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Abstract

We study the eight-vertex model at its free-fermion point. We express a new “switching” symmetry of
the model in several forms: partition functions, order-disorder variables, couplings, Kasteleyn matrices.
This symmetry can be used to relate free-fermion 8V-models to free-fermion 6V-models, or bipartite
dimers. We also define new solution of the Yang-Baxter equations in a “checkerboard” setting, and a
corresponding Z-invariant model. Using the bipartite dimers of Boutillier, de Tiliére and Raschel [16],
we give exact local formulas for edge correlations in the Z-invariant free-fermion 8V-model on lozenge
graphs, and we deduce the construction of an ergodic Gibbs measure.
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1 Introduction

The eight-vertex model, or 8V-model for short, was introduced by Sutherland [63] and Fan and Wu [30]
as a generalization of the 6V-model, which itself finds its origins in the study of square ice [61, 53]. The
configurations of the 8V-model are orientations of the edges of Z? such that every vertex has an even number
of incoming edges, like in Figure [I] There are eight possible local configurations, hence the name. In the
most classical setting, the model is characterized by four local weights a,b, c,d such that opposite local
configurations are given the same weight, see [6].

This model attracted attention during the 70s and 80s, and was famously solved on the square lattice
and a few other regular lattices using transfer matrices methods, see again [6] and references therein. It
exhibits phenomena that were surprising at the time; for instance, it has been predicted that some critical
exponents depend continuously on a, b, ¢, d. This is the case of the exponent v for the correlation length: in a
generic disordered phase, with inverse temperature 3, the edge-edge correlations between faraway edges e, €

should decay as exp (7%) As the system becomes critical one should have £(8) ~ (8 — f.)". It seems

that these predictions and the computation of v still require mathematical investigation. In what follows,
we focus on the special free-fermion case a® + b = ¢? + d? on more generic lattices. A consequence of the
techniques developed here is a construction of a Gibbs measure on these graphs and a proof that v = 1 for
free-fermion models, in accordance with Baxter’s computation.

Let us now describe our setting. A configuration can be represented equivalently as a polygon, by choosing
a checkerboard coloring of the faces of Z? and drawing in bold the edges oriented with, say, a white face
on their left. In this paper we extend definitions to graphs that are dual of a planar quadrangulation Q,
whose set of vertices (resp. edges, faces) we denote by V (resp. &, F); an example is displayed in Figure
More precisely, the Boltzmann weight of a configuration is the product of local weights associated to local
configurations at a face f of the quadrangulation Q, as in Figure that are denoted A(f), B(f),C(f),D(f)
(we use uppercase notations to emphasize that these are functions of the faces). The case of a 6V-model
corresponds to D(f) = 0 at every face. Notice that complementary configurations have the same weight,
which means that we are in a “zero field” case. To make these weights well-defined, notice also that we fixed
a bipartite coloring of Q. This is sometimes referred to as a checkerboard model [7), B], or a staggered model
in the case of the square lattice [37]. Checkerboard (or alternating, or staggered) 8V models have attracted
some attention, in particular for their relation with the Ashkin-Teller model [67, [6], but little is known about
them in general. In this paper we investigate checkerboard 8V-models that satisfy the free-fermion condition:

A? + B? = C? + D% (1)

Under this condition, the theory of transfer matrices can be adapted, making computation easier than for the
complete 8V-model [8] 9] [10] B3] 3T}, [32]. There exists a different method using a correspondence with dimers



Figure 1: Two equivalent representations of an eight-vertex configuration on Z?2.

on a non-bipartite decorated graph, leading to the computation of Pfaffians [56] 30, B7, 54, [55]. The dimer
model is an object of interest of its own in the mathematical community, an important example being the
celebrated description of Gibbs measures and phase diagram of bipartite dimers on periodic graphs [21], [48].
Adapting these results to non-bipartite settings is an important open problem in the community, making
the previous correspondence of 8V configurations to non-bipartite dimers of little help for the description
of, say, Gibbs measures and correlations. In what follows we provide a way to transform these non-bipartite
dimers into bipartite ones. From the point of view of the dimer model, unexpectedly, this provides a family
of examples of non-bipartite dimers whose statistics can be related to bipartite ones, and whose spectral
curve is reducible, as shown in formula .

Our method is based on a “switching” result, that we introduce now. If we perform a gauge transformation
by multiplying all weights A(f), B(f),C(f),D(f) at a face f by the same constant, the relative weight of
different 8V-configurations are unchanged. Thus an 8V model with weights satisfying the free-fermion
condition can be effectively represented by two free parameters per face, say a(f), 3(f) € R/27Z; see
for the exact parametrization. Our parametrization is such that when o = 3, the model becomes a 6V
one. We denote by X, g the whole set of weights corresponding to «, 5, and by Zsy(Q, X, g) the partition
function; when o = 3, we denote it by Zsy (Q, X4 o) to emphasize that it becomes a 6V-model. The choice
of parameters «, § is such that we have the following “switching” relation, see Theorem [15| for a generalized
statement and for the value of the constant c, g

Theorem 1. Let Q be a quadrangulation of the sphere. For any «, 3,a’,8 : F — (0, g),
Zsv (D, Xap) Zev(Q Xavp)  Zsv(Q Xap) Zsv(Q, X g)
A /Ca,ﬁ \/Ca',p’ v/ Ca,B’ A /Ca/ﬁ

In particular, for (¢/, 8") = (8, ), we recover 6V-models on the right-hand side. This gives a new relation
between free-fermion 8V-models and 6V ones:

Corollary 2. Let Q be a quadrangulation of the sphere. For any o, 3 : F — (O, g),

¢
Ze (0, X0 5)? = —22  Z0(0, Xua) Z6v(9, X5 5).
(Zev(Q: Xa,8)) N ooy 6v (2, Xa,a) Zev(Q, X5,)
This illustrates how the switching identity of Theorem [I] can turn useful, as free-fermion 6V models are
related to bipartite dimers. Theorem [I| also suggests that other hidden features of free-fermion 8V-models
might exist. We identify several of them.

First, it hints at a possible coupling of pairs of 8V-configurations. If 7,7 are two 8V-configurations,
seen as subsets of the dual edges of Q, their XOR is still an 8V-configuration; we denote it by 7 & 7. To



ensure that the 8V-weight actually define a probability measure, we impose a sufficient condition (13]) on
the parametrization. We prove the following:

Theorem 3. Let Q be a quadrangulation of the sphere, and let o, 3,0/, : F — (0,%) be such that
(o, B), (&, B), (e, B), (&, B) all satisfy . Let To.8,Tar /s Ta,p's Tar,3 be independent 8V-configurations
with the corresponding Boltzmann distributions. Then 7o 8@ Tor g and To g O T g are equal in distribution.

Theorem [3|is proved via the formalism of order-disorder variables [40} [26], see Theorem [15| for a gener-
alized statement. By specifying again to (o/,5") = (8, «) it implies that the XOR of two independent 8V-
configurations (with the same distribution) is distributed as the XOR of two independent 6V-configurations
(with different distributions). This may be worth investigating from the point of view of conformal objects
in the limit: the XOR of free-fermion 6V-models are effectively double-dimer loops for two independent,
differently distributed (bipartite) dimers configurations. In the identically distributed case, these are con-
jectured to converge to CLE(4) [47, 25] 2], but the differently-distributed case seems more mysterious at the
moment. In any case, the potential occurrence of such conformal ensembles in the context of 8V-models is
surprising.

Although being unexpected, this XOR property is reminiscent of the coupling identities of [15] [26].
However these previous identities involved two independent Ising models, while our results are naturally
associated with four Ising models (see Corollary and cannot be deduced immediately from their work.

Second, it is natural to wonder what happens if Q is a quadrangulation of the torus. This is useful in
particular to understand periodic boundary conditions and construct infinite measures on the full plane,
as we explain later. In the toric case, the 8V-weights X, g are naturally associated With a characteristic
(Laurent) polynomial of two complex variables, denoted Ps‘g(z w), and defined in (23] just like in the case
of the dimer model [48]. The analogous statement of Theorem [I]is the following, Wthh works under milder
hypothesis (12) (see Theorem [27] for a complete statement):

Theorem 4. Let Q be a quadrangulation of the torus. Let o, 8,a', 8"+ F — [0,27) be such that (o, 5) and
(o, B") satisfy . Then

Ca,BCa’ B PS}%(Z,w)Pg,‘fB, (z,w) = ca,pCarp P B/(Z w)PSXB(z,w).
In particular (see Corollary ,
PG (z,w) = ¢ PRV (z,w)PgY (2,w). (2)
The polynomials PS" and P§Y correspond to bipartite dimers [69, 58, 26 15]. The curves defined by their
zero locus in C? are Harnack curves [48]. Thus the zero locus of P8V is the union of two Harnack curves.

This can be observed in the amoebae of Figure [2] (the amoeba is the image of the zero locus under the map
(2, w) = (log |z, log w]) ).

Figure 2: Amoebas of the curves defined by P5%, PSY and P§" for the square lattice.

Third, the 8V-models at the free-fermion point corresponds to non-bipartite dimers, for which we can
define a version of a Kasteleyn matrix K, g, see Section[d.3} The elements of the inverse of K, g are related to



the correlations of the 8V-model (see Proposition , and thus encode the physical behaviour of the model.
It is possible to get a relation between those inverse matrices; precise statements are given in Theorem
on the sphere and in Theorem [26| on the torus, and the matrix T is defined by .

Theorem 5. 1
K. 5= 3 ((I + Ky + (I — T)K;,}ﬁ) .

This has the remarkable property of holding for all o/, 5, even though this is not apparent in the right-
hand-side. Again we can set (o/,3’) = (B, «), so that this formula relates 8V-correlations to 6V ones, i.e.
to bipartite dimers [69] [58] 26, [15]. We give several consequences of this identity with the solution of the
8V-model in the Z-invariant regime on lozenge graphs.

A model is said to be Z-invariant when it satisfies a form of the Yang-Baxter equations, or a star-
triangle transformation (see Figure . In the approach via transfer matrices, this property is often seen
as a sufficient condition for the commutativity of transfer matrices [6], see also [I1 29]. However it has also
been shown by Baxter that the star-triangle move is enough information to guess the behavior of the model
on very generic lattices [5], without relying on transfer matrices methods. In particular, it should imply a
form of locality for the model, which means that the two-point correlations depend only on a path (any path)
between the two points. This property is surprising, since in general correlations are expected to depend
on the geometry of the whole graph. We prove that it holds for Z-invariant free-fermion models on lozenge
graphs, which we introduce now.

One way to interpret Z-invariance geometrically is to use isoradial graphs. For these graphs, the faces of
the quadrangulation Q are supposed to be rhombi with the same edge-length (we call Q a lozenge graph), and
the weights A(f), B(f),C(f),D(f) at a face f are supposed to depend on the half-angle 6 of the rhombus f
at the black vertices. The angles 6 satisfy some relations under star-triangle transformation (see Figure [3]),
and the goal is to define Boltzmann weights in terms of 8 so as to transform these relations into the Yang-
Baxter equations. Several Z-invariant models have been studied on lozenge graphs, including the bipartite
dimer model [45], Ising model [I3] [I6], Laplacian (or spanning forest model) [45] [T4], random cluster model
[28]. The results of [49] also imply that we do not lose anything by considering the Yang-Baxter equations
on a lozenge graph rather than on a pseudoline arrangement, like that of [5].

Figure 3: Star-triangle move on a lozenge graph. The angles satisfy 01 + 02 + 03 = 7.

The Z-invariant weights of the 8V model in the non-checkerboard case have been parameterized by
Baxter [4, Bl [6] and Zamolodchikov [70]. Other techniques have appeared since to classify these solutions
[62, B3] 50} [66]. By considering checkerboard Yang-Baxter equations, more solutions can appear, as noted
for instance in [59], although no complete parametrization is known. Here we introduce what seems to be
the first set of checkerboard Z-invariant weights for the 8V model, all included in the free-fermion case.

Let k,l be complex numbers such that k2 1% € (—oo,1). For any real number x let z3 = QKTEIC):E, where

K(k) is the complete elliptic integral of the first kind, and similarly for ;. Then the following 8V-weights
of lozenge graphs, expressed in terms of Jacobi’s elliptic functions (see [I, 52]) at a face f with half-angle 6,




satisfy the Yang-Baxter equations:

A(f) = sn (Ok|k) +sn (0i]1)

B(f) = cn (0x|k) +cn (6:]1) . 3)
C(f) =1+ sn(0g|k)sn (6;|1) + cn (6 |k) cn (6;]1)

D(f) = cn (Ox|k) sn (0;]1) — sn (Ox|k) cn (6,]1)

We prove this in Proposition When (1 —£%)(1 —12) =1 (or k* = [ in the notations of [16]) the weights
no longer depend on the bipartite coloring of Q (i.e if a face f has a half-angle § and g has a half-angle
% — 0, then A(f) = B(g), etc.), and we recover Baxter’s solution in the free-fermion case. When &k = I
we get a Z-invariant 6V model whose corresponding dimer model can be found in [I6]. At this point it is
unknown if this new parametrization of checkerboard Yang-Baxter equations could be extended outside of
the free-fermion manifold.

We prove that this choice of local weights indeed provides a Gibbs measure with the locality property,
confirming in that case the prediction of Baxter. To be more precise, every edge of the lozenge graph e € £
is associated with two vertices b,, w. that correspond to the “leg” of a decorated graph GT, see Figure |8l In
Section |5 we introduce a local operator K- ll on the vertices of GT. It satisfies the following:

Theorem 6. Let Q be a planar lozenge graph. For any 0 < k <l < 1, there exists a unique probability
measure Pgy on the space of 8V-configurations equipped with the o-field generated by cylinders. It is such
that for any e1,...,e, € E, let V be the associated vertices of G': V = {by,w1,..., by, wp}, then

Psy(el,.--sem €ET) = det{(K&})V]. (4)

Moreover, P is a translation invariant ergodic Gibbs measure.

The construction is based on the switching property in operator form from Theorem [5| and on the work
on bipartite dimers of [I6]. When Q is Z2-periodic, it yields the free energy . It also allows for the
computation of asymptotics of coefficients, using results from [I6]: under some technical hypothesis, we
show that when 0 < k <1 < 1 the coefficients of the inverse Kasteleyn matrix between points at distance r
decays as r=te "/ (see Corollary . Notice that the effect of | vanishes in the asymptotics. When k& = 0
the decay is polynomial, corresponding to a critical model. When k& — 0, we prove that the quantity (x is a
©(k~2) in Proposition As k? plays the role of (8 — f3.) in usual statistical mechanics terms, this critical
exponent is compatible with that of the correlation length, v = 1, in the universality class of the Ising model,
and with previous predictions [6].

Outline of the paper

In Section [2] we properly define the 8V, Ising and dimer models in spherical, toric and planar settings. We
also introduce the formalism of order-disorder correlators.

In Section [3] we restrict ourselves to the spherical case. We compute the correlators of free-fermion 8V
models and relate them to Ising ones, generalizing results of [26], see Corollary We prove the coupling
result of Theorem first in correlators terms (Theorem, then in probabilistic terms; the latter is deduced
from the former by using a discrete Fourier transformation described in Appendix [A] The results of Section 3]
imply Theorem [I] Sections [d] and [f] are independent of Section [3]

In Section [ we define the dimer model associated to the 8V-model, and appropriate versions of Kasteleyn
matrices, one being skew-symmetric and the other being skew-hermitian; they are related by a diagonal
conjugation, see Lemma We show that the edge correlations can be expressed as minors of the inverse
Kasteleyn matrices, see Proposition 22] We prove the relation of inverses of Theorem [5] This gives an
alternative proof of Theorem [I], as well as its toric counterpart, Theorem [4

In Section |5| we prove that the weights satisfy the Yang-Baxter equations. Using the relation to
6V models coming from Section {4 we give a local formula for the inverse Kasteleyn matrix K 11 in the



full plane in Section We prove the mentioned asymptotics and critical exponent in Corollary and
Proposition Finally we construct an ergodic Gibbs measure in the Z-invariant case in Section [5.4] and
prove Theorem [6]
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2 Definitions

Let Q be a quadrangulation of a surface S, that is a finite connected graph Q = (V, £), without multi-edges
and self-loops, embedded on S so that edges do not intersect, and so that the faces of Q are homeomorphic
to disks and have degree 4. We denote by F its set of faces. We will focus on three cases:

e the spherical case where S is the two-dimensional sphere and Q is finite;
o the planar case where S is R? and Q is infinite and covers the whole plane;
e the toric case where S is the two-dimensional torus and Q is finite and bipartite.

Since Q is bipartite in all these cases, we can fix a partition of V into a set of black vertices B and white
vertices W, such that edges only connect black and white vertices together. We also set G (resp. G") to
be the graph formed by black (resp. white) vertices, joined iff they form the diagonal of a face of Q. Finally,
in the toric case, we suppose that there are two simple cycles v5 and 75 on G® that wind once, respectively
horizontally and vertically on the torus; see Figure

The dual of Q, denoted by QF, is the embedded graph whose set of vertices is F and which has edges
connecting elements of F that are adjacent in Q. We denote by £* the set of edges of Q*; for an edge e € &,
we denote by e* its corresponding dual edge.

2.1 Eight-vertex-model

An 8V-configuration is a subset 7 C £* such that, at each face f € F, an even number of dual edges that
belong to 7 meet at f. Thus at any face f € F, 7 has to be one of the eight types shown in Figure |4l Let
Q(Q) be the set of all 8V-configurations on Q.

S e S e
Figure 4: The eight possible configurations for 7 at a face f € F and their local weight w (7).
Let A, B,C, D be four functions from F to R. We associate to f a local weight function wy, such that

wy(7) is either A(f), B(f), C(f) or D(f) depending on the local configuration, as in Figure In the spherical
and toric cases, the global weight of 7 is defined as

wsy (7) = [ wy(r). )

fer



Figure 5: Left: a quadrangulation Q in the spherical case. Right: the same quadrangulation with its dual
Q* (dashed) and an eight-vertex configuration.

It is more difficult to make sense of formula in the planar case, where the product becomes infinite,
requiring the construction of an appropriate Gibbs measure. We discuss this construction in the case of a
Z-invariant, free-fermion model in Section

For the remainder of this section, we only deal with the spherical and toric cases. Let X = (A, B,C, D)
denote the whole set of weights. The partition function of the model is

Zgv = Zgv(Q,X) = Y wsy(7).
TEQ(Q)

When the weights X take values in positive real numbers, the Boltzmann measure associated to X is the
probability measure on Q(Q) defined by
w(7)
Psy (1) Zer (6)

Even if we are only interested in the positive real values in fine, it is convenient to let the weights X
take any real values. In this case, w(7) and Zgy are still well-defined but @ does not define a probability
measure.

A gauge transformation at some face f € F consists in multiplying the weights A(f), B(f),C(f), D(f)
by the same constant A # 0. This has the effect of multiplying all weights wsy (7) by A, and Zgy is also
multiplied by A. Thus the Boltzmann measure is unchanged.

The weights X = (A, B,C, D) are said to be free-fermion if

VfeF, A(f)* + B(f)* = C(f)” + D(f)*.
They are said to be standard if
VfeF, C(f)#0.

Lemma 7. Let a,b,c,d be real numbers such that ¢ # 0 and

a® + 0% =+ d2. (7)



Then there exists a couple (o, B) € (R/27Z)? such that in homogeneous coordinates,

sina +sin g :
cosa + cos [ :
1+sinasinf + cosacosf :
cos asin 8 — sin acos

i (227 o (29) e (222) s (7). g
G () -6 () -

for some constant A > 0. Thus there exists u,v € R/27Z such that

[a:b:c:d}:

Proof. We can rewrite as

[a:b:c:d]=[sinwu:cosu:cosv:—sinvl.

Then we define @ = u+wv, 8 = u—wv, which gives the form @ of the homogeneous coordinates. The form

is obtained by multiplying all weights of @D by 2 cos (#), which is non zero because ¢ # 0, and performing

simple trigonometric computations. O

For that reason, we fix two functions «, 8 : F — R/27Z and we define the associated free-fermion weights
by the following formula, implicitly evaluated at any f € F:

Aap sin a + sin 8
| Bapg | _ cos & + cos [
Xap = Cap | |1+sinasinf+cosacosf |’ (10)
D, s cos asin f — sinacos 3

By Lemma [7, any standard free-fermion 8V-model can be written in this way, after proper gauge transfor-
mations.

Remark 8.
o The weights X, g satisfy
2003 =A% 3+ B2 3 =C2 5+ D2 5. (11)
As a result, given standard free-fermion 8V-weights X = (A, B, C, D), one gets to the weights X, g by
2C(f)

applying gauge transformations at each face with parameter A(f) = ATETBE

o The weight X, g are standard iff
VfeF, alf) - B(f) #w[2n]. (12)

We also say that «, 8 are standard when is satisfied. Note that if this is not the case at some face
f € F, then all the weights A(f), B(f),C(f), D(f) vanish.

e If o, 8 lie in the range
VfeF. 0<alf) <A < (13)

then the weights A, g, Ba g, Ca,p are positive and D, g is non-negative. As a result, the Boltzmann
measure is a probability measure.

o If a = 3, then the weights D, g vanish and we are left with a 6V model. We simply denote X, the
weights in that case, and Zgy(Q, X,,) for the partition function. We have

[Aq : Ba : Cy] = [sina : cosa: 1].

e Switching o and g has the effect of multiplying the weights D by —1. Since any 8V-configuration
contains an even number of D faces (see [20]), in both the spherical and toric cases,

Zsv(Q,Xa8) = Zsv(Q, Xp,a)- (14)



2.2 Ising model
Let o, 3 : F — (0,%). Let Jg, ng : F — R be the following coupling constants:

An spin configuration on G® (resp. G") is an application from B (resp. W) to {£1}. The weight of
such a configuration oz (resp. o) is defined as

wg(og) = H et (1) ouow, wyy (o) = H oTin () oacy.
fer fer

where u, v are the black vertices of f, and x,y its white vertices.
The partition functions are:

Z8i0e = Zhing (J8) = Y _ wp(os), 20 = Zle (Jy) =D ww(ow),
oB aw

where the sums are over spin configurations. Again, the associated Boltzmann measure is

wg(op) ww (ow)
IEDﬁ‘ing(o-B) = ZB ’ I[D}/s\/iyng(a-m}) = w
Ising Ising

2.3 Dimer model

Let G = (V, E) be a finite graph, equipped with real weights on the edges (ve)ecr. A dimer configuration,
or perfect matching, is a subset of edges m C E such that every vertex of G is adjacent to exactly one edge
of m. We denote by M(G) the set of all dimer configurations on G.

The Boltzmann measure on M(G) is defined by

Heem Ve

Famm) = 2 G)

where Z4in, (G, v) is the partition function:

Zaim (G, v) = Z Hue.

meM(G) eem

2.4 Order and disorder variables

The notions of order and disorder variables were defined by Kadanoff and Ceva for the Ising model [40] and
play a central role in the study of spinor and fermionic observables; see for instance [I8] for a unifying review.
The definition for the Ising model is classical; for the 8V model, we adapt definitions of Dubédat [26].

For these definitions Q can be a quadrangulation in the spherical or toric case.

2.4.1 Ising correlators

Let By C B and Wi C W be two subset of black and white vertices of Q, of even cardinality. Let vg, be the
union of disjoint simple paths on G® that connect the vertices of By pairwise (these are called order lines);
7B, can be alternatively seen as a subset of 7. We similarly define vy, as a union of disjoint simple paths
on G that connect the Wy pairwise (also called disorder lines).

Let a : F — (0, g) We modify the coupling constants Jz by adding 7§ to the coupling constant at
f when f € 7p,, and afterwards multiplying the coupling constant by —1 when f € ~w, (the order is

10



important). Let J’ be these new coupling constants. Then the mized correlator of Kadanoff and Ceva is
defined as

IsingB
< H Op H ,uw> = <O—(B0)M(Wl)>s7l’ry1§f,'ywl = Zlging(J/)'

beBy weWy &,YBy YW,

This depends on the choice of paths and the order of operations on the coupling constants, but only up to a
global sign. The order variables are simply the spins oy, with (-) representing an unnormalized expectation
under the Boltzmann measure. The disorder variables p.,, represent defects in the configuration, and are
conjugated with order variables under Kramers-Wannier duality [51]. Again we refer to [40].

Similarly for the Ising model on G, if Wy C W and B; C B are even subsets, we chose paths yw,, VB, -
Then for 5 : F — (0,5 ), we add i3 to the constants J}¥ on yy,, then multiply the constants by —1 on y3,,
and we name the new constants J”. The mixed correlator is

IsingW
IsingW
< H Ow H :U/b> = <O—(W0)/J’(Bl)>[;l;lvgvo,'y)31 = ZI‘;\i}ng(J”)’
weWo beBy B Ywo VB

2.4.2 8V correlators

Order and disorder variables for the 8V-model are defined in [26]. The following definition is original but
it is easy to check that it is equivalent to that of [26]. In the 8V case, order and disorder variables can be
located on either black or white vertices of Q.

Definition 9. Let Q be a quadrangulation in the spherical case. Let X = (A4, B,C,D) : F — R* be a
family of weights. For every f € F, we define operators 1/?, I/}/V, 5? , 5}” that act on X by transforming X (f)
in the following way:

A(f) A(f) A(f) _A()
s (B | LB w80 | B
£l el c(f) 7 el c(f)

D(f) ~D(f) D) ~D(f)

s (o0 3 (e
SHEGIAR Slen |7 BK

p(f) B(f) D) A(f)

Let By, By C B (resp. Wy, W1 C W) be two even subsets of black (resp. white) vertices, with simple
paths vg,, 7B, (resp. Yw,, Yw, ) joining them pairwise. As these paths use black (resp. white) diagonals of
faces, we can identify them with subsets of F. Let v = (yB,yw, 7B, Yw'). We define modified weights X"
obtained by the following composition of operators:

v (T T e I T ) x ()

f€vB, fe€yw, f€vBy Ferwy

~

We define the mixed correlator as:

8V
<H oy H Ow H Hb H Mw> = Zgv(X)).

beBy weWy beB; weWy X,y

We will also use the shorthand notation <J(Bo)U(W(])ﬂ(Bl)M(W1)>§X,y.
Remark 10.

11



o Mixed correlators may depend on the set of paths v, but only up to a global sign [26]. Also note that in
we always apply order operators before disorder ones. This is important because these operators
do not always commute. The only cases were they do not commute are

S = -t

e = -6y,
but like for path dependence, changing the order might only multiply the correlator by a factor —1.

o Again these correlators can be interpreted as unnormalized expectations under the Boltzmann measure.
If b,b' € By, then the couple of order variables 0,03 represents the random variable (—1)™ where n is
the number of edges in the 8V configuration on any path on @ between b and b'.

The disorder variables are equivalent to modifying every eight-vertex configuration by applying a XOR
with the configuration of “half edges” shown in Figure [f] The resulting “configuration” is no longer
a subset of edges of Q, but we could still define its weight as in . The advantage of modifying
weights with the operators of Definition [9]is that we never actually have to work with these disordered
configurations.

™~

~N

Figure 6: A piece of a quadrangulation, a subset By C B with paths g, joining them pairwise (dashed),
and a partial configuration (bold grey)

3 Couplings of 8V-models

We review classical results on the Ising-8V correspondence [5], on the 8V duality [68], in terms of order and
disorder variables [26]. We then apply them to prove couplings results for different free-fermion 8V-models.

3.1 Spin-vertex correspondence

The spin-vertex correspondence comes from the following simple remark, that seems to be due to Baxter
[5]. If we superimpose two spin configurations, one on G and one on G, and we draw the interfaces
between +1 and —1 spins, we get an 8V-configuration. This transformation is two-to-one, and can be made
weight-preserving by choosing the appropriate 8V weights.

12



Proposition 11 ([5,26]). Let Q be a quadrangulation in the spherical case, and o, B : F — (0,%). Consider

the 8V-weights X : F — R* given by
eTB =Ty

e—JB+T0,
ey 3
B+

e_Jg_J\LjV

X = (16)

Then for any By, By, Wo, W1 and paths v as in Definition [9,
IsingWVW

2(0(Bo)a (Wo)p(Br) (Wi )X, = (0(Bo)u(W)) 78 (o (Wo)u(Br))ga?”. .

In particular,
QZSV(QaX) = ZIBszng (Jg) X Z}/Vezng(‘]g\/)

3.2 Modifications of weights

One key feature of the 8V-model is its duality relation. This is an instance of Kramers-Wannier duality [51],
and in the case of the eight-vertex model it was discovered by Wu [68] using high-temperature expansion
techniques. The formulation for correlators comes from Dubédat [26], and means that duality exchanges
order and disorder. We give an interpretation in terms of discrete Fourier transform in Appendix [A]

Proposition 12 ([68| 26]). Let Q be a quadrangulation in the spherical case, and let X = (A,B,C,D) :
F — R?* be any 8V-weights. Let X = (A, B,C, D) be defined by

A(f) 1 -1 1 -1\ [A(f)
B(f)f _1|1-1 1 1 -1 B(f)
Vier, el "2l 11 o1 | |ew (17)
D(f) -1 -1 1 1 D(f)
Then for any By, By, Wy, W1 and paths v as in Deﬁnition@ let 4 = (VBy, YWy s YBos YW, ); We have
(0(Bo)o(Wo)u(B)p(W1))X, = (o(B1)o (W) u(Bo) (W) » -
In particular, )
Z3v(Q,X) = Zsv (Q, X). (18)

Another transformation of weights consists in multiplying all weights D(f) by —1. As any 8V-configuration
contains an even number of faces of type D, this does not change its global weight. However, in correlators
containing disorder operators, the effect is non trivial; a result of [26] is that u variables become oy, while
o variables are unchanged, we rephrase it here using symmetric differences A.

Proposition 13 ([26]). Let Q be a quadrangulation in the spherical case, and let X = (A, B,C,D) : F — R*
be any 8V-weights. Let X' = (A, B,C,—D).
Then for any By, By, Wy, W1 and paths 7y as in Deﬁnition@ let v = (YBy AVBy  YWo YWy s VB> YW, )5 WE

have
(o(Bo)o(Wo)u(B)p(W1))K, = (o(BoAB) o (Wo AW u(B) (Wi )X, -

In particular,
Z5v(Q,X) = Zsv(Q, X).
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3.3 Free-fermion 8V correlators

By combining the previous results, we can relate free-fermion 8V correlations with Ising ones. This has been
done in [26] when the Ising models are dual of each other (which in our case corresponds to & = 3), but the
proof works identically when this is not the case.

Corollary 14. Let Q be a quadrangulation in the spherical case, and let o, 3 : F — (0, F).
For any By, B1, Wo, W1 and paths v as in Deﬁm’tion@ letvg = (VBo, YWo OvW, ) and yw = (YW, VB DVB, )-
Then

(0(Bo)o (Wo)u(B1)u(Wi)s. . = co (o(Bo)u(WoAW1)) 95 (o(Wo)u(BoABL)) 50 (19)

Xoa,g:7 Y8 Bsyw

where

co = % H \/cosa(f) sin B(f)Ca,s(f)-

fer

In particular,
ZSV(Q7X067,3) =Co ZIBszng(Jg) Z}is\j,ng(ng)

Proof. From Proposition the product of Ising correlators on the right-hand side of is equal to

2 (0/(Bo)a(Wo) u(BoABy ) u(Wo AW )Y

X, (v8,7w)
for the weights X = (A, B, C, D) given by
A=el8Tw = T 1-ii§o§ﬂv
B =ity = [t Lol
C = ety = [imma st

On these weights, we perform the transformation of Proposition [[3] then of Proposition [I2, and again of
Proposition This amounts to defining X = (A, B,C, D) by

A 1 -1 1 1 A
Bl 1f-1 1 1 1 B
cl 21 1 1 —-1||cC
D 1 1 -1 1 D

Following the transformations in the Propositions, we get that the Ising correlators are equal to
8V
2(0(Bo)o(Wo)u(B1)p(Wh)) 5, -

Trigonometric computations show that (implicitly at any f € F):

A Aap
B _ 1 Ba g
c V/cosasin B (1 + cos(a — B)) Cap
D Da.p

and using the definition of correlators as partition function, we see that these gauge transformations multiply
the correlator by the same factor. O



3.4 Coupling of free-fermion 8V-models

With Corollary [14] we are able to factor correlators for the weights X, s into a part that depends on o and
a part that depends on 3. By doing the same for X, g and rearranging the Ising correlators, we can get
the correlators of X, s and X, 5. This is expressed in the following “switching” result. The constants can
be defined in terms of

AZ 5(f) + B2 5(f)
cap =[] Can(f) = [[ =57 (20)
fer feF
Theorem 15. Let Q be a quadrangulation in the spherical case, and let o, 3,0/, : F — (0,%). Let
By, By, Wy, W1, (resp. By, By, W§,W{,~") be as in Definition @ Then
8V
(o(Bo)o (Wo)u(BO)uW). , ., (o(BYo(Wu(BOWWIY, ,, o)
8V 8V
=1 (0B oW (BRI, 0 0By o (W (B WIS, |
where
By By By B)
A : A
BY ByAB{ABy | By BoAB{ABy |’
wy Wo AW AW, wy" WoAWAW]
with the same formulas for the paths in ~",v", and
1 =4 ,70a,ﬁ0a/,ﬁ/ .
Ca,p'Ca’ B
In particular,
Z3v(Q, Xa,p) Z8v(Q, Xarpr) = 1 Z8v(Q, Xap) Z8v(Q, Xor ). (22)
Proof. This immediately comes from writing both the left-hand side and the right-hand side in terms of Ising
correlators using Corollary [I4] and checking that they are the same. O

Example 16. By taking By = B, = B and Wy = W =W (i.e. the initial order variables being the same),
we get the simpler formula

(o(B)o(W)u(B) (W)Y . (a(B)a(W)u(B)p(Wi)s

Xa,8:Y a"[&’v'yl

—c1 (o(B)o(W)u(BOuW))X, o (o(B)e(Wu(BORWIDY,, |

This nontrivial equality of correlators (and of partition functions) suggests that there exists a coupling
between pairs of 8V-configurations. Specifically, when (o, 8) and (¢, ') satisfy , then the 8V-weights
define a Boltzmann probability; if 7, 3, 7o’ g are independent and Boltzmann distributed, we want to couple
them with 7, g, 7o, 3, While keeping as much information as possible.

This is the content of Theorem [3} it is possible to do so while keeping the XOR of configurations equal
(i.e. the XOR of the corresponding sets of dual edges of Q, which is still an 8V-configuration). The proof is a
direct consequence of Theorem but requires the introduction of a discrete Fourier transform on the space
of 8V-configurations and is postponed to the end of Appendix[A] An extended statement can be formulated
for the XOR of configurations with disorder, see Remark

4 Kasteleyn matrices

We review the transformation of free-fermion 8V-configurations into dimers, and we compute special relations
for the corresponding (inverse) Kasteleyn matrices.
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4.1 Free-fermion 8V to dimers

In the case of the square lattice, it has been shown by Fan and Wu that the 8V-model at its free-fermion point
can be transformed into a dimer model on a planar decorated graph [30]. Their arguments work identically
on any quadrangulation. The corresponding decorated graph is represented in Figure [7]

//O\
1 u_pye L
c B/C C B/C t
*1\\\\\\(,4_1))/0//,1’
g

Figure 7: The quadrangulation Q (dashed) at a face f and the decorated graph of Fan and Wu [30] (solid
lines) with its dimer weights. The functions A, B, C, D are implicitly evaluated at f.

In the more special case of a free-fermionic 6V model, the graph becomes bipartite and the dimer model
can be studied in more details [69] 26|, [I5]. No such bipartite dimer decoration is known for the 8V-model,
and the techniques of bipartite dimers are unavailable as such.

Figure 8: The decorated graph G7 of Hsue, Lin and Wu [37] with its dimer weights.

In our setting we will make use of another decorated graph due to Hsue, Lin and Wu [37], see Figure
This graph is more symmetric but non planar, which makes the usual theory of dimers as Pfaffians not
available, but an adapted theory has been developed by Kasteleyn [42] [43].

More precisely, let GT = (VT, ET) be a decorated version of Q* obtained by drawing small complete
graphs K inside faces of Q and joining them by “legs” that cross the edges of Q, as represented in Figure [§
Even if this graph is not bipartite, we still decompose V7 into a subset of black vertices BT and white
vertices W7 such that the black (resp. white) vertices lie on the left (resp. right) of an edge of Q oriented
from black to white. For every edge e € ET, we define v, as in Figure We will need a nonstandard weight
for m € M(GT), defined as

@(m) = (=) ] ve

ecm

where N(m) is the number of pairs of intersecting edges in m. The corresponding partition function is

Zam(GTv) = ) @(m).



Note that at the boundary of every face f € F, m uses an even number of legs. As a result, if we only
keep the occupied legs of m, we get an 8V-configuration 7 € 2(Q). We denote this by m — 7. This mapping
is weight-preserving in the following sense; this was noted when Q is the square lattice by Hsue, Lin and Wu
[37] but works in the exact same way for any quadrangulation:

Theorem 17 ([37]). Let Q be a quadrangulation in the spherical or toric case, and X a set of standard
free-fermionic 8V-weights on Q. Then for every 7 € Q(Q),

wsv(r)= [ [T | Do wm).
fer meM(GT)

s.t. m—T

In particular,

Zov(Q,X) = | [T C() | Zaim(G",v).
feF

We now describe how to compute Zgim (GT, v) using an adapted version of Kasteleyn matrices.

4.2 Skew-symmetric real matrix

A Kasteleyn orientation of a planar or toric graph is an orientation of the edges such that every face is
clockwise-odd, meaning that it has an odd number of clockwise-oriented edges; by the planarity condition,
such an orientation can always be constructed, and may be used to identify the partition function of dimers
with the Pfaffian of the corresponding skew-symmetric, weighted adjacency matrix [41]64]. Since GT is non-
planar, there might not exist a usual Kasteleyn orientation, but there still exists an admissible orientation
so that the Pfaffian is equal to Zgim(G7,v) 42, B3], which we describe now.

If we remove all edges of GT that join black vertices (the black diagonals of decorations), we get a planar
(or toric) graph G%. Similarly, removing the white diagonals gives a graph G,. An orientation of G is
said to be admissible if its restriction to G5 and G, are both Kasteleyn orientation. The existence of such
an orientation is established in Section F of [43].

Figure 9: An admissible orientation of G in the toric case.
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To define a Kasteleyn matrix, we first fix an admissible orientation of GT. For any standard «, 3 : F —
R/27Z, the 8V-weights X, g are standard. Thus we can define dimer weights v, g as in Figure @ Let Ko
be the weighted, skew-symmetric adjacency matrix associated to the oriented weighted graph G

In the spherical case, the arguments leading to equation (79) in [43] imply the following.

Proposition 18 ([42, [43]). In the spherical case, for any quadrangulation Q and any standard o, 8 : F —
R/277Z, B 3
Zdim(GT, Va,,@) = Pf Ka”g.

In the toric case, there also exists an admissible orientation, but its Pfaffian is no longer equal to
édim(GT,ya,B). We recall here the standard way of dealing with this problem; the idea was suggested
but not proved by Kasteleyn [41] [42] and was then proved in various forms of generality in the works of
Dolbilin et al. [24], Galluccio and Loebl [36], Tesler [65], Cimasoni and Reshetikhin [20].

Let mg be the dimer configuration consisting of all dimers in the decorations that are parallel to the edges
of GB; see the darker configuration of Figure For any dimer configuration m on GT, the superimposition
of m and mg is the disjoint union of alternating loops covering all the vertices. This union of curves has
a well defined homology in Hy(T? Z/2Z), which we denote (h}*,hy’) € (Z/2Z)°. For any 0,7 € {0,1}, let
KZ,Z’ be the Kasteleyn matrix where the weights of edges of GT crossing 72 (resp. ’yf ) have been multiplied
by (=1)¢ (resp. (—1)7). Then there exists an admissible orientation such that we have the following.

Proposition 19 ([41], 42, 24, 36] [65] 20]). In the toric case, for any quadrangulation Q and any standard
a,B: F —R/27Z, for any 0,7 € {0,1},

PERY = 30 ()M on o g ),
meM(GT)
Consequently,
- 1 ~ - > 2%
Zun(@" vap) = 5 (~PTEQ, + PR, +PLRG + PIR, ). 2)

For any (z,w) € (C*)?, consider the modified matrix K, 5(z,w), obtained by multiplying the coefficients
K, sl v] by z (resp z~!) when the edge uv crosses v5 from left to right (resp. right to left), and similarly
for w and vy This leads to the definition of the characteristic polynomial of the eight-vertex as the Laurent
polynomial

Pas}fg(z,w) = det Ko 5(z,w).
When (z,w) ¢ {£1}2, this quantity has no reason to factor as a square product.

We conclude this part with a few remarks on the planar case. Then f{aﬁ is an infinite matrix, or
equivalently can be seen as an operator on cv.

vfe(CVTa( Kapf)[x ZKQ,BXY yl-

yevT

This is well defined because for all x € V7, I?a,ﬁ[x,y] is zero for all but a finite number of y’s.

An inverse of K, g is an infinite matrix f{;g such that K’a,gﬁ';g = Id as a matrix product. This is well
defined by the previous remark.

When the graph is Z2-periodic, let GT = GT/Z? be the fundamental graph. Note that GT corresponds
to the toric case. For any (z,w) € C? the subspace V&w) of (z,w)-quasiperiodic functions f:

vx € ViT, Y(m,n) € Z%, f(x+ (m,n)) = 2z""w " f(x)

is fixed by K, 5. The restriction of K, g to this finite-dimensional subspace is equal to the matrix K, 5(z,w)
defined in the toric case for GT, via the identification of x € V;I' with the only (2, w)-quasiperiodic function
8x(z,w) that takes value 1 at x and 0 at the other vertices Vi of the fundamental domain.
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4.3 Skew-hermitian complex matrix

There is another way to define Kasteleyn matrices that is more intrinsic and does not require fixing an
orientation, by using instead complex arguments on the edges. Let K, g be the matrix whose entries are
indexed by vertices V7 and defined by Figure |10l and by the skew-hermitian condition:

Kap [u7 V] =—Kap [V7 u]'

Figure 10: The skew-hermitian Kasteleyn matrix K, g on GT.

The arguments of the entries are inspired by the relation with the Kac-Ward matrix [39, (19, [I8]. The
“angles” (¢.)ece are defined in the following way:

« In the spherical and planar cases, we embed the graph G properly in the plane, with straight edges.
Then the white vertices of Q, W, are in bijection with faces of G, and the edges &£ of Q are in bijection
with the corners of GB. For every e € &£, we set 26, to be the direct angle at the corner corresponding
to e, taken in [0,27). See Figure

e In the toric case, we lift Q to a bipartite periodic quadrangulation of the plane, and we proceed as in
the planar case. This yields a periodic choice of angles ¢, which can be mapped again to the torus.

In the toric case, we also define K, g(z,w) just as before.

The following result relates the matrices K’a,g and K, g by “gauge equivalence”. In particular, it shows
that all their principal minors are equal.

Lemma 20. In the spherical and toric cases, there exists a diagonal unitary matrix D, that depends only
on the chosen admissible orientation of G*, such that

Kop=D'K,zD (24)

Proof. We use Theorem 2.1 of [60]; see also Appendix A of [23]. The existence of such a diagonal (not
necessarily unitary) matrix is equivalent to having, for every cycle C = (x1,...,%p,Xp41 = x1) of adjacent

vertices on G7,
P

HKa,ﬁ[Xi7Xi+1] =

i=1

KQ’B[Xi,XiJ’,l]. (25)

=

1

-
Il

Since the complex moduli of the entries of K, g and Rm g are equal, it is sufficient to show that the complex
arguments in are the same. Notice that for the simple cycles (x,y,x), by the skew-symmetric and
skew-hermitian properties,

arg(Ka p%, Y] Kaply, x]) = 7 = arg(Kq s[x, y] Ka,s(y, x)).
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Moreover, if we show that the right-hand side of is real (i.e. the argument is O[r]), then we only have
to check one direction for any cycle.

All in all, by decomposing cycles, it suffices to check that the complex arguments in are equal and
real for the following cycles:

1. the cycles that winds once in the counter-clockwise direction around a vertex of B, or of W;
2. the counter-clockwise 3-cycles inside decorations that use two sides and a diagonal;

3. in the torus case, two fixed cycles that wind once vertically (resp. horizontally) around the torus.

Figure 11: Embedded graph G® and unitary part of the entries of K, g on simple cycles around black and
white vertices

Case 1: let C be such a cycle corresponding to a black vertex b € B. Let ¢1,...,¢, be the successive
angles around b as in Figure[11} By grouping together the successive steps of C on legs and inside decorations,
the argument of the left-hand side of is

Z@' = . (26)

On the right-hand side, as the cycle is even, the product is also a negative real number for an admissible
orientation.

If C corresponds to a white vertex w € W, we also set ¢1,...,¢, to be the successive angles around w as
in Figure [[1] Then

> 205 = (pE2)T, (27)

with a — sign when w corresponds to an interior face of G when embedded in the plane, and a 4 sign for
the exterior face. Again by grouping the steps, the argument for the product of the left-hand side of is
P 1 (% — ¢;) = m[2n], and we conclude similarly.

Case 2: In Figure [10| we easily check that for any of these 3-cycles, the argument of the product of the
elements of K, g is 7[27]. By the construction of admissible orientations, these are also clockwise-odd so
the product for K, s is also a negative real number.

Case 3: We show this for a cycle that winds once vertically around the torus, the horizontal case being
identical. We chose the alternating cycle C, represented in Figure This cycle is obtained by superimposing
the dimer configuration mg with a configuration m, that uses the legs that cross edges of Q that touch 75
on the right, edges parallel to the white diagonal in the decorations of faces containing two such edges of Q,
and is equal to mg otherwise.
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Figure 12: A quadrangulation of the torus with the path 75 (dashed); the graph GT equipped with two
dimer configurations, mo (dark grey) and m,, (light grey).

Again by decomposing the path, one easily checks that the argument on the left-hand side of is

zp: (y;i - g) —0. (28)

i=1

For the right-hand side, we know that m( has homology (0,0) while m, has homology (0, 1), so that by
Propositionthe term in det f(a, g corresponding to the superimposition of mg and m, must appear with a
minus sign. All the double dimers in this superimposition give a + sign, because the — sign of the product of
opposite matrix elements is compensated by the signature of a 2-cycle. Following this reasoning, the product
corresponding to the alternating cycle C'y must be positive, since the signature of the corresponding cycle of
the permutation is —1. This proves that the arguments match.

The fact that D does not depend on «, § is a consequence of the explicit form given in [23]. Finally, to
show that the matrix D can be taken to be unitary, we just have to show that its diagonal elements have
the same modulus, since multiplying it by a constant leaves relation unchanged. For any two adjacent
vertices x,y € VT,

Ko slxy) = Pl Kol

so that |D[x,x]| = |D[y,y]|- Since the graph is connected, all these moduli are equal. O

4.4 Eight-vertex partition function and correlations

By injecting the result of Theorem [I7] into Propositions [I§ and [T9} and using Lemma [20] to transform the
determinant of K, g into that of K, g (we cannot do the same for Pfaffian, since the latter is only defined
for skew-symmetric matrices a priori) we get
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Corollary 21. Let Q be a quadrangulation and o, : F — R/2n7Z be standard. In the spherical case,

2

(ZSV(QaXa,ﬁ))Z = H Ca,[j(f) det Kaﬁ.
feF

In the toric case,

er]-‘ Ca,ﬁ(f)

Zav(Q,Xa8) = )

70,0 70,1 1,0 1,1
(- PERSS + PIRYL + PIEL) + PIRLY).
Another standard result is the computation of dimer statistics in terms of minors of the inverse Kasteleyn
matrix; see [44] 46]. If we adapt this to the 8V statistics, where we are only interested in the statistics of
the legs dimers, i.e. dimers that have weight 1, we obtain:

Proposition 22 ([44]). Let Q be a quadrangulation in the spherical or toric case. Let eq,...,e, € &,
each e; corresponding to a leg of GT, whose endpoints we denote b; € BT and w; € WT. Let V =
{bl,Wl, cee 7bp,Wp}.

Let o, 8+ F — R/27Z satisfy . Let 7 be a random 8V-configuration with Boltzmann distribution
Pgy. Then in the spherical case,

(Bsv ({1, e} € 7)) = det [ (K.} |

where the matriz on the right-hand side is the submatriz of K;; with rows and columns indexed by V.
In the toric case,

ng({el,...,ep}CT)z

m (~pe(R9), +pe(RoL) +pr(RLS) wpr(R) ).

4.5 Relations between matrices K o }3

We now exhibit a symmetry in the 8V-model in the form of a relation between inverse matrices for different
values of a, 3.

4.5.1 Spherical and planar cases

Let us define the matrix 7" with entries indexed by the vertices V7' of the dimer graph G7, in the following
way: if w € W7, then there is a unique “leg” adjacent to w. Let us denote W € BT the other endpoint of
this leg. Let e € £ be the edge of Q crossed by {ww}. We define

T(w, %) = —e'?,

) 30
T(w,w) = —e e, (30)

and all the other entries of T" are zero. Thus T is a weighted permutation matrix between vertices x and
their associated neighbor, which we still denote %, x being black or white.

Theorem 23. In the spherical case or planar case, let (o, 8) and (o, ') be standard elements of ([O7 27r)]:)2.

If the matrices K;}T,K;,%B are inverses of Ko g/, Ko g, then the following are inverses of Ko g, Ko g/ :

DN = DN =

K;}g ((I + 1)Ky + (I - T)K;,}ﬁ) , o

K\, =

o =5 (I=DE + T+ TKZ)
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Proof. To simplify notations, we will denote
o (A, B,C,D) the weights X4 5 ;
o (A,B',C", D) the weights X g ;

o (a,b,c,d) the weights X, 5/, and K;lﬁ, = (uxfy)x,yEVT;

o (a/,V,c,d") the weights X,/ g, and K;,fﬂ = (u;vy)xyGVT'

Lemma 24. The following relations, implicitly evaluated at any f € F, hold:

cA+dB —aC —bD =0, dA—dB—-dC+¥bD=0,
dA —cB+bC —aD =0, dA+cB—-bVC—-dD=0,
aA+bB —cC —dD =0, adA+bB—-JdC—-dD =0,
bA—aB+dC —cD =0, VA—dB—-dC+dD=0.

Proof of Lemma[24 This is done by direct computations, which are made easier by the use of the alternative
form of weights @ O

Figure 13: Notation for GT around x; € W7.

Let x; € WT. Its neighbors are denoted %;,x3, X3, x4 as in Figure Forany y € VT and i € {1,...,4}
-1 . .
we have (Ka,ngaﬁ,) [xi,y] = dx, .y, which reads:
idey . .a .y
=€ M Ugy y t Uy y T U Uxgy T Uy = Oxgy
c c c
ity g+ e, ity F ity = O
Uxy,y e Uzs,y 1= Uxsy 1= Uxy,y = Oxa,y
c c c
a .
. . i
1= Uxyy T 1= Uxy y — € Ges Usg,y T ~Uxyy = 5X3:y
c c c
a .
. . i
L=Uyy,y T 1= Uxy,y — ~Uxyy TE ¢e4uf<4’y = 5X4:y
c c c
By writing the same equations for K,/ g, we get the same relations where u, y is changed into u , and

(a,b,c,d) are changed into (a’,b’,c’,d’). We denote these four new equations by (E1), (ES), (E%), (EY).
Now we compute

C(Ey) — B(Ey) + iD(Es) — iA(Ey)

23



On the right-hand side, this is 2Cy, . On the left-hand side, we can group the terms corresponding to
the same uy y (or uy ). For instance, uy, y will appear with coefficient

bp_dpy g
C C C

which is equal to C according to Lemma All in all, using all relations of Lemma this yields

—Celf (u;(hy + u;h,y —ea (le,y - u;ly))
+B (sz,y + u;cz,v — e (u;%y - ugcmy))
- / ‘ i} / (36)
+iD (ux?ny Uy —€77° (ufc&y - ufcs,y))
+iA (ux4,y + u;%y — e Pea (u;%y - u%%y)) =2C0x1 .
For x,y € VT, let e, € £ be the edge of the quadrangulation closest to x, and let M, , be
. 1 ;
ifx € WP, My = 5 (sey iy — €9 (usy — i), (37)
if T _ 1 l —ipe 1
itxe BY, DMy,= 3 (ux’y +uy, —e P (u;(,y - uxy)) .
Then Equation exactly means that the matrix M = (M y)x yeyr satisfies
(Ko sM) [1,¥] = 0y (38)

when x; € W7T. A similar computation shows that also holds when x; € BT. As a result, M is an
inverse of K, g, and is equivalent to

|
M= [(I + 1)KL + (- T)KS!

a, o \B
The second matrix relation in is obtained by switching (a, 8) < (o, 5'). O

Remark 25. Theorem [23|can be used to give an alternative proof of the relation of partition functions .
This works exactly as in the forthcoming proof of the analogous statement for toric quadrangulations, see
Theorem 271

4.5.2 Toric case

Theorem 26. Let Q be a quadrangulation in the toric case. Let (o, 8) and (o, 5’) be two standard elements
of ([0,2m)%)".

Let (z,w) € (C*)? be such that K, g (z,w) and Ko (2, w) are invertible. Then K, g(z,w) and Ko g(z, w)
are invertible and their inverses are given by

K p(zw) = % [(I +T)K, oy (zw) + (I - T)K 4(z, w)] ,
K p(ew) = 3 (1= TVEZ) (2ow) + (1 + TR ()]

Proof. The proof, being based on a local computation of matrix products, is identical to that of Theorem 23]
One simply has to take into account the possible multiplication by z*! and w*' in the weights when the

face considered is crossed by 7% ,'y;/v , or both. For instance, if it is crossed by 5, in the notation of the

proof of Theorem one has to compute

+C(E}) + 2B(Eb) — izD(E}) + i A(E}).

to get the correct matrix relation. The other cases are similar. O
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Theorem 27. Let Q be a quadrangulation in the toric case. Let (o, 8) and (o', 3’) be two standard elements
of ([0, 27r)f)2. Then the characteristic polynomials satisfy

8V p8V 8V 8V
PavBPa/75/ = CQPa,ﬁ'Pa/,ﬂ

where

Ca,B'Ca’\B _ Cop (f)Cao s(f)

CHo = —— = .
2 Ca,BCa’ B’ fer Ca,,@(f)ca’,,ﬁ’(f)

To prove Theorem we also need the following diagonal matrix D, whose rows and columns are indexed
by the vertices of G
Do — —1 ifxeWwT,
1 if x € BT.

Lemma 28. Let Q be a quadrangulation in the toric case, and let o, : F — [0,27] be standard, and
(z,w) € (C*)?. The commutator of K, g(z,w) with T is

(Ko p(z,w),T) = —Kqp(2,w) DKy g2, w). (39)

If P, g(z,w) # 0, the commutator of K;}j(z,w) with T is
[K;;(z,w),T =D. (40)

Proof. Equality can be verified by a straightforward computation of the matrix elements. For instance,
in the notations of Figure (we drop the (z,w) in the computation to simplify notations) the matrix element
[x1,%2] are

(Ka,8T) [x1,%2] = (TKa,p) [x1,R2] =Ka p[x1,%2]T[x2,%0] = 0
B —ide
=C (—e7"%e2);

— (Ko, DKa p) [x1,%2] = — Ko plx1,%2] D[x2, X2] Ko p[X2, Xo]
B .
=-ge).

Another important case is the matrix element [x1,x1]:

(Ka,BT) [Xl,Xl] — (TKQ,@) [Xl,Xl] :Ka7//j'[X1,)i\1]T[)(Al7X1] — T[Xl,)fl]Ka”g[XAl,Xl}
= (—€i®e1) (me7i%1) — (—ei®er) g7

— (Ka,sDKa p) [x1,%2] = — ((6”’61) e e +g (g) +z‘g(—1)z‘g Jriéié)
_B2 _A2 +D2
=—(-14 e
=2.

All other cases are similar. ~
For the second point, P(z,w) = det (Kq (2, w)) = det (Kq (2, w)) Lemma so the matrix K, g(z, w)
is invertible. Then is simply obtained by multiplying by K;lﬁ (z,w) on both sides. O
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Proof of Theorem[27. We prove the polynomials relation for (z,w) such that none of the four polynomials
is zero at (z,w) (i.e. the four Kasteleyn matrices are invertible); the relation is then obtained by analytic
continuation. By noting that T2 = I, we can rewrite Theorem [26]as a block-matrix relation:

(0 ) Gty o) = (0 ) Gt fosmactin) @
I

We take the determinant of these. The matrices <§ _II> and (T _IT> can be written in block-diagonal

N[ ==

form, with blocks corresponding to the two copies of the pair (x,%) for x € W7. For the two matrices, the
blocks have determinant 4 and there are 2F blocks, so both their determinants are equal to 2%7.

The determinant of both sides of can now be computed; we successively use the formula for determi-
nants of block matrices, Lemma 28] to exchange T and the matrices K '(z,w), and det(D) = (—1)*% = 1;
we drop the (z,w) in the notations to make the computation clearer:

1 1
| g1 - -1
= K| [gU — DKy — K Ko ss (T + DKL

‘K ﬁH g

1
g1 - -1 -1
= |Eals| |Ka| | =3 (K‘W’TKa,ﬁ'+Ka',BTKa'ﬁ)’

1
izt [k D+

_ 1
= | Kos| |Kap _TD+2(Ka,B’+Ka’,ﬁ)‘~

Notice that T'D is exactly equal the part of K, g that corresponds to legs of GT. Thus fTDJr% (Ko, + Ko )
is a block-diagonal matrix, where blocks correspond to decorations inside of the faces F of Q. When the
face is not crossed by v5 nor '75, the block we get is represented in Figure where (in the notation of the
proof of Theorem :

a=lfe, o
T 2\e ¢
/

A L
2\c

-~ 1/d d
d=-|-+—
2(c+c’)

Figure 14: Coefficients of the matrix —T'D + 1 (K, g + Ko g) at a face.
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The determinant of this block can be easily computed using @, giving

2
S | ad bV dd
(@ +b* — d?) 4<1+,+,

a2+b2 a/2+b/2

_ c2 c’2
- A24 B2 A’24 B2
—Ccz 2

When the face is crossed by 72 or 75 , some weights are multiplied by z*!,w*! but the determinant is the
same.

All in all, becomes

I Af)>+B(f)PA(f)*+ B

D fres v [ o)

o CUP C'(f)?
R A At . )
N C(f)2< ) a )C/(f)2< ) Kb ()| |[K24z,0)]
feF
Using relation finishes the proof. -

An important case appears when we set @ = 8’ and 8 = o/. The model with weights X, ,, is actually a
6V model, and the weights of diagonals in G become null. This gives the bipartite decorated graph of Wu
and Lin [69], see also [26] [15] which we denote G<.

More precisely, our Kasteleyn skew-hermitian matrix K, (2, w) can be related to Boutillier, de Tiliere
and Raschel’s K matrix from Section 5 of [16] - whose rows are indexed by white vertices and columns by
black vertices of G? - via

wTt BT
. 0 Kolz,w)\ W7T
Hoalzw) = Z<t/Ca(z‘1 w™t) (0 )> BT - (43)

The determinant of KC(z,w) is the characteristic polynomial of a bipartite dimer model; we denote it by
PSV(z,w). Thus P8V (z,w) is the determinant of a matrix twice as small as K, 3(z, w).

Corollary 29. Let Q be a quadrangulation in the toric case. Let (o, 8) and (o, 8) be two standard elements
of ([O7 271')]:)2. Then the characteristic polynomial of the 8V-model satisfies

8V _ ~p6V pbV
P.s =¢P," Py
for some constant ¢ satisfying

. 2
=11 e

fer

Proof. Equation yields
PR (z,w) = P (z,w) Pg¥ (z~H w™h). (44)

However, PSV has extra symmetries. First, as it is the characteristic polynomial of a (bipartite) dimer
model, up to a global factor its entries are real (see for instance Proposition 3.1 in [48]), so that P8V = c3 PV
for some constant c3 € S'. It also corresponds to the dimer model on the decorated graph G©, and the
characteristic polynomial in that case is proportional to that of Fisher’s decorated graph [34] (see Section 4
of [26]). By Corollary 16 of [16],the characteristic polynomial on Fisher’s graph has a symmetry (z,w) <
(271, w™1). This gives PV (z,w) = PSV (271, w™1). As a result becomes

Pl = (PY)
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We can now apply Theorem [27| with @ = 8’ and 8 = o’. By the same argument as for (14)), PO% = PS}g.
Thus Theorem 27 becomes ) )
]V 2 (p6V p6V
(Poz,B) = €263 (Pa Py ) :

By analytic continuation and by computing the constant we get the desired relation. O

5 Z-invariant regime

In this section we restrict to the planar case. The graph may be periodic (in which case we will still make
use of the toric case) or not. We study the Z-invariant regime of the model, which is a regime where the
star-triangle relations are satisfied.

5.1 Checkerboard Yang-Baxter equations

Here we generalize Baxter’s star-triangle relations [5l [6] in our “checkerboard” setting, and we find free-
fermion solutions.

Let us suppose that the quadrangulation Q contains three adjacent faces in the configuration on the left
of Figure [I5] Then we can transform it locally into the configuration on the right. We need to update the
weights of the eight-vertex model at the same time. This can be done in such a way that there exists a
coupling of the configurations on the right and of the left quadrangulations, such that they agree everywhere
except at the central dashed “triangles”.

Figure 15: “Star-triangle” move on the quadrangulation (solid lines) and its dual on which the 8V-
configurations are defined (dashed lines).

Specifically, let us denote (ay, b;, ¢;, d;) the 8V-weights at f;, and (a}, b}, ¢}, d;) those at f/. By conditioning
on every possible boundary condition, we get the following equations for the existence of a coupling: for
every i, j, k with {i,7,k} = {1,2,3},

AN (ANAN]
cicjck + ajajay < ¢;c;cy + bbby

a;C;iC + C;aa X Cga’;a;f + b;d;dk
cibjbe + aid;dy, o bicjey, + cibiby 43)
cid;dy, + a;bjby o ng;‘ )t bga;ai
cibjdy + aid;by o< diajcy + a;d;‘b;c

/
J

where the proportionality constants are all the same. We call equations the Yang-Baxter equations of
our model.

Remark 30.

o Most of the equations (all but the last one) are invariant under some nontrivial subgroup of the
permutation of indices {i,j, k}. All in all contains 16 distinct equations.
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o We presented the “star-triangle” move as going from the left configuration to the right one, but it can
of course be done in both ways, giving the same set of equations.

Equations are often written in matrix form. For the checkerboard setting, we define R and R
matrices containing the weights at every face, with the indexing of Figure [I6}

ST ~ 7 S~ ~— <: < \/ <

() oy ey W (5 oty a5
e~ 0 D B 0 = > 0 D 0
BH="_"\'o B pin o | D=0 Ap b o
a0 0 o >\B(H 0 0 o

Figure 16: Entries of R(f) (left) and R(f) (right) are indexed by the occupation state of (iy,42) and (01, 02),
in the order (absent,absent), (absent, present), (present, absent), (present, present).

These matrices are elements of End(V ® V'), where V is a complex vector space of dimension 2. For
i,j €{1,2,3}, i < j, we define R; ;(f) € End(V @ V ® V) that acts as R(f) on the components i and j, and
as the identity on the other component. We similarly define 73”( f). Then equations are equivalent to
(see for instance [59])

Ri2(f1)R13(f2)Re3(f3) o Roz(f3)Ru3(fs)Ri2(f1)

5.2 Lozenge graphs

One way to make sure that always hold is to make the 8V weights depend on the geometry of the
embedding. This has been done for several models on special embedded graphs called isoradial; see for
instance [45]. In our context it is more natural to talk only about lozenge graphs.

We say that the planar quadrangulation Q is a lozenge graph if it is embedded in such a way that all faces
are nondegenerate rhombi, with edge length equal to 1. Then for every f € F, there is a natural parameter
0(f) € (0,7/2), which is the half-angle of the black corners of the thombus. For a vertex x € VT, we also
denote 0(x) = 0(f) where f is the face containing x.

A lozenge graph Q is said to be quasicrystalline if the number [ of possible directions e’® of the edges
of the rhombi is finite. In that case there exists an € > 0 such that for all faces f, 0(f) € (¢, 5 —¢€).

Let k be a complex number such that k? € (—oo, 1), which will serve as an elliptic modulus. We denote
by K(k) (or simply K) the complete elliptic integral of the first kind associated to k. We denote by am(-|k)
the Jacobi amplitude with modulus k. For every complex number 6 € C, we define 0, as

2K (k)

0.

Or

Proposition 31. Let Q be a lozenge graph. Let k,l be two elliptic moduli, with k*> < 12. For every f € F,
let

a(f) zzz(ﬁ(f)kﬂf)a (46)

(Ol D).

Then «, B satisfy , and the weights X, g satisfy the Yang-Baxter equations (45)).
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Figure 17: A portion of a lozenge graph.

Proof. The rhombi are supposed to be nondegenerate so that 0y € (0,7%), and for u € (0,K(k)) one has
am(ulk) € (0,%) (see for instance [I]). To show that holds, it suffices to show that for all A € (0, 1),

)
Sa(k) = am (AK(k)|k)

is an increasing function of k? € (—oo,1). This has been shown in [38] (see also [I7] for a reference in
English) on the domain k2 € [0,1), but the proof works identically for k? € (—oc, 1).

We now prove . It is easy to check that these equations are unchanged if we multiply the weights d
at every face by —1. Simple but lengthy computations also show that they are still satisfied if we apply the
duality of Proposition [12] at every face. As a result, we just have to check equations 45| for the weights (16)
(we show how these weights can be transformed into X, g in the proof of Corollary . This holds iff the
Ising models defined by « and 3 of satisfy the star-triangle relations on lozenge graphs, which is the
case as shown in [12]. O

Remark 32. The weights of this Z-invariant 8V model are

A(f) = sn(0(f)klk) +sn(0(f):ll)

B(f) = en(0(f)klk) + en(0(f):ll)

C(f) = 1+ sn(0(f)xlk) sn(O(f)ull) + en(0(f)r[k) en(6(f)ill)
D(f) = en(0(f)r|k) sn(0(f)ill) — sn(0(f)x|k) en(0(f):]1)

The dual modulus of k is defined as k' = 1 —k2. When k' = &, (or [ = k* in the notations of [16]), the
bipartite coloring no longer matters and we recover the Z-invariant weights of Baxter [5] [6] at the free-fermion
point.

When k = [, we get a Z-invariant 6V model whose corresponding bipartite dimer model has been studied
n [16].

From now on, we suppose that Q is a lozenge graph, and that two elliptic moduli k2 < [? are chosen. We
replace the indices o, B by k,l, meaning that they correspond to the a, 5 of . We also slightly modify
our Kasteleyn matrices by setting ¢. = 6. in the notations of Figure These angles also satisfy 7 ,
(28) so the results of Section [4] still hold.
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5.3 Local expression for Kk_l1

In the case where k = [, we have a = (8 and we already know that this corresponds to a free-fermionic
siz-vertex model — or equivalently to dimers on a bipartite decorated graph G9. The operator K L,k can be
written as

we B@
{0 Kp) W@
Km:@m J)BQ (47)

where i, is the operator from black to white vertices, associated to the elliptic modulus &, defined in Section 5
of [16]; we only change notation slightly to emphasize the dependence on k. In the following subsection we
recall the tools of [I4} [I6] that are required to compute a local formula for K, *. Our definitions differ from
those of [I4] [16] by the multiplication of the arguments by a factor ﬁ(k), which is aimed at making the
dependence in & more apparent.

5.3.1 Inverse of K

Let b € BT and w € WT. We chose a path on Q going from the half-edge closest to b to the half-edge closest
to w, which we denote %e“’l ,etez o etn-1 %em". We also set ay,...,a,_1 to be the successive vertices of
Q in that path. See Figure[I8 The following definitions do not depend on the choice of this path.

ap—1
ay

O

az
Figure 18: A path on Q from b to w.

The discrete k-massive exponential function is defined in [I4] as

n—1
o . ; UA*CQ
copns(ult) = [T VB se ( (252)

=2

This is a well-defined function of the complex argument w. It is moreover 2w-periodic, and 2i7r%—periodic

. ! . . .
when a; and a,,—1 are the same color (i.e. the product contains an even number of terms), ZZW%—antlperlodlc
otherwise.

Let also
ne ( (“}al)k| k) nc ( (“;a")k| k) (-k) ifay €B,an-1€B
h — nc((u_zal)k|k) dc((u_za")k|k) (—VFK) ifar € Ban1eW
(ul k)= - h .
dc((“z‘“)k‘kz) nc((“ 2“”)k|k:) VE ifar e W,a,_1 € B
de (1520, | &) de ( (252), | &) if a1 € Woan1 € W.
Then the function e~ 2(®n =@ p(yu|k) is well defined and has the same (anti)periodicity as eq, q, , (ulk). A

a result the following function is meromorphic on the torus T(k) = C/ (27TZ + 2i7r%Z):

o (ulk) = e 3@n=00) p(u|k) ¢4, 0 (ulk).

Its only possible poles are the o; + 7. On can chose the paths joining b and w such that the angles «; all lie
in an open interval of length 7. Let T'y, | be a vertical contour on T(k) avoiding this sector.
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Theorem ([16], Theorem 37). For b€ BT, we W7, let

Kt b, w) = S8) /F foepe(u) d (48)
b,wlk

© 24m2
Then IC,;1 is an inverse of the operator K. For k # 0, it is the only inverse with bounded coefficients.

5.3.2 Inverse of K,
By , the following are inverses of K}, , and Kj;:

wT BT wT BT
ty—1 T ty—1 T
Kk_llc - 0 K, W ’ Kl_ll - 0 K, W '
’ K;too0 ) BY ’ kb0 ) Bt
Corollary 33. The operator
_ 1 _ _
Kt =5 (U+ DK+ (- T
is an inverse of Ky ;. It is the only inverse with bounded coefficients.
Its coefficients read, for w,w’ € WT,b,b' € BT,
_ - . _
Kk,ll[w,b} = ? (Kk l[b’w] + K:l 1[b’ W]) ’
_ —i (= -
Kot bow] = 5 (K bw] + K7 o]
; 10(w)
Kyt w') = 5= (K [w] = K [ w])
-1 / Z‘eiw(b) -1/ 1 -1/
Kt o, b] = “— (K 5] - K7, B))
Proof. This is a direct consequence of , and Theorem O

5.3.3 Asymptotics of coefficients

The asymptotics of the coefficients of X~1 for points b and w far away is also computed in [I6]. To state
the result, using the notations of Section we also introduce the following real function:

As stated before, the «; can be taken in an interval of length 7; let a be the center of this interval. According
to [14], for any k € (0,1) the equation g—i(u, k) = 0 has a unique solution in o+ (=%, §). Let ug(k) be this

solution, then wug(k) corresponds to a local minimum of x(-|k), and x(ug(k), k) < 0.

!

1 . K
X(u’ k) = m log |:eal,an1 (u + Zﬂ’i

Theorem 34 ([16], Theorem 38). Let Q be a quasicrystalline planar lozenge graph, and k € (0,1). Then
when |b —w| = oo,

K(k) e0W) o= 3 (an—a1) g (uo(k;) + zﬂ'%‘ k’) +o(1)

V272 lar — an1| 925 (uo (), k)

elar—an—1lx(uo(k).k)

’Cﬁl[baw} =
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The case k = 0 can be deduced from Theorem 4.3 of [45] and corresponds to a polynomial decay of the
coefficients of the inverse matrix.

To get precise asymptotics for K, ll, we need to compare two terms coming from IC,;l and ICl_l. The
following Lemma lets us compare the main term, el® ~®n—1[x(uo(k).k) = The conclusion is natural, since the
case k = 0 corresponds to critical models (where the decay of correlations is polynomial), while as k gets
bigger the decay is exponential and should have a faster rate. Thus for 0 < k < [ < 1, only the term
corresponding to k remains in the asymptotics.

Lemma 35. The function k — |x(uo(k), k)| is increasing in (0, 1).
The proof can be found in Appendix [B]

Remark 36. In the case of the Z-invariant elliptic Laplacian [14], Ising or free-fermion 6V model [16], the
characteristic polynomial defines a Harnack curve of genus 1; in fact every Harnack curve of genus 1 with
a central symmetry can be obtained in this way. This means that its amoeba’s complement has only one
bounded component, or “oval” (see Figure . The boundary of this convex oval is parametrized by functions
x(+, k) for appropriate paths, and the value of x(ug(k), k) corresponds to the position of an extremal point
of the oval in the path direction. Thus Lemma |35 shows that as k goes from 0 to 1, these ovals are actually
included into each other. In [I4] the authors show that the area of the oval grows from 0 to oo, but the
monotonic inclusion is new.

We can now deduce the asymptotics of coefficients for K, ll There is a technical difficulty due to the fact

that the prefactor h (uo(k) + zw%‘ k) in Theorem [34] can be zero. This may happen when wuy(k) is equal

to ay or to a,, in the notation of Figure We do not expect this to happen except for a finite number of
moduli k, but we could not get rid of this hypothesis.

Corollary 37. Let Q be a quasicrystalline planar lozenge graph, and 0 < k < 1. We let |b — w| — oo;
suppose that there is an € > 0 such that |ug(k) — a1| > €, |ug(k) — ay| > € for all b,w. Then

~iK(k) e e 3o (ug(R) +m%” k) +o(1)
2\/2772|a1 — an_1|%(uo(k)’ k)

Proof. This comes immediately from Corollary [33] Theorem 34 and Lemma The fact that h is bounded

away from zero is a consequence of the technical hypothesis, and the fact that %(uo(k), k) is bounded and
bounded away from zero is proven in [14]. O

elar—an—1lx(uo(k).k)

K,;ll[w,b] =

The other coefficients of K k. ll can be computed in a similar way using Corollary giving the same
exponential behavior. When £k = 0 < [ < 1, the decay is polynomial, so that all these models can be
considered as “critical”.

We conclude this part on asymptotics with the computation of a critical parameter.

Proposition 38. Let Q be a quasicrystalline planar lozenge graph. For any b,w, as k — 0, there exists
positive constants ¢,C > 0 such that the exponential rate of decay x (uo(k), k) satisfies

—COk?* < x (uo(k), k) < —ck?.

Proof. In the notations of Appendix [B] we showed that the minimum of g is log(k’), so that

n—2 n—2 n—2
X (1o (k), k) = "= log (k) = “=log ((1 = k)!/2) ~ ~TZg2

r r 4r

On the other hand, by Lemma 16 of [I4], there exists an € > 0 such that x (ug(k), k) < log(v/k” nd (e|k)). As
nd (e|k) — 1 when k — 0, this is equivalent to — k2. O
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5.4 Free energy and Gibbs measure

A Gibbs measure can be constructed by taking the limit of Boltzmann measures on toric graphs, i.e. to
consider periodic boundary conditions. When Q is a ZZ2-periodic quadrangulation, we can define a toric
exhaustion by Q,, = Q/nZ?. Using this idea and the machinery developed for finite graphs in Section we
can prove Theorem [6]

Proof of Theorem[f, The proof follows closely from the arguments of [21], see also Theorem 6 of [12]. We
sketch the main steps here.

First consider the case where Q is Z2-periodic. We denote P%,, the Boltzmann probability on Q,,. We
use Kolmogorov’s extension theorem; to do so, it is sufficient to show that the right-hand side of is the
limit as n — oo of the probability that ei,...,e, € 7 in the toric graph Q,. This probability is given by

(29). Thus we want to compute the limit of Pf (KZL)V (where the n means that the matrix is defined

on Q,) for any s,t € {0,1}. When k # 0 or (s,t) # (0,0), the matrix f(:ﬁcl is invertible and by Jacobi’s
identity,

_ . -1 ~
Pt (KZ;ZJ)VC — Pf {(K;;;J) } Pr(K3L) - (49)
14

By Lemma [20] and Theorem [26]

(Ri) " =5 |aen) (ki) +u-m(K:0) |
n;k,l - 2 n;k,k n;l,l .

1
tend to that of the infinite matrix K,;}C by the 6V case [16]. Using
-1

As n — oo, the coefficients of (KZZ k)
Corollary (33| we get that the coefficients of (K’Zfﬂ l) converge to that of the infinite matrix K k. ll (where

the orientation of the infinite graph is obtained by periodizing the orientation of Q).
As a result, implies that for (s,t) # (0,0) or k # 0,

~S,t [ — ~S,t
Pf (Kmk,l)vc ~noroe IR Pi (Rak)-
When k =0 and (s,¢) = (0,0), the generic arguments in [I2] imply that
70,0
Pf (Kn;o,l)vc 0 <1>
Z5v (Qn, Xo,1) n)’

Using these estimates, Proposition 22| implies

n A H ]:an,l(f) =5
ng(@l, oo, 6m € T) ~ Pt |:Kk,llj| v <2Z‘;‘€/(Q)(kl) Z €s,t Pf (Kn:ZJ)
ns , 5t

where €99 = —1 and the others are 1. By Corollary the right-hand side is simply Pf [IN(,C_HV =

e (1), ]

The non-periodic case can be deduced from the periodic case by the generic arguments of [22]. It comes
from the uniqueness of an inverse of the infinite Kasteleyn matrix with bounded coefficients and the locality
property of Corollary O

When Q is Z2-periodic, the free energy is defined as
Fil— — lim ilogzgv(g Xpea)-
8V noyoo 12 n >

Its existence and exact value can be deduced from that of dimers [2T], 48], giving the following:
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Proposition 39. Let Q be a periodic lozenge graph, and 0 < k <1 < 1. Let P,f"l/ be the characteristic
polynomial of the 8V-model on the toric graph Q1. Then

1
ng‘f = — Z long’l(f) - 5//1‘2 MOngSY(z?w)’

fer

dz dw

2imz 2itw

(50)

A 8V-configurations as 1-forms

This section aims at providing a simple algebraic framework to understand 8V duality and order-disorder
variables. Specifically, we write configurations as elements of certain Zs-modules, so we use additive nota-
tions; similar definitions can be found for various models, in multiplicative notation, in [27]. We do this for
a quadrangulation Q only in the spherical case.

A.1 Setup

A spin configuration on the vertices V of Q can be seen as an element o € ZY (we will use bold notations to
represent objects defined in Zs-modules). Then the spin-vertex correspondence sketched at the beginning of
Section can be seen as a linear map ® : Z¥ — (Z%)I, such that for a spin configuration o = (o)
and a face f € F with boundary vertices b,b’ € B and w,w’ € W,

veV

®(0); = (o +0op, 00+ 0ouw).

Thus an 8V-configuration can be represented as an element 7 = (ay, B¢)fer € (Z%)f, with ay taking the
value 0 when 7 is of type A or C (i.e. the black spins are equal) and 1 when it is of type B or D, and
similarly for 8¢ and white spins. Note that this characterizes the 8V configuration up to global complement,
so that this setup is only relevant in the zero field case.

Thus we define the set of 8V-configurations as H = Im ®, which is a strict subset of (Z%)}-. Also note
that if 7 = (ay, Bf)fer € H, then for any b € B, Zbe B = 0 where the sum is over all faces adjacent

to b. Similarly, if w € W, 37, _,, a5 = 0. This motivates the definition of ¥ : (Z%)F — ZY, such that if
F
T = (ay,Bf)rer € (23),

‘I’(T) . Zwa,Bf ifacEB,
T Y fzeWw.

The applications ® and ¥ can be considered as dual of each other. To do so, we equip (Z%)f with the
symplectic form (-|-)

(rl7') = Y asB; + By,

fer
and ZY with the canonical bilinear symmetric form (-, -)
(o,0") = Z 0,0,
veV

Proposition 40.

1. The applications ¥ and ® are dual of each other, meaning that for any o € Z¥ and T € (Z%)}—,
(®o|T) = (0, ¥T). (51)
2. H=1Im ® = ker ¥. In other words, the following sequence is exact
z¥ 2 (z3) L7y, (52)
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3. H=H"'.

Proof. Let 0 = (0y)yey and 7 = (af7ﬂf)fef. By linearity, it is enough to prove when o, T are
elements of the canonical basis, i.e. when o, is 0 for all vertices but one, and oy, B are all 0 except one.

If o is 1 for one black vertex b € B and 0 for all other vertices, then ®o is (1,0) on faces adjacent to b
and (0, 0) otherwise. Two cases may appear:

o if oy =1 at some face f and all the other components of 7 are 0, then W7 is 1 on the white vertices
of f and 0 everywhere else, and we have

(Po|T) = (0, %T) =0.

o if By =1 at some face f and all the other components of 7 are 0, then ¥7 is 1 on the black vertices
of f and 0 everywhere else, and we have

1 if u is a vertex of f,
0 otherwise.

(Po|T) = (0,PT) = {

The case where o, is 1 at a white vertex w € W and 0 elsewhere is similar. This proves 1.
We now prove 2. We already know that Im ® C ker . Let us show that they have the same dimension.

« The kernel of @ is clearly composed of elements of Z) constant on B and constant on W, so it has
dimension 2. By the rank-nullity theorem, Im @ has dimension |V| — 2.

e The applications ® and ¥ are dual of each other so they have the same rank. By the rank-nullity
theorem, ker ¥ has dimension 2|F| — [V| + 2.

o We have Euler’s formula |V| — |€| + |F| = 2, and the graph is a quadrangulation so 4|F| = 2/&|.
Combining these gives |V| — 2 = 2|F| — |V| + 2 as needed.

Since ® and ¥ are dual of each other, Im ® = (ker ®)> and 3 is obvious from 2. O
Remark 41.

e It is clear now that we are working with an avatar of discrete Hodge theory. The applications ® and
W are in fact the d applications defined by Mercat for the double of a chain complex [57]. For that
reason, we will now simply denote the sequence as

z¥ % (22)" & 7Y

so, for instance, an 8V configuration is a closed 1-form (i.e. a T € (Z%)f s.t. dT7 =0).

e The elements of (Z%)F \ H do not correspond to 8V-configurations, but can be thought of as config-
urations with defects. More precisely, if dr = 1p,uw,, with By C B and W; C W, then B; and W3
have to be of even cardinality, and 7 corresponds to the disordered configurations of [26] mentioned in
[2:42] We will alternatively denote dr = By U Wj.

« Properties similar to Proposition [40] might hold when Q is not a quadrangulation of the sphere but of
the torus, or other surfaces. These are beyond the scope of the present paper.
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A.2 Fourier transform
Let g : (Z%)F — C. We define its Fourier transform § : (Z%)]E — C by

g(r) =277 Z (=) ().

T’E(Zg)]:

The normalization is such that we have the Inverse Fourier transform formula is § = g.
. . . . . . F
Another important formula is Poisson’s summation identity. For any subspace F' C (Z%) ,

doglr) =Y gr).

TeF TEFL

Example 42. For 8V weights X : F — R*, the weight function wsy that we defined for 8V-configuration
(5) can be extended to a function on (Z%)f. Then it is easy to check that its Fourier transform is actually
the weight function for the dual weights X (17). Then Poisson’s summation identity applied to H, given

that H = H™, becomes
Z wsy (T) = Z gy (T)
TEH TEH

which is the duality relation for partition functions (|18)).

A.3 Correlators

We now describe how correlators of Definition [J] fit into this description. In the absence of disorder, the
order variables o(Bg)o(Wy) correspond to a random variable taking value 1 (resp. —1) when there is an
even (resp. odd) number of edges in T between the By, Wy joined pairwise. If we fix paths vp,,vw,, and if
T = (ay, Bf) fer, this is equivalent to considering

I1 o~ T[T o™

f€vBg Fervwy

If we define 7, = (1,,, ,1,5,) (where the paths are identified with subsets of F), then this quantity is

exactly (71)<"'V'">. On the other hand, disorder variables at By, W; correspond to configurations 7 with
dT™ = By UWj. Thus we have:

(@(Bo)o(Wo)u(BOp(W) X, =2 > (=) Mgy (7).
T st
dr=B,0UW,
The factor 2 comes from the fact that the representation of 8V-configurations in (Z%)I is two-to-one.
Proof of Theorem[3 Our goal is to prove that for any 8V-configuration 7 € Q(Q),
Psy (Tag @ Tarpr =7) =Psv (Tapr ®Tar g =7).

By definition of Boltzmann probabilities, this is equivalent to (we indicate the dependence of wgy in the «, 8
variables):

3 wg (Tas) iy’ (rars) 3 wg, () wgy” (T )
Tt it Zgv(Q, Xap) Zsv(Q Xarpr) i st Zsv(Q, Xap) Zsv(Q, Xov )
Ta:/j@Ta,l,BI:T Ta:ﬁ’eaTa,’,ﬁ:T
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We already know that the product of partition functions are proportional with a factor ¢; , SO we just
have to show that

a,f a\p’ _ a8’ B
Z Wy (Ta,p)wgy (Tarpr) = @ Z gy, (Ta,p )Wey (Tar,5).- (53)
Ta,8,Tal,p! St T,/ Tal,g St
7’,173@7'0‘/1[;/:7' Taﬁ/@Ta/’g:T

To prove , we first rewrite the correlators of Theorem in the formalism of 1-forms. In the particular
case B= By =By, W =Wy =W, and By =B =W, =W| =0, let 7, = (1,,,,1,,), then reads

Z (_1)(7- +7 ‘T"*>wg{/ﬁ(7' )wSVﬁ (") = ¢, Z (_1)(1- +7 ) w 75 (r )wsvﬁ( .
T 7v"eH ' rv"eH
Reordering these sums according to 7 = 7/ + 7" gives

Z (—1){im) Z wgi (r )wsavﬁ( N=a Z (—1)frm Z ws{/ﬁ( )wsvﬁ( ).

TE(Z%)}_ ' 7"€H s.t TE(Z%)}_ ' 7"€H s.t
! 1" ’7 1"
T4 =T T4 =T

Note that we always have 7 = 7/ + 7" € H, so when 7 ¢ H the inner sum is empty. We rewrite this as
Y. (T =0
TE(Z%)}—

where

fry = Y wil ) —a S w (e (7).

' 7""eEH s.t ' 7"eEH s.t
'+ =7 '+ =7

In other words, we have f(r,y) = 0. This is true for any B, W and paths 7 joining them pairwise.

Conversely, any element 7 € (Z%)]: can be considered as such a 7, — namely, if dr = B U W, then
T = (1,,,1,,) for some paths vp, vy that satisfy the hypothesis of Theorem This means that f is
actually the null function, and by injectivity of the Fourier transform, so is f. This proves . O

Remark 43. In the previous proof, if we let By, B}, Wi, W{ be any even subsets of black and white vertices
of Q, we get

Z ws{/ﬂ( ) U’SV’B (") Z wsx’/ﬂ (") u’gvﬁ( ")

. Zsv (9, Xap) Zsv(Q, Xar ) ) Zav(Q, Xa,p) Zsv(Q, Xaov p)

-r’n-”E(Zg)]: s T/,THE(Zg)]: s
T/ 47 =T T'+7=7

dr'=B,UW; dr’'=BjUW;

dr''=BjuUW, dr" =B,uW/

which expresses a coupling for the XOR, of 8V-configurations with disorder.

B Proof of Lemma [35

By rotating the graph, we can suppose that a = 0, i.e. the angles a; and ug(k) all lie in (=%, 7). We also
fix a k € (0,1) and suppose that ug(k) > 0, the other case being symmetric.
Using the chain rule we have

d d 195%

o). ) = o) 2X g (0), ) + 2

%(UO(k)v k).
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By definition of ug(k) the first term of the sum is null so we just have to show that % is negative at
(uo(k), k).
We denote r = |a; — ap—1|; this does not depend on k. By using the change of arguments in Jacobi
elliptic functions (see Table 16.8 in [I]),
e ) kﬂ . (54)
k

o =t [V (),

By the properties of the function nd(-, k) (see 16.2 in [I]), for any k € (0, 1), g(-, k) is decreasing on [—, 0]
and increasing on [0, 7]. Its minimum is g(0,%) = 3 log(k’) < 0. As a result, if all the angles «; are equal,

then ug (k) has the same value and x(ug(k), k) = %= log(k’), which is indeed a decreasing function of k. We
now suppose that the o; are not all equal. We need some extra properties on g.

Let

Lemma 44. For all k € (0,1),
1. g(—u, k) =g(u, k) and g(m — u, k) = —g(u, k).

2. —g k) is a strictly decreasing function of u on [—m,0], and strictly increasing on [0,x]. It is zero at
u _

Q)
N\:l

Lemma 45. We have the following inequality of cardinals:
. ™ .
#lien—1)la; <uol) -2} <#{j€2n—1]]a;> k).

We prove these two Lemmas later, and first show how they imply Lemma [35| By differentiation of ,
for u € [0, §) we have (using Lemma [44] to remove possible terms equal to zero):

j=2

5 5 (55)
- o 3 9w — o 3 9w — as
- ak(u a]7k) + 8k(u a]?k) + ak(u a]?k)

Jlaj<u—3% Jlu—%F<a;<u Jlu<ay
By Lemma [44] the terms in the first sum are positive while those in the second an third sums are negative.
We show that for u = ug(k), the first sum is, in absolute value, smaller than the third one, which is enough

to conclude.
For the first sum, if -5 < a; <u — 3§ then § <u —a; <u+ 5 and by Lemma [44]

dg dg
0< gplu—ask) < g (ut 5.k).
Thus the first sum Sy in (55]) satisfies

O§81§<§Z(u+g,k)) #{je[Q,n—1}|aj<u—g}. (56)

Similarly, for the third sum Sz, we have

Sg<(gi<u—;r,k>> #{je2n—1]a; >u} <0, (57)

39



By Lemma M, g (u + 3, k) = —g (u -3, k:) > 0, and by differentiating the same symmetry holds for %.
Hence becomes

dg m .
> (Y z - : .
532 (2 (4 3.8)) #5€Rn—1] [y >0) (58
Using (58)), (56)) and Lemma [5] we see that for u = ug(k), |S3| > S; as needed. O

Proof of Lemma[f4 The first point is a direct consequence of the change of arguments in elliptic functions,
see Table 16.8 in [1].

For the second point, first notice that for all k, using Table 16.5 in [I], g (g,k) =1so % (g,k) = 0.
Using the symmetries of the first point of the Lemma, it remains to check that % (u, k) is a strictly increasing

function of v on [O, g]
Using the derivatives of elliptic functions with respect to v and k (see Sections 2.5 and 3.10 in [52]), and

u

setting v = (2)k’ we get,

S k) = = + iz (g B~ B + 20 (0l ) 52 ol (59)

where E is the elliptic integral of the second kind:
B, k) = / dn(t]k)dt,
E(k) = EO(K(k;), k).
Asv = @u, it is sufficient to prove that the right-hand side of is a strictly increasing function of v
n [0, @] On that interval,

« V> #,C)E(k) — E(v, k) + #2492 (y|k) is strictly increasing because its derivative in v is (using Section
2.5 in [52])
E(k) | n
—+k k
K(k) + k"sc(vlk) > 0

1-k'

sn cn
1+k/

e v+ "2 (v]k) is strictly increasing because, using the ascending Landen transform k=
16.14.1 in [I]), this is equal to
)
K(k)

As a result, is a strictly increasing function of v on {O, T} 0O

(see

1+k K(k)
5 sn <2K(k)v

and sn(-|k) is strictly increasing on [0, K(k)].

Proof of Lemma [, We take again k = 17X By equation (26) in [I4], ug(k) is also the unique element of

=
(fg, g) such that

> s (k) — gl ) = 0 (60)

Let s; = sn ((uo(k) — aj)j] l%) We fix an € > 0 such that the angles a; and ug(k) all lie in (=% +¢€, % —¢).
Since we supposed that ug(k) > 0, we have ug(k) — a; € [ +e,m—€|]. As a result, (uo(k) — o)z €
[—K(I;:) + €z, ZK(I;:) - e,;]. By the properties of the sn function, this implies that s; < 0 when «; > ug(k),
that s; > 0 when a; < ug(k), and that s; = 0 when a; = ug(k). As a result,

Yoosi= > (-s))

Jle<uo(k) jleg>uo (k)
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where all the terms in the sums are positive. In particular,
Yooos5s D (s)
Jloj<uo(k)—3% Jle;>uo (k)

When a; < ug(k) — %, then (uo(k) — ay); € [K(%),K(l}) + (uo(k) — €);). Since sn(-, k) is decreasing on
[K(k), 2K(k)], in that case R ~
0 < sn (K(k) + (uo(k) — €)3| k) <s; < 1.

When a; > uo(k), then (ug(k) — aj); € (=K (k) + (uo(k) + €);,0). Since sn(-, k) is increasing on [—~K(k), 0]
and odd, in that case ~ R
0 < —s; <sn(K(k) — (uo(k) + €)z| k) .

Moreover, using again the symmetry and monotonicity of the sn function,

n (K(K) = (uo (k) + €)| k) = sn (2K (k) — (K (k) — (uo
= sn (K(k) + (uo (k) + )
s (K(k) + (uo(k) = o)z

k) +€)i)| k)

T
~— —

T

(uo(k
As a result, we get the following inequalities:
n (K(E) + (uo(k) = )| B) # {5 €2n—1]|a; <uo(k) = 3}
< Z Sj

Jlo <uo(k)—3%

< (—s5)

Jlej>uo(k)
<sn (K (k) — (uo(k) + |l§) #{je2,n—1]|a; > uy(k))
<sn (K(k) + (uo(k) ’fﬂ) #{je2,n—1]]a; > up(k)).

In the last inequality, we used the fact that the cardinal is not zero since these j are exactly those that give
a negative term in in (60)); those negative terms have to exist because the a; are not all equal. Dividing by
sn (K(k) + (uo(k) — €);| k) > 0, we get the claim of Lemma

O
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