLe )
_1 .
D (L m)D) g ) + IO g RV (49)

Combining estimates (30) and (49) yields

o gy )

_3
H..2 (T H,.2 ()

1 3 5 . _1
S Vi) + A2 gllez o) + A2 ([divellg: py + A2 [[f]lLz o)

+ AT div (L+m)E) g () + hIT (V)] +hlv|

3
2

H..2(T) w2 (I)

Then for small enough h we have estimate (31).

3.4. A Second Regularity Result

In this section we study the regularity under the restriction that div ((1 4+ m)f) =0 and divg = 0. The
reason to consider this case is to obtain a regularizing effect of the operator R,. In particular, from equation
(33), we see that div u has the same regularity as div ((1 + m)f) (with a similar situation for v) and therefore
the regularizing effect does not hold in general. On the other hand, if the right hand side of equation (33)
vanishes, then the regularity of divu is controlled by u and Vm - v. This allows us to obtain the desired
regularity of u.

Theorem 3. Assume that the hypothesis of Theorem 2 hold. If f € ﬁic(D), div (1+m)f) =0 and divg =

0, then for sufficiently small h := \,\1|L
2

||V||ﬁfc(p) Sx h2||g||L2(D) + HfHﬁfL(D)v

Il oy S W gl + 2 Elge o).

Moreover if f € ﬁﬁc(D) and g € ﬁiC(D), then for sufficiently small h := P\lll
2

2
Il (o) < P2 lglige oy + IEllge (o,

||U-Hﬁgc(p) 5 h4||g||ﬁ§C(D) + hZHfHﬁ‘s‘C(D)'
Proof. We use similar arguments as in Section 3.2 and we shall only highlight here the differences. We

first prove that v € ﬁic(D) and u € ﬁic(D) if ve L?(D) and u € ﬁic(D) for g € L?(D) and f € ﬁic(D)7
then we can prove v € ﬁic(D) and u € ﬁEC(D).

1. (Similarly to Lemma 5) An a priori estimate for u.
Since div ((1 +m)f) =0 and divg = 0, Theorem 2 yields
lullg (o) S B2 0Eloo) + o lEleaon- (50)

2. (Similarly to Lemma 6 and Lemma 7). An a priori estimate for vy.

The argument can also be divided into four steps. Steps 1, 2 and 3 follow exactly the same way as in
Section 3.2. We shall only indicate the changes in step 4.
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Step 4. From Step 4 of Lemma 6 we have that
op (m((m +2)R — (1 +m)u)) vy = h™*0p(r2)gs + hop(r1)v.
Then

+ h|VN‘ _1

h72
|g3|H§c(r) H..2 (D)

<
|VN‘H§C(F) ~

and for h small enough

wal, o Sh el

1 1.
Z(D) HZ.(D)

Following the arguments in the proof of Lemma 6, the only difference is to replace estimate (37) by

_1
|fN|H§C(F) S h™2 HfHﬁic(D)
Notice from (31) and Theorem 2 that
. < higlee “3||f] 22 (-
V|H§?(F) S h2llgllepy + 72 If] 220y

This gives the following estimate (corresponding to estimate (20) in Section 3.2)

3 _1 1 _3
vl g S gl + B Il ) + BRIV o) + Bl )

1
()

Then Theorem 2 yields

3 _1
wil g Skl + 5 Il ) (51)

1
&(I)
3. (Similarly to Lemma 8) A priori estimate for uy.

From Lemma 8 of Section 3.2

op(A2)uy = h*op(r_2)(op(p2)vn +&1)
+ h%op(r_1)vn + op(r1)gz + hop(ro)uy.

Then for small enough h

< h2|VN‘ 1

[uv] ~ HZ(I)

+h2\g1\H,; )+|82|H§

HE () iy 2r)

As in estimate (43), we need to estimate | yvQVrdivu . The argument here is different, since ||div ul|g=

l
can only be bounded by [[v|jg: from equation (33). But v is only in L*(D). However, from Lemma 14,

. Lo
YN QVrdivu u‘Hs%c(F) S h7||div UHF;C(D)‘
Using estimate (51) and Theorem 2, direct calculations yield
z 3 5
vl o S AElgle) + I8l ) + hE Ve,
From Theorem 2 and estimate (50) we now have that

z 3
vl g S W gl + b El ) (52)

™)
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4. New a priori estimates for v and u.

As in Section 3.2, we have the following equation for v :

mpa(p2 — p1+ A2 — A1) n m(p2a — p1A1)
A1 = A2) (M1 = p2)(p1 — A2)(p1 — p2) (M1 — A2) (A1 — p2)(p1 — A2)(p1 — p2)

—h7? <th _yu+ hAQ(mE _pv) + hQmQg + h*yQ((1 + m)f) + }Z-L'VQ(VhdiVU)>

Op(*( v

+  h7%op(r-1)Vr(uy - v) + h=2op(ro)un + op(r_3)gs + hop(r_4)I(vr) + hop(r_s)v
= g5.
Then, using estimate (52), we obtain

3 1 1
v +JIvo)| oy S PElgllem) + RT3 E g o) + P2 VI o)

1 _1
HZ.(D) H,2 ()~

Therefore from equation (21) we can obtain
”VHﬁiC(D) /S h2Hg||L2(D) + ”f”ﬁic(D)' (53)
Then from equation (18) we can obtain

. 1
lallgs () S WIIVllg: b + B lElg: (o) + Aldivalige o) +h2luxl s .

Since Vm has compact support in D and div ((1 +m)f) = 0, then from equation (33) we have that
||diVU||ﬁ§C(D) S ”uHﬁic(D) + h3||v||ﬁic(p) + h4Hg||L2(D)'
Combining this inequality with (52) and (53) yields for small enough A that
||uHﬁ§C(D) S h2||f‘|ﬁic(p) + h4||gHL2(D)~
We finally arrive at the following estimates
Hvllﬁic(p) 5 h2||g||L2(D) + Hf”ﬁic(Dy
lullgs oy S A lgllaoy + B2 0E g (-

5. We use a bootstrap argument to prove the results of the theorem by repeating the above arguments
line by line. (Il

4. The inverse of B,

In this section we will show that B, has a bounded inverse for some z with sufficiently large |z|. We begin
with the following. Recall that

C(m) = {arg %; z € D}.

Before we prove the main results in this section, we first make a connection between the set C(m) and the
assumptions made in Theorem 2.

Lemma 9. If there exists 6 such that ¢ C(m) U {0} U {arg (”&L‘;‘l) : x € T}, then u = €' satisfies the

assumptions in Theorem 2, i.e. |£>—u # 0, |€]?—n(x)p # 0 for any € and x € D and Ro(z, &) — 11;2)/1 #0
for any & and x €T.
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Proof. Assume on the contrary that there exists ¢ € R? such that

1 _
—— € —pu=0 or [(*—pu=0 forsome z¢€& D

n(z)
or Cnw)
Ro(z,¢") — =0 forsome zel.
1+ ( )
This implies § = argu € C(m) U {0} U {arg (= + ) ; « € T'}. This contradicts the assumption. Hence we
have proved the lemma. O

Now we are ready to prove the following.

Theorem 4. Assume that assumption 1 holds and that C(m) U {0} U {arg (”(I)H) i x e T} #£[0,27.

n(x)
Then there exists z with sufficiently large |z| > 0 such that B, has a bounded inverse R, : F(D) x G(D) —
U(D) x V(D).

Proof. Since C'(m) U {0} U {arg ("Ef();)rl) ; x € '} # [0,27[ , then from Lemma 9 there exists p = €%

satisfying the assumption of Theorem 2. Let h > 0 and define 2z := ph=2. Let B,(u,v) = (f,g) where
(u,v) € U(D) x V(D). From Theorem 2, for a sufficiently small h, we have that

IVllz(o) < 21~ lglLe) + 2 ldivelg: o) + flluee) + Idiv (1+m)f) g o) (54)
and
alle oy + 1272 [l (o) + |21 [ullg2 o)
S 127 (Uflleao) + liv (L+mB) g ) ) + 121 2lgllnam) + 12 2 ldivelg ) (55)
From (35) (with s=1), we have that
[div vz (py S 27 |div gl 1 (p)- (56)

Therefore B, is injective and has closed range in F(D) x G(D) (the latter follows from a Cauchy sequence
argument).

Now we prove that B, has dense range. The argument will be divided into three steps.

Step 1 : First we show that for any (p?,q?) € F(D) x G(D) with div ((1+m)p?) =0 and divq? =0,
there exists (uy¢,vi) € U(D) x V(D) such that

B.(ui ¢, vie) — (p%,qY) in F(D) x G(D).
Indeed assume that (p¢,q?) € F(D) x G(D) with div ((1 +m) pd) =0 and divq? = 0 and that
(B.(u,v), (p%.q%)) =0, VY(u,v) € UD)x V(D)

where (-,-) denotes the natural F(D) x G(D) inner product. It is sufficient to show that p¢ =0 and q? =0
to conclude the proof in this step. As (p?,q?) satisfies div ((1 +m) pd) =0 and divq? = 0, then the inner

product reduces to the L? inner product. Letting (u,v) € C3°(D) x C3°(D), one gets, with p := p/(1 +m),

curlcurl@— @—mf)zo in D
curlcurlp — 2(1+m)p =0 in D
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in the distributional sense. We observe that curl curl @ € L2(D) and therefore the tangential traces v x curl@

and v x q? are well defined in H~3/2(T") and H'/2(T") respectively. Since u x v = 0 and curlu x v = 0 on
T, then for all v € C>°(D) we have that

/(1/><curl@)-vds—/(uxcurlv)-@ds:o
r r

where the integrals are understood as duality products. Hence
yx@:O and churl@:() on I
(see for instance [19, Lemma 3.1]). Now Let p; = 2q? — p. Then one gets

curl curl @4 — z(1 + m)q? + mp; = 0 in D (57)
curlcurlp; — 2zp1 =0 in D. (58)

Now we want to apply Theorem 2 (one can check that we can relax the condition curl q¢ € L?(D) from the
proof of Theorem 2) to (q?,p1). Since z = ph~2 and p satisfies the assumption in Theorem 2, we obtain
q? = 0, p; = 0 which implies p? = 0, q = 0. This proves the first part.

Step 2 : We show that for any given (p¢ q°) € F(D) x G(D) with curlp® = 0, p¢ x v[r = 0 and
curlq® =0, q° x v|p = 0, there exists (ug, va,) such that

BZ(UQ,K;VQ,K) — (pc7q6) in F(D) X G(D)

Assume
(B.(u,v),(p,q)) =0, VY(u,v)eU(D)x V(D).

It is sufficient to show p¢ = 0 and q° = 0 to conclude the proof in this step. Indeed from curlp® = 0,
div ((14+m)p¢) € HY(D) and p® x v|r = 0, one gets p¢ € H?(D) (see [3]), then curlp® = 0 implies
p© € U(D). We obviously have q¢ € V(D). Then, letting u = p® and v = 0, one gets

IP°llr(p) = 0.
This implies p¢ = 0. Second, let v = q¢ which implies

la’llem) =0
and therefore q¢ = 0.

Step 8 : Now we are ready to prove that B, has dense range in F(D) x G(D). Indeed let (p,q) €
F(D) x G(D). By the Helmholtz decomposition (see for instance [21]), there exist unique p? € L?(D),
p¢ € L?(D) and q? € L3(D), q¢ € L%(D) such that

p=p’+p°, a=q'+q" (59)
where

div (1 +m)p?) =0, culp®=0, p°xv|r=0.

divq? =0, curlq°=0, q°xv|r=0.

The existence of (p?, p¢) is guaranteed by the strict positiveness of #(1 + m). As shown above, there exists
(w10, vie) € UD) x V(D) and (uze,vae) € U(D) x V(D) such that

Bz(u1,€7vl,f) — (pd7qd) in F(D) X G(D)
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and
Bz(u2,€av2,€) — (p(:’qC) in F(D) X G(D)

Now let uy =uy ¢ +uz and vy = vy ¢ + vo . Then

B.(us,ve) = (p*+p%q* + 9% = (p,q)

in F(D) x G(D). Now we have proved that B, has dense range in F(D) x G(D). Since B, is injective and
has closed dense range in F(D) x G(D), R, := B! is well-defined. O

5. Main results on transmission eigenvalues

We shall state and prove here the main results of our paper on the existence of transmission eigenvalues
and the completeness of associated eigenvectors. The results of this section heavily rely on the regularity
results obtained in section 3.

Let us first introduce the Helmholtz decomposition. The motivation for introducing Helmholtz decom-
position is to get the desired compact imbedding (which will be proved to be a Hilbert-Schmidt operator)
for Maxwell’s equations. For any u € L2(D) there exists a unique u? € L2(D) and u® € L2(D) such that

u=u4u (60)
and
div ((1+m) ud) =0, curlu®*=0, u’®xv|p=0.

This is guaranteed by the strict positiveness of R(1 + m) (see for instance [21]). We now define P¢ as the
projection operator in L2(D) x L?(D) defined by

P(u,v) = (u’,v)
where u? is defined by (60).

For z chosen as in Theorem 4, we now consider the operator
S. :=P‘R, : H(D) — H(D)

with
H(D) := {u € U(D);div ((1+m)u) = 0} x {v € L*(D);divv = 0}.

Since H(D) is a subspace of H?(D) x G, we also get from Theorem 3 that S? continuously map H(D)
into H®(D) x H*(D). Observing that the H?(D) x L2(D) norm is an equivalent norm in H(D), we have
from [29, Lemma 4.1] (see also [1]) that S2 : H(D) — H(D) is a Hilbert-Schmidt operator.

We shall now apply Agmon’s theory on the spectrum of Hilbert-Schmidt operators in [1] to get the desired
main results. More specifically we shall apply the result of the following lemma that is a direct consequence
of Proposition 4.2 and the proof of Theorem 5 in [29].

Lemma 10. Let H be a Hilbert space and S be a bounded linear operator from H to H. If \™1 is in the
resolvent of S, define

(S)x = S(I—AS)™%.
Assume SP : H — H is a Hilbert-Schmidt operator for some p > 2. For the operator S, assume there

ewists N rays with bounded growth where the angle between any two adjacent rays is less that - : more

precisely assume there exist 0 < 01 < 0y < -+ < Oy < 27 such that O — 01 < % fork=2--- N and
2m — Oy + 01 < 55 satisfying the condition that there exists ro > 0, ¢ > 0 such that supr>r, [|(S),ciox || < ¢ for
k=1,---,N. Then the space spanned by the nonzero generalized eigenfunctions of S is dense in the closure

of the range of SP.
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We shall first apply this lemma to the operator S,, then deduce the spectral decomposition of the operator
B, and the main result on transmission eigenvalues. In order to prove the existence of rays with bounded
growth we need the following two lemmas on (R), which will be used in the proof of Theorem 5.

Lemma 11. Let 2 € C such R, = B! is well defined as in Theorem 4. Then one has the following
identities :

PR.P'B, =1, and P'B.PR,=1
where 1 is the identity operator on H(D).

Proof. On one hand, for any (f¢,g) € H(D), let (u,v) = R, (f¢,g), then
curlcurlu — z(1 +m)u — mv = (1 +m)f? in D
curlcurlv —zv=g in D
Let (u?,v) = P4(u,v), then
curl curlu? — z(1 + m)u? — mv = (1 + m)f + z(1 + m)u® in D
curlcurlv —zv=g in D
This implies that
P!B.PIR,(f!, g) = P/B.P%(u,v) = P'B,(u?,v) = P{(f + 2u°, g) = (f%, g).
On the other hand, for any (u?,v) € H(D), let (f,g) = B.(u¢,v), then

curlcurlu? — z(1 4+ m)u? — mv = (1 + m)f in D

curlcurlv —zv=g in D
This implies that

curlcurl (u? + 1£¢) — 2(1 + m)(u? 4 1£°) — mv = (1 + m)f¢ in D

curlcurlv —zv=g in D

Therefore 1
P/R.PIB.(u',v) = PR, (f!,g) = Pl (u + —£°,v) = (u,v).
z

Hence we have proved the lemma. (Il

We now have the following expression for (S. ).

Lemma 12. Let A € C and assume that R,y = Bfl)\ is well defined. Then (S,)\ = PR, .

z+

Proof. By definition, (S.)y = PIR.(I — APYR.)~!. From Lemma 11 and the fact that PI = I where I is
the identity operator on H(D), we have that

(8:)x = P'R.(I-APR.)™!
= PIR.(P'B.P‘R. - \P‘R, )
P'R.((P'B. — \I)P/R,)"!
PR.(P4B. — \I)P/R,)"!
= PIR,(P'B. ,P'R.)™!
= PR,

where for the last equality we used that PR, ,P'B.,, =L O

We are now in position to prove the following result on the spectral decomposition of S,.
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Theorem 5. Assume that Assumption 1 holds and assume that C(m) is contained in an interval of length

< T. Then there are infinitely many eigenvalues of S, and the associated generalized eigenfunctions are

dense in {u € U(D);div (1+m)u) =0} x {v e V(D);divv = 0}.
Proof. We prove the theorem in two steps.

Step 1. We shall apply Lemma 10 with S = S,, H = H(D) and p = 2. Since C(m) is contained in an
interval of length < 7, then we can choose 0 < 6 < 0 < --- < 6y < 27 such that (recall that since n is a

constant on T, then {arg (”(I)H) ; x € T'} is a fixed angle)

n(z)

m
O — 01 < Z

for k=2,--- N and 27 — Oy + 6 < 7§ satisfying

0, & C(m) U {0} U {arg (%) .z eT).

From Lemma 9 and Theorem 4, R, s, is well-defined as the bounded inverse of B, i, . Moreover R, e, is
uniformly bounded with respect to r because of the estimates (54), (55) and (56). Now for sufficiently large
r > 0, the angle of z + re** is sufficiently close to re*’*. Therefore R i0;, 1s also uniformly bounded with
respect to . Hence there exist rg such that

z+re

SUPr>ro | R, 4 peion || < e

z+re

From Lemma 12 we have that
S,eion = (S2),ei0r, = PR, 0.

Therefore
SUPr>rg ||Srei9k H <c

Now we have found directions 6; as required in Lemma 10 for which the bounded growth conditions are
satisfied.

Step 2. It only remains to prove that the closure of the range of S2 is dense in {u € U : div ((1 +m)u) =
0} x {v € V :divv = 0}. By a denseness argument, it is sufficient to show that the closure of the range
of S, is {u € U(D) : div (1 +m)u) = 0} x {v € V(D) : divv = 0}. Indeed for (u,v) € {u € U(D) :
div (1+m)u) =0} x {v e V(D) :divv = 0}, we define p € H}(D) such that

—zdiv [(1 +m)Vp] =Vm - v

Since curl Vp = 0, divVp € L?(D) and v x Vp = 0 then Vp € H'(D) (see for instance [3]), the same
argument yields again Vp € H?(D) since div [(1 +m)Vp] € H*(D) (this come from the fact that Vm has
compact support in D and v is regular on that support by elliptic regularity).

Let u* = u + Vp. Then we have (u*,v) € U(D) x V(D) and P4(u*,v) = (u,v). Moreover by a direct
calculation we have that
div (=z(1 4+ m)u* —mv) = 0.

Now define (f,g) = B,(u*,v). Then
(f,g) e {f e F(D);div (1+m)f) =0} x {g € G(D);divg = 0}.
Let (f7,g¢) € F(D) x G(D) be a Cauchy sequence such that

(fe, ge) = (f,8)
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in the space F(D) x G(D). Since R, is bounded, we have that
Rz(ffagf) %Rz(ﬂg) - (U*7v) in U(D) X V(D)

Therefore
S.(f,80) = PR, (f1,g) — P (u*,v) = (u,v)

in {u e U(D);div ((1 +m)u) =0} x {v € V(D);divv = 0}. This proves the theorem.

Now we relate the transmission eigenvalues to the operator B, .

Theorem 6. The number k and (u,v) € U(D) x {v € V(D) : divv = 0} are a transmission eigenvalue
and a non trivial solution of (5)-(6) respectively if and only if p=' = k? — 2z and P%(u,v) are respectively an
eigenvalue and an eigenvector of S,.

Proof. First we show that for each eigenvalue u~! of S, we can find a transmission eigenvalue k& and non

trivial solution of (5)-(6). Indeed, suppose (u?,v) € H(D) is such that
PIB ! (u’,v) = p7 ! (ul,v). (61)
Since B! is well-defined, (@, v) := uB;!(u?, v) satisfies

curlcurl@ — 2(1 +m)a — mv = p(1 + m)u? in D

curlcurl v — z2v = pv in D.
Define 0¢ such that (a?,v) = P4(i1, v). Then, equation (61) yields
u’ =u", vV=v.

Now set

u u” + u
otz [tz
where ¢ = @1 — 0. Then a direct calculation yields

curlcurlu — (z + p)(1 + m)u—mv =0 in D
curlcurlv — (z + pu)v =0 in D.

The definition of u and (60) ensures that yyu = 0 and ~ycurlu = 0 on T’ and that (u,v) are non trivial
solutions of (5)-(6) with k := /z + u (with appropriate branch).

The converse is easily seen by reversing the above arguments and defining (u?, v) = P%(u,v). This com-
pletes the proof. O

Proof of Theorem 1 : Note that since S? is a Hilbert-Schmidt operator then the reciprocal of the eigen-
values form a discrete set without finite accumulation points. We therefore can summarize the results on
transmission eigenvalues in Theorem 1. O

5.1. Discussion

The assumption that the refraction index n is constant near the boundary (Assumption 1) is in fact only
needed in Section 3 to establish desired regularity results. The arguments of Section 4 and Section 5 are still
valid for non constant n if the regularity result holds. Relaxing Assumption 1 is part of an ongoing project
where we think that the (simpler) approach in [32] would be feasible.
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6. Appendix

We introduce a small parameter h. We define D;}j = %%. Similar notations hold for Vy, %. For an
L J

open bounded manifold D in R? we introduce the semiclassical Sobolev spaces ﬁzc(D) equipped with the
norm || - lg: (s where [[ullgg: () = inf{[8]l: ey, o = u} and JulZy, o = Jus (1 + h2[E2)°1a(0)]2de.
For a two dimensional manifold I', we denote the semiclassical norm as |- |g: (). We denote the commutator
of two semiclassical pseudo-differential operators as [-,:]. We refer to [2] and [34] for details. By a < b we
mean that a < Cb for some independent constant C'.

Definition 3. Let a(z,¢) be in C™(R??), we say a is a symbol of order m, denoted as a € S™, if
10507 a(, €)| < Cap()™ "

for all o and B where (€) := (1+|£[2)2. For a € S™ we define the semiclassical operator Op,(a) by

On(au = oy [ *Catane)ie)de
and we define the class of such operators as Op,S™.

In particular we need the following results from [29]. Let « = (2/,x,) and £ = (£, &,,) where (z,&) is the
local coordinate in the cotangent bundle T*(T" x (0,¢€)) and (2,¢’) is the local coordinate in the cotangent
bundle T*T".

For the case that —h2A — p is elliptic with the symbol |¢|> — i # 0 for any € and x € D, we have in the
tubular neighborhood of I' the semiclassical symbol of

—h?A —p
is 1
€ + 2H(z) 160 + Rz, €) —

where H(z) is a smooth function depending on x. We denote by

RO (1’7 5,) (1)
the principal semiclassical symbol of R(xz,£’). Moreover we can have
&+ R(2,6) = p = (&n = p1(2,€)) (& — p2(2,)) (:2)

where p; and ps are symbols of order 1 with $(p1) > 0 and I(p2) < 0. o
For the case that —h2A — u(1 + m) is elliptic with the symbol [£]? — (1 +m) # 0 for any ¢ and x € D
we have similarly

&+ R(z, &) — p(1+m) = (& — M(2,€))(&n — Aa(2,€")) (:3)
where A1 and Ay are symbols of order 1 with (A1) > 0 and S(\g) < 0.

Also we will use frequently that if the symbol |£]? — u(1+m) # 0 for all € and 2 € D, then the parametrix
Q of —h%2A — pu(1 4+ m) exists where

Q(=P°A—p(l+m)) =1
modulo a smoothing operator. The following holds

[Ty - (4)
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for any f € H. (D) with s > 0. The same holds true for the parametrix Q of —h2A — p. Also we have

1 (@U@ (D2)"8:-0)) Il -sv5 ) <47 Hlolhs, 0 (5)

wheres—k+%20.
Moreover if —h2Av — uv = h%g in D and [£]? — u # 0 then
HV”ﬁz:rl(D\ﬁ) < hHVHﬁzc(D) + h2||g‘|ﬁ;rzw{kl,0}(m (.6)
for s > 0 when the right hand side makes sense.

Next we introduce op(ras) as the semiclassical pseudo-differential operator of order M on I'. We have
that

1G5 Dlda] = op( L)+ hon(r1)1 (1)

1010 @ o] = 0p(—— )+ hon(r_2)0 (8)

1m0 @ 8ol = op Gy TR ) hop(ra (9)
1QmQLr @ Didco] = op (s PN Y hop(r_a)u (10

where 1) is a distribution on the boundary.

In the framework of semiclassical norms, the trace formula reads

S h7 2 el (b (-11)

|W'HEZ%(F) ~

for s > %
Moreover we need the following two lemmas.

Lemma 13. Assume u € H°(D). Then for s >0
1@Vl ) S lullze (o)

Proof. If s = 0, then this is a consequence of the mapping properties of semiclassical pseudo-differential
operators on L?(R%). Now assume s > 1. From classical jump relations (c.f. [26])

h
Vwiu = Vayu-+ (I/Z’LL) ® 0s—0.

Then

< h

Hth@”ﬁ:’l(D) ~ Hthu”ﬁzjl(D) + HQ(;VU ® 5520)”ﬁ:'1([))'

From the estimates (.5) and (.11) we have that

h <

||Q(;VU ® 0s=0)llz+1(py S llullm:, ()

Noting that s > 1, we can proceed to have

HthuHﬁzjl(D) S ||Vh“|‘ﬁ§;1(,3) S HUHH;(D)'

This completes our proof. ([l
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Lemma 14. Assume f € H(D) and f = 0 in the neighborhood N of the boundary T'. Then for f € FzC(D)
and small enough h

QRS ger s oy S 2 1F Nz, ) (.12)
Proof. Note that if f =0in N, then f € H:.(R3) and f € H'(R?). Let u € H5_(R?) satisfy
—h*Au— p(l+m)u=V,f.
Then u = QV,f + hK_pu for sufficiently large M > 0. Let x € Cg°(R*) be supported in N, =

{z:x=y+sv(y),y e, —e < s <e} with sufficiently small ¢ > 0 such that xV,f = 0, and y = 1 on
I". Then we have

||Xthi||ngZ(R3) < ||XUHH§j2(R3) + hHu”H;’jl(RS)- (-13)
Since xV f = 0 then
—h*A(xu) — p(l+m)yu = xV,f — hKju=—hKiu
where K is a differential operator of order 1. Therefore
||X11||H§jr2(JR3) S h||u||H:jr1(R3)-

Then estimate (.13) yields

||XQVthH§j'2(R3) S hHuHHjj'l(n@)‘
Recall that u = QV}, f + hK_jru. Then for i small enough

”u”ngjl(RS) S ||fHﬁzc(D)a

and therefore

||Xthf||H;:;r2(R3) S th”ﬁic(D)'

From the inequality (.11) we have that

YQVnf

1
HS+%(F) = |7(Xthf)|Hs+%(1") ’S h= Hf”ﬁfc(D)

This completes the proof. O
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