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Abstract: For some space applications, sensors are sensitive to light polarization and can only
be properly calibrated with non-polarized light. Here we propose new optical devices which allow
to depolarize light in a spatial process. These devices are thin film multilayers which exhibit
polarimetric phase variations in their plane. A zero spatial polarization degree can be reached
with high accuracy in a controlled bandwidth.
© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

OCIS codes: (310.5448) Polarization, other optical properties; (260.2130) Ellipsometry and polarimetry.
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1. Introduction

Polarized light is usually considered to be an added value and is often used to improve the
observation of samples and scenes, due to optimization processes [1–12] . However there is a
number of situations where this light property must be cancelled, that is, where polarized light
(dop = 1) must be turned into unpolarized light (dop = 0), with dop the polarization degree. As an
illustration, specific space applications require light to be fully depolarized with high accuracy,
so as to calibrate optical systems or devices that are polarization sensitive.
Although one can easily transform the polarization state of light into another arbitrary state

(both with dop = 1), the converse situation is less common and is often accompanied by optical
losses and a reduction of spatial or temporal coherence [13–19]. Hence different kinds of devices
and systems were designed and built to reach this depolarization function, on the basis of [20,21].
In this paper we propose an alternative technique based on a depolarizing device issued

from multilayer thin film techniques. The optical properties of the coatings vary in their plane,
which can be produced with classical thin film deposition techniques and non-uniformity
effects [22]. A zero DOP value is then obtained through a spatial process [14, 23] resulting from
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the transverse polarimetric phase variations of the device. The thin film design allows to control
the depolarization bandwidth (broad or narrow). Advantages and limitations of the procedure are
discussed including diffraction processes.

2. Principles

2.1. Spatial depolarization

Here the basic idea to depolarize light consists in the introduction of an optical device whose
properties vary with its transverse coordinates r = (x,y), that is, in the plane perpendicular to its
normal parallel to z (Fig. 1). More exactly, we are interested in the transverse variations of the
polarimetric phase difference ∆δ = δs − δp (see Fig. 1), which is known to be a key parameter
for the control of light polarization [8, 9]. There are different ways to design and produce such
optical device, and among them are thin film interferential filters [24] (planar multilayers); indeed
transverse gradients of optical thickness can be easily produced with these techniques when one
takes advantage of non-uniformity effects within the vacuum chamber [25, 26].
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Fig. 1. Example of 1D-transverse variations of the polarimetric phase difference at the
surface x-y of the device.

Consider now an incident plane wave illuminating this sample at oblique incidence i0 from
a transparent medium of refractive index n0. The optical regime is monochromatic with the
illumination wavelength λ. The device is assumed to be linear and isotropic. Since the incident
light is fully polarized (one wavelength, one direction), the incident electric field E+0 can be
described with 2 complex vectors as:

E+0 =
����E+0sE+0p

���� = A+0 exp [ j(σ0.r + α0Z)] with A+0 =
���� A+0Sexp( jφS)
A+0Pexp( jφP)

���� (1)

where the real amplitude ratio A+0P/A
+
0S and the phase difference ∆Φ = ΦS − ΦP control the

incident state of polarization. Notice here that the subscripts S and P are for transverse electric
(TE or S) and transverse magnetic (TM or P) polarizations of light. The propagation (exponential)
term is given versus the illumination spatial frequency ν0, that is:

σ0 = 2πν0 = ksin(i0)x and α0 = [k2
0 − σ

2]0.5 = k0cos(i0) with k0 = 2πn0/λ (2)

Then at each position (x,y) on the sample the complex reflection coefficient r(x,y) is written
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for each polarization as:

rs(x, y) =
√

Rs(x, y)exp[ jδs(x, y)] (3a)

rp(x, y) =
√

Rp(x, y)exp[ jδp(x, y)] (3b)

As a consequence, the complex reflected field Er in the far field can be seen as the su-
perimposition of elementary local reflections er (x, y) of waves with complex vectors given
by:

er =
����erserp

���� = exp[ j(σ0.r + α0Z)]
���� A+0S
√

RSexp[ j(φS + δS)]
A+0P
√

RPexp[ j(φP + δP)]

���� (4)

In regard to the incident polarization, the polarization of each reflected field er (x, y) is modified
by the presence of the ratio Rp/Rs and the phase difference ∆δ = δS − δP , and this modification
varies with the spatial location (x,y).

At this step all the elementary reflected fields are fully polarized (dop = 1), and this polarization
is local and temporal. Hence since the optical regime is purely monochromatic, the only way to
create depolarization is to consider a spatial depolarization process [14]. The resulting polarization
degree will be denoted DOP and characterizes a spatial average, in opposition to the previous
dop which is the result of a temporal average [8]. In order to reach this spatial depolarization,
the polarization behavior of the field should strongly vary within the receiver aperture, and so
within the illumination area of the sample. The result is a series of local and fully (temporal)
polarization states whose spatial average leads to spatial depolarization in the far field.

The spatial DOP can be calculated in a way similar to the temporal one (dop), and this consists
in replacing all temporal averages by spatial averages [14]. The result is the following:

DOP2 = 1 − 4[β/(1 + β)2][1 − |µ|2] (5)

with
β =< |Erp |2 > /< |Ers |2 > (6)

µ =< ErsE∗rp > /[< |Ers |2 >< |Erp |2 >]0.5 (7)

where all brackets <> are for spatial averages. In these relations β and µ designate the polarization
ratio and the mutual coherence. All quantities are given for the reflected field Er . For an incident
field which is parallel and fully polarized one should have:|µ0 | = 1 => dop0 = 1. The results are
similar for all the elementary reflections that are fully polarized.
The final step is to combine Eqs. (2)–(4) with Eqs. (5)–(7) and quantify how the spatial

variations of reflection within the illumination area reduce the polarization degree of light.
However to reach this goal we first have to express in an exact way the reflected field Er versus
the series of elementary components er .

2.2. Reflected field

Strictly speaking one should have to use exact electromagnetic theories to relate the reflected
field to the spatial variations of reflection. Indeed the reflection formulae that are classically used
in thin film techniques are given for a plane wave illuminating a sample which is invariant along
the (x,y) directions. In other words, diffraction theory has to be considered when light interacts
with the specific device of Fig. 1. Here this point is classically solved with approximate theories
issued from Huygens-Fresnel principles [27, 28] and that are currently used for propagation,
diffraction and Fourier or paraxial optics. Most often these models are used for transmitted light

                                                                                               Vol. 26, No. 10 | 14 May 2018 | OPTICS EXPRESS 13267 



and assume that the field at the exit surface of the sample (z = 0) is equal to the incident field E+0
multiplied by the amplitude transmission factor t(r), that is:

Et (r, z = 0) = E+0 (r, 0)t(r) (8)

Under this assumption the wave packet of the transmitted field at distance z can be developed
for each polarization mode as follows:

Et (r, z) =
∫
ν

A(ν)exp[ j(2πν.r + α(ν)Z)]dν = F .T .[A(ν)exp( jα(ν)Z)] (9)

that is:
Et (r, z) = F .T .[A(ν)] ∗r H(r, Z) = Et (r, 0) ∗r H(r, Z) (10)

where ∗r indicates a convolution product versus r, F.T. is a Fourier transform and H(r,z) is a
Huygens Fresnel propagator [27, 28]:

H(r, Z) = F .T .{exp[ jα(ν)Z]} (11)

At this step the field at the surface sample results from the Huygens assumption, that is:

Et (r, 0) = t(r)E+0 (r, 0) = t(r)exp( jσ0.r)A+0 (12)

Equations (10) and (12) yield:

Et (r, Z) = A+0 t(r)exp( jσ0.r) ∗r H(r, Z) (13)

which can also be written in the Fourier plane as:

Êt (ν, Z) = A+0 t̂(ν − ν0)exp[ jα(ν)Z] (14)

The case of reflection is similar and leads to:

Er (r, Z) = A+0 r(r)exp( jσ0.r) ∗r H(r,−Z) (15)

Êr (ν, Z) = A+0 r̂(ν − ν0)exp[− jα(ν)Z] (16)

with δ the Dirac function.
These last Eqs. (15) and (16) allow to calculate the reflected field Er from the knowledge of

the spatial variations of reflection at the sample entrance.

2.3. Polarization ratio and mutual coherence

The Poynting flux vector from a wave packet can be directly expressed from the field expression
[27], provided that the receiver aperture collects the whole flux. Following Eq. (16) the result for
the reflected flux is:

Φ = |A+0 |
2(1/2ωµ)

∫
ν
α(ν)|r̂(ν − ν0)|2dν (17)

In case of slight beam divergence, Eq. (17) is reduced to:

Φ = |A+0 |
2(α0/2ωµ)

∫
ν
|r̂(ν − ν0)|2dν (18)

so that the Fourier reflection spectrum becomes the key quantity. Now using Parseval theorem
the flux can also be written versus the spatial variations of reflection:
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Φ = |A+0 |
2(α0/2ωµ)

∫
r

|r(r)|2dr (19)

Hence the polarization ratio and the mutual coherence which give the spatial polarization
degree as a spatial average (see Eqs. (5)–(7)) can be written as:

β = β0

(∫
r

|rp(r)|2dr
)
/
(∫

r

|rs(r)2 |dr
)

(20)

µ =

∫
r

rs(r)r∗pdr/
{(∫

r

|rs(r)|2dr
) (∫

r

|rp(r)|2dr
)}0.5

(21)

with

β0 =< |A+0p |
2 > /< |A+0s |

2 > (22)

Equations (20) and (21) coupled to Eqs. (5)–(7) now allow to calculate the spatial polarization
degree versus the spatial variations of reflection, and the results takes into account the diffraction
process. Notice that these formulae are given for an incident plane wave (full incident temporal
polarization).

2.4. Stokes parameters

We still work with full polarization of the incident light. The spatial DOP of reflection will be
calculated in the next sections from Eqs. (5)–(7) and Eqs. (20)–(22). However it will also be
necessary to associate a polarization state to each polarization degree, that is, a location on the
Poincaré sphere. For that we use classical Stokes parameters [8] whose values Si are defined as:

S0 =< |Es |2 + |Ep |2 > S1 =< |Es |2 − |Ep |2 >
S2 =< EsE∗p + E∗s Ep > S3 = j < EsE∗p − E∗s Ep >

(23)

where (*) is for complex conjugation and j2 = −1. The parameters are then normalized by S0
so as to introduce a sphere of unity radius. All data of the sphere are given versus spherical
coordinates extracted from the Si values [8]. Notice that the polarization degree can also be
calculated from these values as:

dop2 = (1/S0)2(S2
1 + S2

2 + S2
3 ) (24)

In the case of plane waves (dop = 1), the Stokes parameters si are immediate to write, that is:

s0 = 1 s1 = (1 − β)/(1 + β)
s2 = 2cos(ψ)

√
(β)/(1 + β) s3 = −2sin(ψ)

√
(β)/(1 + β) (25)

with, in the case of incident light:

ψ = φs − φp and β = β0 = |A+0p/A
+
0s |

2 (26)

and for the elementary reflections:

ψ = (φs − φp) + (δs − δp) and β = β0Rp/Rs (27)

Equations (26) and (27) describe full polarization states associated with locations at the surface
of the Poincaré sphere.The linear states of polarization are on the equator, the circular states of
polarization are at the poles of the sphere and the elliptical states are arbitrary located at the
surface of the sphere for polarized light. On the other hand, partial polarization is described
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with Stokes parameters associated with location within the volume of the sphere. Now for the
integrated spatial DOP the Stokes parameters are given by:

s0 = 1 s1 = (1 − β)/(1 + β)
s2 = 2Real(µ)

√
(β)/(1 + β) s3 = −2Im(µ)

√
(β)/(1 + β) (28)

where β and µ must be taken from Eqs. (20)–(22).

3. Numerical calculation with deterministic polarimetric phases

The spatial DOP depends on the spatial variations of reflection, both in phase and modulus. For
the sake of simplicity we start with the situation where the modulus of reflection are identical for
both polarizations on the whole sample, that is:

Rs = |rs |2 = Rp = |rp |2 (29)

One practical way to hold this condition would be to work under total internal reflection
(Rs = Rp = 1), but this can also be obtained in a broad-band spectral region with the
superimposition of multi-dielectric mirrors.

3.1. Case where β0 = 1
We first consider the situation where the incident wave follows β0 = 1, which corresponds to
having as much energy on the s-axis as on the p-axis. Then according to Eqs. (20) and (29)
we also have β = 1 for the reflected field, so that the key parameter which controls the spatial
polarization becomes the mutual coherence:

β = 1⇒ DOP = |µ| (30)

with

µ =

∫
r

rs(r)r∗p(r)dr/
{(∫

r

|rs(r)|2dr
) (∫

r

|rp(r)|2dr
)}0.5

(31)

At this step one can emphasize the role of the polarimetric phase ∆δ = δs − δp . Indeed under
the approximation that Rs and Rp are constant over the sample surface, Eq. (31) can be rewritten
as:

µ = (1/Σ)
∫
x,y

exp[ j∆δ(x, y)]dxdy =< exp[ j∆δ(x, y)] >x,y (32)

with Σ the illumination area. Hence we conclude that the correlation between the polarimetric
reflection phases plays a major role. In the case of deterministic phase functions, specific extreme
values of the phase can be enough to cancel the DOP. Indeed let us still consider a fully polarized
incident beam with β0 = 1, and assume that the filter reflection exhibits spatial variations which
are linear versus one coordinate (see Fig. 1), that is:

∆δ(x, y) = ∆δ0 + γx (33)

with ∆δ0 a phase origins and γ the phase slope. Following Eq. (33), Eq. (32) becomes:

µ = exp( j∆δ0)sin(γL/2)/(γL/2) = exp( j∆δ0)sinc(γL/2) (34)

with L the length of the squared illumination (Σ = L2). Hence the final DOP of the reflected field
is a sinc function:
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DOP = |sinc(γL/2)| (35)

Equation (35) shows that the DOP can be controlled with the slope of the polarimetric phase,
with zero values given by Lk = k2π/γ. However such slope is not easy to control, for which
reason one should work with high slope values or large illumination areas in order to reduce the
DOP. Typically a value γL > 4π ensures a DOP lower than 5%. Notice that these results can be
directly extended to the case of linear variations versus both coordinates x and y. Equation (35)
would then be rewritten as:

DOP = |sinc(γxLx/2)sinc(γyLy/2)| (36)

with γx and γy the slopes along x and y, and Σ = LxLy the area of the rectangular illumination
region.

−2 0 2

(δ
P
−δ

S
)/π

Incident polarisation

Resulting polarization on the sensors

Polarization after reflection

Sphere center

Filter

Fig. 2. Incident, local and global polarizations plotted on the Poincaré sphere with γ = π/20.

−2 0 2

(δ
P
−δ

S
)/π

Incident polarisation

Resulting polarization on the sensors

Polarization after reflection

Sphere center

Filter

Fig. 3. Incident, local and global polarizations plotted on the Poincaré sphere with γ = π/60.

Results are shown in Fig. 2 for a linear slope along x. The incident polarization state if located
by a yellow dot on the sphere. The full polarization states of the elementary (local) reflections are
also given in blue dots and describe a circle at the sphere surface, whose center is the center of
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the sphere. Then the red curve gives the integrated spatial DOP versus the integration area. The
greater this area, the lower is the DOP. The DOP is unity for a local reflection, and then decreases
to zero with large L values. The behavior of this decrease is similar to loops because of the Sinc
function. The final DOP is for the integration over the whole sample; its zero value at the sphere
center characterizes a total depolarization. Figure 3 is analogous to Fig. 2 but the slope is greater,
for which reason several loops can be seen. More accuracy is given to the DOP with greater
values of slope and area.

3.2. Case where β0 , 1
Now we have to consider the case of a general incident elliptical polarization with β , 1.
Following again Eqs. (5), (20) and (22), the DOP modification can be emphasized as below:

DOP = 1 − 4
{
β0/(1 + β0)2

} [
1 − DOP2

1
]

(37)
where DOP1 is the polarization degree of the previous sub-section calculated with β0 = 1. It
is easy to check that this new DOP cannot be set to zero unless with β0 = 1. Therefore in this
case only a DOP reduction can be achieved and the spatial depolarization will be more efficient
around unity β0 values. The minimum DOP is given as:

DOPmin = [(1 − β0)/(1 + β0)]2 (38)
Results are given in Fig. 4 in case where β0 = 0.5. In a way similar to Fig. 2, the incident

polarization is located by the yellow dot at the surface of the sphere. The local sample reflections
have polarizations located by the blue dots at the surface of the sphere. We observe that these
blue dots again describe a circle, but the center of this circle is different from that of the sphere.
The minimum DOP is obtained at the center of the circle, which is the barycenter of the blue dots.

Incident polarisation

Resulting polarization on the sensors

Polarization after reflection

Sphere center

Fig. 4. Incident, local and global polarizations plotted on the Poincaré sphere with γ = π/60
for an arbitrary elliptical incident polarization (see text) with β , 1.

3.3. Case of random phase variations

Another way to reduce the DOP is to replace the linear variations by random variations, that is:

∆δ(x, y) = ∆δ0 + RD(x, y) (39)
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with RD a random signal versus the x location on the sample. Such phase distribution could be
reached for instance with a photosensitive device under speckle illumination. In Fig. 5 below
we considered RD(x) as a white noise uniformly distributed between [0; 2π]. The incident
polarization is again given with β = 1, and is associated with a yellow dot in the Fig. 5 at
the surface sphere. The blue dots are given at the sphere surface and represent the random
polarization states at the surface sphere. These blue dots cover the sphere in a uniform way.
Then their averages give the red dots which characterize the spatial DOP. In comparison to the
previous deterministic phase variations, Fig. 5 shows that the convergence process is different
with a random distribution.

(δ
P
δ )/π

Incident polarisation

Resulting polarization on the sensors

Polarization after reflection

Sphere center

Filter

Fig. 5. Incident, local and global polarizations plotted on the Poincaré sphere with a random
phase distribution (For greater clarity, only the polarizations corresponding to the first line
of the filter are plot).

4. Introduction of thin film multilayers

Optical coatings are now introduced as the devices which create the polarimetric phase variations.
These coatings are known to be highly polarizing at oblique incidence [29–32], and we will take
advantage of non-uniformity effects [22, 29] to reach a gradient of these properties at the surface
sample. This will allow to start a practical study of the depolarizer performances, including its
wavelength variations. In other words, the coating design and its thickness gradient will drive the
wavelength variations of the polarization degree.

4.1. Thickness non-uniformity

The spatial variations of reflection are here assumed to originate from a non-uniformity effect
which can be created during production of the films [22,25,33,34]. The simplest geometry is that
of a sample positioned within the vacuum chamber in such a way that thickness non-uniformity
is enhanced at its surface (Fig. 6), which has to be related to the emission diagram of the
sputtered or evaporated materials. Strictly speaking one should also take account of a modification
of refractive index resulting from an oblique growth of materials, as well as from substrate
rotation. Also, uniformity should be the same for all materials. However such technique has
been largely validated to produce high quality linear filters, that is, narrow-band filters whose
central wavelength λ0 linearly varies with position (x,y) at their top surface [22, 25, 33, 34].
Other techniques exist and involve different moving masks elaborated to control the uniformity.
Depending on the coating sensitivity and the required application, the uniformity variations can
be negligible or not. Previous results have also shown how these variations could be corrected in
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narrow-band filters via photosensitive effects [35]. We define the uniformity function u(x, y) as
the ratio of material thickness e(x, y) deposited at one position (x, y) of the sample, in regard to
the thickness deposited at one reference position (0, 0), that is:

u(x, y) = e(x, y)/e(0, 0) = e(x, y)/e0 (40)

Such function is related to the deposition technology and to the geometry of the vacuum
chamber. In what follows we consider the simplest but realistic situation where the thickness
variations are linear versus one transverse x-direction at the sample surface (see Fig. 7). This 1-D
thickness gradient is written for each layer as:

ei(x, y) = ei(x) ≈ ei,0 + xtan(κ) (41)

with κ the angle shown in Fig. 7, and 0 < x < L, with L the dimension of the illuminated area.
This gives the uniformity as:

ui(x, y) = 1 + (x/ei,0)tan(κ) (42)
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Fig. 6. Draft on non-uniformity effects at the surface sample (see text).

4.2. Non-uniformity in quarter-wave stacks

Now one basic idea to produce linear filters relies on the fact that most coatings are made with
quarter-wave layers [29–32]. These layers follow:

(necosθ)i = qiλ0/4 (43)

with (ne)i the optical thickness of layer (i), and θi the refraction angle within layer (i). Most often
two dielectric materials are used, that are a high index (H) and a low-index (L) material. Hence
multi-dielectric quarter-wave mirrors (M2p + 1) follow a simple design given by:

M2p+1 = Air/(HL)pH/Substrate (44)

with 2p + 1 the number of layers, and H and L represent quarter-wave layers matched for oblique
incidence:

(necosθ)H = (necosθ)L = λ0/4 (45)

As shown in Fig. 7, such designs provide dielectric mirrors with a central wavelength λ0 and a
band-pass [36] given by:
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∆ f / f0 = (4/π)arcsin[(ñH − ñL)/(ñH + ñL)] (46)

with f = 2πc/λ the temporal frequency, ñ the effective index defined by ñ = nα/k in TE
polarization mode and ñ = nk/α in TM polarization mode, with α2 = k2 − σ2.

Now taking into account the uniformity function u(x), the optical thicknesses given in (44) are
modified at the surface sample as:

nHeH (x)cosθH = uH (x)λ/4 and nLeL(x)cosθL = uL(x)λ/4 (47)

with
uH (x) = 1 + (x/eH )tan(κ) and uL(x) = 1 + (x/eL)tan(κ) (48)

At this step we consider a first-order approximation, thanks to the low thickness variations that
will be considered, that is:

uH (x) ≈ uL(x) ≈ u(x) (49)

Under these conditions, any lack of uniformity at the surface coating will shift its central
wavelength λ0 to another one λ0(x) given by:

λ0(x) = u(x)λ0 = λ0[1 + (x/e)tan(κ)] (50)

with e = (eH + eL)/2 These effects are recalled in Figs. 7(a) and 7(b) with a central coating
M15 = Air/(HL)7H/Substrate designed for a 45◦ illumination at λ0 = 633nm, withTa2O5/SiO2
materials. The shifted coatings show similar properties but the central wavelengths result from
uniformity values u(x1 = 0mm) = 1, u(x2 = 10mm) = 1.1 and u(x3 = 20mm) = 1.2. It
should here be noticed that the optical properties are just shifted (but not modified), but this is
valid under the assumption of a slight difference between the uniformity of the two materials
(uH ≈ uL), which is an accurate first-order approximation. The technique can be directly extended
to narrow-band filters whose cavity layer is a half-wave layer.

4.3. Impact of uniformity on depolarization

Now we come back to depolarization. As in Section 3.1, we limit ourselves to the case β0 = 1.
The spatial dop is again calculated according to Eqs. (5)–(7) for a 1D geometry, that is:

DOP2 = 1 − 4[β/(1 + β)2][1 − |µ|2] (51)

where the mutual coherence µ and the polarization ratio β of the reflected field follow:

µ =

∫
x

rs(x)r∗p(x)dx/
( [∫

x

|rs(x)|2dx
] [∫

x

|rp(x)|2dx
] )0.5

(52)

β = β0

[∫
x

|rp(x)|2dx
]
/
[∫

x

|rs(x)|2dx
]

(53)

Actually the reflection coefficient r(x) at position x on the sample is nothing else than the
reflection coefficient r[λ, λ0(x)] calculated at wavelength λ for the quarter-wave stack designed
at the central wavelength λ0(x), with:

λ0(x) = u(x)λ0 = λ0[1 + (x/e)tan(κ)] (54)

Therefore Eqs. (52) and (53) can be rewritten as:
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(a) Optical properties of a quarter-wave mirror at the central wavelength
λ0(x) and 45◦ incidence, with non-uniformities equal to u1 = 1, u2 = 1.1
and u3 = 1.2 (see text). The top and bottom Figs. are for TE and TM
polarizations respectively.We observe a single shift of the optical properties.

(b) General view of the impact of non-uniformity on a quarter-wave multi-
dielectric mirror (see text). The left and right Figs. are for TM and TE
polarizations respectively. The band-pass is polarization dependent, and is
shifted with the x-position.

Fig. 7. Optical properties of a quarter-wave mirror at the central wavelength λ0(x) and 45◦
incidence
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µ(λ) =
∫
x

rs(λ, λ0(x))r∗p(λ, λ0(x))dx/
( [∫

x

|rs(λ, λ0(x))|2dx
] [∫

x

|rp(λ, λ0(x))|2dx
] )0.5

(55)

β = β0

[∫
x

|rp(λ, λ0(x))|2dx
]
/
[∫

x

|rs(λ, λ0(x))|2dx
]

(56)

These results emphasize the fact that the spatial DOP behavior results from the specific spectral
properties of the reflection function r[λ, λ0(x)]. However another thin film property can also be
introduced to go further in the analytical formalism. For dielectric films the index dispersion is
slight in the visible range so that one can consider that all previous quarter-wave mirrors M15(x)
have identical optical properties after centering at the same design wavelength λ0. This allows to
write, for each polarization:

r[λ, λ0(x)] = r0[λ − (λ0(x) − λ0), λ0] = r0[λ − (u(x) − 1), λ0] (57)

with r0 the reflection function of the mirror at x = 0, designed at the central wavelength λ0. In
other words, we do not have any more to consider the reflection function r of a coating whose
design is x-dependent, since all calculation can be drawn with the r0 function designed for
λ0(x = 0) = λ0. Owing to this result, Eqs. (52) and (53) can be rewritten with a unique reflection
function r0 as:

µ(λ) =
∫
x

r0s[λ−λ′0(x)]r
∗
0p[λ−λ

′
0(x)]dx/

( [∫
x

|r0s[λ − λ′0(x)]|
2dx

] [∫
x

|r0p[λ − λ′0(x)]|
2dx

] )0.5

(58)

β(λ) = β0

[∫
x

|r0p[λ − λ′0(x)]|
2dx

]
/
[∫

x

|r0s[λ − λ′0(x)]|
2dx

]
(59)

with
λ′0(x) = λ0(x/e)tan(κ) (60)

4.4. Loss-less depolarization band-pass

These last Eqs. (58)–(60) give the spectral variations of the polarization degree versus the λ0
coating design and versus the uniformity. At this step it is major to analyze in which bandwidth
BW depolarization may occur without losses. For that the global polarization ratio should be
high (β(λ) ≈ 1) in this bandwidth BW, while the mutual coherence should approach zero in the
same bandwidth BW, due to a rapid variation of the polarimetric phase. In order to keep a high
polarization ratio, the argument of the reflection functions in Eq. (59) would remain within the
intrinsic mirror bandwidth ∆λ given by Eq. (46), that is:

λ0u(x) − ∆λ/2 < λ < λ0u(x) + ∆λ/2 f or 0 < x < L (61)

Actually ∆λ here represents the intersection of the two polarizations bandwidths, so that
oblique incidence can be considered. This gives the general condition:

λ0u(L) − ∆λ/2 < λ < λ0u(0) + ∆λ/2 (62)

That is:

λ0u(L) − ∆λ/2 < λ < λ0 + ∆λ/2 (63)
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with

u(L) = 1 + (L/e)tan(κ) (64)

Therefore the width of the depolarization band-pass is given by:

BW = ∆λ − λ0(L/e)tan(κ) = ∆λ − λ0∆e/e (65)

where ∆e is the maximum thickness variation taken at x = L (see Fig. 6). This bandwidth is
centered at the wavelength:

λ00 = (λ0/2)[1 + (L/e)tan(κ)] = (λ0/2)[1 + ∆e/e] (66)

Since the band-pass must be positive, Eq. (65) implies that:

(L/e)tan(κ) = ∆e/e < ∆λ/λ0 (67)

Such condition depends on the uniformity parameters and must be full-filled to allow a loss-less
depolarization bandwidth to occur with a x-gradient quarter-wave mirror. Typically for our
quarter-wave stacks the ratio ∆λ/λ0 of band-pass to wavelength is of the order of 0.22 for RS and
0.15 for RP , so that a value ∆e/e < 0.1 would be enough to guarantee the condition β ≈ 1. This
is shown in Fig. 8 where the red curve is calculated for ∆e/e = 1% and emphasizes a high β
value band-pass in the spectral range 600nm − 700nm. On the other hand the orange curve is
given when Eq. (67) is not satisfied (∆e/e = 1%) and shows no β band-pass. However we cannot
forget that β ≈ 1 is only a necessary condition for total depolarization, and that the device should
also exhibit a zero mutual coherence (µ ≈ 0). Actually to satisfy Eq. (67) the thickness slope κ
must be low (∆e < e/10), but this low value minimizes the x-gradient and reduces the mirror
to a quasi-flat mirror (no significant phase variations versus x-position). This is the reason why
such device does not depolarize light, as shown by the blue dashed line plotted in Fig. 8. So we
here conclude that this gradient mirror is not adequate to depolarize light in a broad-band region.
Furthermore, another major difficulty with this technique arises from the fact that both bandwidth
BW and central wavelength λ00 vary with the spot size (L) and uniformity slope (κ), which leads
us to propose an alternative device in the next section.
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band-pass condition satisfied

band-pass condition not satisfied

DOP

Fig. 8. Spectral variations of polarization ratio (full lines) in situations where the band-pass
condition Eq. (67) is satisfied (blue curve) or not (orange curve). The polarization degree
(yellow dashed curve) is also plotted in the case where the bandpass condition is satisfied
(see text).
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5. Introduction of a second additional (flat) mirror

One solution to face these difficulties consists in the introduction of an additional quarter-wave
mirror Madd with no x gradient. The resulting mirror (see Fig. 9) will be the superimposition of
this flat mirror Madd and the previous gradient mirror M0(x), that is:

M(x) = Air/M0(x)Madd/substrate (68)
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Fig. 9. Case where the gradient mirror M0(x) is deposited on a flat mirror Madd (see text).

5.1. Constant intensity bandwidth

Here we consider that Madd and M0(0) have identical central wavelength λ0. Because Madd is
not x-dependent, it will guarantee a high intensity reflection of the resulting mirror M(x) for both
polarizations (β ≈ 1) in the classical bandwidth ∆λadd of Madd . This is shown in Fig. 10, where
the superimposition of Madd and M0(x) does not modify the intensity reflection factor of Madd

in its bandwidth ∆λadd , but only the phases. Actually in this Fig. the horizontal bandwidth is for
Madd, while the oblique one is for M0(x). Therefore there is one intensity bandwidth (Madd)
which is now constant versus x-position, so that the reflection modulus of M(x) is no more
x-dependent in this bandwidth, where we can write:

rpol(λ, λ0(x)) ≈ |rpol(λ, λ0)|exp[ jδpol(x)] (69)

with rpol the reflection function of M(x). This property makes β ≈ 1 over the whole illumination
area in a constant bandwidth ∆λadd , so that a loss-less depolarization device can be addressed in
this bandwidth. We notice here that this intensity bandwidth does not depend on the uniformity
(given by L and κ parameters), which solves the problem we had to face in the absence of Madd

in the previous section.

5.2. Mutual coherence

In a last step we analyze again the mutual coherence µ which is required for total depolarization.
Indeed since β ≈ 1, the spatial DOP is given by |µ| in the bandwidth ∆λadd , and this µ parameter
can be set to zero if the phase variations are rapid. It is well known that the phase of quarter-wave
stacks is quasi-linear versus wavelength in the reflection bandwidth. This linear behavior would
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Fig. 10. Intensity spectrum of the total mirror M(x), versus wavelength and x position. We
observe that an intensity (horizontal) bandwidth is hold whatever the x-position. The left and
right figures are given for TM and TE polarizations, respectively. The oblique bandwidth is
that of the gradient mirror M0(x).

be expected not to be different versus the x position; if this were true, and following Eqs. (32)
and (35), the DOP would be controlled by the phase slope γ as:

DOP = (1/L)|
∫
x

exp[ j∆δ(x)]dx | = |sinc(γL/2)| (70)

with ∆δ = ∆δ0 + γx. However as shown in Fig. 11(a) plotted for wavelength λ = 695nm, the
linear behavior is first hold for x < 1.6mm but shows more complex variations for x > 1.6mm.
Therefore Eq. (70) cannot be used, but this non-linear behavior does not either prevent the
mutual coherence to be cancelled; indeed the rapid and large phase variations within the whole
illuminated area are enough to cancel the mutual coherence. A complete mapping of the phase is
given versus wavelength (λ) and position (x) in Fig. 11(b).

5.3. Depolarization

These results allow to reach the high depolarization observed in Fig. 12. In this Fig. 12 the
spatial DOP is plotted versus wavelength for different uniformities characterized by ∆e/e ranging
from 0% to 100%. The reflection spectrum of the gradient mirror M0(x) is also plotted versus
wavelength in dashed line. P-polarization was chosen for this spectrum since it forces the narrower
bandwidth. One can see that in the M0(x) mirror band-pass, the DOP remains unity (red curve
in full line) for low uniformity in the whole spectral range. Then it decreases when uniformity
increases, and the final result is a total depolarization obtained in the whole bandpass when
∆e/e > 75%. We notice that the final DOP is in phase opposition with the mirror reflection.
Hence the conclusion is that such devices allow to reach total depolarization of light without
losses in a broad-band spectral region. The reason is that the flat mirror Madd forces the intensity
bandwidth while the gradient mirror forces the phase bandwidth, so that both mirrors used
together provide the adequate device.
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(a) Polarimetric phase variations of the total mirror M(x) versus the x
position, for a wavelength in the β band-pass (β ≈ 1). The illumination
wavelength is λ = 695nm.
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(b) Polarimetric phase difference versus x-position and wavelength for the mirror
of Fig. 11(a).

Fig. 11. Polarimetric phase variations of the total mirror M(x)

5.4. The case of Fabry-Perot filters

This technique can be generalized to other situations where depolarization must occur in a narrow
bandwidth, a specification different from the previous mirror one. To reach this result we use a
specific narrow-band filter (FP) with central wavelength λ0. The design is a flat mirror (M21)
overcoated with a gradient multilayer consisting in a 2L spacer layer and another mirror M6, that
is: FP = Air/M6(x)/2L(x)/M21/Substrate. The illumination incidence is 60◦ and materials
are Ta2O5/SiO2. In Fig. 13 we observe that the DOP is zero at the central wavelength while
the polarization ratio is high, which characterizes a loss-less depolarization. These results are
successful and confirm the generalization of the procedure to depolarize light at will in arbitrary
bandwidths.
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Fig. 12. Spectral variations of the polarization degree of the total mirror M(x), for different
uniformity values which correspond to: ∆e/e = 5%, 25%, 50%, 75% and 100%. Total
depolarization is reached in the whole mirror band-pass. The reflection spectrum of the
gradient mirror is also is plotted in dashed line (see text).

6. Diffraction effects

Now we discuss diffraction processes which accompany the depolarizing device, and that should
be prevented or controlled. Indeed applications require to depolarize light without losses but also
without altering its wave-front. For that one can use Eqs. (15) or (16), depending on whether there
is an imaging system between the sample and the detector. For the sake of simplicity we will here
focus on Eq. (16) which describes a proportionality between the Fourier transforms of the field
(versus x) and the reflection coefficient at a given z position and a given wavelength λ, that is:

Êr (λ, ν, z) = A+0 r̂(λ, ν − ν0)e−jα(λ,ν)z (71)

As was done in Section 5, we take into account the spatial variations of reflection within the
sample plane. We consider the case of the double mirror M(x) = M0 + Madd which provides a
controllable loss-less depolarization bandwidth. The amplitude reflection is written again for
each polarization as rpol(λ, x), and we calculate its Fourier transform versus x as:

r̂(λ, ν) =
∫
x

rpol(λ, x)exp(−2πνx)dx (72)
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Fig. 13. Spectral variations of the polarization degree of a narrow-band filter (see text). The
green curve is for the flat coating while the red curve is for the gradient coating.

Since we are interested in a modification of an intensity pattern, we consider the square
quantity:

R(λ, ν) = |r̂(λ, ν)|2 (73)

Equation (73) gives the intensity pattern at each wavelength versus the spatial frequency. This
pattern must be analyzed versus wavelength, what is done in Fig. 14 for the depolarizing device
of Figs. 10 and 11(a). In this Fig. 14 all curves are normalized to their maximum values (versus
spatial frequency) since we are here only interested in the beam alteration. Hence we work with
the pattern:

R′(λ, ν) = R(λ, ν)/Rmax(λ, ν) (74)

The left Fig. 14 is given for a reference and corresponds to the case where the reflected beam is
not altered; hence this reference is calculated with a constant reflection factor yielding to classical
Cardinal Sinus diffraction pattern, that is:

R′re f (λ, ν) = |sinc(πνL)|2 (75)

This reference is achromatic and exhibits the same sinc pattern at all wavelengths. It has to be
compared to the other patterns given in the right Fig. 14, calculated for the depolarizing device
for TE light polarized incident beam. As can be seen on the right figure, the reflected beam can
be shifted or altered depending on the working wavelength. Fig. 15 is given for TM polarization
and shows greater diffraction effects on the reflected beam. These effects result from the phase
dispersion already shown in Fig. 11(b), which are not linear above the whole illumination area.

However since a pure beam deviation is not prohibitive for the application, a complete analysis
requires to center all beams and replot these curves. The result is shown in Fig. 16 and emphasizes
lower diffraction effects.
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Fig. 14. TE reflected beam versus wavelength and spatial frequency. The left figure is the
reference (see text) and the right figure emphasizes additional diffraction effects.
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Fig. 15. TM reflected beam versus wavelength and spatial frequency. The left figure is the
reference (see text) and the right figure emphasizes additional diffraction effects.
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Fig. 16. TE and TM reflected beams after re-centering, for comparison to Fig. 15 (see text).

More detail about the alteration of the reflected beam is given in Fig. 17. For that we considered
different sections of Fig. 16 at a constant wavelength. One section is given for the reference which
gives a Cardinal Sinus. Another section is given at a wavelength with a negligible beam alteration
(λ1 = 500nm), and is quasi-superimposed to the reference. A last section is plotted in dashed line
and is given to emphasize a noticeable beam deformation at wavelength λ2 = 633nm.

To be complete, it is interesting to quantify the amount of energy which has spread outside the
frequency width ∆νre f of the reference. For that we considered the normalized curves which
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Fig. 17. Detail of beam alteration at two wavelengths λ1 = 500nm and λ2 = 633nm (see
text). The λ1 pattern is quasi-superimposed to the reference, while noticeable differences
can be seen for the λ2 pattern plotted in dashed line. The left and right figures are given for
TM and TE polarization respectively.

have been centered, that is:

R′′(λ, ν) = R′(λ, ν − ν0(λ)) (76)
and we integrated them over the frequency range ∆νre f of the reference:

F(λ) =
∫
ν

R′′(λ, ν)dν (77)

In a last step we normalize this quantify to that of the reference:

η(λ) = F(λ)/Fre f (λ) (78)
The result is plotted in Fig. 18. The left figure is calculated with a bandwidth frequency of

1/L, and the right figure with 3/L. The reference is achromatic and close to 10% on the left
figure, and to 2.7% on the right figure. We observe in the left figure that departures from the
reference mainly occur in the depolarization band-pass (600nm − 700nm) and can reach 70% for
TM polarization; the reason is that in this depolarization band, phase variations are required to
cancel the mutual coherence, a condition required to depolarize light (see previous sections).
Notice however that this is not a problem since these effects are strongly reduced in the right
figure calculated with a bandwidth of 3/L; actually receiver areas may easily collect greater solid
angles.

7. Comparison to the bulk device

7.1. Depolarization

Thick anisotropic substrates have formerly provided solutions to depolarize light [21, 37–43].
The technique consists in using a bulk material with a similar cutting edge κ (see Fig. 19), so
that the anisotropic optical paths create the depolarization. Such devices are necessarily used in
transmission. Hence reflection must be here replaced by the transmission factors given for each
polarization at normal incidence by:

tpol(x) = t0,polexp[ j(2π/λ)npole0]exp[ j(2π/λ)npol xtan(κ′)] (79)
where e = e0 + xtan(κ′) describes the substrate thickness variation, and npol is given for the
polarization-dependent refractive index. Hence the polarimetric phase exhibits spatial linear
variations given by:
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Fig. 18. Ratio versus wavelength of reflected energy from the depolarizing device and from
the reference. The frequency range of integration is 1/L in the left figure and 3/L in the
right figure.

∆δ(x) = (2π/λ)∆n tan(κ′)x = γ′x (80)

with ∆n the difference between the two indices. The slight losses at the interfaces are taken into
account by t0,pol in Eq. (79), a Fresnel coefficient whose wavelength and polarization variations
can be neglected for this application. Therefore Eq. (36) can be used and this leads to a spatial
DOP given by:

DOP = |sinc(γ′L/2)| with γ′ = (2π/λ)∆n tan(κ′) (81)

If we consider that the sinc function is zero above π, the depolarization condition can be
written as:

∆n tan(κ′) > λ/L (82)

which is an easy condition to satisfy, that is, the greater the anisotropy the lower the cutting
edge. Equation (81) allows a direct comparison of the performances of isotropic multilayers and
anisotropic substrates. This comparison could be given by the phase slope denoted γ′ for the
bulk substrate and γ for the multilayer device, with the ratio γ′/γ ≈ 3∆n tan(κ′). However this
ratio is not a meaningful parameter for two reasons: first a minimum slope is enough to reach
a total depolarization, that is, γ > 2π/L or γ′ > 2π/L, both conditions which can be easily
satisfied for the multilayer device and the bulk device respectively; and secondly a linear variation
is not necessary to cancel the DOP with a gradient mirror, as said before. We conclude that
the two devices have similar depolarization performances. The bulk anisotropic device works
by transmission at low illumination angles, while the multilayer device works by reflection at
oblique incidence. However the multilayer device provides a number of advantages. The first
relies on its slight thickness, so that it can be integrated in microsystems; the second relies on the
control of the depolarization band-pass (wide or narrow with a specific wavelength positioning),
depending on the application.

7.2. Diffraction effect

As was done for depolarization in Section 5.3, we here consider the diffraction resulting from a
depolarizing anisotropic substrate. Following Eq. (14), the Fourier transform of the transmitted
field follows for each polarization:

Êt (λ, ν, z) = A+0 t̂pol(λ, ν − ν0)e jα(λ,ν)z (83)
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Fig. 19. Case of a birefringent substrate.

with
tpol(x) = t0,polexp[ j(2π/λ)npole0]exp[ j(2π/λ)npol xtan(κ)] (84)

where all parameters were previously defined for depolarization. Since the phase is here linear as:

δpol = (2π/λ)npoltan(κ′)x = 2πγpol x (85)

with

γ = npoltan(κ′)/λ (86)

The Fourier Transform of transmission yields a single frequency deviation given by γpol(λ),
that is:

tpol(λ, ν − ν0) = t0,polexp[ j(2π/λ)npole0]δ[ν − ν0 − γpol(λ)] (87)

Hence there is no diffraction for the bulk depolarizer resulting from these linear phase variations,
but only a beam shift. This deviation can be coupled to the depolarization condition Eq. (82),
which yields to a minimum deviation:

(2π/λ)npoltan(κ′) > npol/(L∆n) = γmin (88)

An order of magnitude can be calculated as follows:

ν − γmin = sinθ/λ − γmin = sinθ ′/λ⇒ sinθ − sinθ ′ ≈ ∆θ = λγmin = (λ/L)(n/∆n) ≈ 10−4/∆n
(89)

so it can be neglected for a moderate beam propagation distance. To conclude this section,
diffraction does not occur for depolarizing bulk substrates, while it can be seen for multilayer
devices. However this slight diffraction effect can be easily overcome if the solid angle is not
limited to the minimum diffraction width (1/L) of the reference, as discussed in Section 6. Notice
also that the slight diffraction from the multilayer device must be considered in regard to the
anisotropic refraction of the bulk substrate.

8. Conclusion

We have proposed optical multilayers as new devices to depolarize light without losses through a
spatial process. These optical coatings exhibit polarimetric phase variations of reflection in their
plane, and these variations are at the origins of the spatial depolarization. Such coatings can be
produced with classical thin film deposition techniques if one takes advantage of non-uniformity
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effects. Otherwise random phase variations can also be produced with photosensitive devices
under speckle illumination. Taking advantage of uniformity effects, the depolarization procedure
was shown to perfectly work when the incident wave is fully polarized with identical energy on
each polarization mode (β0 = 1). The thin film device then consists in a first classical (flat) mirror
deposited on a substrate, which is over-layered with a gradient mirror. Such design allows to
cancel losses (β = 1) in a controlled bandwidth, while it guarantees polarimetric phase variations
able to cancel the mutual coherence in the same bandwidth. The result is a zero spatial DOP
value in a large wavelength range, in phase opposition with the reflection coefficient. It was also
shown how the procedure could be extended to depolarize light in a narrow bandwidth. We also
checked that diffraction effects do not limit the application within the depolarization bandwidth.
All results were shown to have performances similar to those of bulk anisotropic substrates which
work by transmission. Hence the thin film devices act as efficient loss-less depolarizers with
the advantage that they can be integrated in micro-optical systems. Furthermore, it was shown
how the procedure can be extended to control arbitrary (narrow or broad-band) depolarizing
bandwidths. Future work will concern experiment.
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