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Vlotivations

Rigorously identified sudgrid dynamics effects
Injecting likely small-scale dynamics

Studying bifurcations and attractors

* Climate projections

Quantification of modeling errors
* Ensemble forecasts and data assimilation
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Stochastic transport



Usual random CFD
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Random parameters,
boundary conditions, forcing

Random initial conditions

Arbitrary Gaussian forcing

Averaging, homogenization

Mori-Zwanzig, MSM

SPPT, SKEBS + inflation

Other (complementary) issues

Underdispersive
+ need large ensemble

Adding energy
+ wrong phase

Assumptions and fitting issues

Increase dimension

Not physically-based, ad hoc tuning needed,
increase dimension, stability issues
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Variance
tensor:
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Stochastic Navier-Stokes
SALT vs LU



Comparison

Scalar

(e.g. SQG) |dentical

Navier-Stokes 2 differences

Vorticity 2 differences

Kinetic energy V x
conservation

Helicity

(& 2D enstrophy) x V

conservation
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Navier-Stokes LU

Stochastic
transport
of lto drift

Dw
Dt

Pressure

1
——Vp
P
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Navier-Stokes LU

Stochastic

transport

of Ito drift Pressure

Dw 1 v
—f[—— VP

Dt 0

Y

Conserve (lto) kinetic energy
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Navier-Stokes SALT
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Navier-Stokes SALT

Stochastic
transport of
Stratonovich drift

Dw?™
Dt

Pressure

1
—ZVp
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Navier-Stokes SALT

Stochastic
transport of
Stratonovich drift

Additional term Pressure
Dw™ 1 v
—— VP
Dt P

Conserve (Stratonovich) helicity
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A word about
reduced order models LU

Very fast simulation of very complex system (e.g. for industrial application)

Physical model (PDE) simplified using observations

Forecast of
reduced models LU

Rigorous and low-cost estimators
Stabilization of the unstable modes
Maintain variability of stable modes

Uncertainty quantification

15

State of art

* Possible parametrization with
eddy viscosity

* Impossible to parametrize with
additional dissipation
Need ad hoc closure like MQG

(Sapsis and Majda, 2013a,b,c)



Part 1

Unresolved velocity
parametrisation

Code available online

16



Large scales:

- Parameter-free models for O

Small scales:
oB

Cotter et al. Resseguier et al.

Variance
tensor:

2018b 2017b

a=a(x,x)=

E{ocdB (¢dB)"}
dt

LU & SALT

Applicable to : LU & SALT

Homogeneous No Yes

Stationary Yes Not anymore

Self-similar NG Ves

assumption

Data-driven Yes No
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Large scales: Cotter et al. 2018b:

= Karhunen-Loéve
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Variance
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Large scales: Cotter et al. 2018b:
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Large scales:
w

Small scales:
oB

Variance
tensor:
a=a(x,x)=

E{ocdB (cdB)"}
dt

Cotter et al. 2018Db:

Karhunen-Loeve
decomposition (EOF)

n iid
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- motion

weighted
EOFs learned
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Large scales: Cotter et al. 2018b:

= Karhunen—Loéve
Small scales: .
e decomposition (EOF)
Variance
tensor: iid
e odB; = ) dW;(t 4— Brownian
L motion
weighted
EOFs learned
on data

PCAon: AXj(x) th tk+At( )| th tk+At(x)

Flow from high- Flow from low-
resolution velocity resolution velocity
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Large scales: (imprOvement Of)

w ' [ ]
Resseguier et al. 2017b;
Small scales: . .
oB Self-similar model
Variance
tensor:
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dt
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Large scales: (improvement Of)

w " [ |
Resseguier et al. 2017b;
Small scales: . .
o B3 Self-similar model
Variance
tensor: Absolute Diffusivity . . —3/271/2
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—— Bias EOF

—&— Estim. error Self.Sim.
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Ensemble :

uncertainty quantification
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Unresolved velocity
non-stationary heterogeneity
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Small scales: mOdU‘athn Of 0-
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Variance
tensor:

a=a(x,x)=

E{ocdB (¢dB)"}
dt

Absolute diffusivity by scale

\'

N |

%10 t =17 day Spectrum
| 1010F
8t . - - O

[
1
1
1
1
T

27



Large scales: HeterOgeﬂeOUS

w

Small scales: mOdU‘athn Of 0-
o B (for Resseguier et al. 2017b)

Variance
tensor:

a=a(x,x)=

E{ocdB (¢dB)"}
dt

Absolute diffusivity by scale

\'

N |

%10 t =17 day Spectrum
| 1010F
8t . - - O

[
1
1
1
1
T

27



Large scales: HeterOgeﬂeOUS

w

Small scales: mOdU‘athn Of 0-
o B (for Resseguier et al. 2017b)

Variance
tensor:

a=a(x,x)=
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dt
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Large scales: HeterOgeﬂeOUS

w

Small scales: mOdU‘athﬂ Of 0-

o8 (for Ressequier et al. 201/7b)  |Dynamics
(1/3 for SQQG)
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Large scales: HeterOgeﬂeOUS

w

Small scales: mOdU‘athﬂ Of 0-

o8 (for Ressequier et al. 201/7b)  |Dynamics
(1/3 for SQQG)

Variance
tensor:
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el A(k,z) = E(k,2)7(k,z) = 63 2EY2%(k, 2) =
dt

T) @

Learned on
large scales at each time t

Absolute diffusivity by scale

~

% 10° t =17 day Spectrum
1010 PR |
I 1 - - |

[
1
1
1
1
T




Deterministic 1024 x 1024

Heterogenous modulation

Stochastic 128 x128
with Homogeneous
small-scale velocity

SN\ 2

28

Stochastic 128 x128
with Energy-flux-based
modulation




Deterministic 1024 x 1024

Heterogenous modulation

Stochastic 128 x128
with Homogeneous
small-scale velocity

28

Stochastic 128 x128
with Energy-flux-based
modulation




Deterministic 1024 x 1024

Heterogenous modulation

Stochastic 128 x128
with Homogeneous
small-scale velocity

28

Stochastic 128 x128
with Energy-flux-based
modulation




P&

Deterministic 1024 x 1024

' Heterogenous modulation

Stochastic 128 x128
with Homogeneous
small-scale velocity

Stochastic 128 x128
with Energy-flux-based
modulation




Conclusion



Conclusion

Stochastic transport (in LU & SALT) blindly describes
unresolved triades

LU conserves kinetic energy / SALT conserves helicity

For the small-scale velocity parametrisation,

both the data-driven (Cotter et al. 2018b) and the selt-
similar method (Resseguier et al. 2017b)

lead to accurate uncertainty quantification

(to address filter divergence)

Energy-tlux modulation improves the simulations

30 V. Resseguier - valentin.resseguier@scalian.com
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