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Abstract: In solid rocket motors, vortex nozzle interactions can be a
source of large-amplitude pressure pulsations. Using a two-dimensional
frictionless flow model, a scaling law is deduced, which describes the
magnitude of a pressure pulsation as being proportional to the product
of the dynamic pressure of the upstream main flow and of vortex circu-
lation. The scaling law was found to be valid for both an integrated noz-
zle with surrounding cavity and a nozzle geometry without surrounding
cavity that forms a right angle with the combustion chamber side wall.
Deviations from the scaling law only occur when unrealistically strong
circulations are considered.

1. Introduction

In solid rocket motors (SRMs), time-dependent hydrodynamic force reactions due to
the interaction of vortices with the nozzle are a significant source of sound. These
result in acoustic standing waves, which in turn trigger periodic vortex shedding at fre-
quency f close to the frequency f1 of the first longitudinal acoustic mode of the com-
bustion chamber. The result is a self-sustained oscillation of considerable magnitude.
In cold-gas scale model (1/30) experiments of Ariane 5 SRMs, in which the combustion
of the solid propellant is mimicked by injection of air through porous walls, relative
pressure pulsation amplitudes p0=p ¼ Oð10�3Þ (with p the static pressure) have been
observed. These are of the same order as in real flight with combustion.1,2

The nozzles used in SRMs are integrated, viz., they contain a cavity with an
opening near the nozzle inlet [see Fig. 1(a)]. The presence of such a cavity has been
shown to be important for the establishment of self-sustained pressure pulsations in
SRM systems.1,3 In these publications it was observed that the limit-cycle amplitude
p0=p increases linearly with Vc, where Vc is the cavity volume.

An incompressible and frictionless two-dimensional planar analytical flow
model for the sound generation of vortex nozzle interaction was proposed by
Hirschberg et al.4 This model, which uses a point vortex representation, suggests that
the acoustic response due to vortex nozzle interaction is generated on approach to the
contraction and is proportional to the dynamic pressure qU2/2 times the square of the
dimensionless circulation ~C

2 ¼ C2=ðS1UÞ2 carried by the point vortex, where q is the
density, U is the upstream (from the nozzle) flow velocity, and S1 is the upstream
channel height. However, this model does not consider integrated nozzles with cavities.
A later model3 takes this into account by placing an acoustic volume point source in
the right angle corner of the nozzle inlet.

In this letter, the results of a systematic numerical parameter study of vortex
nozzle interaction is reported. Rather than considering the limit-cycle behavior of the
combustion chamber the sound pulse generated by vortex-nozzle interaction is studied
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in a semi-infinite duct. This allows for a systematic variation of parameters such as the
vortex circulation, the viscous core-radius, and the position at which the vortex is
released. This makes the systematic study of scaling behavior possible. This type of
approach has been used experimentally for entropy inhomogeneity-nozzle interaction5

and for an axially swirling vortex-nozzle interaction.6

A more detailed compressible two-dimensional planar model is considered, in
which the vortices have a finite core size. The study was carried out using the Euler
Internal Aeroacoustics (EIA) code, which has previously been used by Hulshoff et al.7

for the study of vortex nozzle interactions. The present study focuses on choked noz-
zles, whereas previous results were obtained for subcritical flow conditions.7

Furthermore, different nozzle geometries are considered, including an integrated nozzle
geometry with surrounding cavity. The results described here lead to the following
scaling law: the sound produced due to the interaction of vortices with typical nozzle
inlet geometries encountered in SRMs is proportional to the dynamical pressure qU2/2
times the dimensionless circulation ~C � C=ðS1UÞ carried by the vortex when realistic
circulations are considered, viz., p0 / qU2 ~C=2.

An explanation for this new scaling law and the deviation from the ~C
2

propor-
tionality predicted for an incomprehensible flow by Hirschberg et al.4 is provided using
Howe’s Vortex Sound Theory.8

2. Estimation of the dimensionless circulation range carried by vortices in SRMs

The maximum circulation carried by vortices in SRMs Cmax can be estimated as the
product of the upstream mean flow velocity U at the nozzle inlet with a hydrodynamic
wavelength of order U/f. The flow velocity U is the product cM of the local sound
speed c and the upstream Mach number M for a choked nozzle. The Mach number of
the upstream flow can be estimated using a quasi-one-dimensional flow approximation9

from the ratio A1/A* of the nozzle inlet cross-sectional area A1 to the cross-sectional
area of the nozzle throat A* (where locally M¼ 1). The oscillation frequency f is on
the order of c/2L, where L is the length of the combustion chamber.

Considering a two-dimensional flow in a channel of square cross-section
(A1 ¼ 4S2

1) with upstream half channel height S1 the maximum dimensionless circulation
is ~Cmax ¼ 2LM=S1 where ~C � C=ðS1UÞ, for typical SRMs M ¼ Oð10�1Þ and L=S1

¼ Oð10Þ, hence ~Cmax ¼ Oð1Þ. The relationship between the actual axi-symmetrical
geometry and the two-dimensional planar flow model is discussed in more detail by
Hirschberg et al.3 Using ~C ¼ ~Cmax=3, an analytical model3 was able to reproduce the
order of magnitude of pressure pulsation amplitudes observed in cold-gas scale experi-
ments.1 Laminar axi-symmetrical numerical simulations by Anthoine1 show vortex circu-
lation ~C ¼ Oð10�1Þ. In summary, one expects the range of circulations carried by vorti-
ces in SRMs to be 0:1 � ~C � 1. All the following results are presented for a vortex core
radius 0.3S1. A variation of the core radius in the range 0.1�RC/S1� 0.4 leads to a var-
iation of 30% in the pulse amplitude generated by vortex nozzle interaction. This effect
is neglected in the further discussion.

Fig. 1. Three nozzle inlet geometries considered: integrated nozzle with cavity volume (a), nozzle inlet with a
right angle corner (b), and a gradual ramp nozzle inlet (c). For all inlet geometries the flow direction is from left
to right. The ratio of nozzle inlet to nozzle throat cross-sectional area is A1/A*¼ 3 corresponding to M¼ 0.197
at the inlet and M¼ 1 in the throat.
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3. Nozzle inlet geometries considered

For the present study three nozzle inlet geometries are considered: an integrated nozzle
with cavity volume [Fig. 1(a)], a nozzle inlet with a right angle corner [Fig. 1(b)], and
a gradual ramp nozzle inlet [Fig. 1(c)]. The calculations are limited to A1/A*¼ 3 or
M¼ 0.197, which is an upper bound for SRMs.1

The surface used to model the presence of the integrated cavity volume Vc

was chosen on the order of a square segment 0:7S2
1. This corresponds to the cavity vol-

ume Vc ¼ 2:8S3
1 of nozzle 2 used in the cold-gas scale experiments reported by

Anthoine.1 In this case, the cavity volume Vc is equivalent to that of a square
upstream duct segment (A1 ¼ 4S2

1) of length equal to seven-tenths its half height S1.
The right angle inlet geometry [Fig. 1(b)] was drawn using Henrici’s10 confor-

mal mapping as used in previous analytical models.3,4 This does not precisely corre-
spond to a geometry used in scale-model experiments. However, similar right angle
inlet geometries have been used in both hot-gas (with combustion) and cold-gas scale
model experiments.1,11,12

The gradual ramp inlet geometry has, to our knowledge, not been used in
experimental studies previously reported in the literature. It has been included in the
present study to investigate its impact on the scaling behavior of the vortex nozzle
interaction sound source and investigate the possible reduction of pulsation amplitude.

4. Numerical simulation results

Two-dimensional planar numerical simulations of vortex nozzle interaction are carried
out with EIA.7 In view of the symmetry of the problem only half of the duct is consid-
ered in the calculations. Starting at a distance of approximately 6S1 upstream from the
nozzle inlet and at height h from the bottom wall, circular vortices of core radius
RC¼ 0.3S1 are generated, by imposing a force field moving with the vortex. This corre-
sponds to approximately 50 cells per vortex core diameter. Spatial integration is per-
formed with a second order total variation diminishing Roe method.13 The meshes
used for the present vortex nozzle interaction simulations produce results in the asymp-
totic region of the discretization. An observed order of accuracy of 2.06 (second order
convergence) was found, with an estimated relative discretization error of 1%.

Calculations are carried out for an anechoic upstream pipe termination (infi-
nite pipe). In Fig. 2, one observes that the results for an integrated nozzle are quite
insensitive to the initial vortex release height h in the range 0.3� h/S1� 0.5.
Furthermore, one sees that the dimensionless pressure pulse 2p0=qU2 ~C is almost inde-
pendent of the sign and magnitude of ~C. In other calculations ~C was varied over the
full range �1:7 � ~C � 1:7 confirming this result.

To explain this one should consider �qðx� vÞ � rG integrated over time and
space, which according to the theory of Howe8 is the pressure pulse generation term
due to vortex dynamics.3,14 In this relation q is the fluid density, x � r� v is the vor-
ticity vector, v is the local flow velocity, and G is the Green’s function. At the low fre-
quencies considered here, G can be calculated using the reciprocity principle,15 by

Fig. 2. Dimensionless acoustic pulse generated due to nozzle vortex interaction, as a function of dimensionless
time ~t � tU=S1, for the integrated nozzle geometry.
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considering the reflection of a plane wave generated far upstream by a Dirac pulse
point sound source. The upstream pipe is assumed to be infinitely long.

Considering the integrated nozzle inlet geometry [Fig. 1(a)], one distinguishes
two contributions to G. First the acoustic field Grad due to radiation through the noz-
zle, and second the acoustic field due to the compressibility of the fluid in the cavity
Gcav around the nozzle. For values of j~Cj ¼ Oð1Þ, the vortex path is close to that of a
steady potential flow through the nozzle, along the streamlines of rGrad. This implies
that �qðx� vÞ � rGrad is negligibly small, as the vector v and rGrad are almost paral-
lel. The angle between v and rGrad is assumed to be proportional to ~C, which explains

a ~C
2

proportionality because x is proportional to ~C. By contrast, the acoustic flow due
to the compressibility of the cavity rGcav is almost normal to v for release heights in
the expected range 0.3� h/S1� 0.5. Thus, the sound pulse scales linearly with x and
therefore with ~C and also with Vc, which determines the magnitude of Gcav. This is
exactly what can be seen in Fig. 2, where dimensionless results for ~C ¼ �1:7 are very
close to those for ~C ¼ 61:2. The linear scaling with Vc was already observed in the
experiments performed by Anthoine.1

This raises the following question: which scaling law should be used when at
first glance there appears to be no nozzle cavity volume? To answer it one considers
the right angle inlet geometry in Fig. 1(b). From Fig. 3, one concludes that in the case
for j~Cj � 0:43 the pulse remains globally proportional to ~C. Indeed scaled responses
for ~C ¼ 60:11 and ~C ¼ 60:43 are globally similar in shape and magnitude. One could
argue that the right angle corner acts as an effective nozzle cavity volume V0. From
simulations with various cavity volumes Vc, by extrapolation it was deduced that
0:4S3

1 � V0 � S3
1, the value of V0 depends on the upstream release height h and the

dimensionless circulation ~C.
However, for ~C ¼ 61:7, one observes a large effect of the sign of ~C. This effect

is caused by the deviation between the path of the vortex v and the acoustic radiation
flow rGrad. It is due to the influence of an “image” vortex on the path of the vortex4

(influence of the walls). One can deduce that for very large ~C this contribution to the

pressure pulse scales with ~C
2

rather than with ~C. Indeed around ~t ¼ 8:8 in the response
for ~C ¼ 1:7 in Fig. 4, one notices an upwards pulse which can be attributed to the

emerging ~C
2

effect.
To check this hypothesis a third nozzle inlet geometry is considered. The right

angle inlet is replaced by a gradual ramp in Fig. 1(c). This should further reduce any
volume compressibility effect. The response of the gradual ramp nozzle inlet geometry
due to an interaction with vortices carrying very large ~C ¼ 61:7 and unrealistically large
~C ¼ 66:8 circulations is shown in Fig. 4. One clearly sees the ~C

2
scaling for ~C ¼ 66:8.

For ~C ¼ 61:7 one deduces that this scaling behavior is being approached when com-
pared to results for the right angle inlet geometry (Fig. 3). However, additional simula-
tions for ~C ¼ 60:1 show a linear scaling behavior with ~C even for this gradual inlet

Fig. 3. Scaled acoustic response generated due to vortex nozzle interaction, as a function of dimensionless time
~t � tU=S1, for the right angle corner inlet nozzle geometry.
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nozzle geometry. This indicates that even for this gradual ramp nozzle inlet geometry
there is a significant effect of compressibility associated to an effective nozzle “cavity”
volume.

It appears from these simulations that the use of a gradual ramp nozzle inlet
reduces the pulse amplitude by a factor of 2 compared to the results for the right angle
corner found in Fig. 3 and a factor of 10 compared to those shown in Fig. 2 for the
integrated nozzle. The gradual ramp pulse, however, is longer this could affect the
limit-cycle behavior.

This leads to the conclusion that the linear scaling law in ~C should be used, as
it covers behavior expected for the range 0:1 � ~C � 1 for reportedly used and most
pertinent nozzle inlet geometries1,11,12 [Figs. 1(a) and 1(b)].

5. Conclusion

When considering realistic dimensionless circulations in the range 0:1 � ~C � 1 and typi-
cal nozzle inlet geometries of SRMs reported in the literature [integrated nozzle Fig. 1(a)
and right angle corner geometry Fig. 1(b)], one finds that the acoustic response due to
vortex nozzle interaction scales with qU2 ~C=2 where ~C ¼ C=S1U . Deviations from this
scaling law only occur when unrealistically strong circulations are considered.

When a cavity of volume Vc is present around the nozzle the upstream pres-
sure pulse amplitude scales almost linearly with this volume. Even in the absence of a
nozzle cavity, for the case of the inlet with a right angle corner similar behavior is
observed. This indicates that a right angle corner behaves as an effective nozzle cavity
volume and the acoustic pressure pulse still scales with qU2 ~C=2. Thus, the upstream
acoustic response is largely generated by the flow compressibility on approach to the
contraction.

The generated acoustic pulse is quite insensitive to the upstream vortex release
height h, which here is measured with respect to the outer wall, especially for cases
where h/S1� 1/2, which is the range where one expects vortices to be formed in SRMs.

The scaling law reported in this letter opens the door to the development of
simplified semi-analytical lumped element models for the hydrodynamic sound source
in SRMs.
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