N

N

Light-front and conformal field theories in two
dimensions

Pierre Grangé, Ernst Werner

» To cite this version:

Pierre Grangé, Ernst Werner.  Light-front and conformal field theories in two dimensions.
Mod.Phys.Lett.A; 2018, 33 (22), pp.1850119. 10.1142/50217732318501195 . hal-01861937

HAL Id: hal-01861937
https://hal.science/hal-01861937

Submitted on 13 Sep 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01861937
https://hal.archives-ouvertes.fr

Mod. Phys. Lett. A Downloaded from www.worldscientific.com
by WSPC on 07/16/18. Re-use and distribution is strictly not permitted, except for Open Access articles.

’s World Scientific

www.worldscientific.com

Modern Physics Letters A
Vol. 33, No. 22 (2018) 1850119 (20 pages) \
© World Scientific Publishing Company

DOI: 10.1142/S0217732318501195

Light-front and conformal field theories in two dimensions

Pierre Grangé*

Laboratoire Univers et Particules, Université de Montpellier, CNRS/IN2P3,
Place E. Bataillon, F-34095 Montpellier Cedex 05, France
pierre.grangeQumontpellier. fr

Ernst Werner

Theoretische Physik, Universitdt Regensburg, Universitdtstrasse 31,
D-93053 Regensburg, Germany
Ernst. Werner@physik.uni-regensburg.de

Received 19 January 2018
Revised 21 April 2018
Accepted 31 May 2018
Published 10 July 2018

Light-front (LF) quantization of massless fields in two spacetime dimensions is a
long-standing and much debated problem. Even though the classical wave-equation
is well-documented for almost two centuries, either as problems with initial values in
spacetime variables or with initial data on characteristics in light-cone variables, the way
to a consistent quantization in both types of frames is still a puzzle in many respects.
This is in contrast to the most successful Conformal Field Theoretic (CFT) approach in
terms of complex variables z, Z pioneered by Belavin, Polyakov and Zamolodchikov in
the ’80s. It is shown here that the 2D-massless canonical quantization in both reference
frames is completely consistent provided that quantum fields are treated as Operator-
Valued Distributions (OPVD) with Partition of Unity (PU) test functions. We recall
first that classical fields have to be considered as distributions (e.g. generalized func-
tions in the Russian literature). Then, a necessary condition on the PU test function
follows from the required matching of the classical solutions of the massless differential
equations in both types of reference frame. Next we use a mathematical formulation
for OPVD, developed in the recent past. Specifically, smooth C* fields are introduced
through the convolution operation in the distributional context. Due to the specific be-
havior of the Fourier-transform of the initial test function, this convolution transform
has a well-defined integral in the dual space, whatever the initial choice of the reference
frame. The relation to the conformal fields method follows immediately from the tran-
sition to Euclidean time and leads directly to explicit calculations of a few correlation
functions of the scalar field and its energy—momentum tensor. The LF derivation of
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the Virasoro algebra is then obtained from the z and Z expansions of the canonical
fields as distributional Laplace-transform in these variables. Finally, the popular and
problematic Discretized Light Cone Quantization (DLCQ) method is scrutinized with
respect to its zero mode and ultraviolet content as encompassed in the continuum OPVD
formulation.

Keywords: 2D spacetime; light-cone; conformal symmetry.

PACS Nos.: 03.70+k, 11.10.Kk, 11.10.Ef, 11.25.Hf

1. Introduction

As emphasized by Dirac!? in the light-front (LF) spacetime and field variables,
there are only three dynamical Poincaré generators and all three boost operators
are kinematical. The vacuum structure is drastically simplified, but this apparent
simplicity raises serious questions concerning the description of the symmetry break-
ing and vacuum condensation in the LF theory (LFT). It took a long time to realize
that in LF'T, the phase transition is driven by a coupling between two distinct parts
of the field operator3: the static zero mode and quantum fluctuations of the par-
ticle field. The zero mode carries essential non-perturbative-informations which in
Equal Time formulation (EQT) are present in the nontrivial vacuum structure. On
the other hand, the presence of constrained variables requires, in principle, specific
and elaborate quantization methods for constrained systems.*> These additional
difficulties with respect to the CFT formulation®? hindered a wider acceptance
of the LFT approach, despite its great potential 196 To clearly set up the logic
of our argumentation leading to the conclusion of full consistency between EQT
and LFT quantizations of two-dimensional massless fields, one has to first come
back to the properties of the original classical wave-equation in its two different
forms. The presentation is organized as follows. In Sec. 2, we review 2D-massless
instantaneous quantization as a Cauchy Problem and as a Characteristic Initial
Value Problem (CIVP); in this case, we elaborate further on the necessary con-
ditions making possible quantization on a single light-front. The final expression
for the scalar massless quantum field is given, which shows explicitly its validity,
both in ET and LF reference frames. In the first part of Sec. 3, the relation to the
conformal fields method is obtained from the transition to Euclidean time in the
scalar massless quantum field. Explicit calculations of a few correlation functions of
this scalar field and its energy—momentum tensor are in full agreement with usual
CFT results. Then, the LF derivation of the Virasoro algebra is obtained from the
z and Z expansions of the canonical fields as distributional Laplace-transform in
these variables. The second part of Sec. 3 elaborates on the DLCQ method with
respect to its zero mode and ultraviolet contents as encompassed in the continuum
OPVD formulation. Finally, some general comments and conclusions in relation
to the earlier works on 2D-massless bosonic and fermionic fields are given in the
last section.
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2. Solutions of the 2D-Massless Wave Equation and
Instantaneous Quantizations

2.1. The Cauchy problem and its solution as a classical tempered
distribution in spacetime variables

Consider a two-dimensional Minkowski flat space M with coordinates x = (20, z1)
(with a pseudo-metric g, , = diag{1, —1}, with {g,v} € {0,1}; O = 0*g,,0” and
(x,y) = x"guy” the associated bilinear form). To the classical field-distribution
(20, x1) is then associated a linear functional ®[p] built on test functions on
Schwartz spaces S'718 such that p: (IR x IR) > (x yot) = p(2f 2t) € S(IR2)
(the completed topological tensor product S(IR) ® S(IR)'?). It is important to
note that, due to separate reflexion symmetry of the test function p in the variables
2% and 2!, the translation-convolution product can still be written as an integral
in Fourier-space variables with the proper pseudo-metric bilinear form,2%2% that is

(@ p)a®.a") = (B, mg) = [ BOL00) 5040, p1) 0 1),
m

where ¢(p°, p1) (resp. ﬁ(po, p?)), is the Fourier-space transform of ¢(x°, ') (resp. of
p(z°, z1)). Hereafter, ®(z°, z!) will stand for (® * p)(z", z!) and the starting co-
variant action is

1
I:/ d%ﬁz—/ d?xO0® (2, 2").
M 2 Jm

The principle of least action yields

oL oL oL
I= 2 o =
5 /Md {aq) A 50, ® ]5¢+/3Md0”8(8 (I))a 0.

From the convolution construction, ®(2°,z!) is C*°, belongs to S(IR ), and the

surface term in 67 vanishes surely, resulting in the Euler—Lagrange (EL) equations.
The wave-equation for the classical convoluted distribution in spacetime variables
is obtained® from the hyperbolic partial differential equation (HPDE)

O® (2", 2') = [02 — 04]®(2°,2) = 0. (1)
With the notation D1 = aﬁl, this is equivalent to the system
0,0U =V,
_ (2)
0,0V =D,U.

A solution of the Cauchy problem in the sense of convolution of tempered distribu-
tions is a vector W = (3) such that

0,0W + A(D, )W =0 with A(D,) = — <]§ g) (3)

and with W|,o_ = (**

g(at ))) with (f(z1), g(x!)) the initial convoluted data € S(IR).

a{xo, xl} are chosen dimensionless, implying the presence of an arbitrary scale A such that z0 =
A(ct), with ¢ the propagation speed, t the time variable and z! = Az, with 20 the space variable.
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An invariant elementary solution A(z) of Eq. (1) is built on the anti-symmetric
tempered distribution

Alz) = — 5 sign(e") H(z?), @

where H(2?) is the Heaviside distribution of argument 2? = (2°)? — (2)2. H(2?)
vanishes for 2 < 0, that is outside the light-cone. The full solution of Eq. (1) can
be expressed through its initial values f and g and reads

20 = [ Ty (), Al — y) — (WA - y)]. (5)

which, if evaluated with the elementary solution A(z) built on Eq. (4), is nothing
else than D’Alembert’s (1717-1783) solution®

w1+a:0

B at) = 5lta — o) B by [ dvew). (©)

21— g0

In terms of the Fourier transform f (resp. g, p) of the initial distributions f
(resp. g, p), the convolution product f(u) takes the form

fw = [ e f@ptu—2) = 5 [ dper o)
and gives

(= a) + o 00 = 2 [ dper cos(ple) F)0?)

T™J -

1 o 110 ot 2001 7/ ~
%/ dp[el(m lplz™) | pe(pe+lpl )]f(p)p(pQ).

In the same way, the second contribution to D’Alembert’s solution, with u = z! —z°

and v = ' 4+ 2%, can be written as

/uu dyg(y) = % /u” dy /Z dp €Y §(p)5(p?)

1 * dp 1pv mpu =, ~
=5 ;(e P — e g(p)p(p?)

1 & dp (! 20 wpzt—|plz0)1 ~ -
=5 H[e (pz"+|plz”) _ culpz” —|p| )]g(p)p(pQ).

Regrouping terms in Eq. (6) finally gives

1 > dp — 20 —pl 2 20 21 -
‘I’(xo,xl)zﬂ/ m[e (Pl"=pe)y (p) + e'UPle2e 0y (p)]p(p?),  (7)

PIt should not come as a surprise, for the convolution leads to smooth C> and fast decreasing
functions at large distances, in conformity with D’Alembert’s assumptions.
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with

x+(p) = |plf(p) £04(p), (8)

in agreement with the alternative expression deduced from the form

1 —1(pox®—pral) %
®(2°,2') = g/d2p5(p3—pf)x(po,p1)e (pox"=pra) 552 p2)

with x(&[p1[, p1) = X, (p1).

Following the usual approach of canonical quantization?® (Sec. 2.4) the zero mass
scalar quantum field OPVD &(z°, 1) proceeds from Eq. (7) via the correspondence
in terms of creation and annihilation operators {x_(p) ~ af(p), x+(p) ~ a(p)},
with commutator algebra [a(p),a™(q)] = 4mpd(p — ¢q) and a vacuum |0) such that
a(p) |0) = 0 Vp. That is

. 1 [>°d
b(a®,2") = / Lla(p)e "= +al e (9)
am Jo  p
Then, one easily evaluates the commutator of two free scalar OPVD to
& > v [Tdp 0 1y52¢,2
[8(2), 2(0)] = —— ;Sln(px ) cos(pa™)p™(p) - (10)
0

This integral is finite without the test function and it is important to understand
the limiting procedure leading to p?(p?) = p(p?) = 1. At first sight, there is a high
degree of arbitrariness in the choice of p which is seemingly fatal to the uniqueness
of the resulting field theory. However, it is the mathematically well-established
nature of Minkowskian and Euclidean dual spaces as paracompact entities equipped
with PU test functions which permits this uniqueness requirement, for the product
of two PUs is a PU and any further convolution beyond the first one becomes
redundant. The simultaneous treatment of ultraviolet and infrared singularities
follows. It yields then C* quantities with simple convoluted spacetime integrals,
for the inverse Fourier transform of the PU test function in the limiting procedure
where p?(p?) = p(p?) = 1 is just Dirac’s é-distribution. These aspects are exposed
at some length in Refs. 22 and 24 and we only give here a short account to clarify
the presentation.
A PU can be built up from a basic super regular function u(X) such that

u(X)+uh—-X)=1 for any X € [0, 4], (11)
where h is a positive real number, and take
Bi(X) = u(|X — ih]) for | X —ih| < h. (12)

Then a PU is obtained as
N
feu(X) =Y Bi(X), (13)
i=1

1850119-5
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with the following properties

u(h — X), for X € [0, h],
fru(X) =141, for X € [, Nh], (14)
uw(X —Nh), for X € [Nh,(N +1)h].

The covering of the space (here a line segment) is therefore accomplished by the
sum over subspaces €2; to which the ; are subordinates. It is important to note
that the super regular properties as well as relation (11) for the functions 3; are
preserved when h depends on X. It is non-restrictive and convenient to parametrize
h(X) as follows:

h(X) = 7*Xga(X) + (a — 1), (15)

where 7 and « are positive parameters. With this choice of h(X), it is sufficient to
consider only two functions §;, with ¢ = 1,2, to build up the simplest PU. 8; and
B2 will vanish, respectively, with all their derivatives when X = h(X) and when
X = 2h(X). We demand that when oo — 17, the sum of the two s cover the whole
integration domain in X. Further technical details are given in the Appendices.

In this way, 5%(p?) in Eq. (10) can be taken to unity and the usual result follows:

[@(2), ®(0)] = 1A(2).

2.2. The characteristic initial value problem (CIVP) and
its solution as a classical tempered distributions in
light-cone variables

Our starting point is to introduce LC variables 2+ = 20 42" that modify the initial
Klein-Gordon (KG) equation to

040_®(xT,27) =0. (16)
The light-like hyperplanes % = const. are called the characteristics of this hyper-
bolic partial-differential equation. The CIVP is defined as follows. Determine a
solution ®(z*, z~) with initial data on characteristic surfaces

Ot zg) =f(¥),  P(zg,a7)=g(a7) (17)
and the continuity condition
O(ag, 2 ) = flag) = glzg ) - (18)
Following Neville and Rohrlich,'2 the relation of the CIVP to D’Alembert’s solution
of the Cauchy problem in Eq. (6) can be obtained via Gauss’ theorem applied to
the divergence-free expression

0
Fu(e.y) = Al —v)5

B() -~ (1) 5, Al 1), (19)

1850119-6
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for both ® and A satisfy the KG equation. Integrating (19) over the simplex ABC,
where on AB: 2° = 0, on BC: 2~ = z; and on CA: 2zt = z{, yields by Gauss’

theorem
(Lot fuo ) pemaron =0 a

where do and n, are the appropriate surface element and unit vectors. The first
term [, ; just corresponds to (5), that is the solution (6) of the Cauchy problem,
whereas the two other terms give the expression for the solution of CIVP for the
KG equation in terms of the initial data of (17). For zero mass, a very simple result
is obtained?

B0, ") = SlFa) + olp )] / dy~ 0 o / ay* 0, 5y)

=f@@") +e7) - %[f(ﬂdﬁ) +8(20)| =F@") +6(a7). (21)

It is always feasible to pick up the initial data functions giving a null value for
the continuity condition (18). With the respective notations §F(z*) and &(z~) for
these initial data, (21) reduces to a consistency relation between the solution of the
CIVP and that of the Cauchy problem

+

Brt) + ) = gl 1+ 3 [ dve). (22)

=

9 at 20 = 0 result

Taking (22) and its derivative with respect to z°, % 8+ +
in two equations : ’

fa!) = (') + &(=a'), (23)

and

g(@") = 2§ ) + 6 )woo

00
0, o
- 8w+ %(Z‘ )|a:+:m1 + (‘%—_6(1‘ )}wfszl : (24)

To avoid unnecessary lengthy formulae, we can take x0+ =1z, =f(0) = 0. Then, it
is straightforward to get

dy g(@/)} ; (25)

&) = %lf(—x) [ e, (26)

This establishes the complete consistency of the classical solutions of the zero-mass
scalar wave propagation as a Cauchy problem and as a CIVP. It is also true for a

1850119-7
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nonzero mass m as shown in Ref. 23, but more elaborate, for the Riemann function
Jo(mvatz—) mixes the propagation on the sections BC' and CA of the simplex

ABC.

Thereby, the Hamiltonian formulation of canonical quantization is generic, in so

far as the appearance of (primary) constraints from the singular LC-Lagrangian is

not of physical significance.? In effect, it amounts to requiring equivalence between

EL and Hamiltonian equations (see below).

2.3. Lessons from a careful analysis of the massless limit of
the massive LFT scalar solutions

Our light-front notations for a nonzero mass m are as follows:

0
LCM:{E+,{E7, B o= +7 ) 8 = i
( ) P =(pt,p7) =53
1 1 m2
5.2 — —pte— 4 —p—g+ -
pro=gptaTgpat, P =5
pP=pt+p, p=pt-p,

L)%, (")) = plp* +57)% (0" —57)?].
The covariant LF Lagrangian and the KG equation take the forms

L=20,P0_®— %m%? , (4040 +m*))® =0.

The corresponding momentum and field time derivative are
w(z) =20_®(x), 0(z) =20.P(x).
The components of the canonical energy—-momentum tensor

oL

@)= 5@

'®(x) — g™ L,
corresponding to the Lagrangian (28), are

T (z) = 40-®(2)0-®(z),

T (z) = 40+ ®(2)04+ ®(z),

T (z) = m?®*(x) =T T (z).

The quantum solution of the field equation (28) takes the form20:2!

- o0 + i i
B(0) = [ {laph)e 7+ 0l 4 0 - 5,

with commutator algebra
la(p), a™ (q)] = 47pd(p — q)

1850119-8
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and an LF vacuum |0) such that a(p)|0) = 0 Vp. To simplify subsequent writ-
ings, we adopt the shorthand notation p[(p™+p~)?%, (p™ —p~)? = pp(p™, T—f) with
op(pT, ?—f)!mzo = pl(p*)2, (p*)?) = p[(p*)?]. With the fields as OPVD, the pres-
ence of a PU test function such that ¥V n > 0 lim,; ¢+ %ﬁ[(p*)z] — 0 faster
than any inverse power of p™ (cf. comments after Eq. (9), Appendix A and the IR
extension procedure?! for a mathematically complete account) ensures the neces-
sary condition ﬁ[(i—i)rz] |p +_o = 0 for (34) to be well-defined in LC variables.*® From
(29) and (34) we directly find

[ dpt m2 s o m?
o) =i [ e e (5, 2 )
0

X (36)
o0 d + i i — 2
o) = =i [ Al )e 0 =l )e s (5 ).
The LF Hamiltonian and the momentum operator are
1 [t © dpt 1 __ m?
-_ - — =) — 2 —at(pt +yon2 [+
P _2/700 de= T (x)_m A 47Tp+p+a (p )a(p )pp (p 7p+)7
) (37)
1 o0 < dpt . m2
+ - Z — ) — N NG +yon2 o+ I
P —21mde (96)—/0 4ﬂa(p)a(p)pp(p7p+ :

Since, besides the test function, the mass dependence resides only in the plane-
wave factor,® the massless limit of the massive solution (34) yields &(z~) in a
straightforward way

6= [ e M N (39)
o Ampt

But where is the second piece F(z)? From the analysis of the CIVP, it is also

contained in (34). To find it, make the change of variable p™ — ;”—,2 in (34). This is

a legitimate step, for the integral is well defined in the presence of a test function.
It gives

A=) (39)

. > dp m2 N
= li — Je7 2P ¥ +Hec
@) /0 dmp~ [mlglo a(p_ )e ’ e

Next, calculate the Fock commutators in terms of the new variables:

2 2 2 2 2
lim (m_)aT(m_) — lim 47Tm_5(m__ m_>
m—0 p_ q_ m—0 p_ p_ q_
=dmp d(p” —q7 ). (40)

°It had been realized long ago that the measure in the LF momentum integrals is mass-
independent ;15 at variance to the space-like form of the theory.

1850119-9
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Since the right-hand side does not depend on mass and hence survives the massless
limit, this should be true for the left-hand side as well. So

2 2
lim a(m—) (ViZ. al (m_)) =a(p”)(viz. a'(p7)), (41)
m—0 k k
exist as annihilation and creation operators, with the properties
[a(p~),a’(¢7)) =4mp=6(p~ —q7),  lalp™),a'(¢7)] =0. (42)
Performing the massless limit in the expression (39) and in w(z), 6(z) from (29),
we find

86 = /ooo D farye v e e, (@
o) = - /OOO dpfap e~ Helplp ) (44)

and
7)== [l aphe i ~ ). (45)

The change of variables in (39) had to be performed for 6(z) to make it compatible
with the equation of motion 9, 0_®(x) = 0, that is to depend on x+ only. The
basic commutators, following from (35) and (42), are easily obtained in the same
way as that of Eq. (10) to give

&), 6(y)] =~ sign(e —y7), (46)

B, Bh) =~ siena™ —y"). (47)

In this way, the second half of the solution of the wave equation has been recovered
from the massive solution. Note also that the variables p™ and p~ in fact coincide.
This is analogous to the SL case where we have p° = |p'|. In the LF case, we have
directly p~ = p* since both are positive-definite.

As a consistency check, the two-point functions calculated from the massless field
should coincide with the massless limit of the massive functions. This is indeed the
case for D7 (z — y) = (0@ (z)7(y)[0) and DSP (z — y) = (0]®(2)0(y)|0). On the
other hand, D(()+)(a: —y) = (0]®(x)®(y)|0) calculated from the massless solution
is ill-defined with m carelessly set to zero from the start of the calculation. The
rigorous treatment involves first the extension of singular distributions in ﬁ
with the test function p[(pT)?] and then the calculation of Laplace transforms, as
detailed in Ref. 21. D(()+)(x —g) is known to behave” as In(|z — y|) (cf. footnote a).

It is instructive to study the massless limit of the LF momentum and Hamilto-
nian. One expects that these operators survive the massless limit, for a consistent
quantum theory has to lead to the Heisenberg equations

2i0,F(2") = —[P7,F(@")],  200-&(a") =—[PT, &) (48)

1850119-10
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The massless limit of the momentum operator (37) is straightforward, while the
change of variables (39) is necessary for the Hamiltonian. Using the Fock commu-
tators (42) in this case, the resultant operators

P / T a0,
(49)

P - / T a0 ),

are easily seen to generate the Heisenberg equations (48).Y On the other hand,
the massless limit of the LF Hamiltonian density based on the canonical form of
T~ (z) in Eq. (33) would seem to vanish without the CIVP considerations leading
to (42). The underlying conformal symmetry of the massless theory requires

Te TH =T =0. (50)

It is well known” that the tracelessness of T' can be achieved by a modification of
the canonical form of Eq. (30) leaving the action invariant.

3. Conformal Symmetry Properties of the Massless LF Scalar
Field in Two Dimensions

3.1. Conformal symmetry characterization from LFT analysis
in the continuum

1

)

CFT is formulated in terms of independent complex variables {z, z} with z = 7—wz

z* = 7 +1z', 7 the Euclidean time and Z = z* on the real surface (the usual bi-

dimensional Euclidean space). Then, the initial KG equation (16) takes the form
0.0:¢(2,2) = 0. (51)

The generic scalar field solution in the continuum is ¢(z,z) = ¢(z) + ¢(Z) and
classically we then have

p(z) = /0"" zl%[x(—p)e%pz + x(p)e 2] 5(p?)

= IT(2) +1(2). (52)

With the change of variable p = tA, with A an arbitrary positive scale, and expand-
ing x(+tA) in a Taylor series around t = 0, IT(2) in Eq. (52) reads

1 [e'e) (:Fg)n an [ele] dt 1 ~
F _ = A (n) ~ S FotAz] 242
) = = S o) [ R,

dThe PU test functions are such that any power of j is an equivalent PU2L (Appendix B). Hence,

~2 . ~

P~ p.

1850119-11
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The remaining t-integrals with 5(t?A?) and R(z) < 0 defines the Laplace transform
of the pseudo-function distribution!” Pf(1) = dil ) (cf. Appendix), that is

c{w(%)} =—In [wE+ ( )] —In(A.2).

It is clear that the contribution with n = 0 just gives a non-analytic term in In z
whereas derivatives of higher-order in z generate the Laurent series in L - —Ls for

In(z) = (=1)"! (Z;}))!. Due to the presence of the nonzero arbitrary scale A,

8z”
it is always liable to extract a constant zero-mode contribution ag by writing A, =
exp(——)A’ so that after quantization, the expression for ¢(z, z) is in agreement
with the one given in Refs. 7 and 8 as
5 = 4 1 -n = N
d(z,2) = ap —1mo In(22) + i Z E(an +épz ") (53)
n#0

We now proceed to the canonical quantization through the correspondence
x(EpT) ~ {a(pT) viz. af(pT)} and commutator [a(p),a’(q)] = (47)2pd(p — q) and
calculate the two-point vacuum expectation value (VeV) function of the convoluted
OPVD field® with the result

(01 (2)p(w)]0)

> d 1
dit — In(t e[fit/\(z w ]~2 t2A2
[ e mn) (22)

1 -
=3 In[|z — w|2A§] , (54)

with A2 = ©ZA(= 1). In addition
010:9(2)0up(w)0) = 0. [ drelHACIEE2R2)
0

_g L 1 (55)

zZ—w (z —w)?

To close the comparison, we must check that the VeV (0|T(2)T(w)|0) agrees also
with the CFT result and thus does characterize the conformal symmetry content of
the massless scalar QFT. Knowing the VeV (0|¢(2)@(w)|0), the exercise is simple.®
We have directly
(OIT ()T (w)[0) = 2(0:00 01 () (w)|0))?
1
2(z — w)*

- ﬁ Tin(nQ - 1)(%)n. (56)

°If |2] > |wl|, the integral is convergent and j?(t2A%) may be taken to unity over the whole
integration domain. On the other hand, the interchange p <+ —p in the integral leads to the same
result.
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These relations (54)—(56) are precisely the results given in Refs. 7-9 from the Lau-
rent mode expansion.

A consequence of the occurrence of Eq. (53) from our continuum formulation
is that the operators ¢, of the Laurent mode expansion can be equally recovered
from contour integration involving the OPVD 9¢(z) obtained from Eq. (52)

_1 19 4
a=g %dzz 0.9(z), leZ. (57)

Hence, the ¢;s and the a(p)s have the same vacuum state |0).
The holomorphic tensor T'(z) is given by”?

T(z) = —% P0.0(2)0:0(2) 1= zij : (58)

neEZ

Knowing T'(z) from the first equation above, and with

h=om Ccm )|

it is easy to relate the VeV (0|7 (2)T(w)|0) with Eq. (56) to the value of the com-
mutator [L,y,, Ly], showing then its characteristic Virasoro form with central charge

unity.

The construction of the massless LF fermion fields proceeds in a completely
equivalent manner. The derivation is in a sense simpler, for there is no infrared
divergence, but one has to take care of the constraint for the non-dynamical fermion

fields component.2>

3.2. CFT analysis from discretized light-cone quantization

(DLCQ)

Early in the history of LF analysis, DLCQ was advocated!% as a method to inves-
tigate the peculiarities in relation with this choice of frame. It was soon realized
that a major problem was a proper treatment of zero modes and the appearance of
infrared divergences in the component p™ of the momentum p* = (p*,p~). DLCQ
fails when taking the limit p™ — 0. This operation has a fundamental relevance in
the understanding of the non-perturbative aspects of the field theory under consid-
eration. Here, we shall show what lessons the continuum approach of the preceding
section teaches to cure the usual DLCQ caveats.

The discretization of the continuum expansion is usually made through a Fourier

series analysis of the classical scalar field, say the classical counterpart of q~5( ) in
2O

Eq. (38), in terms of a set of functions, such as e =) , periodic over a character-
istic length L. The zero mode corresponds to the integral over z~ in Eq. (38) and it
is immediately clear that the expansion coefficient corresponding to this zero mode
is ill-defined in the absence of the test function. Hence, as expected, only the modes
with n > 1 enter in the analysis. The non-analytic In terms have to be interpreted
as the signature of the proper limit n — 0, that is, p™ = % — 0 in the integral
of Eq. (38). These In terms correspond to a correct treatment of the IR divergence
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mentioned above. They must be taken into account beforehand to have a complete
Fourier description of ¢(x%).
The additional Fourier series can be brought to the forms

qu(n,afr):i S LgeiEnt (59)

nez n=41,+2,... |n|
1 1 e
Z ¢(n7x_) = - Z _Cne_lfnr ) (60)
ne”Z Am n=41,+2,... |n|
where
[Cms Cn] = [Cm,Cn] = (47)*181,—n , [¢m,Cn] =0. (61)

It is important to realize that these expressions are OPVD which cannot be disen-
tangled from their convolution with test functions. This is a second caveat in the
usual handling of these Fourier mode expansions. With (59) and (60) completed
with the non-analytic In terms, one has an easy access to correlation functions
computed in the continuum theory. But this is where the caveat just mentioned
shows up.

Consider then the VeV (0|¢(x)¢(y)|0) evaluated in Euclidean coordinates
{x,y}. It is the sum of two contributions, the first one coming from the non-
analytic In(zZz) terms which is just

~In[jx — y[*A?] (62)
s

and a second piece coming from Eq. (59) (viz. Eq. (60)) and reducing to (
zt —y")

1 +
I —e i) 63
im Zne (63)

N —oc0

When 2T = 0, this series diverges like In N when N — oco. This is, as ex-
pected, the signature of a UV-divergence resulting from an ill-defined product of
distributions at the same point. The evaluation of the series (63) cannot be done
without implementing the test function method in the UV which, in this regime,
2021 not to be achieved by the introduction, in the exponential, of a
simple converging factor in —ze. To summarize Sec. 4.1 of Ref. 21, the subtraction
method can be applied at the level of propagators that consist of subtracting from
" 1 replaced by %, with 5 > 1 being the in-
trinsic renormalization group (RG) scale parameter present in the original PU-test

was shown

(63) the same sum with the “mass term

'l7l'2+
function. In effect, we are left with (¢ =e~"27)

X n_ . nn

> = =l(l-q-(l—¢")
n

n=1

— In(n) +o(%>.
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This additional RG-term is not a surprise, for the mass scale is arbitrary, that is
A = nA. Hence, it does not change the first contribution to the VeV in Eq. (62)
coming from the non-analytic In terms. However, it is important to note that, even
though IR and UV divergences are both logarithmic, their mathematical treatments
are of different nature, for they belong to orthogonal subspaces. It is a key issue in
the RG analysis of gauge invariant QFTs.2

Turning to the components of the energy—momentum tensor in the discrete

representation, they read with K = — 75 as:
T (z KZ sign(m) sign(n) : emep, 1 e CEMEMET (64)
T (z%) = KZ sign(m) sign(n) : ¢, Gy : emiE (mtm)zT (65)

These components can be transformed to a “Virasoro form” by simply taking a
Fourier transform. Indeed, assume that 77 (2 ™) can be represented as

1
++ - Lie izt
T (z™ I lozijl e vl (66)

The operator coeflicients L; are then obtained by inverting this relation:
+L o
Ly =2L / de~ T T (z7) . (67)
-L
In particular,
Lo =4LP™". (68)
Inserting 7" (27) in the Fock form (64) into (67) gives

L,=—4n Z sign(k) sign(n — k)cgcn— - (69)
k==%1,...

A lengthy but straightforward calculation?® based on the commutators (61) yields
the light-front version of the Virasoro algebra, including the c-number term, not
present at the classical level (the “central extension”),

c
[Lyy, Lin) = (n—m)Lytm + En(n2 — 1)ntm,0, (70)

where ¢ is the “central charge”, equal to 1. The same procedure applies to the
component 7~ (zF), leading to the algebra (70) with L,, — L,. Obviously, one
has [Ly, L] = 0, since [¢,, &) = 0.

This confirms the complete conformal content of the free scalar field theory in
the Light Front formulation.
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4. Discussions and Conclusions

We have shown that the 2D-massless scalar field in the front form of QFT can be
recovered in a simple way as the zero mass limit of the corresponding massive field
theory and thereby consistently quantized without any loss of physical information.
Past tentative attempts are numerous and comparison on an individual basis is tan-
tamount to Hercules’ works. In this respect the “Commentaries on the Bibliography
and References” of Bogolubov et al.’s Monograph!® relative to Chapters 10 and 11
are still relevant. To focus on the essentials of our presentation with respect to most
of the past attempts, we may pinpoint the following aspects.

— The nature of the classical solutions to the wave equation in normal space-
time coordinates and LF variables was a long debated problem, for the time
propagation in the first set of coordinates seemed to conflict with the implied
propagation on the two characteristics of the second set. This observation hin-
dered canonical quantization in the LF variables and even lead to erroneous
attempts to include separate wave propagation on the two characteristics. We
have shown clearly that there is no such conflict. This finding is a prerequisite for
the validation of canonical quantization in LF variables which appear naturally
in D’Alembert’s classical solution.

— The second major difficulty encountered and recognized by all authors is the
occurrence of an infrared divergence in the conjugate LF variable p™, which
hinders the construction of a massless scalar field theory with fields as regular
operator-valued distributions in a Hilbert space. The treatment of this diver-
gence varies from an ad-hoc suppression with an infrared cutoff ¢ la Klaiber?6:27
to mathematical considerations based on the theory of distributions, where the
standard approach in the literature removes the divergence with the Cauchy
principal value of p%,. Our approach is based on the mathematics of the exten-
sion of singular distributions in the infrared explained in our earlier publications.
Its basis is the existence of PU test function with genuine limiting properties and
leads for the infrared to the notion of pseudo-functions specific to Schwartz’s
formulation'” of distribution theory. A good testing ground for the power of this
method was the successful resummation®® of the infrared divergent infinite per-
turbative mass expansion of the known massive field propagator in dimension
d = 2 (which is hopeless without the use of C* PU test functions).

— No recourse is necessary to axiomatic assumptions and presupposed commu-
tators of fields. Our only requirement is that classical fields have to live on
differential manifolds with the associated calculus on differential forms. This
property occurs as a consequence of the convolution operation of classical fields
distributions with PU test functions.

— The construction of the Hilbert space necessitates the existence of the norm
of the one particle state Ha;|g|0>||2L2(Q) = /o dX@ with p(X) € Q@ C IR*.
This integral is bounded when defined in terms of a PU (cf. Appendix). The full
Hilbert space of states (Fock space) is generated via the standard mathematical
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procedure of linear superposition and Cauchy’s completion.

— Even though the fundamental CFT framework in two dimensions was known®

as
early as 1984, major contributions on canonical quantization of the scalar mass-
less field around this period, and surprisingly beyond, paid at most a nominal
attention to the consequences of conformal symmetry. For instance, in Bogol-
ubov et al.’s Monograph,!® the two-point function of Eq. (11.12) exhibits the
same structure as our result of Eq. (54), but the link with the CFT result is
not acknowledged as such. On the other hand, the noticeable contribution of
Morchio et al.??
However, it does not come to our comparison of canonical LF quantization and

CFT formulation.

is more talkative with respect to conformal transformations.

The main result of this work is genuine in that, our canonical formalism cor-
rectly incorporates the features of the underlying conformal symmetry. We have
established a direct link between the two formulations simply by going over to the
Euclidean time in the correlation functions calculated within the LF framework.
The Virasoro algebra was also derived in a straightforward manner by Fourier-
transforming the components of the massless LF energy-momentum tensor. Addi-
tional conformal properties of the LFT including treatment of the massless fermion
field will be published separately.2’

Let us emphasize finally that the consistency of the procedure with the usual
canonical quantization scheme in terms of initial field values in the Minkowski
time can only be recovered when fields are considered as operator-valued dis-
tributions with PU test functions j such that for the light-cone momentum p¥,
limy,+ o+ ﬁ[(z—m = (. Thereby, the Light Front Formulation and Conformal Field
Theory analysis of 2D-massless models are in complete agreement.

Appendix A. Properties of the PU Test Function in
the Limit o — 1~

In the small X region (IR), it is easy to see that the condition
lim ¢g,(X)=14+0((a—-1)X), (A1)

a—1—
leads to the lower end of the integration domain when solving the two equations
X = 2h(X) and X = h(X) for small X. Indeed, the solutions are, respectively,
X01 = 22(7712:0‘1) and X02 = (7;2_70‘1), which both tend to 0% when 72 > 1 and
a — 17. X01 being the lower boundary of the PU-support, the lower limit of
the X-integration tends to zero, as it should. Moreover, and whatever the func-
tional form of u(X), the resulting PU behaves like a smeared #-function! in the IR,

with vanishing derivatives in X01 and X02 to all order. In the large-X limit (UV),

fRigure 6 of Ref. 22 shows a PU set-up for a particular functional choice of the elementary function
u(X).
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any form of g, (X) satisfying the condition (A.1) will do and we keep the choice
made earlier in Refs. 22 and 24, that is g (X) = X (@1, Other choices only mod-
ify the rate at which the upper boundary of the PU-support goes to infinity when
« approaches 17, the extended distribution being the same, as it should. Solving
again the two equations X = h(X) and X = 2h(X) in the large-X limit — where
(o — 1) can be neglected in (15), the solutions are, respectively, X11 = (nQ)(ﬁ)
and X12 = (2n2)(ﬁ). For n2 > 1, both values tend to infinity when o — 1~ and
the PU-support stretches to cover the whole domain of integration in X. All those
features are generic of the PU set-up since they are independent of the functional
form of u(X) and of the value of the scale parameter > 1 governing the shapef
of 81 and (2 and the size of their respective support.

Appendix B. Definition and Properties of the Pseudo-Function
Distributions

Recall on P f(1): One defines

i:l forx >0; Oforz<O
T4 x

(ro(z) ) =t [ o

(Pi(2) ) = | [ el o

Cauchy PV : PV(é) =’Pf(i> —l—’Pf(xi).

In the context of distributions, one defines

and

in the same way

Hence,

In(zy) =In(z) forxz>0; 0 forxz<0

and

). = | " (s )p(a)de = / " n(@)p(a)de,

— 00

which gives (definition of the derivative of a distribution)

(fmen)p) =ty [ inGe) (-5 e,

e—0 e

= lim lp(e) In(e) + /00 @dz],

e—0
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that is

e—0

<% ln(a:+),p> = lim [/600 @dm + p(0)In(e) + €p’ () ln(e)] .

As eln(e) — 0 with € and since p’(n) stays bounded, one concludes

L e - Pf(i); Lin(r) = Pf(xi_)

It has been pointed out'®2? that structural properties of gauge field theories have
interesting imbrications with massless fields in two dimensions. The definition of the
pseudo-function is actually subject to a certain scale arbitrariness'” (cf. Chap. II,
p. 41) which is tantamount to a freedom in the gauge choice.

Indeed Va > 0 € R [f'dzPf(}) = lim [ 4 +loge = log(a = lim fl dz 4

log ¢ with ¢’ = ae. For Abelian and Yang Mllls gauge theories, the scale parameter
a is indeed directly connected to the gauge choice.?*

Appendix C. On the Norm of the One Particle State in Terms of
the Pseudo-Function P f( i)

This norm is given by the integral

_ 7 P
IN—/O AX =

l OA L Ax) +/f %p(%)]

here, both 5(X) and j(+) have the necessary properties?! leading to the pseudo-
function distribution extension Pf(+) of + at the origin, however with different

arbitrary scalings, one, a, coming from the initial IR region, and another, n? > 1,
coming from the original UV region. Its extension is governed by the scale parameter
7 inherent in the construction of the PU, with value (772)(1 &) = 2T It
tends to infinity when o« — 1~. By the change of integration variable X ~ %, it
is transformed to n% with € = lim,_,;- (1 — «). There is no gauge consideration at
this stage and a = 1. Thus, Iy becomes

dX
IN—hm l/ 2T+210ge]
n

=logn?.
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