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Formality of a higher-codimensional
Swiss-Cheese operad

Najib Idrissi*
November 3, 2020

We study bicolored configurations of points in the Euclidean n-space that
are constrained to remain either inside or outside a fixed Euclidean m-subspace,
with n —m > 2. We define a higher-codimensional variant of the Swiss-Cheese
operad, called the complementarily constrained disks operad CD,,;, associated
to such configurations. The operad CD,,,, is weakly equivalent to the operad
of locally constant factorization algebras on the stratified space {R”™ C R"}.
We prove that this operad is formal over R.
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Introduction

The little disks operads D,, (for n > 1) represent operations acting on n-fold loop spaces.
They have had many applications in homotopy theory over the years (see e.g. [17] for
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a survey). Elements of D,,(k) consist of configurations of k disks inside the unit n-disk.
Voronov’s Swiss-Cheese operads SC,, [50] (for n > 2) are relative versions of the little
disks operads. They encode central actions of D,-algebras on D,,_i-algebras. Elements
of SC,,(k,1) are given by configurations of k half-disks and [ full disks in the unit upper
half-disk.

In this article, we introduce higher-codimensional variants of the Swiss-Cheese operads
CDpp (for n —2 > m > 1), called the “complementarily constrained (little) disks
operads”.! These operads encode actions of D,-algebras on a D,,-algebras by central
derivations (see Section 3.2). Elements of CD,,,(k,[) are given by configurations of k
“terrestrial” disks centered on D™ C D™ and [ “aerial” entirely contained in D™\ D™.

A fundamental property of D,, is its formality [30, 47, 32, 38, 19]: the cohomology
H*(D,;Q) is quasi-isomorphic (as a cooperad in CDGAs) to the forms on D,,. Unlike
the little disks operads, the Swiss-Cheese operads are not formal [33, 55]. In this paper,
we establish the following result:

Theorem A (See Theorem 5.35). For n —2 > m > 1, the complementarily constrained
disks operad CD,,y, is formal over R.

The operad CD;,_1),, contains the Swiss-Cheese operad SC,, as a suboperad of connected
components. It thus follows from arguments of Livernet [33] that CD(,_), is not formal
(Remark 3.22). By [55, Section 5.1], nonformality of SC,, is equivalent to nonformality
of the inclusion D,,_; < D, (established in [48]). Since the inclusion D,, < D, is
formal for n > m + 2, Theorem A might not be a surprise. However, Willwacher studied
another generalization of the Swiss-Cheese operad, the “extended Swiss-Cheese operad”
ESC,.n [55]. He proved that its formality is equivalent to the formality of D,, C D,, [55,
Section 5.1]. The difference with CD,,,, is that in CD,y,,,, the aerial disks are forbidden
from touching the “ground” D™, whereas this is allowed in ESC,,,, (see Remark 2.11).
The argument used for the formality of ESC,,, thus does not seem easily adaptable:
CD,,.n, is obtained by removing a subspace from ESC,,,, an operation which is usually
difficult to deal with in homotopy theory. It is not clear that formality of D,, C D,
directly implies formality of CD,,,, or conversely.

Motivation The general motivation for this article comes from the study of configuration
spaces started in previous works. Campos—Willwacher [8] and the author [27] provided
combinatorial models for the real homotopy types of configuration spaces of simply
connected closed smooth manifolds. Campos, Lambrechts, Willwacher, and the author [7]
provided similar models for configuration spaces of compact, simply connected smooth
manifolds of dimension > 4. Campos, Ducoulombier, Willwacher, and the author [6]
studied framed configuration spaces of orientable closed manifolds, i.e. configurations of
points equipped with trivializations of the tangent spaces.

In each of these articles, knowing models for the little disks operads or their variants
was essential. Configuration spaces of R™ are intimately linked to the little disks operad

In previous versions of this article, this operad was denoted VSC,,,, and called the “variant Swiss-Cheese
operad”.



D,,, and closed manifolds are locally homeomorphic to R™. The formality of D,,, and more
precisely its proof by Kontsevich and Lambrechts—Voli¢, was thus essential in finding
models for configurations spaces of closed manifolds in [8, 27]. Similarly, a manifold with
boundary is locally homeomorphic to the upper half-space H® C R", and configuration
spaces of H™ are linked to the Swiss-Cheese operad SC,,. While SC,, is not formal,
Willwacher [53] defined a model for the real homotopy type of SC,, which was used
extensively in [7]. For framed configuration spaces [6], we used the model for the framed
little disks operad due to Khoroshkin—Willwacher [28].

Our goal is to study the configuration spaces of the complement N \ M, where N
is a closed n-manifold and M is a closed sub-m-manifold of codimension > 2 (e.g. the
complement of a knot S3\ K). Such a pair (N, M) is locally homeomorphic to the
stratified space (R™,R™). Using the analogy above, configuration spaces of (R", R™) are
linked to the operad CD,,,,. Based on the previous works cited above, we are led to expect
that models for CD;,y, will produce models for Conf s by adapting and generalizing
the proof, just like models for D,, produced to models for configuration spaces of closed
manifolds. In this article, we find that models for CD,,,, are as simple as possible: the
operad is formal, i.e. the cohomology H*(CD,,,) is a model.

Proof strategy and outline The proof of our theorem is inspired by Kontsevich’s [30]
proof of the formality of the little disks operad and its improvement by Lambrechts—
Voli¢ [32]. We first define the compactifications CFMy, (k, 1) of Confgm () x Confra\gm (1),
inspired by the Fulton-MacPherson compactification [3, 20, 45]. These compactifications
form an operad with the homotopy type of CD,,,. We build an intermediate cooperad,
cgraphs,,,,, which serves as a bridge between the cohomology H*(CFM,,,) and the
piecewise semi-algebraic forms (see [24]) Qp, (CFMy,;,). The definition of cgraphs,,,, is
inspired by Willwacher’s model for the Swiss-Cheese operad [53] and by [28, Section §].
The map cgraphs,,,, = Q5 (CFM,y,,,) is defined by integrals. We cannot find a direct
map cgraphs,,,, — H*(CFM,,,,), as the differential of cgraphs,,, depends on non-explicit
integrals. Using vanishing results on the cohomology of some graph complex, we are able
to simplify cgraphs,,,, up to homotopy, and then map it to H*(CFM,,,,).

Section 1 contains background on operads, the little disks operads, and piecewise semi-
algebraic forms. In Section 2, we define the compactifications CFM,,,, and we compare
them with CD,,,. We give examples of CD,,,-algebras based on relative iterated loop
spaces. In Section 3, we compute the cohomology of CD,,,. We give a presentation of its
homology cd;, = Hi(CDypp). In Section 4, we start by reviewing Kontsevich’s proof of
the formality of the little disks operad, and we define the cooperad cgraphs,,,,, that will be
used to adapt that proof to CFM,,,,. We moreover construct the map from cgraphs,,,,, to
Of A (CFM,y,,, ) using integrals. In Section 5, we first show that certain integrals used in the
definition of cgraphs,,,, can be simplified. We construct the map into H*(CFM,,;) and
we show that all our maps are quasi-isomorphisms. In Appendix A, we define twisting
of relative cooperads. In Appendix B, we sketch a proof that CFM,,, (U, V) is an SA
manifold and that canonical projections are SA bundles.
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1. Prerequisites

We work with cohomologically graded modules over the base field R (except in Section 3.1
which is over Z). The cohomology (resp. homology) of a space is concentrated in
nonnegative (resp. nonpositive) degrees. For a graded vector space V, the free graded
symmetric algebra S(V) is R[Vev"] @ A(V°4d) i.e. the tensor product of the polynomial
algebra on even elements by the exterior algebra on odd elements. Homogeneous elements
x,y satisfy yz = (—1)(deg)(degy) gy,

1.1. Operads

We work extensively with operads and cooperads and we assume basic proficiency with
the theory. General references include [34] and [15, Part I(a)]. We will usually label
inputs by elements of arbitrary finite sets rather than numbers. Briefly, let Bij be the
category of finite sets and bijections. A symmetric collection is a functor Bij — C where
C is a symmetric monoidal category. For k > 0, we let k = {1,...,k}. A symmetric
collection M can equivalently be seen as a symmetric sequence {M(n) := M(n)},>0 with
actions of 3, = Autgj(n) on M(n).

For a pair of finite sets W C U, we define the quotient U/W = (U\ W)U {x} (note that
U/@ =UU{x}). Foru € U, we let [u] € U/W be its class in the quotient. An operad P is
a symmetric collection equipped with composition maps oy : P(U/W) @ P(W) — P(U),
for each pair W C U, satisfying the usual axioms. A cooperad C is a symmetric collection
equipped with cocomposition maps oy}, : C(U) — C(U/W)® C(W). A Hopf cooperad [15]
a cooperad in the category of commutative differential-graded algebras (CDGAs).

We also deal with some special particular bicolored operads called “relative operads” [50]
or “Swiss-Cheese type operads” [54]. Given an operad P, a relative P-operad is an operad
in the category of right P-modules. Equivalently, a relative P-operad is a bisymmetric
collection, i.e. a functor Q : Bij x Bij — C, equipped with composition maps:

or: QU,V/T)®P(T) = Q(U,V) for VCT,
owr : QU/W, V)@ QW,T) - Q(U,VuT) for W C U.
We will often write “the operad Q” when P is implicit from the context. Relative cooperad

are defined dually. We also apply the adjective “Hopf” to refer to such cooperads in the
category of CDGAs.



1.2. Little disks and variants

Fix some n > 0 and let D™ = {2 € R" | [[z]| < 1} be the closed disk. The space D,(r) is
the space of maps c¢: (D™)"" — D" such that: (i) each ¢; : D" — D" is an embedding
given by the composition of a translation and a positive rescaling; (ii) the interiors of two
different little disks are disjoint, i.e. ¢;(D™)N cj(lo)") = & for ¢ # j. Using composition of
embeddings, the collection D,, = {D,,(r)},>0 forms a topological operad called the little
n-disks operad.

Let us now fix notations for the (Axelrod—Singer—)Fulton-MacPherson operad [20, 3]
(see also [45] and [32, Chapter 5]). Given some space X, and a finite set U, we define the
configuration space:

Conf x (U) = {(zu)ucy € XY | Yu # v, x4 # .} (1.1)

Consider the quotient Conf,, (U) := Confgrn(U)/R™ x R by the action of translations
and positive rescalings. This space embeds in (5™~ 1)Cv(2) x [0, +00]C°nv () using the
maps 6;; and 0;;, from (2.2), (2.3). The Fulton-MacPherson compactification FM,,(r)
is the closure of the image of this embedding. The collection FM,, forms an operad [32,
Section 5.2] with the same homotopy type as D,,, see [36] and [42, Proposition 4.3].

Remark 1.2. There is an operad Diskf{r related to locally constant framed factorization
algebras on D™ and which has the same homotopy type as D, see [35, Definition 5.4.2.10]
or [4, Notation 2.8]. This operad Diskf{ is associated, in some sense, to the trivial
stratification of R™. The present article is devoted to the operad DiskfflCn associated to
the stratification {R™ C R™} [4, Section 4.3].

1.3. Semi-algebraic sets and PA forms

For technical reasons, we will use the technology of semi-algebraic (SA) sets and piecewise
semi-algebraic (PA) forms. We use [24] as a general reference. Recall in particular that
the CDGA Q, (X) of all PA forms on a compact SA set X is a model for the real
homotopy type of X [24, Theorem 6.1].

If P is an operad in compact SA sets, then the symmetric sequence 2, (P) is not a
Hopf cooperad: the Kiinneth quasi-isomorphisms go in the wrong direction. However,
for a Hopf cooperad C, we can define a “morphism” C — Qp, (P) as a collection of maps
C(U) = QA (P(U)) making the obvious diagrams commute [32, Chapter 3]. We call it a
quasi-isomorphism if it is a quasi-isomorphism in each arity. For simplicity, we will treat
Qp (P) as if it were an actual Hopf cooperad; when we write a morphism into Qp, (P),
we actually have a “morphism” as defined above. Results of Fresse [16, Discussion after
Proposition 4.4] can be adapted to Qp,: if P is cofibrant in the category of operads
satisfying P(0) = {x} (e.g. P = FM,,), then any Hopf cooperad quasi-isomorphic to
Qf A (P) encodes the real homotopy type of P. Briefly, there is an operadic upgrade of the
functor Qf, which turns operads into Hopf cooperads, and this operadic upgrade is part
of a Quillen adjunction. We will thus say that an operad P in compact SA sets is formal
if there exists a zigzag of quasi-isomorphisms of Hopf cooperads H*(P;R) < - — Qp, (P).



These constructions can be extended to relative operads over a given base, as they can
be seen as operads in a given symmetric monoidal category (of right operadic modules).

2. Definition of CFM,,,,, and comparison

From now on and until the end of the article, we fix integers n —2 > m > 1. (In some
tangential remarks, we will consider n = m + 1.) We identify R™ as the subspace of R"
given by R™ x {0}"~ ™.

2.1. The compactification and its boundary

Let U and V be finite sets. We define the colored configuration spaces by:
Conf,,, (U, V) = Confgm (U) x Confgn\gm (V') C Confrn(U U V). (2.1)

Roughly speaking, Conf,,,(U, V) is the set of configurations of bicolored of points in
R™: U “terrestrial” points in R™, and V' “aerial” points in R™ \ R”. We will reuse the
terminology “aerial /terrestrial” throughout the document.

The group R™ x R+ of translations and positive rescalings acts on Conf,,, (U, V). Let
Conf,,,, (U, V) be the quotient. Elements of Conf, . (U, V) can be seen as configurations
of radius 1 (i.e. max(||z;||)icvuy = 1) with a barycenter in {0} x R"™™ C R™. Since
R™ % Rq is contractible, the quotient map is a weak homotopy equivalence. If #U +
2#V > 2, then the action is free, smooth, and proper, thus Conf, . (U, V) is a manifold of
dimension m#U + n#V —m — 1. However, if #U < 1 and #V = 0, then Conf, . (U, V)
is merely a point. We embed Conf, (U, V) into (7 1)Confuuv(2) x [0, +oo]Confuuv(3)
(SP=m =V 5 [0, +00] oV (2) x [0, +o00]Confuv (XV ysing the maps:

0i5(x) = (x; — x;5)/||xs — ], fori#£jeUUV; (2.2)
ign(z) = Iz — 2/ lai — forigjAkAicULV;  (23)
() = prmyL (Tv)/[[P@m) (o), forv e V; (2.4)
pov () = [[pm)+ (@) |/ |pRem) - (20, for v, 0" € V; (2.5)
Oigo() = Il — 31/ Ipgamy ()]l forijeULV.veV:  (26)

where pgmy1 is the orthogonal projection on (R™)+ = {0} x R*™™ C R™,
Definition 2.7. The space CFM,,,,(U,V) is the closure of the image of the embedding
(035, Gijks Qws ot Tiju)-

Ezample 2.8. We have CFM,,,,(U, @) = FM,,,(U) and CFM,,,,(0,1) = §"»~™~ 1,
Proposition 2.9 (Appendix B). The space CFM,,,,,(U, V) is a compact semi-algebraic
manifold and a smooth manifold with corners. Its dimension is m#U + n#V —m — 1

if #U + 2#V > 2, and zero otherwise. The projections py,y : CFMp,,(UU I,V UJ) —
CFMyn (U, V) are SA bundles.



Proposition 2.10. The collection CFM,,, forms a relative FM,,-operad.

Proof. On the coordinates 6;; and d;;,, the formulas are identical to FM,, see [32,
Section 5.2]. For v € V, one simply define a,(zory) = ap,(z); and a, (2’ ow,ry’) = ay(z')
ifv g T,ora,(y)ifveT. Forv#v' €V, then pyy(zory) =1if v,v" € T, or pyp ()
otherwise; and pyy (2’ owr v') = pu(2’) if v,0" ¢ T, or pyy(y') if v,0" € T, or 0 if
veT, v ¢T,or +ooifv' €T, v ¢T. Finally, o4, (x o7 y) = 0if i,5 € T, or opp;)] ()
otherwise; and o, (2’ owr v') = 0iju (/) if 4, j,v e WUT, or 0if 4,5 e WUT, v ¢ T, or
o (') if v ¢ T and #({i,j} N (W UT)) = 1, or oo otherwise. O

Remark 2.11. The operad CFM,,, is not homotopy equivalent to the operad ESC,,,
considered by Willwacher [55]. Recall that ESC,,, (U, V) := D, (U U V) Xp, (1) Dm(U),
where D, (U U V) — D, (U) is the projection that forgets disks and D,,(U) — D,(U) is
the usual embedding. The difference is that we do not allow “aerial” points to be on
R™, 50 e.g. CFM;,,,(0,1) = S"~™~1 % ESC,,,(0,1) =~ , and CFM,,(1,1) =~ S~ ~1 o
ESCpnn(1,1) ~ S~ L

Proposition 2.12. We have a decomposition in terms of faces:

OCFMy (U, V)= | ) (imop)U U (im oy 1),
TeBF' (V) (W,T)eBF"(U;V)

where the subsets BF (V) CV and BF"(U;V) C U x V are respectively defined by the
conditions #T > 2 and by W UT C UUV and 2 - #T + #W > 2). FEach of these
boundary faces is a compact SA subset of the boundary, and the intersection of two
distinct faces is of positive codimension in OCFM,,, (U, V).

Proof. Adapting the proofs of [32, Proposition 5.4.1] is straightforward. O

If p: E — B is an SA bundle of rank, then its fiberwise boundary p? : E? — B is
an SA bundle of rank k — 1, where E? = (J, .5 0p~!(z), see [24, Definition 8.1]. The
fiberwise Stokes formula reads d(p.a) = p.(da) £ p2a [24, Proposition 8.12], where
s QUL (E) — Q;‘Ak(B) is integration along fibers.

Proposition 2.13. The fiberwise boundary of the projection pyy : CFMy,, (U U I,V U
J) = CFM,, (U, V') is the subset of CFMp,, (U U I,V U J) given by:

CFMY,(UuLVvuJ)= |J (imor)u U (im o7,
TeBF (V,J) (W,T)eBF" (U,L;V,J)

where the subsets BF'(V,J) c BF'(V U J) and BF"(U,I;V,J) C BF'(UUI,V U.J)
are respectively defined by the conditions #(T NJ) < 1 and by (U C W and V C
T)or (VNT =0 and #(UNW) <1)).

Proof. We can adapt the proof of [32, Proposition 5.7.1] immediately. We simply use the
decomposition of Proposition 2.12 and we check easily that BF'(V, J) and BF" (U, I;V, J)
index the faces which are sent to the interior of Conf,,, (U,V) under the projection

PUV - ]



2.2. Comparison with CD,,,

In this section, we compare CFM,,,, with CD,,,,, the complementarily constrained (little)
disks operad. Let D™ = D™ NR™ for convenience.

Definition 2.14. The space CD,,,(U,V) is the space of maps ¢ : (D")VYV < D"
satisfying: (i) for all i, ¢; : D™ < D™ is an embedding obtained by composing a
translation and a positive rescaling; (ii) for i # j, we have ¢;(D™) N ¢;(D") = @; (iii) for
u € U, we have ¢,(D™) C D™; (iv) for v € V, we have ¢,(D") N D™ = @. Using
composition of embeddings, CD,,, is a relative D,-operad, called the complementarily
constrained disks operad.

Remark 2.15. The usual Swiss-Cheese operad SC,, is the suboperad of CD;,_1),, formed
by the components where all the aerial disks are in the upper half-disk.

Proposition 2.16. There exists a zigzag of weak homotopy equivalences of operads
(CDyin,s Dy) >~ (CFMypy, FM,,).

Proof. We can adapt the proof of Salvatore [42, Proposition 3.9] directly. Briefly, we
use the Boardman—Vogt resolution WCD,,;, — CDjpny. Elements of WCD,,, (U, V) are
rooted trees with (U, V') leaves, bicolored edges, internal vertices labeled by CD,,,, and
internal edges labeled by time parameters t € [0,1]. Operadic composition is grafting
(new edges are decorated by 1). If ¢ = 0 then the corresponding edge is collapsed and
the decorations are composed. The map WCD,,,, —+ CFM,,,,, is defined on trees with
edge decorations < 1 by rescaling the disks by one minus edge decoration, composing
in CD,,,, and keeping the centers of the remaining disks. This extends continuously to
composite trees and defines a weak equivalence of operads. O

Let us also give examples of CD,,,,-algebras. Recall first that for a pointed space x € X,
the iterated loop space Q"X is the space of maps v : D™ — X such that v(0D") = x.
The space Q2" X is an algebra over D,,. Conversely, the recognition principle states that
any “group-like” D,-algebra is weakly equivalent to an iterated loop space [5, 37].

For a pair of pointed topological spaces * € A C X, the iterated loop iy
space Q"(X, A) is hofib(Q" 1A — Q"~1X). Concretely, let D == D"NH" 70 ¥
be the upper half-disk. Its boundary dD]! is the union of the disk _Dj == [riiiais n
D" N OH" = D™ ! and the upper hemisphere 9, D7 := D" N H" = D! A
along the equator D™ N OH"™ =2 S"~2. The relative iterated loop space Q"(X, A) is the
space of maps v : Dj — X such that v(0-D}') C A and v(04D}}) = *. For example,
OYX,A) = {y:[0,1] = X | v(0) € A, v(1) = *}. A sketch for n = 2 is on the side. The
pair (2"(X,A),Q"X) is an algebra over the operad SC,,. By the relative recognition
principle, any SC,-algebra satisfying appropriate properties is weakly equivalent to such
a pair [13, 41, 26, 49].

By analogy, we define the (n, m)-relative iterated loop space:

QVMX,A) ={y: D" — X | v(D™) C A and y(0D") = x}. (2.17)



The pair (Q™™(X, A), 2" X) is an algebra over the operad CD,,,,. We conjecture that an
analogous relative recognition principle holds: any CD,,,-algebra satisfying appropriate
conditions should be weakly equivalent to such a pair.

3. (Co)homology of CD,,,

In this section, we compute the integral cohomology of CD,,,, (Definition 2.14). We then
give a presentation of the operad H,(CD,,;) by generators and relations. Unless specified,
the ring of coefficients is Z in this section.

3.1. The cohomology as a Hopf cooperad

We will first compute the cohomology of Confy (1) with W := R" \ R™ for n —m > 2.
The computation is inspired by the methods of [46]. We prove that it is free as an
abelian group, thus we will be able to apply Kiinneth’s formula to get the cohomology
of CDyyn(k, 1) ~ Confrm (k) x Confy (I) as a tensor product. Then we study the maps
induced on cohomology by the operad structure of CD,,,.

Definition 3.1. The Poincaré polynomial of X is 2(X) := > ,5,(tk Hi(X)) - t'. For
P, Q € N[[t]], we say that P < @ if the coefficients of ) — P are nonnegative.

Proposition 3.2. For n —m > 2, the Poincaré polynomial of Confyy (1) satisfies:
-1
2 (Confyy (1)) < H‘_0(1 4 gmml g, (3.3)

Moreover, if the equality is reached and the homology of Confyy (I—1) is free as a Z-module,
then the homology of the total space Confyy (1) is free too.

Proof. We use the Serre spectral sequence of the Fadell-Neuwirth fibrations:
gr=m=1y (§n=1)V(=1) «__ Confy () —= Confy (I — 1). (3.4)

For n — m = 2, the base Confy (I — 1) is not simply connected. However, we can
adapt the arguments of [9, Lemma 6.3] to show that the coefficient system is trivial. Let
c1, co € Confyy (I—1) be two configurations and Fy, Fy = 7~ 1(c1), 7 1(c2) € Confyy (1) the
fibers (=~ STV (S~ 1)VU=1). Any path v € Q, ., Confyy (I — 1) lifts to a path in Confyy (1)
by putting the Ith point far from all the others (e.g. outside a ball B enclosing the
compact subset im(7)). Let us show that the induced isomorphism h., : H,(Fy) — H.(F3)
is the identity.

It is clear that h, does not affect the fundamental class of Sn—m=1l — Gl as we can
choose a representative with the [th point rotating around the axis R™ outside the ball
B. The class of the ith S~ ! in the fiber corresponds to the Ith point rotating around
the 7th point. This can be represented by concatenating a path n;; from [ to i with a
small sphere o; around ¢. Consider the path ; given by the ith coordinate of the path ~.
Then (h,).[S™!] can be represented by 7;; - v; - 0; (see Figure 3.1 for an example). But
this (n — 1)st homology class is homologous to 7;; - ; for any path ~. O
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Figure 3.1: The effect of h, on the fundamental class (in blue) of S™~1

Remark 3.5. If n = m + 1, then W = R" \ R*~! = R" JR" is not even connected.
However, we then have Confy (1) = |,_ 1417 Confgn (I") x Confrn(l") X5, x5,, X1 Its
Poincaré polynomial is Zl —y l,)l'l,, , Hl 71(1 + it Hl 71(1 + jt"~1), which is the
RHS of (3.3) (here, H (2 +t"~1)) by induction.

The classical presentation of e () :== H*(Confgn (1)) [1, 9] is (degw;; =n — 1):

er\i(l) = S(wij)1§i¢j§l / (Wji — (—1)nwij, w?j, WijWjk + WikWks + wk‘iwij)' (3'6)
Definition 3.7. We define an algebra, with generators n; of degree n —m — 1:

ey, (0,1) =€) (1) ® S(mi)1<i<i / (07, niwi; — mjwiy)- (3.8)

Elements of e (l) can be seen as linear combinations of simple oriented graphs on [
vertices, modulo orientation signs, double edges, and a local three-term Arnold relation.
In cd,’,,(0,1), each connected component is decorated by 1 or 1 (formally, vertices can be
decorated and decorations can move along edges; two 7 classes on the same vertex give
0).

Remark 3.9. This algebra is very similar to the Lambrechts-Stanley model G4 [27]
applied to A = H*(D"™ \ D™) with vanishing diagonal class.

Remark 3.10. The space Confy, (1) = (R?)!\ (UZ# {x; =x;}U UZ 1 p; H(R™)) is a real
subspace arrangement. Its Betti numbers can be computed by [23, T heorem A]. For even
n and m, this is also a complex arrangement and the ring structure of the cohomology
can also be computed using [10, Section 5].

Lemma 3.11. The Poincaré polynomial of cdy,, (0,1) is the RHS of (3.3).

Proof. Let Vg be the graded vector space with basis (1,w1g, - . .,W(—1)4;Ma)- Its Poincaré
polynomial is 1+#" =™~ 14 (d—1)t" 1. It thus suffices to show that cd,’,,. (0,1) = V1®---®V],
i.e. that cd),,(0,1) has the basis wi, j; - - - Wi, j MKy - - - Mo, Where j1 < -++ < jp, iq < jo and
ky # jo for all a,b (that is, graphs where edges increase and are ordered by their target,
no two edges have the same target, and no target is decorated by 7).

We use the theory of commutative PBW bases [40, Section 4.8]. Generators of cd.’,,, (0, 1)
are w;j for 1 <¢ < j <landn; for 1 <i <. We order them by 1 > --- >y, wij < wpy
ifi <kori=~kAj<I, and eg. n, < w;; for all i,j,k. Monomials are ordered
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lexicographically. Quadratic relations, written as “rewriting rules” (higher monomial =
lower monomials), are wjw;, = (—1)"+1wijwjk — wipwyj for all i < j <k, njwij = niwi;
and wfj =0 for all i < j, and n? = 0 for all . The claimed basis is exactly the PBW
generating set.

We need to check that overlapping rewriting rules are confluent, i.e. we get to the
same element using only the rewriting rules. The critical monomials are wjrw;xwik, ng,
1713, W]zsz‘k;, NeWjkWik njwizj, and 77]2‘%‘]' (where i < j < k < 1). These are all easily seen
to be confluent. For example, npw;rw;, can be rewritten in two ways. The first way,
(Mew;ik)wik = Niwikwie = M;((—1)"Mwijwir — wiswi;) = (—1)" M iwjw;r — niwikwi;. The
second way, ni(wjrwix) = Mk((—1)" M wijwir — wigwis) = (—1)" T njwiiw;k — miwiwi; =
(=) Mpwijwir — niwikwij. O

Proposition 3.12. Forn—2 > m > 1, we have a well-defined algebra map cd),,,(0,1) —
H*(Confw (1)) given by wi; — 03; (vol,—1) and n; — o (volp—pm—1).

Proof. Clearly o (vol,—m—1)? = 0, so we just need to check is that nw;; = njwij. It is
sufficient to check this on Confy(2). The product S~ x S*~™~! maps into Confy (2):
the S”~1 describes the rotation of point 2 around point 1, while the S~ describes the
rotation of the pair around R™. By (3.3), dim H"~™~1*"=1(Confy(W)) < 1. Since njwia
and 7npwi2 pair to 1 with the pushforward of the fundamental class of S7~1 x §n—m—1,
we get nwiz = newis. O]

Proposition 3.13. For n —2 > m > 1, the map cd,,,,(0,1) — H*(Confy (1)) is an
isomorphism.

Proof. Our proof is inspired by the proof of [46, Theorem 4.9] (see e.g. [44] for other uses
of the pairing defined below). Given Inequality (3.3), the universal coefficients theorem,
and Proposition 3.12, it is sufficient to show that the map is injective over any field
ke {Qv FP}

Let us define classes in H,(Confyy (1); k) using “solar system” [46, Section 2]. With this
point of view, any forest consisting of binary trees whose roots are possibly decorated by
a loop induces a class in H,(Confy (1);k). The difference with classical solar systems
is that orbital centers are chosen far enough from R™, and that if a root is decorated
by a loop then the orbital center itself orbits around R™ in the shape of S*~™~!. For
example, the embedding S"~! x S"~™~1 — Confy (2) of Proposition 3.12 corresponds
to the decorated binary tree with two leaves.

The homology classes induced by undecorated trees satisfy the Jacobi relation, as
these homology classes come from the subspace Confgn(l) (with R™ being e.g. the upper
half-space). The homology/cohomology pairing is given by the pairing between graphs
(using the description after Definition 3.7) and trees, which is nondegenerate by [46,
Theorem 4.7], tensored with the pairing between the loops and the classes 1 (which
is clearly nondegenerate). We therefore get that cdy, (1) — H*(Confy (1)) is injective,
establishing the result. O

Definition 3.14. We define, for integers k,1 > 0, cd,’,.. (k,1) = eV, (k) ® cd,,,(0,1).
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For cosmetic reasons, for m > 2 we will write @;; for the generators of e, (k), to
distinguish them from the generators of cd,,,,(0,1). (Recall Y (k) is simply the algebra of
functions on X.) The CDGA cd),,(k,1) is equipped with the obvious action of ¥ x ¥
and we can therefore view cd,,,, as a bisymmetric collection.

Proposition 3.15. There is an isomorphism of algebras cd), (k,1) = H*(CDpmn(k,1)).

Proof. This follows directly from the Kiinneth formula and the homotopy equivalence
CDyn(k,1) ~ Confgrm (k) x Confgn\gm (1) O

We now turn to the cooperad structure of cd,,,. In ey, we have o}, (wyy) = 1 ® wy, if
u,v € W, and oy (Wyy) = wyyy] ® 1 otherwise. Moreover, ef (U) = Ass’(U) = R[Xy]" is
the algebra of functions on ¥y := Bij(U, {1,...,#U}), the set of linear orders on U. The
cocomposition of &) is dual to block composition:

Suw X 2w = Sy, (0,7) = oow T, (3.16)

where o oy 7 is the linear order on U obtained by inserting the order on W at the
position x in the order o, e.g. (a < * <b)og 1y (v <y)=(a <z <y<b).

Proposition 3.17. For m > 2, the isomorphism of Proposition 3.13 induces cooperadic
structure maps oy : ¢y, (U, V) = cd;r,,, (U, V/T) ®@ ey (T) and oy, : cdy, (U, V UT) —
cd), (U/W, V) @ cdy,, (W, T) given by:

_ ~ _ 1 ® @Dy if u,u’ € W,
o (D) = D @ 1. O%/,T (@Quwr) = 1 “ .
W] ® 1, otherwise.
1® wyy, ifv,v €T
V. . 1 ® wyr, if’U,U, eT; v _ v f / .
OT(wU’Ul) - . OVV,T (wU’U/) = § Worr ® 1 'Lf’U,’U € Va
W) ® 1 otherwise. 0 otherwise

77v®1 ifUEV;

o (1) = Ny ® 1. oy (nw) = {1®n ifoeT

For m =1, the maps oy. and OVW,T have the same behavior as above on the generators
Wy and . On ef (U) = Ass’(U) = R[], the map oy is the identity, and oy, is the
dual of the block composition of Equation (3.16).

Proof. Our proof is similar to [46, Theorem 6.3]. Recall the maps 6,/ : CDy (U, V') —
ST 0 i CDmn (U, V) — S™ 1 and vy, : CDpn (U, V) — S~ ™~! from Section 2. Let
us first check that, when they are composed with the insertion maps op : CD,y,,, (U, V/T') x
D, (T) — CDyn (U, V), we obtain the behavior indicated above on generators. For 0,
and 0,,, this is identical to the proof that e (resp. sc,,) is the cohomology of D,, (resp.
SC,,). Now, let us consider the composite v, (—or—) : CDyyn (U, V/T) x Dy (T) — S—m—1
for some v € V. If v ¢ T, then the composite map a,(— or —) is equal to «, o proj,
therefore:

oi\% (M) = (aw(= o7 —))" (volp—m-1) = proji(ay (volp—m—1)) = 7, ® 1. (3.18)
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If v € T, consider the homotopy which precomposes the embedding indexed by [v] € V/T
with = +— tz. At the limit ¢ = 0, we find the map «. o proj;. Since the homotopy class of
the map is constant as ¢ varies, we also get o.(n,) = Mo ® 1.

Now consider oy 7 : CDyyp(U/W, V) X CDpp (W, T') = Dy, (U, V U T) and let us check
that we get the maps from the proposition. For 6,,/, this is again identical to the
computation for e). For n,, it is easy to see that n,(— ow.r —) factors by the projection
on one of the two factors in the product. Similarly, for 6,,, if v,v" are both in V or
both in T, then 6,,/(— ow 7 —) also factors by one of the projections. Otherwise, WLOG
assume that v € V and v’ € T. If we contract the appropriate disks by a homotopy which
linearly decreases the radius, then the limit is a constant map, thus oIYKT(va/) =0. O

Remark 3.19. We can compare cd,,,, with the cohomology of ESC,,,, (see Remark 2.11).
We have H*(ESCyin(U,V)) = ey, (U) Qev(uy €, (U LV, where e (U) — ey (U U V) is
the obvious inclusion and e (U) — e, (U) sends all the generators wy, to zero [55,
Proposition 4.1]. Thus H*(ESC,,,(U,V)) = e (U) ® e, (UUV)/el(U). The cooperadic
structure maps are defined by formulas similar to Proposition 3.17 (forgetting the n,).
The inclusion CD,,,, C ESC,,,, induces on cohomology the composite e, (U) ® e, (U U
V) /el (U) — el (U) @ el (V) = cd),,, (U, V). An interesting question would be whether
this inclusion is formal.

Remark 3.20. The equality CD,,,(—, ) = Dy, induces a left D,,-module structure on
CDyn (@, —), using the operad structure of CD,,,. This structure dualizes to the map
A cdyn(2, Luer Va) = ey (U, 2) @ Qucu ¢y (9, Vi) given by A(n,) = 1®n, (put
in the corresponding cd,,,,(F, Vi), Alwyy) = 1 @ wyy if v and v’ are in the same V,, and
A(wyy) = 0 otherwise.

3.2. Generators and relations for the homology

We take the opportunity to describe a presentation of cdy,, = H.(CFM,,,) by generators
and relations. Let us first recall the presentation of e, = H.(FM,), due to Cohen [9].
An algebra over e is a unital associative algebra. For n > 2, an algebra over e, is a
unital Poisson n-algebra, i.e. a unital commutative algebra equipped with a Lie bracket
of (cohomological) degree 1 — n which is a biderivation for the product.

Proposition 3.21. For n —2 > m > 1, an algebra over cd,, is the data (A, B, f,0)
consisting of an e, -algebra A, an ey-algebra B, a central morphism of algebras f : B — A,
and its central derivation 0 : Bln —m — 1] — A.

Central means that f and ¢ land in the center Z(A) = {a € A | Vb € A, [a,b] = 0},
where the bracket is the graded commutator (m = 1) or the shifted Lie bracket (m > 2).
The map 0 is a derivation with respect to f: §(zy) = d(z)f(y) £ f(z)d(y).

Proof. An algebra is a pair (A, B) where B is an e,-algebra and A is a cd,,,,-algebra. Since
cdin(—, @) = em, we know that A is an e,,-algebra. Given that cd,,(0,1) = H,(S"™1),
we obtain two classes f : B — A of degree 0 and ¢ : B[n—m —1] — A of degree 1+m —n.
The two possible compositions cdy,, (2, 0) X cdpyp (0, 1) — cdipy(1,1) in either input of the
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product are homotopic, so f and ¢ are central. Similarly, f is a morphism of algebras.
The proof that § is a derivation is the same as the proof that the Lie bracket in e, is a
biderivation.

We thus get a suboperad of cd,,,, that contains exactly the data of the proposition.
Elements of this suboperad can be described as forests of rooted binary trees (like
elements of e,) with roots possibly decorated by a loop of degree 1 +m — n (the element
). These are exactly the trees that appeared in the proof of Proposition 3.13 and we
proved there that they generate the whole homology. O

We can rephrase Proposition 3.21 more compactly. Let A be an e,,-algebra and consider
Ale] = A®@R[e]/(e?) where dege = n —m — 1. If m > 2, then there is a Poisson bracket
on Ale] given by [z + ey, 2’ +ey] = [z, 2| + e([z, /] £ [2/,y]). A cdypn-algebra is the data
of an e,,-algebra A, an e,-algebra B, and a central morphism f + &6 : B — Ale].

Compare this result with the co-categorical counterparts from [4, Section 4.3]. An
algebra over the oo-categorical version Zisk( - consist of a Ziski-algebra A, a Ziskf-
algebra B, and a morphism of Zisk!_-algebras o : [¢um—1 B — HCp, (A), where
fSn—m—l B is the “factorization homology” of Sn=m=1 with coefficients in B, and HCBm
refers to Hochschild cochains. We view this as a “up to homotopy” version of an cd;;,-
algebra, the morphism f + €§ being the part fsn—m—l B — HC%m (A) and the higher
terms being homotopies. It would be interesting to make this observation precise.

Remark 3.22. An algebra over the homology sc,, := H,(SC,,) of the Swiss-Cheese operad
is the data of (A, B, f) as in the proposition, see [33, Section 4.3]. However, our
computation for H*(CD(n_l)n) in Section 3.1 above does not apply (e.g. the class wis €
H*(CD(;,—1)n(0,2)) vanishes on some connected components). Instead, we get that
cd(n—1)n-algebras are given by quadruples (4, B, f, g) where (A, B, f) are as above and
g : B — A is another central morphism (i.e. A is a unitary B-bimodule). There is an
embedding SC,, C CD(;,_1),- On homology, an cd(,_1),-algebra (A, B, f, g) viewed as an
scp-algebra is simply (A, B, f), i.e. we forget the right action. Livernet [33, Theorem 4.3]
proved that SC,, is not formal by exhibiting a nontrivial operadic Massey product
(up, f,\a), where pup represents the product of B and A4 represents the Lie bracket
of A. This shows that the operad of chains C\(CFM(,_1),; Q) cannot be formal either,
because we obtain a nontrivial Massey product there too.

4. Graph complexes

In this section, we define a bicolored Hopf cooperad, whose operations in the second
color are given by Kontsevich’s cooperad graphs,, [30], and whose operations in the first
color will be called cgraphs,,,,. Our tool of choice to define cgraphs,,,, will be “operadic
twisting” [51, 11], just like in [53]. To give an idea of how cgraphs,,,, is built, we first
recall the steps in the definition of graphs,. We also refer to [27, Sections 1.5-1.6] for
more details with matching notation.

Remark 4.1. We use the notation graphs,, for the cooperad rather than its dual operad.
Its linear dual graphs) is an operad which is quasi-isomorphic to H,(D,). We make this
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choice because we never deal with graphsy. Kontsevich’s graph complex GC,, where
the differential splits vertices will also be denoted with a dual sign. See e.g. [27, 7] for
matching notations.

4.1. Recollections: the cooperad graphs,

Untwisted The first step is to define an untwisted Hopf cooperad Gra,, given in each
arity by the following CDGA, with generators e,, of degree n — 1:

Grap(U) = S(euw)uper / (evu = (—1)"ew). (4.2)

Graphically, Gra,(U) is spanned by graphs on the set of vertices U. The monomial
€uv; - - - €u,v, corresponds to the graph with edges m ) e m The identification
eyy = Tey, allows us to view the graphs as undirected, although we need directions
to define the signs precisely for odd n. If n is even then dege,, is odd, so we need
to order edges to get precise signs. We explicitly allow tadpoles (ey,) and double
edges (e2,). However, for even n, €2, = 0 because dege,, is odd; and for odd n,
euy = (—1)"eyy, = —eyy thus ey, = 0. The product is given by gluing graphs along
their vertices. The cooperadic structure is given by subgraph contraction. Explicitly, the
map oy, : Gran,(U) — Gra, (U/W) ® Gra, (W) is given by o), (eyp) = €4s ® 1 + 1 ® ey, if
u, v € W, and by oy (euy) = epy[y) ® 1 otherwise.

Remark 4.3. The quotient of Gra; by disconnected graph forms an operad denoted by
Gr in [44]. It was used to present Harrison cohomology and find bases for cofree Lie
coalgebras.

One may then produce a first zigzag of Hopf cooperads:

H*(FM,,) = ¥ « Gra, 5 5, (FMy),  Waw < €un > pl(0n), (4.4)

where py, : FM,,(U) — FM,,(2) is the projection and ¢,, is the “propagator”:

n
o = volp_1 = cst- > Fadri A da. . Ndz, € QF (FM(2)) = QE, 1 (S™1). (4.5)
i=1
Given a graph I" € Gra,,(U), one may define its coefficient u(I') by u(I') =0 if #U <1
and p(I") = fFMn ) w'(T") otherwise. This element p has a simple description: it vanishes

on all graphs, except for the one with exactly two vertices and an edge between them [32,
Lemma 9.4.3]. In other words, in the dual basis:

p=>0)r——2) €Gra)(2) C Hizo Gra) (i). (4.6)

Twisting The second step is to twist the cooperad Gra,,. Briefly, the idea of twisting
is to turn an operad P that encodes algebras that are also Lie algebras (i.e. there is a
morphism Lie — P) into an operad that encode P-algebras twisted by a Maurer—Cartan
element, see [51, Appendix I|. In the case of Gra,, this turns out to produce the Arnold
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relations, which are themselves the algebraic shadow of the stratification of FM,,. See
Appendix A.1 for concepts and notations.

The element y of (4.6) defines a morphism from Lie,, to Gra,’: it sends the generating
bracket Ao € Lie,(2) to the graph appearing in (4.6). By composing with the canonical
resolution holie, — Lie,, we thus obtain a morphism holie,, — Gra), which sends the
binary bracket to p and the k-ary brackets to 0 for £ > 3. One can check immediately
that this graph satisfies the Jacobi relation. Alternatively, this can be deduced from
the definition as an integral and the decomposition of the boundary of FM, (U), cf.
Proposition 4.32.

Cooperadic twisting produces a dg-cooperad Tw Gra,, from Gra,, and p. Let us now
describe it. As a graded module,

Tw Gra,(r) == (@(Gran(r +1i)® k[n]@)i)zi’ du) : (4.7)

>0

The CDGA structure is defined using the fact that Gra, (&) = R (see [27, Lemma 9]) and
the fact that p vanishes on disconnected graphs as well as graphs admitting a cut point
(i.e. if a point that disconnects the graph when removed).

Let us now give a graphical interpretation of this definition. The CDGA Tw Gra,,(U)
is spanned by graphs with two kinds of vertices: external vertices, which are in bijection
with U, and internal vertices, which are indistinguishable (in pictures they will be drawn
in black). Given a graph I', its differential dI' = ), +I'/e is obtained as a sum, over
all the edges e € Er connected to at least one internal vertex, of the graphs obtained
by contracting these edges. Note that in this differential, edges connected to univalent
vertices are not contracted, roughly speaking because the contraction appears twice in
dI' and cancels out; but if both endpoints of the edge are univalent, then the edge is
contracted with a minus sign, see [51, Appendix 1.3] and Description 4.12. The product
of two graphs is the graph obtained by gluing them along their external vertices. The
cooperadic structure is given by subgraph contraction (summing over all choices of
whether internal vertices and edges are in the subgraph).

One checks that the zigzag of Equation (4.4) extends to a zigzag:

e, < TwGra, <% Qfs (FM,,). (4.8)

This follows from the results of [32, Section 9-10] and [51, Section 3]. The left-pointing
map sends all graphs with internal vertices to zero. The right-pointing map is given by
the following integrals. Given a graph I' € Gra, (U U I) C Tw Gra,(U), the form w(T") is
the integral of w'(T") along the fiber of the PA bundle py : FM,,(U U I) — FM,,(U) which
forgets points in the configuration:

w(T) = (pv)+(w'(T)) = w'(T). (4.9)

/FMn(Ul_lI)—>FMn(U)

Graph complex f{GC,, We record the following definition for future use.
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Definition 4.10. The full graph complex fGC,, is defined to be Tw Gra,(&)[—n]. It
is spanned by graphs with only internal vertices. The degree of v € fGC,, is deg~y =
(n — 1)#E, — n#V, +n. We describe its differential below.

Remark 4.11. This degree shift by n comes from the fact that we mod out by R"” x Ry
in the definition of FM,,. To get a Maurer—Cartan element (of degree 1) out of w in the
Lie algebra GC, defined below, a shift by n is thus used.

The module f{GC,, is a shifted algebra, with a product given by disjoint union of graphs.
If GC,, C fGC,, is the subcomplex of connected graphs, then there is an isomorphism
of shifted algebras fGC,, = S(GC,[n])[-n]. The module GC,, is a (pre)Lie coalgebra.
Its cobracket A is given by subgraph contraction (i.e. it is inherited from the cooperad
structure on Gra,). Dually, GCY is a (pre)Lie algebra, with a bracket given by graph
insertion.

Description 4.12. Let us now describe the differential of GC,,. It is given by (—p® 1+
1 ® p)A, where pp € GCY is the Maurer—Cartan element defined in Equation (4.6). The
summand (1 ® u)A is given by the sum of contractions of edges, while the summand
(L ®1)A is given by the sum of contractions of edges attached to a univalent vertex. The
contraction of an edge attached to exactly one univalent vertex appears twice in the sum
with opposite signs, which thus cancels out. However, if both endpoints of the edge are
univalent, then the contractions of this edge appears once with a plus and twice with a
minus, which leaves one term with a minus. (See [51, Appendix 1.3] for more details)

Dually, the differential on GC,/ is [u, —]. It is roughly speaking given by vertex splitting
(with the caveat about univalent vertices explained above). The space Tw Gra, (U) is a
module over the shifted CDGA fGC,,, by taking disjoint unions.

Reduction The next step is to mod out graphs with internal components, i.e. connected
components with only internal vertices, to obtain a new Hopf cooperad Graphs,,. Formally,
we consider the tensor product

Graphs,, (U) = Tw Gra, (U) ®¢gc,, R, (4.13)

where fGC,, acts trivially on R. In other words, in Graphs,, a graph with a connected
component consisting entirely of internal vertices is set equal to zero. The map w of
Equation (4.9) factors through the quotient defining Graphs,, [32, Lemma 9.3.7], and the
quotient map Tw Gra,, — e clearly does.

We can moreover reduce further the operad. The quotient graphs,, is given by modding
out graphs containing: internal vertices that are univalent or bivalent; double edges; or
tadpoles. It follows again from the lemmas of [32, Section 9.3] that w factors through
this quotient (and the map Graphs,, — e, clearly does).

Recall that even though Qp, (FM,,) is not a Hopf cooperad, we take the convention
that a morphism into it is a morphism in the sense defined in Section 1.3.

Theorem 4.14 ([30], [32, Chapter 10]). This defines quasi-isomorphisms of Hopf coop-
erads ey <— graphs, — Q5 (FM,,), thus FM,, is formal over R.
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4.2. The cooperad CGraphs,,,

Let us now define CGraphs,,,,, using the same methodology that was used to define
Graphs,,. Note that we must take special care of the case m = 1. We define the further
reduced cooperad cgraphs,,,, in the next section.

Untwisted The first step is the definition of the untwisted graph cooperad.

Definition 4.15. For n — 2 > m > 2, the untwisted graph cooperad is a relative
CGrap,-cooperad given in each arity by (degé,,s =m — 1 and dege;; =n — 1):

CGramn(Ua V) = S(éuu’)u,u’EU & S(eij)i,jEUuV / (eji = (_1)neij7 éuu’ = (_1)méu’u)
Definition 4.16. For n > 3, we let (where Xy = Ass(U) = Bij(U,{1,...,#U})):
CGraln(U, V) = S(ei]’)@jequ & R[EU]V / (eji = (*1)”61']').

Let us now give a graphical interpretation of CGra,,, (U, V). We will concentrate first
on the case m > 2. As a vector space, it is spanned by graphs with two kinds of vertices:
terrestrial (in bijection with U) and aerial (in bijection with V). We will draw the aerial
vertices as circles, and the terrestrial vertices as semicircles, below the aerial ones. There
are also two kind of edges: full edges (corresponding to the e;;) between any two vertices,
and dashed edges (corresponding to the é,,/) between two terrestrial vertices. Note that
we allow tadpoles and double edges. See Figure 4.1 for an example.

Figure 4.1: Example of a graph in CGra,,, (for m > 2)

If m = 1, the interpretation is similar, except that there are no dashed edges, and in
addition the set of terrestrial vertices is ordered. Note that we are implicitly using the
dual of the canonical basis of R[Xy/] (i.e. we consider the basis elements of R[X]" which
vanish on all linear orders except one).

The product glues graphs along their vertices, and the differential is zero. These
CDGAs assemble to form a relative Hopf Gra,,-cooperad. The cooperadic structure maps
act on the generators by the following formulas (compare with Proposition 3.17), with
the convention u,u € U, v,v' € V:

é**®1+1®éuu/, lfU,’U/GW,

oY (Cy) = Eur @ 1. opyr(Cuw) =
7 (Euur) wu W,T( wu!) B[] © 1, otherwise.
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1® ey, ifv,0' €T,
v s DL +1® ey, if v,0 €T, v v ,
or(ew) = of(ew) =€ ® 1, otherwise owr(ew) = e @1 ifv,0" € V;
e l] ’ ' 0 otherwise.
1+1 o ifu,u’ € W,
o,}/j(euu,) = ey @ 17 O\V/VT(Guu’) _ Exx L1+ 1 & ey I u, U ‘
’ Elu][uw’] ® 1, otherwise,
6**®1+1®6uv7 lfUGM/,’UGT
o%(euv) = ey ® 1, OVW,T(euv) = { €ux @ 1, ifugWiweT,
€fujv ® 1 otherwise.

Moreover, if m = 1, then oy. is the identity on R[Xy], and oy, is the dual of block
composition from Equation (3.16). Graphically, the cooperadic structure map oy 7 is
given by subgraph contraction, which we now explain.

Definition 4.17 (Quotient graph, case m > 2). Let I" € CGray,,, (U, V) be a graph and
I C T be a subgraph, not necessarily full. We define the quotient graph I'/T” as follows.
The set of vertices of I'/T” is the quotient set Vi/Vrv, identifying all the vertices of I” to
produce a new vertex [I'], always terrestrial even if I contains no terrestrial vertices.
The set of edges of I'/T" is the difference Er \ Ers (we informally view the edges of I
as being “contracted”). If e € Ep \ Er has an endpoint in I, then the corresponding
endpoint of e € Eppv is the new terrestrial vertex [I']. In particular, if an edge is not in
I" but both of its endpoints are, then this edge becomes a tadpole on the vertex [I'] in
T/T.

Ezample 4.18. The quotient I'/@ is I' with a new isolated terrestrial vertex.

Definition 4.19 (Quotient graph, case m = 1). For m = 1, the definition of the quotient
graph T'/T” is slightly modified to deal with the linear order on terrestrial vertices.
Suppose that TV C T is a subgraph. The linear order of the terrestrial vertices of T'/T” is
dual to the block composition of linear orders from Equation (3.16). More concretely,
['/T’ is a linear combination of graphs:

o If I has no terrestrial vertices, then I'/T” is a sum of several terms. Each term is a
quotient graph as in Definition 4.17. The sum ranges over all possible positions for
the new vertex: if f € e)(U) is the decoration of T, then the decoration of T'/T” is
(0 € Sujo) - [(ol0).

o If the terrestrial vertices of I are consecutive, then I'/T” is defined as in Defini-
tion 4.17, and the linear order on the terrestrial vertices of I'/I" is inherited from
', with the new terrestrial vertex [['] in the position of the vertices of I”.

o If the terrestrial vertices of IV are not consecutive, then I'/T = 0.

We can interpret oy, 7(I') as the sum of the I'/T' @ I for all (not necessarily full)
subgraphs IV with set of vertices (W, T)).
Let us now define a zigzag of Hopf cooperad maps

H*(CFMy) = cdY. . < CGrapn — Q5a (CFMynn). (4.20)
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The left-pointing map is defined by €., + 0, €y — Wy for u # v’ € U, ey, = 0,
Epy! > Wy for v # v € V, and e;; — 0if i € U or j € U. The right-pointing map is
defined using the following three “propagators”:
o Using the identification CFM,,,(2,0) = FM,,(2) = S™~!, we can use the propagator
@m = voly,_1 € Qi H(FM,,(2)) of Equation (4.5).
« Recall the map 015 : CFM,,,,,(1,1) — S™~! which records the direction from the
aerial point to the terrestrial point. The propagator ¥.,, is the pullback of the
volume form of S"~! along 65:

P2, = 059 (vol,—1) € Qi (CFMpn(1,1)). (4.21)

o Similarly, there is another map 912 : CFM,,,(0,2) — S" ! which records the
direction from the second point to the first point. The propagator is:

Y = Via(voly—1) € Oy H(CFMi (0, 2)). (4.22)

Remark 4.23. By construction, these propagators are all minimal forms on CFMp,,,,
because the volume form on S¢ is vol; = cst - Zi(—l)ixidl‘l A...dx; - Ndry. Hence
they can be pushed forward (once) along PA bundles [24].

Remark 4.24. The map CGra,,, — cd,,,,, is not surjective as its image does not contain
the classes n;. These classes are only reached once CGra,y,, is twisted: it is the image of
a graph with internal vertices (see Remark 4.52 and Section 5.2).

We may then define a morphism
W' CGragn (U, V) — Qpa (CFM,,,, (U, V) (4.25)
as follows, using the convention that w, v’ € U and v, v’ € V:

w/ euu’ : Z:uul Iﬁ m ; w/ eU’U : iq}y’ mn ;
w

(euw) = 0; w,(evu) = p:u(,(vb?nn)
Here, p;j(z) = (pi(x), pj(x)) (including if i = j). The following lemma is immediate:
Lemma 4.27. This defines a zigzag cd,),,, < CGramn — Qpp (CFMyp). O

Given a graph I' € CGray,,, (U, V), we define Vp = Vlf UV =UUYV to be its set of

vertices, partitioned into terrestrial and aerial ones. Similarly, Fr = Elf U Eg is its set of
edges, split into full edges and dashed edges. The graph I' induces:

O 2 CFMypn (U, V) — (ST HEE ¢ (§7=1) B, (4.28)
obtained using the maps 6;; from Section 2. We also define
volp € QBT (§m—1)Ef x (gn—1)Fr) (4.29)

to be the product of the volume forms. Then by definition, w'(T") = @} (volr).
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Given a graph I' € CGray,,, (U, V) with #U + 2#V > 2, we may define its coefficient

c(T) by
c(T) :—/ w'(T). (4.30)
CFMumn (U,V)

If #U +24#V <1 then we just set ¢(I') = 0 (this is due to the special case in the definition
of BF", see Proposition 2.12).

Remark 4.31. In the case (n,m) = (2,1), these are analogous to the coefficients in
Kontsevich’s universal formality morphism T},01y — Dpoly from [31]. For (n,m) = (3,1),
these are related to local versions of Kontsevich integrals [29], which are conjectured to
equal Bott-Taubes integrals [39].

Twisting In this section, we are going to twist the cooperad CGra,,, using the theory
developed in Appendix A.3. The general motivation of twisting is to encode Maurer—
Cartan equations. Here, since we are going to twist with respect to the coefficients c,
which come from the stratification of CFM,,,,,, we get a differential which matches the
way the boundary facets of CFM,,,, interact.

Recall the relative holie,-operad hoL—ie>mn from Appendix A.3. Recall also the coefficient
w : holie, — Gra, from Equation (4.6).

Proposition 4.32. Together with u, the collection of coefficients ¢ defines a morphism
of colored operads (hoLie,, holiey,,) — (Gra,,,CGra,),,). The generating bracket Ay €
hoL—>iemn(U, V') is sent to the element c(A\y,y) € CGray,,(U,V) given by T — ¢(T'), which
we can write as the possibly infinite sum ¢ =Y c¢(I')I.

Proof. The proof is similar to Kontsevich’s proof that u defines a morphism holie,, —
Gra). Let C24 be the functor of semi-algebraic chains [24, Section 3]. It is lax-
monoidal [24, Proposition 3.8] so C24(CFM,y,,) is a dg-operad. We can dualize Lemma 4.27
to get a morphism I : C¥4(CFM,,) — Q55 (CFMyy,,)Y — CGray,, 0+ (W'(=),0). The

claimed morphism ¢ : hoLie,,,, — CGra,,,, is the composition of I with:
e SA
[CFM,,,,] = hoLiey,, — C2*(CFMyy,)

_>
which maps the generating bracket A\yy € holiep,, (U, V) to the fundamental chain
[[CFI\/Imn(UL/)]]. So we just need to check that [CFM,,,] is a morphism.

Since holie,, is quasi-free, we just need to check that our prescription on genera-
tors is compatible with the differential. Recall [24, Theorem 3.5] that for a compact
oriented SA manifold M, d[M] = [0M]. If we use the description of OCFM,,,, (U, V)
from Proposition 2.12, we find that the differential in C54(CFM,,,) matches the co-
k&diﬁerential. The faces of type BF' correspond to cocompositions Comy,. (U, V) —
Com,...(U,V/T) ® Com) (T), and the faces of type BF" correspond to cocompositions
Com),, (U, V) — (ﬁxm(U/W, V\T)®m)/m(m T). The “missing” faces (when #7T < 2,
(W, T) = (U, V), or 2#T + #W < 2) come from the fact that the cobar construction uses
the coaugmentation quotient of the cooperad and from Com,/ (@) = m,\{m(g, @)=0. O
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Definition 4.33. The twisted graph cooperad Tw CGra,,, is the relative (Tw Gray,)-
cooperad obtained by twisting CGra,,, with respect to u and c.

This twisted cooperad has a graphical description. The CDGA Tw CGray,,, (U, V) is
spanned by graphs with four types of vertices: external terrestrial vertices, in bijection
with U (drawn as semicircles); external aerial vertices, in bijection with V' (drawn as
circles); internal terrestrial vertices, indistinguishable among themselves, of degree —m
(drawn as black semicircles); internal aerial vertices, indistinguishable among themselves,
of degree —n (drawn as black circles).

There are two kinds of edges: full edges of degree n — 1, and dashed edges of degree
m — 1. The product glues graphs along external vertices. If m = 1, then there are no
dashed edges, and the whole set of terrestrial vertices is ordered (if we view e (U Ll I) as
spanned by the dual basis of e; (U U I)). In this basis, the product of two graphs I"- T
vanishes if the external vertices of I' and T are ordered differently. Otherwise I' - T” is
obtained by gluing the two graphs along external vertices, and summing all possible ways
of ordering the union (along external vertices) of the terrestrial vertices of I' and I in a
way that the new order restricts to the given orders in I" and I".

Description 4.34. The differential is given by the twisting procedure (Appendix A.3).
Recall the subgraph contractions defined in Definitions 4.17, 4.19. Given a graph I, its
differential dI" is given as a sum (with signs in Section A.3, the terms corresponding
respectively to (=) - u, (=) - (c—c1), and ¢1 - (—)):

1. contractions of full edges between an aerial internal vertex and an aerial vertex of
any kind, including edges connected to a univalent internal vertex (this uses the
simple description of p in Equation (4.6));

2. contractions of subgraphs I containing at most one external (necessarily terrestrial)
vertex, with result ¢(I") - I'/T";

3. forgetting of all vertices outside a subgraph I'” which contains all the external
vertices, with result ¢(I'/T") - T".

Note that the differential is not purely combinatorial: it depends on ¢, which is defined
by integrals.

Since CGrayy,, is a Hopf cooperad satisfying CGra,,, (&, &) = k, and since ¢ vanishes on
disconnected graphs (see Lemma 4.37) and graphs with a terrestrial cut point (by a simple
degree argument: dim CFM,,,,(i4+i" +1, j+j") > dim CFM,,,, (i +1, j) x CFM,,, (" + 1, 5')),
we find again that Tw CGra,,, inherits a Hopf cooperad structure, similarly to the
uncolored case. For m = 1, this is also true: the differential preserves (up to quotient)
the order of the terrestrial vertices, and if two consecutive terrestrial vertices in I" - I
come respectively from I' and IV (which could potentially produce an unwanted term in
d(T" - T") due to the exception in Lemma 4.37), then they also appear with the opposite
order in the product and the two terms in the differential cancel out.

Lemma 4.35. For n — 2 > m > 1, the morphism ' extends to a morphism of Hopf
cooperads w : Tw CGray, — Qps (CFMyy,y,) by setting, for I' € CGrap,, (UU I,V U J) C
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Tw CGrap, (U, V) and #U + 24V > 2:

w(l) = (puv)«(W'(T)) = w'(T).

/CFan(UuI,VuJ)HCFan(U,V)
If #U +2#V <1, then w(T') = 1 if I has no edges and no internal vertices, and w(I') =0
otherwise.

Proof. We use the double pushforward formula [24, Proposition 8.13], Stokes’ formula [24,
Proposition 8.12] and the decomposition of the fiberwise boundary CFM,,,,(U, V) from
Section 2.1 (compare with [32, Section 9.4]).

We deal separately with the case #U + 2#V < 1 (cf. [32, Section 9.1]). Indeed, the
fiber of pyyv : CFMp,, (U U I,V U J) — CFMy,,, (U, V) has dimension m#I + n#J in
general, but dim CFM,,,,,(U, V) = 0 for #U + 2#V < 1, so the dimension of the fiber
of pyv is either m#I + n#J — 1 or m#I +n#J —m — 1 and ' would not preserve
degrees. In these cases CFM,,,, (U, V) is merely a singleton, so we just have to check
that any cocycle is mapped to zero. This is clear if U =V = @, as the differential of a
nonempty graph is nonempty. For I' € Tw CGra,,,(1,0) with at least one edge, the graph
with no edges appears exactly twice with opposite signs in dI" (see Description 4.34): for
I"=T1in -T-¢; = —¢(I")T'/T' + ..., and for I containing only the external vertex in
e - T=¢eT/TNT" +.... O

Graph complex fCGC,,,, We now mimic Definition 4.10:

Definition 4.36. For n — 2 > m > 1, we define f{CGC,,,, := Tw CGra,,, (&, &)[—m)].
This shifted CDGA is free and generated by its submodule of connected graphs. We
still denote by ¢ € fCGCY,,, the restriction of the morphism ¢ from (4.30).

Lemma 4.37. Let n — 2 > m > 1. Given a disconnected graph v € fCGC,,,, the
coefficient c(vy) vanishes, unless m =1 and vy = (- -)

Proof. Let us first assume that v has no isolated terrestrial vertices. Then - factors
as a product v = 71 - 72, with corresponding sets of vertices (I1,J;) and (I2,.J2) both
satisfying #Is+2#Js > 2 for @ € {1,2}. We need deg vol, = dim CFM,,,,(1, J), otherwise
c(vy) = fCFan (.J7) @7 (vol,) obviously vanishes. But thanks to the hypothesis @, factors
through CFM,,,, (11, J1) X CFMy,,, (12, J2), which is of strictly lower dimension. Hence
@ (voly) =0 = c(vy) =0.

Now let v have an isolated terrestrial vertex i € I. Then @, factors through CFM,,,, (1'\
{i},J). If (#I — 1) +2#J > 2, then the codimension with CFM,,,, (I, J) is m > 0, and so
similarly ¢(y) = 0. However, if v is the graph with two terrestrial vertices and no aerial
ones (i.e. (#I,#J) = (2,0)), then the codimension is m—1, because dim CFM,,,,(1,0) = 0.
Thus we only get ¢(y) =0 if m > 1. O

Remark 4.38. In the case m = 1, we have that CFMy,,(2,0) = FM;(2) = S°. We find
that for 7y = (m ) € fCGCy,, we have c(y) = 1.
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Definition 4.39. For n — 2 > m > 2, the connected complementarily constrained graph
complex CGC,,,, as the quotient of fCGC,,,, by disconnected graphs.

The case m = 1 is special. Mimicking [53, Section 4], we define an alternate basis of
Tw Gray, (U, V). Recall that Gray, (U, @) contains Ass” (U), where Ass encodes associative
algebras. The symmetric sequence Ass is isomorphic to Pois = Como Lie [34, Section 13.3].
We can thus decree that terrestrial internal vertices are in the same “Lie component” if
they are connected by brackets.

Definition 4.40 (Cf. [53, Section 4]). A Lie-decorated graph is a graph I" defined similarly
as an element of Tw Gray, (U, V) (Definition 4.33), but instead of giving a function on
linear orders of terrestrial vertices, we give a function on commutative products of Lie
words of terrestrial vertices. More precisely, we use the dual of the PBW isomorphism to
get an isomorphism and we obtain a new basis of Tw CGray, (U, V') through the twisting
procedure:

CGrain(U, V) = S(ey)ijcvuy @ Pois’ (U) / (e5i = (—1)"ei;).

One possible way to describe a Lie-decorated graph I' € Tw CGray,, (U, V') (with internal
vertices I) is to take a usual basis of Pois(U U I) = (Com o Lie)(U LI I) and consider its
dual basis in Pois” (U U I), i.e. functions on products of Lie words that vanish on all such
elements except one. See Figure 4.2 for an example.

2

[’]-

Figure 4.2: Lie-decorated graph; the depicted product of Lie words [x1,x2] A 3 A x4 is
actually the element in the dual basis of Pois” (4)

It is actually easier to describe the differential in of a Lie-decorated graph using coLie
words. Recall that a coLie word U is an element in the cofree coalgebra T=!(U)V which
vanishes on the image of SZ2(Lie(U)) under the PBW isomorphism. These words are
the image of the first Eulerian idempotent e(") = log, (id), where % is the convolution
product of the bialgebra T'(U)V (see e.g. [14, Appendix 4.2]). CoLie words themselves
are described by graphs (see [44]), one can also thus think of Lie-decorated graphs as
“graph-decorated graphs”. With this basis, the differential merges coLie words (with a
description similar to the one of Tw CGra,,, above).

Lemma 4.41. The vector space spanned by Lie-decorated graphs with external vertices
(U, V) is isomorphic to Tw Gray, (U, V).

Proof. We use the dual of the PBW isomorphism Pois" (U U I) = Ass” (U U I) to identify
linear combinations of Lie-decorated graphs with elements of Tw Gray, (U, V). For the
signs, terrestrial vertices have degree —1. O
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Definition 4.42. Two vertices in a Lie-decorated graph are in the same Lie component
if they are connected by full edges or if they are both terrestrial and in the same Lie word.
A Lie-decorated graph is Lie-connected if all its vertices are in the same Lie component,
and Lie-disconnected otherwise.

Lemma 4.43. The coefficient ¢ vanishes on the image of a Lie-disconnected graph under
the isomorphism of Lemma 4.41.

Proof. This follows from Lemma 4.37. O

Definition 4.44. For n > 3, the Lie-connected complementarily constrained graph
complex CGCy, as the quotient of f{CGCy, by the image of the Lie-disconnected graph
under the isomorphism of Lemma 4.41.

Lemma 4.45. Forn — 2 > m > 1, the coefficient ¢ : f{CGC,,,, — R factors through the
quotient defining CGC,,,,. Abusing notation, we denote by c the induced map CGC,y,y, —
R.

Proof. This also follows from Lemma 4.37, in both cases m =1 and m > 2. O

Remark 4.46. The dual CGCy,,, is a (pre-)Lie algebra and the Lie algebra GC,, acts
on it by derivations, in both cases using insertion of graphs (respectively at terrestrial
and aerial vertices). The differential of CGC),,, is given by [u + ¢, —] where ¢ represents
the coefficients from Equation (4.30). The elements u and ¢ satisfy the Maurer-Cartan

equation, i.e. [u, u] =0 and [p, ] + [c,c] = 0.

Reduction We now mod out internal components.

Definition 4.47. For n — 2 > m > 2, we define the graph cooperad CGraphs,,,, to be
the relative Graphs,-cooperad given by quotient of Tw CGra,,, by the Hopf cooperadic
ideal of graphs with internal components. For n —2 > m = 1, we define CGraphs,,, to
be the quotient of Tw CGray,, by the Hopf cooperadic ideal of Lie-disconnected graphs
(Definition 4.42).

Remark 4.48. Compare this with Willwacher’s model SGraphs,, for the Swiss-Cheese
operad [53]. In SGraphs,, there are no dashed edges, the full edges are oriented, and
their source is always aerial.

Proposition 4.49. The morphism w factors through the quotient and defines a morphism
w : CGraphs,,,,, = Q5 (CFMyy,p,).

Proof. The proof is identical to the proof of [32, Lemma 9.3.7]. Briefly, let v €
Tw CGran, (U, V) be a graph whose edges all are between internal vertices. Let (I, J)
be the sets of internal vertices of v and assume #U + 2#V > 2 otherwise the claim
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is obvious (see Lemma 4.35). We can fill the diagram, where p is the product of two
projections:

Py

CFM,, (U U,V L) y (SN Er i (gn1)ER

lpuyv \p /,/—3'(1;/’>
CFMynn (U, V) 47— CFMyny (U, V) X CFMyp(1,.0)

We therefore find that w(I') = (py,v )« (W' (T')) = (pU,V)*(p*(q);*volp)). The dimension of
the fibers of py v and pr; are respectively m#1 + n#J > m#1 + n#J — m. Therefore
w(T") = 0 by [24, Proposition 5.1.2]. For m = 1, we note that a Lie-disconnected graph is
in particular disconnected. O

4.3. Vanishing lemmas and cgraphs,,,,

We now prove some vanishing lemmas about w and ¢, which allows us to define the
further reduced cooperad cgraphs,,,,. This will be useful to prove that the quotient map
CGrayy, — cd,,,,, extends to cgraphs,,, in Section 5.

Lemma 4.50. The morphism w' vanishes on graphs with loops or double edges.
Proof. This follows from simple dimension arguments, cf. [32, Section 9.3]. O

Lemma 4.51 (Cf. [32, Lemma 9.3.9]). The morphism w vanishes on graphs containing
univalent aerial internal vertices, or univalent terrestrial internal vertices connected to
another terrestrial vertex.

Proof. The lemma is trivial if #U + 2#V <1 (see Lemma 4.35), so let us assume that
we are not in this case.

Let us first deal with univalent aerial internal vertices connected to another aerial vertex.
The graph T'yn; = @—0 is of negative degree, thus w(I'yy;) = 0. For a general graph
I containing I'yyui, the argument is the same as [27, Corollary 44] or [32, Lemma 9.3.9].
The map ®r of (4.28) factors through CFM,,,,,(&,{v,5}) x CFMp,, (U UL,V U J\ {j}),
and so does the canonical projection. The two factorizations make the obvious diagram
(like in Proposition 4.49) commute. Using [24, Propositions 8.10, 8.13] and w(I'yni) = 0,
we get w(I') = 0.

Let us now assume that I' is a graph with a univalent internal vertex connected 7 to a
terrestrial vertex u. We can assume that ¢ is aerial or that the incident edge is dashed, as
otherwise w(I') = 0 by definition (4.26). Let (UUI, VUJ) be the sets of vertices of I'. Then
both ®r and pyv factor through either X = CFM,,, ({u}, {i}) x CFMy,,, (UL, VUJ\{i})
(if 7 is aerial) or X = CFM,,,({u, i}, @) x CFM,,,, (UUT\ {i}, V U J) if ¢ is terrestrial, and
the factorizations make the obvious diagram commute. The dimension of the fiber of py 1/
is m#1 + n#J, while the dimension of the fiber of the projection X — CFM,,,,,(U, V) is
m+#I + n#J — 1 in both cases. Hence, by [24, Proposition 8.14], w(I") = 0. O
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Remark 4.52. The argument fails for graphs containing a univalent internal terrestrial
vertex connected to an aerial vertex. If we consider the following graph, then we find
that w(T') € Q™ 1 (CFM,y,,(0, 1)) represents 7 from Section 3.1:

I'= @—A € cgraphs,,,,(0, 1), (4.53)

Indeed, by the definition of 42, in (4.21) and by [24, Proposition 8.10], we find that

mn
fCFan(Ll) ¥2, = [gn_1vol,_1 = 1. Therefore fCFan(O,l) w(I') = 1 by [24, Proposi-
tion 8.13]. This also implies that if 7 is obtained from the I" above by making the external
vertex internal, then we get ¢(y) = 1.

Lemma 4.54. The coefficient ¢ vanishes on graphs with more than two vertices and
which either contain a univalent aerial vertex, or which contain a univalent terrestrial
vertex connected to another terrestrial vertex. It also vanishes on the graph with exactly
two vertices, both aerial, and a (full) edge between the two.

Proof. We can reuse the proof of Lemma 4.51 almost verbatim. There is one caveat: the
graph ~ with the univalent vertex removed must still satisfy the hypothesis #1+2#J > 2.
Otherwise, a degree shift occurs, to deal with the fact that dim CFM,,, (I, J) = 0 and not
—1 or —m — 1 as the general formula would give. This is the case unless v has exactly
two vertices with at most one aerial. If v has exactly two aerial vertices and one edge,
then c¢(v) vanishes for degree reasons (dim CFM,;,,,,(0,2) =2n —m —1>n —1). O

Remark 4.55. The restriction about the number of vertices is necessary. Indeed, for
Y=a ----a € CGC,pyy. we find ¢(v) = fCFan(z,o) Om = fsmfl volgm-1 = 1.

Lemma 4.56. The morphism w and the coefficient ¢ vanish on graphs with bivalent
internal terrestrial vertices connected to two terrestrial vertices.

Proof. Let us first consider the case of the graph

Thiy = ()~ -~ (D, (4.57)

Using CFMy,, (U, @) = FM,,,(U) and the fact that the terrestrial propagator is the same
as the one used in the definition of the map Graphs,, — Q. (FM;,), we deduce that
w(Tpiy) = 0 from [32, Lemma 9.3.9] (see also [29, Lemma 2.1] for the origin of this
result: there is an involution on FM,,(U) which leaves w'(T'yiy) invariant but reverses
the orientation, thus w(I'hiy) = —w(Tpiv)). If T' contains Ty, as a subgraph, then we
use the same reasoning as Lemma 4.51 to show that w(I') = 0. Finally, for the other
cases, simply note that w and ¢ vanish by definitions on graphs with full edges between
terrestrial vertices. O

Definition 4.58. Let I(U, V) C CGraphs,,,, (U, V') be the vector space spanned by graphs
containing loops, double edges (of any type), univalent aerial internal vertices, univalent
internal terrestrial vertices connected to another terrestrial vertex, or bivalent internal
terrestrial vertices connected to two terrestrial vertices by dashed edges. For m = 1, we
take graphs containing loops, double edges, and univalent aerial internal vertices.
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Lemma 4.59. The subspace I(U,V) define a CDGA ideal in CGraphs,,, (U, V), and the

subcollection I C CGraphs,,,, define a cooperadic coideal.

Proof. 1t is clear that I(U, V) is an algebra ideal. Let us show that it is a differential ideal.
The fact that I defines a cooperadic coideal can also be checked easily case-by-case. We
deal with m > 2, and the case m = 1 is also checked by a similar case-by-case argument.
Let I' € I(U,V) be a graph. Let us show that dI" € I(U,V). The three summands in
Description 4.34 are called dy = (=) - (. — p1), d2 = (=) - (¢ — ¢1), and d3 = (¢1) - (—),
where the coefficients ¢ are defined analytically by integrals.

e If I' contains a loop, then all the summands in dI' contain a loop, as both u and ¢
vanish on loops.

e Suppose [ contains a univalent aerial internal vertex i, with incident edge e. In
dol’ = > e(T)T/T7, if TV contains e then ¢(I") vanishes by Lemma 4.54, and
otherwise I'/T” contains either a loop (if i € I”) or a univalent aerial internal vertex
(if ¢ ¢ 7). Similarly, all terms in d3I’ = ) v ¢(I'/T")I'" either vanish, contain a
loop, or contain a univalent aerial internal vertex. The only problem in dsI" is for
I'" =T\ e: then ¢(I'/T”) =1 (see Equation (5.2)) and I'" does not have a univalent
vertex anymore. But this term cancels with the contraction of e in d;I', and all the
other summands of diI" contain a univalent aerial internal vertex.

o If I" contains a univalent terrestrial vertex connected to another terrestrial vertex,
then Lemma 4.54 and an argument similar to the previous one show that all
summands of dI' either vanish, contain a loop, or contain a univalent terrestrial
vertex connected to another terrestrial vertex.

e Suppose that I' contains a bivalent internal terrestrial vertices connected to two
terrestrial vertices by dashed edges. Let ¢ be the internal terrestrial vertex, and
e, € its incident edges. All terms in diI" contain a similar subgraph. In doI" =
o e(@NHT /T

— If i ¢ T’, then T'/T” still contains a bivalent internal terrestrial vertices
connected to two terrestrial vertices.
— If ¢ is in I but e, ¢’ are not, then ¢(I") = 0 by Lemma 4.54.
— The term with IV = e is cancelled with the terms with IV = ¢’.
If e e IV but ¢ € TV and I # e, then ¢(I') = 0 by Lemma 4.54. The case
¢ €T” and e ¢ T” is symmetric.
Finally if both e, e’ € T”, then ¢(I'") = 0 by Lemma 4.56.
The fact that dsI' € I(U, V) follows by similar arguments. O

Definition 4.60. The reduced graph cooperad cgraphs,,,,, is the relative graphs,,-cooperad
given in each arity by the quotient of CGraphs,,,, (U, V) by I(U, V).

Proposition 4.61. The CDGA cgraphs,,,,(U, V) is well-defined, and w factors through
the quotient to define cgraphs,,,, (U, V) <> Q& (CFM,p,, (U, V).

Proof. This follows from Lemmas 4.50, 4.51, 4.54, and 4.56. O
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5. Proof of the formality

In this section we complete the proof of the formality of the operad CFM,,,,. We first
show that, up to homotopy, the differential of cgraphs,,,, can be simplified: the Maurer—
Cartan element c is gauge equivalent to a much simpler one ¢y. To prove this, we
compute a terrestrially-bound version of the twisted graph complex (CGCY,,.,d + [co, —])
(denoted with a | superscript). The difference ¢ — ¢y belongs to this terrestrially-bound
complex. We prove that CGCyn’fLO"L quasi-isomorphic to the classical hairy graph complex
HGC,,,,, whose cohomology is known; in particular, it vanishes in the right degree. We
can then apply classical deformation-theorerical theorems to prove that ¢ ~ ¢y3. This
enables us to define a simpler version cgraphs? = (replacing ¢ with ¢y in the definition)
which is quasi-isomorphic to cgraphs,,,,. Then we construct a map from cgraphsg,m to
H*(CFM,,,,) by explicit formulas. We prove by combinatorial arguments that this map is
a quasi-isomorphism. Since w is clearly surjective in cohomology, the theorem will follow.

5.1. Change of Maurer—Cartan element and cgraphs’,

We would like to define a morphism cgraphs,,,,, — cd,,.. However, cgraphs,,,, depends on
the Maurer—Cartan element ¢ € CGC),,, from Equation (4.30), and we do not know the
precise form of ¢. We just know its leading terms:

Proposition 5.1. Forn—2>m > 1, we have ¢ = co+ (... ), where (...) denotes terms
where #{terr. vert.} + 2#{aer. vert.} > 3, and:

---- CGCy, if m > 2;

o = {- alaeoc mny Y m>2; (5.2)

a at a 0cCGCY,, ifm=1

Proof. This follows from Remark 4.55, Remark 4.52, and Remark 4.38 for m = 1.
Note that ¢ vanishes by definition on the graph with just one internal terrestrial vertex
(see after Equation (4.30)). There are no other (Lie-)connected graphs that satisfy
#{terr. vert.} 4+ 2#{aer. vert.} < 3, with no loops, double edges, full edges between
terrestrial vertices, or bivalent terrestrial vertices connected by dashed edges to other
terrestrial vertices (see Lemmas 4.50 and 4.56). O

If we knew that ¢ = cp, then we would be able to build a map cgraphs,,,, — cd\,.,
easily (see Section 5.2). In this section, we show that c¢ is gauge equivalent to ¢y. For
this we show that the cohomology of CGC,,, twisted by cy vanishes in the right degree.
Obstruction theory then shows that ¢ is gauge equivalent to cy. As we will see, the
cohomology of the graph complex

CGCy = (CGCyyp, d + [co, —]) (5:3)

is related to the cohomology of GC)/ and the cohomology of the “hairy graph complex”
HGC),,, that will be defined below (see e.g. [19, Section 2.2.6] or [2]).
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Proposition 5.4 ([19, Proposition 2.2.3]). The cohomology of GC)/ splits as H*(GCY=3)®
Di=oni1 (mod 4) ky;, where degvy; = | —n and GCY'=3 is the Lie subalgebra of graphs
whose vertices are all at least trivalent. The class ~; is represented by the loop with [
vertices. Moreover H>~"(GCY=3) =0 for n > 3.

Definition 5.5. For k > 0, let Graphs),(k) be the quotient of Graphs,, (k) by the ideal
spanned by graphs which are disconnected or whose external vertices are not univalent.
The hairy graph complex is (with differential from Graphs),):

HGCY,, = [] (Graphs, (k)" ® (R[m])®*)™* [~m]. (5.6)
E>1

The full hairy graph complex is the dual of the shifted CDGA S(HGC,,,[m])[—m].
The complex HGC),, is spanned by (infinite sums of) graphs whose external vertices
are exactly univalent and indistinguishable. The differential is given by vertex splitting.
Each external vertex, together with its only incident edge, can be seen as a “hair”, which
justifies the terminology. This hairy graph complex is of great topological interest, as it
can e.g. be used to compute spaces of higher-codimensional long knots [2] or the mapping

space Map(D,, D,,) [18].

Proposition 5.7 ([19, Proposition 2.2.7]). When n —m > 2, the cohomology of the
hairy graph complex HGCY. ~ vanishes in degrees > —1.

mn

Proof. Note that our definition of the hairy graph complex (denoted by HGC,,,,, without
the dual in [19]) is slightly different, as we allow bivalent and univalent internal vertices.
However, we can reuse their arguments to show that the inclusion of their complex
into ours is a quasi-isomorphism (see also [51, Proposition 3.4] for a similar argument).
Briefly, we can filter both complexes by the number of internal vertices of valence > 3.
Both spectral sequences collapse starting on page E?, and the inclusion induces an
isomorphism on this page. We can then use [19, Proposition 2.2.7] to show the vanishing
of the homology in degrees > —1 (note that in the reference, homologically graded
complexes are used, so we just use the natural correspondence that reverse degrees). [J

For m > 2, there is a natural preLie product on HGCY,,, induced by the operad

structure of Graphs,/. Roughly speaking, I' o I” is obtained by inserting I in an external
vertex of I' and reconnecting the incident edge to a (non-hair) vertex of I, in all possible
ways. Moreover, there is a natural action of the Lie algebra GC,/ (see Definition 4.10) on
HGCY,,. Given I' € HGC),,, and v € GC/, the action I - v is given by inserting ~ at a
vertex of I in all possible ways.

When m = 1, this simple Lie algebra structure is not right. There is an L-structure
on HGCY,,, called the Shoikhet structure [52]. It is defined by a certain Maurer—Cartan
element Myrans [43] (in an oriented version of the graph complex GC)/). The hairy graph
complex with this L..-structure is denoted by HGC;\T/L and encodes the deformation
complex of the map e; = Ass — e, rather than Pois — e, (we refer to [18, Theorem 7.16]
where this connection is spelled out in detail). See [52, Section 7] for examples of this
L structure.
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Definition 5.8. Let f{CGCY,+ be the submodule of fCGCY:% spanned by graphs whose
connected components all have at least one terrestrial vertex and at least one full edge.

Let CGCY¢0+ ¢ fCGCY:0+ be the submodule of connected graphs. Then clearly:

Lemma 5.9. The submodule CGC);%+ ¢ CGCY;% is a dg-Lie subalgebra and a Lie
GC,, -submodule. O

Lemma 5.10. There is an inclusion of dg-modules fHGCY, C fCGCY:%+ obtained by
considering all external vertices as terrestrial, with no dashed edges. On the connected
parts, for m > 2 this inclusion is compatible with the Lie structure and the action of the
Lie algebra GC), on both sides. For m =1, it can be extended to an Le,-morphism whose
linear part is the inclusion.

Proof. Simple inspection shows that the inclusion is well-defined, and that it is compatible
with the differential. The compatibility with the Lie bracket is clear for m > 2. The case
m = 1 follows by adapting the proof of [52, Proposition 5.1], replacing the Hochschild
complex of Graphs,, with CGC\I/q’fo’i. O

Proposition 5.11. The inclusion fHGCY,, C f{CGCY:V is a quasi-isomorphism.

Proof. The proof is similar to [51, Lemma 4.4]. Indeed, fCGCY:¢0+ is very close to the
deformation complex of the morphism Graphs, — Graphs) (denoted by Def(hoe,, —
Graphs,)) in [51]).

We first filter both complexes by the number of full edges, which is the only kind of
edges in fHGC),,,. The differential of fHGC,,, always increases this number strictly by 1.
Let us write cg = ¢} + ¢fj, where ¢, is the part with two terrestrial vertices, and c¢{j with
one vertex of each kind (see Equation (5.2)). The differential of fCGCY:¢0+ increases the
filtration number by 1 (for the action of u + ¢j) or keeps it constant (for the action of
c). Hence on the associated spectral sequences, the differential of E/fHGCY,,, vanishes,
while the differential of E/fCGC),%0+ is just the bracket [c), —].

We now check that the inclusion induces a quasi-isomorphism on these E° pages, from
which the proposition follows. Let us first assume that m > 2. Given I' € fCGCXL’fZO’i ,
define its character [['] € fHGC,,, as follow: remove all terrestrial vertices and dashed
edges, and call the full edges that used to be connected to terrestrial vertices “dangling”,
then make the dangling edges into hairs (see [51, Lemma 4.4] for an analogous definition).
The differential [¢{,, —] does not change the character of a graph. Hence EOfCGC,\QfZO’¢
splits:

EfCGCyet = [ {T € BCGOyet | [T =1} (5.12)
YEFHGCY,,, —C,

Let v € fHGC),,, be a graph with hairs {h1,...,ht}. Let G be the group of permutations
of hairs. Then C, is isomorphic to C! = (Graphs,, o S¢(Hy, ..., Hy)H-NE  where
S¢(Hy, ..., Hy) is the (non counital) cofree cocommutative coalgebra on variables H;
of degree —m, Graphs,, o — is the free Graphs),-algebra functor, and (—)(1""’1) is the
subcomplex where each H; appears exactly once. Indeed, we can view = € C’; as a linear
combination of graphs from Graphs/, (r) with each external vertex decorated by one or
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more H;, with each H; appearing once. We can identify = with an element of C, by
making its edges dashed, its vertices terrestrial, and we glue v to the graph obtained,
connecting the hair h; to the vertex decorated by H;. The hairs are indistinguishable,
but = is invariant under G so this is well-defined. This is illustrated by (with = at the

bottom):
ha /hli\/ .
H2 Hy, Hs (513)
- -

For example, full edges between terrestrial vertices may be obtained when ~ contains a
copy of the “line graph”, i.e. the only connected hairy graph with no internal vertices.
The differential [cf,, —] replicates the differential of Graphsy, (k) (i.e. vertex splitting), thus
this is an isomorphism of dg-modules.

The homology of Graphs, is the m-Poisson operad (Theorem 4.14). Checking the
degrees and the induced differential [ + ¢}, —], we can identify the page E'fCGCy o+
with (a shift of) the deformation complex Def(hoe,,, = Graphs)) considered in [51]. Note
that there, the case n = m is considered and so the map hoe,, — Graphs,’ sends the Lie
bracket to a nonzero element; however, in [51], the part of the differential induced by this
element is discarded, so the complex considered is Def(hoe,, — Graphs") up to shifts.
Compare also with the results of [2, Section 5], where the full hairy graph complex is
called HH™".

The differential of fHGC),,, raises the number of edges by 1, so the page EMfHGCY,,, is
just fHGCY, .. Thanks to [51, Lemma 4.4], the inclusion fHGCY, . — Def(hoe,, = Graphs)
is a quasi-isomorphism, thus our morphism induces an isomorphism on the E? page of
the spectral sequence and so it is a quasi-isomorphism itself.

For m = 1, the proof is similar, but Lie clusters replace dashed edges. We get that
E 1fCGCY;LC°’¢ is the (chains) deformation complex of hoe; — Graphs)’ (k), whose homology
is the full hairy graph complex fHGCy,. The induced morphism on the E? pages is the
identity, from which the result follows. O

Corollary 5.14. The inclusion HGCY,, C CGCY;V is a quasi-isomorphism.

Proof. Both CDGAs fHGCY,,, and fCGCY;%0+ are free as CDGASs, so they are in particular
cofibrant. The functor of indecomposables is a left Quillen adjoint [34, Section 12.1.3]. It
thus preserves quasi-isomorphisms between cofibrant objects. Since the indecomposables
of the two CDGAs mentioned above are respectively HGCY,, and CGCY,¢0+ we conclude
by Lemma 5.10 and Proposition 5.11. O

Corollary 5.15. The Maurer—Cartan element ¢ — cog € CGC)%° is gauge equivalent to
zero; equivalently, ¢ and cy are gauge equivalent.

Proof. Let C C CGC);% be the subalgebra spanned by graphs which are not the loops
71 from Proposition 5.4. Similarly let ¢/ C GC)/ be the subalgebra spanned by graphs
with are not the loops. We have a short exact sequence 0 — CGCX{ZO’¢ —C =0 —0.
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The coefficient ¢ — ¢y belongs to the subalgebra C. Indeed, ¢ vanishes on the loops ; by
degree reasons (and so does ). Moreover, we can compute ¢ on purely terrestrial /dashed
graphs and show that it agree with c¢. If m = 1, then this follows by immediate degree
reasons. For m > 2, the restriction of ¢ to purely terrestrial/dashed graphs is equal to
Kontsevich’s coefficient 1 € GC, (CFM,,,, (U, @) = FM,,,(U) and the integral is identical).
So the fact that ¢ and ¢y agree on such graphs follows from the explicit description of u
in Equation (4.6).

We can then combine Propositions 5.4, 5.7 and 5.11 to get that the homology of C
vanishes in degrees > —1. We conclude by applying the Goldman—Millson theorem [22]
(see [21, 12] for modern accounts that explicitly deal with MC elements) to the inclusion
of the truncation 7.oCGC,;% C CGC,,<. O

Definition 5.16. Let CGraphs®, = be the variant of CGraphs,,, where we use ¢ instead
of ¢ to twist the Hopf cooperad CGra,,, in the step of Definition 4.33.

Corollary 5.17. The Hopf cooperads CGraphs,, . and CGraphs’ —are quasi-isomorphic.

mn

Proof. This follows from the same general arguments of [7, Section 5.4]. Let us briefly
describe them. Let S(t,dt) be the algebra of polynomial forms on the interval [0, 1], with
degt = 0 and degdt = 1. Let CGC,; be the Lie algebra with differential [, —], i.e. we
are only allowed to split aerial vertices. Both ¢ and ¢y are Maurer—Cartan elements, i.e.
they satisfy [11, c] + 3[e, ] = [, co] + 2[co, co] = 0. The Lie algebra CGC},,, is the twist
of CGC,.~ with respect to c.

The gauge equivalence between ¢ and ¢j is a Maurer Cartan element ¢; € CGC);” ®
S(t,dt) whose restriction at ¢ = 1 (resp. t = 0) is ¢ (resp. ¢p). This element ¢; produces
a differential on CGraphs,,,, ® S(t,dt) such that restriction at t = 1 (resp. t = 0) gives

CGraphs,,,,, (resp. CGraphs?, ). We thus have a zigzag:
CGraphs,,,, <X*=- CGraphs,,,, ® S(t,dt) ~*=% CGraphs?,,,. (5.18)

The evaluation maps ev—g, evi—1 : S(t,dt) — R are quasi-isomorphisms of CDGAs. This
implies that the two maps above are quasi-isomorphisms. O

Definition 5.19. Let cgraphs?nn be the quotient of CGraphs?,m defined similarly to how
cgraphs,,,,, is a quotient of CGraphs,,, (see Definition 4.60).

0
mn

Lemma 5.20. The quotient cgraphs,,,, is a relative Hopf graphs,,-cooperad.

Proof. See Proposition 4.61: c¢q satisfies the same vanishing lemmas as c. O

0
mn

Proposition 5.21. The quotient map CGraphsgm — cgraphs, ... is a quasi-isomorphism.

Proof. This follows from the same arguments as in the proof of [51, Proposition 3.8].
One can set up spectral sequences (counting bivalent vertices of the appropriate type) to
see that univalent vertices and bivalent terrestrial vertices with dashed incident edges
are killed up to homotopy. Similarly another spectral sequence shows that loops (called
tadpoles in [51]) are killed up to homotopy. O
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5.2. Connecting the graphs to the cohomology

The goal of this section is to describe a quasi-isomorphism of Hopf cooperads w :
cgraphs?,, — cdY,,., where cdY,, = H*(CFM,,,) was obtained in Section 3.1. We will
describe this map on generators. The CDGA cgraphs’, (U, V) is free as an algebra for
m > 2. Its generators are the “internally connected” graphs, i.e. the graphs which stay
connected when all the external vertices are removed. For example, if I" has no internal
vertices, then it is internally connected iff it has exactly one edge (an empty graph is not

connected).

Definition 5.22. If I' is an internally connected graph, then 7(I') € cd,.,,. (U, V') is given
by:
o If I" = e, has no internal vertices and one full edge between v # v’ € V, then
™ (F) = Wyy! -
o If I' = €&,y (for m > 2) has no internal vertices and one dashed edge between
u#u €U, then m(T) = Oy
o If T is the graph of (4.53), then 7(T) = n,,.
o In all other cases, 7(I') = 0.
This is extended to the whole algebra. For m = 1, a graph I' € cgraphs?,, (U, V) is
additionally decorated (in the dual basis) with an order on U Ul I where I is the set of
terrestrial internal vertices. The element 7(T") € cdy, (U, V) is defined as above. It is
decorated with the order on U given by the restriction of the order on U LI I, multiplied
by the number of ways the internal vertices can be reordered while still keeping the same
graph. (This normalization is due to the canonical isomorphism between invariants and
coinvariants. )

Proposition 5.23. The map 7 defined above is a quasi-isomorphism of Hopf cooperads
cgraphs),, — cdY, .

The proof of this proposition is split in a series of lemmas, which occupies the rest of
this section (until the conclusion, Theorem 5.35).

Lemma 5.24. The map m is a well-defined algebra map and is equivariant with the
symmetric group actions.

Proof. For m > 2, we defined 7 on the generators of a free algebra (forgetting about the
differential), so it is well-defined. It is moreover clearly equivariant. For m = 1, we need
to check the compatibility with the order on the terrestrial vertices. One can directly
compute that the coefficients match. Let us first illustrate with an example:

(9 ®@? ? ®> ' <® ?@Gb © ?) - (%mn?’m) R

The product on the LHS is given by:

22-229:92,228-28,298
R - PR E R Tt
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The normalization factor in the formula for 7 is 2%3, = 1—12 which cancels with the 6 terms
to give the % in the RHS. More generally, to multiply T',T" € cgraphs®, (U, V), if the
restriction of the orders on U differ then the result is zero. Otherwise let I, I’ be the
respective sets of internal vertices and let & = #U. The linear orders on U U I and
UU I split I and I’ in (k + 1) blocks consecutive vertices, of respective sizes i, .. ., ik,
and i, ...,7,. The normalization factor in 7(I") (resp. m(I")) is then Hj(ij)!_1 (resp.
]_[j(ig»)!_l). In I' - T, for each 0 < j < k, the i; vertices of block j in I are shuffled
with the i vertices of block j in I, yielding in total (i; + i;)!(ij)!_l(i;)_l shuffles. The
normalization factor in «(I' - I') is [;(4; + i;.)!_l which is equal to the product of the
number of shuffles and the normalization factors of I" and I". O

Lemma 5.25. The map m commutes with the differentials, i.e. wd = 0.

Proof. Since 7 is an algebra map and the differential is a derivation, it is sufficient to
check this on generators. Let I' be an internally connected graph. If " has no internal
vertices, then dI' = 0 thus ndl’ = 0. If I" has one internal vertex, then wdl' = 0 follows
from the Arnold relations and the fact that full edges incident to terrestrial vertices are
mapped to zero.

Assume that I' has at least two internal vertices. If a summand in dI" is nonzero, then
after contracting one edge, all remaining edges are between external vertices or between
an external aerial vertex and a univalent terrestrial internal one. There can thus be at
most one aerial internal vertex. Since contracting an edge cannot reduce the valence of
the remaining vertices (contracting dead ends is forbidden), there can only be one internal
vertex of valence greater than one, necessarily aerial. Using the internal connectedness
of I, this special vertex must be connected to all the univalent terrestrial vertices by a
full edge. In other words, the graph I' must be of this type (plus disconnected external

vertices):

The Arnold relations in e, the symmetry relation 7,Wyy = Ny, and n2 = 0 (if there
is more than one terrestrial vertex) show that #dl’ = 0. The case m = 1 is identical
except that everything is multiplied by the number of ways of reordering the internal
vertices. O

Lemma 5.27. The map m commutes with the cooperad structure maps.

Proof. 1t is sufficient to check this on generators, i.e. internally connected graphs, which
is completely straightforward but tedious. O

5.3. Proof that 7 is a quasi-isomorphism

The last step for Proposition 5.23 is proving that 7 is a quasi-isomorphism. We split this
proof in several sub-lemmas.
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5.3.1. Case m > 2

Let us give a rough outline of our strategy. It is clear that 7 is surjective on cohomology,
so we just need to check that cgraphs?, (k,1) has the same Betti numbers as CFM,,,, (k, ).
We first prove the case [ = 0, using an inductive argument inspired by [32, Theorem 8.1].
Then, we reduce to the case of “split” graphs, where external aerial vertices and external
terrestrial vertices are not in the same connected components. This mirrors the fact that
as a space, CFM;;, (K, 1) ~ Confgm (k) x Confge\gm (I). Finally, we prove the case k = 0,
again using an inductive argument. We conclude using the Kiinneth formula.

We make an observation that will be useful throughout the proof. A graph I' €
cgraphs?, (k,1) determines a partition of {1,...,k} L {1,...,1}, by looking at connected
components of I'. We can define the subcomplex of connected graphs:

cgraphs?, . (k,1)en C cgraphsy,, (k,1). (5.28)

Then the complex cgraphs? (k1) splits as a direct sum, over all partitions of {1,...,k} LI
{1,...,1}, of tensor products of complexes cgraphs’, (—,—)en, one for each set in the
partition (cf. [32, Equation (8.4)]). We define:

B (k,1) == dim H7 (cgraphs?,,,(k,1)cn)- (5.29)

Note that we will focus on the two cases £k = 0 and [ = 0, as these will be the relevant
ones for the application of the Kiinneth formula.

Lemma 5.30. The map = : cgraphsy,. (k,0) — cd. (k,0) = eV, (k) is a quasi-isomor-
phism for all k > 0.

If cgraphs,,, (k,0) had no aerial (internal) vertices and no full edges, then it would be
equal to Graphs,, (k), which is quasi-isomorphic to e/, (k) by [32, Theorem 8.1]. The next
proof is the formalization of the intuition that a full edge is killed by:

(O --- - v D, (5.31)

and that internal vertices, whether aerial or terrestrial, do not produce any homology
class and are just here to kill the Arnold relations.

Proof of Lemma 5.30. Let us work by induction. The case k = 0 is clear: each component
must contain an external vertex, so all graphs are empty and 7 is the identity. Assume
that cgraphs,, (k,0) — ey, (k) is a quasi-isomorphism for some k& > 0. Tt is sufficient to
prove that cgraphs?, (k4 1,0) and eY,(k + 1) have the same Betti numbers since 7 is
clearly surjective on cohomology. Using the splitting in terms of connected components
and the Betti numbers of Confgm, it suffices to prove that 5¢(k+1,0) = k- 7=+ (k, 0).
We split cgraphsgm(k: +1,0)¢p in three according to the valence of the last external vertex:
o U: either spanned by the unit graph (if £ = 0), or the last vertex is univalent and
connected to another external vertex by a dashed edge.
o V: the last external vertex is univalent and connected by a dashed edge to an
internal vertex;
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o W: the last external vertex is at least bivalent, or univalent and connected by a
full edge to an internal vertex.

Let Q@ = cgraphs’,, (k + 1,0)en/U = (V @ W, d). We filter V by the number of edges,
and W by the number of edges minus 1. In the Oth page of the spectral sequence E°Q,
the differential maps V' isomorphically onto W, so Q is acyclic and U ~ cgraphsgm(k +
1,0)en. For k = 0, U = R = ¢,(1) as expected. For k > 0, U is isomorphic to
@f:o cgraphs?,, (k,0)en[1 — m] (by removing the vertex k + 1 and its incident edge).
Hence 3/ (k +1,0) = k- B7~™%1(k,0) as expected too. O

Let us now turn to the second step of the proof. We prove that we can, in some sense,
“split” our graph complex in two: external aerial and external terrestrial.

Lemma 5.32. Letk,l > 1 and let I;;; C cgraphs?, (k,1) be the module spanned by graphs
where one of the connected components contains an external aerial vertexr and an external
terrestrial vertex. Then I is an acyclic dg-ideal.

Proof. The subspace Ij; is a dg-ideal: contracting edges does not affect connected
components, and gluing along external vertices can merge connected components but
never split them. Let us prove that it is acyclic. We only deal with connected graphs
(the general case follows by the Kiinneth formula). The proof is similar to Lemma 5.30:
we fix [ > 1 and work by induction on k& > 1.

For k = 1 we check acyclicity directly. We split I;; in two submodules (either the
external vertex is univalent with a dashed edge, or not) and we filter like in Lemma 5.30
to get a trivial E' page. Let us now assume that the claim is true for a given k& > 1. Just
like in the proof of Lemma 5.30, we can split I} ; in three summands, depending on
whether the last external terrestrial vertex is: univalent, connected by a dashed edge to
an external vertex; univalent, connected by a dashed edge to an internal vertex; all other
cases. The first summand is isomorphic to @le Ij.; ~ 0. The quotient by this summand
can be filtered like in Lemma 5.30 and is thus also acyclic. O

Lemma 5.33. The map 7 : cgraphs,, (0,1) — cdY,.(0,1) is a quasi-isomorphism.

Proof. This final lemma is also proved by induction. Once again 7 is clearly surjective
on cohomology, so it suffices to prove that both complexes have the same Betti numbers.
Using the results of Section 3.1, the Poincaré polynomial of CFM;y,,(0,1) >~ Confgn\gm (1)
is 2(Confgm\gm (1)) = [TiZp(1 + 7™ 1 4 it 1),

We can again work with the connected part of the graph complex cgraphs?nn(o, Den-
Note that the case [ = 0 is covered by Lemma 5.30. The base case that we need to prove
is 8°(0,1) = g»~™71(0,1) = 1, and 37(0,1) = 0 for other j. The recurrence relation is
B1(0,1+ 1) =1-p7~"F1(0,1) for all j and all I > 1.

For | = 1, we split cgraphs?,,,(0,1)cn = cgraphs,,, (0, 1) according to the valence of the
only external vertex:

o U: the external vertex is zero-valent (i.e. I' = 1) or univalent, connected to a
univalent internal terrestrial vertex (i.e. I' = @—A)
e V: the external vertex is at least bivalent.
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o V’: the external vertex is univalent, connected to an aerial internal vertex.
o W: the external vertex is univalent, connected to a terrestrial internal vertex; this
vertex is itself bivalent and its other incident edge is dashed.
o W’ the external vertex is univalent, connected to a terrestrial internal vertex; this
vertex is itself either at least trivalent, or bivalent and both incident edges are full.
Let Q = cgraphs?,, (0,1)/U. We can set up a spectral sequence just like in Lemma 5.30

so that E°Q = (V’ % Vew % W) Thus Q is acyclic and U ~ cgraphs?, (0,1) is

thus a quasi-isomorphism, as we wanted.

For the induction step, we split cgraphsgm((), [+ 1)cn as above. We just replace U by
U= @i‘:l U; where Uj; is spanned by graphs where the external vertex (I +1) is univalent,
connected to the external vertex ¢. The others are similar but the valence conditions are
on the external vertex (I+1) instead. The same argument shows that U C cgraphs?,,, (0, 1+
1)en is a quasi-isomorphism. We have an isomorphism U; 2 cgraphs?,,, (0, 1)[1 — m] given
by removing the last external vertex and its incident edge. The Betti numbers thus
satisfy the expected recurrence relation: 47(0,1+ 1) =1-37="+1(0,1). O

5.3.2. Case m =1

We deal separately with the case m = 1, because e; is the associative operad and not
the Poisson operad. To summarize the differences, recall that: the graphs do not have
dashed edges, and the terrestrial vertices are ordered (Definition 4.16); the notion of
“disconnected” is replaced by “Lie-disconnected” (Definition 4.42); the differential [co, —]
merges coLie clusters (5.2).

Proposition 5.34. The map 7 : cgraphs’, (k,1) — cdy, (k,1) is a quasi-isomorphism.

Proof. As in the case m = 2, the map 7 is clearly surjective on cohomology, so we
just need to check that cgraphs{, (k,1) has the correct Betti numbers. The proofs of
Lemmas 5.30, 5.32, and 5.33 can be adapted in a straightforward manner. We can follow
the same proofs, replacing m with 1. The crucial difference will be in the splitting of the
complex cgraphs!,, (k,{)en or of Iy

o In cgraphs?, (k,0)c, (for Lemma 5.30), we set U to be the submodule where the
(k + 1)th external vertex is isolated but not adjacent to a terrestrial internal vertex
(terrestrial vertices are ordered for m = 1), V' the submodule where the (k + 1)th
external vertex is isolated and adjacent to a terrestrial internal vertex, and W all
other kinds of graphs.

o In I;; (for Lemma 5.32), we use the same splitting as for cgraphs{,, (k, 0)cx.

« In cgraphs?, (0,1) (for Lemma 5.33), we keep the same U, V', and V' as in the proof
of Lemma 5.33. We change the submodules W and W’: in W, we require the last
external vertex to be connected to a univalent internal terrestrial vertex, while in
W' we put all other graphs.

With this, we obtain the correct recurrence relations on the Betti numbers. O
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5.3.3. Conclusion

Theorem 5.35. The operad CFM,,,,, is formal over R forn—2>m > 1.

Proof. We have a zigzag, where cd),,, is defined in Section 3.1, CGraphs,,, in Defini-

tion 4.47, CGraphs!,, in Definition 5.16, CGraphs,,, ® S(t,dt) in Corollary 5.17, and

cgraphs?rm in Definition 5.19, the map 7 is defined at the beginning of Section 5.2, and
the map w is defined in Proposition 4.61:

cd? <& cgraphs’ =« CGraphs?, = <«

< CGraphs,,, @ S(t,dt) — CGraphs,,,, ~ Q5s(CFM,p),

We proved in Proposition 3.17 that cdy,, = H*(CFM,,,) as Hopf cooperads. We
moreover proved in Corollary 5.17 that the two maps involving the three variants of
CGraphs,,,,, were quasi-isomorphisms of Hopf cooperads. We also proved that the quotient
CGraphs%m — cgraphs?nn is a quasi-isomorphism in Proposition 5.21. In addition, we
proved that m was a quasi-isomorphism of Hopf cooperads in Proposition 5.23 (for
m > 2) and Proposition 5.34 (for m = 1). Therefore it just remains to check that w is a
quasi-isomorphism of Hopf cooperads to conclude.

We already know that CGraphs,,, and Q5. (CFM,,,) have the same cohomology cd,,,,.
Thus we only need w to be surjective on cohomology, which is clear (7, is obtained by
graphs of the type seen in Remark 4.52). O

A. Relative cooperadic twisting

Operadic twisting is a tool originally introduced in [51, Appendix I], studied in further
detail in [11], and generalized to certain types of colored operads in [54, Appendix C]. In
this appendix, we quickly recall operadic twisting for cooperads and right comodules,
and we combine both to deal with relative cooperads.

A.1. Twisting cooperads

General references for twisting of plain operads are [51, Appendix I] and [11]. The dual
notion of cooperadic twisting is spelled out in [27, Section 1.5]. Let Lie, = Lie{n — 1}
be the operad governing Lie algebras with a bracket of homological degree n — 1 (so
Lie, C e,). Let holie, = Q(Liel,) = ©(Com"{n}) be its Koszul resolution. Suppose that
C is a cooperad with finite-dimensional components (so that CV is an operad) equipped
with a morphism p : hoLie,, — CV. We consider the following convolution Lie algebra:

gc == homy(Com"{n},CY) = (H(cv(z‘) ® R[-n]®) " [n],d, [, —}>-
>0

The differential is induced from C. The Lie bracket of f,g € gc is [f,g9] = fxg F g * f,
where x is the convolution product. Thanks to [34, Theorem 6.5.7], the morphism
i : holie, — CY can equivalently be seen as a Maurer—Cartan element u € gc.
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The twist of C with respect to u is the dg-cooperad given in each arity by:
Tw C(U) == P (CU L{L,...,i}) @R[n]¥), .

i>0

The entries labeled by U are called “external”, whereas the entries that were labeled by
{1,...,1} before taking coinvariants are called “internal”. The cooperadic structure is
inherited from C. Let p1 € [[;50CV({1,...,, ¥})> = Tw CY(*) (up to shifts and signs)
be the element obtained from p by summing over all possible ways of distinguishing
one of the inputs. The differential of x € TwCisder =dcx +x - — - 1 — p1 - x,
i.e. the sum of the internal differential of C with a threefold action of p that we now
describe term by term (see [51] for details): (i) co-insertion of x4 in an internal input of
z in all possible ways; (ii) co-insertion of —pj in an external input of z in all possible
ways; (iii) co-insertion of z in the external input of —uq. One checks that p — py defines
a Maurer—Cartan element in gc x Tw CY(x), so this differential squares to zero. The
compatibility with the cooperad structure is immediate by coassociativity.

A.2. Twisting right comodules

We now recall twisting of right comodules (see [54, Appendix C.1] for the dual case
of right modules). Fix p : holLie, — CY as in Section A.1. Suppose that M is a right
C-comodule. Then as a graded module,

TwM(U) = @MU U{L,....i}) @ R[n]¥),, .
i>0
This inherits a right (Tw C)-comodule structure from the C-comodule structure of M.
The differential of x € Tw M(U) is given by dx = dyx + = - 4 — = - 1 (where one uses the
comodule structure instead of the cooperad structure). Note that since M is only a right
module, there can be no term of the type uy - .

A.3. Twisting relative cooperads

Let us finally deal with relative cooperads (see Section 1.1 for the definition). The
definition is inspired by the case of “moperads” (i.e. relative operads which can only
admit o.p>erations with zero or one terrestrial input) [54, Appendix C.3].

Let Liey,, be the relative Lie,-operad governing triples (g,b, f) where g is a Liey,-
algebra, b is a Lie,-algebra, and f : hm — n| — g is a morphism of shiftgc_}l Lie algebras.
We define below an operad holie,,, over Lie,,,. We will not prove that Lie,,, is Koszul,
althoughis seems doable using techniques similar to [25].

Let Com,y,,, be the operad governing triples (A, B, a) where A is a Com{n}-algebra, B is
a Com{m}-algebra, and  : A — B[n —m] is a morphism of shifted commutative algebras.
In particular, Comy,, (U, V) & R[—m]®Y @ R[-n]®Y ®R[m] is one-dimensional for all pairs
(U, V) # (2,9) (and cﬁ?mn(@,@) = 0). By definition, Com,,, is a relative Com{n}-
operad. Thus the cobar construction holie,,, = 2(Com,,,.) is a relative hoLie,-operad
(since hoLie,, = Q(Com))).
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%
Let D be a relative C-cooperad equipped with a map (¢, ) : (holiep,,, holie,) —
(D, C). This map can equivalently be seen as a Maurer-Cartan element in gc @ gc,p (i.e.

P
dlu’ + %[N? ,U,] =dc+ [H’ C] + %[C, C] = O)a where gcbD = homz(comynnv D)
Let us define the twisted relative (Tw C)-cooperad Tw D. As a graded module,

TwD(U,V) = € (DWu{l,....i},VU{L,...,j}) ® R[m]* @ R[n]®)
4,5>0

ZiXZJ"

The relative (Tw C)-cooperad structure is inherited from D. Let ¢; be the element
obtained from ¢ by summing over all possible ways of distinguishing one of the terrestrial
inputs of ¢ (similarly to how p; is defined from p). Then the differential of x € Tw D(U, V)
is given by dpx +z-p+z-(c—c1) —c1 - x.

Proposition A.1. The collection Tw D defines a relative (Tw C)-cooperad.

Proof. Generalizing the proofs of [51, Appendix I] and [54, Appendix C.3] to this setting
is straightforward. Omne checks that u + ¢ 4+ ¢; defines a Maurer—Cartan element in
gc ¥ gcp X TwDY(*, @) — which acts by cooperadic coderivations on TwD — so the
differential above squares to zero. Compatibility with the cooperad structure follows
from the coassociativity of the cooperad structure. O

B. Compactifications and projections

In this appendix, we sketch a proof of Proposition 2.9: CFM,,,,(U, V) is a compact SA
manifold and a smooth manifold with corners, and the canonical projection maps are SA
bundles. Our proofs are heavily inspired by [32, Section 5.9].

Let (U,V) be a pair of finite sets. A relative (rooted) tree 7 with Ui u2
leaves (U, V) is a rooted tree with dashed and full edges. We require V1 V2 V4 ¥
that the leaves with incident full (resp. dashed) edge are in bijection Qf, /\//
with U (resp. V'), that if a vertex has only one incoming edge then this ’
edge is full, and that if an edge is full then all the edges above it are full. An example is
on the side.

For a relative tree T, we let V3 be the set of all its vertices, V7Q = V7 \ root, and
Vi = Vr\(UuV). The set Vr is partially ordered by considering that a vertex
is smaller than any vertex above it. For i € Vr, we let in(i) = in(i) U in,(i) =
{incoming dashed edges} U {incoming full edges} and par(i) € V be the immediate
predecessor of i. Finally, we let:

Conf” = Hi€V7*- Conf,,, (int(7),ing,(7)).

The spaces Conf%n will be used to give a decomposition of CFM,,,,,(U, V) as in [32,

Section 5.9.1]. Let & = (&)ievy € Conf? . We can represent & by a configuration
& € Confyn (ing(v),ing (7)) of radius 1 and whose barycenter is in {0} x R"™™. For
i€ VY, welet (i) == Epar(i) (7). We then define, for r > 0 and i € V7

(&) =)y E0) Y € R
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Then (z(£,7,1))icvuy is a configuration for 7 small enough. Let use define h : Conf? s
CFM,n (U, V) by hr(§) = limyo(z(§,7,7))icuuy. The map hy is a homeomorphism
onto its image, {im(hy)}7 covers CFM,,,,(U, V), and the interior of CFM,,,,,(U, V) is the
stratum corresponding to a corolla.

Now let = hy(§) € CFMy,,, (U, V). We want to build an SA chart around z. Let

ry = imin{“f_i(a) &) i€ V2 a#bein(i) U{dEw),R™) | i € Vv € ing(i)}.

Note that ry < 35, because & has radius 1. Define a neighborhood of & by W = {C €

Conf’ | Vi, ||£(i ) CA@) < T#U+#V+1} (thanks to the distance condition, distinct points
stay distinct and aerial points stay aerial). For 7 € |0, rl]v% with 7ot = 0and 0 < r < rq,
we let y(¢, 7, r,root) := 0 and

y(CvT7 Tai) - y(C7T T, pal“ Hmax r, T]

We can then define ® : W x[0, r1]V7 Moot} — CFM,, (U, V) by (¢, 7) = lim,—o(y(€, 7,7, %) )icouv -
We also let V' be the image of ®. The proof that ® is an SA chart onto a compact
neighborhood of z is identical to [32, Lemma 5.9.3]. This proves the first part of
Proposition 2.9.

We would now like to prove that pyy : CFMy,,,, (U U I,V U J) = CFM,,,, (U, V) is an
SA bundle. Since the composite of two SA bundles is an SA bundle [24, Proposition 8.5],
it is sufficient to check that the following are SA bundles:

p: CFMyn(U U %, V) = CFMun (U, V), @ : CFMyn (U, V U %) = CFMn (U, V).

We will describe the fibers explicitly as complements of open balls. The fiber of p will
be almost identical to the one in [32, Section 5.9.4]. However the fiber of ¢ is slightly
different, because the new aerial point cannot touch the ground.

Let x = hy (&), r1 > 0, and W as before. For ( € W and i € Vr, define x1((,17) =

x(¢,71,1) and (i) = 4r Illeight(i)ﬂ. Let B;(¢) :== B(x1((,1),e(7)) be the closed ball. Then
B;i(¢) C 1/3B;(¢) if i < j and B;(¢) N B;j(¢) = @ otherwise.

Recall ¢ : R" x [0,1] x [0,2] x R® = R", (c,7,¢,7) — ¢ (z) from [32, Lemma 5.9.5].
It is such that ¢7° is radial, the identity outside B(c, 5) and shrinks B(c,e/3) by a factor
7. Moreover for a configuration = € Conf (. . /3)(k), ¢ (z) is a configuration in Conf, (k)
that does not depend on 7, and ¢ behaves well with respect to other points z € B(c, ¢)
(see the reference for details). We note in addition that, thanks to the properties of ¢, if
c € R™ then ¢7°(R™) C R™, and if ¢ ¢ R™, then ¢7°(R"\ B(R™,¢)) C R\ B(R™,¢)
(where B(R™,¢) = U, cpm B(2,€)).

Now, fix ¢ € W and 7 € [0,71]"7 s.t. Troot = 0 and 7; = 0 for i € U UV a leaf. Then
for i € Vrand 0 < r < rq, let ¢! = (j)xl(c’i)’s(.i) . Moreover, let ¢, be the composition

max(r,7(%))/r1 '
(in any order thanks to the disjointness of the balls) of the ¢ for i € U U V. (Despite
the notation, ¢, depends on z, ¢ and 7.) We then check, like in [32, Lemma 5.9.6], that

b (21(¢,0)) = (¢, 7,ry4) for r > 0and i € ULV,
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We can now check the local trivialities of p and g. Let us first deal with p : CFM,,,, (U U
*, V) = CFM,, (U, V). We define I := B(x1((,root), (root)/2)\U,cr B(x1(¢, u), e(u)/2)N
R™ for ¢ € W, which will be the fiber of p over ht({). We also set F':= B(0,#U + 1) \
UiUl B((i,0,...,0),1/4) NR™. Note that F is a compact SA manifold (a closed m-ball
with U open balls removed). There is an SA-homeomorphism O, : F' = F; since W is
small enough. Let

®: W x[0,1]V7V% x F — CFMypn (U U %, V),
(€7, 2) = Tim (60 (21.(C, 1)) icvnv, ¢r(O¢(2)))-

Then ® covers ®. The proof that EI;(C ,7,—) maps Fy homeomorphically onto p~!(®({, 7))
is identical to the proof in [32, Section 5.9.4].

Now let us deal with g : CFM,,,, (U, V U %) — CFM,,,,, (U, V). Its fiber over hy({) will
be G¢ == B(z1(¢,root), e(root) /2) \ Uyey B(z1(¢,v),£(v)/2) \ B(R™,r1). We also have
G = B(0,#V + 1)\ BR™,1/4)\ U B((4,0,...,0,1,0,...,0),1/4) (where the 1 in
the open ball is in position m + 1). This is a compact SA manifold (a closed n-ball
with an open tubular neighborhood of R™ and V' open n-balls removed) and we have an
SA-homeomorphism O, : G = G¢ since, again, W is small enough. We can then define a
chart @ : W x [0,1]V7\1°% x G — CFMy, (U U %, V) with a formula similar to the one
above. This map covers @, and showing that </13(C ,7,—) maps G¢ SA-homeomorphically
to ¢~ 1(®(¢, 7)) is a straightforward adaption of the arguments in [32, Section 5.9.4]. This
completes the proof of the second part of Proposition 2.9.
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