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A BORG-LEVINSON THEOREM FOR MAGNETIC
SCHRODINGER OPERATORS ON A RIEMANNIAN MANIFOLD

MOURAD BELLASSOUED, MOURAD CHOULLI, DAVID DOS SANTOS FERREIRA,
YAVAR KIAN, AND PLAMEN STEFANOV

ABSTRACT. This article is concerned with uniqueness and stability issues for
the inverse spectral problem of recovering the magnetic field and the elec-
tric potential in a Riemannian manifold from some asymptotic knowledge of
the boundary spectral data of the corresponding Schrédinger operator under
Dirichlet boundary conditions. The spectral data consist of some asymptotic
knowledge of a subset of eigenvalues and Neumann traces of the associated
eigenfunctions of the magnetic Laplacian. We also address the same question
for Schrodinger operators under Neumann boundary conditions, in which case
we measure the Dirichlet traces of eigenfunctions. In our results we char-
acterize the uniqueness of the magnetic field from a rate of growth of the
eigenvalues, combined with suitable asymptotic properties of boundary obser-
vation of eigenfunctions, of the associated magnetic Schrédinger operator. To
our best knowledge this is the first result proving uniqueness from such general
asymptotic behavior of boundary spectral data.

1. INTRODUCTION AND MAIN RESULTS

1.1. Statement of the problem. Let M = (M, g) be a smooth and compact
Riemannian manifold with boundary dM. We denote the Laplace-Beltrami operator
associated to the Riemannian metric g by A. In local coordinates, the metric reads
g = (gjx), and the Laplace-Beltrami operator A is given by

szlaxj <\/Eg oz >

Here (g’%) is the inverse of the metric g and |g| = det(g;)-

Given a couple of magnetic and electric potentials B = (A, q), where g € L% (M)
is real-valued, and A = a;dz’ is a covector field (1-form) with real-valued coeffi-
cients, a; € Wl’w(M), we consider the magnetic Laplacian

10
Hp = —— < ) lg| g7 (+ak>+q
\/Ig ]kZl Oxy,

—A—2zA~V—i5A+\A|2+q
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(1.1) = A4 +q.

Here, the dot product is in the metric with A and V considered as covectors, §
is the coderivative (codifferential) operator, corresponding to the divergence with
identifying vectors and covectors, which sends 1-forms to a functions by the formula

1 20 .
0A = mjkzzll Ey (g]k \g|ak) )

and we recall that, for A = a;dz?, we have |A|* = g'*a;ay.
For B = (A, q) with ¢ € L®(M) and A = a;dz7, a; € WH*(M), define on L?(M)
the unbounded self-adjoint operator Hp as follows

(1.2) HBU = HBU
and
(1.3) 9(Hp) = {ue H}(M), —Aau+que L*(M)}.

Here H*(M), denotes the standard definition of the Sobolev spaces.

The operator Hp is self adjoint and has compact resolvent, therefore its spectrum
o(Hp) consists in a sequence Ap = (Ap ) of real eigenvalues, counted according
to their multiplicities, so that

(14) 7OO<>\B,1 </\B,2<~-~</\B,k"+oo as k — oo.

In the sequel ¢ = (¢p,k) denotes an orthonormal basis of L?(M) consisting in
eigenfunctions with ¢ j associated to Ap j, for each k.
In the rest of this text, we often use the following notation, where k > 1,

Ypr = (0, +iA(V)) ¢, ondM

and ¥z = (Yp k), where v the outward unit normal vector field on M with respect
to the metric g.

We address the question of whether one can recover, in some suitable sense,
the magnetic field A and the potential ¢ from some asymptotic knowledge of the
boundary spectral data (Ag, 1) with B = (A,q). As for most inverse problems,
the main issues are uniqueness and stability.

1.2. Obstruction to uniqueness. We recall that there is an obstruction to the re-
covery of the electromagnetic potential B from the boundary spectral data (Ag, ).
Indeed, let B = (A,q), and let V e C'(M) be such that Vs, = 0 and set

B= (A +dV,q). Then it is straightforward to check that

(15) e_iVHBeiV :Hé7 (AB7¢B> = (Aé7¢é)

Therefore, the magnetic potential A cannot be uniquely determined by the bound-
ary spectral data (Ap, % ) and our inverse problem needs to be stated differently.

According to [36], for every covector A € H¥(M,T*M), there exist uniquely
determined A® € H*(M,T*M) and V € H*+!(M) such that

(1.6) A=A +dV, 6A°=0, Vl|m=0.

Following the well established terminology, A° and dV are called respectively the
solenoidal and potential parts of the covector A. In view of the obstruction de-
scribed above, the best one can expect is the simultaneous recovery of A° and ¢
from some knowledge of the boundary spectral data (Ap, ). From now on, we
focus our attention on this problem.
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1.3. Known results. There is a vast literature devoted to inverse spectral prob-
lems in one dimension. We refer for instance to the pioneer works by Ambartsumian
[2], Borg [4], Levinson [31], Gel’fand and Levitan [20]. In the flat case, the first
uniqueness results for inverse spectral problems in dimensions greater or equal to
two is due to Nachman, Sylvester and Uhlmann [32]. At almost the same time,
Isozaki [21] improved the result by Nachman, Sylvester and Uhlamann by using
the Born approximation. He proved that the potential in a Schrédinger equation
is uniquely determined by the large eigenvalues and the trace of the normal deriva-
tives of the corresponding eigenfunctions. Developing further Isozaki’s approach,
Choulli and Stefanov [15] gave a generalization of Isozaki’s uniqueness result to-
gether with a Holder stability estimate with respect to appropriate metrics for the
spectral data. We mention that, following a remark of Isozaki which goes back to
[21], the uniqueness and stability results of [15] were stated with only some asymp-
totic closeness of the boundary spectral data. We mention also the work of [12, 13],
dealing with recovery of general non-smooth coefficients from the full boundary
spectral data, and the work [25] who have considered a similar inverse spectral
problem for Schrédinger operators in an infinite cylindrical waveguide.

Another approach for getting uniqueness in the spectral inverse problem for
the Laplace-Beltrami operator was introduced by Belishev [5] and Belishev and
Kurylev [6]. This approach consists in reducing the inverse spectral problem under
consideration into an inverse hyperbolic problem for which one can apply the so
called boundary control method. This method allows to consider the trace of the
normal derivative of eigenfunctions only in a part of the boundary. We refer to
[6, 24, 23, 29, 30] and [27] in the case of non-smooth coefficients. We mention that
none of these papers considered this problem with observations corresponding to
some asymptotic knowledge of the boundary spectral data. Actually, to our best
knowledge, beside the present paper, there is no other results dealing with inverse
spectral problem on non flat manifolds with data similar to the one considered by
[15, 25].

One of the first stability estimate for inverse spectral problems was established by
Alessandrini and Sylvester [1]. This result was reformulated by the second author in
a more precise way in [14]. A similar result in the case of the Laplace-Beltrami op-
erator was proved by the first and the third authors in [9] using the idea introduced
in [1]. With the help of a result quantifying the uniqueness of continuation for a
Cauchy problem with data on a part of the boundary for a wave equation, the first
two authors and Yamamoto [8] proved a double logarithmic stability estimate under
the assumption that the potential is known near the boundary. In [15], the second
and the last authors provided one of the first Holder type stability estimate for the
multi-dimensional Borg-Levinson theorem of determining the potential from some
asymptotic knowledge of the boundary spectral data of the associated Schrodinger
operator. In [25], the fourth author, Kavian and Soccorsi proved a similar result
for an inverse spectral problem in an infinite cylindrical waveguide.

1.4. Preliminaries. We briefly recall some notations and known results in Rie-
mannian geometry. We refer for instance to [22] for more details. By Riemannian
manifold with boundary, we mean a C'*°-smooth manifold with boundary in the
usual sense, endowed with a metric g.

As before M denotes a compact Riemannian manifold of dimension n > 2. Fix a
local coordinate system x = (xl, e 71’”) and let (01,...,0,) be the corresponding
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tangent vector fields. For x € M, the inner product and the norm on the tangent
space T, M are given by

g(X,Y) =(X,Y) = > g XIYF,
gk=1

|X| :<X7X>1/2a X = ZX’L(%, Y = ZY’&Z
i=1 i=1

The cotangent space T;*M is the dual of T;M. Its elements are called covectors or
one-forms. The disjoint union of the tangent spaces

™ = U ,M
xeM

is called the tangent bundle of M. Similarly, the cotangent bundle T*M is the
disjoint union of the spaces T*M, x € M. A l-form A on the manifold M is a
function that assigns to each point z € M a covector A(z) € T;*M.

An example of a 1-form is the differential of a function f € C*(M), which is
defined by

df(X) = )] Xﬂ—f, X =) X0
j=1
Hence f defines the mapping df : TM — R, which is called the differential of f
given by
df (z, X) = dfz(X).
In local coordinates,
df = ' 0, fda’.
j=1
where (dzl,...,da™) is the basis in the space T*M, dual to the basis (1, ..., 0,).
The Riemannian metric g induces a natural isomorphism ¢ : T, M — T*M given
by ¢(X) = (X,-). For X € T,M denote X" = 2(X), and similarly for A € T*M we
denote A* =271(A), 2 and 1! are called musical isomorphisms. The sharp operator
is given by
(1.7) T*M — T,M, A~— A,
given in local coordinates by
(1.8) (ajdz?) = ald;, o = Z gFay,.
k=1
Define the inner product of 1-forms in 7.*M by

n

(1.9) (A,B) = (A* B*) = Z giFa by, = Z gralb*.
jik=1 k=1

The metric tensor g induces the Riemannian volume
dv™ = [g|"2dzy A - A day,.

We denote by L?(M) the completion of C* (M) endowed with the usual inner prod-
uct

(Fio fo) = JM A@B@ A, fufa e COM).
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A section of a vector bundle E over the Riemannian manifold M is a C* map
s : M — E such that for each x € M, s(z) belongs to the fiber over z. We denote by
C™(M, E) the space of smooth sections of the vector bundle E. According to this
definition, C* (M, TM) denotes the space of vector fields on M and C* (M, T*M)
denotes the space of 1-forms on M. Similarly, we may define the spaces L?(M, T*M)
(resp. L?(M,TM)) of square integrable 1-forms (resp. vectors) by using the inner
product

(1.10) (A, B) — f (A BYdv", A, BeT*M.
M

Define the Sobolev space H*(M) as the completion of C* (M) with respect to the
norm

1 e any = 1132 0m + D IV5 32 aazenny»
k=1

where V* is the covariant differential of f in the metric g. If f is a C* function on
M, then Vf is the vector field defined by

X(f) =<V XD,
for every vector field X on M. In the local coordinates system, the last identity can
be rewritten in the form
1.11 = I
(1.11) Vi= 2 el5

ij=1

0j = (df)F.

The normal derivative of a function u is given by the formula

N Ou
- — k, ~=
(1.12) Oyu = (Vu,v) = Z g’ v; P
J,k=1
where v is the unit outward vector field to M.
Likewise, we say that a 1-form A = ajdx’ belongs to HF(M, T*M) if each a; €
HF(M). The space H*(M,T*M) is a Hilbert space when it is endowed with the

norm
1

2

Y —— (2 naﬂzk(M))
Jj=1

As usual, the vector space of smooth 2-forms on M is denoted by Q2(M). In local
coordinates, a 2-form w is represented as

n
w = Z wjkdx? A dat,
5k=1

where w;y, are real-valued functions on M. Similarly as before, w is in H* (M, Q2(M)),
se R, if wj, € H*(M) for each j, k. Additionally, H*(M, Q*(M)) is a Hilbert space
for the norm

%
HWHHS(M,W(M)) = (Z |wjk|%IS(M)) .

j.k
In the rest of this text, the scalar product of L?(6M) is also denoted by (-, - ):

(1.13) <f17f2>:LM fi(@) fo(x) do™ ™"



6 BELLASSOUED, CHOULLI, DOS SANTOS FERREIRA, KIAN, AND STEFANOV

where do™ ! is the volume form of oM.

1.5. Main results. Prior to the statement of our main results, we introduce the
notion of simple manifolds [38]. We say that the boundary dM is strictly convex if
the second fundamental form is positive-definite for any x € oM.

Definition 1.1. A manifold M is simple if OM is strictly convex and, for any
x € M, the exponential map exp, : exp, 1 (M) —> M is a diffeomorphism.

Note that if M is simple, then it is diffeomorphic to a ball, and every two points
can be connected by a unique minimizing geodesic depending smoothly on its end-
points. Also, one can extend it to a simple manifold M; such that M{"* > M.

We now introduce the admissible sets of magnetic potentials A and electric po-
tentials ¢q. Set

B =W (M, T*M) ® L*(M).
We endow £ with its natural norm
1Bllz = |Alwzearemy + lal o
For r > 0, set
(1.14) B, —{B = (Aq) B, |Bls<r}.
Let By € %, ¢ = 1,2, we denote by (Aek,dek), k
normalized eigenfunctions of the operator Hp,.

For{ =1or{=2,let

(1.15) Yok = (0 +iAe(V)) Grg, k=1

At this point we remark that when A; = Aj it is clear that Hp, — Hp, = ¢1 — ¢2
whence by the min-max principle,

> 1, the eigenvalues and

sup [Ai e — Aokl < g1 — q2||Lec(M) < 0.
=1

Assume now that A; # As and §A4; = §A3. Then we have
];[]31 — H32 = *21'(141 — AQ)V + |A1|2 — |A2|2 +q1 —q2.
Thus, Hg, — Hp, ¢ B(L?(M)). Therefore, we can reasonably expect that
sup [A1x — Ag k| = +00.
k=1
Keeping in mind this property and the obstruction described in Section 1.2, it
seems natural to expect the recovery of the solenoidal part of the magnetic potential

from a rate of growth of the eigenvalues. Our first result give a positive answer to
this issue together with the recovery of the electric potential.

Theorem 1.2. Assume that M is simple. Let By = (Ag,qe) € By, £ = 1,2, such
that

(1.16) 00 A1 (x) = 05 As(z), x€dM, |of <1
Furthermore, assume that there exists t € [0,1/2) so that

(1.17) sup EYM A = Mgkl + D KT [k — o]
>

k=1

2
L2(om) < -

Then Aj = A5. Moreover, under the additional conditions

(1.18) Jm s = dox =0, and Y [k — ok

k=1

2
|72 (am) < 0,
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we have q1 = ¢o.

In the spirit of [15, 25], we consider also the stability issue for this problem stated
as follows.

Theorem 1.3. Assume that M is simple. Let By = (Ag,qe) € By, £ = 1,2, such
that Ay and As satisfies (1.16) and q1 — qgo € HE (M) satisfies

lar = a2l 2y < 7

Furthermore, assume that there exists t € (0,1/2) so that

(1.19) sup kit/np\l’k — )\2,k| + Z Hd}l,k — 1/)27k |%2(6M) < 0.
k=1 i>1
Then A7 = A5 and
bl
(1.20) lar — g2l 2my < C <liznsup A1k — )\27k|> < 00,
—0

the constant C' only depends on r and M.

To our best knowledge Theorems 1.2 and 1.3 are the first results dealing with
inverse spectral problems for Schrodinger operators, with non-constant leading co-
efficients, from asymptotic knowledge boundary spectral data similar to the one
considered by [15, 25]. Note also that Theorem 1.3 seems to be the first stabil-
ity result of recovering the electric potential from partial boundary spectral data in
such general context (the only other similar results can be found in [8, 15, 25] where
stable recovery of Schrodinger operators on a bounded domain, with an Euclidean
metric and without magnetic potential, have been considered).

We recall that multi-dimensional Borg-Levinson type theorems for magnetic
Schrodinger operators have been already considered in [23, 26, 34]. Among them,
only [26] considered the uniqueness issue from boundary spectral data similar to
(1.18). The results in the present work can be seen as an improvement of that
in [26] in four directions. First of all, we prove for the first time the extension
of such results to a general simple Riemanian manifold by proving the connection
between our problem and the injectivity of the so called geodesic ray transform
borrowed from [3, 19, 36, 38]. In addition, by using some results of [38], we estab-
lish stability estimates for this problem where [26] treated only the uniqueness. In
contrast to [26], we do not require the knowledge of the magnetic potentials on the
neighborhood of the boundary. This condition is relaxed, by considering only some
knowledge of the magnetic potentials at the boundary given by (1.16). Finally,
we show, for what seems to be the first time, that even a rate of growth of the
difference of eigenvalues like (1.17), (1.19) can determine the magnetic potential
appearing in a magnetic Schrédinger operator.

The main ingredient in our analysis is a suitable representation formula that in-
volves the magnetic potential A and the electric potential ¢ in terms of the Dirichlet-
to-Neumann map associated to the equations Hpu—Au = 0, for a well chosen set of
complex N’s. In [21, 26], the authors considered such a representation for a bounded
domain with flat metric. Using a construction inspired by [7, 9, 16, 17, 18, 39]
we show how one can extend such an approach to more general manifolds. Note
that this construction differs from the one considered by [16, 17, 18] for recovering
the magnetic Schrédinger operators from boundary measurements. Actually, our
results hold for a general simple manifold even in the case n > 3, whereas the
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determination of Schrédinger operators from boundary measurements in the same
context is still an open problem (see [17, 18]).

In this paper we treat also the problem of determining the Neumann realization of
magnetic Schrodinger operator. For simplicity and in order to avoid any confusion
between the results for the different operators, we give the statement of the result
for the Neumann realization of magnetic Schrédinger operator in Theorem 6.1 of
Section 6. the result of Theorem 6.1 is stated with an optimal growth of the
difference of eigenvalues (see the discussion just after Theorem 6.1).

We believe that following the idea of [10, 26, 28, 35], one can relax the regularity
condition imposed to the magnetic potentials as well as condition (1.16). This
approach requires the construction of anzats depending on an approximation of the
magnetic potential instead of the magnetic potential itself. In order to avoid the
inadequate expense of the size of the paper, we do not consider this issue.

1.6. Outline. The outline of the paper is as follows. We review in Section 2 the
geodesic ray transform for 1-one forms and functions on a manifold. Section 3 is
devoted to an asymptotic spectral analysis. We construct in Section 4 geometrical
optics solutions for magnetic Schrodinger equations. We particularly focus our
attention on the solvability of the eikonal and the transport equations which are
essential in the construction of geometric optic solutions. Additionally, we provide
a representation formula. The proof of Theorems 1.2 and 1.3 are given in Section 5.
The Neumann case is briefly discussed in Section 6. Finally, we prove some uniform
estimates related to the Weyl’s formula for the magnetic Schrédinger operator in
appendix A.

2. A SHORT REVIEW ON THE GEODESIC RAY TRANSFORM ON A SIMPLE
MANIFOLD

We collect in this section some known results on the geodesic ray transform
for functions and 1-forms on a smooth simple Riemannian manifold (M, g). These
results will be used later in this text.

Denote by divX the divergence of a vector field X € H'(M,TM) on M, i.e. in
local coordinates ([24, page 42)),

1 n ) n )
2.1 div = —— Y o XY, x =Y X.
(2.1) iv @Z_; (Ve x7) 2

Using the inner product of a 1-form, we can define the coderivative operator § as
the adjoint of the exterior derivative via the relation

(2.2) (6A,v) = (A,dv), AeC®(M,T*M), veC®(M).

Then 6A is related to the divergence of vector fields by §A = div(A?), where the
divergence is given by (2.1). If X € H*(M,TM) the divergence formula reads

(2.3) f divX dv"™ :f (X,vyde™ .
M oM

For f e H'(M), we have the following Green formula

3 n o _ V’VL Jn—l.
(2.4) JM divX fdv" = fM<X, Vydv + LM<X, Hfd
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Therefore, for u,w € H%(M), the following identity holds

(2.5) f Aquwdv™ = —J (Vau,Vawydv" +J (Opu + iA(v)u)wde™ !
M M oM

o

= f uAqw dv"
M
+ [ ((0u+ iawpm — @+ i) do"

where V u = Vu + iuA?f. For z € M and 0 € T,M, denote by vz,0 the unique
geodesic starting from x and directed by 6.

Recall that the sphere bundle and co-sphere bundle of M are respectively given
by

SM = {(z,0) e TM; || = 1}, S*M = {(z,p) € T*M; |p| = 1},
The exponential map exp, : T, M — M is defined as follows
v

(2.6) exp, (v) = Yeo(v]), 0= ol

We assume in the rest of this section that M is simple and we point out that any
arbitrary pair of points in M can be joined by an unique geodesic of finite length.

Given (z,0) € SM and denote by 7, ¢ the unique geodesic v, ¢ satisfying the
initial conditions 7,,¢(0) = x and 4, (0) = 6, which is defined on the maximal
interval [{_(z,0),04(x,0)], with v, ¢(¢4(z,6)) € OM. Define the geodesic flow ¢,
by
(2.7) o SM— SM,  @i(@,0) = (Y2,0(1), Yw,0(t), te[l—(,0),¢(2,0)],
and observe that ¢ 0 s = Y4s.

Introduce now the submanifolds of inner and outer vectors of SM
(2.8) 0+SM = {(z,0) € SM, x € oM, £(0,v(x)) <0},

where v is the unit outer normal vector field on M.
Note that 0,SM and ¢_SM are compact manifolds with the same boundary
S(0M) and
0SM = 0,5M u SoM U 0_SM.
It is straightforward to check that /4 : SM — R satisfy
l_(2,0) <0, Ly(x,0)=0,
E-‘r('r:e) = _E—(xa _0)7
L_(x,0) =0, (x,0)€0+5M,
b_(pe(z,0)) =L_(z,0) —t, Li(pe(x,0)) = Ly(z,0) + 2.
To each 1-form A € C*(M, T*M), with A = a;dz7, associate the smooth symbol
o4 € C*®(SM) given by
n
(2.9) oa(z,0) = Z a;(x)07 = (A¥(x),0), (x,0)e SM.
j=1
Recall that the Riemannian scalar product on T, M induces the volume form on
S:M given by

dws(0) = v/Jgl D1 (~1)*6%d0" A - A dGF A - A dO"
k=1
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As usual, the notation © means that the corresponding factor has been dropped.
We also consider the volume form dv2"~! on the manifold SM defined as follows

dv* !z, 0) = dw,(0) A dv",

where dv” is the Riemannnian volume form on M.

By Liouville’s theorem, the form dv®"~! is preserved by the geodesic flow. The
corresponding volume form on the boundary dSM = {(x,0) € SM, z € 0M} is given
by

do® ™% = dw,(0) A do™ 7,
where do" ! is the volume form of oM.

Santald’s formula will be useful in the sequel:
(2.10)

LM F(z,0)dv?" (z,0) = f

04 SM

Ly (,0)
<J F(sﬁt(l‘ﬁ))dt) p(x,0) do™" 2,

0

for any F' € C(SM).

Set pi(z,0) = [<0,v(x))|. For the sake of simplicity L? (04 SM, u(z,0) do"~?) is
denoted by L2 (01 SM).

Note that LZ2(04SM) is a Hilbert space when it is endowed with the scalar
product

(2.11) (u,v), = L o u(z, 0)v(z, 0)pu(zx, 0) do™ 2.

Until the end of this section, we assume that M is simple.

2.1. Geodesic ray transform of 1-forms. The ray transform of 1-forms on M
is defined as the linear operator

Z; : C*(M, T*M) — C*(3, SM)
acting as follows

L)) - |

Va,0 j=1+0

n_ ol (x,0) _ Ly (2,0)
A=Y et = [ oateulz o)
It is easy to check that Z;(dy) = 0 for any ¢ € C*(M) satisfying pjom = 0. On
the other hand, it is known that Z; is injective on the space of solenoidal 1-forms
satisfying 04 = 0. Therefore, if A € H*(M, T*M) is so that Z;(A) = 0, then A* = 0.
Whence, there exists ¢ € H} (M) n H?(M) such that A = dp. As a consequence of
this observation, we have

(2.12) |Z1(A)(@,0)] = |Z2(A%)(2,0)| < C|A%|co, A€ CO(M,T*M).
With reference to [36], we recall that Zj : L7, (04 SM) — L*(M, T*M) is given by
(2.13) (T (), = j 07 (2, 0) duw (0).

SuM

Here W is the extension of ¥ from 0+ SM to SM, which is constant on every orbit
of the geodesic flow. That is

\\I/’(xa 0) = \II(’YJ,Q(E— (JJ, 9))a ’71’,0(6— (Jf, 0))) = \II((I)E, (z,0) (33, 0))7 (Jf, 9) € SM.
One can check [36] that Z; has a bounded extension, still denoted by Z;,
7, : HE(M, T*M) — H*(0,SM).
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We complete this subsection by results borrowed from [38]. We extend (M,g) to
a smooth Riemannian manifold (Mj,g) such that Mi®* > M and we consider the
normal operator Ny = Z{Z;. Then there exist C; > 0,C2 > 0 such that

(2.14) C1lA% |2y < [N1(A)[mr vy < C2l| A% 22y

for any A € L2(M,T*M). If O is an open set of My, N; is an elliptic pseudo-
differential operator of order —1 on O having as principal symbol o(x, £) = (0x(z, &))1<j k<n,

where
oon(n.9) = i (s {47

Therefore, for each integer k = 0, there exists a constant C}, > 0 such that, for any
Ae H*(M, T*M) compactly supported in O, we have

(2.15) INL(A) | e+ gy < Crll A% 0)-

2.2. Geodesic ray transform of functions. Following [36, Lemma 4.1.1], the
ray transform of functions is the linear operator

(2.16) Ty : C* (M) —> C®(0+SM)
acting as follows

L4 (2,0)

(2.17) Lf@ )= [ fOat)

0

Similarly to Z7, Zy has an extension, still denoted by Zy:
(2.18) To : H*(M) — H*(0, SM)
for every integer k = 0. We refer to [36, Theorem 4.2.1] for details.

Considering Ty as a bounded operator from L?(M) into L2 (04 SM), we can com-
pute its adjoint Z¢ : L2 (04 SM) — L*(M)

(2.19) TH0(z) = L (w.0) s 0)

where W is the extension of ¥ from 0+SM to SM which is constant on every orbit
of the geodesic flow:

~

U(z,0) = W (va0(ls(2,0))).

Let M; be a simple manifold so that M{"* > M and consider the normal operator
No = ZFTZy. Then there exist two constants Cy > 0,C2 > 0 such that

(2.20) Cillfllzzan < [No(F)llzrayy < Cof fllzzan

for any f € L?(M), see [38].

If O is an open set of My, Ny is an elliptic pseudo-differential operator of order
—1 on ), whose principal symbol is a multiple of |¢|~!, see [38]. Therefore there
exists a constant Cy > 0 such that, for all f € H*(©) compactly supported in O,

(2.21) [ No ()l zrx+1nyy < Crll fll e (o)
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3. ASYMPTOTIC SPECTRAL ANALYSIS

We fix in all of this section By = (Ay, q¢) € B, £ = 1,2, satisfying the assump-
tions of Theorem 1.2. As in Section 1, Hp,, £ = 1,2, is the operator defined by
(1.2) and (1.3) when B = By. Furthermore, for A € p(Hp,), denote by Rp,(\)
the resolvent of Hp, and, for s € [0,1/2), recall the following classical resolvent
estimate

C
(3.1) 1RB, (M 22 v): 12 (1)) < W, £=1,2.
For f e H3?(0M) and \ € p(Hp,), ¢ = 1,2, consider the Dirichlet problem

(Hp, —A)u=0 in M,
u=f on 0M.

(3.2)

Let & be a boundary defining function, that is a smooth function x : M — R,
such that

e k(z) >0 for all x € M,
e klom = 0 and dk|sns # 0.

We recall that one can construct such a function by combining local coordinates with
boundary distance functions or by considering the first eigenvalue of the Dirichlet
Laplacian. We can now state the following result.

Lemma 3.1. Iff e H3?(0M) and X € p(Hp,), then the BVP (3.2) has a unique
solution ug(X\) = u; F(X) € H2(M) given by the series
(3.3) =25 <f’ W ’“> ~ ek

k>1

the convergence takes place in H'(M). Moreover, for any neighborhood V of OM in
M, we have

(3-4) Jim (fue(N) 22y + [5due(N) [ 22) = 0.
Proof. The proof of (3.3) and
/\Liffloo HW()\)”?L?(M) =0

is quite similar to that of [26, Lemma 2.1].
The proof of (3.4) is then completed by establishing the following Caccioppoli’s
type inequality, where A < 0:

(3.5) ldue(N)| L2y < Cllue(X)| L2y,

the constant C' only depends on r and M.
For the sake of simplicity, we omit the subscript £ in us(A) and By. Multiplying
the first equation of (3.2) by x?u()), using the fact that Kiom = 0 and applying
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Green’s formula, we obtain
(3.6)

0= —J A u(N)RZT(N) dv™ + f (q — MK u(\) > dv”
M M
= J |kdu(N)|> dv™ + 2J (kdu(N), (N dk) dv"”
M M
+ QSJ. (RN A, kdu(N)ydv™ + j (2i(A, kdr) + (JA]® + g — A)K?) [u(A) > dv™.
M M

An application of Cauchy-Schwarz’s inequality yields

[rdu(N)[ 22y — MruN) 72 p) < Clu)] zzon [ du(N) | 22 an) + CluN) 72

1
< Cu(N) 22 + 5wV [z ) -

Then, it follows

1
(3.7) §\|ffdu(>\)H%2<M) = AlruN)[Z2 gy < CluN)I2 )
and since —\ >0
(3.8) [du(N)] 720y < Clu(N) 22y
implying Caccioppoli’s inequality (3.5). O

Lemma 3.2. Let f € H¥?(0M) and, for p € p(Hp,) n p(Hg,), set

wy2(p) = u1(p) — uz(p) € H*(M),

where ug(p) is the corresponding solution to (3.2) with By and A are substituted by
By and p. Then we have that wy 2(p) converges to 0 in H*(M) as p — —c0. In
particular, 0,w; 2(n) — 0 in L*(IM) as p — —o0.

Proof. For the sake of simplicity, we use in this proof w(u) instead of wq2(u).
Since the trace map v — d,v is continuous from H?(M) into L?(dM), it is enough
to show that |w(u)||gzomy — 0 when p — —oo. Let p < py < —2|qoo, for some
fixed sy < 0. Tt is straightforward to check that w(g) is the solution of the boundary
value problem

(Hp, —p)w(p) = h(p) in M,

(3.9)
w(p) =0 on M.
Here h(p) is given by
(3.10) h(p) = —2i{A2 — A1, dua(p)) + (V2 — Vi) ua(p)

with

‘/j:—i(SAj-‘rlAjF-‘rq]‘, 7=12.
Multiplying the first equation of (3.9) by w(u), we apply Green’s formula (2.5) in
order to obtain

fM B () dv™ = fM Hpy () (j2) dv™ — fM (o) ? dv™

o WA R
M M



14 BELLASSOUED, CHOULLI, DOS SANTOS FERREIRA, KIAN, AND STEFANOV

We deduce that, for —p sufficiently large,

[ |1l
(=l = D w)72n + 5 lw(m) 22y < ClA)72 )
2 4
for some positive constant C', not dependent on w, and then we conclude that

(3.11) el ()2 gy < CIAZ2 00)-

Moreover we have

(Hp, — ps) w(p) = h(p) + (1 = pa)w(p) - in M,
w(p) =0 on M.

(3.12)

Using that (Hp, — p*)~! is an isomorphism from L?(M) onto H?(M), there exists
a constant C, depending on M and By, so that

lwo()gzon < Clh(p) + (10— pa)w(p))] 22w
< C(Jh() 2oy + e = psel|w () | 2 )
(3.13) < C([h()l2ouy + 2lpllw(p) L2ou) »

where the positive constant C' is not dependent on pu.
Using now the estimate (3.11), we obtain

(3.14) [w() | g2y < 4C[R(1) |22 0y -
On the other hand, in view of (1.16) there exists C' > 0 such that
(3.15) |Ai(x) — As(z)| < Ck(z), e M.

Applying (3.15), we obtain
(3.16) [h ()| L2y < C (lsdua ()| L2ovy + w2 ()] 22 )

for some constant C” independent of . Then, according to (3.4) in Lemma 3.1, we
get

(3.17) lim sup || (u)] 22y = 0,

p——m

entailing by (3.14)

(3.18) lim sup |[w(p) | gr2(nry = 0.
p—>—0
This completes the proof of the lemma. (Il

The following lemma will be useful in the sequel. We omit its proof since it is
quite similar to that in [25, 26].

Lemma 3.3. Let f € HY?(0M) and, for u,\ € p(Hg,), set we(A\, 1) = ug(N) —
up(p), where ug(p) is the solution of (3.2) when X\ is substituted by u. Then we
have

(3.19) (0 + A () we(h ) = D

k=1

(1 = NS Yok
(A= Aek) (1= Aek)

wé,kv

the convergence takes place in H'?(0M).
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4. ISOZAKI’S REPRESENTATION FORMULA

In the present section we provide a version of Isozaki’s approach [21], based
on the so-called Born approrimation method. The usual anzats used to solve the
problem of determining the coefficients of a magnetic Laplace-Beltrami operator,
from the corresponding Dirichlet-to-Neumann map will be useful in our analysis.
Let us describe briefly this method.

In all of this section By = (A, q¢) € B, £ = 1,2, with Ay satisfying (1.16). We
extend the covector A; to a W2® covector on M; supported in the interior of M,
and still denoted by A;. Then, we consider the extension of As to My, still denoted
by As, defined by

(41) Al(x) = AQ(I), T e Ml\M
Then, (1.16) implies that Ay € W2®(My; T*M;). We fix also A = A; — As.

4.1. Representation formula. If uy(\), A € p(Hp,) n p(Hp,), is the solution of
(3.2) when B = By, define the Dirichlet-to-Neumann map by

(4.2) Ap,(\): fe H¥2(OM) — (0, + iAe(v)) ue(N)jom, € =1,2.
We fix 1 € C?2(M) a function satisfying the eikonal equation

2 No 0%
(4.3) v = 3 e

i,j=1

1.

We set also two functions ay € H?(M) solving the transport equations
1
(4.4) <d'g/1, da¢> + §(A¢)az =0, (=1,2.

This function will be given in Section 4.2. Consider also two functions 84, € H*(M),
£ = 1,2, solutions of the transport equations

(4.5) (b, dfa,) + (A, dp)Ba, =0, YxeM, =12

Henceforth 7 > 1 and A\, = 7 + 4. Let

Pt () = NV iy, (1) = €A B (),

i

(4.6) _ _
o5 (2) = eV VD agfa, (2) = €MV B3 (a),

where, for £ = 1,2, ay is a solution of (4.4) and 4, is a solution of (4.5).
Define

(4.7) S, (T> = <ABe ()‘3—)@?,7—5 (,0;.,-> = J(?M Ap, O‘?—)@T,T(p;,r dan_17 =12

Lemma 4.1. We have

(4.8) S, (r) = j

A

o

B (ayﬁ A ()BE — mﬁayw) o™
n f G55, (B dv — 2\, f BIBE(A, dupy dv”
M M

| R 02 N, (50) (P ) - 2Ae ML) v
M
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and
(4.9)
Sp,(7) = L ot (0,55 — i4>(v)B5 — iAFF0,0) do™ " + fM BiHp, (B3) dv"

- fM Ry, (02) (™7 (Hp, (B7) = 2244, d)87)) (e Hip, (BE) ) av™.

Here Rp,(\2) is the resolvent of Hp, .
Proof. Direct computations yield
(4.10) (Hp, — A2) o, = € Hp, (BY)

e (AEBT (12 = 1) = 20A-Ba, (¢, dary + 5L Aw)
— 2id;a ({dp,dBa, )y + i{Ay, d¢>ﬂA1)>

Taking into account (4.3) and (4.4)-(4.5), with £ = 1, the right-hand side of (4.10)
becomes

(4.11) (Mp, = A7) ¢F - = e Hp, (BF) = e Vhy.
Denote by u; the solution of the BVP

(7—[31 - )\3) u; =0 in M,

up = ¢y, on oM.

We split u; into two terms, u; = 4,01"7T + v1, where v; is the solution of the boundary
value problem

(3’-[131 — )\3) v = —ePVEy in M,
v1 =0 on oM.
Therefore
(4.12) ui =@, = (Hp, = A2) " (e™Vk1) = ¢f, = Rp, (A2) (¢77V k1) .

As

(4.13) Sp, (1) = f (Cpur + iAl(l/)ul)@danfl,
oM

we get by applying formula (2.5)

(4.14) Sp, (1) = J Ay urps  dv"™ — f urAa, 08 dv"
M ’ M ’

+ f Saalkﬂ' <81/S0§’7- + iAl(V)QO;T) dO'nil.
oM



A BORG-LEVINSON THEOREM FOR MAGNETIC SCHRODINGER OPERATORS 17

On the other hand, by a simple computation and using (4.3), (4.4) and (4.5), we
get

A g, = A, (€™ 63)
<2 iX RN .
= =X 5+ ePMVAL (BF) — 2ixr eV o ((dip, dBs) + Ay, dib)Ba)
+ 20, o AY (<dw, das) + %Aw)

-2 Y DY . .
==X 5+ eMVAL (BE) — 2ineM Y ag (—i{Ag, dib)Ba + (A1, dib)B)
— X h, + €NV (BF) + 2V BE(A, du).

Whence, in light of (4.12), we find
y :
= [ (et~ R0 ()
x (—AZPE, + e VAL (BF) + 20 eV BRA dy) ) v,

and, using again (4.12), we get

f AA1U1<P§,T v = _J HBI’Ung;T dv” + J qlul@;’r dv"”
M M M
- JM (¢% = Re, O (k) (-A208, + aigh, ) dv™.
We deduce that
(4.15) J A g ureps  dv™ — f urAa, @3 dv"”
M M
N JM (¢F, — R, (A2) (k)
x (e, (BF) — 20 eV BECA, dy)) av”
= J BiHp, (BF) dv™ — 2)\Tf BFBE(A, dipydv™
M M

- f R, (A2)(e™hr) (7 VA, (B) — 20 BE(A, i) ) av™.
M

Moreover

@16) | ot @, T R o
oM
_ J B (ayﬁ—ml(y)@—m@ayw) do™ 1.
oM

Finally, we get (4.8) by combining (4.14), (4.15) and (4.16).
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The proof of (4.9) is quite similar to that of (4.8). But, for the reader’s conve-
nience, we detail the proof of (4.9). By a simple computation we find

(4.17) (Hp, — A7) of, = €Y Hp, (B)

e (N2 (0P 1) — 200, (@ dony + 5-00)

— Qi)\TOél (<d'(/1, dﬁA1> + i<A2> d¢>ﬁA1) )

Taking into account (4.3)-(4.4) and (4.5), the right-hand side of (4.17) takes the
form

(418) (M, = \2) ¢l = V0 (Hp, (B]) = 2A(A, du)By) = ey,
Let uy be the solution of the BVP

(7—[32 - /\3) ug =0 in M,

uy = ¢ on 0M.

As for uy, we split uo into two terms, us = <,0’1"’T + vy, where vy is the solution of
the BVP

(HB2 — )\72_) Vg = —BM"wk‘g in M

vy =0 on OM.
Therefore
(4.19) up = 9}, — (Hp, = A2) 7 (eVky) = ¢t — Rp,(A2)(e™ k).
Since
(4.20) S, () = JM Bz + iAs(v)uz) P do™ L,
o

we obtain, by applying formula (2.5),

(4.21) Sp, (T J Ay unp}  dv” —f Up A p, 05 AV
M

+ LM oF (0v0% . +ids(v)ps ) do™

On the other hand, by using (4.3), (4.4) and (4.5), we find

i 52 i
(4.22) Auy 0. = Aa, (€MVBF) = =X ok + VAL (B).
Whence
@2) | wBapfa = | (e, - Re 02 )
M M

x (<AZPE, + e B (BD)) av”

and

J Apyuspl  dv" = —J Hpuzp3  dv" + J qauzepy - dv"
M M

- JM (¢% 7 = ROV ka) (-A20F, + a2, ) V™.
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Thus,

(4.24) J AA2u2<p’2“Tdvnff u2 A a, 08 dv™
M ’ M ’

= [ ot = Re ()R (e W ) ) dv”
M
— [ AR A - [ R () (V) (VT (D)) v
M M
- | srHm G v
M
- JM R, (X2) (7 (M, (BY) = 22:(A, di)5})) (e, (B5) ) v,

Moreover, we have

@) | ot O F i), o
oM

= f BY (&/@ — Ay (V)55 — MT@@A&) dom1
oM

o

Inserting (4.25) and (4.24) in (4.21), we obtain
(4.26) S, (7) = f 5t (055 — iAo(v)BF — M FF0,0) do™ !
oM
+| A O
M

| R0 (N (0, (B1) — 20, d)50)) (N, (D)
M
This completes the proof of the Lemma. O

Subtracting side by side (4.8) and (4.9), and using the fact that A; = Az on M,
we obtain the following identity, that we will use later in the text.

(4.27)
S, (1) — Spy(7) = —2, f BEBE(A, dipy dv" + f B (Hp, — Hp,) (B5) dv"
M M

— [ R 02) (2, (50)) (e (R, () — 20 T AL ) )
# | R 02) (¢ (3o, (57) — 24, dp0)) (¢ T, FE) )

4.2. Solving the eikonal and tranpsort equations.
We construct the phase function 1 solution to the eikonal equation (4.3) and the
amplitudes ap and By, £ = 1,2, solutions to the transport equations (4.4)-(4.5).
Let y € dM;. Denote points in My by (r,6) where (r,6) are polar normal coor-
dinates in M with center y. That is, x = exp, (rf), where r > 0 and

fe S, M ={0eT,M, [0 =1, f,v)<0}.
In these coordinates (depending on the choice of y) the metric has the form

g(r,0) = dr® + go(r,0).
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If u is a function in M, set, for 7 > 0 and 0 € S,M;,
u(r,0) = u(expy(rG))7
If u is compactly supported, @ is naturally extended by 0 outside M.

The geodesic distance to y provide an explicit solution of the eikonal equation
(4.3):

(4.28) P(x) = dg(z,y).
Since y € M;\M, we have 1 € C*(M) and
(4.29) 1;(7“, 0) =1 =dg(z,y).

We now solve the transport equation (4.4). To this and, recall that if f(r) is any
function of the geodesic distance r, then

(4.30) ANgf(r)=f"(r)+ %% ‘(7).

Here ¢ = o(r,0) denotes the square of the volume element in geodesic polar coor-
dinates. In the new coordinates system, equation (4.4) takes the form

(4.31) — = +-ap ———=0

Thus & satisfies

oa 1. _,00

4.32 =L Zao L E =
(4.32) or * 1% o 0
For n € H*(S; M), we seek & in the form
(4.33) a(r,0) = o= *n(y,0).
Direct computations yield

o0 1 5,00
(4.34) 5(7"7 0) = ZQ gﬂ(yaa)-
Finally, (4.33) and (4.34) entail

oo 1 0o

(4.35) (r,0) = —ig_l&(r, 0)—

or or

In the rest of this subsection we are concerned with transport equation (4.5).
Using that, in polar coordinates, Vi (z) can be expressed in term of 4, ¢(r) (see for
instance [7, Appendix C]), we have

<g€(ra Y, 9)7 d¢> = <‘Z§(T’ Y, 0)7 V¢> =04, (QOT (y7 9)) = a'Az (’I“, Y, 9)

Consequently, in polar coordinates system, (4.5) has the form

oo ~
(4.36) a—:/ja—f +1i04,(r,y,0)8 =0,
where 5142 (T’ y,@) =04, ((I>r(y7 0)) = <’.7y,9(70)7A2(7y,0(r))>' Thus 5 satisfies
B ~
(4.37) D iBatry,0F =0

Thus, we can choose 5 defined as follows

- 44 (y,9)
ﬁ(yﬂ", 9) = exp Zj 5A2(T + Suyve)ds .

0
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On the other words, we solved (3.4).
In the remainder of this paper we use the following notations:

- Ly (y,0)
4.38 Ba,(y,r,0) =exp | i oa,(r+s,y,0)ds|, £=1,2
£ £
0
and
(4.39) a1 (r,0) = 0 V*n(y,0), @a(r,0) = o~

4.3. Asymptotic behavior of the boundary representation formula. We
discuss in this subsection the asymptotic behavior of Sp, (7) — Sp,(7), as well as
the asymptotic behavior of [Sp, (1) — Sp,(7)]/7, as T — 0.

As before, By = (A¢, qv) € AB,, £ = 1,2 are so that A, satisfy (1.16). Set

A(z) = (A1 = Ag) (@), q(2) = (1 — ¢2) ().

Note that A, extended by 0 outside M, belongs to C°(My, T*M;). We also extend
¢ by 0 outside M. This extension, still denoted by g, is an element of L*(M;).

Lemma 4.2. For any ne H?(S; M,), we have

(4.40) i 220 = 98,(7)

T—+00 T

= 2iJ (eiIlA(yﬁ) — 1) N(y, 0) dwy(6).
SM,

Proof. By the resolvent estimate, we have

1 1
4.41 Rp,(\2)| <———=—, (=1,2.
( ) H Bz( T)HJ(L2(M)) |S()\$)‘ o

Inequalities (4.41) and (4.27) yield in a straightforward manner

SBI (T) — SBZ (T

(4.42) lim ) _ QJ BEBE(A, dipy dv™
M

T—+00 T

=2 J arasfa, Ba, (A, dibydv™.
M

Applying (4.1) and making the change variable x = exp,(rf), with r > 0 and
0 e SyM;i, we get

(4.43) 2 jM<A,dw><a1a2><x>mﬁ,42><x> av"
Z+(y,9) ~ =
—o f f 5 a(r,y,0)(@182) (. 0)(Bas B, ) (r, 0) 02 dr dy (6)
SMiJo
OX)) N -
— 9 j j 5 a(r,y,0)Ba, (,0)B o, (. O)n(y, 0)dr duw, (0)
SpM;Jo

‘€+(ya0) Z+(y)0)
= J f galr,y,0)exp ZJ ga(r+s,y,0)ds | n(y,0)dr dw,(9).
Simy Jo 0
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Also

Ly (y,0) Ly (y,0)
(4.44) J ga(r,y,0)exp zj ga(r+s,y,0)ds | dr

0 0

04 (y.0) 04 (y,0)
:—iJ Or | exp ZJ galr+s,y,0)ds | | dr
0 0
04 (y,0)
=14 |exp zf ga(s,y,0)ds | —1],
0
entailing

2 | (A db(@102) (@) (84, ) ) d
M
=20 [ (e (AW 0) ~ 1) 1(y: 0)dwy 0),
S, My

This in (4.42) gives the expected inequality. O

Lemma 4.3. Assume that Ay = Ay and q1 — q2 € HY(M). Then, for any n €
H?(S}My), we have

(@45)  tim (Sm(r) = Se(r) = | Tola)(us0)n(y: 0)duy ).
T—+0 SEM,
Proof. Since Ay = Asg, (4.27) is reduced to the following formula
(446) SBl ( SB2 JM qlx (LIT) dv™
— | Ro02) (s, (37) (¢ T, (D) v
[ Rm02) (M (09) (i (5] "
M

Once again the resolvent estimate enables us to get

T—+00

(4.47) lim (S, (r) — S, () = JM o(2) () () ™.

We complete the proof by mimicking the end of the previous proof in order to
obtain

@a) | a@een@d = [ Lo .00n( 0, 0)

This completes the proof. O

5. PROOF OF THE MAIN RESULTS

5.1. Asymptotic behavior of the spectral data. Prior to the completion of the
proof of Theorems 1.2 and 1.3, we establish some technicals lemmas. Assumptions
and notations are the same as in the preceding one.
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Lemma 5.1. Forte[0,1/2) and ¢ = 1,2, we have
2

2Ry
2t/n 5T ’ 2t 2
(5.1) kZlk / DY Ve < Cyr H77HH2(S;M1)

2 ) T
and

% 2
2/ <9027r7 ¢2J€> 2t
(52) 2 k‘ /L m < CgT s
k>1 ) T

the constant Cy depends on t, M, r and By if t > 0, and it is independent on By
when t = 0.

Proof. By Lemma 3.1 the solution of the boundary value problem (3.2), with f =
Lp’lkﬂ_, A=\, and B = By, is given by the series

. <‘p>1k,7—’ wl,k>

(5.3) ur(Ay) = X2 s D1,k

k=1

If u = 2r + 1, then the operator Hp, + u is positive. Indeed, for u € H} (M), we
have

f (Hp, + p) vudv" :J |VA[u|2dV"+J (qe + p)|ul® dv"
M M M
> [l av" (o e — 21 40L0) [ [l av.
M M

Since Z((Hp, + p)?) =
Hy(M) = H'(M) (e.g. [3
w e HY(M), we have

(5.4) 3@+ P! lw, des) 2 < Celwldean, €= 1,2,

k=1

H}(M) we have, by interpolation, Z((Hp, + p)2) =
3, Chapter 1, Theorems 11.1 and 11.6]). Whence, for

the constant C; only depends on ¢, » and M and By.
On the other hand, we get from (4.12)

(5.5) lur D) ey < 195 lmeany + 1Re, (A3 (€ Hap, BT ey
< CTtHnHH?(s;Ml)-
Here again the constant C only depends on t, 7, M and B;, where we used that

exp, (M) c {r6: r>0, 6 €S, (M)} in order to restrict the norm of 7 to ;7M.
This estimate and (5.4) with w = uy(\;) and £ = 1 entail

(5.6) Z (1+ [ALeD'[(ui(Ar), d1,0)[* < ClTZt”UH?p(S;Ml)-

k=1

We get the first estimate (5.1) for ¢ = 1, by using (A.1) in Appendix A and the
identity
<(p?[k T ¢1 k>
5.7 A, _ YLp YLk
(5.7) (u1(Ar), d1,k) X i

To prove the first inequality (5.1) for £ = 2, we consider ua(A;), the solution of the
BVP (3.2) when A = A;, f = ¢f . and B = B;. By Lemma 3.1, this solution is
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given by the series

Ny
(58) 'LLQ()\T) = /\21’7)\(]52’}6.
=1 AT T A%k
On the other hand, we get from (4.19) and (3.1)
(5.9) lua(Ae) [ meany < lo3 7l me )

+ [Rp, () (€7 (Hp, (BF) — 2ACA, dv)B3) ey

]
<cC (Tt + 520 ) Ilrsgsyany < O llms s
Applying again (5.4) with w = uz(\;) and £ = 2 entail
(5.10) 2 (L Pas) ! [(u2(An), d2.0) [P < Cor® [l 5501, -

k=1

Since

(5.11) (u2(Ar), dok) =

we obtain (5.1) with £ = 2.
The second inequality of (5.2) is proved similarly. O

<5031k"r3 7/12,k>
N o

Let us recall some notations that we introduced in Section 3. For f € H3/2(0M)
fixed and A\, u € p(Hp,) n p(Hp,), if ug(N\) (resp. wue(p)) is the solution of the
boundary value problem (3.2) for B = By (resp. B = By and A = ), £ = 1,2, we
have posed

we(As 1) = we(X) — ue(p),
(5.12) w1 2(p) = ur(p) — uz(p).
Let
(5.13)  K(r,u, f) = (0, +1A1(V)) w1 (Ar, ) — (0 + 1A2(V)) wa(Ar, u) on M.
Then, by (3.19), we obtain

R AT L O
6:19) Kl ) = 3 S e B e
We define
(5'15) ‘C(T? M) = <’C<Tv Hs (p>1k,7')’ (p>2k,r>'

From (5.14), we get

(5.16) L(7,p) = Y. (1n—A2)

(A2 = A1) (1 = Ark) (A2 = Aak) (1 — Az k)

[<§0>1k,7-v V1) Y1k 903‘,7> <<P>1k,fv Yo, k) P2,k @3‘,9}

k=1
Define
(5.17) LXT) = D LE(m) + ) L3 p(r) + ) L (),
k=1 k=1 k=1
with

* (7_) _ <(p:1k,7"w1,k - w27k> <w1,k7 <)O>2k,7—>
b AZ = Ak
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_ oF o) (1 — Yok, ©F 1
A2 — Ay ’

1 1
E;k(T) = <30>f77-,¢2,k> (bake, 05 ) <()\2 — Aip) - (A2 — )y k)> '

Lemma 5.2. Under assumption (1.17), L(T,p) converge to L*(T) as p — —o0
and, fort € [0,1/2), we have

L;,k(T)

(5.18) limsup 7| L£*(7)] < C’HUHHQ(SJMI) li?sup 77 Ak — Aol
—00

T—00

Proof. We split L£(7, 1) into three series
L) =, Lowlim) + Y Lok, 7) + D) Law(,7),
k>1 k>1 k>1
with
Y b1k — Y211 ks 05 )
(A2 = Ae) (= Ae)
T b2 kX1 — V2,85 05 )
A2 =) —Aw) 7

La1(1, 1) = (0 = AT 1 Vo,){W2 ks 05 1)

Lig(r,p) = (=A%)

Lopo(r, 1) = (1= A7)

1 1
X - :
(()\3 —Ark) (= Ark) (A2 = Aak)(p — /\2,k)>
Under assumption (1.17) and in light of (5.1), we can see that the series in £y (7, p),
)

Lo k(m, 1) and L3 (7, u) converge uniformly with respect to p « —1. Therefore,
L(7, 1) converge to L*(7) as yu — —o0.

‘We have
{1k, 05 )
(5.19) ILT 1 (D) < NleT -2 oy |16 — 2.kl 22 (om) W ;
2 — Ak
I 2o llf N2 omyllvne — Yokl
(5:20) |25, < ol e | Lee)
’ ‘)\T - Al,k|
oF 1 h1k)
+ 103 L2 om 91,6 — V2,6l L2 (on) ﬁ ;
Aok — Mkl |2k, 95 )
5.21) |C* < [o* _ A2, , N
(5:21)  |L3x ()] < 9T 22 o 11,6 — Y2,k 22 (om) 2 = o | A2 = o
+ Dok — ALl <<PT,T,¢1,k> <¢2,k,¢§k,7>
2k — ALk X —wn || 2 ek |
But
(5.22) sup of - z2amy < 187 2 ovy < Clnllazs,my)
1
T>
and

(5.23) sup I3 - ll2onty < 167 2 on) < C,
T>
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the constant C' only depends on M. This estimate entails in particular that
limsup 7~ *|L} (7)) =0, k=1

T—+00

Thus, for an arbitrary positive integer ni, we get

limsup 7~ Z'Elk )|—hrnsup7' Z LT &

T=+0 k=1 k=n1

This estimate together with (5.1), (5.19), (5.22) and (5.23) imply

* 2 1/2
_t Z |£ (SupT_Zt Z th/n M >

ks T>1 - Al’k
" 1/2
x ( DTy — 1/J2,k|2L2(aM)>

k::n1

. 1/2
C ( Z 2 by g, — 1/12,k||2L2(0M)> ’

k}=’ﬂ1

the constant C is independent on 7. Since the last term goes to zero as n; tends
to oo by (1.18), we easily get

5.24 hmsu T L =0.
o2 mape i

In the sequel, we use the following useful observation: for r > 1 the map 7+ |[A\2 —7|
reach its minimum at 7 = y/r — 1. Hence

N2 —r|=2vr—1, 7>0.
This observation together with (5.1), (5.20) and (A.1) in Appendix A yield

[ee} o0
limsup ¢ Z |£3,.(7)| = limsup 7" Z |£5 (7))
T+ 1 ’ T+ [ '

[00)
<C Y Ry — vaklFaom

k:nl
1/2 1/2
W1, 0 [ .
+C | su ,7_72t k2t/n T k72/n . 2
<T>Fl) 2 A2 — Ak k;zl Ve = Yailizn

- " 1/2
<C Z kizt/n“%,k - 7/12,kH2L2(8M) +C ( Z kiQt/nlek - 1/)2»’“%2(51\/1)) :

k}=’ﬂ1 k=n1
Then, using again the fact that n; is arbitrary and (1.17), we find
(5.25) lim sup 7~ 2 |5 . (7)] = 0.
T+ k=1
The same argument as before enables us to obtain

[e¢]
(5.26) limsup 7" Z |£3 5k (7)] < C|\77HH2(5;M1) lim sup &~ A1 — Aozl
T—>+00 E—1 ’ k—+0o0
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The expected result follows from (5.24), (5.25) and (5.26). O

5.2. End of the proof of the main results. We are now ready to complete the
proof of Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Since Ay, ¢ = 1,2, satisfy (1.16) and wy 2(pt) = 0 on M, we
easily obtain the following identity, useful in the sequel,

(5.27) K(7, 1, 0% ;) = (0 +iA1(v))ur (N) = (0y +i A2 (V) Juz(N) —dywi 2(p)  on OM.
By formula (5.15) we get

(5.28) ﬁ(T,u):J K(7, 1,05 )05 do"
oM

= f (0 +1i41(v)) ul()\)@dzf“l - J (0 + iAs(v)) us(N) ¥ _do™ !
oM oM ’

*J oyw12(p)@s , do” !
oM
= f Ap, (M) 95 do™ " — J Ap, (At 95, do™
oM oM
— | dvwia(p)es, do"

= SBl (T) - SBz (T) - auwl,Q(ﬂ)@dan_l
oM

According to Lemmas 3.2 and 5.2, formula (5.28) and passing to the limit as u goes
to —o0, we get

(5.29) Sp, (1) — Sg, (1) = L*(7).

Furthermore, from (5.18) we have 77 (Sp, (1) — Sp,(7)) is bounded for 7 > 1 and
t € [0,1/2). Then 771 (Sp, (1) — Sp,(7)) goes to zero as T tends to co. This in
(4.40) yields,

(5.30) J (eiflﬂy"’) - 1) 1y, 0) dw, (6) = 0.
Sy

Since 7 is arbitrary in H?(S,M), we obtain that 7, A(y, §) € 277 for any 6 € S; M;.
On the other hand, since 0 M is strictly convex, S;’Ml 560 — £, (y,0) is continuous,
and letting 6 tend to a tangent direction 6y € S,0M; we get

lim ¢ 0) =

Jim +(y,0) =0

hence
2rm = lim Z; A(y,0) =0
9—>90

and therefore

(5.31) T1A(y,0) =0, 6eSM

which implies that 73 A = 0, because y € dM; is arbitrary. From (2.14), we deduce
that the solenoidal part A® in the Hodge decomposition of the 1-form A is equal to
zero. This completes the proof of the first part of Theorem 1.2.

Now let us consider the second part of the theorem. For this purpose, we assume
that condition (1.18) is fulfilled and we would like to show that ¢; = g2. Note first
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that the condition A° = 0 implies dA = 0 and, since M; is simply connected, there

exists p € W3%®(My) such that dp = A. Since A = 0 on M;\M by eventually

extracting a constant to ¢ we may assume that ¢ = 0 on M;\M. In particular we

have pjom = dvpjom = 0. Let By = (A1,q2). Applying (1.5), we deduce that
e_upf’IB2 eigo = HB3'

In particular, for A3, £ > 1, the non-decreasing sequence of eigenvalues of Hp,
we have A3 = Ao j and ¢z = e P i corresponds to an orthonormal basis of
eigenfunctions of Hp,. Moreover, fixing ¥3 ; = (0, + iA2(v)) ¢3 %, we deduce that

Va1 (x) = (0 + A1 (V) e o k(2) = €7 (0 + 1AL (V) — i0,p) P2,k ()
= (0y +1A2(V)) g2,k(z) = Yo,k(z), T € M.
Combining this with (1.18), we deduce that

L Mk — Azl =0, and > [k — sk

k=1

2
LQ((‘?M) < 0.

In view of this gauge invariance property, from now on, without lost of generality,
we may assume that A; = As. According to (1.18), with ¢ = 0, the right hand side
of (5.18) is equal to zero. O

Proof of Theorem 1.3. We already proved that dA; = dAs in Theorem 1.2 and
according to the gauge invariance property of the boundary spectral data, without
lost of generality, we may assume that A; = Ay. Then a straightforward application
of the min-max principle yields

(5.32) Ak — Akl < lar — 2] -

In that case (1.19) is reduced to

(5.33) 2 lonk = Y2 klZaan < 0.
k=1

Combining this with (4.45), (5.18) for ¢ = 0 (which is valid in the present case) and
taking into account that

(5.34) limsup |Sg, (1) — Sp, ()| = limsup |[£*(7)|,

T—+00 T—+00

we obtain, for any 17 € H?(S;f M) real valued, that

(5.35)

| 2@ 001006 40* 2| < Clnl e s i sup I = A
SJMl v k—+0

Since ¢ € H*(My), by the smoothing effect of the normal operator Ny = ZFZ (see
(2.21)), Nog € H*(M) and

(5.36) INo (@) 2,y < Cllglzr oy < Cr'

Since Zp : H?*(M;) — H?(0;SM;) is bounded, we can take n = ZoNy(q). We
integrate with respect to y € dM; the left hand side (5.35) in order to get

J To(a)(y, 0)n(y, 0) do™" % = J [No(g)* dv™ = [ No(a)lIZ2uy)-
(7+SM1 Ml

Combined with (5.35), this inequality entails
(5.37) HNO(Q)Hiz(Ml) < C|ZoNo(q) | m2 o, sM1) lim sup [A1x — Aok
-+
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On the other hand, it follows from (5.36)
(5.38) I1ZoNo (@) 22, s:1) < ClINo(@)| 52010y < €7,
the constants C' and C’ only depend on M and r. This (5.37) and (5.38), give

(539) HNO(q)||2L2(M1) < C'lim sup |)‘1,k — )\2,k|7
k—400

the constant C' only depends on M and r’. We complete the proof by using the
interpolation inequality

1 1 1
INo(@) ]| 1 a1y < CHNO(Q)“iz(Ml)HNO(Q)H12L12(M1) < C/||NO<Q)H22(M1)7

the constants C and C” only depend on M, r. We then apply (2.20) to get (1.20). O

6. EXTENSION TO THE NEUMANN CASE

We explain in this section how to adapt the preceding analysis to obtain an
uniqueness result for an inverse spectral problem fo the Schrédinger operator under
Neumann boundary condition.

For B = (A, q) € %, define the unbounded self-adjoint operator 3, acting in
L?(M) as follows

(6.1) Hpu=Hpu=—Asu+qu, ueP(Hg),
with domain
(6.2)  2(H#p)={ue H'M), —Asu+ que L*(M), (0, +iA(v))ujonr = 0}.

Fix By € #,, { = 1,2 and denote by (ter, Xek), £ = 1, the eigenvalues and
normalized eigenfunctions of %, .
We aim in this section to prove the following uniqueness result.

Theorem 6.1. Assume that (1.16) and the conditions

+00

(6.3) Z Ix1 = X222 (oar) <
k=1

(6.4) kgrfwk v p1k — pogl =0,

are fulfilled. Then Aj = Aj.

Note that, according to Weyl’s formula in [11, page 114], we have that

lim k_%“ﬂ,k — Ha| < o0.
k—+o0

Therefore, condition (6.4) seems to be the optimal rate of growth of the difference
of eigenvalues that guaranty the uniqueness of the magnetic potential.
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6.1. Boundary representation formulae for the Neumann problem. For
g€ H'Y?(0M) and p(#%), consider the BVP

(He—X)v=0 inM,
(0, +iAv)v =g on 0M.

(6.5)

Similarly to the Dirichlet case, for £ = 1,2, define the N-to-D map
Nt g€ HY(@M) > 0;(0) oy

where v;(A\) € H?(M) is the solution of the BVP (6.5).
Define, For £ = 1,2,

(66) Qj (7_) = <~/\/j,)\12_ (au + 'L.AjV)QDT,'r? (au + Z.Ajy)‘p;;r>
_ f (00 — iAV)PE N r2 (0, + iAj0) g% do™
oM
with ¥, j = 1,2, given in (4.6).
Proposition 6.2. We have

(61) Qi) = [ (AIAHT +i(Aw)BT + 2,80 FE 4" @)
04 (y,0) o -
S [T B 005 B dr i (6) — [ 8T, () v
5,0) Jo .

[, =22 0 B 20, (AT OB + H | v
M

and
(6.8)
Q2(1) = LM(i)\T)OM/JﬁT +i(Aw)BE + 0,87)BF (x) do™ ! (x)

- | B
M
+f [(H, — X2) 1MV (2N (—AVY) BT + Hp, 57)] (e‘iAT”’HBz 5;) dv™.
M
Proof. Applying Green’s formula, we get
Q:1(1) = J div(vl()\z)VAlgp’z",T)dv"
M
=j <VA1’I)1()\3_),VA1(,O;T> dv”—i—f v (A2)A 4, 05 _dv"
M g M '
= —f Ay, v (Af)@dv" + J (ay + iAly)Ul (Ai)@do’q
M oM
| w0 B, v
M

where v1(\?) the solution of the BVP (6.5), with g = (0, + iAdw)p} ., A = A2,
A = Ay, ¢ = q1. Using the fact that

(0y +1410)01(A2)(z) = g(z) = (0, +iA)e} (2), x €M,
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we deduce that

Qi(r) = f (M) 0BF +1(Aw)BE + 0,60 BE (@) do™ ()

J Aa,vi(A2)p5 _dv” —&—f vl()\f)AAlgo;"J dv".
M
This identity at hand, we proceed as in Lemma 4.1 to get (6.7). Similar argu-
ments allows us to derive (6.8). (]

As for the derivation of (4.40), we obtain from (6.7) and (6.8) the following
identity

(6.9)
Q2(7) — Qu(7)
Ly (y,0 ~ T~
= 2>\7' J J aA (T, Y, 9)6;(5; 91/2 dr dwy (0)
Sy(My)

f (g1 — 2)B1BF dv™( j B85 (B, BF = B, BF) dv
- f (A, = A2) " (X Hp, B)] e [2)\T(AV1/;)5§ +7—L316§"] v’
M

[ [0t = 221N 20 (AT 0BT + )] (6 )
M
from which we deduce that, for all y € M; and all n € HQ(S’;Ml),

(6.10) 2 f (1409 — 1) n(y, 6)dw, () = Tim Q2(1) = ()
s7 ()

T—+00 T
The following lemma is needed in the proof of Theorem 6.1.

Lemma 6.3. For { = 1,2, consider ¢} _, j = 1,2, given by (4.6). Then, we have

<§01 7 X2, k:> 2

o 3% ety

1 e < Ol s o™

(6.11)

2
X 90; 7X€,k>
Sup Z e | N 2T/

<Cr? 0=1,2
7>1 be1 He ke — )\.2r

with C' > 0 independent of 7.

Proof. Let 7 = |lq1| r(ar) +1|¢2] 2 (ar) + 1 and note that D((5, +7)Y/?) = H (M)
since it coincides with the domain of the form associated to the operator 5, + 7.
Whence, for any w € H'(M), we have

[ee}

D+ ekl (w, xer) z2an)* < ClwlF sy

k=1
the constant C only depends on 7, Ay, go and M. Combining this estimate with
a Weyl’s formula for Neumann magnetic operators, similar to that in Lemma A.1,
we get (6.11).

O
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6.2. End of the proof of Theorem 6.1. The following lemma is useful in the
sequel

Lemma 6.4. Let g € HY?(0M), B € &, \ € p(A3) and denote by v(\) the
solution of the BVP (6.5). Then

(6.12) Vi = ¥, Py,
k>1
the convergence takes place in HY/?(OM).
In light of this lemma, we have
(6.13) Qa(7) = Qu(7)
B Z < (0, + iA1v) ¥ X2, k><X2 &, (O +1A10) ‘P27>

A2 — ok
. <(6V + ZAlV)(pi‘rv Xl,k> <X1,k7 (al/ + iAlV)(p>2k77->
A2 — gk '

Observe that, according to (1.16), A; can be substituted by As in the identity
above.
On the other hand, we have from (4.6)

(6.14) [0y + iA1v)¢] -l r2@m) < [Ae|| 0B [ L2(omy + (0 + iA11) B} [ L2(om)
< Ct(1 + |nllm2(s,)),
the constant C' being independent of 7. Thus,

|Q2(7) Z E(r) + X Frl(r) + . Gr(r)
k=1 k=1 k=1

with
| <X2,k7 (au + iAly)SD>2kJ> |
|AZ — b2kl

Er(1) = (0 + 1 A1)OT L 2wy X2,k — X1,k 22 o)

| <X2,ka (0v + iAlV)<p3<;r> |
A2 — ok

< Clxz,k — (oM)T

| {(0y + A1)} - X1,k ) |

Fi(r) = (00 +iA10)05 | 2oy X2k —

A2 — pig, 1|
| (0 +iAv <P1TaX2k>|
< Cfx2x — ()T e + C7%|x1,k —
IAZ — pi2 i
and
Gu(r) = | {(0y + A1)} 1 x| X1k (O + iAW) 05 D ||k — k]

|>\3 - ﬂz,k“ 3

k1|< +ZA1V9017_,X1]€>|
(oM) X2 —

< Ck™ "|,U2k_

1 |< 0y + ZAIV)(Pl 75 X1, k>| ‘ <X2 ka a + ZAlV)QDQ T>|
A2 — A2 — po k]

_1
+ k7 | poe — paklkm
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the constant C' > 0 being independent on 7 and k.
Noting that
2
sup ————
r>1 |AZ — g ]
we deduce that we have, for all k£ > 1,

<o, (=12, k=>1,

limsup 7~ & (7) = limsup 7~ ' Fi(7) = limsup 7' Gy (7) = 0.
T—+400 T—+400 T—+400

Then, for any arbitrary integer n; > 1, we get

o0 0
limsup 7! Z Ep(T) < limsup7! Z Er(7),
T—+00 k=1 T—+00 k=n,

T—+00 T—+00

o0 [o0]
limsup 7 * Z Fi(1) < limsup 7! 2 Fi(T),
k=1

k:nl

T—+00 T—>+00

[e¢] [e¢]
limsup 7~ * Z Gr(7) <limsupr! Z Gr.(7).
k=1 k=n1
We combine these inequalities, estimates (6.11) and Weyl’s formula in order to get,
by repeating the arguments used to prove Lemma 5.2, that
Q2(7) — Qu(7)
T

lim sup
T—+00

Then, from (6.4) and (6.10) we deduce that Z; A € 27Z. We proceed similarly to the
proof of Theorem 1.2 to get that A7 = A5. This completes the proof of Theorem
6.1.

< C(L+ Il gz st aay ) (i sup k77 | g, — pra ).
k—+o0

APPENDIX A. WEYL’S FORMULA

We establish some uniform estimates related to the Weyl’s formula of magnetic
Schrodinger operators. Our estimates, which are also valid for the Neuman realiza-
tion of magnetic Schrédinger operators, can be stated as follows.

Lemma A.1. Let B = (A,q) € B. Then there exists a constant C' > 1, only
depending on M and r > HAH%OC(M ey + Il Loy s0 that

(A1) CUm <1+ Ny <ok, k=1

Proof. Let (A\;) be the sequence of eigenvalues, counted according to their multi-
plicities, of the Laplace-Belrami operator under Dirichlet boundary condition. By
Weyl’s asymptotic formula [11, page 114]

(A.2) =0 (k). k=1
The sesquilinear form associated to Hp is given by
a(u,v) = f (V au, Vgvydv" +J quudv”™,  u,ve Hi(M).
M M

Then it is not hard to check that

a(u,u) < |dulZz ) + 2Vl 2 ldul| L2y + 7l L )

3
< S lduliz + rlulizon



34

and
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a(u,u) > |dul 2y — 2vrlul 2y ldul| L2y — vl 2o )

1
> inu”%Q(M) = 37| ul 22 a)-

We get the expected two-sided inequalities (A.1) by using (A.2) and the minmax
principle. ([l
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