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Abstract

In order to provide a serious alternative to chemical batteries for the energy supply of isolated sensors, bistable generators have been
enthusiastically highlighted in recent years for their ability to harvest vibration energy on a wider frequency range compared to
linear generators. Nevertheless, these bistable harvesters are generally characterized through a frequency sweep which does not
reveal all the steady-state behaviors they can reach and therefore their full energy harvesting potential. Among such behaviors,
subharmonic motions are hidden by this classical characterization and therefore had not received a lot of attention. This study
proposes an original complete analytical analysis of subharmonic orbits for energy harvesting to predict their contribution to the
global bandwidth of bistable generators. In addition, a new criterion, referred as stability robustness, is introduced to estimate the
sensitivity of those behaviors to disturbances of different levels, allowing to finely and accurately estimate suitable behaviors for
energy harvesting purposes in realistic conditions (behaviors easy to reach and maintain in time). Experimental results conducted
with a buckled beams based electromagnetic generator confirm the pertinence of this criterion showing good agreement with the
analytical predictions. Subharmonic behaviors finally appears, both theoretically and experimentally, to be of significant interest, as
exploiting them leads to a 180% increase of the global operating frequency range of the considered bistable energy harvester, for
which more than 100 µW are generated on a 70 Hz bandwidth at 0.5 g.

I. Introduction

The race for energy harvesting in recent years is un-
doubtedly linked to the multiplication of stand-alone,
left behind, wireless devices asking for more energetic
autonomy that cannot be brought by primary batter-
ies. More particularly, vibration have been highlighted
as an interesting indoor/confined environment energy
through the introduction of a wide variety of inertial har-
vesters composed of a spring-mass system coupled with
electromagnetic or piezoelectric transducers [1]. Easy
to implement on the vibration source, those harvesters
can improve the wireless device compactness (no need
to store and embed their entire lifetime energy) and re-
duce the maintenance costs (no need to replace empty
batteries). The frequency bandwidth however remains
one of the main limiting factors of inertial energy har-
vesters and their adaptability to non-constant or random
vibrations is still a challenging issue.

Linear harvesters are indeed used to amplify ambient
vibrations matching their natural frequency as studied
by Williams et al. [2] but their performance dramati-
cally drops in the close neighborhood of this particu-
lar frequency. Erturk et al. [3] first reported that non-
linear bistable harvesters show promising results with

enhanced frequency bandwidth compared to linear har-
vesters [4–8]. Moreover, it is interesting to note that the
classical method to determine the behaviors of bistable
harvesters as a function of the ambient frequency does
not reveal the entire richness of their spectra. Classi-
cal frequency sweep characterization may indeed miss
behaviors as it only consists in smoothly and slowly
increasing or decreasing the excitation frequency and
recording the associated behaviors. As the nonlinear
aspect of bistable harvesters allows different behaviors
to coexist at the same frequency, those frequency-sweep
behaviors may not be the only existing ones on the full
frequency range. Hidden behaviors may then be used
to magnify even more the already extended frequency
bandwidth of bistable harvesters.

Among them, subharmonic behaviors have already
been noticed in mechanical studies [9–12], but without
any true exploitation. Arietta et al. [13] and Syta et al. [14]
investigated the energy harvested on some subharmonic
behaviors but did not evaluate their influence on the
global frequency bandwidth of the harvester. However,
the authors have already shown, in a purely experimental
study, that the use of these behaviors could triple the
useful frequency range of the bistable energy harvesters
[15].
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To confirm the observations made in the previous ex-
perimental study, this article first focuses on the analyti-
cal investigation of these original subharmonic behaviors,
by analytically evaluating their contribution to the band-
width enhancement of bistable harvesters. To deepen
the analytical analysis, a novel stability criterion referred
as stability robustness is introduced to estimate the sen-
sitivity of those behaviors to disturbances of different
levels. For high stability robustness, the behaviors will
be considered suitable for energy harvesting purposes
because they are easy to reach and maintain over time
thanks to their low sensitivity to disturbances.

Some considerations on the robustness of behaviors
of bistable oscillators have been already introduced by
Lansbury et al. [16] who analyzed numerically the size
of the basin of attraction of these behaviors (i.e., they
analyzed the size of the area linked to the behavior un-
der consideration on the numerical diagram showing the
steady-state behavior reached depending on the initial
conditions of the mass). The bigger the basin of attraction
of the behavior, the easier it is to reach, and the more
robust it is. Later, Harne et al. [17] also developed a
robustness criterion for the most common behavior (first
harmonic behavior) of bistable harvesters by simulating
the effect of adding white noise on a sinusoidal excitation
and checking if the behavior under consideration was
maintained. In this paper, the approach proposed is still
different: the stability robustness criterion is defined by
the minimum amount of kinetic energy needed to desta-
bilize the behavior. This minimum amount of kinetic
energy is determined analytically following a mathemat-
ical method developed in the framework of differential
equations known as bootstrap method [18, 19]. More-
over, the novel stability robustness criterion proposed
here is calculated analytically contrary to criteria pro-
posed by Lansbury et al. or Harne et al. and therefore
requires a lower computing time, while, thanks to its
semi-analytical formulation, would permit some opti-
mization considerations.

The stability robustness is calculated for both first har-
monic and subharmonic behaviors. While many works
assessed the stability robustness by underestimating the
mechanical quality factor, experimental results confirm
that taking into account this stability robustness criteria
is mandatory to predict the harmonic and subharmonic
behaviors of a realistic bistable harvester.

II. Problem statement

II.1. Mathematical model

Figure 1 presents a common bistable oscillator configura-
tion (other configurations can be found in the literature).
The frame is submitted to the ambient vibration and the
mass position is defined with respect to this frame.

The vibration energy harvester considered in this study
is a bistable harvester composed of a generic bistable
oscillator coupled with an electromagnetic transducer
whose coil is linked to a load resistance for energy har-
vesting purposes. The electromagnetic transducer con-
verts the kinetic energy of the mass into electrical energy
which then dissipates in the load resistance by Joule’s
effect. The study focuses on this dissipated energy which
represents the total energy converted by the bistable har-
vester. The mathematical model used to describe the
bistable harvester is a Duffing-type mechanical equation
coupled with the electromagnetic equation:ẍ +

ω2
0

2

(
x2

x2
0
− 1

)
x +

ω0

Q
ẋ +

β

M
I = −A cos(ωt)

RI = βẋ− rL I − L0 İ

(1)

With M the mobile mass, x its relative position with
respect to the frame and ±x0 its relative stable position.
ω0 is the natural angular frequency and Q the mechanical
quality factor of the equivalent linear oscillator obtained
when the mass oscillates near one of the stable positions
(x = ±x0 + ∆x with ∆x << |x0|) as defined by Liu
et al. [20]. ω and A are angular frequency and the
ambient acceleration. β is the electromagnetic transducer
equivalent force factor as defined by Arroyo et al. [21] and
rL and L0 are the coil internal resistance and inductance,
respectively. R is the load resistance connected to the coil
and I the current circulating through it. The values of the
parameters used in this paper for simulation and analytic
resolution correspond to the prototype presented in the
experimental part and are listed in Table 1.

The coil impedance is
√

r2
L + (ωL0)2. For the fre-

quency band under consideration (20-200 Hz), the term
(ωL0)

2 is much lower compared to the term r2
L (respec-

tively 39 Ω2 and 324 Ω2 at 200 Hz). The coil impedance

Figure 1: Principle and lumped model of a common bistable oscillator.
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Table 1: Parameter values of the bistable harvester prototype corresponding
to the experimental prototype and used for numerical and analytical analysis.

Parameter Symbol Value Unit

Stable positions ±x0 ±0.29 mm
Inertial mass M 30 g
Natural angular frequency ω0 229 rad.s−1

Mechanical quality factor Q 113 –
Excitation magnitude A 5 m.s−2

Excitation frequency ω 20− 200 Hz
Electromagnetic force factor β 0.5 N.A−1

Coils internal resistance rL 18 Ω
Coils inductance L0 5 mH
Load resistance R 18 Ω

is therefore considered as purely resistive and the in-
ductance term in Equation (1) is neglected. The bistable
harvester is then governed by the following single equa-
tion:

− A cos(ωt) =

ẍ +
ω2

0
2

(
x2

x2
0
− 1

)
x +

(
ω0

Q
+

β2

M (R + rL)

)
ẋ (2)

The effect of the electromagnetic transducer is then
equivalent to an additional damping as already sug-
gested in previous studies [22]. The energy provided
by the electromagnetic transducer is equivalent to the
energy dissipated through this additional damping.

II.2. Numerical examples of subharmonic behaviors

Bistable harvesters, contrary to linear ones, can reach
different steady-state behaviors (or orbits) depending on
their initial conditions (mass position and mass velocity)

for the same ambient vibration. Numerical resolutions of
Equation (2) with different mass initial conditions yield
the examples of the different orbits shown in Figure 2.
The phase portrait is introduced for each orbit with its
respective Poincaré map (black dots) and its time signal.

The mass oscillating around one stable position (x0 or
−x0), as shown in Figure 2(a), corresponds to low orbits
(intra-well behavior). The mass oscillating from a stable
position to the other (i.e. regularly crossing the x = 0
position), as shown in Figure 2(b), corresponds to high
orbits (inter-well behavior). More particularly, the har-
monic 1 orbit is reached when the mass oscillates at the
same frequency as the excitation as detailed in Figure 2(a)
(harmonic 1 low orbit) and Figure 2(b) (harmonic 1 high
orbit). These harmonic 1 orbits are well known as they
naturally appear using frequency sweep characterization.
Indeed, those orbits have the particularity to be the only
possible behaviors of the bistable generator on certain
frequency ranges and thus, are automatically reached
during a frequency sweep. On the opposite, the subhar-
monic orbits shown in Figure 2(c) to (f) do not naturally
appear during a frequency sweep and need a jump phe-
nomenon to be reached. This can be done, for instance,
through a change in the mass initial conditions. Subhar-
monic n orbit is reached when the mass moves n times
slower than the excitation. In Figure 2, only high orbits
are presented for subharmonic behaviors despite the ex-
istence of low orbits, as low orbits are not of interest
for energy harvesting due to their low amplitudes and
associated energies.

Figure 2: Numerical examples of different behaviors (or orbits) of bistable harvesters including subharmonic orbits for which the displacement frequency is lower
than the excitation frequency (n times lower for subharmonic n). For each orbit, a phase portrait with its Poincaré map (black dots) as well as a time signal is
presented.
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III. Analytical analysis

Subharmonic high orbits, appearing on certain frequency
ranges, could be therefore exploited to widen the fre-
quency bandwidth of bistable harvesters and thus mag-
nify the principal asset of nonlinear vibrational energy
harvesters. This section presents the analytical investi-
gation of the different steady-state behaviors of bistable
harvesters governed by Equation (2) to evaluate the fre-
quency bandwidth of bistable harvesters including sub-
harmonic orbits. This analytical investigation leads to the
bistable generator spectrum containing all its possible
steady-state behaviors as a function of the ambient vibra-
tion frequency. For the sake of easier readability, vectors
are underlined once and matrices underlined twice.

III.1. Steady-state behaviors

The followings present the global methodology to ana-
lytically solve Equation (2) with the Harmonic Balance
method for the purpose of describing the harmonic and
subharmonic behaviors. First, several assumptions have
to be made for obtaining Equation (2) solutions: (1) the
bistable harvester is in steady-state motion; (2) the re-
sponse is approached by a truncated Fourier series of
order N; (3) the behavior under consideration is the sub-
harmonic n orbit. With ω the excitation pulsation, the
response is hence composed by a constant term and a
preponderant pulsation ω/n followed by its harmonics
kω/n with k varying from 2 to N. The general response
of Equation (2) is then assumed as:

x(t) = a0 +
N

∑
k=1

{
ak cos

(
k

ω

n
t
)
+ bk sin

(
k

ω

n
t
)}

(3)

The constant term a0 corresponds to the mean displace-
ment. If a0 is close to zero, the solution is a high orbit. If
a0 is close to x0 or −x0 (stable positions), the solution is a
low orbit. The system is in a steady-state motion, hence,
the 2N + 1 unknowns (a0, ak, bk) , k ∈ [[1, N]] are constant.
Substituting Equation (3) into Equation (2) leads to Equa-
tion (4) composed by a sum of sinuses and cosines of
different frequencies.

In Equation (4), b0 = 0 is added to simplify the
global expression. The terms composing Equation (4)
correspond to the different forces acting at different fre-
quencies on the mass and the equation describes how
they equilibrate. In the truncated response form de-
scribed in Equation (3), the terms with a pulsation higher
than Nω/n are considered as negligible. Similarly, in
Equation (4), the force terms with a pulsation higher
than Nω/n are also considered as negligible leaving
2N + 1 terms: a constant term, N sinus terms and N
cosine terms. The Harmonic Balance method is then
applied to these 2N + 1 force terms so that they are all
equated to zero one by one leading to a solvable non-
linear system made of 2N + 1 equations and 2N + 1

∑
k∈[[0,N]]

{
[(

k
ω

n

)2
ak +

ω2
0

2
ak −

(
ω0

Q
+

β2

M (R + rL)

)
k

ω

n
bk

]
cos

(
k

ω

n
t
)

+

[(
k

ω

n

)2
bk +

ω2
0

2
bk +

(
ω0

Q
+

β2

M (R + rL)

)
k

ω

n
ak

]
sin
(

k
ω

n
t
)}

− ∑
(i,k,s)∈[[0,N]]3

1
8

ω2
0

x2
0

{
(aiakas − aibkbs − biakbs − bibkas) cos

(
(i + k + s)

ω

n
t
)

+ (aiakas + aibkbs + biakbs − bibkas) cos
(
(i + k− s)

ω

n
t
)

+ (aiakas + aibkbs − biakbs + bibkas) cos
(
(i− k + s)

ω

n
t
)

+ (aiakas − aibkbs + biakbs + bibkas) cos
(
(i− k− s)

ω

n
t
)

+ (biakas + aiakbs + aibkas − bibkbs) sin
(
(i + k + s)

ω

n
t
)

+ (biakas − aiakbs + aibkas + bibkbs) sin
(
(i + k− s)

ω

n
t
)

+ (biakas + aiakbs − aibkas + bibkbs) sin
(
(i− k + s)

ω

n
t
)

+ (biakas − aiakbs − aibkas − bibkbs) sin
(
(i− k− s)

ω

n
t
)}

− A cos(ωt) = 0 (4)

unknowns. For a given set of bistable harvester’s pa-
rameters (M, x0, ω0, Q, β, rL, R) and for a given ambient
vibration A cos(ωt), this system may present more than
one solution due to its nonlinearity. Each solution repre-
sents a possible steady-state behavior (or orbit) for the
bistable harvester. The mth solution (or the mth behavior
or the mth orbit) can then be represented by a 2N + 1
cells array noted as:

Sm = (am0, amk, bmk)k∈[[1,N]] (5)

with xm(t) = am0 +
N

∑
k=1

{
amk cos

(
k

ω

n
t
)
+ bmk sin

(
k

ω

n
t
)}

xm is the temporal signal of the mth steady-state behav-
ior of the bistable harvester for the ambient vibration
A cos(ωt). This procedure, performed for different am-
bient vibration frequencies ω, leads to the bistable har-
vester spectrum containing all the different steady-state
behaviors xm as a function of the ambient vibration fre-
quency.

III.2. Disturbances stability analysis

Subsection 1 established the possible analytical solutions
for the steady-state behaviors of the bistable harvester.
However, the proposed method does not permit evaluat-
ing their stability. Hence, a stability analysis with a small
perturbation method is performed on all the possible
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steady-state behaviors xm. For this purpose, the response
is considered to be composed of 2 different terms: the
steady-state behavior under study xm and a transient
term z reflecting the disturbance, considered small in
magnitude compared to xm.{

x(t) = xm(t) + z(t)

||z(t)|| << ||xm(t)||
(6)

The steady-state behaviors xm is stable if z tends toward
zero with time. Equation (6) introduced in Equation (2)
and linearized for small z leads to the disturbance state-
space equations of motion:(

ż(t)
z̈(t)

)
= M(t)

(
z(t)
ż(t)

)
(7)

with M(t) =

 0 1
ω2

0
2
−

3ω2
0

2x2
0

xm(t)2 −ω0

Q
− β2

M (R + rL)


Where M(t) ∈ M2,2(R) is T-periodic with T = n/ω. The
resolvent matrix R(t, t0) ∈ M2,2(R) of Equation (7) is
introduced. It gives the relationship between the distur-
bance at t0 (initial conditions) and the disturbance at t
following:(

z(t)
ż(t)

)
= R(t, t0)

(
z(t0)
ż(t0)

)
(8)

with


∂R
∂t

(t, t0) = M(t)R(t, t0)

R(t + T, t0 + T) = R(t, t0)

With R(t, t0) ∈ M2,2(R). This resolvent matrix can be
numerically calculated for all t. Indeed, a numerical inte-
gration of Equation (7) from t0 to t for 2 initial conditions
corresponding to the 2 vectors of the standard basis of R2

leads to 2 vectors which completely define the resolvent
matrix:(

z1(t0)
ż1(t0)

)
=

(
1
0

)
numerical integration−−−−−−−−−−−−−−−→

from t0 to t of Equation (7)

(
z1(t)
ż1(t)

)
(

z2(t0)
ż2(t0)

)
=

(
0
1

)
numerical integration−−−−−−−−−−−−−−−→

from t0 to t of Equation (7)

(
z2(t)
ż2(t)

)


⇒ R(t, t0) =

[(
z1(t)
ż1(t)

)(
z2(t)
ż2(t)

)]
(9)

M(t) ∈ M2,2(R) is T-periodic so the Floquet Theory
[23] can be applied. Hence, it is possible to define a
constant matrix B ∈ M2,2(R) and a 2T-periodic matrix
Q(t, t0) ∈ M2,2(R) such that:

R(t, t0) = Q(t, t0)e−(t−t0)B (10)

The 2 complex eigenvalues of B are noted (λ1, λ2). As-
suming B is invertible, a constant and invertible matrix
P ∈ M2,2(C) can be defined such that:

R(t, t0) = Q(t, t0)P−1

(
e−λ1(t−t0) 0

0 e−λ2(t−t0)

)
P (11)

As Q(t, t0) is 2T-periodic and P is constant, then the sta-
bility condition of the steady-state behavior xm is directly
linked to the eigenvalues of B namely (λ1, λ2):

xm stable ⇔
{

Re(λ1) > 0

Re(λ2) > 0
(12)

Moreover, B is directly linked to the resolvent matrix
after a 2T integration:

R(2T, 0) = Q(2T, 0)e−2TB

= Q(0, 0)e−2TB

= e−2TB (13)

With R(2T, 0) calculable following Equation (9). The 2
complex eigenvalues of R(2T, 0) are noted (β1, β2) and
verify: {

β1 = e−2λ1

β2 = e−2λ2
(14)

The condition of stability of xm previously related to
(λ1, λ2) as stated in Equation (12) can hence be defined
with the eigenvalues of R(2T, 0) namely (β1, β2):

xm stable ⇔
{
|β1| < 1

|β2| < 1
(15)

In conclusion, the stability of a steady-state behaviorxm
is determined by the eigenvalues of the resolvent matrix
evaluated at (t = 2T, t0 = 0) thanks to a numerical
integration of Equation (7) from 0 to 2T for 2 initial
conditions corresponding to the 2 vectors of the standard
basis of R2.

III.3. Stability: analytical results

Figure 3 introduces the bistable harvester spectra ob-
tained with the Harmonic Balance method and the sta-
bility analysis described previously for the parameter
values listed in Table 1. The Fourier series responses are
truncated to N = 6 (the energy associated to the higher
harmonics being negligible compared to the lower ones).
Figure 3(a) details the mass displacement amplitude with
respect to the support for the different steady-state orbits
as a function of the ambient vibration frequency. Fig-
ure 3(b) details the phase of the excitation displacement
when the position of the mass reaches a maximum. Fig-
ure 3(c) shows the average harvested power only on the
stable orbits through the resistance R; the latter being
chosen to match the transducer internal resistance to max-
imized energy transfer. The expressions used to calculate
the data in those figures are detailed in Appendix A.

Six different behaviors are visible in Figure 3(a): one
low orbit (motion amplitude inferior to x0) and five high
orbits (motion amplitudes superior to x0). As low or-
bits are not interesting for vibration energy harvesting
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Figure 3: Bistable harvester analytical spectra for an excitation amplitude of 5 m.s−2: (a) orbits’ amplitude, (b) phase of the excitation displacement when the
position of the mass reaches a maximum and (c) average power harvested for stable orbits.

compared to high orbits, only the harmonic 1 low or-
bit is depicted as reference. The high orbit list is also
non-exhaustive. Considering that subharmonic high or-
bit amplitude globally decreases with its order (subhar-
monic n + 1 amplitude is smaller than subharmonic n
amplitude), the subharmonic high orbits with low orders
are more interesting for energy harvesting. For this rea-
son, Figure 3 does not present subharmonic orbits higher
than order 5.

From these analytical results, it is interesting to note
that the spectrum of the bistable harvester is much richer
compared to the spectrum obtained with a frequency
sweep characterization. Indeed, the frequency sweep
method, too smooth to allow orbit changes, only high-
lights the behaviors existing alone on certain frequency
ranges. Figure 3(a) confirms that the orbits presenting
this particularity are the most studied orbits, i.e., har-
monic 1 high orbit and harmonic 1 low orbit. All of the
subharmonics orbits are always coexisting with one of

these common orbits on their whole frequency range and
thus are not caught with a frequency sweep characteriza-
tion.

The phase of the excitation displacement when the
position of the mass reaches a maximum presented
in Figure 3(b) also suggests an interesting characteris-
tic of bistable oscillators. Indeed, for odd high orbits,
it increases monotonously with ambient vibration fre-
quency until π/2 which corresponds to the orbit cut-
ting frequency. For even high orbits, it also increases
monotonously with ambient vibration frequency until
π/4 which corresponds to the orbit cutting frequency.
This particularity has been first reported for the har-
monic 1 orbit by Harne et al. [24] and is here extended
to subharmonic behaviors. An analogy can be made
with linear oscillators which also present an increasing
phase until π/2, which corresponds to the resonance
peak. However, in the case of linear oscillators, the phase
then keeps on increasing and tends toward π without
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any discontinuity (i.e., without cutting frequency). This
aspect of bistable oscillators is helpful for experimental
characterization as it may confirm or not if the theoret-
ical high orbits cutting frequency has been effectively
reached during the experiments.

Finally, it can be seen in Figure 3(a) that subharmonic 3
frequency range is not entirely included in harmonic 1
high orbit’s one. Thus, this behavior is a good candi-
date to enhance the global frequency bandwidth of the
bistable harvester. However, when considering orbit
stability only, the average harvested power on subhar-
monic 3 behavior (with a maximum of 416 µW) is rela-
tively small compared to harmonic 1 behavior (with a
maximum of 1.61 mW).

IV. A novel criterion: the stability
robustness

Previous results indicates that exploiting subharmonic
behaviors may not be so interesting since the harvestable
power on harmonic 1 orbit is theoretically much larger
than subharmonics one, and the bandwidth enhance-
ment offered by subharmonic 3 is rather limited (15 Hz
extension). However, experiments show that the stable
high orbits are not all equivalent, being more or less
easy to reach and maintain. The orbit stability criteria
defined in the previous section is calculated for a small
disturbance inducing infinitesimal variation around the
steady-state response. But, among stable high orbits,
when the disturbance is increased, some remain stable
and others become unstable, which actually induces a
drop to harmonic 1 low orbit. In particular, the maxi-
mal power point of the harmonic 1 response cannot be
practically reached. In order to take into account this
phenomenon, a new criterion is analytically introduced
and presented, namely the stability robustness. It indi-
cates the sensitivity of stable high orbits to disturbances
of different levels. Hence, for low stability robustness,
the high orbit will no longer be considered as suitable for
energy harvesting because of the difficulty to reach and
maintain over time. In this section, the stability robust-
ness is calculated for all the steady-state high orbits xm
defined as stable with the small disturbances criterion
defined in the previous section.

The idea of the stability robustness analysis is to dis-
turb the stable high orbit with a certain amount of energy
(added or removed to the system). Then, the minimum
of this energy needed to destabilize the high orbit deter-
mine its robustness. The greater this energy, the more
robust the orbit. The energy used to disturb the steady-
state high orbit is a kinetic energy defined by a speed Λ
added to the speed of the mass at t = t0 (Λ can be posi-
tive or negative). Similarly to the previous section, the
response is decomposed into 2 signals: the steady-state
high orbits xm and a transient term z reflecting the distur-
bance. The speed added to the speed of the mass is then

represented by the initial conditions of the disturbance
signal z: (

z(t0)
ż(t0)

)
=

(
0
Λ

)
(16)

If |Λmin| is the minimum speed leading to instability,
the stability robustness is defined as the corresponding
kinetic energy normalized by the mean energy brought
by the excitation to the mass per period of excitation:

Robustness =

1
2

MΛ2
min

Eexcitation
(17)

with Eexcitation = − 1
n

∫ T

0
MA cos(ωt)ẋmdt

With T the period of the subharmonic n behavior xm
under study. The followings present the method leading
to the determination of |Λmin| which is based on a math-
ematical method known as bootstrap method [18, 19]. In
the same way as in the previous section, Equation (6)
is introduced in Equation (2) but z is not anymore con-
sidered as small compared to xm so that linearization
cannot be considered. Then, the disturbance state-space
equation of motion becomes:

(
ż(t)
z̈(t)

)
= M(t)

(
z(t)
ż(t)

)
︸ ︷︷ ︸

linear term

+

 0

−
3ω2

0
2x2

0
xm(t)z(t)2 −

ω2
0

2x2
0

z(t)3


︸ ︷︷ ︸

non linear term
(18)

Note that the evolution of the disturbance z is linked to
xm through the matrix M. Thus, for all t, the disturbance
state can be written as follow:(

z(t)
ż(t)

)
= R(t, t0)

(
0
Λ

)
(19)

+
∫ t

t0

R(t, s)

 0

−
3ω2

0
2x2

0
xm(s)z(s)2 −

ω2
0

2x2
0

z(s)3

 ds

With R(t, t0) defined by Equation (8) and Equation (10).
As the steady-state high orbits xm studied here are stable
with the small disturbances criterion, hence the two com-
plex eigenvalues (λ1, λ2) of B have positive real parts as
stated in Equation (12). The variable λ is introduced as
the minimum of (λ1, λ2) real parts:

λ = min(Re(λ1), Re(λ2)) (20)

A reductio ad absurdum is conducted to determine Λmin
considering the following hypothesis H:

H = ∀δ > 0, ∃τ > t0 :
(
∀t ∈ [t0, τ], |z(t)| 6 δe−λ(t−t0)

)
︸ ︷︷ ︸

H1

∩
(
∀t ∈]τ,+∞[, |z(t)| > δe−λ(t−t0)

)
︸ ︷︷ ︸

H2
(21)
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H true implies H2 true which implies that the distur-
bance tends toward infinity with time meaning that the
steady-state behavior is unstable for Λ. The negation of
H is:

H = ∃δ > 0 : ∀τ > t0,
(
∃t ∈ [t0, τ] : |z(t)| > δe−λ(t−t0)

)
︸ ︷︷ ︸

H3

∪
(
∃t ∈]τ,+∞[: |z(t)| 6 δe−λ(t−t0)

)
︸ ︷︷ ︸

H4
(22)

H3 is always wrong for τ = t0. Hence H wrong implies
H4 true which implies in turn that the disturbance tends
toward zero with time hence meaning that the steady-
state behavior is stable for Λ. In the following, H is
assumed as true. From the disturbance continuity, it can
be deducted that:

|z(τ)| = δe−λ(τ−t0) (23)

On another hand, all the components of the resolvent ma-
trix eλ(t−t0)R(t, t0) can be upper bounded independently
of time:

R(t, t0) = Q(t, t0)P−1

(
e−λ1(t−t0) 0

0 e−λ2(t−t0)

)
P (24)

Thus,

eλ(t−t0)R(t, t0) = (25)

Q(t, t0)︸ ︷︷ ︸
2T periodic

P−1

(
e(λ−λ1)(t−t0) 0

0 e(λ−λ2)(t−t0)

)
P︸ ︷︷ ︸

Periodic or decreasing with time

Hence, for a given t0, each component of the matrix
eλ(t−t0)R(t, t0) admits a maximum which occurs for t ∈
[t0; t0 + 2T]. Using the periodic propriety of the resolvent
matrix R(t + T, t0 + T) = R(t, t0) seen in Equation (8)
then each component of the matrix eλ(t−t0)R(t, t0) admits
a maximum which occurs for t ∈ [t0; t0 + 2T] with t0 ∈
[0; T]. Such a consideration leads to:

∀(t, t0), ∀(i, j) ∈ [[1; 2]]2,[
R(t, t0)

]
(i,j) 6 e−λ(t−t0)

[
C
]
(i,j)

(26)

With [
C
]
(i,j)

= max
t0∈[0,T]

t∈[t0,t0+2T]

∣∣∣eλ(t−t0)
[
R(t, t0)

]
(i,j)

∣∣∣ (27)

C ∈ M2,2(C) is a constant matrix independent from t and
t0 and can be calculated from Equation (9). Equation (19)
evaluated at τ yields:

z(τ) = Λ
[
R(τ, t0)

]
(1,2) + (28)∫ τ

t0

[
R(τ, s)

]
(1,2)

(
−

3ω2
0

2x2
0

xm(s)z(s)2 −
ω2

0
2x2

0
z(s)3

)
ds

In this equation, only the component (1, 2) of the resol-
vent matrix appears. The left side of this equation is
replaced by Equation (23). For its right side, the compo-
nent (1, 2) of the resolvent matrix is upper bounded using
Equation (26) and the perturbation z is upper bounded
using Equation (21) leading to:

δe−λ(τ−t0) 6 Λe−λ(τ−t0)
[
C
]
(1,2)

(29)

+
3ω2

0
2x2

0
δ2
[
C
]
(1,2)

∫ τ

t0

e−λ(τ−s)xm(s)e−2λ(s−t0)ds

+
ω2

0
2x2

0
δ3
[
C
]
(1,2)

∫ τ

t0

e−λ(τ−s)e−3λ(s−t0)ds

Hence,

δ 6 Λ
[
C
]
(1,2)

(30)

+
3ω2

0
2x2

0
δ2
[
C
]
(1,2)

∫ τ

t0

xm(s)e−λ(s−t0)ds

+
ω2

0
2x2

0
δ3
[
C
]
(1,2)

∫ τ

t0

e−2λ(s−t0)ds

Thus,

δ 6 Λ
[
C
]
(1,2)

(31)

+
3ω2

0
2x2

0
δ2
[
C
]
(1,2)

Ψ

+
ω2

0
4λx2

0
δ3
[
C
]
(1,2)

Where the exact expression of Ψ is given in Appendix B.
Thus:

∀δ > 0, 0 6 C− δ + Bδ2 + Dδ3︸ ︷︷ ︸
f (δ, Λ)

(32)

With 

D =
ω2

0
4λx2

0

[
C
]
(1,2)

B =
3ω2

0
2x2

0

[
C
]
(1,2)

max
t0∈[0,T]

|Ψ|

C = Λ
[
C
]
(1,2)

f (δ, Λ) is a 3 order polynomial in δ admitting a single
minimum for δ > 0 referred as δ0 defined as:

δ0 =
−B +

√
B2 + 3D

3D
(33)

If f (δ0, Λ) is positive then Equation (32) is verified for
all δ so the hypothesis H is true meaning the steady-
state behavior is unstable. If f (δ0, Λ) is negative then
Equation (32) is not verified for all δ so the hypothesis
H is wrong meaning the steady-state behavior is stable.
Thus, the boundary between stability and instability for
the steady-state high orbit xm is reached for the speed
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disturbance |Λmin| respecting f (δ0, Λmin = 0). Hence
the stability robustness criterion is defined as:

Robustness =

1
2

MΛ2
min

Eexcitation
(34)

With 
Eexcitation = − 1

n

∫ T

0
MA cos(ωt)ẋmdt

Λmin =
δ0 − Bδ2

0 − Dδ3
0[

C
]
(1,2)

(35)

Λmin is the minimum speed disturbance inducing in-
stability of the stable high orbit under consideration,
Eexcitation is the mean energy brought by the excitation
to the mass per period of excitation and T is the period
of the subharmonic n behavior xm under study. The sta-
ble high orbits with a low stability robustness become

unstable and drop to harmonic 1 low orbit for low en-
ergetic disturbances and thus are harder to reach and
maintain over time. This criterion, which quantify the
robustness of the stability for bistable harvesters is there-
fore useful to evaluate if the high orbits defined as stable
with the common small disturbances criterion are easy
to reach and maintain leading to their energy harvesting
suitability.

Figure 4(c) introduces the stability robustness calcu-
lated for the stable high orbits exposed in the previous
section. Those orbits are recalled in Figure 4(a) with the
amplitude spectrum and in Figure 4(b) with the phase
of the excitation displacement when the position of the
mass reaches a maximum.

The stability robustness presented confirms the exper-
imental observations: the stable high orbits are not all
equally sensitive to disturbances. It can be seen that
even subharmonic behaviors are far less robust than odd

Figure 4: Bistable harvester analytical spectra showing stable high orbits for an excitation amplitude of 5 m/s2 including the new criterion of stability robustness
indicating their sensitivity to disturbances: (a) amplitude, (b) phase of the excitation displacement when the position of the mass reaches a maximum and (c)
stability robustness.
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subharmonic ones. Hence, reaching and maintaining
even subharmonic behaviors over time will be more com-
plicated than odd subharmonic behaviors, which make
them less interesting for energy harvesting purpose. In
the same way, the stability robustness of odd subhar-
monic behaviors is not constant on their whole frequency
range. Globally, the robustness decreases as the work-
ing point approach the cutting frequency (for a phase
of the excitation displacement equal to π/2 when the
position of the mass reaches a maximum). Harne et al.
[17] also reported a similar shape for the robustness of
harmonic 1 high orbit with a different approach to calcu-
late the robustness (adding more or less excitation noise
to the orbit). The total frequency ranges found for odd
subharmonic stable orbits might therefore not be robust
enough for energy harvesting. More importantly, it can
be seen that harmonic 1 is much less robust than other
considered odd harmonics on a wide frequency band,
especially in region where it magnitude is high. There-
fore, the associated maximum power will not be easily
reached (and may actually not be reached at all in real ap-
plications). This result also highlights the actual interest
of subharmonic behavior (especially subharmonic 3).

From the stability criterion, a threshold can then be
defined for the stable high orbit’ robustness to only keep
the behaviors robust enough for energy harvesting on a
long time period.

V. Experimental analysis

The previous developments and analyses pointed out
the importance of stability robustness for evaluating the
true energy harvesting capabilities of nonlinear bistable
harvesters, as well as the impact of this criterion on the
actual interest of subharmonic behaviors. In order to
validate these findings, the present section proposes to
experimentally evaluate the performance of an electro-
magnetic bistable harvester.

V.1. Experimental setup and identification

Figure 5 shows the experimental setup. The bistable
oscillator prototype is made of a brass mass and 2 steel
thin beams. The brass mass, itself composed by 3 brass
cubes, holds the steel beams in parallel. Those beams are
then linked to 2 aluminum supports, situated on both
side ends. One support is embedded to the main frame
and one is able to translate in the beam direction. A
micrometer screw linked to the main frame allows to
push this translating supports and to buckle the beams
thus creating bistability. The translating support is then
fixed during experiment. For symmetry reasons, 2 mag-
nets have been placed on each side of the mass. One
of them, coupled to a coil connected to a resistance,
enables energy conversion. For optimized energy con-
version, the resistance value has been set to be equal to

Figure 5: Bistable harvester prototype and experimental setup.

Table 2: Bistable generator prototype dimensions.

Element Value Unit

Inertial mass
(3 brass cubes and 2 magnets) 30 g
Brass cube dimensions (each) 10× 10× 10 mm3

Steel beam dimensions (each) 28× 10× 0.1 mm3

Buckling distance reduction 1.5 µm
Mass stable position ±0.29 mm
Coil internal resistance 18 Ω

the coil internal resistance (impedance matching). For
a given excitation acceleration and frequency, an orbit
jump phenomenon can also be obtained thanks to this
electromagnetic transducer, through the creation of a
force pulse on the bistable oscillator’s mass by applying
a voltage pulse on the coil. The dimensions of all the
elements are presented in Table 2. The buckling coef-
ficient of the bistable oscillator is defined by the ratio
between the stable position x0 and the beams length.
The chosen value of this coefficient in this experimental
analysis is quite low ( 1%) in order to allow high orbits
for acceleration accessible during the experiment (here 5
m.s−2) and representing typical application conditions.
This low buckling coefficient also confirms the validity
of the Duffing-type mechanical equation to predict the
bistable oscillator behaviors.

The bistable harvester prototype is attached to an elec-
trodynamic shaker driven through a feedback loop im-
plemented in a real time controller (DSPace) to impose
a constant amplitude sinusoidal acceleration excitation.
A differential laser vibrometer measures the relative dis-
placement of the mass with respect to the frame. The
following process is then applied to explore the bistable
harvester’s spectra: (1) the excitation amplitude accelera-
tion is set-up for the entire experience; (2) an excitation
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frequency is chosen; (3) rectangular voltage pulses of
5 ms of different amplitudes (10 to 50 V) and with various
phases are sent to the coil possibly creating orbit jump
phenomena; (4) once the orbit under study is reached,
the excitation frequency is changed (up or down) slowly
and smoothly (the acceleration and its derivatives are
kept continuous when changing the frequency) to pre-
vent another orbit jump phenomena; a change in the
behavior during this step means that the studied orbit
does not exist at this new frequency, or that the behavior
is not robust enough to be maintained over time; (5) if
the bistable harvester behavior is kept after the frequency
change, the average harvested power is calculated from
the voltage measured at the terminals of the resistance
connected to the coil (P = v2

rms/R).

The parameters of the bistable harvester mathematical
model summarized in Equation (2) are measured for this
prototype. Particularly, for small displacements around
an equilibrium position, Equation (2) becomes:

∆ẍ + ω2
0∆x +

(
ω0

Q
+

β2

M (R + rL)

)
∆ẋ = −A cos(ωt)

(36)
With {

x = x0 + ∆x

∆x << x0
(37)

Hence, under such conditions and as reported by Liu et al.
[20], the bistable harvester behaves like a linear harvester
around its stable positions. In this particular condition,
ω0 is the natural frequency of the system which can be
determined by measuring its response to a small sharp
shock. Two parameters remain to be determined: the
quality factor and the stability robustness threshold un-
der which orbits will be considered as non-suitable for
energy harvesting. The identification of those 2 param-
eters need 2 measurements. The quality factor mostly
influences the phase of the excitation displacement when
the position of the mass reaches a maximum. The stabil-
ity robustness threshold mostly influence the frequency
range limits of the behaviors (acting on the observable
cutting frequency). The upper limit of the frequency
range of subharmonic 3 behavior has been chosen to
identify those 2 parameters. The quality factor has been
set to match the phase of the excitation displacement
when the position of the mass reaches a maximum for
this particular behavior. Similarly, the stability robust-
ness threshold has been set to match the frequency limit
of this subharmonic. All the parameters of the bistable
prototype are summarized in Table 1.

V.2. Results and discussion

Experimental results are depicted in Figure 6 and com-
pared to the analytical model predictions for stable high
orbits. Figure 6(a)-(b)-(c) respectively represent their am-
plitude, phase of the excitation displacement when the
position of the mass reaches a maximum and stability

robustness. For the analytical curves of those figures, a
separation is made between orbits robust enough and not
robust enough for energy harvesting based on the stabil-
ity robustness analysis. Analytical high orbits which have
a stability robustness under the threshold are considered
as non-suitable because of their high sensitivity to exter-
nal disturbances. Those orbits are thus difficult to reach
and maintain over time. Figure 6(d) presents the average
harvested power corresponding to the stable high orbits
which are robust enough for energy harvesting purpose.

Three different high orbits have been considered,
reached and could be maintained over time during the ex-
perience: harmonic 1, subharmonic 3, and subharmonic 5
orbits. The frequency ranges found for these orbits are re-
spectively 20-60 Hz, 65-165 Hz and 91-130 Hz. The phase
of the excitation displacement when the position of the
mass reaches a maximum increases with the frequency
to respectively π/25, π/4 and π/4 at the experimental
cutting frequency.

Experimental results and analytical predictions are in
good agreement, which confirms the pertinence of the
Duffing-type model and the pertinence of the novel cri-
terion of stability robustness introduced in this article.
The proposed stability robustness evaluation can indeed
be used to evaluate the performance of bistable energy
harvesters, while a more classical stability analysis may
lead to an overestimation of the working ranges and
amplitudes. Indeed, the experimental measurements of
the phase of the excitation displacement when the po-
sition of the mass reaches a maximum show that the
theoretical cutting frequency predicted by the classical
stability analysis (happening at π/2) is not reached. The
harmonic 1, subharmonic 3 and subharmonic 5 orbits’
frequency ranges respectively end at 60 Hz, 165 Hz and
130 Hz for phases of π/25, π/4 and π/4. Hence, this ob-
servation confirms that the common small disturbances
stability study is not sufficient to analytically describe
the bistable harvester, while experimental and analytical
results agreement is obtained once the new notion of sta-
bility robustness is included in the analysis. The stability
robustness is even more critical for harmonic 1, as the
limit of the high orbits yields an absolute phase that is
much smaller than π/2, which could be explained by the
large displacement obtained when using this behavior.

The even subharmonic orbits are confirmed to be not
robust enough to be reached and maintained over time
(those orbits have not been found experimentally) and
are then logically considered as non-suitable for energy
harvesting. Subharmonic 5 orbit presents low average
harvested power (maximum of 30 µW at 130 Hz) com-
pared to harmonic 1 and subharmonic 3 orbits and does
not involve any benefit on the bandwidth in the consid-
ered example.

A few more particular remarks can then be done that
confirm preliminary conclusions drawn from the theoret-
ical analysis. First, it can be noted that the harmonic 1
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Figure 6: Bistable harvester experimental and analytical spectra showing stable high orbits for an excitation amplitude of 5 m/s2 including the new criterion of
stability robustness indicating their sensitivity to disturbances: (a) amplitude, (b) phase of the excitation displacement when the position of the mass reaches a
maximum, (c) stability robustness and (d) average harvested power.

behavior is less interesting than what a classic small dis-
turbances stability study suggests. Its total frequency
range is here almost divided by 3 (20-160 Hz with the
classical stability analysis and 20-70 Hz with the stability
robustness analysis). On the opposite, the subharmonic 3
behavior is more robust than harmonic 1 behavior and its
frequency range is less affected (60-190 Hz with the clas-
sical stability analysis and 60-160 Hz with the stability
robustness analysis). Moreover, the maximum average
power harvested on those behaviors are close to each
other (412 µW for harmonic 1 orbit and 269 µW for sub-
harmonic 3 orbit).

The efficiency of the prototype have been calculated as
the ratio between the ratio between the mean harvested
power and the mean power given by the source to the
mass. It has been found constant and equal to 10% on the
whole frequency range of both harmonic 1 behavior and
subharmonic 3 behavior. Even if this efficiency is under
the optimum of 50% [2], it shows again the pertinence
of subharmonic 3 behavior which presents the same
efficiency as the harmonic 1 behavior.

Those experimental and analytical results confirm the
observations made in the authors’ experimental article
[15] the subharmonic 3 behavior is an interesting support
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to harmonic 1 behavior to enhance the global operating
frequency bandwidth of the bistable harvester for vibra-
tional energy harvesting. Hence, under the experimental
conditions, the bistable prototype can harvest more than
100 µW on a 70 Hz frequency band with the combination
of these 2 orbits compared to a 25 Hz frequency band
with the sole harmonic 1 orbit, corresponding to a 180%
increase of the useful frequency range.

VI. Conclusion

A complete analytical analysis has been done for bistable
harvesters to predict the different possible steady-state
behaviors as a function of the ambient frequency. A par-
ticular attention has been put on subharmonic behaviors
for which the mass moves n time slower than the ex-
citation (with n a natural number) and their ability to
support the common harmonic 1 behavior for further en-
hancing the broadband energy harvesting ability. After
applying classical analytical method such as Harmonic
Balance method and small disturbances stability analysis,
a new criterion has been introduced, namely the stability
robustness. Indeed, the stable orbits are not all equiva-
lent being more or less easy to reach and maintain over
time. Thus, to include this aspect, the stability robustness
indicates the stable orbits sensitivity to disturbances of
higher levels. For low stability robustness, the orbits
will no longer be considered as suitable for energy har-
vesting because too sensitive to disturbances for being
maintain in time. Finally, an experimental analysis has
been conducted to validate the theoretical assumptions.

The experimental results confirm the pertinence of the
stability robustness criterion showing good agreement
with the analytical predictions. The experimental and
predicted behaviors’ frequency ranges of the bistable har-
vester match only once the stability robustness is added
to the small disturbances stability analysis. Then, sub-
harmonic 3 behavior appears to be of significant interest
for enhancing the global operating frequency range of
bistable energy harvesters. It has been found that the
bistable prototype harvests more than 100 µW on a 70 Hz
frequency band with the combination of harmonic 1 and
subharmonic 3 orbits compared to a 25 Hz frequency
band with the sole harmonic 1 orbit, leading to a 180%
increase in the effective bandwidth.

This study having established the analytical analysis of
the subharmonic behaviors and their stability robustness
in realistic conditions for energy harvesting, future work
should focus on the effect of the bistable generator pa-
rameters (especially M, x0, ω0, R) on those subharmonic
behaviors for optimization purposes. Moreover, as some
of those behaviors coexist with low orbits which are not
interesting for energy harvesting, future work should
also focus on techniques to ensure that they will be auto-
matically reached whenever it is possible.

Appendix

Appendix A

T-periodic response

xm(t) = am0 +
N

∑
k=1

{
amk cos

(
k

ω

n
t
)
+ bmk sin

(
k

ω

n
t
)}

Amplitude displacement

1
2

(
max

t∈[0,T]
(xm(t))− min

t∈[0,T]
(xm(t))

)
Phase

π − n
(

tan−1 (−bm1/am1) + π(if am1 < 0)
)

Mean harvested power

mean
t∈[0,T]

(
β2

R + rL
ẋ2

m

)

Appendix B

Ψ =
N

∑
k=1

ask

λ2 + ω2
k
(λ cos(ωkt0)−ωk sin(ωkt0))

+
N

∑
k=1

bsk

λ2 + ω2
k
(λ sin(ωkt0) + ωk cos(ωkt0))

With
ωk = kω/n

Errata

The following points have been corrected compared to
version published in Applied Energy:

• correction in the calculation of the phase. The pre-
vious version showed the phase of the mass dis-
placement when the excitation reaches a maximum
instead of the phase of the excitation displacement
when the position of the mass reaches a maximum.
The latter is indeed the most relevant to characterize
the bistable behaviors. This phase is generally pos-
itive (contrary to the phase shown in the previous
version): the frame displacement is ahead of the
mass displacement. If this phase is zero, then the
displacement of the excitation reaches a maximum
when the position of the mass reaches a maximum.
If this phase is π, then the displacement of the exci-
tation reaches a minimum when the position of the
mass reaches a maximum. Figures 3, 4 and 6 have
been corrected.

• correction of Equation (7): the top right term of the
matrix M has been changed from 2 to 1.
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