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We inspect the propagation of shear polarized surface waves akin to Love waves through a forest of trees of
the same height atop a guiding layer on a soil substrate. An asymptotic analysis shows that the forest behaves
like an infinitely anisotropic wedge with effective boundary conditions. We discover that the foliage of trees
brings a radical change in the nature of the dispersion relation of these surface waves, which behave like spoof
plasmons in the limit of a vanishing guiding layer, and like Love waves in the limit of trees with a vanishing
height. When we consider a forest with trees of increasing or decreasing height, this hybrid “spoof Love wave” is
either trapped within the trees or converted into a downward propagating bulk (shear) wave. These mechanisms
of wave trapping and wave conversion appear to be robust with respect to perturbations of height or position
of trees in the metawedge and with respect to three-dimensional effects such as regarding a potential change of
elastic wave polarization.

DOI: 10.1103/PhysRevB.98.134311

I. INTRODUCTION

Research in engineered metasurfaces has greatly benefited
from the concept of surface waves supported by corrugated
surfaces with Neumann boundary condition [1], called spoof
plasmon polaritons in electromagnetism [2]. This has opened
new vistas in the microwave regime and inspired further
studies in plasmonics [3] and flat optics [4].

A particularly appealing object in this area is the so-called
rainbow. In their seminal work [5], Tsakmakidis and co-
workers demonstrated that the optical properties of surface
electromagnetic waves can be tailored, by varying the sur-
face nanotopology, via surface dispersion engineering. The
resulting graded metasurface allows for light localization and
segregation of different light colors [6], a concept which has
found a counterpart for sound [7].

In the context of elasticity, previous studies focused on the
case of polarized surface waves known as Rayleigh waves.
Despite the differences between these mechanical waves and
the electromagnetic waves, it has been shown that Rayleigh
waves propagating over elastic crystals share common fea-
tures with their electromagnetic counterparts, such as the
existence of elastic Bragg band gaps [8]. These band gaps
have been exploited to create a shielding effect for Rayleigh
waves propagating at 50 Hertz through a soil structured with
an array of boreholes [9]. Thanks to anomalous refraction
[10], a lensing effect has been further observed for Rayleigh
wave frequencies below 10 Hertz for an array of larger

boreholes [11]. Recently, elastic resonant metasurfaces with
subwavelength structurations have been considered and the
concept of rainbow for optical waves has been translated to
Rayleigh waves with the exciting application to the control
of seismic surface waves [12–16]. The concept of seismic
rainbow was first demonstrated for ultrasounds in experiments
at the laboratory scale [15] and then extended up to the
geophysical scale [12,16]. A forest densely populated with
trees represents a naturally occurring geophysical metasurface
for Rayleigh waves and an experiment in an actual forest
environment [12,16] confirmed filtering properties due to the
presence of stop bands around 100 Hertz. The dispersion rela-
tion derived in [14] revealed the existence of an effective wave
that transitions from Rayleigh wavelike to shear wavelike
behavior. The same effect was achieved with a metasurface
consisting of subwavelength resonant elements buried under
the soil surface [17]. These works opened the door to the
development of seismic metasurfaces with the first realization
of the so-called metawedge [15] and metabarrier [17] that are
capable of mode converting the destructive surface seismic
Rayleigh waves into mainly harmless downward-propagating
bulk shear waves.

In this study, we show that such seismic metasurfaces
can be designed for Love waves [18]. Love waves are shear
polarized surface seismic waves, which produce a horizontal
shaking that is particularly deleterious for the foundations
of infrastructures [19–21]. Unlike for Rayleigh waves, Love
waves require a guiding layer to propagate at the air-soil
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FIG. 1. Periodic array of trees with spacing � and total height H ;
the ground region is surmounted by a guiding layer able to support
Love waves. The tree trunks have a diameter d and filling fraction ϕt,
and the foliage of height Hf has a surface filling fraction ϕf.

surface and we shall see that these surface waves are par-
ticularly sensitive to the shape of structural elements above
the soil; in the present case, a forest of trees with some
foliage (Fig. 1). The effective dispersion relation reflects a
cooperation between the guiding layer and the trees, resulting
in effective band gaps for a hybrid wave. As a result, it is
shown that a forest of trees with varying height can reflect,
localize, or convert a Love wave.

The paper is organized as follows. In Sec. II, the dispersion
relations of the hybrid guided waves are derived in Eqs. (7)
and (11) (in the absence and in the presence of foliage, re-
spectively); the result is obtained owing to a homogenization
procedure, which is detailed in Appendix A. The accuracy of
the dispersion relations is inspected in Sec. III for a forest
of constant height; afterwards they are used to interpret the
numerical results for a wedge of trees with varying heights in
Sec. IV. Section V analyzes the robustness of the wedge effect
with respect to disorder in the height and in the positions of the
trees and with respect to a three-dimensional effect. We give,
in the appendices, further details of the asymptotic analysis as
well as additional results including the numerical resolutions
of the actual/homogenized problems and a discussion on
mass-spring models used in [22–25].

II. MODELING

The propagation of elastodynamic waves in a heteroge-
neous isotropic medium is governed by the Navier equation,

ρ
∂2u
∂t2

= divσ , σ = C : ∇u, (1)

with t the time variable. The body force is assumed to
be zero, and C = (Cijkl ) is the fourth-order elasticity ten-
sor, which satisfies Hookes’ law, Cijkl = λδij δkl + μ(δikδjl +
δilδjk ), i, j, k, l = 1, 2, 3, where δij = 1 for i = j and 0 oth-
erwise. Moreover, λ and μ are the Lamé coefficients, ρ is the
density, and (u, σ ) are the vector displacement field and the
second-order stress tensor, respectively. For an elastic medium
which is invariant along one direction, say y, the Navier
equation splits into an in-plane equation on u = (ux, uz) and
an out-of-plane equation on u = uy . We focus on the out-of-
plane polarization which concerns Love waves. If one further
assumes some time-harmonic dependence e−iωt , with ω the

(ρ , μ )

(ρs, μs)

x

z

0

effective b.c.

−e

H

(ρt, μt, ϕt)

FIG. 2. The effective problem, in which the region of the trees
0 < z < H has been replaced by an equivalent (highly anisotropic)
layer where the homogenized equation (3) applies, along with the
continuities of u and σz at z = −e and z = 0 and the boundary
condition (4) at z = H .

angular wave frequency, this problem takes the simple form

divσ + ρω2u = 0, σ = μ∇u. (2)

We consider the two-dimensional configuration of a forest
of trees periodically spaced by a distance �; the ground is
composed of a layer with a lower shear velocity than that
of the soil substrate (Fig. 1). In the absence of trees, this
low-velocity layer can support Love waves, which propagate
within the layer and vanish when moving far from it in the
substrate.

A. Homogenization of the tree region

From the viewpoint of the homogenization, a forest of trees
is a structure of finite extent made of a stratified medium
[26–28]. This structure can be homogenized using an asymp-
totic analysis in its bulk and at its boundaries and the proce-
dure to do so is given in Appendix A. In the resulting effective
problem depicted in Fig. 2, the region of the trees is replaced
by an equivalent slab filled with a homogeneous anisotropic
medium where (u, σ ) satisfy

σ = μt

(
0 0
0 ϕt

)
∇u, divσ + ρtω

2ϕt u = 0, (3)

with (ρt, μt ) the mass density and the shear modulus of the
wood which compose the trees, and ϕt the filling fraction of
tree trunks (denoting d the diameter of the trunk, ϕt = d/�).
It is worth noting that (3) tells us that the propagation is
allowed along the trees only, with the wave number ω/ct, ct =√

μt/ρt, as in a single tree [since (3) yields the wave equation
∂zzu + (ω2/c2

t ) u = 0]. Next, effective boundary conditions
apply at the interfaces of the effective slab at z = 0 and
z = H . At the interface z = 0 with the guiding layer, the usual
continuities of u and σz apply; at the interface z = H with the
air above the trees, a nonintuitive effective condition applies of
the form

σz = −Le
∂σz

∂z
, Le = Hf

(
ϕf

ϕt

ρf

ρt
− 1

)
, at z = H, (4)

with (Hf, ϕf, ρf ) the height, filling fraction, and mass density
of the foliage (inset in Fig. 1). Eventually, the propagation is
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described by (2) in the guiding layer, for 0 > z > −e, with the
material parameters (ρ�, μ�), and in the substrate, for z < −e,
with the material parameters (ρs, μs ).

The derivation of the effective condition (4) at the top of the
trees, which is of the Robin’s type, is detailed in Appendix A;
see Eq. (A30). It is worth noting that in the absence of foliage,
Hf = 0 and hence Le = 0, so that the boundary condition at
the top of the trees reduces to the usual stress-free bound-
ary condition. We stress that the homogenization procedure
can be conducted at higher order, resulting in nonintuitive
transmission conditions at z = 0 appearing as a correction
to the continuity relations that we use here. This is done in
[27,28] but, in the present case, we checked that accounting
for this higher-order correction does not significantly affect
the results; hence it is disregarded. This would not be the case
if heterogeneities, such as rocks or tree roots, were considered
at the tree bottom.

B. Dispersion relations of the spoof Love waves

We start our analysis in the absence of foliage and, as previ-
ously said, (4) reduces in this case to σz|z=H = 0. Looking for
a guided wave solution, which is the solution to the problem
in the absence of source, we can derive the dispersion relation.
Specifically, we are looking for solutions of the form

u(x, z) =

⎧⎪⎨
⎪⎩

eαs (z+e)eiβx, z < −e

[A cos k�z + B sin k�z]eiβx, −e < z < 0

C cos kt(z − H ) eiβx, 0 < z < H.

(5)

In (5), we have accounted for the condition σz|z=H = 0 and
we have defined the vertical wave numbers

αs =
√

β2 − ω2

c2
s

, k� =
√

ω2

c2
�

− β2, kt = ω

ct
, (6)

and ca = √
μa/ρa, a = s, �, t . Next, applying the continuity of

u and σz at the interfaces at z = −e and 0, (5) leaves us with
four equations on (A,B,C, β ) for each frequency ω, from
which the dispersion relation β(ω) can be inferred. It reads as

1 − μ�k�

μsαs
tan k�e − μtkt

μ�k�

ϕt tan ktH

(
tan k�e + μ�k�

μsαs

)
= 0.

(7)

In the above dispersion relation, αs is real positive and β is
real, which corresponds to a wave evanescent in the substrate
z < −e, but k� can be a priori real or imaginary (kt is real by
definition). If k� is real, the wave is guided within the layer
and the trees; if k� is imaginary, the wave is evanescent in the
layer as it is in the ground, and hence the guiding effect is
supported by the trees only.

It is worth noting that (7) simplifies in two limiting cases.
Obviously, for H = 0, we recover the dispersion relation of
Love waves,

Love waves for H = 0, αs = μ�

μs
k� tan k�e, (8)

which are supported by the layer alone [18]. Conversely when
e = 0, the trees alone are able to support guided waves, with

elastic SPP for e = 0, αs = μt

μs
ϕtkt tan ktH ; (9)

in the case where μt = μs, we recover the dispersion relation
of the so-called spoof plasmon corresponding in acoustics and
electromagnetism to guided waves propagating over a rough
rigid surface [2]. In between, the layer is coupled to the trees,
resulting in a hybrid guided wave that we name “spoof Love
wave.”

Let us now move to the effect of the foliage. To do so,
it is sufficient to modify in (5) the form of the solution for
0 < z < H , specifically,

u(x, z) = C[cos kt(z − H ) + ktLe sin kt(z − H )]eiβx, (10)

which satisfies (4), and the enriched dispersion relation is
obtained in the form

F1

[
1− μ�k�

μsαs
tan k�e

]
− F2

μtkt

μ�k�

ϕt

(
tan k�e + μ�k�

μsαs

)
= 0,

(11)

with

F1 = 1 − ktLe tan ktH,
(12)

F2 = tan ktH + ktLe.

Obviously, in the absence of foliage, Le = 0 and (11) simpli-
fies into (7).

It is worth noting that the limiting case of the dispersion
relation (8) of Love waves is exact, while that of the disper-
sion relation (9) of supporting spoof plasmons (SPPs) is an
approximation valid for a wavelength larger than the array
spacing �, that is, k� � 1; we also stress that the validity of
(9) is not limited in terms of kH values [26]. Next, although
the dispersion relations (8) and (9) have a similar form, they
correspond to guided waves of different nature and this is
due to the definitions of k� and kt in (6). The spectrum of
Love waves is typical of waves guided in a waveguide: it is
composed of different branches in the (β, ω) plane, all being
comprised in the cone limited by the lines β = ω/cs and β =
ω/c�. The lowest branch starts at ω = 0 and the following
ones start at cut-on frequencies ωn = nω1, n = 0, 1, . . . , with

ω1 = π
δc

e
and δc = csc�√

c2
s − c2

�

. (13)

As such, above ωn, (n + 1) guided waves can propagate. On
the contrary, (9) has zero solution if tan (ωH/ct ) < 0 resulting
in band gaps for ω ∈ [(2n − 1)ωc, 2nωc], n = 1, 2, . . . , with

ωc = π
ct

2H
, (14)

and a unique solution otherwise, with an explicit dis-
persion relation β(ω) = ω/cs

√
1 + A2 tan2 (ωH/ct ) [A =

ϕt (μt/μs )(cs/ct )] from (9). These two behaviors are illus-
trated in Fig. 3 where the dispersion relations have been
calculated numerically in the actual configurations (arbitrary
values of the material properties have been chosen). The
validity of (9) is visible for ktH up to about 15, corresponding
to kt� up to about 0.5 in the reported case. The numerical
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FIG. 3. Classical dispersion relations of (a) Love waves [Eq. (8)],
with δc = csc�/

√
c2

s − c2
� defining the cut-on frequencies nπδc/e,

n = 0, 1, . . . , and (b) elastic SPP exhibiting a band gap (BG) where
guided waves cannot propagate, in the plane (β, ω). The dispersion
relations are obtained numerically in the actual problems by means of
the divergence of the reflection coefficient |R| (in logarithmic color
scale). Arbitrary scales have been used. In (b), dashed white lines
show the dispersion relation (9).

computation of the dispersion relations is done using a modal
method based on eigenfunction expansions; see, e.g., [29].
It consists in computing the scattering coefficient, say the
reflection coefficient R, for an incident wave in the sub-
strate, and hence a solution for z < −e of the form u(x, z) =
eiβx (e−αsz + Reαsz), with αs in (6). Above the light line β <

ω/cs, αs is purely imaginary, whence |R| = 1 (the incident
wave is propagating). Below the light line, αs is purely real
and |R| is unbounded (the incident wave is evanescent); when
|R| = ∞, we recover a guided wave as in (5).

III. VALIDATION OF THE MODEL

From now on, we use the following material parameters:
ρs = 1300 kg m−3, cs = 495 m s−1 for the substrate, ρ� =
2600 kg m−3, c� = 350 m s−1 for the guiding layer, and ρt =
450 kg m−3, ct = 1200 m s−1 for the tree. The dimensions are
e = 2 m, H = 10 m, d = 0.3 m, � = 2 m (ϕt = 0.15). When
the foliage is considered, we use df = 1.5 m (ϕf = 0.75) and
Hf = 1 m; thus the height of the trunk is 9 m in this case and
the same mass density is ρf = ρt as for the trunk.

A. Band structure β( f ) of a forest with constant-height trees

To inspect the validity of our homogenized models, we
computed numerically the dispersion relations in the actual
problems, as for Fig. 3. Results on the reflection coefficient
R are reported in Fig. 4 against β and the frequency f ,
and, for comparison, we also report the dispersion rela-
tion of the Love wave on its own and those of the spoof
plasmons on their own. It is worth noting that with δc

� 496 m s−1, the first cut-on frequency of Love waves appears
at 120 Hz, well above the lower band gap of the elastic SPPs
for f ∈ (30, 60) Hz.

The actual dispersion relations confirm the coupling be-
tween the guiding layer and the trees resulting in a hybrid
guided wave accurately described by our model (7) and (11)

f
(H

z)

SPPs

Hybrid wave

Love wave

f
(H

z)

SPPs

Hybrid wave

Love wavaa e

β (m−1) π/0
0

40

80

(b) with foliage(a) without foliage

β (m−1) π/0

MaxMin

β
=

ω
/c

s
β

=
ω
/c

FIG. 4. Dispersion relation of the hybrid “spoof Love” wave for
H = 10 m, calculated numerically (as in Fig. 3) and the dispersion
relation (7) and (11) (dashed white lines). The hybrid wave results
from a cooperation between the guiding layer supporting the Love
wave (dashed dark-gray lines) and the trees supporting spoof plas-
mons (SPPs, light-gray lines); the light lines β = ω/cs, ω/c� are
reported in solid gray lines.

(dashed white lines). The behavior of the wave is close to that
of the Love wave except in the vicinities of cutoff frequencies.
There, the trees dominate and the wave becomes evanescent
not only in the soil substrate but also in the guiding layer, with
β > ω/c�. In the absence of foliage, the interpretation is easy.
In the limit of large β (hence, k� ∼ iαs and tan k�e ∼ i), (7)
simplifies into αs ∼ (μt/μ�)ϕtkt tan ktH , which corresponds
to a spoof plasmon (9) supported by the interface trees/guiding
layer regardless of the presence of the substrate. It results that
the first cutoff frequency visible at 30 Hz corresponds simply
to (14). In the reported case, a band gap due to hybridization
with the local resonance is opened within a small range of
frequencies; it is worth noting that this band gap tends to
disappear if the cutoff frequency ωc in (14) approaches the
first cut-on frequency of the Love waves, ω1 in (13), as is
the case in [25]. The scenario is the same in the presence
of foliage, but the cutoff frequencies fc in that case are
significantly decreased in this case, a fact that is already true
for the spoof plasmons in the absence of a guiding layer
[e = 0 in (11)].

B. Dispersion relation β(H ) at f = 30 and 70 Hz

Here, we shall adopt a different perspective on the band
structure reported in Fig. 4 for a fixed H ; this will be useful
in the sequel when a forest of trees with varying height will
be considered. Instead of considering β(f ) for a fixed H , we
consider β(H ) for a fixed frequency f . Figures 5 and 6 show
the resulting dispersion relations with H ∈ (2; 18) m at 30 and
70 Hz, respectively.

At 30 Hz, the lowest resonance of the trees without foliage
occurs for H � 10 m, from (14), resulting in a single band
gap in Fig. 5(a) for H ∈ (9.6, 10.8) m. With the foliage,
the gap is shifted to H ∈ (6.3, 7.5) m; see Fig. 5(b). At
f = 70 Hz, the same trends in the dispersion relations are
observed; see Fig. 6. With resonances taking place for trees
of heights H � 4 and 13 m, two band gaps for H ∈ (3.5, 4)
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FIG. 5. Dispersion relation of the spoof Love waves in the plane
(β, H ) at f = 30 Hz (same representation as in Fig. 4 for dashed and
solid lines). ω/cs = 0.38 m−1, βLove = 0.49 m−1, ω/c� = 0.54 m−1,
π/� = 1.57m−1. The band gaps are (a) (9.6,10.8) m and (b) (6.3,7.5)
m.

m and H ∈ (12.3, 13) m are now visible in the absence of
foliage. As previously, the presence of the foliage produces a
shift of the gaps, to H ∈ (10, 10.5) m for the first one and to
H ∈ (1.5, 1.9) m for the second one.

It is worth noting that our model is accurate regardless
of the height H of the trees and this is expected since the
propagation within the trees is accounted for in the analysis.
What is less expected is the robustness of the model with
respect to the spacing � (kt� = 0.3–0.7) beyond the usual
low-frequency regime; this robustness in homogenized mod-
els has been already observed in [27,28]. Eventually, and to
complement the results on the dispersion relations, we report
in Appendix B the shapes of the guiding waves in the vicinity
of the band gaps (H = H1 and H2 in Figs. 5 and 6) in the
actual and homogenized problems.

FIG. 6. Dispersion relation of the spoof Love waves in the plane
(β, H ) at f = 70 Hz; same representation as in Fig. 5. ω/cs =
0.89 m−1, βLove = 1.15 m−1, ω/c� = 1.25 m−1. The band gaps are
(a) (3.5,4) m and (12.3,13) m, and (b) (10,10.5) m .

IV. TREES OF VARYING HEIGHTS, THE WEDGE EFFECT

We now move to the case of a forest of trees with increasing
or decreasing heights. The forest is composed of trees whose
height H varies from 2 to 16 m, with an increment of 0.5 m
and with the same spacing � = 2 m as in the periodic case.
The numerical computations are performed in the case of two-
dimensional (2D) antiplane shear elasticity and in the time-
harmonic regime using COMSOL MULTIPHYSICS; we consider
a point source at 30 Hz and at 70 Hz outside the forest. We
shall see that the coupling of the Love wave generated in the
guiding layer by the source with the forest produces a hybrid
wave whose behavior is strongly nonsymmetric depending on
the position of the source on the shorter or on the taller edge
of the forest, as has been already observed for Rayleigh waves
[12,13]. Eventually, and following [7,12,13], we shall assume
that the wave number β in a forest of trees with varying height
H (x) can be estimated locally by the wave number in a forest
of the same but constant H ; this is expected to be a reasonable
approximation for small gradient of tree heights, in our case
about 14◦.

The results at 30 Hz are reported in Fig. 7. At this fre-
quency, tree heights around 10 m (without foliage) and 7 m
(with foliage) fall in band gaps where the spoof Love wave
cannot propagate; see Fig. 5.

Let us start with the case where the source is located on
the lower edge of the forest; see Figs. 7(a) and 7(b). In this
case, the Love wave generated in the guiding layer is first
converted into a hybrid spoof Love wave which propagates
from right to left along trees with increasing height up to a
“trapping” location where the wave stops. This is the analog to
the acoustic rainbow [7] and, according to the local analysis,
the mechanism is similar: from Fig. 5(a) in the absence
of foliage, the wave propagating from shorter H < 10 m
towards higher trees has a local wave number β(H ) increasing
along the branch β(H < 10 m). Eventually, it reaches the
value π/� at the lower edge of the band gap, where the
confinement in the trees is maximum; notably, the wave is
evanescent in the guiding layer as it is in the substrate. Due
to the strong dispersion at this lower edge, it progressively
slows down up to an almost vanishing group velocity, which
results in a localized energy concentration, as reported in [30].
This is expected at a tree height H = 9.6 m from Fig. 5(a)
without foliage, and at H = 6.3 m from Fig. 5(b) with fo-
liage, and this conforms with the observations in Figs. 7(a)
and 7(b).

We now consider the case where the source is located
on the taller edge of the forest; see Figs. 7(c) and 7(d).
The Love wave enters the forest where it is converted first
in a hybrid wave propagating from left to right up to a
“turning point” where it is then converted in a bulk shear
wave propagating downward into the substrate. This is the
analog of the conversion of the Rayleigh wave reported in
[12,13] and the local analysis is again helpful to interpret this
feature. In the absence of foliage, the local wave number β(H )
of the hybrid wave now follows the branch β(H > 10 m)
in Fig. 5(a); accordingly, the local wave number decreases
from a value higher than that of the Love wave to a smaller
one. Eventually, at the upper edge of the band gap, it reaches
that of the bulk shear wave βs = ω/cs where the confinement
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FIG. 7. (a),(b) Reflection and (c),(d) conversion of a Love wave
of frequency f = 30 Hz by a forest consisting of 29 trees with
heights varying from 16 to 2 m. The linear color range is in arbitrary
units (white color is out of scale).

vanishes [αs = 0 in (6)]. Following this scenario, it seems not
too hazardous to state that when propagating along trees with
decreasing height, the wave becomes more and more adapted

FIG. 8. (a),(b) Reflection and (c),(d) conversion of a Love wave
of frequency f = 70 Hz; same representation as in Fig. 7.

to be converted into a shear wave in the bulk. The turning
points observed in Figs. 7(c) and 7(d) coincide well with the
upper limits of the band gaps reported in Fig. 5 (10.8 and
7.5 m without and with foliage, respectively).

Similar mechanisms of wave trapping and of wave conver-
sion are observed at 70 Hz. Results are reported in Fig. 8,
with some specific features that we comment on now. In
the absence of foliage, two trapping points are possible for
H = 3.5 m and H = 12.3 m from Fig. 6(a), but the trapping
effect is visible at the first location H = 3.5 m only where the
wave is already almost completely stopped. In the presence
of foliage, the trapping point expected at H = 10 m from
Fig. 6(b) is visible (notably the wave amplitude within the
trees is high at this location), but what is more visible is
the important reflection of the incident Love wave when it
encounters the forest. This poor coupling is attributable to the
vicinity of the band gap for H ∈ (1.5, 1.9) m which results in
a mismatch in the wave numbers of the incident Love wave,
βLove = 1.15 m−1, and the wave number of the spoof Love
wave, β(H = 2 m) = 0.9 m−1. In comparison, β(H = 2 m)
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= 1.18 m−1 in the absence of foliage, resulting in an efficient
coupling in Fig. 8(a). Next, the conversion into a bulk shear
wave is visible in Fig. 8(c) (the forest without foliage) at
a turning point for H � 13 m, in agreement with the value
of the upper edge of the first band gap encountered for de-
creasing H in Fig. 6(a). The second turning point expected at
H = 4 m is also visible although the amplitude of the guided
wave has decreased significantly because of the primary wave
conversion.

Eventually, it can be seen from Figs. 7(c) and 7(d) and
Figs. 8(c) and 8(d) that after the wave conversion at the turning
points, the shear wave propagates in the substrate with a rather
well-defined direction, a fact already observed for Rayleigh
waves [12,13]. It is observed that the corresponding refraction
angle decreases (with respect to the horizontal direction) in
the presence of foliage. At 30 Hz, the decrease is small, from
about 38◦ to 36◦ (with and without foliage); at 70 Hz, it is
more significant, from about 47◦ to 38◦. Our homogenized
model does not provide a theoretical value of this angle.
Indeed, the problem of a Love wave interacting with a wedge
in which (3) applies is rather simple, but it has to be solved
numerically. It is shown in Appendix B that doing so provides
a realistic picture of the wedge effect, which shows that the
homogenized problem contains all the ingredients necessary
to describe the mechanism of wave conversion.

At that point, we have shown that the local analysis carried
out for trees of constant height works equally well for trees
of varying height. It remains for us to inspect whether or not
this analysis is robust when moving toward more realistic con-
figurations, namely, to inspect the effect of inherent disorders
in the tree distribution and the robustness of the mechanism
captured by our two-dimensional model in three dimensions.
We address these issues in the next section.

V. ROBUSTNESS OF THE MECHANISM OF WAVE
CONVERSION WITH RESPECT TO DISORDER

AND 3D EFFECT

In this section, we restrict ourselves to a forest of trees
without foliage and we focus on the mechanism of wave
conversion, with a source located near the taller edge of the
forest. The details of the numerical implementation of the 3D
problem with COMSOL are given in Appendix D. Eventually,
to avoid lengthy computations, the effect of the disorder is
inspected in a 2D setting and the 3D effect is inspected in a
perfect periodic forest.

A. Persistence of the wave conversion in the presence
of disorder

We start by inspecting the effect of disorders in the tree
heights and in their locations; this corresponds to classical
disorders say in the strength and in the position of scatterers
for multiple scattering problems. To do so, we consider the
reference case as in the preceding section with trees of height
H ∈ (2, 16) m periodically located with spacing � = 2 m and
of constant height increment of 0.5 m. The fields in Figs. 9(a)
and 10(a) simply reproduce that of Figs. 7(a) and 8(a) as the
benchmarks.

FIG. 9. Conversion of a Love wave of frequency f = 30 Hz with
a forest as in Fig. 7(a). (b) Same as (a) for trees with perturb height.
(c) Same as (a) for trees with perturb position. The linear color range
is in arbitrary units (white color is out of scale).

Next, we keep the same tree locations and allow for random
variations in each tree height with maximum amplitude of
H/10, resulting in the fields of Figs. 9(b) and 10(b). Eventu-
ally, we allow for variations in the tree positions around their
periodic position with a maximum displacement of �/5. This
is done while keeping the same slope, hence interrogating the
disorder in position only. Typical realizations are shown in
Figs. 9(c) and 10(c). Note that this latter disorder is the most
classical and it is admitted that within effective medium ap-
proaches, it is not essential that the arrangement of scatterers
is periodic or random; see, e.g., [31].
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FIG. 10. Same representation as in Fig. 9 for f = 70 Hz.

At the lowest frequency f = 30 Hz, the variations in the
wave patterns induced by the two types of disorder are inci-
dental and the main features observed for the perfect periodic
case are fully recovered. In particular, the turning points and
the angle of refraction of the shear wave in the bulk remain
identical.

Expectedly, the variations in the patterns are more pro-
nounced at f = 70 Hz. The guided wave having a shorter
wavelength becomes more sensitive to any defect in the tree
arrangement. This sensitivity is particularly visible in the case
reported in Fig. 10(c). There, a relatively large variation of
the spacing takes place at the expected turning point for H ∼
13 m; as a result, the first wave conversion is significantly
reduced which makes the second wave conversion (for H ∼
4 m) more visible.

B. Persistence of the wave conversion
in a three-dimensional setting

We now move a step closer to a real forest, namely, cylin-
drical trees in three dimensions. We consider the following
configuration: each tree has a square cross section of 0.09 m2

and the array has the same spacing of 2 m along x and y; the
array is composed of 23 × 14 trees along x and y, respectively

FIG. 11. Interaction of a Love wave of frequency f = 30 Hz
with a three-dimensional forest consisting of 322 trees equally
spaced along x and y, with heights varying from 16 to 2 m. (a) 3D
plot of real part of the displacement uy along y. (b) Zoom-in of uy in
(a). (c) Slice of uy in the (x, z) plane corresponding to the 2D plot in
Fig. 7(a). (d) Slice of uy in the (y, z) plane revealing 3D effects by
means of wave-front distortion. The linear color range is in arbitrary
units.

(hence 322 trees); each row along y is composed of trees of the
same height and along x the tree height decreases from 16 to
2 m with constant decrement. In the numerics, whose details
are collected in Appendix D, we considered the full elasto-
dynamic wave equations (1) in the time-harmonic regime and
we used a source in the form of an incident-plane Love wave
along y. It is worth noting that the geometry of the forest
being not invariant along the y direction, the propagation
involves both shear and longitudinal waves a priori, which
may appear by conversion of the incident polarized Love
wave. We estimated the importance of the mode conversions
by calculating the averages of |u · ea|2/|/|u · ey |2, a = x, z, in
the vertical plane passing through the forest. With 8% and 6%
as results, it appears that the wave essentially keeps the same
polarization when it propagates.

Different views of the pattern of the horizontal displace-
ment u (along z) at 30 Hz are reported in Figs. 11. The
shielding effect of the forest is clearly visible in Figs. 11(a)
and 11(b), with the Love wave unable to emerge from the
forest while propagating around it in the x direction. Next,
Fig. 11(c) reports a vertical cut of the field in the (x, z) plane
in the middle of the forest. Following the same scenario as in
2D, the Love wave first couples to the forest and propagates
through the trees with decreasing heights; eventually, when
it encounters a tree of height about 13 m, it is converted
into a bulk shear wave. A noticeable difference with the 2D
case is that the angle of refraction of the wave in the bulk
is significantly lower here, about 20◦ versus 38◦ in 2D; see,
also, Fig. 7(a). This is attributable to the shape of the trees,
i.e., cylinders instead of walls in 2D, which produce flexural
beam modes rather than antiplane shear plate modes. Hence,
the coupling of Love waves with the trees and the conversion
into shear bulk wave are confirmed, but the extension of the
2D calculation to the 3D case remains to be done to capture
the physics of the beam flexion.
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VI. CONCLUDING REMARKS

In this study, we have reported direct numerical obser-
vations of out-of-plane shear surface waves propagating in
a forest of trees atop a guiding layer. Analytical dispersion
relation obtained in closed form thanks to asymptotic ex-
pansions shows that this wave shares common features with
both Love waves and spoof plasmons, which are recovered as
limiting cases (trees of vanishing height, and guiding layer of
vanishing thickness, respectively), hence the nickname “spoof
Love wave.” In the general case where the propagation is
dictated by the coupling between the guiding layer and the
forest, it reveals band gaps opened due to hybridization of
Love waves with the local resonances of a single tree. This
finding shows that spoof Love waves propagate following the
same scenario as that already reported for Rayleigh waves.
When propagating in a forest with decreasing tree height,
they are easily converted into a downward bulk wave, while
when propagating in a forest with increasing tree height, they
slow down, being eventually trapped within the trees, as in the
rainbow effect. Finally, we have shown that the presence of
foliage significantly affects the local resonances of the trees,
and hence the whole dispersion relation, a phenomenon which
is neatly captured by our model.

Our model concerns an idealized two-dimensional and
perfectly periodic setting. We have shown that the conversion
of waves is hardly affected by disorder in the height or in the
positions of trees at low frequency, and that the mechanism is
preserved in a three-dimensional setting. In this latter case,
however, the quantitative features of the wave conversion
differ due to the appearance of flexural modes of the rods
(cylindrical trees). Natural extensions of the present study
concern (1) three-dimensional effect to quantitatively account
for flexural modes at low frequencies and coupling of flexural
and longitudinal modes at higher frequencies, (2) more realis-
tic effects in the composition of the soil as material properties,
e.g., viscoelasticity or vertical gradients of mass density, and
(3) presence of heterogeneities, e.g., accounting for tree roots
or rocks. Another aspect kept aside is asymptotic analysis of
nonlinear effects which might arise in very soft soils.
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APPENDIX A: THE HOMOGENIZED MODEL

In this appendix, we give a comprehensive derivation of the
effective model for the forest of trees, which uses mathemati-
cal techniques developed in [27,28].

In the asymptotic analysis that we shall conduct, we use the
macroscopic (usual) coordinate x = (x, z) and we introduce
the microscopic coordinate χ = (χ, ζ ), with

χ = x
�
, (A1)

with � = ε the small parameter (where small means “small
compared to the typical wave number”). Further, ex = (1, 0)
and ez = (0, 1) denote the vectors of the canonical basis. In
what follows, we focus our analysis on a so-called antiplane

0

0
= ε

z
x

ϕ

1

χ =
x

ε
Yt = {χ ∈ (−ϕ/2, ϕ/2)}
Y = {χ ∈ (−1/2, 1/2)}

FIG. 12. Homogenization in the bulk of the tree forest, far from
the top and the bottom of the trees. In the x = (x, z) coordinate, the
array has a spacing ε = � (the trees are assumed to be invariant along
z). The rescaling in the horizontal χ = x/ε coordinate is shown in
the inset.

shear problem, posed in the (x, z) plane, and we shall establish
the effective problem on (ue, σ e ), which reads as

σ e = μt

(
0 0
0 ϕt

)
∇ue,

σ e + ρtω
2ϕt u

e = 0 for 0 < z < H,
(A2)

σ e
z = −Hf

(
ϕf

ϕt

ρf

ρt
− 1

)
∂σ e

z

∂z
at z = H,

ue(x, 0+) = ue(x, 0−), σ e
z (x, 0+) = σ e

z (x, 0−),

and (ue, σ e ) admit the same expansions as (u, σ ) up to O(ε2).

1. The homogenized wave equation

The homogenized wave equation has to be derived in the
region of the trees, z ∈ (0,H ), and therein the asymptotic
analysis will be conducted using expansions of the fields with
respect to the small parameter ε. The equations in the bulk of
each tree are established far from the interface (air/tree) and
far from the top of the trees, which is when the boundary-layer
effects are disregarded. In this region, the fields vary over
long distances, across many trees with x, and in the vertical
direction along the trees with z. Once this macroscopic dis-
placement has been defined by x, we describe the microscopic
horizontal displacement inside a single tree with χ . Note that
ζ (the microscopic vertical displacement) is not needed since
the trees are assumed to be invariant along z (Fig. 12).
Thus the rescaled differential operator reads as

∇ → ex

ε

∂

∂χ
+ ∇x, (A3)

which is used in the equations

σ = μt∇u, divσ + ρtω
2 u = 0, (A4)

owing to the expansions

u = u0(x, χ ) + εu1(x, χ ) + · · · ,

σ = σ 0(x, χ ) + εσ 1(x, χ ) + · · · ,
(A5)
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and χ is bounded in Yt = {χ ∈ (−ϕt/2, ϕt/2)}. It is worth
noting that contrary to the cases where the unit cell is filled
with some material, whence χ ∈ (−1/2, 1/2), here we are in
a case where the boundaries at χ = ±1/2 are not questioned.
However, since we want to ensure the equilibrium of the force
in the homogenized problem, we shall establish the equations
satisfied by the effective fields 〈un〉 and 〈σ n〉, n = 0, 1, where
we defined

〈un〉(x) ≡ 1

ϕt

∫
Yt

un(x, χ )dχ, 〈σ n〉(x) ≡
∫

Yt

σ n(x, χ )dχ.

(A6)

Doing so, we implicitly assume that the stress tensor has been
extended by 0 in Y\Yt, with Y = {χ ∈ (−1/2, 1/2)}. At the
leading order in 1/ε, we get

∂u0

∂χ
= ∂σ 0

x

∂χ
= 0, (A7)

which tells us that u0(x) and σ 0
x (x) do not depend on χ . It

follows that σ 0
x is constant in Yt and, as it vanishes at the

interface air/tree χ = ±ϕt/2, it is zero everywhere in Yt. Thus
we have

σ 0
x = 0, u0(x). (A8)

At the order ε0, we also have, in Yt,

σ 0
z (x) = μt

∂u0

∂z
(x),

∂σ 0
z

∂z
(x) + ∂σ 1

x

∂χ
(x, χ ) + ρtω

2u0(x) = 0, (A9)

which, after integration over Yt and accounting for σ 1
x = 0 on

the interface air/tree, leaves us with

〈
σ 0

z

〉
(x) = μtϕt

∂u0

∂z
(x),

∂
〈
σ 0

z

〉
∂z

(x) + ρtω
2ϕtu

0(x) = 0. (A10)

We now move to the next order. Since (A9) and (A10) hold in
Yt with 〈σ 0

z 〉 = ϕtσ
0
z , we deduce that σ 1

x is independent of χ ;
thus, as σ 0

x , it is zero in Yt. Owing to the relation 0 = σ 0
x =

μt[∂xu
0(x) + ∂χu1(x, χ )], we also have

u1(x, χ ) = −χ
∂u0

∂x
(x) + 〈u1〉(x), in Yt, (A11)

with the origin of χ chosen such that 〈χ〉 = 0. It follows that

σ 1
z (x, χ ) = μt

∂u1

∂z
(x, χ ) = μt

[
−χ

∂2u0

∂z∂x
(x) + ∂〈u1〉

∂z
(x)

]
,

(A12)

which, after integration over Yt and thanks to 〈χ〉 = 0, leaves
us with 〈

σ 1
z

〉
(x) = μtϕt

∂〈u1〉
∂z

(x). (A13)

Eventually, the equation of equilibrium at the order ε reads as

divxσ
1 + ∂σ 2

x

∂χ
+ ρtω

2u1 = 0, in Yt, (A14)

0

Hf/

−∞

χ
ζ

Yf

1/2−1/2

no
t

qu
es

ti
on

ed

matching cond.

no
t

qu
es

ti
on

ed

Yt

matching cond.

FIG. 13. Unit cell at the top of the trees in χ = (ζ, χ ) co-
ordinate. Yt is the region of the tree for χ ∈ (−ϕt/2, ϕt/2) and
ζ ∈ (−∞, −Hf/�), and Yf is the region of the foliage bounded
in (−1/2, 1/2) × (−Hf/�, 0) and of surface |Yf|; ϕf is the filling
fraction of foliage such that |Yf| = ϕfHf/�.

which after integration over Yt provides us with

∂
〈
σ 1

z

〉
∂z

(x) + ρtω
2ϕt〈u1〉(x) = 0. (A15)

2. Effective boundary condition at top of trees

The homogenized wave equation derived above has to be
supplied with boundary conditions when approaching the top
of the trees at z = H . To do so, we define an inner region
which possibly contains a foliage. In this region, the vertical
displacement in z is limited to a region of typical extent �

with rapid variations of the fields. These rapid variations are
accounted for by defining the microscopic coordinate

ζ = z − H

ε
, (A16)

whose origin is at the top of the foliage, in addition to
χ . Eventually, the horizontal long-distance variations of the
fields across the trees are captured by keeping x as an ad-
ditional coordinate. Accordingly, we consider the following
asymptotic expansions:

u = v0(x,χ ) + εv1(x,χ ) + · · · ,
(A17)

σ = τ 0(x,χ ) + ετ 1(x,χ ) + · · · ,

with χ ∈ Y , and Y = Yf ∪ Yt, where Yf refers to a region of
small extent Hf (vertically) containing the foliage, and small
means “of the order of �” (remember that ε = �); see Fig. 13.

In this region, one can account for a complex foliage using

σ = μ(χ )∇u, divσ + ρ(χ )ω2u = 0, (A18)

with [μ(χ ), ρ(χ )] able to describe variations in the material
properties of the foliage with respect to the tree, and also
variations of the material properties within the foliage. The
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above equations need to be supplied with boundary condi-
tions, which are of the Neumann type at the boundaries of the
tree and of the foliage with the air, and the continuities of the
displacement and of the normal stress at each discontinuity in
the material properties (e.g., between the tree and the foliage).
Eventually, the fields described by the expansions (A17)
which hold in the vicinity of the top of the trees (including
the foliage) have to match those defined in (A5) which hold
far from the top of the trees. This is written in an intermediate
region where z → H and ζ → −∞ using (z − H ) = εζ in
(A5) and reexpanding. We get the so-called matching condi-
tions at the first and second orders, which read as

lim
ζ→−∞

v0(x,χ ) = u0(x,H ),

lim
ζ→−∞

τ 0(x,χ ) = σ 0(x,H, χ ), (A19)

lim
ζ→−∞

v1(x,χ ) = u1(x,H, χ ) + ζ
∂u0

∂z
(x,H ),

lim
ζ→−∞

τ 1(x,χ ) = σ 1(x,H, χ ) + ζ
∂σ 0

∂z
(x,H, χ ). (A20)

These matching conditions are obtained as additional
boundary conditions for the two problems on (u, σ )
and (v, τ ). Both have to coincide in some intermediate
region, where the evanescent field encapsulated in (v, τ )
is vanishing for large ζ and hence only the behavior of
the propagating field remains. The matching conditions
are written setting u0 + εu1 + · · · ∼ v0 + εv1 + · · · in this
intermediate region of typical extent, say, x1 = O(

√
ε) → 0

and y1 = O(1/
√

ε) → ∞. Next, using Taylor expansions
of u0(x, z) = u0(x,H ) + εζ∂zu

0(x,H ) + · · · , the same for
σ 0, and identifying the terms in εn, n = 0, 1, . . . of the two
expansions provides (A19) and (A20) for n = 0, 1. In this
region, the differential operator reads as

∇ → ex

∂

∂x
+ 1

ε
∇χ . (A21)

At the leading order, we have divχτ 0 = 0, which after
integration over Y and accounting for the boundary conditions
and the matching condition on τ 0 leaves us with

0 = lim
ζ→−∞

∫
Yt

τ 0
z (x,χ )dχ = σ 0

z (x,H ), (A22)

from which the boundary condition at the leading order is the
usual stress-free condition, regardless of the presence of the
foliage. To capture this effect, we have to move to the next
order. At the next order, we start with ∇χv0, which tells us that

v0(x) = u0(x,H ), (A23)

thanks to the matching condition on v0. This allows us to
define the problem on (τ 0, v1), which reads as

divχτ 0 = 0,

τ 0(x,χ ) = μ(χ )

[
∂u0

∂x
(x,H )ex + ∇χv1(x,χ )

]
,

τ 0 · n = 0 on the interfaces with the air,

lim
ζ→−∞

τ 0 = σ 0(x,H, χ ) = 0, (A24)

and where x appears as a parameter. For the limit ζ → −∞,
we used that σ 0

x = 0 from the previous section and that
σ 0

z (x,H ) = 0 from (A22). The above system has an explicit
solution of the form

τ 0 = 0, v1(x,χ ) = −χ
∂u0

∂x
(x,H ) + v̂1(x), (A25)

where v̂1(x) does not need to be specified, but it appears since
v1 is defined in (A24) up to a function of x. We gather from
the above result that it is sufficient to integrate the equation
of equilibrium at the order ε0 over Y , specifically,∫

Y

[
divχτ 1 + ∂τ 0

x

∂x
+ ρ(χ )ω2u0(x,H )

]
dχ = 0. (A26)

It is now sufficient to use that τ 0
x = 0, and that τ 1 · n = 0 on

the interfaces with the air and is continuous in Y , to get that

lim
ζ→−∞

[
−

∫
Yt

τ 1
z (x,χ )dχ + ω2 u0(x,H )

∫
Y

ρ(χ )dχ

]
= 0.

(A27)

Integrating over Yt the matching condition on τ 1 in (A20),
we first get that

lim
ζ→−∞

[〈
σ 1

z

〉
(x,H ) + ζ

∂
〈
σ 0

z

〉
∂z

(x,H )

−ω2u0(x,H )
∫
Y

ρ(χ )dχ

]
= 0. (A28)

In the above expression, there is a diverging term,
linear in ζ , but this term cancels when using that∫
Y ρ(χ )dχ = ∫

Yf
ρ(χ )dχ − (ζ + Hf/�)ρtϕt, along with

(A10). It follows that

〈
σ 1

z

〉
(x,H ) = −

[∫
Yf

ρ(χ )

ρtϕt
dχ − Hf

�

]
∂σ 0

z

∂z
(x,H ). (A29)

The expression that we use in our study corresponds to
a homogeneous mass density of the foliage ρ(χ ) = ρf

and a filling fraction ϕf of foliage in Yf, whence∫
Yf

ρ(χ )dχ = ρfϕfHf/�, resulting in

〈
σ 1

z

〉
(x,H ) = −Hf

�

(
ϕf

ϕt

ρf

ρt
− 1

)
∂σ 0

z

∂z
(x,H ). (A30)

3. Effective jump condition at z = 0

These jump conditions have already been treated in [27] in
the case where the two media, in the layer and in the trees, are
identical; the derivation is similar in the present case and it is
left to the reader. It is worth noting that more involved jump
conditions can be found at the second order in ε, notably if
heterogeneities as roots are considered at the tree bottom.

4. Definition of the unique problem

To get a unique problem, we consider the fields (u0 +
ε〈u1〉) and (〈σ 0〉 + ε〈σ 1〉). It is sufficient to gather (i) (A10),
(A13), and (A15) for z ∈ (0,H ), and (ii) (A22) and (A30)
at the top of the trees. Doing so, we can write the problem
(S) satisfied by (〈u0〉 + ε〈u1〉) and (〈σ 0〉 + ε〈σ 1〉), and it is
easy to see that ue and σ e satisfying (A2) admit the same
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z
x

z
x

(b) H = H2

(a) H = H1

z
x

z
x

FIG. 14. Displacement fields of the first spoof Love waves with-
out and with foliage at f = 30 Hz and (a) H = H1 = 9 m and
(b) H = H2 = 6.2 m (see black arrows in Fig. 5). The left panels
show the actual displacement fields and the right panels show the
corresponding homogenized fields, (5), (7) and (10), (11).

asymptotic expansions as (〈u0〉 + ε〈u1〉) and (〈σ 0〉 + ε〈σ 1〉)
up to O(ε2); thus the same expansion as u and σ in the real
problem up to O(ε2).

APPENDIX B: WAVE FIELDS IN THE
ACTUAL/HOMOGENIZED PROBLEMS

1. Trees of constant height

Here, we reported in Fig. 14(a) the displacement fields
of the spoof Love waves at the upper limit of the band gap
(β = 1.5 m−1, close to π/�) for a forest of trees of height
H1 = 9 m without foliage [black arrow in Fig. 5(a)]. For
this high confinement, the guided wave is supported by the
trees with almost zero amplitude in the guiding layer. When
the trees support a foliage, the guided wave significantly
changes its shape, being now close to a classical Love wave
with β � 1 m−1. The reverse occurs for H = H2 = 6.2 m
corresponding to a highly confined guided wave in the pres-
ence of foliage and a classical Love wave in its absence;
see Fig. 14(b). In the four considered cases, we report for
comparison the homogenized fields given by (5) along with
(7) [and (10) with (11)], which confirms the capacity of the
model to predict the main features of the spoof Love wave.
The same representation is used at f = 70 Hz in Fig. 15.

2. Trees of varying height: The wedge problem

The homogenized problem (3) has been implemented in
the COMSOL MULTIPHYSICS finite-element package, treating

z
x

z
x

z
x

z
x

(b) H = H2

(a) H = H1

FIG. 15. Displacement fields of the spoof Love waves for trees
without and with foliage at f = 70 Hz; same representation as in
Fig. 14.

the Robin condition in a way similar to what is described
in Sec. 5.3 of [32]. Typical results at f = 30 and 70 Hz are
reported in Fig. 16; the good agreement of Fig. 16(a) with
Fig. 9(a), and Fig. 16(b) with Fig. 10(a), is noted.

APPENDIX C: EFFECTIVE IMPEDANCES IN A
MASS-SPRING RESONATOR MODEL

Mass-spring models often make possible an easy and nice
interpretation of the behaviors of resonant systems. The case
of waves guided at the interface of an elastic solid supporting
an array of mass springs has been considered in [22–25].
In general, the idea is to describe real mass-spring systems
except in [23], where the mass spring is an idealization of an
aluminium sheet with resonant bending oscillations. With M

the mass and K the spring constant, the motion Y of a single
resonator is described by

MŸn = K (Un − Yn), n = 1, 2, . . . , (C1)

where Un is the surface displacement at the point of contact
of the nth spring with the surface. In the harmonic regime,
this yields a relation Yn = f (Un, ω). The next step consists of
considering, in the limit of large wavelength compared to the
array spacing, a continuous version of the discrete problem
with

(i) Un = u(x, 0), which means that the displacement is
merely constant in the unit cell; and

(ii) Fn = σz(x, 0)�, with Fn = K (Un − Yn) the force ex-
erted by the nth spring which is replaced by the mean surface
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FIG. 16. Displacement fields of the spoof Love waves for an ef-
fective wedge described by homogenized equation (3) and boundary
condition (4) on its upper boundary. The traction-free condition is
applied on vertical sides, while the usual continuity of displacement
and stress is applied at the interface between wedge and soil. Plots
should be compared with those in Fig. 9(a) and Fig. 10(a).

stress (here on each period �). Doing so, an effective boundary
condition of the Robin’s type can be derived, which takes the
form

σz(x, 0) = Z(ω) u(x, 0), (C2)

and which reduces to the stress-free condition σz = 0 in the
absence of springs. Inserting this condition in (5) along with
the continuity of u and σz which still applies at z = −e (and
removing the solution written for 0 < z < H ) leaves us with
a dispersion relation of the form(

μ�k�

μsαs
+ Z(ω)

μ�k�

)
tan k�e = 1 − Z(ω)

μsαs
. (C3)

In the case of actual mass springs such as considered in [25],
the impedance Z(ω) is given by

Z(ω) = M

�

ω2ω2
0

ω2
0 − ω2

, (C4)

with ω0 = √
K/M the resonance frequency.

From the form of the homogenized solution in the trees
0 < z < H in (5), it is easy to see that a generalized Robin
equation can be written, with now

Z(ω) = μtktϕt tan ktH, (C5)

in the absence of foliage and, from (10),

Z(ω) = μtktϕt
tan ktH + ktLe

1 − ktLe tan ktH
, (C6)

in the presence of foliage. Obviously, using (C5) [(C6)] in
(C3), we recover the dispersion relation given in (7) [(11)].
The effective boundary condition (C3) along with (C5) is
known in acoustics for slot resonators and it is derived in this
context using approximate modal methods [33]. Expectedly,
(C5) tells us that the trees without foliage behave essentially
as slots with a quarter-wavelength resonance as lower reso-
nance; as such, (C4) is a good approximation of (C5) locally
near ω0 = πct/(2H ). The impedance (C6) accounting for the
effect of the foliage is less intuitive. In particular, although Le

in (4) is linked to the added mass of the foliage, it is difficult to
reduce its effect to an effective mass in a mass-spring model.

More generally, boundary-layer effects provide a family
of effective boundary conditions more involved than that of
the Robin’s type. In particular and as previously stressed,
higher-order models which are required if roots or other
heterogeneities at the tree bottom are considered make jump
conditions to appear which involve higher derivatives of the
displacement field. In this case, the analogy is no longer possi-
ble, or let us say it becomes too convoluted to be enlightening.

APPENDIX D: NUMERICAL IMPLEMENTATION OF THE
3D ACTUAL PROBLEM ON COMSOL MULTIPHYSICS

In order to be consistent with the soil and tree parameters
of Sec. III, we consider an elasticity tensor Cijkl = λδij δkl +
μ(δikδjl + δilδjk ), i, j, k, l = 1, 2, 3, with λs = 7.8 × 108 Pa,
μs = 3.2 × 108 Pa, and ρs = 1.3 × 103 kg m−3 for the sub-
strate, λ� = 7.8 × 108 Pa, μ� = 3.2 × 108 Pa, and ρ� = 2.6 ×
103 kg m−3 for the guiding layer, and λt = 7.8 × 108 Pa,
μt = 6.68 × 108 Pa, and ρt = 4.5 × 102 kg m−3 for the trees.
In addition, we need to add perfectly matched layers to avoid
reflections on the computational domain boundary, and here
we chose to implement those described in [34] (involving
a complex-valued anisotropic elasticity tensor without the
minor symmetries and a complex-valued isotropic density)
in the COMSOL finite-element package. Obviously, the com-
putational task is more demanding than in the 2D case; for
instance, the mesh consists of 200 000 tetrahedra, and thus we
require more computational resources and we opt for a cluster
of eight computers with Quadricore processors running at 2.24
GHz with a total of 1024 Gb of random-access memory.

The cubical computational domain of side length 100 m
is surrounded by perfectly matched layers (PMLs) involving
a complex-valued anisotropic elasticity tensor without the
minor symmetries and a complex-valued isotropic density.
More precisely, let us apply the following geometric transform
in the Navier equations (see also [34] for the analogous case
of three-dimensional elastic plates):

(x ′, y ′, z′) =
[∫ x

0
s1(ξ )dξ ,

∫ y

0
s2(ξ )dξ,

∫ z

0
s3(ξ )dξ

]
.

(D1)

The (x ′, y ′, z′) are the working complex coordinates and
the stretches s1(ξ ), s2(ξ ), s3(ξ ) are either equal to 1 or to
(ξ/L) (1 − i)G, depending on the direction along which one
would like to absorb the wave. The width of the PML region L

is a geometrical parameter that is automatically extracted for
each region, whereas the dimensionless PMLs scaling factor
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G is tuned in order to achieve the needed PMLs efficiency.
These so-called adaptative PMLs were first proposed for
electromagnetic waves; see [35]. The transformation (D1) is
used to map the real-valued coefficients Cijkl of the isotropic
homogeneous elasticity tensor onto the complex-valued coef-
ficients C

pml
ijkl of the anisotropic nonfully symmetric elasticity

tensor in the PML region and the real-valued isotropic mass
density ρ onto the complex-valued isotropic mass density ρpml

in the PML region. For a bounded three-dimensional isotropic
homogeneous elastic medium with Lamé coefficients λ, μ,

the elastic coefficients in the PML region read

C
pml
ijkl = Cijkl

s1s2s3

sisk

, i, j, k, l = 1, 2, 3, (D2)

and the density is as follows:

ρpml = s1(x)s2(y)s3(z)ρ,

where further details on the efficiency of the adaptative elastic
PMLs can be found in the 2D case in [34].
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