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Abstract

The hydration model of Parrot & Killoh (1984) [1] has been extended to blended cements
and coupled to a micromechanical scheme similar to that of Pichler & Hellmich (2011) [2]
to estimate the Young modulus and the compressive strength of cementitious materials as
a function of time. A finite aspect ratio of 7 is introduced to describe the shape of the
hydrates and improve the estimate of the early age strength by the micromechanical scheme.
Furthermore, accounting for the stress fluctuations in the cement paste partly explains the fact
that the compressive strength of a concrete can be lower than that of its cement paste. Finally,
the estimated physical properties are compared to numerous experimental measurements
from the literature and new experimental measurements on blended cement pastes featuring
significant weight fractions of limestone filler, fly ash or silica fume. It is shown that the
present model slightly overestimates the dilution effect.
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Introduction

Deriving the mechanical properties of cementitious materials from their compositions
is a matter of interest for the design of optimized formulations and accurate estimates of
stresses and strains in structures. Standards models often rely on the measurement of the
compressive strength at 28 days f. 25 as the sole indicator of the mechanical performance of the
concrete. An empirical formula is therefore applied to estimate the secant Young modulus
of the concrete Fag. For instance, the one of the Eurocode 2 [3] for concrete containing
quartzite aggregates is Fag = 22 (f.28/10)%3, where Eng is in GPa if f. o5 is provided in
MPa. The Young modulus can be 20% higher for basalt aggregates or 10% to 30% lower for
limestone and sandstone aggregates. While the influence of the aggregate type is accounted
for, this formula can not be applied to lightweight aggregates or recycled aggregates. Indeed,
a corrective factor ng = (p/2200)2, where p is the dry density of the concrete in kg/m3,
is introduced to handle the case of lightweight aggregates (p < 2200kg/m?). The standard
itself considers this correction as inaccurate and requires an effective measurement of the
Young modulus whenever this property becomes critical. The ACI 318 standards [4] specifies
a similar equation, except that the exponents are very different:

~ 14 1.5 fc,28 05
Ezs ~ 21 (2300) ( 20 > L

The ACI 318 standards also points out that the modulus for concrete is sensitive to the
modulus of the aggregates and that the measured values range typically from 120 to 80 percent
of the estimated value [4]. Moreover, it is well-known that this equation often overestimates
the Young moduli of concretes featuring compressive strengths above 41 MPa [5]. Lastly,
these empirical formulae require a prior knowledge of the compressive strength of the concrete.
Consequently, they become inadequate to design optimized formulations.

Models have been proposed in order to improve the accuracy of the estimates of the
mechanical properties by relying on material sciences. For instance, Freyssinet proposed in
1933 that the strength and stiffness of cementitious materials are related to what is nowadays
called the gel-space ratio [6]. Following the same reasoning, Powers later assumed that
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the strength of cement gel is the sole source of strength of the porous cement paste and
uncovered a practical relationship between the gel-space ratio and the compressive strength
of cement pastes [7]. Such models can address the heterogeneous nature of cementitious
materials, the changes of their microstructures due to the hydration reactions, the stiffness
of the components involved at microscopic scale and the failure mode if the compressive
strength is estimated. At first, different homogenization schemes were introduced to estimate
the properties of concrete starting from those of the cement paste [8, @, 10, 1I]. Then,
coupling the existing knowledge about the chemical reactions occurring in concrete [12 13}, [14]
and measurements of the stiffness of individual phases by nanoindentation [15] allowed the
development of multiscale homogenization procedures dedicated to cementitious materials
[16, [15], 17, (18] 19} 2, 20% 21], in which the cement paste itself is considered as an heterogeneous
material. Furthermore, numerical simulations of the microstructure of the cement paste have
been achieved [22] 23] 24]. Such numerical simulations require some data about the particle
size distribution of the cement. Then, the generated artificial microstructures may be used as
inputs of 3D numerical simulations so as to estimate the Young modulus or the strength of the
material [25] 26]. Nevertheless, these computations can prove time-consuming: optimizing a
formulation, validating the model against experimental results or using it for every element
of a finite-element model of a structure still are intricate challenges. Consequently, the
mean-field homogenization models based on a scalar description of cement hydration remain
valuable for their ease of use and their low computational demand [27]. Indeed, extending
these models to account for new evidences is often straightforward.

Recent advances on our understanding of cement hydration are to be incorporated in the
model that is introduced in the present article. First, the products of the hydration of C4AF,
a phase of cement, have to be updated according to new evidences [28, 29] and the conditions
for the formation of calcium monocarboaluminates have been defined by a thermodynamical
framework [30]. Second, the effect of pozzolanic additions such as silica fumes and fly ashes
can be modeled by accounting for the pozzolanic reactions [31]. Indeed, most of the existing
multiscale homogenization models are focused on plain cements, while modern formulations
often includes these additions to improve the durability or the mechanical performances,
reduce the costs or the environmental footprint. Third, the effect of the fineness of cement
and fillers, the relative humidity and temperature on the kinetic of the chemical reactions
are modeled so as to provide an estimate of the mechanical properties as a function of time,
not as a function of the hydration degree. Finally, the present model is validated against
measurements published in the literature. The accuracy of the hydration model can be verified
by XRD-Rietveld analysis, thermogravimetry and calorimetry. The estimates of compressive
strength and Young modulus are also compared to the corresponding measurements. In
addition, new measurements have been performed on blended cement pastes so as to extend
the database of useful experimental results. The formulations and experimental procedures
are detailed in order to help further validations of homogenization models.

1. Evolution of the volume fractions of constitutive phases

At early age, the evolutions of the mechanical properties of concrete are driven by the
progressive hydration of the cement paste. In the present section, the volume fraction of the
constitutive phases of concrete are estimated as functions of the time. First, an isothermal
hydration model is introduced in order to rapidly produce an estimate of the volume of each
phase of a cement paste. Then, the effect of temperature and relative humidity are accounted
for. Lastly, the pozzolanic reactions are introduced.

1.1. The hydration of the cement

The considered hydration model is similar to that of Thiery et. al. [32] as modified by
Nguyen [33]. It is combined to the empirical expressions of the hydration rate of clinker phases
described by Parrot & Killoh [I], 30} [34].By describing the reaction rates as a function of the
remaining amounth of reactant and other environmental parameters, the present hydration
model is fully compliant with the concept of chemical affinity [16]. New evidences regarding
the products of cement hydration [30, 28, 29] have been incorporated as updates.

The constitutive phases are the unhydrated reactants of cement, water, the products of
the chemical reactions and filler. The different phases are listed in table along with
some of their physical properties. The hydration reactions are then listed in table along
with their volume changes per mole of solid reactant AV, and balances of capillary voids per
mole of solid reactant AV} .4,. The volume change AV, is related to the chemical shrinkage

: products need less space than the reactants if water is included. Yet, since solid products
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need more space than the solid reactants, hydration reactions progress at the expense of the
capillary porosity.

name formula molar mass density molar volume enthalpy of formation Cp
g/mol g/cm? cm? /mol kJ/mol, @ 25°C J/mol/K, @ 25°C
Cement Bogue composition
Alite Cs3S 228.335 3.15 72.5 (-2929.2) 171.88
Belite CaS 172.258 3.27 52.7 (-2307.5, B) (128.78, B3)
Tricalcium Aluminate C3A 270.194 3.03 89.2 -3587.8 209.87
Tetracalcium aluminoferrite C4AF 485.96 3.71 131.0 -5090.3 396
gypsum CSH, 172.172 2.31 74.5 -2022.6 186.02
C-S-H Cy.7SHy 227.496 2.1 108.3 (-3283) (297)
Portlandite CH 74.093 2.26 32.8 -986.1 87.49
Ettringite CsASH3, 1255.108 1.78 705.1 -17539 2174
MonosulphoAluminate C4ASH» 622.519 2.02 308 -8778 942
iron(III) oxide-hydroxide FHj3 213.734 2.2 97.2 (2x-832.616) (2x101.671)
Fe-Si hydrogarnet CgAFSa 18Hi9 1071.43 2.18 491.5 -14088 1682
hydrogarnet C3AHg 378.285 2.52 150.1 -5548 459
water H 18.015 1.0 18.0 -285.83 75.291
amorphous silicate S 60.103 2.22 27.1 -903.49 44.4
C-S-Hp C1.1SH39 192.048 1.9 101.1 (-2841) (297)
calcite cc 100.087 2.71 36.9 -1128.79 81.88
calcium monocarboaluminate C4ACHy, 568.449 2.17 262.0 -8250 881

Table 1.1: The constitutive phases of the cement paste. Cement notation are used ex-
cept for calcite : C=Ca0O; S=SiOy; A=Al,03; F=Fey03; S=S03; C=CO,. Molar masses
are computed according to the python module pyisocalc, based on the data gathered by
IUPACIITS].

stochiometry of reaction volume change balance capillary void enthalpy of reaction A.H @ 25°C  change of heat capacity C,,,
em?/mol(C3S/C2S/C3A/C4AF) kJ/mol J/mol/K

C3S+ 5.3H — C1.7SHy + 1.3CH -17 -78 -121 -160
C,S+ 4.3H — Cy.7SHy + 0.3CH 12 -65 42 129
C3A+3CSHy+26H — CAS3Hss -76 -392 -452 -551
C3A+0.5CAS3H3+2H — 1.5C,ASH 5 -15 -21 -238 -34
C3A+6H — C3AHg 47 -61 245 -203
C4AF+3CSH2+30H — CgAS3Hgo+CH+FH; -60 -480 -438 -748
C4AF+0.5C6AS3H3+6H — 1.5C,ASH »+CH+FH;3 1 -109 -224 -231
C4AF+10H — C3AHg+CH+FH; -31 -149 232 -399
C4AF+2.18 C3S +23.54H — CAFS,.18H9+4.54 CH -73 -351 -360 -464
C4AF+2.18 C3S +21.36H — CAFS,.18H9+2.36 CH -62 -323 -189 -396
1.1CH+S+2.8H — C11SHs, 13 38 52 54
CC+C3A+11H—C4,ACH -62 -136 -389 239
A+5CH+25H+CSHy— CgAS3Hsy -9 441 1777 411
A+43CH+0.5C6AS3H30—1.5C4ASH o+H 4 14 -62 60
A+3CH+3H—C3AHg -28 -26 -69 -108
A+3CH+CC+8H—C4ACH -43 -101 -213 -145

Table 1.2: The considered set of chemical reactions is similar to those of Thiery et. al [32].
Since the formula Cq7SH4 corresponds to saturated C—-S—H, the balance of volume of solid
phases reflects the change of capillary porosity. The values of heat released by hydration are
coming from [70], on page 271.

The kinetics of the reactions at the constant temperature of 20°C is to be described. The
model of hydration of Thiery et. al. [32] makes use of the power laws adjusted by Papadakis
et. al. [35] to describe the rate of hydration of clinker compounds C3S, C2S, C3A and C4AF.
The kinetics introduced by Ngugen [33] is more complex so as to account for the induction
period, a period of nucleation and growth of hydrates and a period during which the kinetics
of hydration is controlled by the diffusion of ions. The empirical hydration rates of Parrot
and Killoh [I], used by existing hydration models [30], 34], also distinguish physically based
limiting factors for the hydration rate, but it ensures that the hydration rate is finite and
continuous. Hence, the latter will be considered in the present study.

The hydration degree 0 < «a;(t) < 1 traces the evolution of the molar quantity N;(t) of
solid reactant ¢ € {C3S, C3S, C3A, C4AF} consumed by the reaction:

N;(t)
N;(0) @

where N;(0) is the initial quantity of solid reactant i in 1 cm? of fresh cement paste. In the
model of Parrot and Killoh, three phenomena limit the rate of hydration of the solid reactant
i. Consequently, the actual rate of hydration &; is the lower of three rates corresponding the
phenomena:

ai(t) =1-

& = min(c 1, Gy 2, 45 3) (3)
The first rate ¢ ; arises from a nucleation-growth mechanism. Hence, it is modeled by an
Avrami equation [36 [37]:

Gig = == (1= ) (~In(1 — ay)) ' 7" (4)
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i C3S  CoS  C3A  C4AF

ki1, day™* 15 05 1.0 0.37
ni1 0.7 1.0 085 0.7

ki2, day~* 0.05 0.006 0.04 0.015
kis,day™* 1.1 02 1.0 04
n;3 33 50 32 3.7

Table 1.3: Parameters of Parrot and Killoh [I] reported in [30] are also used in the present
study to model the isothermal hydration of the clinker compounds at 20°C.

where the parameters k; 1 and n;; are parameters identified by Parrot and Killoh [I] (Tab.
. The second rate ¢ 2 describes the diffusion of the solid reactant through the layers of
hydrates that were previously formed. Hence, it is modeled according to a Jander equation
[38]:
o k@g(l — Oél)%
1—(1—ay)8
The last rate ¢; 3 changes according to a power law describing the formation of a thick shell
around unreacted cement particles [34]:

()

1y

Gz =kiz(1l—a;)"? (6)

)

where k; 3 and the order of the reaction n;3 were adjusted by Parrot and Killoh [I] (Tab.
13).

These adjustments are valid for a cement of Blaine fineness By=385m?/kg. To account
for the effect of the Blaine fineness on the rate of cement hydration, the rate of hydration is
multiplied by the ratio B/By, where B is the Blaine fineness of the cement [, 34]. Indeed,
hydration mechanisms such as the Avrami rate law regarding growth and the Jander rate
law are related to the size of the cement particles [39].

The model of Parrot and Killoh considered in the present study suffers from many draw-
backs. It must be mentioned that using the values of parameters of Parrot and Killoh [I],
there is no nucleation-growth step for CsS, and no diffusion-controlled step for C3S and CsS.
Indeed, the hydration of CsS is in fact restricted to the power law rate and the hydration of
C3S directly jumps from the nucleation growth step to the power-law rate. On the contrary,
modern numerical models of cement hydration relying of an 3D description of the microstruc-
ture do not need to introduce the third stage. Lastly, these models accurately account for the
effect of the particle size distribution of the cement, while the Blaine fineness of the cement
is often the only parameter of this distribution provided to the model of Parrot and Killoh.
This limitation is of particular importance for modern cements : the span of their particle size
distribution is smaller than those of old cements due to improvements of grinding process.
As a result, there are fewer particles larger than 65um in modern cements and these cements
hydrate more rapidly despite comparable Blaine fineness. But the kinetic model of Parrot
and Killoh is not able to model this effect. Nevertheless, this model proved both sound and
practical for decades in spite of its drawbacks.

The previous set of equations describes the consumption of solid reactant ¢ as a function
of time. But C3A and C4AF can take part in many reactions (see table [1.1] for formulae and
table for reactions). To choose which reaction consumes the solid reactant, it is assumed
that C3A first reacts with gypsum (CSHs) to form the ettringite (CgAS3Hsz). The reaction
consuming ettringite starts as the gypsum is depleted. Following thermodynamical evidences
[30], monocarboaluminate (C4ACH;;) is formed except if the calcite is depleted or if the
temperature exceeds 48°C. Otherwise, the ettringite reacts with the C3A to produce mono-
sulfoaluminate (C4ASH1s). Lastly, the reaction forming hydrogarnets (C3AHg) is activated
if and only if both the gypsum and the ettringite are depleted. Compared to existing models
[32, B3], the reactions of C4AF have to be modified to account for new evidences. Indeed,
the formation of FHs is hard to detect in real cement paste since it is amorphous [40] and
iron has been detected in silicious hydrogarnet [41, 42, 43]. Moreover, chemical investigations
have shown that Fe-containing silicious hydrogarnet are more stable than Fe-ettringite and
Fe-containing alumina, ferric oxide, monosulfate (AFm) phases [28]: the formation of this
phase is thermodynamically favored in aged paste [29]. Consequently, the reactions accounted
for in the present model are similar to those of Brouwers [40] until all sources of silica are
depleted. The product of the reactions is a mix between the hydrogarnets C3FS; 34Hs 30 and
C3ASg.84Hy 30 investigated in [28]: C¢AFSs 18H19. The additional water improves consistency

with the formula introduced in [40].
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In addition, an estimate of the mass of chemically bounded water m.;, in a cm? of cement
paste can be computed as justified by Brouwers [40]:

T2 = 1.2(Nesm + Nesap) + Now + INgg 43, s
+ 10N¢,48m,, + 11Ng, acm,, + T-64NcsaFs, Hyg (7)
+ +2Negp, + 6Ncsam, +3NFpH,

Finally, the hydration model provides an estimate of the chemical shrinkage 0V, (t) and
capillary porosity ®cqp(t). Indeed, the chemical shrinkage writes:

OVen(t) = Z v; (N;(t) = N;(0)) (8)

where v; is the molar volume of the chemical species j in cm?®/mol (Tab. [L.1). As the
hydrates are formed in their saturated states, the volume of the water vy Ng(t) per lem?
cement paste represents the water-filled capillary porosity. Hence, the capillary porosity, that
is the volume fraction of capillary pores in the cement paste, writes:

Peap(t) = (—0Ven(t) + v N (t))/lem? (9)

As-is, hydration stops when either the capillary water or the anhydrous particles are to-
tally consumed. The effect of the exhaustion of capillary water on the hydration kinetics is
introduced in the next section.

1.2. Influence of the relative humidity on hydration kinetics

It is known that either the water content or the relative humidity A can affect the pace
of hydration reaction. For instance, the reduction coefficient §j introduced by Parrot et. al.
([44], cited by [22]) is applied:

B = (55955)" ifh > 0.80

10
Br = 0 if h <0.80 (10)

Indeed, since the relative humidity is related to the chemical potential of water vapor, hy-
dration reactions may become impossible at relative humidity lower than 75%-80% for ther-
modynamic reasons [45] [46]. For instance, it has been observed that the relative humidity in
hydrating cement pastes remains above 80%, even for a 7-days-old cement paste with a water
to cement ratio w/c of 0.3 [47]. This thermodynamic stopping of hydration introduces a
discontinuity of the reaction rate. Nevertheless, the coefficient 3;, at 80% relative humidity is
0.095, implying that the hydration rate has already been divided by 10 compared to the 99%
hydration rate. The Kelvin-Laplace equation can be applied to estimate the capillary pres-
sure peqp and the diameter d,, of the largest pore full of liquid water if the relative humidity
is high [48], 49]:
_ RT'In(h) _ (1)

VH dy
where R = 8.314 J/mol/K is the universal gas constant, vy = 18.015 cm®/mol is the molar
volume of water and 7, = 0.07197 N/m is the surface tension of water/air interface.

The largest diameter d,, is estimated according to the hydration model of HYMOSTRUCT
[22]. Nevertheless, the adsorbed water is not accounted for in the present study. Hence, the
capillary pore size distribution of the cement is assumed to be of the form:

oo () -

where @4 is the volume fraction of capillary pores of diameter smaller than d in the cement
paste and dy = 4 nm is the diameter of the smallest capillary pore. The coefficient a can be
tuned to fit the span of the pore size distribution. Indeed, the diameter of the largest pore is
dmaz(t) = do exp(P(t)/a). Moreover, a numerical model to estimate a has been designed [50]
: it is likely that a depends on the temperature history, the hydration degree or the water to
cement ratio. Following the results reported in [50], the following trend is considered:

Pcap =

a = 0.1 if w/e>04

0.14+04 (04 —-w/c) if w/e<04 (13)



i B (kJ/mol) E;/R (K)

C3A 54 6500
C5S 42 5000
C4AF 32 3800
CsS 21 2500

Table 1.4: The activation energies of the mineral species considered in the present study are
taken from[60), [64].

This trend ensures a rapid decrease of dpqz(t) for low w/c ratios. The volume of water in
the capillary pores is then estimated as:

B,y = Degp + 6V /lem?® = vy Ny /lem?® (14)
Finally, the diameter of the largest pore full of water d,, is such that:

B, —aln <‘j;:> (15)

Once d,, is estimated, equations and are successively applied to compute h and .
Lastly, if h is lower than 80%, the coefficient [}, is set to zero so as to stop the hydration.
This feature is of paramount importance to properly estimate the hydration degree of cement
paste featuring a low w/c ratio. The influence of the temperature is introduced in the next
section.

By performing NRM relaxometry [51], [52], it has been shown that there is no capillary
water at 28 days in a sealed sample of cement paste featuring a water to cement ratio of 0.4.
Nevertheless, the relative humidity of the sealed sample is still above 91%: pores of 23nm
in diameter are still full of water according to the Kelvin equation. As a consequence, the
statement that the hydration continues to take place in the absence of remaining capillary
water clearly refers to the capillary water identified by NRM, which strongly differs from the
capillary water considered by Powers. As a result, the proposed model considering the effect
of the relative humidity does not contradict recent evidence from NRM relaxometry.

1.3. Influence of temperature on hydration kinetics

The temperature and the rates of the hydration reactions are tightly coupled. On the one
hand, raising the temperature increases the rates of the hydration reactions. On the other
hand these chemical reactions release heat which triggers a raise of temperature in adiabatic
conditions. Hence, semi-adiabatic calorimetry tests are performed to estimate the evolution
of the hydration degree with time. In the present section, the hydration model is adapted to
account for the effect of temperature on hydration kinetics and a semi-adiabatic calorimetry
test is modeled.

1.8.1. Acceleration of hydration reactions with temperature

It is well-known that increasing the temperature speeds up the chemical reactions of
hydration. The thermo-activation of the reactions is modeled by the Arrhenius law which
links the actual time ¢ to an equivalent time t., at the reference temperature T [53] :

t ,@(L,L>
begt) = /0 ¢ (7t 75) (16)

where Fa is the activation energy in J/mol and R = 8.314 J/mol/K is the gas constant. A
default uniform value of the activation energy is often assumed to perform structural analysis
[54, 55, 56, 57]. Yet, the apparent activation energy of cementitious materials depends on
the temperature, the hydration degree [22] 58], the cement type [59], the cement composition
[22] [60], 611, [62], 63], 30], the Blaine fineness [62, [63] and the water to cement ratio [64]. In the
hydration model of Maekawa et. al. [60], the activation energy F;/R depends on the mineral
i €(C3S, CaS, C3A, C4AF) and the stage of hydration. Indeed, the apparent activation
energy decreases towards 21 kJ/mol during the diffusion stage of hydration [65]. It must be
noticed that this activation energy is comparable to the activation energy for ion diffusion in
water (18 kJ/mol) [66].Consequently, the activation energies are lower for the minerals that
hydrate later : Ec,a > Ec,s > Ec,ar > Ec,s (Tab. [60, 64].

As-is, isothermal calorimetry tests at different temperatures can be modeled. Neverthe-
less, a very common test on cement hydration is the semi-adiabatic calorimetry test, where
the heat released by the exothermic chemical reactions partly induces an increase of the tem-
perature of the mortar. Therefore, a minimal thermodynamic framework is presented in the

next section to investigate this coupling.
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1.3.2. Modeling semi-adiabatic calorimetry test

The change of enthalpy of a system dH balances the released heat dQ) as long as quasi-
static isobaric processes are considered. Moreover, the enthalpy of the system is a function
of its temperature T, its pressure P and the molar content N; of each chemical species i.
Consequently, the following equation can be written for quasi-static isobaric processes:

—6Q =dH = Cy(P,T,N;)dT + Y  ApH;(P,T)dN; (17)

where Cp(P,T,N;) is the total heat capacity of the system and AyH;(P,T) is the molar
enthalpy of formation of the chemical species. The heat capacity reads:

Cp(P,T,N;) = Cpi(P,T)N; (18)

where C, ;(P,T) is the molar heat capacity of the chemical species 4. It is assumed that the
heat capacity is independent from the temperature, which is reasonable given the narrow
range of temperature that is considered for cement hydration (10°C—70°C). This hypothesis
is no longer valid if the solubilities of the various chemical species and their phase diagrams
were to be studied. Lastly, the dependence on pressure is beyond the scope of the present
study : it is assumed that the hydration occurs at a constant pressure equal to the standard
pressure of P = 0.1MPa (1bar). The molar enthalpy of formation A yH;(P,T') of the chemical
species ¢ depends logically on temperature through the corresponding molar heat capacity:

T
To

where AyH;(P,Ty) is the standard enthalpy of formation at the reference temperature of
25°C and P = 0.1MPa as given in the tables of chemical thermodynamic properties [67]. The
changes of the molar contents is related to the chemical reactions:

The change of enthalpy related the consumption of reactants and formation of products can
be grouped by reaction:

—0Q =dH = (Zz Cpﬂ'.Ni) dT + ZT (ATH(P, T()) -+ (T — To).Cpﬂ«) dOzTN(),T (21)

where A, H(P,Ty) is the heat released by an isothermal reaction of one mole of the reference
reactant (one of C3S, CaS, C3A, C4AF) of the reaction 7, Ny, is the initial quantity of the
reference reactant and C),, is the difference of heat capacity of the reactants and the products,
for one mole of the reference reactant:

ATH(P, To) = ZZET Vr,iAin(P? TO)

Cp7T = Z’LET‘ VT’ipri

(22)

where v, ; is the signed stochiometric coefficient of reactant ¢ in reaction r, the stochiometric
coefficient of the reference reactant being v,; = —1. The effect of temperature on the
enthalpy of formation is limited in the considered range of temperature due to the orders of
magnitude of the molar changes of heat capacity (~ 100 J/mol/K) and molar enthalpy of
reactions (/ 100 kJ/mol).
The heat released ) depends on the calorimeter and the temperature outside of it T;,,
as in [68, [69, (56l 57].
6Q = (a(T — Tour) + b(T — Tpuy)?)dt (23)

where the coefficients a and b result from the calibration of the calorimeter according to the
standard NF EN 196-9 [68].

The enthalpies of formation of the chemical species come from [67, [70l [7T]. The enthalpy
of formation of C;7SHy is set so as to comply with the heat of hydration of C3S and CsS.
The value of AyH = —3287 kJ/mol for C; 7SHy4 is comparable to the value of —2890 kJ/mol
estimated by Fujii and Kondo [72] for C; 7SHg 617 if the enthalpy of formation of the additional
water (4-2.161)H is similar to that of liquid water AyH = —285.83 kJ/mol. The heat capacity
of C17SHy is estimated at C), = 297 J/mol/k starting from the heat capacity C, = 190.10
J/mol/K of Cy §SHa 58 obtained by Blanc et. al. [73],[74] if the heat capacity of the additional
water is similar to that of liquid water C), = 75.291 J/mol/K. Heat capacities measured by
Ederové and Satava [75], [76] are colored in blue in table Thermochemical values of
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Fe(OH)3 are available in the NIST-JANAF thermochemical tables [77]. Finally, the molar
heat capacity and molar enthalpy of formation of CqAFSo 18H19 are the sums of the ones of
C3FS1.34Hs 30 and C3AS(g4Hy 32 as reported in [28] plus 11.36 times that of liquid water.
Derived values of the heat of hydration A, H(P,Ty) and changes of heat capacities Cp, of
each reaction r are reported in table

1.4. Effect of additional silicate

As in |78, [79], a pozzolanic reaction consumes the silicate S and Portlandite to produce
pozzolanic C11SHs g featuring a C/S ratio lower than that of the C; 7SH4 produced by the
hydration of C3S. The molar volume is assumed to be 101.8 cm®/mol, to be compliant with
the measured chemical shrinkage of 0.2 cm? per gram of hydrated silicate [78, [79]. Similarly,
the enthalpy of formation of Cy1SHsg is set to —2841 kJ/mol so that the heat released by
the pozzolanic reaction is 870 kJ/kg of S[I1]. It must be noticed that this specific heat is
often higher than that of the cement. Fly ashes may contain aluminate as part of their
oxyde composition and a reaction system similar to that of C3A is considered [31](Table
. Hence, the fact that some of the aluminate can be incorporated into the C—S—H phase
is not accounted for in the present model. The pozzolanic reactions are more sensitive to
temperature than the hydraulic reactions of cement and the influence of temperature on the
rate of pozzolanic reactions is modeled by an activation energy of Eg4 = 83,14 kJ/mol
(Es,a/R=100 K).

The reactivity of silica fume is due to its high specific surface, which is measured at
about 20000m?/kg by B.E.T. technics [31]. It could be compared to the Blaine surface of
cements (350-400 m?/kg) or fly ashes (375-450 m?/kg). Nevertheless, it must be mentioned
that the measurement procedures refer to different physical phenomena (adsorption and air
permeability) which may not depend on the same surface. B.E.T. and Mercury Intrusion
Porosimetry suggest that the specific surface of silica fume could be considered as 20 times
higher than that of a typical cement [80]. Finally, since our hydration model makes use of
the Blaine fineness, a specific surface of 2000m? /kg is considered as default for silica fume to
keep the same kinetics for both silica fumes and fly ashes and provide a reasonable estimate
of the degree of hydration of cement blended with silica fumes.

The kinetics of the pozzolanic reactions is set according to the results of Waller [31]. The
degree of pozzolanic reactions ag of a fly ash of Blaine fineness 400m?/kg at 20°C writes:

1

BEIGK 2

ags

where n = 0.7 and 7 = 80days are coefficients adjusted to the results of analysis of Scanning
Electron Microscopy (SEM) images reported in [81], assuming a fly ash of pozzolanic activity
of 60%. The corresponding reaction rate writes [31]:

. n _1 1
as = — (@) ™m (1—ag)'™n (25)

Finally, this equation can be tuned to account for the effect of the Blaine fineness, the relative
humidity and temperature as shown in the previous sections.

The updated hydration model produces estimates of the volume fractions of the consti-
tutive phases of blended cement pastes as a function of the hydration degree and time (Fig.
. These volume fractions are provided as inputs to a micromechanical scheme in the next
section.

2. Using homogenization schemes to estimate the mechanical properties

2.1. Estimating the overall behavior of concrete

In the present section, concrete is depicted as a multiscale composite material. A brief
overview of up-to-date mean-field homogenization models dedicated to cementitious materials
is to be performed. At each scale, depending on the microstructural morphology, either the
Mori-Tanaka scheme [82] or the self-consistent scheme [83] are applied to estimate the time-
dependent mechanical properties of the composite material starting from the properties of the
constitutive phases and their geometrical shapes. The expressions of the overall stiffnesses
derived by using these schemes are recalled in

Multiscale models designed to upscale the mechanical properties of cementitious material
can significantly differ. For instance, in the micromechanical model of Constantinides and
Ulm [15], the low density C-S-H (LD-C-S-H) and the high density C-S-H (HD-C-S-H)
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Figure 1.1: Evolutions of the volume fractions of the main constitutive phases of sealed
cement pastes as functions of the hydration degree of the cement «. Left: a plain cement
paste w/c = 0.5, (Tab. [.1), right: a cement blended with 10% silica fume, w/(c+sf) = 0.35

(Tab. .

13l 84] are merged by using the Mori-Tanaka scheme, the low density C—S-H being the
matrix. This mix defines the matrix of the cement paste, in which the capillary porosity,
unhydrated particles and CH are embedded. Hence, the Mori-Tanaka scheme is used to
estimate the behavior of the cement paste. Finally, at the scale of the mortar, the aggregates
and the cement paste are respectively the inclusions and the matrix in the Mori-Tanaka
scheme applied to estimate the overall elastic properties. Modeling of the setting of concrete
is achieved by introducing the self-consistent scheme at the scale of the cement paste [16].
To model the autogenous shrinkage, Pichler et. al. [I7] have introduced an additional scale,
that of porous C—S—H, where the C—S—-H and the capillary porosity are merged using the
Mori-Tanaka scheme to define the matrix of the cement paste. Similarly, Sanahuja et. al.
[18] handled HD-C—S-H as a coating of unhydrated particles at the scale of the cement paste.
The properties of the porous LD-C—S—H are defined by a self-consistent scheme and an aspect
ratio of LD—C—S—H of 0.033 is introduced to recover an acceptable estimate of the hydration
degree at setting. On the contrary, Ghabezloo recovered a reasonable estimate of the overall
stiffness by using the self-consistent scheme at the scale of the cement paste, but all phases
(LD-C-S-H, HD-C-S-H, big capillary pores...) featured a spherical morphology [19]. In the
model of Pichler and Hellmich [2], 20], which relies on the hydration model of Powers and
Brownyard [12], the self-consistent scheme is applied to estimate the elastic properties and
the compressive strength of the porous hydrates, the hydrates being considered as infinitely
long cylinders mixed with the capillary porosity. Yet, by performing experiments on CsgS
and CsS pastes, Termkhajornkit et. al. [21] have questioned the fact that the gel-space
ratio, related to the capillary porosity, is a good indicator of the strength of a mortar [7].
Their micromechanical model relies on a porous C-S—-H matrix defined as a mix between
solid C—S—H and the total porosity, including gel porosity, so as to ensure a better agreement
with their experimental data on compressive strength. The molar volume of solid C; 7SH; g
is set to vso_s_g =70 cm?®/mol according to NMR Relaxometry[51] and the Young modulus
and aspect ratio of the solid C—S—H respectively are 57 GPa and 15. The Portlandite and
the unhydrated clinker are then introduced as inclusions in the porous C-S-H. But this
homogenization model significantly underestimates the overall elastic stiffness of the cement
paste.

Finally, introducing infinite, large or small aspect ratios in a porous microstructure sug-
gests buckling as a potential failure mode, as introduced in [II].  Indeed, a cylinder of
aspect ratio 35, stiffness 29GPa, fixed at both ends will reach the Euler critical strength and
experience buckling as soon as the axial compressive stress exceeds 120MPa, which corre-
sponds to the critical Von Mises value considered in Pichler and Hellmich for infinite aspect
ratio[2, 20]. Since the only reason for introducing elongated particles in the self-consistent
scheme is to produce an acceptable estimate of the setting and early strength development,
accounting for the hydration degree at setting is required. First, the hydration degree at set-
ting is in the range 2.7-4.3% for cement pastes of water to cement ratio in the range 0.25-0.4
[85]. These figures correspond to a gel-space ratio of about 7% below which the compressive
strength is null. It has been observed on mortars of w/c in the range 0.3-0.5 that the onset
of the shear moduli measured by ultrasonic tests corresponds to a minimum heat release of
at least 100J/ml of water [86]. Retaining an heat of hydration of 500kJ/kg for the cement, it
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corresponds to gel-space ratios of about 13%. Though setting at gel-space ratios of 7% and
13% would be properly described by choosing aspect ratios of 35 or 21 in the self-consistent
scheme, an aspect ratio of 7 is chosen so as to ensure a better agreement with experimental
measurements of the compressive strength on cement pastes and mortars [87, [8§].

hydrate foam
self-consistent scheme

hydrates
self-consistent scheme

‘sand

aggregates \ﬁuerg o

entrapped iy cement paste

Mori-Tanaka scheme
concrete

Mori-Tanaka scheme

Figure 2.1: The different scales considered for the homogenization of cementitious materials.
The phases and the homognization schemes are detailled at each scale.

Hence, the multiscale homogenization scheme introduced in the present article (Fig. [2.1))
is very similar to the one introduced by Pichler and Hellmich [2], 20, [89] as it proved able to
estimate the elastic stiffness, the compressive strength and the short term non-aging creep
strain of cement pastes:

1. At the smallest scale, all the hydrates are merged by using the self consistent scheme.
The Young modulus of the C; 7SHy and C;.1SH3 g of respective density 2.O8g/cm3 and
1.9g/cm3 is set to 25 GPa and the Poisson ratio to 0.24. This value is a median of the
stiffness of HD-C-S-H and LD-C-S-H identified by Constantinides and Ulm [I5] on
C-S-H foams. To compute Eshelby tensors, all phases are considered as spherical at
this scale.

2. At the scale of the hydrate foam, the hydrates are merged with the capillary porosity
using the self-consistent scheme. As underlined in [16], the bulk modulus of the pores
strongly affects the estimated overall Poisson’s ratio. Consequently, the bulk modulus
of the pores is considered to be null for static measurements of the Young modulus,

but the bulk modulus of water (2.2 GPa) is accounted for to estimate the dynamic
10



i E, GPa v ref

HD-C-S-H 20.4 024 [15]
LD-C-S-H 21.7 024 [15]
C3A,C3S,C4AF,CsS 130. 0.3 [25]
CSH; 45.7  0.33  [119, 120]
S,A 72.8  0.167 [105]
CcC 83.8 0.31 [121]
CH 423 0.324 [122]
CgASH3z 22.4 025 [105]
C3AHg 224 025 [105]
CeAFSs.18H19 224 025 [105]
FH; 224 025 [105]
C4ACHyy 423 0.324 [T05]
C4ASH;9 42.3  0.324 [105]

Table 2.1: The stiffnesses of the different phases of the C—S—H foam and the cement paste.
The Young modulus E and the Poisson’s ratio v of each phase are given.

1 E,GPa v

fillers 65 0.2

bauxite 150 0.2
andesite, basalt 80 0.25
sand 70 0.07

quartzite 70 0.1
limestone 60 0.15
sandstone 45 0.15
other 65 0.15

Table 2.2: The default stiffnesses of the different inert phases involved at the different scales.
The Young modulus F and the Poisson’s ratio v of each phase are given.

Young modulus and dynamic Poisson’s ratio. In this case, a bulk modulus K, is set
for the water-filled fraction of the capillary porosity, which turn the hydrate foam into
a three-phase material.

An aspect ratio of 7 is chosen for the fibrillar, directional morphology of the hydrates,
which has been observed at the scale of 100-500nm on Transmission Electron Microscopy
(TEM) images [90]. Moreover, this aspect ratio, combined to the self-consistent scheme,
ensures a reasonable estimate of the strength at early age.

3. At the scale of cement paste (1 pm-65 pm), all reactants of chemical reactions and
the fillers are considered as inclusions embedded in the hydrate foam. Hence, the
Mori-Tanaka scheme is applied to estimate the elastic stiffness and the strength of
the cement paste. Mechanical stiffness are reported in table To estimate the
brittle failure of the cementitious material, a Von Mises criteria is set for the hydrate
inclusions as in [2, 20]. The quadratic mean of the Von Mises stress is estimated by
using Kreher’s lemma [91] (see appendix [Appendix A]) on a collection of 20 orientations
for hydrate inclusions introduced at the scale of the hydrate foam. For each orientation,
this quadratic mean is compared to the Von Mises stress at failure set to oy s pyq = 120
MPa. It is perfectly consistent with the 70MPa criteria introduced by Pichler and
Hellmich on the quadratic average of the deviatoric part of the stress field, which must
be multiplied by /3 if the Von Mises stress is considered. The cement paste fails as
soon as a single orientation reaches the criterion, thus defining the compressive strength
of the cement paste f .

4. The scale of concrete (> 65 pum): the sand and the entrapped air are considered as
inclusions embedded in the cement paste. Again, the elastic stiffness is estimated ac-
cording to the Mori-Tanaka scheme, the cement paste being the matrix. The Interfacial
Transition Zone that could exists at the interface between the aggregates and the ce-
ment paste is not accounted for in the present model and a perfect bonding is assumed
between the aggregates and the cement paste, which is considered as homogeneous at
this scale. Nevertheless, estimating the compressive strength of the mortar starting
from that of the cement paste requires a particular attention. The new procedure and
the underlining assumptions are described in the following section.
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2.2. Estimating the compressive strength of mortar

Even if the quadratic mean of the equivalent stress in the hydrate is estimated according
to Kreher’s equation [91], the stress concentrations in the cementitious matrix due to the
aggregates are not properly accounted for. Indeed, in the article of Pichler et. al. [2],
the estimated compressive strength of a mortar featuring a water to cement ratio of 0.5 is
estimated to be similar to that of a cement paste of water to cement ratio 0.42. Hence, the
homogenization method of Pichler et. al. suggests that a mortar is significantly stronger
(up to about 20%) than a cement paste featuring the same water to cement ratio and the
same hydration degree. It contradicts experimental evidences : the strengths of mortar and
concrete are expected to be lower that those of their cementitious matrices (down to about
—10% for mortar and about —30% for concrete), even if the tested prismatic samples all
feature the same aspect ratio of 3:1 to reduce the confining effect of end restraint [92]. On the
one hand, this contradiction could be resolved by introducing an heterogeneous cementitious
matrix featuring an Interfacial Transition Zone as the weakest link. On the other hand, a
better way to estimate the stress fluctuations in the cementitious matrix can be introduced.

In the present article, the stress fluctuations in the cementitious matrix are accounted for
as performed in the range of polycrystals [93]. But the theoretical analysis need to be adapted
to matrix-inclusion composite materials and checked. To this end, the local values of the stress
are assumed to be multivariate normally distributed, the covariance matrix being isotropic.
Hence, the deviatoric part of the stress in the matrix s is 5-variate normally distributed
using o011, 0922, \@023, ﬁalg, V2019 as scalar variables. Indeed, the density function of the
deviatoric stress is:

1 1
§)=——=—=exp| —==(8—80) : (8— 80 26
6= G o (e =) o) (20
where sg is the mean deviatoric stress in the matrix computed according to the Mori-Tanaka
scheme and the standard deviation V' drives the fluctuation of the stress field. Consequently,
the scaled double dot product (s : s)/V is distributed according to the noncentral chi-squared
distribution of 5 degrees of freedom and noncentrality parameter A = (sg : s¢)/V:

Sp - So
s~V 2( ) 27
58 Vg (2 (27)
Hence, the average < s : s > writes:
<s:8>=5V+sp: 8 (28)

As < s: s > is estimated according to Kreher’s lemma [91] and sg : s is estimated according
to the localization tensor (Eq. , the previous equation allows access to the variability V of
the deviatoric part of the stress field. In particular, if the considered material is homogeneous,
the local stress is uniform and < s: s >= sy : s9. Hence V is null, and the noncentral chi-
squared distribution becomes a degenerate distribution. The consistency with the fact that
the local stress is uniform is to be noticed. Finally, the cementitious matrix is expected to
fail if and only if a volume fraction cyq of it has reached a Von Mises stress higher than the
compressive strength of the cement paste f.,. The criteria to enforce is:

2
fVX%(A) <3 C2,p> 2 1— Cfail (29)

where Fy,\2(y) is the repartition function of the double dot product s : s. To estimate the
compressive strength of the mortar, it must be noticed that the noncentrality parameter \ is
independent from the magnitude of the overall stress: it is evaluated once for all by setting
an a priori value of the overall uniaxial stress 3. Then, the critical value V. is such that:

2 (2
§fc,p

(L~ crai)

2
5

Ve = (30)

The function stats.ncx2.ppf of scipy [04] is applied to evaluate the inverse of this repar-
tition function. Again, it must be noticed that the value of v/V varies directly with the
magnitude of the overall uniaxial stress 3, the ratio § = %/ V'V being evaluated at the same
time as A. Finally, the compressive strength of mortar f.,, writes:

Jem = /8\/?0 (31)
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The case of an infinite # corresponds to an homogeneous stress in the cementitious matrix. In
this particular case, the quadratic average of the Von Mises stress on the matrix is considered
so as to define the failure of the mortar.

A value of cfqi = 1% is set so as to comply with the observed decrease of compressive
strength of mortars compared to the one of cement pastes (10-15%) [92]. The compressive
strength is almost unchanged for cf.y = 10% and the estimated compressive strength of
mortars would become 10% higher than the strength of the paste if cyqy were set to 25%.

The most critical step of this estimate is the assumption regarding the distribution of the
Von Mises stress in the matrix. To investigate the effect of these assumptions, the estimated
distribution of the Von Mises stress is compared to that estimated by performing 3D numerical
simulation on a cubic representative elementary volume, as performed for polycrystals [95].
The considered periodic unit cell features 597 spherical inclusions packed to a volume fraction
of 61% thanks to the Lubachevsky-Stillinger algorithm (Fig. [96, 97]. Periodic boundary
conditions are applied to the unit cell, the macroscopic loading being an uniaxial stress ¥ x x.
The inclusions are stiffer than the matrix, its Young modulus being 656GPa compared to
15GPa for the matrix. The Poisson ratio of both phases is 0.2. Then, the FFT algorithm
[98 Q9] is applied to compute the elastic response of the unit cell, that is the values of
the stress field for each voxel on a regular 160 x 160 x 160 grid. The behavior of ”grey
voxel”, overlapping on both the matrix and the inclusions, is set according to the Reuss
bound, using 64 sensing points in each voxel to estimate the local volume fraction as in
[97]. The estimated overall Young modulus is about 34.4GPa, comparable to 33.5GPa for a
Mori-Tanaka scheme, which corresponds to the Hashin-Strikman lower bound in this case. In
addition, full-field and mean-field estimates of the arithmetic and quadratic averages of the
Von Mises stress in the matrix are similar. Indeed, the arithmetic averages divided by Y x x
respectively are 0.71 and 0.72, while the scaled quadratic averages respectively are 0.74 and
0.81. The proposed mean-field model of stress fluctuation is interesting as the span of the
distribution of the Von Mises stress is comparable to that obtained by full-field simulations
(Fig. . As a result, 1% volume of the matrix features Von Mises stress above 1.40¥ x x
according to full-field simulations, compared to 1.16% xx according to the proposed mean-
field estimate. Regarding the numerical simulations, modifying the inclusion size distribution
by requiring that half the volume of inclusions must consist in inclusions featuring volumes 8
times larger than inclusions from the other half does not significantly change the numerical
values listed above and the estimated distributions. As a consequence, the last difference can
be attributed to the fact that the distribution of the components of the stress in the matrix
is not multivariate normally distributed. In addition, the distribution of the Von Mises stress
in the matrix is similar to that of the component o, () of the stress as other components are
smaller. Moreover, this component is high in particular areas of the matrix, where the load is
transferred from one inclusion to the closest ones in the direction of loading (Fig. . As a
conclusion, the proposed model of stress fluctuations provide a practical estimate of the Von
Mises stress distribution in the matrix, though the accuracy of 3D numerical simulations is
clearly not achieved. Nevertheless, a single 3D elastic computation takes more than a minute:
since hundreds of cases are to be considered, the proposed mean field estimate is preferred
in the sequel.

3. Comparisons to existing experimental results

3.1. Measures regarding the hydration process from the literature

The hydration model is now to be validated against evidences from the literature, ce-
ment compositions being reported in table Various experimental procedures have been
designed to assess the accuracy of such models. For instance, the kinetics of hydration re-
actions described by the model of Parrott and Killoh [I] were adjusted to measurements
obtained by quantitative analysis of X-ray diffraction patterns. The results are reproduced
in [22]. In addition, the degree of hydration of each phase estimated by the model of Parrott
and Killoh can be compared to novel results of XRD/Rietveld analysis [100], 101l [102] (Fig.
. Although the model features correct characteristic times for the hydration rate
of C3S, CaS and C3A, the error on the estimate of the hydration degree can be significant.
Moreover, the measurements of the hydration degree of C4AF seem uncertain and the cor-
responding estimates can prove inaccurate. Additional sources of uncertainty includes the
Bogue composition, which is different if computed according to oxide composition measured
by XRD/Rietveld [I01], and the Blaine fineness. Nevertheless, the influence of temperature
on the hydration degree of each phase of cement is correctly modeled as shown by comparison

to the measurements of Escalante Garcia & Sharp [100].
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Name C3S CyS C3A C4AF  gypsum CaCO3 Blaine source
A 68 25.3 3.6 3.9 470 [10T]
B 49.1 255 58 107 4.3 310  XRD-Rietveld
C 64.5 16.2 6.7 8.7 3.3 200  p21, Blaine from
OPCN 71.6 109 3.7 107 3.1 376.5 [!15“(}[19106 using
OPCS 65.6 164 8 74 2.6 359.8  [123
OPC 52,5 182 5 10.9 0.4+ 2.2CS 2.5 380 (10
CRC 67.6 13.1 2.7 89  24CSHys+ 0.9 350 :
1.2CS
OPC1 53.7 18 9.1 7.6  5.07CSHy 5 429
Fly ash S=57.4, A=18.2, CS=1.5, activity=0.4 380  [103]
SF S=94.5, activity=0.9 (2000)
ca 58 15 7.7 85 4.2CS 397 31
cvg S=49.1, A=26.5, CS=0.9, activity=0.6 (400)
cvp S=54.4, A=25, CS=0.2, activity=0.6 (400)
cve S=55.1, A=29.7, CS=0.7, activity=0.6 (400)
cvg S=49.2, A=35.6, CS=0.9, activity=0.6 (400)
CVe S=45.9, A=23.5, CS=0.9, activity=0.6 (400)
fSa—a S=90.9—92, activity=0.9 (2000)
cll 50 22 121 7.2 2.7CS 343.6
cllT 51 21 121 7.1  2.6CS 364
cl2 45 28 126 7.3 2.7CS 327.6
cl2T 46 27 125 7.1 2.7CS 315.2
cl3 50 26 10.1 6.5 2.8CS 342.8
cld 425 32 82 9.2 209CS 342.4
clb 64.5 10 121 7.5 3.2CS 322.9
cl6 53.5 21 7.5 107 29CS 326.1
cl6T 525 22 79 104 3.1CS 311.4
cl7 52 23 104 9.3  29CS 398.5 [88], Bogue
cl8 445 28 132 6.8 3.1CS 326.8 estimated from
cl8T 44 285 132 6.7  2.9CS 375.6  chemical
c21 40 41 64 97  2.1CS 289.1  composition
c21T 38 40 6.6 9.7  2.2CS 298.3
c22 415 335 6.6 11.7 2.4CS 306.5
c23 51 24 37 166 2.6CS 310.9
c24 41 29 54 148 3CS 369.7
c25 34 39 47 149 3.2CS 328.7
c31 56 17 10.8 6.4  3.8CS 579.5
c33 60 13 104 7.7  3.9CS 527.2
c33T 57 16 104 7.3  3.7CS 516.9
c34 64 105 5.7 10.1  2.9CS 496.9
c4l 20 51 45 152 3.4CS 367.9
c42 27 55 3.5 82  2.6CS 350.1
c43 25 48 6.2 138 3.6CS 384.6
c43A 29 52 5.3 9.3  3.2CS 363.3
chl 41 39 3.7 10  2.4CS 348.3
414 34 938 75 5 312 [87], reported by
[63]
H 644 89 48 91  1.8+2.1CSHgs+ 360 (103
1.7CS :
D 71.2 95 84 1.3 1.443.4CS 4.5 400

Table 3.1: Parameters of cements considered in the present study.
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Figure 2.2: Left: local values of the Von Mises stress divided by Y xx within a periodic unit
cell as predicted by 3D numerical simulations. Right: Comparisons between the distribution
of the Von Mises stress in the matrix estimated by 3D numerical simulations and the proposed
mean field method. Distributions of the local components of the stress estimated by 3D

numerical simulations are also reported.
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Figure 3.1: Results of XRD/Rietveld analysis [I01] are compared to corresponding estimates.
The uncertainty is given for a single experimental series for the sake of clarity.

Results of isothermal [88], 31],[103] or semi-adiabatic calorimetry tests [31] can be compared
to estimates produced by the hydration model (Fig. 3.413.5). The heat of hydration of
cement pastes of water to cement ratio equal to 0.4 is satisfyingly modeled for different ASTM
cement types and different temperature tested by Lerch and Ford [88]. However, for a given
temperature and a given cement type, the estimate of the heat of hydration depends on both
the Bogue composition and the Blaine fineness. Since the Bogue composition is computed
according to the oxide composition of the cement, a significant uncertainty on the estimated
heat of hydration is introduced. The adiabatic calorimetry tests of Waller [31] were performed
to measure the effect of silica fumes and fly ashes on the heat of hydration. On the one hand,
the present hydration model overestimates the final temperature for low water to cement
ratios. On the other hand, the final temperature is accurately estimated for high water to
cement ratios. A potential explanation is that concrete featuring a low water to cement
ratio can reach adiabatic temperature higher than 70°C if the initial temperature of the mix
is 20°C. Hence, the validity range of the hydration model must be limited to temperatures
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Figure 3.2: Results of XRD/Rietveld analysis [I00] are compared to corresponding estimates.
Samples were cured at 20°C for one day and then stored at different temperatures.

lower than 70°C. Pane and Hansen [103] have also investigated the hydration of cement by

isothermal calorimetry and thermogravimetry. The measured heat of hydration, mass of
bounded water and mass of Portlandite are successfully compared to their corresponding
estimates. In particular, displaying the mass of Portlandite as a function of the mass of
bounded water for different temperatures reveals the fact that pozzolanic reactions are more
sensitive to temperature than hydraulic reactions.
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(b) The heat of hydration is plotted as a function of the weight of bounded water for pure cement (left), cement
blended with silica fume (center) and cement blended with fly ash (right). w/c = 0.45
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Figure 3.4: Results of isothermal calorimetry and thermogravimetry [103] are compared to
corresponding estimates.
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(a) The temperature is plotted as a function of time during adiabatic calorimetry tests of cement blends featuring
different w/c ratios. w/c = 0.3 (left), w/c = 0.45 (center) and w/c = 0.65 (right)

500
400+
300+
2
o
200¢
ca55, 50C
i/ — cab55, 30C
e — cab55, 20C
100H; - exp, ca55, 50C ]
« exp, ca55, 30C
- exp, ca55, 20C

t, days

(b) The heat of hydration measured by isothermal
calorimetry is plotted as a function of time for different
temperatures. w/c = 0.55
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estimate mean percent error mean absolute percent error

1 n yerr Y'_model 1 n yerr Ymodel
MPE= — %" e MAPE= > |
n . n R
1 i 1 i
compressive strength, present model -14% 19% 712
Young modulus, present model 2% 12% 675
Young modulus, ACI209 -6% 12% 634
Young modulus, Eurocode 9% 18% 634

Table 3.2: Comparisons related to the Japanese database [104]. The mean percent error and
the mean absolute percent error are computed for the compressive strengths and the Young
Moduli estimated by the present model. They are compared the those of the Young Moduli
estimated by the ACI209 and Eurocode.

3.2. Measures of Young modulus and compressive strength from the literature

The micromechanical model is to be validated against various experimental results regard-
ing the mechanical properties of mortar and concrete [88] [87, [104] [105], 21]. The investigations
of Termkhajornkit et. al. [2I] on the dependence of compressive strength on phase assemblage
in cement paste reveals the specific role of C-S—H. The present model is not able to reproduce
these results as all hydrates, including the Portlandite and the C—S—H behave as binders at
the scale of the hydrate foam. Nevertheless, for the considered pure C3S/CsS pastes, the
gel-space ratio at setting and the ultimate value of the compressive strength are reasonable
(Fig. . Lerch and Ford have performed compressive strength tests on mortars of water to
cement ratio 0.53 and sand to cement ratio 2.77 at different ages. The effect of the cement
type on the development of mortar strength is satisfyingly described during the first month
(Fig. . Yet, the long-term strength of the mortars are overestimated. If the samples were
stored in air, it is likely that drying could have slowed down or even stopped hydration, while
the present model considers hydration without exchange of moisture with the environment.
If the samples were stored in water, calcium leaching could have occurred. Taplin [87] inves-
tigated the effect of the water to cement ratio on the compressive strength of cement pastes:
his experimental measurements have also been used to validate the micromechanical model of
Pichler and Hellmich [2],20]. Unsurprisingly, the present model is also able to account for this
effect (Fig. : the use of a finite aspect ratio for the hydrates even improves the estimate of
the setting time. Moreover, Haecker et. al. have measured the growth of the Young moduli
of cement pastes featuring different water to cement ratios in order to appraise the quality of
their 3D elastic numerical simulations [I05]. The present hydration model does not perfectly
estimates the hydration degree, which triggers some errors on the estimated Young moduli
(Fig. [3.9). It also expects lower moduli for the cement paste of cement H than for those of
cement D because the cement H contains more inert fillers than cement D according to the
chemical phase composition. However, the experimental measurements do not feature such
a discrepancy. Lastly, the results of tests on more than 3000 concretes have been gathered
by Tomosawa and Noguchi [104] along with some data about their formulation. Despite the
lack of information about the Bogue compositions of the cements, this database can prove
useful to challenge the present hydration model. Nevertheless, concretes featuring a water
to cement ratio lower than 0.35 are discarded from the comparison if the curing conditions
did not correspond to a sealing of the sample. Similarly, cases where the sand or the gravel
saturated density is lower than 2.4g/cm?® were discarded because the Young moduli of the
corresponding light aggregates are not known. Moreover, steam-cured samples are assumed
to experience a temperature of 65°C. Yet, the major source of uncertainty is the moduli of
the aggregates. Indeed, the aggregates considered in the database can feature different stiff-
ness depending on their type and density. Indeed, some concretes are made of stiff Bauxite
aggregates of density 3.16g/cm3. Unsurprisingly, the Eurocode2 standards does not seems to
be adequate to estimate the Young moduli of such concretes starting from their compressive
strengths. On the other hand, the ACI 318 standard accounts for the density of the concrete.
But it does not prove more reliable than the Eurocode2 because most of the concretes of
the database are made of hard sandstone, which can be a rather soft material despite its
density. Assumptions regarding the stiffnesses of aggregates are reported in table and the
estimates of the compressive strengths and Young Moduli are compared to reported mea-
surements for more than 600 samples (Fig. . On average, the present model slightly
overestimates the strengths of the concretes as shown by computing the mean percent error
(Tab. . But the estimated Young modulus is slightly less biased than that estimated by
the ACI 318 code and the Eurocode2. Regarding the Eurocode 2 estimate, the 0.7 reduction
factor applied to the case of sandstone aggregates could be responsible for the bias.
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Figure 3.6: Results of compressive strength tests of Termkhajornkit et. al. [2I] on pure
(C3S/C28 paste are compared to corresponding estimates. Water to cement ratios are respec-
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Results of Lam et. al [I17] on cubes of side 70.7mm and Pichler et. al [20] on cylinders of
diameter 29mm and height 58mm are added.

60 60
— Cl1
50}
40}
[Q]
a
= 30
<
20}
10}
C25
107 10° 10T 102 10° fo 10° 107 107 10°
t, days t, days
(a) ASTM Type I (b) ASTM Type II
60 60
50}
40}
[Q]
[a
= 30
<
20}
Cc41
; 10} -- C42 ||
+ — C33T ¥ — (43
— C34 — C43A
fo 10° 107 107 103 fo 10° 10° 107 10°
t, days t, days
(c) ASTM Type III (d) ASTM Type IV

Figure 3.7: Results of compressive strength tests of Lerch and Ford [88] are compared to
corresponding estimates. w/c = 0.53,a/c = 2.77. Tests are performed on 2-inch cubes
according to ASTM C109-40T.

One of the major difficulty in assessing the accuracy of micromechanical models of cemen-
titious materials is the lack of complete database on formulation, properties of raw materials
and corresponding measurements of moduli and strength.
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clinker 96%

CsS 65
CaS 11
CsA 11
C4AF 8
CaCOg3 3.5%
100%
gypsum 4.6
Blaine fineness 380 m?/kg
density 3.12 g/cm?

Table 4.1: The Bogue composition of the clinker and the composition of the cement.

4. Additional experiments on blended cement pastes

4.1. Raw materials, formulations and procedures

The present section aims at providing a comprehensive set of data about the formulation of
different cement pastes containing different additions. Results of semi-adiabatic calorimetry
and compressive strength tests are gathered and compared to the corresponding estimates
produced by the hydration model.

Blends are defined based on weight fractions. For instance, the blend denoted by C85L15
contains 15% weight of limestone filler, 5% weight of silica fume are used in the blend C95SF05
and C50FA50 contains 50% weight of class F fly ash. Two water to binder ratios are con-
sidered: 0.32 and 0.5. The cement that has been used is a CEM I 52.5 N CE CP2 NF from
the plant of Beffes (Tab. [.1)). The considered silica fume is made of 95% SiO,. The Blaine
fineness of the limestone-based filler is 462 m?/kg. To ensure sealed hydration conditions,
the three 4cmx4cmx16cm samples are taken out of their steel mold at 24 h and stored at
20°C in sealed watertight plastic bags until the flexural and compressive strength tests are
performed. As a result, the mass of the samples at the time of the test are close to those
measured when the samples are unmolded (relative differences of weights are less than 1%).
Compressive strength tests of cement pastes were performed at 1, 3, 7, 14, 28 and 90 days
according to NF EN 196-1 [I06]. Three flexural tests are performed and the six resulting
halves are loaded and crushed during compression tests. Measurements of the compressive
strength are reported in table

Semi-adiabatic calorimetry tests are performed according to the standard NF EN 1969
[68]. To avoid large temperatures, about 1000g of sand was added to the cement paste (Tab.
4.3)). The heat capacity of the calorimeter is about 380 kJ/K and its released heat can be
estimated by using @ = 75. J/h/K, b = 0.260 J/h/K? in equation (23).

4.2. Ezxperimental results

On the one hand, fillers may accelerate the hydration reactions due to their specific
surface. On the other hand, the heat released per unit weight of the binder is lower if a
filler is substituted to the cement since the filler does not react (except for the formation of
monocarboaluminate). In the second case, the reached temperature are lower during semi-
adiabatic tests, a phenomenon which is largely visible on the experimental results (Fig. [4.1)).
The compressive strength can be underestimated by the model, in particular at early age and
for high weight fractions of limestone fillers. Comparisons to measurements performed on
cement pastes containing pozzolanic additions lead to similar conclusions (Fig. . Indeed,
the heat of hydration at the end of semi-adiabatic calorimetry tests is correctly estimated
for both water to cement ratios. But the model overestimates the reduction of compressive
strength due to substitution of the cement by the fly ash. Indeed, for 50% weight substitution,
the long term compressive strength is similar to that of the pure cement paste while the model
expects a significant decrease.
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Name 1 day 3 days 7 days 14 days 28 days 90 days
w/b=0.5
C100 18.2(0.3) 36.4(1.8) 44.8(1.7) 49.9(1.9) 55.2(1.9) 59.0(6.8)*
C95L05  17.1(0.6) 46.0(1.2) 48.6(2.2) 52.0(2.4) 57.2(1.4)
C90L10  17.1(0.4) 40.82(1) 46.35(1.1) 50.6(2.3) 54.1(1.4)
C85L15  16.6(0.5) 40.2(1)  43.7(1.7)  47.1(1.2)  51.1(1.5)
C70L30  13.5(0.6) 35.9(0.9) 39.7(1.4) 43.2(1.6) 43.9(2.5)
C95SF05  15.3(0.4) 32.8(0.5) 45.9(1.8) 53.2(2.0) 58.5(3.12) 60.5(2.0)
C85SF15 14.2(0.3) 31.0(0.9) 51.9(1.8) 47.7(1.4) 58.4(2.9) 63.2(2.8)
C75FA25 11.2(0.2) 25.5(0.6) 38.9(1.3) 44.7(2.0) 50.6(2.4) 60.3(2.2)
C50FA50  7.0(0.1) 19.5(0.7) 33.5(1.4) 38.5(1.5) 45.3(2.1) 56.6(3.5)
w/b=0.32
C100 46.4(4.1) 63.6(3.4) 69.6(1.8) 75.5(1.8) 78.13(5.6) 83.1(3.9)
C95L05  43.9(2.0) 63.1(2.0) 68.5(2.1) 75.4(3.1) 79.8(3.1) 85.0(1.4)
C90L10  44.4(0.9) 61.9(2.1) 68.3(1.4) 71.7(2.6) 71.9(3.1) 83.4(3.8)
C85L15  43.6(0.8) 64.4(2.5) 72.2(1.9) 72.0(2.1) 79.4(4.7) 77.9(2.6)
C70L30  39.3(0.9) 57.0(1.7) 63.9(1.8) 68.4(3.4) 72.3(4.3) 80.2(3.0)
C95SF05 50.1(1.1) 65.5(1.7) 65.6(3.4) 68.1(3.0) 78.2(3.2) 83.3(2.4)
C85SF15 43.7(1.4) 55.7(2.4) 65.0(3.1) 69.6(5.1) 68.7(1.9) 84.1(2.7)
C75FA25 42.6(0.9) 60.5(2.1) 61.4(3.5) 63.9(3.8) 69.1(4.5)  83.1(4.8)
C50FA50 33.4(1.7) 47.4(1.8) 53.0(2.5) 61.3(1.8) 71.6(2.4) 90.7(3.2)

Table 4.2: Measurements of the compressive strength f., MPa. Sample standard deviations

1 _
s = \/ N1 Z( fe — fe)? are reported in parenthesis. *: 2x2 compressive tests only.

Name binder(g) dry sand(g) water(g)
w/b=0.5
C100 371 1113 196
C95L05 503 947 257
C90L10 517 924 252
C85L15* 516 905 258
C70L30 566 870 291
C95SF05 510 971 263
C855F15 536 932 277
C75FA525 546 873 280
C50FA50 580 773 297
w/b=0.32
C100 566 1131 191
C95L05 616 1173 208
C90L10 629 1143 211
C85L15 645 1121 216
CT70L30 686 1055 229
C95SF05 567 1080 191
C85SF15 593 1030 199
CT75FA25 601 963 202

Table 4.3: Mix proportions for semi adiabatic calorimetry. The water to binder ratio accounts
for the 0.9% absorption of the dry sand. *: The water to binder ratio is 0.48.
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Figure 4.1: Effect of limestone fillers on the hydration and hardening of the cement paste. For calorimetric tests, the measured temperature and released energy (thick lines,
crosses) are compared to the estimated one (solid lines). The same thing is performed for the compressive strength on the right.
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5. Limitations of the present model

Unsurprisingly, the duration of the induction period is not accurately estimated by the
present hydration model. Indeed, studying this period would require a precise modeling of
the dissolution kinetic of species accounting for the concentration of ions in the solution and
the effect of additives or organic acids.

The micromechanical model introduced above relies on the average of the Von Mises stress
on the hydrate needles to define the failure of the material as in [2, 20]. The most serious
problem of this approach is that the failure criteria is symmetric in traction and compression.
Hence, the failure at the local scale is not properly described since the traction strength of
concrete can be more than ten times smaller than its compressive strength. Recent investiga-
tions on the failure of C—S—H and multiscale modeling were able to account for discrepancies
between compression and traction [I07]. Nevertheless, the micromechanical model of Pichler
and Hellmich correctly depicts the failure of the cement paste in case of biaxial compressive
loadings [20], where confinement improves the strength. Even if the proposed model is able
to estimate the strength of the cement paste in case of biaxial compressive loadings, the
effect of confinement is not accounted for in the statistical procedure introduced herein. As
a consequence, the proposed upscaling of strength must indeed be limited to the predicition
of uniaxial compressive strengths for mortars. In this particular case, the stress in the ce-
mentitious matrix remains mostly uniaxial as shown on figure 2.2 and relying on an estimate
of the uniaxial compressive strength of the cementitious matrix is sufficient. Otherwise, the
proposed statistical procedure can be extended to multiaxial loadings, though the resulting
estimate must be validated. Indeed, local stresses in the cement paste can be generated ac-
cording to the proposed estimate of its distribution and compared to the multiaxial criterion
as computed in [20]. Then, the strength of the mortar can be defined by introducing the
volume fraction cy,;;. However, it must be recalled that concrete is rarely linear elastic up to
failure, thus limiting the ultimate scope of the proposed model.

The present homogenization scheme does not describe the nanometric scale of the C-S-H,
which is a mix of the gel porosity and globules. Indeed, in the present model, the density of the
C-S—H is assumed to be uniform with respect to time. On the contrary, by combining Rietveld
analysis and thermogravimetry analysis, it has been shown that curing at high temperature
significantly reduces the gel porosity of the C—S—H [I08]. As a result, the density of the
C-S-H increases from 1.91 at 5°C to 2.27 at 60 °C [I08]. On the one hand, increasing the
density raises the stiffness of the C—S—H. On the other hand, the capillary porosity is also
increased, thus leading to a significant decrease of the strength [I09]. Consequently, as the
present model has been validated against various tests of samples stored at temperatures
around 20°C, it would be reasonable to limit its use to concrete experiencing temperatures in
the range 10°C to 30°C. In addition, NMR relaxometry[51] points out that the global density
of the C—S—H gel is driven by the available precipitation space, thus implying a variable gel
porosity [I10]. Indeed, the density of the saturated B-class C-S-H introduced in [110] can
be as low as 1.34g/cm? or higher than 1.89g/cm? | corresponding to porosities in the range
[79%,44%)]. According to nanoindentation results on cement paste featuring w/c=0.5, the
packing density triggering a percolation of the gel is about 50% [I11]. It would correspond
to an available precipitation space of about 51% in the model of Konigsberger et al. [110].
However, such an available precipitation space is not reached at 28 days according to the
present hydration model, for a w/c of 0.5 at 20°C. As result, the authors acknowledge that
combining the knowledge stemming from NMR relaxometry to a predictive micromechanical
scheme accounting for evidences brought by nanoindentation measurements is not achieved
by the proposed model, likely because it requires a deeper understanding of the gel structure.
Different classes of C-S—-H of prescribed densities and mechanical properties can also be
distinguished by performing nano-indentation measurements [112]. But the volume fractions
of each C—S—H class depends on the water to cement ratio, hydration degree and temperature
history. Combining these data into a single consistent model might lead to improved estimates
of the cement mechanical properties.

Lastly, the Young modulus of cement pastes at early age can be significantly underes-
timated and the dilution effect for large weight fraction of fly ash or limestone filler seems
overestimated. Indeed, this feature can be explained by the fact that some of fillers, mineral
additions and unreacted particles are fully incorporated in the solid skeleton of the cement
paste, thus influencing its setting and the rapid development of the mechanical properties
[113]. Numerical models [22] 23, [105] 24] naturally account for this phenomenon while most
of existing micromechanical models do not consider these phases at the scale where the self-
consistent model is applied.
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6. Conclusion

Despite its simplicity, the updated hydration model is able to provide a reasonable esti-
mate of the hydration degree and mass of each phase of the cement paste as a function of
time. Indeed, providing a couple of inputs on the binder composition, the formulation and
the environmental conditions is sufficient to recover valuable estimates of the heat of hydra-
tion and masses of the various co-existing chemical species of the cement paste. Introducing
molar volumes, mechanical properties and a simplified description of the morphology of the
cement paste allows the use of mean-field schemes producing estimates of the compressive
strength. The model of Pichler & Hellmich [2] was adopted and modified. First, introducing
a finite aspect ratio to describe the hydrates at the scale of the hydrate foam improves the
the estimated compressive strength at early age. Second, refining the estimate of the stress
fluctuation in the cement paste at the scale of the concrete partially explains the fact that
a mortar and a concrete can be weaker than its cementitious matrix. Nevertheless, the esti-
mated compressive strength is underestimated at early age and for high weight substitution
of the cement by limestone filler of pozzolanic additions.

Knowing the secant Young modulus as defined in the Eurocode and ACI 318 standards
[3, [] is also required to estimate creep strains, to anticipate strains and bending deflection
and to address buckling issues. Indeed, the present estimate of the elastic stiffness as a
function of time and composition can prove useful to estimate the basic creep of concretes as
long as loading occurs after a few days. For instance, in the solidification model [I14] and in
the model of Granger [54], the changes of the volume fractions of phases at the scale of the
cement paste is held responsible for both the increase of the elastic stiffness and the aging
property of basic creep. Indeed, the model of Granger directly uses the Young modulus at the
time of loading as a parameter while the solidification model refers to a function describing
the volume fraction of the load-bearing solidified matter, which affects both the static Young
modulus and the basic creep compliance. Hence, these parameters could be tuned depending
on the composition prior to a simulation at structural scale. Nevertheless, given the limited
accuracy of the present model, performing systematic experiments to measure the Young
modulus is clearly recommended whenever strains become critical.

The most serious drawback of the present model is that it is limited to simple curing con-
ditions. Indeed, a significant improvement of the understanding of effects of curing conditions
could be performed if the present model were tightly coupled to a structural analysis.

Appendix A. Multiscale homogenization by mean field schemes in brief

In the present appendix, the overall stiffness of a composite material is estimated by using
mean field schemes [82] [83].

Let C,,, being the elastic stiffness of the matrix C;, ¢;, a;, ¢; being the stiffness, the volume
fraction, the aspect ratios and orientation of the class ¢ of inclusions. For each class 7, the
Eshelby’s tensor S;(Cyy, ai, ¢;) is introduced [115]. Closed-form expressions of the Eshelby’s
tensor for ellipsoidal inclusions are detailed in [I16]. As computed by Eshelby, the relation
between the strain in the inclusion €; and the strain &, in the remote matrix defines the
influence tensor A;(C,,,C;, a;, ¢;) such that g, = A; : €,,, where:

A(C,Ciyai, ¢) = (L4 Si(Cpa,ai, ¢4) - Ct 2 (C; — Cm))_l (A1)

where 1 is the identity tensor of order 4. In the Mori-Tanaka scheme [82], all inclusions are
considered to be embedded in the matrix, experiencing the same strain e,, in a distance.
Hence, the average of the strain E in the composite writes:

E=) ¢ A(Cn,Cirai¢i) iem+ (1= ci)em (A.2)
Similarly, the overall stress 3 writes:
Y= Zci C;: Ai(Cm,(Ci,ai,qbi) P Em + (1 — ZCZ) Ch i em (A3)

Hence, the overall stiffness estimated according to the Mori-Tanaka scheme Cp;r is:

Cur = (Z ¢i Ci: Ai(Con, Ciyaiy ) + (1= ) ¢y) Cm) : (Z ¢i Ai(Cn, Ciyaiy 00) + (1= e

i i

(A4
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If an overall stress ¥ is applied to the composite material, the average stress in the matrix
o, writes:
-1
Om=Cm: Y i Ai(Cn,Ciraidi) + (1= ) 1| :Cpfp: S (A.5)
i i
An alternative to the Mori-Tanaka scheme is the self-consistent scheme [83], in which all

phases are assumed to be embedded in a matrix as stiff as the overall composite itself. In
this case, the overall stiffness Cgc must satisfy the following implicit equation:

~1
Csc = ¢ C; : Aiy(Cse, Cyyag, ¢4) | ¢i Ai(Csce, Gy, a4, ¢) (A.6)

(3 K3

These schemes can be combined to design multiscale homogenization procedures, thus de-
livering estimates of the overall stiffness C, as well as estimates of the mean stress in each
microscopic phases. Lastly, the quadratic mean of the Von Mises stress in the phase p can
be estimated according to Kreher’s lemma [91] as performed by Pichler and Hellmich [2] as:

3 3 ac,! 3G2 aC
\/< o2 =4/= (K = |- .=, /2n.C;t:=2.C;': 2
<og >p \/2<0' o>, %, 51 o C G, C

2G,

(A.7)
where K = (—%5”-5;61 + %5“;5]-1 + %6,~15jk)ei ®e; ® e ® e is the deviatoric fourth order unit
tensor, G, is the shear modulus of the phase p and ¢, it’s volume fraction.
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