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Introduction

Many methodologies (see [9, 6, 17, 12, 13, 3, 4, 18]), have been proposed to
quickly identify among a very large number of flight conditions and maneuvers (i.e., steady, quasi-steady and unsteady loads cases) the ones which give
the worst values for structural sizing (e.g., bending moments, shear forces,
torques,...). All of these methods use both the simulation model of the aircraft
under development and efficient algorithms to find out the critical points of the
flight envelope. At the preliminary structural design phases detailed models are
not available and airframe’s loads are estimated by empirical relationships or
engineering judgments. These approximations can induce load uncertainties and
may lead to expensive redesign activities through the upcoming detailed sizing
process (see [14, 10]). In the context of preliminary design phase for a weight
aircraft variant without geometric change, to overcome this likely drawback, we
propose a method based on the huge and reliable database of an initial aircraft
from which the weight variant belongs. More precisely, from the load cases of
this initial database, response surfaces are identified as functions of preliminary
parameters (flight conditions and structural parameters). Then, these response
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surfaces are used to predict quickly the weight aircraft variant quantities of interest for preliminary structural design studies. Although the proposed method
can be readily extended to any structural quantity of interest and to any flight
conditions and maneuvers, it is presented here for the prediction of the bending
moments due to discrete gust at different locations along a wing span.
This note is organized as follows. Section 2 presents the initial aircraft
database where its values are derived from a detailed aeroelastic model. This
database is composed of the maximum temporal value of the bending moment
due to the discrete gust at any wing span location and for any point inside
the flight envelope. These maximum values are identified by few preliminary
parameters (altitude, mass, speed, gust length, etc.). Section 3, describes the
Orthogonal Greedy Algorithm (OGA) which permits to obtain the coefficients
of the response surfaces from the initial database as a function of the preliminary parameters. This algorithm is based on parsimony principle and aims to
protect against under and over fitting of the response surface when it is used
to predict the maximum bending moment for a weight variant aircraft. Section
4 presents results of the predictions and the confidence bounds of the expected
maximum temporal bending moment along the wing span for weight aircraft
variants. These surface response predictions are further compared and validated with existing weight aircraft variants database results. Finally, in Section
5, conclusion and future works are presented.

2

Initial Aircraft database

The database of the initial aircraft wing at hand is built from a detailed aeroelastic model which have been updated from ground and flight tests. This aeroelastic model under gust [11, 25, 12] can be expressed in the Laplace domain as
follows
q∞
Q (s)u(s)
(1)
V Gg
with u(s) is the gust sequence, z(s) is the structural response, K, C, M
are respectively the stiffness, the damping and the mass matrices, QGG is the
motion-induced unsteady aerodynamic matrix, QGg is the gust-induced unsteady aerodynamic matrix, q∞ is the freestream dynamic pressure, V is the
the air velocity. This aeroelastic equation (1) is often transformed into modal
coordinates to reduce the size of the computational problem and the unsteady
generalized forces are approximated by rational functions in the Laplace domain
[5, 19]. Using space-state formulation, or inverse Fourier transform, the loads
and structural forces (shear forces, bending moments, torques) are computed
from internal loads given by
(s2 M + sC + K − q∞ QGG (s))z(s) =

F(t) = −Mz̈(t) − Fa (t) + Fg (t),
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(2)

where Fa (t) are the temporal unsteady aerodynamic forces and Fg (t) are
the temporal gust forces.
From the simulation model (2), the maximum temporal bending moment due
to the discrete gust is computed for each flight point within the flight envelope.
Airbus describes preliminary parameters by a vector of parameters x ∈ Rd ,
with d = 20. These preliminary parameters are: the aircraft mass, the zero fuel
aircraft mass, the quantity of fuel, the true air speed, the Mach number, the
altitude, the load factors (NX, NY, NZ), the coordinates of the center of gravity
(CGx, CGy, CGz) and the moments of inertia (Ixx, Ixy, Ixz, Iyy, Iyz, Izz), the
wavelength (H) of the discrete gust and the flight profile alleviation factor Fg .
Note that the the time history of the discrete gust has the following form [7, 25]
u(t) =

2πt
Umax
(1 − cos
),
2
H

(3)

with 0 ≤ t ≤ H
V , H being the wavelength of the gust, Umax is the maximum
gust velocity given for a reference gust velocity Uref (depending on the altitude
of the aircraft). Umax satisfies
Umax = Uref Fg (

H 1
)6 .
350

(4)

Fg depends on the altitude, the maximum take off weight, the maximum landing
weight and the maximum zero fuel weight. For each preliminary parameter x
and any location k, 1 ≤ k ≤ K (K = 45 in our application, see Section 4) of
the wing span, the maximum temporal bending moments MB (k, x) constitute
the initial database, i.e
MB (k, x) = max M (k, x, t).
0≤t≤ 2H
V

(5)

For structural sizing, the quantities of interest are MB∗ (k, x) = maxx MB (k, x)
for all k, which is the maximum of the maximum temporal bending moment
over the preliminary parameters envelope. It should be noticed that for a given
aircraft, the critical preliminary parameter which gives the maximum of the
maximum temporal bending moment can differ from a wing span location to
an other. Moreover for a weight aircraft variant and for a given location on the
wing span, the critical preliminary parameter is not necessarily the same than
the one of the initial aircraft.

3

Maximal Bending Moments vs Preliminary Parameter Response Surface

Although there exist a lot of surrogate models such as GP-Kriging (see [9, 17]),
Regression Trees [8] or Neural Networks [17] to approximate bending moments,
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we have chosen to develop a second order polynomial expansion. This response
surface has the advantage to give interpretable results of the influence of the
preliminary parameters. Moreover, for real world applications as we will see in
the next section, it provides good results in terms of accuracy and sparseness.
For a given location k along the wing span and a preliminary parameter x, the
maximal temporal bending moment is approximated by
M̂ (k, x) = a0 (k) +

d
X

ai (k)xi +

i=1

d X
d
X

ai,j (k)xi xj =

i=1 j=i

D
X

ωi (k)Φi (x).

(6)

i=1

For each location k, the ωi (k) are the regression coefficients to be estimated
from the values of the initial database MB (k, x) over the preliminary parameters envelope. The number of points of the preliminary parameters envelope is
denoted by n (n = 1560 in our real world case study, see next section). The
2
= 231 at each
number of regression coefficients to be identified is D = d +3d+2
2
location k. This number of regression coefficients is quite low compared to the
number n of bending moments contained in the initial database. Instead of
using Ordinary Least Square [20] to estimate all the D coefficients, we prefer
to use an algorithm which is based on parsimony principles that aims to avoid
overfitting. Among the existing algorithms such as Ridge [16, 24], Lasso [24],
we choose the Orthogonal Greedy Algorithm (OGA) [2, 21, 15] which makes a
good balance between computer time due to its sequential structure and sparse
representation due the direct control of the number of regression coefficients.
The Orthogonal Greedy Algorithm works as follows. From the initial database
and for a given location k, 1 ≤ k ≤ K, along the wing span, we have n maximum temporal bending moments MB (k, xi ), i = 1, ..., n. We build the matrix
of preliminary parameters X = [x1 , ..., xn ]T ∈ Mnxd (R) (a row of X is a xi )
and the corresponding vector of maximum temporal bending moment at the
station k denoted by M = (MB (k, x1 ), ..., MB (k, xn ))T = (M1 , ..., Mn )T ∈ Rn .
Knowing the different polynomial basis functions to be used, we can then build
the matrix Φ = (Φj (xi )) i=1,...,n ∈ MnxD (R).
j=1,...,D
∗

The number l ∈ N , 1 ≤ l ≤ D, is the number of regression coefficients to
be estimated and is fixed by the user. The OGA algorithm can be described by
the following steps
Algorithm 1 Algorithm OGA
1: Set: l ∈ N∗
2: Set: h0 = 0
3: for j = 1, ..., l do:
Pn
4:
s(j) := argmin| n1 i=1 (Mi − h0 )Φk (xi )|
1≤k≤D

5:
6:

P j := OLS operator on span{Φs(1) , ..., Φs(j) }
hj := P j M
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hj is the projection of M onto the orthogonal span{Φs(1) , ..., Φs(j) }. The aim
of the algorithm is to choose the best l functions among the D initial basis functions which minimize the residuals. A Cross-Validation [23] technique is applied
to reduce the number of unsignificant basis functions among the l. Notice that
criteria such as AIC [1] or BIC [22] can be also implemented. Once the regression
coefficients are obtained by the OGA, the response surfaces are used to predict
quickly the expected maximum temporal bending moment M̂ (k, xwv ) for each
preliminary parameters xwv, i , i = 1, ..., nwv of the new aircraft variant and at
any location k of the wing span. Notice that the preliminary parameters of the
weight variant are different from those of the initial database aircraft. From
these values, the maximum of the expected maximum temporal values over the
preliminary parameters envelop of the weight variant is directly extracted at
∗
each location M̂wv
(k) = maxi=1,...,nwv M̂ (k, xwv, i ). Moreover, under normality
assumption, the prediction intervals [20] can be straightforwardly computed.
All of these quantities of interest are then used for structural design studies.

4

Numerical experiments

The initial database comes from an Airbus aircraft having 235t as maximum
take off weight with K = 45 locations distributed along the wing span. This
database is composed of n = 1560 preliminary parameters representing the flight
and structural envelope. Recall that each preliminary parameter is represented
by 20 values. From each of these preliminary parameters, the temporal maximal bending values are computed along the 45 wing span locations. Using the
OGA algorithm with l = 80 and a Cross-Validation technique (6-folds), for each
wing span location we have identified around 50 regression coefficients (instead
of 231 coefficients when applying Ordinary Least Squares). The 210t and 280t
are weight aircraft variants already developed and have the same wing geometry as the 235t. For each new weight variant, each database is composed of
nwv210 = nwv280 = 1560 preliminary parameters, but the preliminary parameters envelops are different. Therefore, it is possible to compare and validate
the response surface predictions with reliable bending moments contained in the
existing database of the two aircraft variants.
At any location k of the wing span, using the associated surface responses we
have computed the expected maximum of the maximum temporal bending mo∗
ment of the new aircraft variants, denoted by M̂wv
(k) = maxi=1,...,nwv M̂ (k, xwv, i ),
over the preliminary parameter envelope (in blue in Figure 1). This maximum
∗
∗
(k) has been compared to the maximum bending moment MB,
M̂wv
wv (k) given
by the database (in red in Figure 1). The 210t aircraft gives a maximal relative error along the wing span of 2% and a relative error at the wing root of
0.8% when comparing the response surfaces predictions with the 210t existing
database. The 280t aircraft gives a maximal relative error along the wing span
of 3.5% and a relative error at the wing root of 0.9%. After having checked the
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normality of the residuals using Kolmogorov-Smirnoff and Shapiro-Wilk tests,
we have computed the 99% prediction interval bounds (see [20]) provided by the
response surfaces (in grey in Figure 1 (a-b)). It should be noted that the maximum bending moments provided by the two databases are quite close to the
center of the prediction interval for any location of the wing span. Indeed, the
maximal width of these prediction intervals is 8% over the wing span. The above
results obtained on real world aircraft cases show in particular that the second
order response surfaces are quite competitive for preliminary design studies.
Besides the good prediction results in terms of preliminary design study, the
proposed methodology requires a short computational time on a standard desk
computer. It has taken around 10 minutes for computing the expected and the
prediction intervals of the maximum bending moments along the wing span for
the two weight variants. More precisely, we have built 45 surface responses (i.e
the coefficients for each location) from the 1560 × 45 = 70200 initial data of the
235t. We have predicted the 1560×45×2 = 140400 temporal maximum bending
moments of the 210t and 280t. Finally, we have extracted from the response
surface both the expected maximum of the maximum temporal bending moment
and the associated prediction intervals at each location of the wing span for the
two aircraft variants.

5

Conclusion

This note has presented a reliable and fast methodology for estimating critical
load cases for weight variants aircraft at the preliminary design phase. After
having identified the set of preliminary parameters, the proposed methodology
used the Orthogonal Greedy Algorithm to identify the coefficient of the second
order polynomial response surfaces from an initial database aircraft from which
the weight variants aircraft belongs. This Orthogonal Greedy Algorithm is
highly efficient in terms of computational time and parsimony representation
for estimating the regression coefficients. We reported very encouraging results
concerning a real world case of wing bending moments. Indeed, having identified
response surfaces for the 235t Airbus aircraft, the maximal errors predictions are
2% for the 210t variant and 3.5% for the 280t variant. Future related work will
attempt to extend our approach to other structural parts and flight conditions
(i.e continuous turbulence, landings, fuselage, ...).
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