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LIPSCHITZ REGULARITY FOR
ORTHOTROPIC FUNCTIONALS
WITH NONSTANDARD GROWTH CONDITIONS

PIERRE BOUSQUET AND LORENZO BRASCO

ABSTRACT. We consider a model convex functional with orthotropic structure and super-quadratic nonstan-
dard growth conditions. We prove that bounded local minimizers are locally Lipschitz, with no restrictions
on the ratio between the highest and the lowest growth rate.
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1. INTRODUCTION

1.1. Overview. We pursue our study of the gradient regularity for local minimizers of functionals from the
Calculus of Variations, having a structure that we called orthotropic. We refer to our previous contributions
[2, 3, 4, 5] and [6], for an introduction to the subject.

More precisely, we want to expand the investigation carried on in [6], by studying functionals of the form

/f(Vu) dz, f:RY - R convex,
which couple the following two features

orthotropic structure and nonstandard growth conditions.

2010 Mathematics Subject Classification. 35J70, 35B65, 49K20.
Key words and phrases. Nonstandard growth conditions, degenerate elliptic equations, Lipschitz regularity, orthotropic
problems.
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The first one means that we require

N
f(z) = Z fi(zi), with f; : R — R convex,
i=1
while the second one means that
l2[P =15 f(z) S 2" + 1, with 1 < p < q.

As we will see, these two features give rise to one of the most challenging type of functionals, at least if one
is interested in higher order regularity of local minimizers, i.e. regularity of their gradients.

Let us be more specific on the type of functionals we want to study. We take a vector p = (p1,...,pnN)
with 2 < p; < --- < py. Let Q € RN be an open set. For every u € Wlicp(Q) and every Q' € (), we consider
the orthotropic functional with nonstandard growth

N
1
Solu, Q) = — / Uy, PP dox.
o) =320 [ |
We say that u € WI})J’(Q) is a local minimizer of §p if
Fp(u, Q) < Fp(v, ), for every v —u € WyP(€)  and every Q' € Q.

Here WP and VVO1 P are the classical anisotropic Sobolev spaces, defined for an open set £ C RV by
W'P(E)={uec LY(E) : u,, € LP"(E),i=1,...,N},
and
Wy P(E) = WHP(E) N Wy (E).

It is easy to see that a local minimizer of §), is a local weak solution of the following quasilinear equation
with orthotropic structure

pi—2 _
[P um) =0.
T

(L1) (e

i=1
It is well-known that local minimizers of functionals like §p above can be unbounded if the ratio

PN
P

is too large, see the celebrated counter-examples by Giaquinta [21] and Marcellini [28, 29, 30] (see also Hong’s
paper [23]). In Western countries, the regularity theory for non degenerate functionals with nonstandard
growth was initiated in the seminal papers [28, 29] by Marcellini. For strongly degenerate functionals,
including the orthotropic functional with nonstandard growth §p introduced above, the question has been
addressed in the Russian litterature, see for example the papers [24] by Kolodii, [25] by Koralev and [34] by
Uralt’seva and Urdaletova.

However, in spite of a large number of papers and contributions on the subject, a satisfactory gradient
regularity theory for these problems is still missing. Some higher integrability results for the gradient have
been obtained for example in [18, Theorem 2.1] and [17, Theorem 5]. In any case, we point out that even the
case of basic regularity (i.e. C%® estimates and Harnack inequalities) is still not completely well-understood,
we refer to the recent paper [1] and the references therein.
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1.2. Main result. In this paper, we are going to prove that bounded local minimizers of our orthotropic
functional §p are locally Lipschitz continuous. We point out that no upper bounds on the ratio

PN
D1 ’
are needed for the result to hold.

Theorem 1.1. Letp = (p1,...,pn) be such that 2 <p; < --- <pn. LetU € I/Vlif(ﬂ) be a local minimizer
of §p such that
Ue L. ().

loc

Then VU € L2 ().

Remark 1.2 (L* assumption). Sharp conditions in order to get U € Ly, can be found in [20, Theorem 1]
by Fusco and Sbordone, see also [19, Theorem 3.1] and the papers [11, 12] by Cupini, Marcellini and Mascolo
for the case of more general functionals. Pioneering results are due to Kolodii, see [24]. We also mention the
recent paper [16] by DiBenedetto, Gianazza and Vespri, where some precise a priori L™ estimates on the
solution are proved, see Section 6 there.

Remark 1.3 (Comparison with previous results). Some particular cases of our Theorem 1.1 can be traced
back in the literature. We try to give a complete picture of the subject.

The first one is [34, Theorem 1] by Uralt’seva and Urdaletova, which proves local Lipschitz regularity for
bounded minimizers, under the restrictions

p1 >4 and PN o

4!
The method of proof of [34] is completely different from ours and is based on the so-called Bernstein’s
technique. We refer to [3] for a detailed description of their proof.

More recently, Theorem 1.1 has been proved in the two-dimensional case N = 2 by the second author in
collaboration with Leone, Pisante and Verde, see [6, Theorem 1.4]. In this case as well, the proof is different
from the one we give here, the former being based on a two-dimensional trick introduced in [3, Theorem A].
Still in dimension N = 2, Lindqvist and Ricciotti in [27, Theorem 1.2] proved C! regularity for solutions
of (1.1), by extending to the case of nonstandard growth conditions a result of the authors, see [2, Main
Theorem].

In the standard growth case, i.e. when p; = --- = py = p, local Lipschitz regularity has been obtained
in [4, Theorem 1.1]. As we will explain later, the result of [4] is the true ancestor of Theorem 1.1, since the
latter is (partly) based on a generalization of the method of proof of the former. An alternative proof, based
on viscosity methods, has been given by Demengel, see [14].

In [13], the same author extended her result to cover the case p; < py, under the assumptions

pNn <p1+ L

The result of [13, Corollary 1.2] still requires p; > 2 and applies to continuous local minimizers.

Finally, Lipschitz regularity for solutions of (1.1) has been claimed in the abstract of [8]. However, a
closer inspection of the assumptions of Theorem 1.2 there (see [8, equation (1.2)]) shows that their result
does not cover the case of (1.1).

Remark 1.4 (A paper by Lieberman). The reader who is familiar with this subject may observe that
apparently our Theorem 1.1 is already contained in Lieberman’s paper [26]. Indeed, [26, Example 1, page
794] deals with exactly the same result for bounded minimizers, by even dropping the requirement p; > 2.
However, Lieberman’s proof seems to be affected by a crucial flaw. This is a delicate issue, thus we prefer
to explain in a clean way the doubtful point of [26].



4 BOUSQUET AND BRASCO

We first recall that the proof by Lieberman is inspired by Simon’s paper [32], dealing with L> gradient
estimates for solutions of non-uniformly elliptic equations. One of the crucial tool used by Simon is a
generalized version of the Sobolev inequality for functions on manifolds. This is a celebrated result by
Michael and Simon himself [31, Theorem 2.1], which in turn generalizes the idea of the cornerstone paper
[9] by Bombieri, De Giorgi and Miranda on the minimal surface equation.

The idea of [26] is to enlarge the space dimension and identify the set  with the flat N —dimensional
submanifold M := Q x {(0,...,0)} contained in R2V~1. Then the author introduces:

e a suitable gradient operator

2N—-1 2N—-1
; -
prrdpi=| > A, Y PN e,
=1 =1

Here v = (y%7) is a measurable map with values into the set of positive definite symmetric (2N —
1) x (2N — 1) matrices;

e a suitable nonnegative measure p defined on sets of the form M N E for all Borel sets £ C R2VN 1.

e a mean curvature-type operator H = (Hy,...,Hy,Hny1,...,Han—1) defined on M.

The key point of [26, Section 4] is to apply the Sobolev—type inequality of Michael and Simon in conjunction
with a Caccioppoli inequality for the gradient, in order to circumvent the strong degeneracy of the equation
(1.1). However, in order to apply the result by Michael and Simon, some conditions linking the three objects
above are needed. Namely, the crucial condition

(1.2) / [(Si(p—&—Hi (p] dp =0, for every ¢ € C;°(U), foreveryi=1,...,2N —1,
M

must be verified, where M C U C R*¥~! is an open set. This is condition (1.2) in [31], which is stated to
hold true within the framework of Lieberman’s paper, see the proof of [26, Proposition 2.1]. However, with
the definitions of i, § and H taken in [26], one can see that this crucial condition fails to be verified. Indeed,
with the definitions of [26, Proposition 2.1], for N +1 < i < 2N — 1, it holds

4t =1 and A% =0for j #1, thus 6, ¢ = ¢,

and
H’i =Y

while p coincides with the N—dimensional Lebesgue measure on Q. Thus condition (1.2) for N +1 <3 <
2N — 1 becomes

/g@zi(x,(),...,())dm:(), for every ¢ € C3°(U),
Q

which in general is false. Thus the proof of [26, Proposition 2.1] does not appear to be correct, leaving in
doubt the whole proof of [26, Lemma 4.1], which contains the L> gradient estimate.

1.3. Structure of the proof. The proof of Theorem 1.1 is quite involved, thus we prefer spending a large
part of this introduction in order to neatly introduce the main ideas and novelties.

As usual when dealing with higher order regularity, the first issue to be tackled is that the minimizer U
lacks the smoothness needed to perform all the necessary manipulations. However, this is a minor issue,
which can be easily fixed by approximating our local minimizer U with solutions u. of uniformly elliptic
problems, see Section 2. The solutions u. are as smooth as needed (basically, C? regularity is enough) and
they converge to our original local minimizer U, as the small regularization parameter € > 0 converges to 0.
Thus it is sufficient to prove “good” a priori estimates on u. which are stable when € goes to 0.
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For this reason, in the rest of this subsection we will pretend that our minimizer U is smooth and explain
how to get the needed a priori estimates.

The building blocks of Theorem 1.1 are the following two estimates:

A. alocal L*® — L" a priori estimate on the gradient, i.e. an estimate of the type
]

~

(1.3) VUnLoc(BHSC(/ |VU|wx) ,
Br

where v > py + 2 and © > 1 are two suitable exponents. This is the content of Proposition 5.1;

B. alocal higher integrability estimate of arbitrary order on the gradient, i.e. an estimate of the type
/ VU dx < Cy,
Br

where 1 < ¢ < 400 is arbitrary and C; > 0 is a constant depending only on ¢, the data of the
problem and the local L>° norm of U. This is proved in Proposition 6.1.

It is straightforward to see that once A. and B. are established, then our main result easily follows. We
explain how to get both of them:

e in order to obtain A. we employ the same method that we successfully applied in [4, Theorem 1.1],
for the standard growth case p; = --- = py = p. This is based on a new class of Caccioppoli-type
inequalities for VU, which have been first introduced by the two authors in [2] and then generalized
and exploited in its full generality in [4].

In a nutshell, the idea is to take the equation satisfied by U

N

> (v,

=1

nrL,) =0,

z;
differentiate it with respect to z; and then insert weird test functions of the form
®(Us,;) ¥(Us,),

with k,j € {1,...,N}. With these new Caccioppoli-type inequalities at hand, we can follow the
same scheme as in [4, Proposition 5.1] and obtain (1.3).

We point out that, apart from a number of technical complications linked to the fact that p; # py,
in the present setting there is a crucial difference with the case treated in [4]. Indeed, after a Moser—
type iteration, there we obtained an a priori estimate of the type

1
e
(14) IVUlz(B,) < C </ VU |Pt? dx)
Br
Apparently, in that case as well we needed the further higher integrability information VU € L{’;Q.
However, thanks to the homogeneity of the estimate (1.4), one can use a standard interpolation trick
(see the Step 4 of the proof of [4, Proposition 5.1]) and upgrade (1.4) to the following

VUliay <€ ([ ol ac)
Br

This does not require any prior integrability information on VU beyond the natural growth exponent.
Thus in the standard growth case, we are dispensed with point B., i.e. point A. is enough to conclude.
On the contrary, in our case, the same trick does not apply to estimate (1.3), because of the presence
of the exponent © > 1. For this reason we need a higher integrability information on VU.
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In order to have a better understanding of the proof described above, we refer the interested
reader to the Introduction of [4], where the whole strategy for point A. is explained in details;

part B. is the really involved point of the whole proof. At first, we point out that we do not have
a good control on the exponent 7 appearing in (1.3) (unless some restrictions on the ratio pyx/p1
are imposed). For this reason, we need to gain as much integrability on VU as possible. This is
a classical subject in the regularity theory for functionals with nonstandard growth conditions, i.e.
integrability gain on the gradients of minimizers.

Since in general minimizers of this kind of functionals may be very irregular when p; and py
are too far apart, usually one needs to impose some restrictions on the ratio py/p; to get some
regularity. These restriction are typically of the type

— < cpn, for some constant cy > 0 such that lim cy =1.
P1 N—oco

If one further supposes local minimizers to be bounded, then the previous restriction can be relaxed
to conditions of the type

by <C or pN < p1+ C,

p1
with a universal constant C' > 0 . In any case, to the best of our knowledge all the results appearing
in the literature require some upper bound on the ratio py/pi. More precisely, all the results
except one: in the very interesting paper [7] by Bildhauer, Fuchs and Zhong, the authors consider a
functional with nonstandard growth of the type

N—-1
w2y [ (Z e,
i=1

and prove that any local minimizer v € L2, is such that Vu € L] _ for every 1 < ¢ < +00, no matter
how large the ratio ps/p1 s, see [7, Theorem 1.1]. The idea of [7] is partially inspired from Choe’s
result [10, Theorem 3], which in turn seems to find its roots in DiBenedetto’s paper [15] (see [15,
Proposition 3.1]). It relies on a suitable integration by parts in conjunction with the Caccioppoli
inequality for Vu. For functionals as in (1.5), this leads to an iterative scheme of the type

P1
2
2> d1'+/ |u:l)N|p2 de, Wlth p1 §p27
Q/

“gain of integrability on u,,” == “gain of integrability on (ug,,..., ey _,)"
and viceversa
“gain of integrability on (ug,,...,uzy_,)" = “gain of integrability on u,,".

By means of a doubly recursive scheme which is quite difficult to handle, [7] exploits the full power
of the above approach to avoid any unnecessary restriction on the exponents. In [10] instead, the
gain of integrability was extremely simplified, at the price of taking the assumption

py <p1+ 1L

Incidentally, we point out that this is the same assumption as in the aforementioned paper [13],
which uses however different techniques.

We will try to detail the main difficulties of this method in a while. Before this, we point out
that (1.5) is only concerned with two growth exponents. Moreover, the type of degeneracy of the
functional (1.5) is much lighter than that of our functional §,. For these reasons, even if our strategy
is greatly inspired by that of [7], all the estimates have to be recast and the resulting iterative scheme
becomes of far reaching complexity.
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We now come to explain such an iterative scheme: by proceeding as in [10] and [7], we get an
estimate of the type (see Proposition 4.3)

Pi—2
[ oo Y [ w0 G k=1,
Bro i#k Y Bro

where C' > 0 depends on the data and on the local L norm of U, as well. Here the free parameter
a > 0 has to be carefully chosen, in order to improve the gradient summability. We observe that,
technically speaking, this scheme is not of Moser-type. Indeed, the key point of (1.6) is that it entails
estimates on a fixed component U,,, in terms of all the others.

. We start by using (1.6) as follows: we take k = N in (1.6) and choose a > 0 in such

a way that
i — 2
L(pJ\H-?—i—oz)Spi, fori=1,...,N —1.
PN
It is possible to make such a choice without imposing restrictions on py /p1, the optimal choice being®

pr+2+ay =py

11n = PNGN-—-1-
1<i<N-1p; — 2 PN g

This permits to upgrade the integrability of U,, to LY~ Y¥~'. This is the end of the first step.

loc

. Once we gain this property on U, , we shift to U,,_,: we take k = N — 1 in (1.6),
that we write in the following form

N-2
P;—2
/ |Umk|pk+2+a de <C+C Z/ U, | #x (pr+2+a) da
i=1 B

Ro

70
+C U, | eet2te) g
Br,
Then by using that
UziELPi fOI"L’:]_’”.’N_Q and UzNeLquNil,

loc? loc

we choose a in such a way that

-2

];;N (pN—1+24+0a) < Di, fori=1,...,N —2,
—1
PN — 2

(pn—1+2+a) < pNgn-1
PN-1
If we set as above
_ _Di
& pi —2’

the optimal choice is now

_ 9 (0) _ _ . B . N
PN-1+ 2+ ayly =pN-1 NN ININ-1, 13?%111\1172%
However, this is not the end of the second step. Indeed, rather than applying (1.6) directly to the
other components U, _,,...,U,, as above, we come back to Uy, .
More precisely, we apply (1.6) to U, taking into account the new information on U,, _,. This
gives higher integrability for U, , . We next apply alternatively (1.6) to U, —1 and U, , taking into

1For ease of presentation, in what follows we assume that p; > 2 for every ¢ = 1,..., N.
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account the higher integrability gain at each step. After a finite number of iterations, it can be
established that
UxN c LPN qN -2 and U$N71 c LPN—1 QN—Z.

loc loc

This is the end of the second step.

. (for 2 < j < N — 1) When we land on this step, we have iteratively acquired the
following knowledge

Ug,ell fori=1,...,N—j and Uy, € LPNIN=3+1 " fori=N—j+2,...,N.

loc? loc
We then start to get into play the component U, We take k = N — j + 1 in (1.6) and we

choose « in such a way that

N—j+1°

. _9 , .
L(pNﬁH*l‘i’Q‘i’a) < Di, fOI‘Z:L...,N*j,
PN—j+1
pi—2 . .
——— (pn—jr1+2+a) < pigv_jy1, fori=N-—-j+2,...,N.
PN —j+1
This permits to infer that
py_j+2+al?
U"ij+1 S Lkﬁi ’ N JH’
where
(0) _ . . .
PN—j+1+ 2+ ayl 1y = PN—j41 Min {i_lf?.l}’fjl\]_j Qi qN—j+1 i:N—I?-E%,A..?N Qi} .
As illustrated in the second step, we now use this information and start to cyclically use (1.6) on
UsnyUsy_ys-->Usy_;, in order to improve their integrability. After a finite number of iterations of
this algorithm, we obtain
Uy, € L AN+ fori=N—-j+2,...,N.

This is the end of the j—th step.

) We fix qp > 2 arbitrary. We finally consider the last component U,,, as well. By

using the starting information

Uy, € LPiT, fori=2,...,N,
and proceeding as above, we finally get
Uy, € L2 %, for 1 <i < N.

This yields the desired conclusion.

The main difficulty of B. is to prove that this algorithm does not require any restriction on the
exponents p;, and that each step ends up after a finite number of loops.

1.4. Plan of the paper. In Section 2 the reader will find the approximating scheme and all the basic
material needed to understand the sequel of the paper. Section 3 contains the crucial Caccioppoli-type
inequalities for the gradient, needed to build up the Moser’s scheme for point A. of the strategy presented
above. Then in Section 4, we prove integral estimates for the gradient: the first one is a Caccioppoli inequality
for power functions of the gradient (Proposition 4.2), while the second one is the self-improving scheme a la
Bildhauer-Fuchs-Zhong (Proposition 4.3). With Sections 5 and 6, we enter into the core of the paper: they
contain the L*° — L7 gradient estimate and the higher integrability estimate for the gradient, respectively.
Then in the short Section 7, we eventually prove our main result.
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Two technical appendices conclude the paper: they contain the study of all the intricate sequences of real
numbers needed in this paper.

Acknowledgments. Part of this work has been done during a visit of P. B. to Bologna & Ferrara in
February 2018 and during a visit of L. B. to Toulouse in June 2018. The latter has been financed by the
ANR project “Entropies, Flots, Inégalités’, we wish to thank Max Fathi. Hosting institutions are kindly
acknowledged.

2. PRELIMINARIES

We will use the same approximation scheme as in [3, Section 2] and [6, Section 5]. We recall that are
interested in local minimizers of the following variational integral

N
1
%MuﬂY%=§:§f1;mmwum, uec WLPQ), O eQ,
i=1 £t S

where p = (p1,...,pn) and 2 < p; < --- < py. In the rest of the paper, we fir U € VVlif(Q) a local
minimizer of §p. We also fix a ball

B & suchthat 2B & as well.

We use the usual notation A B to denote the ball concentric with B, scaled by a factor A > 0. Since we have
the continuous inclusion WP (2 B) C W'P1(2 B), by Poincaré inequality it holds

UeLP(2B).

For every 0 < ¢ < 1 and every = € B, we set U.(x) = U x g.(x), where g. is the usual family of Friedrichs
mollifiers, supported in a ball of radius € centered at the origin. We also set

1
(2.1) gie() = — [t + <2, teR,i=1,...,N.
Di 2

Finally, we define the regularized functional

N
S B) =Y /B Gi.e(vg,) e
=1

The following preliminary result is standard, see [3, Lemma 2.5 and Lemma 2.8].

Lemma 2.1 (Basic energy estimate). There exists 0 < 9 < 1 such that for every 0 < € < &g, the problem
(2.2) mmggAmB)mpw@ewﬁwB%,

admits a unique solution u.. Moreover, the following uniform estimate holds

dly] Y1 e
— | (ue)g, |P dx < —/ Us, p"'dx—kfo/ VU2 dz | .
;Pi/s : ;pi 23‘ 2 JaB

Finally, u. € C*(B).

Proof. The only difference with respect to [3] is on the uniform energy estimate, due to the nonstandard
growth conditions. We show how to obtain this: it is sufficient to test the minimality of u. against U, this
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gives
N 1 N 1 .
_ uazipidxé —/ U*QEmlpidx'i_*/VU*Qg 2dx
O NCERCED b MICEYS - [
N .
< lloellpr —/ Uwif’idm+—/ VU dz | .
|eellLrm) ;pi 2Bl | 5 23| |
By using the scaling properties of the family of mollifiers, we get the conclusion. O

As usual, we will also rely on the following convergence result.

Lemma 2.2 (Convergence to a minimizer). With the same notation as above, we have

N
(23) liny [nus = Ullgm + (e = U,

i=1

LPi (B)‘| - 0

Proof. We observe that u. — U, € VVO1 "P(B) and the set B is bounded in every direction. Thus by Poincaré
inequality, we have

(2.4) /B e — U

for some C; = C;(N,p;) > 0. For ¢ = 1, this in turn gives

pigOi\Br%/|(uE—UE)xi|pidx, i=1.. . .N,
B

[uellLer By < llue — UellLor () + 1Uell L (B
< C[(ue — Us)ztlHLl’l(B) + ”UEHLPl(B)
< Cll(ue)a e 8y + CllUIwr 21 28y,
for a constant C = C(N,p;) > 0. By Lemma 2.1, the last term is uniformly bounded for 0 < ¢ < &.
Thus the family {u.}o<c<c, is bounded in W1P1(B). We can infer the weak convergence in W1 (B) of a
subsequence {ug, }ren to a function u € WHP1(B). This convergence is strong in LP1(B), by the Rellich-

Kondrasov Theorem.
For every ¢ € VVO1 "P(B), we test the minimality of u., against ¢ + U,,. Thus, by lower semicontinuity of

the LPi norms on LP'(B), we can infer
Y
Pidy <liminf ) — Ue, )z, |7 dx
<timinr o (e

1
> | I,
iz Pi /B
N

1
. < I — )
(25) <dm >0 [ 1o+

=1

Y1
=Y [le+vn
iz Pi /B

This shows that u,, € LPi(B) for i = 1,..., N and u solves

Pidy + % / |V + VU, |* dx
B

Pi dzx.

min {3P(U;B) Lu—Ue WJ’P(B)} .

By strict convexity of the functional §p, we thus obtain v = U.



ORTHOTROPIC WITH NONSTANDARD GROWTH 11

We can now take ¢ = 0 in (2.5). Since we know that uw = U, we have equality everywhere in (2.5), thus
in particular
N

1
2.6 li — e
(26) LD, / e,

=1

P dx, i=1,...,N.

Al
P dy = —/Uz.
;pi B| ’

We next observe that the weak convergence of {uc, )z, }ren to Uy, and the lower semicontinuity of the LPi
norm on LP' imply that

o Uy | _
(2.7) liminf/ We)o + U, |7 0 / Uy, [P dw, i=1,...,N.
k—4o00 B 2 B
Moreover, by Clarkson’s inequality for p; > 2, one has
(uak)wi + Uwz' (uak)m — Uﬂai s

pi ‘

1
=5 (H(u JaillTes 5y T 10Uz I 2: ) '
‘ 2 Lvi(B) 2 i) 2N T L7:(B)

We divide by p;, sum over ¢ = 1,..., N and rely on (2.6) and (2.7) to obtain
N

. 1
lim Z ; ||(u5k)xl - Uwz

k—+o00 4 i
i=1

I[)jpi (B) - 0.

By using this into (2.4) with ¢ = 1 and using the strong convergence of U, to U, we get

N
Lp7(B)‘| - 0.

kEToo [||u5k - U”LPI(B) + ; ||(u5k)zz — Uy,
Finally, we observe that we can repeat this argument with any subsequence of the original family {(uc)e>0}-
Thus the above limit holds true for the whole family {u.}o<e<e, instead of {u., }ren and (2.3) follows. O

We recall that our main result Theorem 1.1 is valid for bounded local minimizers. Thus, the following
simple uniform L estimate will be crucial.

Proposition 2.3 (Uniform L estimate). With the notation above, let us further assume that U € L*°(2 B).
Then for every 0 < € < ey we have

el By < UL~ (2B)-
Proof. By the maximum principle, see for example [33, Theorem 2.1], we have

max |us| = max |ue| = max |U:| < max |U,|.
BX| el 6BX| el aBX| = < Exl |
By recalling the construction of U, and using the hypothesis on U, we get the desired conclusion. (]

As in [4], the following standard technical result will be useful. The proof can be found in [22, Lemma
6.1], for example.

Lemma 2.4. Let 0 < r < R and let Z(t) : [r,R] — [0,00) be a bounded function. Assume that for

r<t<s<R we have

A B

with A,B,C >0, ag > fp >0 and 0 <9 < 1. Then we have

70 < (=3 o) (@ * w4

where A is any number such that

ﬂ%</\<1.
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3. CACCIOPPOLI-TYPE INEQUALITIES

The solution u of the problem (2.2) satisfies the Euler-Lagrange equation

N
(3.1) Z/gés((us)x) Pz, dx =0, for every ¢ € Wol’p(B).

From now on we will systematically suppress the subscript € on u. and simply write u.

In order to prove the gradient regularity, we need the equation satisfied by the gradient Vu. Thus we insert
a test function of the form ¢ =, € Wol’p(B) in (3.1), compactly supported in B. After an integration by
parts, we get

(3.2) Z/QZ (Ug,) Uz, o) Yoy dr =0,

for j =1,..., N. We thus found the equation solved by u,;. Observe that we are legitimate to integrate by
parts, since u € C?(B) by Lemma 2.1.

The following Caccioppoli inequality can be proved exactly as [3, Lemma 3.2], we omit the details.

Lemma 3.1. Let ® : R — R* be a C' convex function. Then there exists a constant C = C(p) > 0 such
that for every function n € C§°(B) and every j =1,..., N, we have

(3.3) Z/gmuz O(uy,)), ( ndw<CZ/gmu$

Actually, we can drop the requirement that ® has to be convex, under some circumstances. The resulting
Caccioppoli inequality is of interest.

Lemma 3.2. Let —1 < a < 0. For every function n € C§°(B) and every j =1,...,N, we have

Z/gisum x,mj‘ur7|a772d$ 1+ QZ/glsum

When a < 0, in the left hand side of the above inequality, the quantity uTq . |uz;|* is defined to be 0 on
the set where u,, vanishes.

j |O(Jr2 |, *du.

Proof. Let k > 0. We take in (3.2) the test function
) = g, (5 + ug, ) % 07,

where 7 is as in the statement. We get

S [otetun) i, (et s, )5 0 e
+a2/gmuz W2,y (5 [ty [2) 7 [ [P

=-2 Z/gil,s(“wl) Uz, x; (k+ |uwj |2)% Ug; 1 Nz dr.

‘We observe that

cx+1
(K o Jutay 1) 5 [ [ < (5 + [y ) )2

and (/-{+|umj\ ) |uT | < (n+|um |
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From the previous identity, we get (remember that « is non positive)

1+ Z/gzaul’ mlzJ(H+|uﬂ?]| ndx<22/gzsul’

By using Young’s inequality, we can absorb the Hessian term in the right-hand side, to get

at2
}:/%gw oy (ot e, ) o < 222/%5% (s, )5 s P

By taking the limit as x goes to 0 on both sides, and using Fatou Lemma on the left-hand side and the
Dominated Convergence Theorem in the right-hand side, we get the conclusion. O

at1
-:rj| (k+ |u:rrj|2) 2 |77| |7793i dx

As in the standard growth case p; = --- = py = p, a key role is played by the following sophisticated
Caccioppoli-type inequality for the gradient. The proof is the same as that of [4, Proposition 3.2] and we
omit it. It is sufficient to observe that the proof in [4] does not depend on the particular form of the functions

Gie-

Proposition 3.3 (Weird Caccioppoli inequality). Let ®, ¥ : [0,4+00) — [0,400) be two non-decreasing
continuous functions. We further assume that ¥ is convex and C1. Let n € C§°(B) and 0 < 6 < 2, then for
everyk,7=1,...,N,

8,
o=
<
B
\'-/
I
B
B
A
—~
I
8 N
S
I
8N
=
~—
=
[ V)
8
8

N 2
0 (3 ot o w02 0 o)

4. LOCAL ENERGY ESTIMATES FOR THE REGULARIZED PROBLEM

4.1. Towards an iterative Moser’s scheme. We recall that

(4.1 gL = (= D P2 4 e

We use Proposition 3.3 with the following choices

(4.2) O(t) =571 and U(t) =t™, for t >0,

with 1 < s < m. The proof of the following result is exactly the same as that of [4, Proposition 4.1].
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Proposition 4.1 (Staircase to the full Caccioppoli). Let 2 <p; < py <--- < py and letn € C(B). Then
foreverykj:l LN andl1<s<m,

Z / 00 (t00) 02, [t 252 g [P P e < © Z / gl (g, g, 2542 |V do

N
(4.3) tom+) Y / gl ()t |52 [Vipf? dx

1=1
+ Z/gz € uwl :c avJ |u$g|4s_2 |uwk‘2m—2$,’72 d.’L’

By iterating a finite number of times the previous estimate, we get the following
Proposition 4.2 (Caccioppoli for power functions). Take an exponent q of the form
g=2%—1, for a given £y € N\ {0}.
Let 2 <py <py <---<pn and let n € C(B). Then for every k =1,..., N, we have

PE—2
/’V (‘Ua;k|q+ 2 Ua:k)‘ n?dr < Cq° Z /glE Uy, ) |Ua, |2 972 | V| da
,j=1

(4.4)
292 |Vn|? da,

+Cq52/gmuz

for some C = C(N,pg) > 0.
Proof. The proof is essentially the same as that of [4, Proposition 4.2]. We define the two finite families of
indices {s;} and {m,} through
se=2  my=q+1-2° Le{0,..., 4}
By definition, we have
1§5Z§m£a ee{oa-"aeofl}a
Sset+meg=gq+1, Ee{oﬂ"wgo}v
48@—2:25g+1—2, 2mg—28522mg+1,

and
so =1, mg = q, Sgy = 2&’, myg, = 0.
From inequality (4.3), we get for every £ € {0,..., ¢y — 1},

Z/gze uxl IlmJ |uﬂ?]|25£_2 |qu|27n(Z 772 d.’L’

<c Z [ et e 9

N

FCme+1) Y / ol ()

i=1

2972 |Vn? do

+Z/gza Uz IIIJ |U$J‘2sg+1 2|u ‘2mz+177 dx,
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for some C' > 0 universal. By starting from ¢ = 0 and iterating the previous estimate up to £ = ¢y — 1, we
then get

22l da

Z/gzeuwz :n:n] |“zk|2qn2d$<0q22/gzauof

07 Z [ e e P2 e

+Z/gisum mx]| $1|2q772d‘r

for a universal constant C' > 0. For the last term, we apply the Caccioppoli inequality (3.3) with
|t|Q+1

, teR,

thus we get

N

N
Z/géfa(umq,)%,. [ty | 9% d < C g? Z/gifg(um) [t |42 [ V) o
i=1 i=
rog z [ altua)

(]+1 2 Z/gza Uy, |u$j‘2q+2 ‘V?ﬂQ da?;

|Vn|? dx

that is,

N

Z/gél,s(uwb) wa |u$k|2qn2 dl‘< Cq Z/gza uIL |u1;|2q+2|vn|2dl‘

i—1

(4.5) !
el Z / () gy [P [V i,

possibly for a different universal constant C' > 0.
We now recall (4.1), thus we get

Z / G () 02t [P > / P2 02, g [P0

2 PR—2
= — Uy, |7 )
(5c) [t )
We can sum overjzl,...,N to obtain

2
u2 24,2 10 > 2 g+2e2 2 9 d
gz € uf Iirj |u$k‘ n T =z 26] +pk \Y |urk| Uz, n xZ.

3,j=1

n* dx.

This proves the desired inequality. ([
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4.2. Towards higher integrability. In order to prove the higher integrability of the gradient, we will need
the following self-improving estimate. This is analogous to the estimate at the basis of [7, Theorem 1.1],
which deals with the case p; = --- = py_1 < py only. As pointed out in the Introduction, our case will be
much more involved.

Proposition 4.3. For every o > —1 and every k = 1,..., N, there exists a constant C = C(N,pg,a) > 0
such that for every pair of concentric balls By, C Br, € B, we have

wllr e pr+2+a
/ [t |p’€+2+a dx < CRéV H”LJ + &o
B Ry — 1o

o
||UHL°O(B)

¢ [ 120L=(5)

N (RO—TO

(4.6)

Z |u11 | p;;Z (prt-2e) dx.

)101 (pr+2+0)
Bro ik

Proof. We fix k € {1,..., N} and take n € C§°(B) a positive cut-off function. For every a > —1, we estimate
the quantity

By integration by parts (recall that u € C?(B)), one gets

[z de = [u (i, ) do
Tk

= _(pk +a+ 1) /uuivkzk |qu’k |pk+a772 dr —2 /uul’k |u1k|pk+a77"7€1?k, dx.

Hence, we have

(4.7) /lqu|pk+2+a n*dr < (pr+a+1) lul| o (B) </|uwkwk| g, [P+ 2 dm+/|umk|p’“+a+1n|V7]dm) .

We now use the Young’s inequality for the two terms in the right-hand side: for every 7 > 0,

1 _
|;Dk+a <7 |ka|pk+a+2 + E |uxk|pk+a 2‘ kawk|2

|ty | [ty
and

i PH 0 V] S 7t [P g, PR O
In the first inequality, when py + a — 2 < 0, the quantity |u,, |P*7*2|uy, », |? is defined to be 0 on the set

where uz;, = 0.
Inserting these two inequalities into (4.7) and choosing

1
At a+1)|ullpes)’

we can absorb the two terms multiplied by 7 in the left-hand side. This leads to

/772 ‘u$k|pk+2+a de <C HU'H%OO(B) (/ |u93w:k|2 |uwk‘Pk+(1—2 772 de + / |uwk|pk+a |V77|2 dx) 7

for a constant C' = C(pg, ) > 0. Observe that

o | [t [P 7072 = [ty | [, P72 e, | < g7 o (ta,) [y, [ [0, |
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Thus, if & > 0, we can apply the Caccioppoli inequality of Lemma 3.1 with the convex function ®(¢) = [¢|2 1.
Otherwise, if —1 < a < 0, we can apply Lemma 3.2. This gives

/ tarmg |? 1t [P 2n2dx<cz / 00t iy |+ [ 2 di,

and thus we obtain

/772 g, [PEHEF do < C’||u||2Loo(B) / <|uxk°‘+2 Zg (ug,) + ulk|pk+a> VP de

P72 o g, [P € Jug, |2 | [V da,

< C Jul2 ) / 1 12 3

itk

where in the second inequality the constant C' may differ from the previous one. There we used (4.1).
We now fix a pair concentric balls B,, C B € B. Applying the above estimate to a non negative cut-off
function n € C§°(Bg) such that

—1on B, d |Vl e < ,
n=1on and  |[Vipllp=(pr) < 55—

one gets

(4.8) / g, [PAT2H do < CHUHZLOC(B)/ |ty |0‘+22|u$_
B - (R-1)? B, i '

itk

pi=2 4 |ty [P + € \ugc,€|"‘+2 dx.

We now want to absorb all the terms containing u,, from the right-hand side. Thus, we apply again the
Young’s inequality. For every 7 > 0, there exists Cy > 0 which depends only on N, p; and « such that

o = Pk+a+2
[t |02 Jut, [P72 < 7 gy [P0 0 S g, [
i#k T Ph iz,
and
C
[t PR < 7 g [PEFOH2 4 0
T 2

Moreover, we use that
a+2 +a+2
€ |uz, | < e ug, [ .

thanks to the fact that € < 1 and pg > 2. Inserting these inequalities into (4.8) and choosing
 (R—r)?
a0 02
4C ||u||Loo(BR)

one obtains

1
[ mprar< g [t

r Br

CHUH%OC(B ) -2)
+ (R_T)2R Tpk+0¢ =13 Z/ |uml|(lﬂl

T Pk itk

dx—l—ERN
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By recalling the choice of 7 above, this is the same as

1 wll 7 oo Prt+a+2
/ [t [P0 e < 5 / g, [PH240 4 4 C RN <””L(B)) e
By 2 /Ba R—r

w(numm)ﬁﬁ” [ >
R*T‘ Br i

i#k

2+
(pi—2) "k Pk -

dr

We now fix 79 < Ry as in the statement and use the previous estimate for 1o < r < R < Ry. By applying
Lemma 2.4, one finally obtains that

wllr e Prta+2
/ g, [P*T2H dy < O RY Tl cz) + &0
B, Ry — 19

0
pptat2

2
u [=S] Pk B +2+a
e (” [ (B)) / 3 g 7D g
Ro — o Bro £k
Here, the constant C' depends on N, pg and «. This concludes the proof. O

5. A LIPSCHITZ ESTIMATE

Proposition 5.1. Let 2 < p; < --- < py and 0 < € < ¢y. There exist an exponent v > py + 2, two
exponents O, 5 > 1 and a constant C > 0 such that for every B,, C Br, € B with 0 <rog < Ry <1,

C
(5.1) IVullLe=(B,,) < (Ro—10)? </BR

The parameters v, 3,0 and the constant C are independent of €.

7

0

|Vu|" dz + 1)

Proof. The proof is very similar to that of [4, Theorem 5.1], though some important technical modifications
have to be taken into account. For simplicity, we assume throughout the proof that N > 3, so in this
case the Sobolev exponent 2* is finite. Observe that the case N = 2, which could be treated with minor
modifications, is already contained in [6, Theorem 1.4] (the proof there is different).

As in [4], we divide the proof into four steps.

Step 1: a first iterative scheme. We can proceed as in [4, Proposition 5.1, Step 1] by replacing the term

J 190 s, o7
there, with the following one
[ 1V s 077

Then the relevant outcome is now
2

2%

N z
/ (Zlum“*”) e | <O Z / 0 () [ty [2972 |V 2
k=1

i,k=1

N
+C’/\Vn|2 Z|uwk|2q+pk dz.
k=1
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We now introduce the function

Ulr) = max |ug, ()],
and observe that
[tg, |2TTPY — 1 < |ug, [2TTPF < |ug, [2TPY 41, fork=1,...,N.
This in turn gives
N
UPITPE— 1 <Y g, [P < NUPITPN 4 N
k=1
Also, we have that
97 (g,) [ug, |77 < CUPITPN 4 C, for every 1 < i,k < N.
By further observing that
2" 2%
o N 2 N 2
(uzqﬂn)T < (1 +Z |uzk|2q+pk> <C |1+ <Z|uzk2q+pk> ,
k=1 k=1

we obtain from (5.2)

2
¥

(/uz;@qﬂol)nz*) <C¢ /L{2q+pN|V17|2dz+Cq5 /|vn\2d:c+0q5 (/172* dl’) )

for a possibly different C' = C(N, p) > 1. By using the Sobolev embedding W, *(B) < L* (B)

2
* 2*
(/772 dw) SC/IVn\Qd:v,
2
* . 2%
(5.3) (/uzz@’qﬂ’l)n? da:) <o /\vm? (u“*m +1) dz.

We fix two concentric balls B, C Bg € B, with 0 <7 < R < 1. Then for every pair of radius r <t < s < R
we take in (5.3) a standard cut-off function

thus the previous estimate leads to

C
(5.4) neCy(Bs), n=1lonB;, 0<n<1, [[Vn|p= < Pt
This yields
7= 5
(5.5) ( U @2atp) dx) <o 1 / (uzqﬂw + 1) dz.
B, (s—1)* Jg,

We define the sequence of exponents
Vj:pN+2]+2_27 ]207
and take in (5.5) ¢ = 2/t — 1. This gives for every j > 0,

. o 957
5.6 = (ytpi—pN) g <02 / % o+1)d

for a possibly different constant C' = C'(N,p) > 1. Observe that we always have
Vi +p1—pn =212 JeN,
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thanks to the definition of ;.
Step 2: filling the gaps. By using the definition of ~;, it is not difficult to see that

(pN—Q)—N(p1—2)> -2

*

’Yj<3(7j+p1—p1v) = j>log2(

2

2

Thus we introduce the starting index?

. . . . N -2 N
]Omm{]GN:j>log2( 5 (pNQ)z(ZHQ))Q}-

By definition, this entails that

*

Vi—1 <7 < 5(7]‘ +p1 —DpN), for every j > jo + 1.

By interpolation in Lebesgue spaces, we obtain

iV (I=75)v;

J 5 (=7
/ UV dx < (/ Yri-1 dx) o (/ Z,{% (v;+p1—pN) dx) o ,
By - By B,

where the interpolation exponent 0 < 7; < 1 is given by

*

v 3 it PL—pN) =

2
T; = o 9% E
! B} (v +p1—pPN) — V-1
We now rely on (5.6) to get
i . s 2t
e 257 VjtP1—PN
/ U da < ( Ui dm) (02 / (w +1) dx)
B B (s —1)* /s,

1—7; v, T (1—75) v

o2 = A e g\ ” L)
- s -1 i1 )
= </B -) </B( +1)do)

By Young’s inequality, for every j > jo + 1, we get
(5.7)

/ W de < LT % / (u%‘ + 1) d
B, vj +p1— PN JB,
(A=75)vj YjtrP1i—pPN ' v (’Yj+P1—PN)’

59 - = — - ¥ T e N
L 1 - (C’ 207 2) vitri=rn N (1=75) (/ Uit dx) R
(Wl—PN> (s—1) Bl

(L—75)7
We also introduce the second index

ji=min{j €N : j>log, (N —-2)(pny —2)— N (p1 —2)) — 2}.

2We use the convention that
logt = —o0 for t <0.

Observe that jo = 0 whenever
N -2

2

N (p1—2)+8

( 2) N( 2)<4 i <2
— _ — ie.
PN 5 (P1 PN + N 2
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If we finally set
J=1+ maX{jOa jl}a
then by Lemma A.1 we know that

1— 1)~

(5.8) 0<C < A=)y <Cy <1, for every j > J.
Y tP1— PN
This in turn implies that for every j > J
1 1
- < S =1-0).
(%’ +p —pN> <1>
(1 =75) Gi

Thus from (5.7) we get
/ U de < Cy / (v +1) da
By Bs
. vj YjtPi—pPN )’
207\’ = ()
+(1 _Cl) (C )2> ( le”*l dl’) ’
By

(s—t

for some 1 < 8 < 0o, depending on N, p; and py. In the last inequality we also used that s < R < 1 and
C > 1, together with (5.8). Finally we set

!
v; +P1— PN .
=y (BERLPN) 0 forj>
6] ’Tj< (1_7_])7] ) or j) =~

(5.9)

and rewrite (5.9) as

/ U de < Cy / U dx
By Bs

95 B oy (es)
+(1—01) (C )2> (/ Uui-t d!L‘) +02|BR|,
By

(s—t
which holds for every » < s < ¢t < R. By applying Lemma 2.4 with

(5.10)

Z(t) = / U de, ag =20, and 9 = Cl,
By

we finally obtain for every j > J,

i (e
5.11 Ui de <C |2°78(R—r)"28 U1 dx +1],
(5.11)
r BR

for some C' = C(N,p1,pNn) > 1.

Step 3: Moser’s iteration. We now iterate the previous estimate on a sequence of shrinking balls. We
fix two radii 0 < » < R < 1 and define the sequence

R—r ,
Rj =7+ F, J Z J.
We use (5.11) with R;41 < Rj in place of r < R. Thus we get

(5.12) /B

W)

(1+¢;5)

. Yi-1
Uide < C |27 (R—r)72F ( Z/{'“‘ldx> +1

Rit1 Br;
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where the constant C' > 1 depends on N and pi1,py only.
We introduce the notation
Y, = / U de,
B,

thus (5.12) reads
Y1 < C(27° (R~ *2’8YW;11 (Hsj)—f—l <(C2"P (R~ Y;+1)% 1(1+EJ)
J+1 ( r) j ( ( )2 ) ( )=

Here, we have used again that C' > 1 and R < 1, so that the term multiplying Y; is larger than 1. By
iterating the previous estimate starting from j = J and using some standard manipulations, we obtain

Yn+1 S (C 275 (R - r)_2ﬂ)n (Yn + 1)“’% 1 (1+5")

< (C2TP(R—r)720)" <(CQ7B(R_T)—2,3)"_1 (Y, 1+1)% 2=l (e, 1)+1>

'Yn (14e5)
< (027B(R7T)726)n <2 (027ﬁ(R*T)725)n71 (Yo s +1) L (1+en- 1)> 1
<..
i (jM ﬁ (14 )) e ﬁ (14¢)

where we used that C 278 (R —r)~2# > 1. We now simply write C' in place of 2C 27# and take the power
1/4, on both sides:

n
[T (1+ej;)
i=J

Y, < (C (R— r)2ﬂ>1i7 3 kzl._j[+1(1+5k) |:YJ T 1} Y1
< (C(R_ r)*w) B {YJ + 1] ey

@

In the previous estimate, we set

© = lim H +€5),

n— 00
7=0

which is a finite number, thanks to Lemma A.2. We observe that v; ~ 2912 as j goes to co. This implies
the convergence of the series above and we thus get

||u||L°°(BT) = lim / U+ d < C’(Rf T)fﬁ </ U1 dg + 1) J—1 ’
n—oo Br Br

for some C' = C(N,p1,pn) > 1 and ' = §/(N,p1,pn) > 0. By recalling the definition of U, we finally
obtain

n+1

[S)

IVl < C(R-)" (/ Ivuw—ldﬁl) o
Br

This concludes the proof. ([
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6. A RECURSIVE GAIN OF INTEGRABILITY FOR THE GRADIENT

The main outcome of estimate (5.1) is the following: assume that our local minimizer U has a gradient
with a sufficiently high integrability, then one would be able to conclude that VU has to be bounded. We
notice that since the explicit determination of the exponent « in (5.1) is actually very intricate (unless some

upper bounds on py/p; are imposed), we essentially need to prove that
VU e LY for every ¢ < oo,

loc

in order to be on the safe side. Thus, in order to infer the desired local Lipschitz regularity on U, we are
going to prove a higher integrability estimate on Vu,., which is uniform with respect to 0 < € < ¢gg. This is
the content of the result of this section. Remember that we simplify the notation u. and replace it by wu.

Proposition 6.1. Let 2 < p; < --- < py < 400 and 0 < ¢ < gg. For every 2 < qy < 400 and every
Br, € B, there exists a constant C' > 0 such that

N
Z/ [ug, [P dx < C.
i=1"7Brg

The constant C' depends on N, p, qo, Ry, dist(Bg,,0B),

N
lilpwisy  and S / it
i=17YB

Proof. We proceed to exploit the scheme of Proposition 4.3. In what follows, we use the convention that
p

Pi dgx.

p—2 = +o00,
whenever p = 2. We can also assume without loss of generality that
PN > 2,
otherwise p; = --- = py = 2 and in this case the regularity theory for our problem is well-established (U

would be a harmonic function in such a situation).
We fix qg as in the statement and introduce the exponents

. N/
J

Since p; < --- < py, we get that g1 > g2 > --- > gy and thus

(6.2) _ r{nnkqi:qk, for every k € {1,...,N}.

i=1,...,

We now prove by downward induction on j = N, ..., 1 that the following fact holds: for every Br € B, one
has

N
for every j €4{1,...,N
(6.3) { ; Z/ [t
i=j ' BR

and every Br € B,

Pidi—1 dp < C, with C > 0 independent of «.

In particular, for j = 1, (6.3) implies

Piqo dr < O,

N
>
i=1"7Br

for a uniform constant C' > 0. The statement on the quality of the constant C will be clear from the
computations below.
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Initialization step. We start from j = N. We observe that in this case the right-hand side of (4.6) (written
for k = N) is uniformly bounded with respect to € > 0, provided that o > —1 is chosen in such a way that
for every i € {1,..., N — 1}, one has

PN t+2+a
(pi—2)—— <
PN
If p; = 2, this is automatically satisfied. Otherwise, this is equivalent to
Di

PN +2+a < py .
pi — 2

We define « by
pN +2+a=pyan-1.
By definition of gy _1,
PN-1 < . _bi
PN_1— 2790 >~ PN 19?21]{[171 Di — 9’
as desired. We need to check that a > —1, or equivalently

(6.4) PN min{pN_iQ,qo} >py + 1.

PN-1

PN +2+a=pN min{

Since go > 2, one has py qo > py + 1. Moreover, using that py_1 < pn, one gets 2py > py_1 — 2 which in
turn is equivalent to
PN—

7>1DN+1
PN—1—2

PN

This proves (6.4).
Thus for every Br € Br' € B, it follows from (4.6) that

PN GN-1
/ |Ua:N‘pN IN-1 g < C(R/)N << |UHLoc(B ) +€0)
Br

2q N-1 B
Lo (HUH/LOO(B)) o / oty |7 3 av1) g
R i=1
Since q; > qn_1 for 1 <i < N — 1, one has
B
qn-1(pi —2)

Using Holder’s inequality for each term of the sum of the right-hand side, with the exponent p;/(qn—1(p;: —2))
and its conjugate, one gets

ury Yot <o (ryY ((Lemm )T
B TN — R/ —R 0
R
(p;—2)an—1

Lo (1l 2W]Ni / o Pide|
R—R 5,

i=1

By using Lemma 2.1 and Proposition 2.3 in order to control the two terms on the right-hand side, we get
a uniform (in €) control on the LPN iN-1(Bp) norm of u,,. This finally establishes the initialization step
j=N,ie.

for every Br € B, we have / [ty |PNY NV dx < C, with C' > 0 independent of «.
Br
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Inductive step. We then assume that the assertion (6.3) is true for some j € {2,..., N} and we prove it
for j — 1. By the induction assumption, we thus know that

N
for some j € {2,...,N
(65) i LD O T
i=j Y Br

Pigj—1 < 1 1 .
and every By, € B, i-ldr < C, with C' > 0 independent of

In the rest of the proof, we establish that (6.5) implies

N

(6.6) for every Br € B, Z / |tg, [P 92 dx < C, with C' > 0 independent of ¢.
i=j—17 Br

In order to prove this, as explained in the Introduction, we need to employ a multiply iterative scheme based

on Proposition 4.3. More specifically, we start by relying on (4.6) with the choices

k=j7—-1 and Pj—1+ 2+ a=p;_1 min {O<Iin<i§'12 qi, ¢j—1 jgignN qi} .
We first justify the fact that such a choice for « is feasible. Observe that

min ¢; = qi_2 and min ¢; = gn
0§i§j—2qZ qj jSiSNqZ an,

hence the condition on « is equivalent to

(6.7) pj—1+2+a=pj_1min{gj_2, ¢j—1qn}.
Since

¢j—1 = min Pt g0t with go > 2,
Pj-1—2

one has p;_1 +2 < p;_1 qj—1. By recalling that the exponents ¢; are non increasing and larger than 1, this
implies that
Pj-1+2<pj-1¢-2 and Pi—1+2 <pj-19j-19n,
and thus
pj—1+2+a=pj_1 min{g2, ¢j_198} = pj—1 +2.
This implies that o > 0 as desired.
We next rely on the fact that by Lemma 2.1 and Proposition 2.3, we have

N
lull Lo 5y + Z/ |tz [P dz < C,
i=17B

with a constant C' > 0 independent of € > 0 and on the induction assumption (6.5), which gives a local

uniform (in €) control on
N
> [,
i=j / Br

for Br € B. Hence, the definition (6.7) of « ensures that the right-hand side of (4.6) is uniformly bounded.
Thus from Proposition 4.3, we get that for every Br € B we have

(6.8) / g, [P da < C,
Br

Pigj—1 dx
)

with C' > 0 independent of €. Here, the exponent BJ(E)I is given by

. .
B =pja 42+ a=p;amin{g s, g1qn}-
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We can summarize the previous integrability information as the following estimate: for every Br € B,

(6.9) Z/B |2 dz < C,

i=j7—1
with C' > 0 independent of € > 0 and
»5’](-(1)1 = pjoimin{gj_2, ¢j—19n},
(6.10)
ﬁi(o) = Pigj-1, fori=j,...,N.

We proceed to define by induction a vector sequence
¢ ¢
(@Ql, o 75&)) , (€N,

as follows: for ¢ = 0 this is given by (6.10) and then we use the following multiply recursive scheme

(©)
(e+1) ; ) ; k
N = PN INnin {q;z, qulclgan E—2
(e41) (f) (€+1)
— H . N
N-1 T PN G52, 1<k<nN ka—2 PN — 2
¢ 04+1
(6.11) (+1) . By By }
N_o = PN—2 Min\ gj_o, min min —F——
j—1<k<N—-3 pj, — 2" N—1<k<N pj — 2
. (£+1)
(1) _ . By
ﬁ = Dpj—1 min {%‘27 jglclSHN ])1@—2} .

We first observe that this scheme is well-defined, since each Bg“l) is determined either by (,8]({)1, ey 1(5))

or by an updated information on the B,(fﬂ), with k > i + 1. Moreover, thanks to Lemma A.3 and Lemma
A.4 below, we have that

{552)}461\] is nondecreasing, for every j —1 <i < N,
and there exists ¢y € N such that
(6.12) for every £ > {q, By) = Di qj—2, fore=35-1,...,N.
With these definitions at hand, we now prove that
(6.13)
for every Br € B, Z /B |uIi|Bl@) dx < C, for every £ € N, with C' > 0 independent of .

i=7—1
By taking into account (6.12), this will eventually establish (6.6), thus concluding the proof.

In turn, the proof of (6.13) relies on an induction argument. The assertion (6.13) is true for ¢ = 0, thanks
0 (6.9).
We now assume (6.13) to hold for some ¢ € N and establish the same for £ + 1, i.e.

for every Bg € B, Z /

_jl

(/z+1)
ﬂ <C,
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with C independent of . Actually, by a downward induction on m = N, ...,j — 1, we prove that

N
>
i=m "’ Br

For the initialization step m = N, we apply (4.6) with &k = N and for the following choice of a:

(e+1)
Bi de < C

, with C' independent of €.

)

. . By (£+1)
2 = s —_— = .

PN +2+a=pnN mm{q] 2’j—1£/1€1£N—1pk—2 N

In order to justify that a defined as such is non negative, we rely on the fact that for every i € {j—1,...

the sequence {ﬂi(z)}geN is nondecreasing. This implies that

0125](\?)*(pN+2):qug'—1*(pN+2)ZPNQN*(pNJrQ)ZO-

Hence, such a choice of « is feasible.
We get that for every B € B € B,

B
PICGe wn [ ([ ullze=(s)
U, N de<C(R —_ €
[, e <oy | (FpE +e0
o v j=2 (+1)
||u||L°°(B)) PN TN (pi—2) SN
o >l [ T
R — R By =
2 pe+1) N—1
lull Lo (B) \ P~ 7N pim2 gt
ro (I 5 e
R—R o 2

For the terms in the first sum of the right hand side, we use Holder’s inequality with the exponent

Di PN

Di — 2 Bj(\f-i-l) ’

and its conjugate®. In the second sum, we use Holder’s inequality with the exponent?

py B
pi =280

27

7N}7

3Observe that for p; = 2 there is no need of Hélder’s inequality. If p; > 2, one can easily check that these exponents are

larger than 1 by observing that

041 .
5§v+ ) <pN qji—2 < PN G, fori <j—2.

4As before, there is no need of Holder’s inequality for p; = 2. For p; > 2, we rely on the fact that by definition

Byt B0 P forj-1<i<N -1
pi —

This justifies that the exponent is larger than 1.
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One gets

By
|l e < o )Y (HZz”/L 7)) e
Br -

i<e+1> Ly 2 sV
HUHLOO(B) J— pi Pi PN
i=1 R/
(£+1) =2 st
|ull Lo (B) 2 ﬁIXN i 50 i ]Bvl“)
i=j—1 \’ Br/

By using the induction assumption (6.13) to control the last term, Lemma 2.1 and Proposition 2.3 in order
to control the other two, uniformly in €, we get the desired estimate for ug,, .

We now assume that for some m € {j,..., N}, we have
N
5,“*1) . .
(6.14) for every Bg € B, Z / i x < C, with C' > 0 independent of ¢,
i=m Br
and prove that this entails
ol (t+1)
for every Br € B, Z / lug,|? dx < C, with C' > 0 independent of «.
, B

Obviously, we only need to improve the control on the last component of the gradient, i.e. on u, . We

still rely on Proposition 4.3, this time with the choices
(0) (€+1)
g B } Py

Jj— 1<z<m 2p; — 2 m<i<N p; — 2

k=m—1 and pm—1+2+a:pm—1 min {qj—27

The fact that 67(75'5) > ﬂfgll > pm_1 + 2 ensures that o > 0. Hence, for every Br € B € B,

(£+1)
/ o, Pt dz < C (RN [lull =5\ .
Br e R —_R o

Jul s Pt S 2) St
Lee(B) " pi—
C Pm—1 d
+ (R’R) /BR,H“’ !
[ e Bty
Le(B) \ ’™- (pi— Pt
C Pm—1
i <R’—R> /B,lzjl“’ :
Ju P
L>(B) \ "™~ ot (pi—
+C<R’—R> /BZ "7
R 3=m

We now proceed as above: we control the last term by using the induction assumption (6.14) and the fact
that if
041
Bty ey e
(pz Q)SBl ) if m <i<N.
Pm—1



ORTHOTROPIC WITH NONSTANDARD GROWTH 29

The third term is estimated thanks to the induction assumption (6.13) and the inequality®

B(z+1)
(pi—2)<pY,  ij-1<i<m-2
Pm—1

Finally, on the two first terms, we use Lemma 2.1 and Proposition 2.3, and also that ©

B(e+1)

» (pi —2) < pi, if1<i<j—2
m—1

This finally establishes that

(+1)
for every Br € B, Z / |y, | %  da <C,
Br

1=5—1

with C' independent of €. As already explained, this is enough to safely conclude the proof. ([

7. PROOF OF THEOREM 1.1

The cornerstones of the proof of Theorem 1.1 are the uniform L>° estimate for the gradient of Proposition
5.1 and the uniform higher integrability estimate of Proposition 6.1. Indeed, by using Proposition 6.1 with
the choice go = 7y (i.e. the exponent in (5.1)), we get that for every B,, € B with ro < 1

Vel (m,,) < C,

with C' > 0 independent of €. Observe that to infer that C' is independent of £, we use Lemma 2.1 and
Proposition 2.3. Once we have this uniform estimate at our disposal, the Lipschitz regularity of U follows
with a standard covering argument, by taking into account that u. converges to U (see Lemma 2.2). We
refer to the proof of [3, Theorem A] for details. O

Once we have Theorem 1.1 at our disposal, we can prove a higher differentiability result a la Uhlenbeck.
For the model case of the functional
N1
> | lus,
im1 Pi

the following result considerably improves [6, Theorem 1.1].

pi dZE,

Corollary 7.1. Letp = (p1,...,pn) be such that2 <py <--- <pn. LetU € Wi)’Cp(Q) be a local minimizer
of §p such that

U e L. (9).
Then

U, |77 Uy, € WE2(Q), fori=1,...,N.

loc

Proof. The proof is the same as the one in [6, Proposition 3.2]. It is based on Nirenberg’s method of
incremental quotients, which aims at differentiating the equation

N

> (v,

i=1

piiz UTl) = 07

5This part of the discussion is void when m = j.
6This part of the discussion is void when j = 2.
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in a discrete sense. By proceeding as in [6], we get for every j = 1,..., N and every pair of concentric balls
B,, @ Br, €

N 5 U pi—2 U 2 N Pi=2 pin 2

Py v 23
Z/ he; (l zL‘J: Ii) dx < L Z / |Uac Pi g P / 6h&j€{1 ’
i=1" Bro |h| == (Ro —m0)? i1 \YBry Brq | |h| ™2

see [6, equation (3.6)]. By using that VU € L{S., we can choose
sj+1_
5 =
to control the last term on the right-hand side and obtain an estimate on

p;—2 2
N e, (10217 O
' dr,  j=1,....N,
T

which is uniform in |h| < 1. By appealing to the difference quotient characterization of Sobolev spaces, we
get the conclusion. ([

s;j=1 so that 1,

APPENDIX A. CALCULUS LEMMAS
In this section, we separately present some proofs on the elementary facts for the sequences needed in the

proof of our main result.

A.1. Tools for the Lipschitz estimate. In what follows, we denote as usual
2N

2" =
N -2’

for N > 3.

Lemma A.1. Let 2 < p; <pyn. We define

) (. . N -2 N
jo:mln{jGN:]>log2< 5 (pN—Q)—2(p1—2)>—2},

jl—min{jGN:j>log2 ((N2)(pN2)N(p12)>2}.

and J =1+ max{jo,j1}. We set
Vi = 2j+2 +pN - 27

and
1 3 (v +p1—pN) =
T = . 2% .
Vo2 ( 4 _ ) A
9 Y; T P1— PN Yi-1
Then there exist two constants 0 < C; < Cy < 1 depending on N,p1 and py such that
1 — 7:) s
¢ < o)y < Oy, for every j > J.
Y +P1— PN

Proof. Tt is easily seen that the sequence {v,},en is increasing. Moreover, by definition of jy, we have that

*

v< T (vj + D1 — PN), for every j > jo,
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thus 7; is well-defined and positive for j > jo. The definition of 7; entails that

1 ; 1—7
(A1) Spiic H PR, El E
T i = (v +p1—pN)
thus the previous discussion mplies that
0<7 <1, for every j > jo.
Then the proof is by direct computation: we have
2*
A—7)v _ |4 %=1 5 (i tpi—pn) = Vi
S _ - ) * 4 _
Y TP1— PN Vi 5 (’Yj +p1—pN) — Vi1 Y; TP1— PN
* 2*
ng(%‘ +p1—PN) = V-1 5 (v +p1—DpN) 1
= *
4+ —
?(’Yj+p1_pN)_'ijl VTP T PN
_ 2 Vi~ Vi-1
> (v +P1—DPN) — Vi1
2% 2742 _ 9j+1
=S 7

2 , ,
& (ZF2 41— 2) —py —2H 42

2 2i+2

*

4 2* —1 . 2 ’
( 5 >2J+2+2(p1—2)—(pN—2)

We have to distinguish two cases: if

PN < (p1—2) +2,

N -2
then the function
t

(552) e+ S wi-2-t -2

is well-defined for every ¢t > 0 and monotonically increasing. We have in this case

(A.2) t—

A=7) v o (A =7)7

0< <
Yjo +P1—PN ~ Y +DP1—DPN
. 2% 27+2 2*
< lim — = =
oo 4 (2% —1 . 2% 2 2% —1
! ( >2j+2+2(p1—2)—(pN—2)

for every j > jo.
On the other hand, if

(A.3)

<1,

31
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then the function (A.2) is well-defined and monotonically decreasing for

2 2%
A4 t —2)— — —-2)).
(A4) > gt (0w -2-Z - 2)
Thus we now obtain
%22*1< i <§ 2 1 2;1+2
* — . + _ — * ) * )
Yj TP1—PN ( ) 2J1+2+5(p1_2)_(pN_2)
for every j > j;. Observe that the choice of j; assures firstly that ¢ = 2772 satisfies (A.4) whenever j > j;
(here we use (A.3)) and secondly, that the right-hand side above is strictly smaller than 1. O
Lemma A.2. With the notation of Lemma A.1, we define the sequence {e;};>;, by
!/
Yj +P1—DPN . .
(A.5) 14e; =15 <> , for 7 > jo.
N A=)y
Then N )
PN —P1 .
G~ T T 5 o for j — oo.

In particular, we have
n
li 1 ; .
Ji JL+e) < veo
1=Jo

Proof. We start by computing explicitly the conjugate exponent appearing in (A.5). We have

(% +p1—pN>/:< 1 (1+p1—pN)>/
(1 =75)7 1—7 Vi
1 _ _
<1+p1 pN) 1 _PNT P
-7 i

1 - - PN — D1’
<1+p pN>_1 T —
L= Vi

Thus we have

Ei: =T, 77J+p1_p]v /—1:
TN A=)y

. (1_pw—pl>

! Vi R\ 1—7

NP R
i i

‘We now observe that
PN — D1 1—m NP1 17

< , for j — oo.
Vi, PNTDPL Vi T
J
8]
Moreover, by using the definitions of v; and 7;, we have
1—7; 1 N
ER R P for j — oo,
Tj Tj 2
which implies that
N _
qw—u, for 7 — oo.
2

By observing that v; ~ 2712, we get the desired conclusion.
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In order to prove the last part, it is enough to notice that

n n
H (I14¢j) =exp Z log(1+¢;) and log(1+¢;) ~ ¢, for j — oo.

J=jo J=jo
By using the first part of the proof and the definition of v;, we see that
n
li ; .
Jim, ) e < e
J=Jo
This concludes the proof. O

A.2. Tools for the higher integrability. In this section, we present some properties of the vector-valued
sequence {( f_l, ..., B%)} which were needed in the proof of Proposition 6.1, in order to complete the
inductive step. We use the same notation as before: in particular, we fix 2 < gy < +00 and set

. D\’ .
qj:mln{(;) 7CI0}, j=1...,N.

Then for a fixed index j € {2,..., N}, we define

0 .
5](»_)1 = pj-1min{gj_2, ¢j_1qn},
(A.6)
o for i = i N
Bi = Pi4j-1, Oor?=7,...,1V,
and by a recursive scheme
[
(£+1) = PN min qj—2 mi Bl(c )
N I j1<k<N-1 pp, — 2
(e41) (2) (e+1)
_ ; _ 2 N
N—1 = PN-—1 IS G52, jflélfllclSnN72 i — 27 PN — )
‘ 0+1
(A.7) (+1) . . . B . gty
N—9 — DPN-—2MINqgj—2, 1IN , min
j—1<k<N-3 pp — 2 N-1<k<N pg — 2
(Z‘Jrl) . (4+1)
. . k
53;1 = Ppj—1 MmIny q;-2, jﬁgN Dp— 2

Lemma A.3. For everyi € {j—1,...,N}, the sequence {By)}geN s nondecreasing.

Proof. We proceed again by induction on /.

Initialization step. We first need to prove that
(A.8) BY > O, fori=j—1,...,N.

We establish this by downward induction on ¢ = N, ..., 5 — 1. Indeed, for i = N, one has by definition

(0)
O _ pNmMin < q;_o min k .
N TS j1<k<N-1 pi — 2
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By using the definition of B,(CO), the previous is the same as

BY = pn min{Q‘—m ¢j—1 min{g;_2, gnvgj—1}, ¢j—1 _min Qk}-
N j j j j i O

By recalling that g;_2 > --- > gy, this gives

5](\}) = pN min {%‘72, ¢j—1 min{g;_2, qN ¢j—1}, ¢j—1 qNA} > py min{g; 2, ¢j-1qn}
Hence,
BY) = pn gj-1 < pymin{g;_a, g1 an} = BY .
This proves (A.8) for i = N.
We now assume that for some i € {j — 1,..., N}, property (A.8) holds for every k € {i+1,...,N}. One
proceeds to prove that (A.8) holds for i, as well. By definition of ﬁi(l),

(0) (1)
B = p; min {%‘2, B mi . } :

min , in
j—1<k<i—1pp — 2" i+1<k<N pp — 2

By the induction assumption, ﬁ,(cl) > /Blgo) for K > ¢+ 1 and thus

8 8 By
WS _ . .
B = pimin §gj-2, j1gigi o — 2’ i12hEN D — 2

0

B, Y
——— min
Dj—1—2 Jé]f;iNv Pk — 2

= p; Min § q;—2,

By definition of Bi(o), this gives

(1) . . .
51- > p; min {(Jj—za qj5—-1 mln{‘]j—Q, gnNn (Jj—l}a qj—1 jSI%lSHN’ Qk}

kZi
= p; min{g;_2, ¢j—1qn}-

When ¢ > j, this implies ﬁi(l) >pigi—1 = ﬁi(o), while when ¢ = 7 — 1, one has
ﬂqu_)l > pj—1 min{g;—2, qn gj—1} = 591-
We have thus proved (A.8) for ¢, which completes the proof.

Inductive step. We now assume that for an index ¢ > 1, we have

(A.9) B > g1, fori=j—1,...,N.
We need to prove that this entails
B > @) fori=j—1,...,N,
as well.
We rely again on a downward induction on ¢ = N,...,j — 1. Indeed, for i = N, we can use (A.9), which
gives

(€) (£—1)
(e+1) _ : ) ; k > : ) : k _ 30
Bn mem{qyz, jlgllcl<nN1pk—2} > pN min {qu,jlglcglNlpk_Q} N
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We now assume that for some ¢ > j — 1, one has

ﬁgﬂ) Zﬁg), for every k€ {i+1,...,N}.
Then
(0) (e+1)
/Bi(“'l) = p; min {qj_g, min B , in k }
j—1<k<i—1pp — 2 i+1<k<N pp — 2

z(f) z(f)
> p; min i min min .
= Di 9-2 j—1<k<i—1 pj, — 2 i+1<k<N pj — 2

Relying now on the induction assumption (A.9), one gets

(£-1) (£)
B > pmin {%‘—2, in Oy min k} =Y.

m , i
j—1<k<i—1pg — 2 i+1<k<N pr — 2
This completes the proof. (I

Lemma A.4. With the notation of the previous lemma, there exists £g € N such that for every £ > £y, one
has

¢ .
ﬂi():piqj,g7 for everyi=j5—1,...,N.
Proof. By using the monotonicity proved in the previous lemma, we get in particular for i = j—1,..., N,
L /41
(e+1) _ . ‘ . ﬂ,ﬁ ) . ,(f )
B; = p; min < gj_2, min , min
j—1<k<i—1pp — 2" i+1<k<N pp — 2

(A.10)

(6) (©)
> p; min< g;_2, min B > p; mink ¢;_2, min B .
= TT G a<k<N, p — 2 [ T TTE j1<k<N pi — 2
k#i

Dividing by p; and observing that

(£) B(f) (0)
—k >k g > kg,
Pk—2 " Pr Dk

one deduces that

(¢+1) (6)
L > min {ng, gy ~ min ﬂk} .

Di j—1<k<N py
Since this is true for every ¢ = j —1,..., N, this implies
(All) (5(€+1) > min {qj‘,g, qN (5([)} , Where 6(6) = min &a
B J-1<k<N pp

The monotonicity of each sequence {B](f)}geN entails the monotonicity of {69 }en. We claim that there
exists £y € N such that one has

(A.12) qn 0 > gj—2; for every £ > 4.
Indeed, assume by contradiction that gy ) < gj—2 for every £ > 0. Then it follows from (A.11) that

D > gy 8O, for every £ > 0.
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which implies in turn that 60 * 400, as £ — co. This contradicts that g6 < gj—2 for every £ > 0.
Hence, the claim (A.12) is established. By (A.11) again, this implies that

B+ (0+1)
—~—— > min L:5(£+1)Z(b‘_2, fori=75—1,...,N, for every £ > £y — 1.
bi J—1<k<N  pg
Since the opposite estimate on ﬁz-(”l) /p; is a consequence of the definition of BZ-(EH), we obtain the desired
conclusion. 0
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