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CYCLICITY IN DIRICHLET TYPE SPACES

K. KELLAY, F. LE MANACH & M. ZARRABI

Dedicated to Thomas Ransford on the occasion of his 60th birthday.

ABSTRACT. We study cyclicity in the Dirichlet type spaces for outer functions whose zero
set is countable.

1. INTRODUCTION AND MAIN RESULT

Let X be a Banach space of functions holomorphic in the open unit disk D, such that
the shift operator S : f(z) — zf(z) is a continuous map from X into itself. Given f € X,
we denote by [f]x the smallest closed S—invariant subspace of X containing f, namely

[flx = {pf : p is a polynomial}.
We say that f is cyclic in X if [f]x = X.

The problem of cyclic vectors in the Dirichlet spaces goes back to the work of Beurling
and Carleson (see [B, C]). The classical Dirichlet space D consists of holomorphic functions
on the unit disc whose derivatives are square integrable. While Beurling characterizes
cyclic vectors in the Hardy space H?, the problem of characterizing the cyclic vectors in
the Dirichlet space D is much more difficult. Beurling’s theorem says that the cyclic vectors
in H? are the outer functions. On the other hand we know that there are outer functions
in the Dirichlet space which are not cyclic in D. In fact, the cyclicity of such a function
depends on the distribution of the zeros of the radial limit f* of f on the unit circle. The
Brown-Shields conjecture [HS| claims that f € D is cyclic iff f is an outer function and
the set of all zeros of f* is a set of logarithmic capacity zero. A partial (positive) answer
to this conjecture was given in [EKR2, EKR1]. We mention the results of Beurling [B]
about the boundary behavior for the functions of the Dirichlet spaces: if f € D we write
f*(¢) = lim, 1 f(rC), then the radial limit f* exists —q.e on T, that is f* exists outside a
set of capacity logarithmic zero. As a consequence of a weak-type inequality the invariant
subspace Dg defined by

Dp={feD, ffle=0qe}
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is closed in D. Carleson in [C] proved that for every closed subset E of the unit circle
which has zero logarithmic capacity, there exists a cyclic function in D which vanishes on
E.

We denote by A(D) the disc algebra. Hedenmalm and Shields showed in [HS] that if
f € DN A(D) is an outer function and Z(f*) ={C € T : f*(¢) = 0}, the zero set of f*, is
countable then f is cyclic in D. Richter and Sundberg in [RS1] improve this result by show-
ing that if f € D is outer and Z(f) = {¢ € T : liminf, . |f(2)| = 0} is countable then f
is cyclic in D. When the set of zeros of f* is not countable, see [EKMR, EKR1, EKR2] in
the case of the classical Dirichlet space DZ and [EKR3] in the case of D2, 0 < a < 1 for
further results on cyclicity in that context.

In this paper we are interested in cyclicity, in more general Dirichlet spaces, of outer
functions such that the zero set is countable. We now introduce some notations. The
Dirichlet/Besov space D% with p > 1 and o > —1 is given by

Dy = {f € Hol(D) : |||, = I/ (O)" + / F(2)PdAL() < oo}.

where dA, denotes the finite measure on the unit disc D given by
dA,(2) == (1 +a)(1 — |2]*)*dA(2),

and dA(z) = dzdy/7 stands for the normalized area measure on D. If p = 2 and o = 1,
then D? is the Hardy space H? and the classical Dirichlet space corresponds to p = 2 and
a =0, D2 = D. The following theorem is the main result of this paper.

Theorem. Let p > 1 be such that o +1 <p < a+2 andlet f € DENAD). If f is outer
and Z(f) is countable, then f is cyclic in DP.

Notice that when 1 < p < a+1, H?(D) is continuously embedded in DP and every outer
function f € H?(D) is cyclic for D2 (Proposition 3.1). On the other hand when p > a + 2
then every function which vanishes at least at one point is not cyclic in D?.

The method used for the proof of Theorem 3.10 is inspired by that of the Hedenmalm
and Shields [HS] in the case of the classical Dirichlet space and the paper [EKR2] .

Throughout the paper, we use the following notations:

e A < B means that there is an absolute constant C' such that A < C'B.
e A= Bif both A< B and B < A hold.

2. DIRICHLET SPACE AND DUALITY

The Bergman spaces A? with p > 1, a« > —1 are given by

A2 (D) = {f € Hol(D), [IfII% = / FEPdAL) < oo}.
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We define the Bergman spaces AP (ID,) on the exterior disk D, = (CU{co})\ D with p > 1
and o > —1 by

Ax@) = o € BOID.), 9(00) = 0 and alfy = [ 1atP g arle) <o

Note that AP (D) and AP (D) are isometrically isomorphic via the isometry R : f — Rf
defined on AP (D) by
), z € D..
Indeed, by the variable change z — 1/Z,
2
[ir@rarne = [ i aae
Futhermore if f =3 - a,2" € A (D) then by (2.1)

(2.1)

=

pag
IS

S~—
I

| =
~
VRS
Q| =

—
(2.2) Rf(z) = o 2 €D
n=0

Denote by S the shift operator on AP (D) for p > 1 and o > —1, that is the multiplication
by z on AP (D). Let S* denote the backward shift, that is

57 f(z) =

Notice that S* is continuous on AP (D) for p > 1 and o > —1. Indeed, for f € A?(D) we
get by subharmonicity ([HKZ, proposition 1.1]) that
f(z) = f(0) ‘

< sup |f'(w)] S Iflazw), Izl <1/2.

< lw|<1/2

Since f — f(0) is continuous on AP (D) ([HKZ, proposition 1.1]), we have

15" FI < / 111 dAa (= )+2p/ |(2) = f(0)["dAq(2)
l2|<1/2 /2<]2|<1
S/ Hf“ig(m)) + Hf o f(o)Hig(D)
< N F1% o)

From now, we suppose that p > 1 and we denote by g = %1.

Lemma 2.1. Suppose that =1 < a <p—1. Then (.,-) defined on D} x A? (D) by

23)  (fa)= [ FESGEHAR) + FOF0), [ DL ge AL, (D)
D
is linear on the left, anti-linear on the right and
.9 S 1o gl o
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Proof. Since —aq/p > —1, (f,g) — (f,g) is well defined. Clearly this map is linear on the
left and antilinear on the right. It is therefore sufficient to show that

(S S M oz Nlgllas

Using Holder’s inequality and the fact that the maps S* and f +— f(0) are continuous
on the space A? (D), we get

Otq/p(]D) ’

ol < [ ia/pw* BIAA() + |£(0)(0)

1/q
< (/ PP, ) ([15900aA) 17000
Il 1801, 0+ SOl )
Ul Lo o

O

The previous lemma shows that (-,-) defines a duality between D? and A? . /p( ). The

following result shows that A? /p(D) can be identified as the dual of D.

Proposition 2.2. Let p > 1 and —1 < a < p — 1. The dual of D?, noted by DP', is

isomorphic to A? (D).

Proof. We will show that the mapping g — (-, g) is an isomorphism of A? (D) in DE,
the dual of D?. This mapping is well defined, antilinear, continuous and injective. Let’s
show that it’s surjective. Take L in DE’. For all f € AP (D), we consider F' the primitive
of f on D such that F'(0) = 0. It’s easy to see that F' € DE. We define the mapping L, on
AP (D) by Lo(f) = L(F). Thus Ly belong to the dual of AP (D), since

[ Lo(N) = [LE) < LI Ellpg = 1L f]].az-

By the Hahn-Banach theorem, L, extends to L2 (D) = LP(DD,dA,) in a continuous linear
form Lo. By the Riesz representation theorem, there exists 1y € L” Y o /p(]D) = L? (D)’ such
that for any g € L2 (D),

Lolo) = [ o(2)(:)AG),
Let P be the linear map defined by
P:f— <zw/%dfl( ))

According to [HKZ, Theorem 1.10], P is a bounded projection from L3 (D) onto A2 (D) for
v < s — 1 which is the case when (s,7) = (p, ) and (s,v) = (¢, —aq/p). Set » = P(1)g) €
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(D). So for f € A2(D), we get

Lo(f) = Lo(f) = / F(2)0(2)dA(2)

/ / %%(z)dfl(w)dfl(z)

[ ) [ G2 i)

- / F () Plw)dA(w).

Thus we showed that there is ¢ € A? | (D) such that for any F* € Df with F/(0) = 0, we
have

L(F) = /D F'(2)¢(2)dA(2).
Set (2) = (=) + L(T) € A7, (D). We have §°¢ = 1. Hence for h € D}
L(h) = L(h—h(0))+ L(h(0))
_ /D W (2)B(2)dA(2) + h(0)L(1)

_ /D ()5 @(2)dA(2) + h(0)(0) = (h, ).

This shows that the mapping g — (-, g) is surjective and defines an isomorphism from
A? (D) onto DP'. 0O

—aq/p

Remarks. If p > 1 and o < p — 1, the dual of D? is identified as A‘iaq/p(]D). Also the
spaces A? o/p(D) and AL /p(De) are isomorphic, so we can identify the dual of D% with
A? . /»(De) by the duality

(f,9)e=(f,R'g), feDh geA (D)

In the following we will introduce the tools to use the Hedenmalm and Shields Theorem
[HS, Theorem 1]. For all ¢ € D?', we set

P(A) = (fr9), AeDe
where f) is given by
firz)=\—2)"1 z € D.
We define then as in [HS]
Dy ={¢, peD}.
Let ¢ € DP', we have
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We identify ¢ as an element of A? " oq /p( ) that we write

:Zanz”, zeD

n>0

Soif n =0, (2", ¢) = ¢(0) =ag and if n > 1,

p) = [ neFREAR)
D
= /nz"_IZa_Zm 1dA( )
D m=1
o0 27
= Znam/ / prtm=2e0n=m) g0 11 rdr
m=1
1
(2.4) = @/ 2nr*"Ldr = @,.
0

Thus for A € D,

Moreover, according to (2.2), we also have

o
=>
\n+1’ e-
n=0

So
Dp* A1 aq/p( e>.

The following lemma will be useful for expressing duality (see [HS, Lemma 3]).

Lemma 2.3. Letp > 1 and -1 < a <p—1. Let f € D, and g € A? (D.). For
0<r<1, we set

[(2)=f(rz), zeD and gi,(2)=g(z/r), z€D.,

Then

(fig)e = hm <fr,g1/,,) = hm Zanb r" = lim —/ f( re'? 29/7") e,

r—1— 2

where f(z) =Y oo yanz™ and g(1/z) = > 07 b,2", 2 € D.
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3. CycLicity IN DP

We start this section by comparing the spaces D? and the Hardy spaces HP(DD). We
suppose p > 1 and o > —1. Let H>°(D) be the algebra of bounded analytic functions on
the open unit disc D and let H?(ID) be the Hardy space of analytic functions f on D such
that

7l = sup My(f.7) < oo,
r<

where

2

M,(f,r) = < ! /0 " | f(re”)\pde) Up,

Let 4" be the Nevanlinna class of analytic functions f on D for which

sup / I+ | /()] dc] < oo

r<l

By Fatou’s Theorem, the radial limit f*(¢) = lim, ;- f(r() exists a.e on T and In|f*| €
LY(T). Recall that f € 4 if and only if f = /1, where p, ¢ € H*(D).
Let 4T be the Smirnov class of analytic functions f € .4 such that

sup / It | £(r0)ldC| = / It | (Ol

r<l

The function f € AT if and only if f = ¢/1 where p,1p € H*(D) and ¢ is an outer
function, that is, ¥ has the form

V() Iexpfqrg%zlogw*(é)

A function f € HP(D) is cyclic for H?(D) if and only if f is outer [N, 4.8.4]. We then
study the different possible inclusions between the spaces D2 and HP(D) to obtain first
conditions on the cyclicity in the Dirichlet spaces.

Jd¢|

) e D.
2T N

Proposition 3.1. Let p > 1 and a > —1. If p < a+ 1 then HP(D) is continuously
embedded in DE. Consequently, if f € HP(D) is outer then f is cyclic for DE.

Proof. Let f € HP(D), z =re € D and r < p < 1. By Cauchy’s formula,

27 i(0+t) )
F(2) = i/ f(pe ))2 pel(e_t)de.
0

27 (pe?® —r
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Now, by Minkowski’s inequality,
1 (2|1 2 f(pei(9+t)) ' P 1/p
M,(f' = | = — S pe'Dag| dt
(') (QW/O 27r/ (pe® _T)2pe

27 27 1(0+1)|p 1/p
< L (i / ‘f@@—)‘dt) i
0

27 27 |pe?? — r|?p

1 21
< 7d9M
< o> / e M (f.p)

= M) S = My(f ).

Now letting p — 1, we get
1 2m

27 Jo

|/ (re®)|Pdo < £ 1520

(1- )

Since p < o + 1,

/D\f’(z)|f”dAa(z) _ // P (re®)PdO(L — r2)rdr 7

<z [L= ;derH

2a+1
= ax1 [y
a+1—
So H?(D) is continuously embedded in D?. Now the result follows from the fact that an
outer function is cyclic in H?(DD). O

Remark. If p < o + 1, the Dirichlet space D? = A, (D), see [Wu]. Therefore, in this
case, there exists an inner function which is cyclic in DZ, see [Ro]. If p > a4+ 1 we have
the following result.

Proposition 3.2. Let p > 1 and p > a + 1. The Dirichlet space DE is continuously
embedded in HP(D). Therefore if f € DP is cyclic in D? then f is an outer function.

Proof. Let f € D? and r € [1/2,1]. We have
:/ f'(se%)eds + £(0).
0

Note that |f(0)] < ||f|lpz and by subharmonicity, there exists C' > 0 such that | f(se)| <
Cllfllo, 05 < 1/2. So

f0eN] < [ 17 lds + (C/2-4 1)l
1/2
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By Holder’s inequality, and since aq/p = a/(p — 1) < 1,

([ oenpan) ™ < [[7( [ roeasya] i
<7 ([ repa-syas)( = sas) ) Ul

/2
o pl ' 1/p 1 1/q
5[/ / |f’<se“’>|p<1—s2>azsdsd9] U <1—s2>—aq/pds} o
0 1/2 1/2
aq
< S p .
< (1= Sl + 1k

So | fllur S ||fllpe. Hence if f is cyclic for DE then f is also cyclic for HP(ID) and f is
then an outer function. O

Remark. We have Z23(D) = H*(D) and 2¢(D) =D. Soif 1 <p<2andp=a+1, we
obtain by interpolation theorem [Wu, (3.8)]), that DF is continuously embedded in H?(D).
Futhermore if p > a + 2, then DP is continuously embedded in H>°(D) (see the proof of
[Wu, Theorem 4.2]).

We can summarize here all the inclusions obtained:

p<a+l = HD)CD,=A_ ,(D)

1<p<2and p=a+1 = D C H(D)
p>a+1 = D cC HPD)
p>a+2 = D’ cC H®D).

We assume in the following that p > a+ 1. We will prove that any outer function of
A(D) N D? whose set of zeros is reduced to a single point is cyclic in D2. For that we will
use a Hedenmalm-Shields Theorem [HS, Theorem 1]. We first need to define the following
notions. Let X C Hol(D) be a Banach space. The multiplier set of X, noted M (X), is
defined by

M(X) ={p € Hol(D), of € X, Vf € X}.

If X C Hol(DD,) we define in a similar way M (X).
As in [HS] we identify the dual X’ of X with a space X* of holomorphic functions on D..
Finally for £ C T a closed set of zero Lebesgue measure, we set

(N T, X" = {(p € Hol(CU {00} \ E), ¢|p € &/ T(D), ¢

De EX*}.

We denote by Hol(D), respectively Hol(D.), the space of all holomorphic functions in a
neighborhood of D, respectively D..
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Theorem 3.3 (Hedenmalm-Shields [HS]). Let X C Hol(D) be a Banach space. Assume
that

(1) The embedding map of X into Hol(D) is continuous and X contains Hol(D) as a
dense subspace B
(2) X N A(D) is a Banach algebra, containing Hol(D) as a dense algebra.
(3) Hol(D) C M(X).
(4) Hol(D.) € M(X*) = H*(D,).
If f € XN A(D) is an outer function and if
Az (AT, X7) ={0}
then f is cyclic in X.

Hedenmalm and Shields show that iff € A(D) N Z3(D) is an outer function and Z(f) =
{1} then %5 (A, Z3(D)*) = {0} and so f is cyclic (see also [EKR2, EKMR]). We will
prove a similar result for D2 where a +1 <p < a + 2.

Theorem 3.4. Letp > 1 andp > a+ 1. If f € A(D) NDE is outer and if
Hz(p)(N T, DE) = {0}
then f s cyclic on D

To prove this result, we will use Theorem 3.3. For that we need only to show the following

lemma (see the proof of [DRS, lemma 11]).

Lemma 3.5. Let p > 1 and o > —1. Then M(AE(D,)) = H*(D,).

Proof. Let f € AP(D,) and g € H*(D,). We have
P 2 _ 1)e
[ 1100 A ) < ol 1.
So fg € AL(D,) and H*(D,) © M(AL(D,)),

Now let ¢ € M(A2(D,.)) and let M, : A?(D,) — AP(D.) be the operator given by
M,(f) = fg. By the closed graph theorem, M, is bounded. For z € D, the linear
functional A, : A?(D,) — C defined by A.(f) = f(2), is continuous ([HKZ, proposition
1.1]). So for f € A2(D,) and z € D,

[F(2)g(2)] = [A (Mg f)] < A Mgll] f1].az -

Hence
[Ag(2)] < [[AL[| Myl

and g € H*(D,). So M(A2(D,)) C H*(D,). On the other hand the inclusion H*(D,) C
M (A2 (D)) is obvious. O

By identifying the dual of D}, with AT (D), we have for f € Df and ¢ € AT (D),

—aq/p

p € ([f]§g>l = (2"f,0)e=0, VneN
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Lemma 3.6. Let p > land p > a+ 1. Let E C T a closed set of Lebesque measure,
p € Hp(NT,DP*) and f € DP. If the family of functions

ze€Tw f(rz)p(z/r), 1/2<r<1,

o L
is uniformly integrable on T, then ¢ € ([f]§“> .

Proof. This result holds by using the analogue arguments like those in [EKR2, Lemma
3.4] for the classical Dirichlet space. For the sake of completeness, we include it here. Let
f €D} and glp, € D" = AT, (D). By Proposition 2.3, we have

r—1- 2

(f,p) = lim —/ f(re®) (e /r)e®ds.

By Proposition 3.2, D2 C HP(D) and so f*, the radial limit of f, exists a.e. on T. Since
¢ € Hol(C\ E) and FE is a closed set of Lebesgue measure zero, ¢(z/r) — ¢(2) exists a.e
on T when r — 17. So the family of the functions z — f(rz)p(z/r) converges a.e to f*p
when r — 17. By uniform integrability, this family of functions converges in L'(T). Then

1 [ . o
{fo) =5 i (e p(e?)eds.

Futhermore ¢ € A4 * and f € H?(D) C A", so then fo € AF. Since the radial limit
(fe)* = f*o € LY(T), by Smirnov’s generalized maximum principal [D, Theorem 2.11],

fo € H(D) and so f*p(n) =0 :
- 1 [ . L
fron) =(f,¢) = 2—/ () p(e?)e’dh = 0.
T Jo
Repeating the same argument with f replaced by 2" f, we get (2" f,p) = 0foralln e N. O

We have the following classical Lemma

Lemma 3.7. Letp > 1 and p > a+ 1. Let E C T be a closed set of Lebesque measure
zero and @ € Hp(N T, DP*). Then there exists a constant C > 0 such that

C

W’ 1<‘Z|<2

o(2)] <

Proof. Let ¢ € (AT, DE*). Since plp € AT, plp = ip,, Where ¢; is an inner
function and ¢, is an outer function in 4" (see [D, p. 25]). Futhermore, since E has
Lebesgue measure zero , p(z) = ¢*(z) = lim,_,;- ¢(rz) exists a.e on T. The function
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1 [ et 42 ,
— . 1 |dt
o (3 [ S toelo(ear)|

1 2 1— 22 ]
[ el
0
|
|
2

log |¢| being in L'(T), we get

IN
5
=
N
[

o (2)]

IA
@
e
o}

‘eit _ 2‘2

2 21 )
[ hogletet| dt)

— |z )2
| 10g\<p\||m<ﬂr>) |

Ch
= eXp<1—|z|)’

for some constant C; > 0. Let z € D, with |z| < 2. The disc of radius (|z| —1)/2 centered
at z, D(z,(|z| —1)/2) is contained in D,. Since ¢|p, € A‘iaq/p(]D)e), by subharmonicity of
lo| and for ¢ = p/(p — 1) > 1, we obtain

[\
0]
]
to]
S~ N7 N~/ N
—

< exp

(2] = 1) 1
el < |p(w)|*dA(w)
T JD(z,(21-1)/2)
1 (|w|2_1)—aq/p |w|4—q—2MI/p
< _/ |30(w)q 4—q—2aq/p 2 —QQ/pdA(w)
T JD(z(12l-1)/2) [l (lwl* =1)
aa/p i (Jw]* — 1)~/
S maX(22 q/p’24 q) D |S0(w)|q ‘ |4—q—2aq/p dA('UJ)
< max(20P, 20 |l g
—aq/p
So
Cy
) < 2 1<l <2,
(2] = 1)?

for some constant Cy > 0. Since log|g| is subharmonic function, by Taylor-Williams
estimates [RW, lemma 5.8 and 5.9] and [EKMR, Lemma 9.6.5], we get the lemma. O

The following result allows us to reduce the study of cyclic vectors vanishing on a closed
set F to the study of cyclicity of particular functions. More precisely we have

Theorem 3.8. Letp > 1 andp > a+1. Let f € D2 and E C T be a closed set of Lebesgue
measure zero. If there exists a constant Cy; > 0 such that,

|f(2)] < C;dist(z, E)4, z €D,
then
o\ L
Ao+, 0r) < (IfIRF)
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o\ L
This means that for all g € (N, DY), g|p, € <[f]§a) ie.
<an>g|]D)e>e:O, vnEN

Proof. Let ¢ € (AT, DP*). By Lemma 3.7, there exists a constant Cy > 0 such that
&
< 7z
lp(2)] = dist(z, £)*’
So for 1/2 <r < 1and z € T, we have

1< |zl <2.

dist(rz, E)*
SR < 000,
dist(z/r, E)* = 177

The family of the functions z — f(rz)p(z/r) is uniformly integrable on T for 1/2 < r < 1,
N
thus by Lemma 3.6, ¢ € ([f]ﬁa) , which finishes the proof. O

[f(rz)e(z/r)| < CLCh

Corollary 3.9. Let p > 1 such that a+1 < p < a+ 2. We have
H (N D) = {0},
Proof. Let f(z) := (2 —1)*. We have f € DE and |f(2)| < |z — 1|*. By Theorem 3.8 ,
Aoy e (FF)
It suffices to prove that f is cyclic. Let ¢ € A? . /p(]D) such that
(z"(z—1),¢)=0, VneN.
Write p(2) =, 5 an2", we get by (2.4),

Zn-i—l

@ = (2" ) = (2", @) = Tugr.

Then

= a
o(z) = Zanz" =1 —Oz’ z € D.
n=0

Suppose that ¢ # 0. Since ¢ € Aq_aq/p(]D), we have

(3.1) /D =2 102 < oo,

1=z

and so ¢ + aq/p < 2 (see [HKZ, Theorem 1.7]), which contradicts the assumptions on p
and a. So ¢ =0 and [z — 1]§g = DP. In particular z — 1 € [(z — 1)2]§g and then

(= = DR" = [s - 15" =D,
With the same argument we obtain
(= = D" =2,
and f(z) = (2 — 1)* is cyclic in DP. O
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Remark. The proof of the previous result also gives us that for p > a + 2, the function
f(z) = z — 1 1is not cyclic in DE. Indeed by (3.1), p(z) = 1/(1 —2) € A2 (D) and

—aq/p

¢ L z"f n e N. More generally if f € A(D)ND? with f(1) =0, then f is not cyclic in
Dr. Indeed for p > o + 2, we have D? € H*®(D) with || - ||z < | - |pr which implies

[fIRE € {g € AD), g(1) =0}

Theorem 3.10. Let p > 1 such that a+1 <p<a+2 andlet f € A(ID)NDL. If f is an
outer function and Z(f) is countable then f is cyclic in DP.

Proof. Since Z(f) is countable, by [BS, Theorem 3] it suffices to prove the theorem when
the zero set is reduced to a single point. The result now follows by Theorem 3.4 and
Corollary 3.9. O
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