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ON THE SEMICLASSICAL LAPLACIAN WITH MAGNETIC FIELD
HAVING SELF-INTERSECTING ZERO SET

MONIQUE DAUGE, JEAN-PHILIPPE MIQUEU, AND NICOLAS RAYMOND

ABSTRACT. This paper is devoted to the spectral analysis of the Neumann realization of the
2D magnetic Laplacian with semiclassical parameter & > 0 in the case when the magnetic field
vanishes along a smooth curve which crosses itself inside a bounded domain. We investigate
the behavior of its eigenpairs in the limit h — 0. We show that each crossing point acts as
a potential well, generating a new decay scale of h3/2 for the lowest eigenvalues, as well as
exponential concentration for eigenvectors around the set of crossing points. These properties
are consequences of the nature of associated model problems in R? for which the zero set of the
magnetic field is the union of two straight lines. In this paper we also analyze the spectrum of
model problems when the angle between the two straight lines tends to 0.

1. INTRODUCTION

1.1. The magnetic Laplacian. Let 2 be a bounded, smooth and simply connected open set of
R?, and A € 6°°(Q, R?) be a regular potential vector. For i > 0, we consider the self-adjoint
operator

with domain

Dom(@,fﬂ) ={uec H*(Q),(—ihV+A)u-v=0 on 090},

where v is the outward pointing normal at the boundary of €.
The operator @,fg has compact resolvent and is associated with the quadratic form Q,ﬁg

defined on the form domain Dom(2%,) = H'(Q) by
(1.1) Apa(u) = / |(—ihV + A)u(x)|? dx.
Q

Here x = (1, 79) denotes Cartesian coordinates in R?. We have the gauge invariance
(1.2) e N (—ihV + A)? M = (—ihV + A + V§)? |

for any ¢ € H?*(Q). Therefore, the spectrum of @,fg only depends on the magnetic field
(1.3) B=VXxA=0A4—0A4,.

Notation 1.1. We denote by A, (k) the n-th eigenvalue (with multiplicity) of 9’;;',‘9. In all of the
paper, G(%) denotes the spectrum of any operator &

We are interested in the behavior of the eigenvalues ), (k) and their associated eigenfunctions
in the semiclassical limit » — O for special configurations of the magnetic field B.
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Key words and phrases. Magnetic Laplacian, Semiclassical asymptotics, Exponential concentration of
eigenvectors.
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1.2. Motivations and context. The spectral analysis of the magnetic Laplacian comes from
the theory of superconductivity in which the magnetic Laplacian appears in the study of the
third critical field of the Ginzburg-Landau functional (see for instance [34] and also the books
[15] and [32], and the references therein). The regime when / goes to 0 (called the semiclassical
limit) is equivalent to the strong magnetic field limit which is often involved in applications. In
this paper, we restrict to dimension two.

1.2.1. Overview of the literature. In the past two decades, most of the contributions dealt with
non-vanishing magnetic fields. We can refer for instance to the works by Bolley & Helffer
[5], Bauman, Phillips & Tang [3], del Pino, Felmer & Sternberg [13], Helffer & Morame [21],
Bonnaillie-Noél [6], Lu & Pan [25], Raymond [29], Bonnaillie-Noél & Dauge [7], Bonnaillie-
Noél & Fournais [8], Raymond & Vu-Ngoc [33].

The present paper is devoted to the case of vanishing magnetic fields. Such an investigation
was initially motivated by a paper of Montgomery [27], followed by the contributions of Helf-
fer & Morame [20], Helffer & Kordyukov [18, 16], and Dombrowski & Raymond [14]. The
aforementioned papers do not investigate the case when the zero set of the magnetic field B
intersects the boundary. This was the purpose of the work by Pan & Kwek [28] and [26]. We
can find in [28] a one term asymptotics of the first eigenvalue A;(h). The paper [26] estab-
lishes a sharper result by giving an explicit control of the remainder as well as expansions of all
the eigenvalues and eigenfunctions, as the semiclassical parameter i goes to 0, under suitable
assumptions when the zero set of B does not self-intersect.

1.2.2. When the zero set of B self-intersects. In the present paper, we want to include non-
degenerate quadratic cancellations inside the domain, which is a new configuration in the inves-
tigations about vanishing magnetic fields.

Assumption 1.2. Let
I'={xcQ:B(x) =0},
and assume that " # (). We work under the following assumptions
1) The set
Y ={xel,VB(x) =0}
is non-empty, finite and such that 9Q N X = (.
ii) For any x € 3, the Hessian matrix Hess B(x) of the magnetic field at the point x has two

non-zero eigenvalues with opposite signs.
iii) The set I' N 0f2 is finite, and in each of these intersection points, I" is non tangent to 0f2.

Note that assumptions i)-ii) imply that the set I is a simple curve in a neighborhood of each
of its intersection points with 0€2. Moreover, the set ¥ is made of isolated points which are
locally the intersection point of two smooth curves.

Notation 1.3. Choose xg € .
i) B denotes the second order Taylor expansion of the magnetic field at x,. So

B (x) = (x — x9) Hess B(xg) (x — xo) "

ii) AX° denotes the Taylor expansion of the magnetic potential A to the third order at the
point xg. Thus B =V x A,

iii) Let a(xo), B(xo) be the eigenvalues of 1 Hess B(xo), agreeing that |ov(xo)| < [5(xo)|-
Set

e(x0) = Vla(xo)l/|B(x0)| and  Z(xo) = [B(xo)l,
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so that in a suitable local system of orthogonal coordinates y = (s, t) centered at x

B (x) = a(xg)s” + B(xo)t* = —B(x0) (€% (x0)s* — t7) .

Hence the zero set of B has the equation £?(xq)s? — 2 = 0: It is the union of the two lines

{t = +e(xo)s}. These lines are the two tangents to the set I" at the point xo.

The main novelty in this paper is related to the presence of X and to the role of the following
family of model operators indexed by ¢ and acting on L?(IR?), defined as

(1.4) E’Xs:(D —§+€O'T> + D2, (o,7) =Y € R?,
with D, = —i0, and D, = —i0,. Note that the magnetic field associated with the operator
%.is B(o,7) = —7% + €%02. That is why the operator % for e = £(xo) will serve as a model

magnetic operator at point Xg.

As a consequence of [19, 22], the operator & . has a compact resolvent in R?. Then it follows
that the eigenfunctions of % . have an exponential decay (see [1], [2], [15, Theorem B.5.1] and
the example in [30, p. 100]). To sum up:

Proposition 1.4. Let € > 0. The spectrum of the operator % is formed by a non-decreasing
unbounded sequence of positive eigenvalues denoted by (3¢,(¢)),>1. Moreover, for any eigen-
function V. of % ., there exists ¢ > 0 such that ¢?Y W, € L*(R?).

1.3. Semiclassical expansions of the magnetic eigenvalues. The model operators % . have
the following homogeneity property, due to their magnetic potential of degree 3. By rescaling,
we find immediately:

Lemma 1.5. Set A, = (—%3 + €201,0) the magnetic potential of X .. Let (3, V) be a nor-
malized eigenpair of % .. Setting for h > 0 and = > 0

¢h(y) _ El/4h—1/4qj(51/4h—1/4Y)

we obtain that (h3/? Z'/2 3¢, )1, is a normalized eigenpair for the semiclassical magnetic oper-
ator (—ihV + ZA.)* on R*.

After the scale h for non-vanishing magnetic fields, the scale h*/? for magnetic field vanishing
at order 1, we note the apparition of the new scale h%/2.

Since for each crossing point xo € X the operator (—ihV + Z(xg) A (x,))? is unitarily equiv-
alent to the “tangent” magnetic operator (—:hV + AX°)2, we can guess that the behavior of the
low lying spectrum of the operator @}fg corresponds to the low lying spectrum of the operator

(1.5) P = P (—ihV +E(x)A)
xEX
on L?(IR?)**, where #¥ is the cardinal of the finite set 3. Lemma 1.5 then gives that
S@") = [[ P**E2x)*6(%.«).
DY

This leads to introduce, for all x € Y. and all n € N*, the enumeration of the eigenvalues

(1.62) Ny = 2(x)" %5 (e(x)),
and the ordered set
(1.6b) {AP neN} =]]{A;neN}

xXEX
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for which the same value can possibly appear several times (for instance, if we have AY = A;‘L',
for (n,x) # (n',x’)). Note in particular that the smallest element of this set is given by

(1.7) AP = Ixrélél =Z(x)2521((x)),

where we recall that s (¢) is the first eigenvalue of % . and £(x) is defined in Notation 1.3.

We are ready to state the main two results relating to the low lying spectrum of the operator
@;ﬁQ. The first result provides a localized estimate from below of the energy functional QZ;:Q
(defined in (1.1)) and exponential decay estimates for the eigenvectors of 9’,‘:‘9. The second
result states an asymptotic expansion for the eigenvalues of 9’,{}2.

1.3.1. Estimate from below of the energy and Agmon estimates. Let the function x d(x, %)
be the Euclidean distance between the point x € (2 and the set 3.

Theorem 1.6. Under Assumption 1.2, for any exponent d € (%, i) there exist cq, Cyq > 0,
ha > 0, such that for all u € Dom(2%,) and all h € (0, hy),

(1.8a) Arto(u) > / Foa(x) [u(x)]? dx,
with '

B13/2 min{2—2d, 3/4+4d} d
N G A 2
where AB is defined in (1.7). Note that the exponents present in the definition of ﬂ,fd satisfy
(1.9) min{2 —2d, 3 +4d} > 2 and 1+ % <3,

Agmon estimates are an a priori result of exponential decay of the eigenfunctions. The
following theorem states that the eigenfunctions associated with eigenvalues of order h*/3+2¢/3
are localized near ..

Theorem 1.7. Let L > 0 and d € (5%, 3). There exist C, hg > 0 such that for all h € (0, hy),
and all eigenpair (A(h),Vn) of P, with A(h) < Lh*?, we have

(1.10) /Q e2AE/M  (x)[2 dx + h2Q g (23 ) < Ol |2

In fact estimate (1.10) would also hold for the relaxed condition A\(k) < Lh*/3+24/3 if [, < c,.
1.3.2. Expansion of lowest eigenvalues. Let us recall that
A(h) < Ae(h) < ... < A (h) ...
denote the increasing sequence of the eigenvalues of the operator @,fﬂ while
AB<AB <. . <AB. .
denote the elements defined in (1.6a)-(1.6b) from the eigenvalues of the model operators % ..

Theorem 1.8. Under Assumption 1.2, for all N € N*, there exist Cy > 0 and hg > 0 such
that, forall h € (0, hg) andalln =1,...,N

|An(h) — B32AB| < OnRT/4.

In Section 3, an extended version of this theorem is proved, providing full expansions of all
lowest eigenvalues A, (h), see Theorem 3.6.
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1.4. Low lying eigenvalues of the magnetic cross in the small angle limit. When ¢ tends to
0, the angle between the two lines {7 = +eo} tends to 0. It is interesting to understand the
behavior of s,(¢) in such a limit. One could naively expect that, when ¢ goes to 0, inf S(%;)
goes to inf & (4 where

3\ 2
MP = D? + (Dg — %) acting on L*(IR?).

The operator . [? is sometimes called Montgomery operator of order two. By Fourier trans-
form, we have

3\ 2

. . . 2 2 T .

inf & (M) = %relﬂg (mfG(J%é ])> , where L/%g[] =D? + (S - ?) acting on L*(R).
The quantity inf & (%) has been numerically estimated, see [23, Table 1].

Actually, the limit ¢ — 0 is singular: The operator % . is partially semiclassical. Indeed, after
the scaling 0 = e !s, 7 = t, the operator %, becomes

t3 2
(1.11) D2+ (aDs -+ 52t> with D, = —id,, D, = —id..
The operator (1.11) is the Weyl quantization Op (X, ¢) of the symbol X, . where
t? 2
(1.12) Xoe = D? + <§—§+0z2t>

is a self-adjoint operator acting on L?(R) depending on the two real parameters « and £. In the
small angle regime, the spectral analysis of the operator % . is related to the spectral analysis of
the family (Xa,g)(a@ cg2- The asymptotic expansions of the first eigenvalues of 2. is related to
the*band function” p; defined by the ground state energy of X, ¢

01(e,§) =minS(X,e), (a,§) € R?,

see for instance [31] and [9], where such operators and reductions are considered. One of
the requirements to apply the theory developed in [9] (and that relates o, to the eigenvalue
asymptotic expansions when ¢ — 0 for the operator %) is that ¢; has a minimum.

Theorem 1.9. The function o, reaches its infimum Sy in R?, so

So = min o, &),
0 (a.£)eR? o1(a, §)

and this minimum is reached on the set
2
{0 e®: Jel < S}

By construction, Sy < inf &(#!?). The numerical simulations that we have performed
provide the upper bound

(1.13) So < 01(ap,0) =~ 0.4941 for «p = 0.786.

We note that the value given in [23, Table 1] for inf & (%) is ~ 0.66, corresponding to the
value £ = 0 of the Fourier parameter. Hence we have obtained the strict inequality

Sy < inf S(M ).
Our numerical results for the band function p;, see Figures 1 and 2, suggest that the minimum
Sp is attained at the sole two values +(«p, 0) of («, &).

The following result gives the convergence of the eigenvalues ¢, (e) of the model operator
¥.ase — 0.
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Theorem 1.10. For all n > 1, there exist C > 0 and g > 0 such that for all £ € (0, &)
|22,(e) — So| < Ce.

1.5. Organization of the paper. In Section 2, we prove the preliminary Theorems 1.6 and 1.7.
In Section 3, we establish the full asymptotic expansions of the eigenvalues and eigenfunctions.
Section 4 is devoted to the proofs of Theorems 1.9 and 1.10 and to the presentation of numerical
simulations concerning the band function g, and the eigenpairs of . as ¢ — 0.

2. BOUNDS FROM BELOW AND EXPONENTIAL DECAY

In this section we prove the preliminary bounds from below (1.8a)-(1.8b) and the Agmon
estimates (1.10). We will use several times a perturbation formula for the magnetic Laplacian
which we first state.

2.1. Perturbation of the magnetic potential. Let A* be another smooth magnetic potential
defined on Q. In practice A* will be the Taylor expansion of A at some point xy and to various
orders (2, 3 or 4). By expanding the square, we get

(2.1) Ao (u) = 2 (u) + 2Re ((—ihV + A%)u, (A — A%)u) +[|(A — A%)u|%.

This yields 2 (u) > 245,(u) — 225,(w)/?[|(A — A*)u|| by Cauchy-Schwarz inequality,
leading to the parametric estimate (based on the inequality 2ab < na® + n~1v?, for all n > 0)
(2.2) V>0, 2pg(u) > (1—n)2fg(w) — 1" (A - A%)ul.

Such a lower bound is used, for instance, in the seminal paper [20, p. 51], and in the book [15,
Chap. 8].

2.2. Lower bound. The proof of (1.8a) is based on a quadratic partition of unity. Let us recall
that such a partition is given for each relevant ~ > 0 by a finite collection of smooth cutoff
functions (") satisfying on Q

(23) d_IGPE=1.
J
Then we have the following well-known localization formula (see [11])
(2.4) Apa(u) = 20w = 12> VO -
J J

We introduce three sets XU, 2I(h) and () covering (.

Notation 2.1. Let % (xo, ) denote the open ball of center x, and radius r and
B(S,r) = B(xr).
XEX
Let R, > 0 such that %8 (2, 3R;) C Q. Choose d € (=,
i) =0\ B R).
(i) SB(h) = B(Z,2R,) \ B(Z, 1r).
(i) XBI(h) = B (2, hd).

1) and introduce
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Then we consider a partition of unity composed of three cutoff functions (X[, X121 xn[])

associated with this covering of {2 in the sense that
‘:{[1}‘2 + ’xh,[Q]‘Q + ’%h,[S]IQ -1
and
supp XM ¢ = supp "B < B(h),  supp X" < 2Bl(h).

The distance between 9%12/(h) N XM (h) and 90X (h) N X2I(R) is R;. The distance between
9xBl(h) and 9X(h) N TBI(R) is 2h?. Hence we can choose the cutoff functions so that
(2.5) IVXU? < Koo, [VEME? < Kioch™4, [ VXPPI? < Ko b2,

with a constant K),. independent of i and d. Combined with the localization formula (2.4)
associated with the partition (X[ X2 xMBl), the estimates (2.5) yield for all u € H'(),

2.6)  2pg(u) > Do (XMu) + 220 (XM Plu) + 980 (XMFu) — Kigch®ull72q,

We set uy = X!Wu, uy = X"y and ug = X™Flu, and are going to bound each 21 (uy) from

below (for £ = 1, 2, 3).

Lemma 2.2 (Lower bound on X1, There exist ¢; and hy > 0 such that for all 0 < h < h

Qo) > erh*|lu ||

Proof. This result is a consequence of [26, Theorem 1.9]. ]

Lemma 2.3 (Lower bound on X2 (h)). There exist cy and hy > 0 such that for all 0 < h < hg
Qﬁg(w) > C2h4/3+2d/3HU2H2-

Proof. Set p = %. We introduce a second partition of unity (X?) jeg on Y2(h) associated with

a family of balls % (x;, d;h*) for some constants d;. We first cover the zero set I' N ©2/(h) and
choose the centers x; € I' with d; = 1 so that the distances between consecutive points along I'
is ~ %hp. Hence, setting

2[2]( = 2B(R) \ U B (x;, h

x; €l

we obtain that the distance between I and X?/(h) is larger than 1h”. We then cover S (h)
with balls % (x;, d;h”) choosing d; = % and the mutual distances between the centers bounded
from below by éhp. Finally we can choose the functions X? so that |VX§?|2 < C’g,|och2p and the
localization formula (2.4) yields

2.7) Apro(uz) > 2o (Whuz) — Cojoch® ™ |Juz)*.
J

We have, by [26, Lemma 2.3] (for the case (¢) = (3) of Table 2.1),
Q8 2ol > (M0 [VBOG) PR — 200 ) [l (g €T).

As a consequence of the non degeneracy of VB on I' outside ¥ (namely VB| # 0 on I\ X)) and
the non degeneracy of Hess B on Y (meaning that the eigenvalues of the Hessian matrix are not
equal to 0, according to Assumption 1.2) there exists a positive constant C'(B) such that

IVB(x)| > C(B)d(x,X), VxeQ.

Since d(x;, ) is larger than lhd by construction, from (2.8) we get

QhQ(XJUa) < M,C(B )2/3h4/3+2d/3_2Ch6p>||xglu2”2‘
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We note that, with p = i and d < %, the exponent 6p = % is (strictly) larger than % + %d.
Therefore, for h small enough

1 ‘
(2.9) Ao (xtug) > gMOC(B)2/3h4/3+2d/3||X?U2||2 (x; €T).
When x; does not belong to I, in the ball % (x;, d;h”) we use the lower bound (see [15, Lemma
1.4.1])
(2.10) Apaltug) > inf  [BX)|h|x}us? (x; € T).

T xeB (Xj ,dj hP)

For any x € % (x;, d;h*), its distance to I is larger than %h” by construction. Let g € I' be such
that d(x,T") = d(x, g). Then d(g, ) is larger than h?. As a consequence of the Morse lemma

IB(x)| > C'(B)d(x,g) d(g, %) > Ch**.
Hence, with (2.10) we obtain
(2.11) Da(Xjuz) > CRHPH s (x; € T).

With p = }L and d < }L, the exponent 1 + p + d is < % + %d. Therefore, for h small enough, as
aresult of (2.9) and (2.11) we have, for a positive constant ¢ independent of /

Ao (Xuz) = ch P48 o (Vi€ F).
With (2.7) this yields
Qo (uz) > ch 323N |\ by |? — Cojoch® |z

J
Z 62h4/3+2d/3 ||u2 ”2 ,

since 2 — 2p = 2 > 4/3 4+ 2d/3 for any d < 1. The lemma is proved. O

Lemma 2.4 (Lower bound on XB)). There exist Cs and hy > 0 such that forall 0 < h < hy
Q}ﬁg(ug) > (A]13h3/2 — Cgh3/4+4d) | s]|?.

Proof. For h small enough the set ©%! is the union of the balls % (x,, h%), with x, spanning ¥. It
suffices to consider each point x, separately. We denote by u3° the restriction of uz to % (xg, h?)
and use the perturbative lower bound (2.2) with A* = A0 the third order Taylor expansion of
A at xg:
Vi >0, Qpo(uy’) = (1—m2pg () — 7 (A — A)u||.

Recall from the introduction that the magnetic field associated with A*0 is B*, and that the
magnetic operator (—:hV + A*)? is unitarily equivalent to (—ihV + =(xo) A(x,))* Whose first
eigenvalue is h*/2A%°. Besides,

|A(x) — A (x)| < Ch*™,  ¥x € B(xo, h?).
So we have
V>0, Qpg(us) > ((1—nh* A0 — ' Ch*) [luy |
Choosing 7 = h**~3/* to equalize the remainders, we deduce the inequality 9/ (u3") >

(R3/2N}° — Ch3/4+44) || 450 ||. Taking the infimum over all the points of the finite set ¥ gives the
result. D

We can now conclude with the proof of Theorem 1.6.
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Proof of Theorem 1.6. We gather the estimates provided by Lemmas 2.2-2.4 and combine them
with the localization estimate (2.6) and obtain that 2 ;f‘Q(u) is bounded from below by

Clh4/3Hu1||2 + C2h4/3+2d/3||u2||2 + (A]13h3/2 . Cgh3/4+4d)||u3”2 o Kloch2_2d|lu‘|2~
Since d < 1, then h*~%? < h*/3724/3 and the lower bound above can be replaced by
ch4/3+2d/3(||u1||2 + ||u2H2) + (A]13h3/2 . 03h3/4+4d . KIOChQ—Qd) ||U3||2
> Ch4/3+2d/3”<1 . X)UHZ + (A113h3/2 . Chmin{3/4+4d,272d}) HXUH2
with x the characteristic function of the set {x € Q, d(x,X) < h?}. The theorem is proved. [J

2.3. Agmon estimates. Let d € (=, 1) and L > 0. We consider an eigenpair (A(h), ) of

P, such that A(h) < Lh*?. For all function ® € W>(Q), we have e®1;, € Dom(2,) and

(2.12) 22a(e"n) = A(D) [yl + B2 ||| V| ey |”
Defining ®(x) = d(x, ¥)h~%, we have
IVO(x)> = h™2¢.
Hence
(2.13) W[V ey )|* < B2y,
We denote

Zmer = Ixe Q, d(x,2) <h?} and ZP"={xeQ, d(x,%) > h'}.

We introduce ¢ such that § = min{3/4 + 4d,2 — 2d} — 3. Since d € (:%, 1), the number § is
positive. Using (1.8a)-(1.8b) we obtain

Q/}?Q<e¢’¢h> > ¢y h4/3+2d/3 He¢whHi2(Z{f') -+ (A]13h3/2 — Cd h3/2+5)) HeqhwhHiz(Zzear)

> ¢y h/3+24/3 Hecbwh _ Q320 HeéwhHiQ(Znear
h

2
HL2(Z,f3f) )

Combining the latter inequality with (2.12) and (2.13), we obtain (using the fact that A(h) <
Lh*?)

(Cd h4/3+2d/3 i Lh3/2 . h2—2d) Heq)whl‘i?(zg") < (Lh3/2 + p2—2d 1y h3/2+6)”e¢)wh‘|i2(zgear)
from which we immediately deduce that for 4 small enough
o 2 @ 2
He ¢hHL2(zjjr) < He whHLZ(deaf) :
Since by construction |®| is bounded by 1 on Z**", there holds
P 2 2
He whHLQ(Zﬂear) S HwhHLZ(ZEear) P

we finally get [|e®y[172(q) < Y072, Which implies the Agmon estimates (1.10).

3. ASYMPTOTIC EXPANSIONS OF EIGENVALUES

In this section, we prove Theorem 1.8 in two steps. First, the localization around each cross-
ing point xg € 3, and, second, a perturbation argument for the magnetic potential around each
crossing point. We conclude the section by stating a full asymptotic expansion for eigenvalues
and a sketch of the proof.
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3.1. Preliminaries. We will use several times an argument based on reciprocal quasimodes
between two operators. We state this in a general form.

Lemma 3.1. Let % and 9* two positive operators with discrete spectra associated with sesqui-
linear forms a and a*, respectively. Let (j1,) and (1) be the increasing sequences of their
eigenvalues (counted with multiplicity). Let (p,,) be an associated orthonormal basis of eigen-
vectors for 2. Let N be a positive integer and assume that for eachmn = 1, ..., N, there exists
¢y € Dom(a*) such that

(3.1a) (Brs o) = (s Pm) + Vi and — d (£, Fy,) = a(pn, Om) + Hnm
and set
(3.1b) vV =max |Vp;,| and p=max |, |

)

Assume that v < % Then

3.2) g BN,
1—nv
Proof. Let M < N. By the min-max formula,
*
< o a(p, )

m
pespan{y,, n=1,....M} <g0, g0>
We write ¢ as a sum Z Ynipr. Then

Z Vo m@ (B, Fr)

Likewise
(0, 0) =D YuAm{ s, )
= Z WnP + Z’Yn’_}/m’/n,m > (1 - Mv) Z |’Vn‘2'
Whence formula (3.2) ]

We will also need a simple but useful consequence of Agmon estimates.

Lemma 3.2. Assume that the family of function (1y,)n>o satisfies (for some v and 6 > 0) the
estimate

/ M 4y (y) 2 dy < Clnll?,
R2

for h small enough and C' independent of h. Then for all m > 0, there exists C,, such that for
h > 0 small enough

/ 1™ [ ()2 dy < Conh™ [[usJ2.
RQ

Proof. 1t suffices to write

_ S §
/2 |y|m |¢h<)/)|2 dy < Iilggcpme vp/h / ev|y\/h W)h(y)lQ dy
R

RQ

. _ S _ _
and notice that max - p™e ™"/ = max,~q(h%p)™e™ " = h™ max o p™me . O
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3.2. Localization. Introduce a positive radius ro such that the collection of balls %8 (xg, 1),
Xp € 2, are pairwise disjoint. Then consider the collection of operators 9’ % (x0,770) for xo € 2.
The main result of this section is:

Lemma 3.3. Recall that \,,(h) is the increasing sequence of eigenvalues of @}fh (counted with
multiplicity). Denote by \\°°(h) the increasing sequence of eigenvalues of

@ g)h% Xo,’l”o *

X EX

Letd € (16, 4) and let N be a positive integer. If \'%¢(h) < Lh?? for h > 0 small enough, then
there exist Cy and hy > 0 such that for all h € (0, hy)

Au(h) — NoS(h)] < Cye ™ Wn=1,.. N.

Proof. Choose for each xo € ¥ a smooth cut-off function y,, with support in % (xq,r¢) and
equal to 1 on % (xo, 370).

i) Use Lemma 3.1 with 2% = 2%, and 2 = @y,ex P/ 78 (xo,r0) (BCINg ON Broes LB (x0,70))):
For each eigenvector ,, of 2, one crossing point x, € 3 is selected and we set

SD’Z = Xx, Pn definedon €.

Relying on the assumption that \°¢(h) < Lh%? forn = 1,..., N, we may apply the Agmon
estimates (1.10) to the operator 9’&5 (x0,70)" This yields conditions (3.1a)-(3.1b) considering

v=pu= Ce~"/"" Hence \, (h) < Ne¢(h) + Cy e—ro/ht

ii) Conversely, we swap the roles of the two operators: 2 = P, and P* = Syex P 0 o
For each eigenvector ¢,, of %, we consider

= (Xxo gon)mez defined on H 9B (x0,T0) -

X0 EX

Note that, as a consequence of the previous step of the proof, we have that \,(h) < 2Lh%/? for
alln = 1,..., N. As above, we conclude with the help of Agmon estimates for the operator
P, that )\'°C(h) < An(h) 4+ Cy e /" The lemma is proved. O

3.3. Taylor approximation of a localized operator. With Lemma 3.3 at hand, we can assume
that Q@ = % (xo, 70). Thus ¥ is reduced to one element, xo. Recall that A* denotes the third
order Taylor expansion of A at the point xo. We are going to consider the operator A% :=
(—ihV + AX)2 posed on R2. We have seen in the introduction that the eigenvalues of A
are the h%/ ZAZO, see (1.6a), and that its eigenvectors wzon are scaled from the eigenvectors of % .
with e = ¢(xg) and = = Z(x¢). As a consequence of the exponential decay of the eigenvectors
of % . (Proposition 1.4) and the scaling provided by Lemma 1.5, we find that, for some positive
constant y

B3 [ I )Py R @ ) < Ol P
R

Lemma 3.4. With Q) = % (xo, ro), we denote by X°(h) the eigenvalues of Q’ﬁz. The eigenvalues

of P~ are given by h3/2 %0, For any dy < % and any positive integer N, there exist C'y and
hx > 0 such that for all h € (0, hy)

(3.4) R3ZN — Oy B3P < No(h) < RPN 4 Oy R4 n=1,...,N.
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Proof. The proof combines Lemma 3.1 with the perturbation identity (2.1). We still use the
cut-off function Yy, as in the proof of Lemma 3.3.

i) Use Lemma 3.1 with @ = PA™ and ?* = @h - For each eigenvector ¢,, of 2, we consider

the quasimode &% = Y., ¢, for @A™, The localization error is exponentially decaying thanks
to (3.3) but the principal part of the discrepancy for the quasimodes arises from the difference
between A and A*°. Thus the bound v in (3.1b) satisfies (for some rg > 0)

v < Cle=mo/h*
For estimate the diagonal terms fi,, ,, in (3.1a), we use the identity (2.1) for A* = A*°, Then
Do Otaotin) = 200" (o) + 2Re (—hV + A% )x U, (A — A) vy,
+[I(A = AXO))@W W17
Hence the difference finn = 20 (X ¥rl,) — 2" (Xxo¥)2,) is estimated by

[l < 2(20° (6 50)) (A = A )00 | + 1A = A) x50, |
Using the Agmon estimates (3.3) and Lemma 3.2 with § = }1 and m = 8, we find
lttnn| < C(h3*h + h?).
The reasonning is similar for p,, ,,,, n # m. Hence the right part of inequalities (3.4).

ii) For the left part of (3.4), we swap the roles of 2" and 2;,. The sole difference consists
in Agmon estimates for the truncated eigenvectors of 9’ . Thanks to the right part of (3.4),

Agmon estimates (1.10) hold and then Lemma 3.2 with 6 = d € (2, 1) and m = 8, from which
we deduce

167 4

|,un,n‘ < C<h3/4h4d + hSd).
Choosing d = 1—?% + %, we obtain the left part of (3.4). U

3.4. Expansion of eigenvalues. Putting together Lemmas 3.3 and 3.4, we can see that Lemma
3.4 provides the bound A\°(h) < Lh3/? which validates the application of Lemma 3.3. There-
fore, we have now proved:

Lemma 3.5. Under Assumption 1.2, for any d < %L and any positive integer N, there exist

Cn > 0and hy > 0 such that, for all h € (0, hy) andalln =1,... N
(3.5) RPAB — Oy B3 < N (h) < BPPPAB L On A4 n=1,... N.

To go further, we are going to exhibit, for each n, series expansions of eigenpairs. Owing
to the exponential localization given by Lemma 3.3, it suffices to restrict the construction to
any chosen localized operator 9)7) 1 (xo,r0) 1D order to alleviate notations, we will remove the
mention of x, in general, and work in the Cartesian coordinates y for which the crossing point is
at the origin. Then the domain 2 is the ball %8 (0, r) and the magnetic field cancels to the order
2 at 0. After a possible change of gauge, we can assume that the magnetic potential A cancels
to the order 3 at 0. We write its Taylor formal series as

A~ Z A; where A; ispolynomial and homogeneous of degree 3 + j.
Jj=0
The first nonzero term is A formerly denoted by A*°. We retrieve the principal part of g’ffjﬁ
at 0, and its natural expansion in powers of h'/* by considering, via the change of variables
Y =y/h'/%
h=PPialy, Vil = WP g sV BTV
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We expand the right hand side as a formal series of operators » i hi/*E ;1Y, Vy] defined on R
We have

. 2
N WY, V] = h—3/2( — b1y + Y RBHOMA, (Y)> .
J Jj=0
Hence the series |, /4, starts with £, given by
Ly = (—iVy + Aq(Y))?

and the other terms &£, for j > 1 are partial differential operators of degree 1 with polynomial
coefficients. The main term £, is isospectral to (—iV + Z(xg)A(xq))?, see (1.5), and its
eigenvalues are given by the AX° (n € N*), see (1.6a).

Choose a normalized eigenpair of £, which we denote by (¢y, V). We look for

/;eR and VU, € Dom(%y), j=12,...

solving (Y2, WA%L;) (0, h4Wy) = (32, h744;) (3, h¥/* W) in the sense of formal series,
i.e., solving the sequence of equations,

igﬂ'\pmﬂ':i@qj’”i m:1,2,....
Jj=0 Jj=0

We write the first equation (for m = 1) as
(Lo — L)V, =0,V — L1V,

and the next ones as

m—1
(Lo —Lo) W = Ly Vo — Ly Vo + > (= L)Wy
j=1
If ¢y is a simple eigenvalue of £, the solution of such a sequence of equations is classical,
resulting from the Fredholm alternative for the self-adjoint operator £,. For instance, we get

(3.6) by = (£1Vo, Vo)

if m = 1. If £y is a multiple eigenvalue of £, we cannot choose a priori an associated eigenvec-
tor, but have to work in the whole associated eigenspace L,. Then identity (3.6) is replaced by
an eigen-equation for a finite dimensional hermitian matrix acting on the eigenspace £,. The
process can be pursed as well, see [12] for details on this procedure. The terms W, belong to
the domain of £, and have, furthermore, exponential decay. Setting for m > 1

Amhhy = 122y e and () = x(y) D WG (/0
5=0 =0

we have constructed a quasimode for Q’,ffg to the order h3/2H(m+1)/4 j e

Do) = () 4 i with[[p" T < G2 EDA g
Combining this with (3.5), we deduce by the spectral theorem that there holds
Theorem 3.6. Under Assumption 1.2, for all integers N > 1 and M > 0, there exist coefficients

AEWER+ for 1<n<N, 0<m< M, with Af:O:AS’

and constants Cy pr > 0 and ho > 0 such that, for all h € (0,hg) andalln =1,..., N

M
Aalh) = B2 YT RANR, | < Oy
m=0
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Of course, Theorem 1.8 is a particular case of the above statement if we choose M = 0.

4. SMALL ANGLE LIMIT

The first part of this section is devoted to theoretical results on the band function («, §) +—
01(a, &) and to their numerical illustration. In the second part, we rely on these results to prove
the convergence of eigenvalues of 2. in the small angle limit and present the computations of
their first eigenstates for a set of small values of €.

4.1. Operator symbol and band function. Here we study the behavior of the first eigenvalue
01(a, €) of the operator symbol X,, ¢, for (o, &) € R?
3

2\ 2
Xa{:DtQ—’—(f—f—OFt—g) s

acting on L*(R), see (1.12).

4.1.1. Preliminaries. Let us introduce the potential V, ¢ of X, ¢ and its generating polynomial

ngl
3

Paclt) =€+t = = and Voelt) = (Paclt))

¢ 46
Vae(t) = & + 260t — 253 + a't? — 2a2§ Ty

The potential V,, ¢ depends smoothly on the parameters («, £) and is confining for each value
of (a, €). So there holds

Proposition 4.1. For all (o, &) € R?, the operator X, ¢ has a compact resolvent and the family
(Xae) with (o, &) € R? is analytic (of type (B) according to Kato theory, see [24]).

Since the X, ¢ are Sturm-Liouville operators, we obtain

Corollary 4.2. For all (o, §), the eigenvalue 01(, &) is simple and depends analytically of «
and £. The associated eigenfunctions do not vanish and the unique normalized and positive
eigenfunction u, ¢ associated with o1 («, §) depends analytically of (o, §).

As a consequence we have the following “Feynman-Hellmann” formulas.

Corollary 4.3. For all («, &) we have the following identities

a0 &) = ta [ (e o= T oar,

(Beor)(,€) = 2 /

t3
+a’t— = ) ul () dt.
[(s+an=5 )t
The potential V,, ¢ has the following obvious symmetry properties: V,¢(t) = V_,¢(t) and
Va,—¢(t) = Vae(—t). Hence the band function p;(a, §) is even with respect to each of the two
variables « and &, so its analysis can be restricted to the first quadrant {« > 0,& > 0}. The
following lemma gives an expression of the roots of the generating polynomial P,, ¢, depending

on the sign of its discriminant.

Lemma 4.4. For all « > 0 and all £ > 0, denote by t(«, §) the three roots of the polynomial
P..¢ agreeing that
Re t1<aa 5) S Retg((l’, 5) S Re t3(a> 5)

Then, if (o, &) # (0,0), t3(c, &) is a positive simple real root. More precisely we have
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o for ¢ < %a3, the polynomial P, ¢ admits three distinct real roots (that we denote

t1(a,€) < t2(a,€) < ta(a,€)) given (for all k € {1,2,3}) by

@la)  tu(a,6) = j?"’“{’/% (35 +in/4ab — 952) n ij/% (35 —iy/4ab — 952),

where j is the complex number defined by j = e*™/3 = —% + Z\/Tg
e For £ = §a3, the polynomial P, ¢ admits a simple real root and a double real root
respectively given by
(4.1b) ts(a, &) = 2ccand to(a, &) = ti(a, &) = —a.

e For& > %a?’, the polynomial P, ¢ admits a unique real root given by

@1c)  ty(a,€) = i/% (35 +\/—dab + 952) n \3/% (3§ — /4ot + 9§2>.

The next result shows that the minimum cannot be reached on the set {{ > %ag > 0}. Its
proof uses Corollary 4.3 and the fact that, if £ > 2a® > 0, the polynomial t — (¢ — t3)Pq¢(t)
is negative.

Proposition 4.5. For all («, §) such that § > %a?’ > 0, we have
(aagl)(av 5) - 20ét3(OZ, 6)(8&@1)(0&, f) < 0.

. . .. . 2 3
In particular, there is no critical point on the set {{ > a° > 0}.

4.1.2. Behavior of the band function at infinity. Now, the remaining part of this section is
devoted to prove that g1 (v, §) tends to infinity as |a| + |£] tends to infinity, namely

4.2) lim  oi(a, &) = 0.

laf+[§]—o00

Note that Proposition 4.5 combined with (4.2) implies Theorem 1.9.
To prove (4.2), we split (for each R > 1) the region

Ap:={(a,§) €R®, a>0, £>0, and o+ &> R}

into the three subregions

(4.3a) A% =ApN{(,&) €R? a€l0,1] &> 2%}
(4.3b) AL = AgN{(,&) €R? a€[l,o0) &> 2a°}
(4.3¢) A i=ApNn{(a,&) €R? a€lo0) &< 2a®}

and are going to prove the next lemma.

Lemma 4.6. We denote Q¢ the quadratic form associated with the operator X, ¢. There exists
constants R > 1 and B > 0 such that for all 1) € 65°(R) the following lower bounds hold

(4.4a) Que(¥) > BEP|Y] 72w, V(o €) € Ay
(4.4b) Qac(®) = BE|0)2am), V(o €) € Al
(4.4¢) Que(¥) > Ba®? 9|32y, V(e §) € Ay

We can see that
€9 > 129 1 1023 on AR UAL and  o? > 1(a®® 4+ €%°) on A
Therefore the bounds (4.4) imply (4.2).
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Proof of (4.4a). We recall that, on the set {£ > %a?’ > 0}, the polynomial P, ¢ admits a unique
real root, denoted t3(c, §). Using that P, ¢(t3(cr,&)) = 0, we immediately check that we have
the factorization
: 1, ts(a,§) §

4.5 Poe(t) = =Ny e(t) (t — ts(a, th Nye(t) ==t >l .
4 Paclt) = ~Nogt)(t = ta(e.©)) with Noglt) = 31+ 20+ 2

The factor N ¢(¢) is positive for all t when € > 2o® and we have 9;Nq¢(t) = 0 for ¢t = _@'
Therefore, for all £ > 2%, we have the lower bound
i tS (Ol, 6)2 5

2 fa6)

Then, the quotient Qq ¢(¢)/||¥||72 (k) 18 bounded from below by the ground state energy of the
operator

Noe(t) >

ts(0,? &\’
Dt2+(— 5 +t3(a,§)> (t —t3(a,€))* on R.

By considering the expression of ¢3(«, &) given in (4.1c), we get, uniformly in a € [0, 1],
ts(0,€) = (39)"* +6/(¢71%).
E—+oo

Hence, there exist constants B > 0 and K > 0 such that for all ¢ > K (with & > %a?’ and

0<a<]
t3(a, §)? § 2
— B > BEY3,
( 12 - tg (Oé, 5) N 5
Forall ¢ > K, ”%"‘l# is bounded from below by the ground state energy of
L2(®)

D} + B¢t — t5(, ) on R
By translation and homogeneity, we get (using the harmonic oscillator):

(4.6) Que(¥) > B§2/B||¢||i2(m)-
This concludes the proof of the estimate (4.4a). O

Preliminaries for the proof of (4.4b) and (4.4c). For the proof of estimates (4.4b) and (4.4c),
we use a quadratic partition of unity (1, x2) on R in order to isolate the root ¢3(cv, §) from the
other two roots of P, ¢. For this we choose two real numbers o and c such that

a- =y, ap=7yra with 0y <y
and we take the two functions y; and x; such that x? + x2 = 1 on R and

1 on (—oo,a] 0 on (—o0,a-]
Xl(t):{ 0 on [ag,+00) and XZ(t)Z{ 1 on [a;,+00)

with the control of their derivatives

Kloc .
sup |\ (t)] < ————, forall j € {1,2}.
te};’X?()'—%—a je{l,2}

The localization formula (see (2.4)) gives, for all function % in the form domain,

4.7 Que(¥) = Qae(x1¥) + Qae(x2®) — 10X 172wy — 1UX4] 2wy
Whence

KI%)C 2
(4.8) Qae(¥) = Que(xa?) + Qae(xo¥)) — ——5 ¥l 12 -

(ap —a-)?
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We let Q) = (—oc0, oy ) and Q) = (a_, +00) and denote ¢, = 19 and 1, = y210. We will
work out a lower bound of the quadratic form on each of these subdomains.

On both subdomains, using the factorization (4.5), we start from the expression of X, ¢ as
(4.9) Xoe = D? + Vo with Vo= (Noe(t))” (£ — ts(a, €))°.
On QW we bound from below the potential V,, ¢ as
(410)  Vag= Bi(a,€) (Naglt))” with  Bi(e,€) = min (1 — t5(a,€))".
<oy
Therefore, the quotient Q, ¢(¢1) /|11 ||%2(R) is bounded from below by the ground state energy
of
(4.11) D? 4 By(o,€) (Nag(t))® on R.
Using the canonical form of the factor N, ¢

2 . t3(0[, €>2 + 5
12 t3 (O{7 5) .
we find by translation and scaling that the operator (4.11) is isospectral to the operator

2 2
4.13) (12 B, (a, €)'/ <D3 + (% = n)2> on R,

for a suitable real number 1. We know from [17] that the ground state energy ~y(n) of the

(4.12) N, e(t) = é(t + ts(%é))

2 . o o
operator D? + (é — 77) as a function of 77 € R reaches its minimum (for a positive value 7, of

n). Therefore this minimum is positive. We denote it by M. Finally we bound Q, ¢(;) from
below as follows

(4.14) Que(¥1) > ($)2Bi(a, &) Mo|[¢1 172 -

On Q) we swap the roles of the two factors in P, ¢ and obtain the lower bound:
2

(4.15) Vag 2 Ba(a€) (t = ts(a, )" with  Ba(a,€) = min (Nag(1))"
By translation and homogeneity, we get via the harmonic oscillator:
(4.16) Que(¥2) = Ba(a, )92 Faey

Finally, combining (4.14) and (4.16) with (4.8) we find

: K3
417)  Que(¥) = (mm {($)2B1(0, )Mo, By(e, )"} (a—'a)Q) 1911z2) -
+ - —
It remains to choose oy and «_ so that we can find suitable lower bounds for the constants
Bi(a, &) and Bsy(a, &). This will be done finding upper and lower bounds for t3(«, £). O

Proof of (4.4b). In the region A", we have & > %a?’ (and o > 1). With the aim of finding

bounds for t3(a, &) we calculate the derivative of expression (4.1c¢) with respect to a:

5 B 405 1 5 5 23
atg(C(,lf) = —\/T_I_QSQ (5 (35 + —405 + 9£ >>

405 1 —2/3
+ \/T—{—Qéﬂ (5 <3f —/—4ab + 9£2>> .
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We can see that the modulus of the second term is larger than the modulus of the first term.
Hence the positivity of the derivative 0,t3(c, £). Therefore

t3(07£) S tg(Oé,f) S t3((%€)1/375)7 v€ > 0.

With (4.1c) (and using again that £ > %oﬁ’), we deduce

230 < (36)Y2 < ta(a, €) < 22/3(36)Y3.

‘We choose
a_=0 and a4 =a.

Thus, we get for the constants By («a, €) and By («, £) appearing in (4.10) and (4.15):
: 2 2 _
B(a,€) = min (t — t5(e,§))" > (as = (3))" > (3)*7(1 - 27177

and

By(er,€) = min (Nag(1))”

(1 (€ § ? § ? —4/30-2/344/3
‘%i“(§t+ 3 t+t3(a,§)) Z(ts(a,é)) SR

Then (4.17) yields
Qqc(?) > (min {0152/9, 0252/3} - Kp.a?) ||7/’||%2(R)-
Since o > 1, this clearly implies (4.4b) if £ is large enough. U
Proof of (4.4c). In the region A’, 2a® > ¢ and the polynomial P, has three real roots. We
note that P, ¢(t) = —oo as ¢t — 400 and P, ¢(t) — 400 as t — —oo. We check that
Pag(—V3a) =£ >0, Pag(-a) =¢—3a” <0,
Poe(V3a) =€ >0,  Pue(20) =€ - 2a° <0.
This implies that
—V3a < ti(a,€) < —a <ty &) < V3a < ty(a, &) < 2.

Now we choose

_ 1 —
a_=5a and o, =a,

and we get for the constants B («, §) and B (a, &):
Bi(a,§) = trilin (t— tg(oz,ﬁ))z > (g — \/§a)2 = a?(1 — V3)?
<oy

and

_ i (L, Ba(@d) £ o (a? 1,
) = (504 5550 g ) = (3) - et

Then (4.17) yields
Qo () > (min {C10*?, Coa®} = Kigea™) 4] f2(s) »
which implies (4.4c¢). ]

The proof of Lemma 4.6 is now achieved, hence Theorem 1.9 is proved.
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4.1.3. Numerical simulations. We have computed an approximation of the band function o, on
a grid ¥ of values of («, £) covering the square (—2,2)%. The grid points of ¥ are (o, &) with
ar = —2+ k/100 and § = —2 + /100, for k,[ € {0,...,400}. In Figure 1, we plot the level
lines of o, above the grid Y and in Figure 2, we plot the same band function restricted on the
axis £ = 0.
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FIGURE 1. Contour lines for the numerical values of 0;(«, &) on the grid ¥,
with a zoom in a neighborhood of the two points where the minimum is attained.
The curves {a — £ = £33} are also represented.

The computations for Figures 1 and 2 are performed by the finite element method' and are
based on a Galerkin projection on the interval (—5,5) > ¢ with natural boundary conditions at
the ends, discretized by 10 elements with polynomial degree 10. With this number of elements
the degree 10 saturates the double precision, see Table 1. Enlarging the domain yields numbers

'All our computations are preformed with the FEM library XLiFE++ under a GNU GPL licence.


https://uma.ensta-paristech.fr/soft/XLiFE++/
https://www.gnu.org/licenses/gpl-3.0.en.html
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FIGURE 2. Numerical values for g, (v, ) on the axis £ = 0.

with the same first 13 digits, which proves that (—5, 5) is large enough to capture the numerical
support of the first eigenvectors when (a, £) belongs to [—2, 2]2.

According to the analysis of [23], the bottom of the spectrum inf & (. %) of the Montgomery
operator of order two coincides with 0;(0,0). We can see in Figure 2, that « = 0 is a local
maximum of the function « — p;(«,0). Table 1 provides the value 0.660952004868639 for
01(0,0) (with presumably 13 correct digits), and the value 0.786 for oy with 3 correct digits.
Refining the sampling of a by 101 values in the interval [0.786,0.787| yields

ap = 0.78628 and g;(c,0) = 0.49410921120.

01(0,0) ap 01(ay, 0)
0.716813090776313 | 0.794 | 0.549407920248045
0.665333352584016 | 0.790 | 0.495300498319300
0.660969098915948 | 0.786 | 0.494298816339735
0.660960180256631 | 0.786 | 0.494116056132206
0.660952197968529 | 0.786 | 0.494109730708665
0.660952010967773 | 0.786 | 0.494109338690037
0.660952005398424 | 0.786 | 0.494109316007370
0.660952004871061 | 0.786 | 0.494109315475798
0.660952004869326 | 0.786 | 0.494109315436505
10 | 0.660952004868639 | 0.786 | 0.494109315435604
11 | 0.660952004868671 | 0.786 | 0.494109315435619
12 | 0.660952004868692 | 0.786 | 0.494109315435650

O 00U A WwN—=O

TABLE 1. Computed values of o1 (ap,0) and 9, (v, 0) with polynomial degree
@ on 10 elements in (—5, 5). The numerical value of « is also provided.
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4.2. Asymptotic analysis in the small angle limit. In this section, we prove Theorem 1.10.
The presentation is mostly inspired by [9, Section 2] and we just highlight the most important
steps and differences.

4.2.1. Changes of variables. We are interested in the behavior of the first eigenpair of %,
(defined in (1.4)) as € — 0. To investigate this, we perform two changes of variables. First, the
scaling

(4.18) (0,7) — (s,t) sothat s=c¢e0, t=r,

brings the spectral analysis of the operator % . to the following unitarily equivalent operator
A%

(4.19) L. =D? + (5Ds + 5% — 5) :

Second, we localize in s around a point o such that there exists a value &, for which g; reaches
its minimum Sy in (ayg, &).
By the new change of variable

(4.20) (s,t) — (s,t) sothat s=ay+e'?s, t=t,
and a gauge transform, the operator £. becomes

)
4.21) £ =D? + (go + 2D, + st 4 262 a5t + ot — 5) .

Thus the above three operators have the same eigenvalues
S(X.) = 6(£L:) = 6(£.).
Proposition 4.7. For all N > 1, there exist Cy > 0 and ey > 0 such that for all € € (0,ey)

there exist at least N eigenvalues (counted with multiplicity) of the operator %, contained in
the ball of radius C'y € centered at Sy.

Proof. We can write
L= Lo +eY28 +06(e),
with
t3
EQ = Xao,{o and £1 =2 (50 + Olgt — g) (Ds + 20&05t) .

We are looking for quasimodes in the form
Y =1y + 5%¢1 and = + e%%l,
such that £.1) = 1) + 0 (¢) is satisfied. Gathering the terms in £ we get the equation
KaogoWo = 2% -
Thus 7 is in the spectrum of X, ¢, and that 1), is an associated eigenfunction. We choose
9 = So,
and we take 1)y (unitary) in the following form
(4.22) Yo(s,t) = fo(s) uo(t)

with 4y = U, ¢, and fj in the Schwartz class.
Gathering the terms in £/2, we get the equation

(4.23) (Lo —So)¥1 = — (&1 — 1) 90 -
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We have
3

Sunfot) = (€0 + a3t ) (aoas 0 (Defo)(0) + daattn(954(5)).

At this point, we introduce the notation
(Oatt)ag.g, = (Gatiat) o e)=(aoo) 2N (Fetayg, = (Fetiae) o 0)~ao o) -

Taking the derivative of the equation X, ¢uq ¢ = 01(v, ) ua ¢ With respect to o and £, we obtain

3
20 (e (0 €) Gu)oe = (Buen(0,)  tat (g4 adi— ) ) v

3
(4.24b) (Xaf — o1(a, 5)) (0§U)a’£ = <8agl(a,§) —2 (50 + adt — %)) Ug g -

In particular, for (o, §) equal to the critical point (g, £y) we find that
(Lo — So) (Oatt) 4 ¢ = —4at(§o + adt — )ua0 £

(Lo — So) (Fcu) 4y ¢, = —2(60 + A0t — ) tag -
Thus we have obtained explicit solutions of equation (4.23) as:
(4.25) P1(8, 1) = (Dsfo)(5) (Oatt)y, ¢, (t) +5f0(s) (Oeu),, £ (t) with 34 =0.

Therefore, for any function ) in the form

¢ = 1/)0 + é‘1/2Qb17
where vy and v); are respectively given by in (4.22) and (4.25), we have

I (€2 = So) ¥f| < Cellep]] .

In the construction procedure of vy and v1, the function f; is left undetermined. Therefore the
above estimate holds on finite dimensional spaces of arbitrary dimensions, which ends the proof
of the proposition. U

4.2.2. Localization estimates. The following lemma is crucial to follow the strategy in [9, Sec-
tion 2]. Note in particular that [9, Assumption 1.7] is not obviously checked in the present
context.

Lemma 4.8. There exists Cy > 0 such that, for all ¢ € (0,1), and all 1) in the form domain of
x.,

(4.26) [me(o, 7)Y < Co (X0, ) + [[0]?)
where
m.(o,7) = |e°0% — 7°| + 2|ole® + 2|7 .

Proof. The lemma follows from [19, Théoreme (1.1)]. We only have to check the assumptions
of the theorem and the uniformity with respect to . Here the magnetic field has one component
B = £20% — 72. We take the integer r used there as 1. The condition [19, (1.9)] is trivially
satisfied for C; = 8

2e? +2 < Cy(m(o,7) +1).
Then [19, (1.11)] tells us that

Vi € 65°(R?),  [lm(o, 7)Y *P|> < Co ((Xetp, ) + [19]1%) -
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A careful check of the proof of [19, Théoreme (1.1)], involving only commutators of analytic
vector fields with respect to &, shows that Cy does not depend on ¢ € (0, 1). The extension of
this estimate to the form domain follows by density. U

We can reformulate Lemma 4.8 in terms of the operator £, and deduce the following.

Proposition 4.9. There exists Co > 0 such that, for all ¢ € (0, 1), and all ) in the form domain
of .,

1/4
(4.27) 115 = £2] + 20¢] " ¢l < Co (L, ) + [0]) -
In particular, for all S§ > Sy there exists R, > 0 such that, for all € € (0, 1),
'%Eir,R* Z SS?

where LP"B+ is the Dirichlet realization of the operator £. outside the ball of center 0 and
radius R..
Proof. To deduce the second assertion, it suffices to note that  lim  |s* — ¢?| + 2|t| = +o0.
|s|+]t|]—+o0
0J

It is classical to deduce from Proposition 4.9 that the eigenfunctions associated with the low
lying eigenvalues satisfy Agmon estimates with respect to (s, t) (see, for instance, [9, Section
2.2]). By taking derivatives of the eigenvalue equation, we finally get the following corollary.

Corollary 4.10. Let Cy and k,l,d € N. There exist eg > 0,C' > 0, and c¢q > 0 such that for all
e € (0,e0) and all eigenpairs (s, 1) of the operator L. with > < Sy + Cye, we have

[t [l < Cllll, 2:(t"s'y) < Cllyll?,
1D sty < Cllell,  (eDs) st )l < Cllapl.-

4.2.3. Coherent states. Following a classical formalism, see [4, 10] for instance, we introduce
the annihilation operator a and the creation operator a*

1 1
a=—(5+0;), a"'=—(s5—0,).
7 ( ) 7 ( )
We have the following identities
(4.28) 5= et Os = =% and [a,a”] = 1.

V2 V2
, we introduce the coherent states for any v € R and p € R,

fup(s) = €™ go(s —u),
and for all ) € L?(R), the associated projection defined by

My py = <1/1> f“:p>L2(IR,d5) fup-

We have the resolution of the identity

¥ = / M, dudp,
RZ

Setting go(s) = 7~ 1/4e~"/2

and the Parseval formula

ol = [ [ 1map? dudpas.
R JR
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Lemma 4.11 ([4]). For all n,m € N, we have

(@)™ (a")" = /R (uj;p)m <“\;§p>nnu,p dudp.

Now we have all tools at hand to end the proof of Theorem 1.10. Taking Proposition 4.7 into
account, it remains to prove the following lemma:

Lemma 4.12. Consider an eigenfunction V. of % . associated with an eigenvalue »(c) < Sp +
Coe. Then there exists C' only depending on Cy such that

(4.29) ()| We]|* = (X, Te) > (So — Cc)|| P,
Proof. In view of (4.19), it suffices to prove (4.29) for an eigenpair (¢(¢), ¢.) of the operator

Z.. By the scaling s = ets, £. becomes the unitarily equivalent operator
- £\ 2
£ =D+ (51/2D5 + 5%t — §> :

which we expand as

25 = Eo + 81/251 + &EQ + 63/253 + 6254,
where

o~ 268 2 ~ ~
Lo=D?+ 5 Si=—5 D L= —§t452 +DZ, L5=1t(s"Ds+ Dys*), £4=5"t

We use (4.28) and we commute a and a* to put all the a* on the right. With Lemma 4.11,
we get that there exist (v,d) € R?, a homogeneous polynomial of order 1, L(X,Y), and a
non-commutative homogeneous polynomial of order 2, P(X,Y), such that

(430) Ee = 2\5/\/ + 622,rem + 53/223,rem + 5224,rem )
where
W
£5 = /R2 Xu\@J)\/EHu,dedp,

and
’82 rem 7t4 + 5 ’SS rem — L(a CL*) ’84 rem — tQP( 7a*) .

Consider an eigenfunction 1/15 of £ associated with an eigenvalue s(g) < Sy + Cpe. From
(4.30) and using the quadratic forms Q of 2 and Q. ¢ of X, ¢, we get

@31 900> [ [ Que el dudpds
= et 8)e el — 2 L, ) 9] = 2P0

Since Sy is a minimum for the band function of X, ¢, we have, for each (u,p) € R?and s € R,
the bound from below

Qu\/E, pﬁ(Hu,p¢e)(5> ) = SUHHu,pws@a ) H%Q(R,dt) :
Thus by Parseval formula

@32) [ [ Quezp M) ducdpds = Sol5l e gy
RJR

Let us estimate the remainder terms in (4.31). The homogeneity of the polynomials P and L
yields

e32L(a,a* ). = eL(e"?a,e?a*) . and e2P(a,a" ). = e P(e"%a,"%a* i)
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Thus, using the scaling s = £!/?s and Corollary 4.10, we find

ell (vt + O) el 1]l + ¥ L@, a*) e | [#00e]| + 2| P(a, @) || [[€4 || < Cellve|*.
From this, combined with (4.31) and (4.32), follows that

(@l = QW) = (So — Co) v

Coming back to the operator £, and finally to the operator % ., this ends the proof of Lemma
4.12, and thus of Theorem 1.10. O

4.2.4. Computation of the ground states of %.. In the last section of this paper, we present
computations of the first eigenpair of the operator %, for a decreasing sequence of values of ¢.
Let us agree that

5[ — 2—1—5/2’ g Z 0

sothateg = 1/2, 1 = \/5/4, g9 = 1/4, etc... We have computed the first eigenpair of %, for
e =¢pl €{0,1,...,12} with natural boundary conditions on the domain [—ay, a;] x [—8, §]
(with ay = 4/¢, = 8 - 2¢/2) by a finite element discretization on a uniform rectangular grid of
48 x 6 elements of partial degree 10 in each variable.

Theorem 1.10 yields the convergence of s (¢) to S at a rate of O (¢). Our computations (see
Figures 1 and 2) suggest that Sy ~ 0.4941. In Figure 3 we plot the difference s (gy) — 0.4941
versus ¢, (here we use a log — log scale in base 2).

FIGURE 3. Plot of log,(sr1(g,) — 0.495) versus log,(g).

Figure 4 gives the modulus of the first eigenvector of the operator % . and a numerical value of
the eigenvalue s (), for e = ¢, with £ = 0, ..., 5. For ¢ = ¢, the horizontal scale (variable o)
is [—a), a}] with aj, = 5-22 and the vertical scale (variable 7) is always [—5, 5]. The proportion
between the two scales is kept, which makes the plot of the vertical scale shrink as ¢ increases.

In Figure 5, we zoom some region around the point ag/e of the plot of the first eigenvector
of ¥. whene = ¢, with/ = 3,...,10. When ¢ = 6, ..., 10, we have computed the eigenvector
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s = 0.6063 (£ = 3) s = 0.5892 (£ = 4) s = 0.5712 (£ = 5)

FIGURE 4. Modulus of the first eigenvector of &, for ¢ = 0,...,5. The white
cross represents the two lines of cancellation of the magnetic field and the black
dots mark the two points (+ag /e, 0). The rectangular boxes in the second row
indicate the zoom region displayed in Figure 5.

on the smaller region [—%, %] x [—4, 4] on a uniform rectangular grid of 48 x 6 elements of

partial degree 10 in each variable. We represent the modulus of the eigenvector on the region

, + —| x|—3,3].
&y \/E_z &y \/E_z [ ]

This choice is driven by the structure of the first term (s, t) — (s, t) = fo(5)uo(t) (4.22) of
a possible eigenvector asymptotics for the operator £. (4.21). We note that with {;, = 0, we do
not need any gauge transform to go from &£, to £.. Thus, using the change of variables (4.20),
we find that

|:C¥() 2 Q) 2

S — Q)

ofo. 0 = fo =27 (o)

Going back to the “physical variables” o, 7 with (4.18), we find

£0 —«
Q/Jo(ﬁ,t) :f0< \/E 0)U0<7’).
Taking 0 € [%2 — % , 2+ %], we see that =222 spans the fixed interval [—2,2]. Hence we

expect that the zoom can yield the image of a convergence as ¢ — (. Indeed, this is exactly
what we can detect from Figure 5.

Thus, in the small angle limit ¢ — 0, there are two centers of localization that are spread at the
scale e~'/2 and go away at the order % The “area of localization” of the first eigenfunctions goes
to infinity. This fact is quite understandable. Considering that the limit ¢ = 0 is singular (the two
lines of cancellation become identical and we recover the Montgomery operator . whose
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2 =0.5377 (U=7) 21 = 0.5260 (£ =38) 2 =0.5171 ¢ =9) 4 =0.5106 (£ = 10)

FIGURE 5. Modulus of the first eigenvector of &, for ¢ = 3, ..., 10. The white
cross represents the two lines of cancellation of the magnetic field and the black
dot marks the point (ag /ey, 0).

essential spectrum is non-empty); it is rather natural to observe a “loss of mass at infinity”,
characteristic of Weyl sequences.
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