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Abstract

We study in this paper compression effects in heterogeneous media with maximal packing constraint.
Starting from compressible Brinkman equations, where maximal packing is encoded in a singular
pressure and a singular bulk viscosity, we show that the global weak solutions converge (up to a sub-
sequence) to global weak solutions of the two-phase compressible /incompressible Brinkman equations
with respect to a parameter € which measures effects close to the maximal packing value. Depending
on the importance of the bulk viscosity with respect to the pressure in the dense regimes, memory
effects are activated or not at the limit in the congested (incompressible) domain.

Keywords: Compressible Brinkman Equations; Maximal Packing; Singular Limit; Free Boundary
Problem, Memory Effect.

MSC: 35Q35, 35B25, 76T20.

Introduction

We analyze in this paper macroscopic models for heterogeneous media like mixtures, sus-
pensions or crowds, in dense regimes. These regimes exhibit interesting behaviors such as
transition phases with congestion (also called jamming for granular flows) and non-local (in
time and/or in space) effects which are both due to a physical packing constraint, that is the
finite size of the microscopic components. At the macroscopic scale this packing constraint
corresponds to a maximal density constraint p < p*. A very challenging issue in physics and
mathematics is then to model and analyze the change of behavior in congested domains p = p*
and close to a transition phase p* —e < p < p*.

Two different approaches are generally considered in the literature to model congestion
phenomena at the macroscopic level. The first one, usually called hard approach, consists in
coupling compressible dynamics in the free domain {p < p*}, with incompressible dynamics
in the congested domain {p = p*}. Associated to the incompressibility constraint on the
velocity field, an additional potential (seen as the Lagrange multiplier) is activated in the
congested regions. The second one which, by opposition, is called soft approach, prevents the
apparition of congested phases by introducing in the compressible dynamics repulsive forces
which become singular as p approaches p*. These repulsive effects can be describe either in
the pressure (constraint on the fluid at equilibrium) or in the bulk viscosity coefficient, which
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represents the resistance of the material to a compression. The interested reader is referred on
these two approaches to [27| and Section 2 below for additional references. An intuitive link
can be made between the two approaches: if the scope of action of the repulsive forces tends
to 0, one expects that the soft congestion model degenerates towards a hard congestion model.
We give in the Section 2 below some conjectures on this singular limit and recent results that
have been obtained in this direction. In particular, one interesting conjecture made initially
by LEFEBVRE-LEPOT and MAURY in [23] is that a singular bulk viscosity would degenerate
in the singular limit towards a (incompressible) pressure and would activate memory effects
in the limit congested domain.

We want to investigate rigorously the link between soft and hard systems, by showing how
the choice of the constitutive laws, the pressure and the bulk viscosity as functions of the
density in the soft models, impacts the behavior of the limit hard system in congested regions
assuming a constant shear viscosity. More precisely, the main objective of this paper is to
characterize the respective effects of singular pressure and bulk viscosity close to the maximal
density constraint in order to understand when memory and pressure effects are activated on
the limit hard congestion system. To that end, we consider the following three-dimensional
soft congestion system (based on compressible Brinkman equations) in (0,7’ x T3:

{ Ope + div (peue) = 0, (1a)
Vpe(pe) = V(Ae(pe)divue) — 2div (u D (ue)) + rue = f (1b)
with p. the density satisfying the constraint

0<pe<1lae. (t,z)€[0,T]x T3, (2)

and u, the velocity vector field in the material. The coefficients p. and A, are respectively the
pressure law and the bulk viscosity coefficient, defined in this paper as

¥ B
pe(pe) = ¢ (1 ﬁep > o Aelpe) =€ <1 fap > with 7,8 > 1, (3)
5 5

while the shear viscosity is assumed to be constant: p > 0. Finally, ru. with r > 0 represents
the drag and the right-hand term, f, is a given external force. Initially p.|i=o = p{j with

1
0<p?<1—-R.<1andR. — 0 when e — 0, W/Bpg(m)dx§M0<1. (4)
T

Let us encode the effect of the singular bulk viscosity through the following PDE equation
that may be obtained from the mass equation

8t(A8(p€)) + diV(AE(pa)ua) = _)\s(pe) divue,

where

Mol = pe [ Aelr)/ 7 dr = [ e ()OI, (5)

The main objective now is to understand the asymptotic regime which may be obtained
by letting € go to zero. This corresponds to the limit towards the hard approach explained
previously. Let us assume that (pg, ue, pz(pe), Ac(pe)) tends to (p,u,p,A). Then we get the
following system in (0,7) x T3:

Op + div (pu) = 0, (6a)
Vp — VII - 2div (u D (u)) + ru = f, (6b)
0<p<landp>0, (6¢)



where

I = —(0:A + div(Au)) with A > 0. (7)
We also get the following limit initial data

p’t:(] = pO € [07 1]7 A’t:(] = AO in Tg- (8)

It remains now to close the limit system by deriving two constraints. One of these constraints
will result from Equality (5) depending on the sign of 1 + v — 8 appearing explicitly in the
power of €. For the last constraint, different scenarios will be obtained using one of the two
following relations

(1= pe) pe(pe) = 61/’YP5(P6(P5))(7_1)/7’ (9)

or

(1 — pe) As(ps) = C(B)gl/w_l)p?/(ﬁ_l)(As (ps))(ﬁ_m/(ﬂ_l)- (10)

More precisely, passing to the limit in (5) and (9)-(10), we find the following relations in
addition to System (6)—(8):

e If 1+~ — =0 (memory and pressure effect):
pp=(B—1)A and (I-p)A=0. (11)
e If 1+~ — <0 (memory but no pressure effect):

p=20 and (I-p)A=0. (12)

e If 1+~ — >0 (pressure but no memory effect):

A=0 and (1—p)p=0. (13)

Observe that this formal analysis could be generalized to more general pressure and bulk
viscosity laws than (3), to take into account different (singular) possible behaviors close to the
maximal constraint. The key argument relies here in the comparison between the pressure
pe and the coefficient A, in the vicinity of the maximum density. Let us emphasize the fact
that there is no consensus in physics around the order of singularity of these laws (see for
instance [2] or [9]).

Note that it is well known that the compressibility of a fluid may be encoded in the
pressure and in the bulk viscosity. Indeed, incompressible systems may be obtained by letting

the Mach number Ma, which appears in the dimensionless Navier-Stokes equations in front
1

2
LIONS, MASMOUDE} [25], FEIREISL, NOVOTNY [20]). But the incompressible equations can be
also obtain from a large bulk viscosity limit: if in the bulk viscosity term V(A°divu) one lets
A% go to +oo then, formally, divu should tend to 0. This result has been recently proved by
DANCHIN and MUCHA in [10].

In our paper, the main novelty is to consider both singular pressure and singular bulk viscosity
depending on the density which will encode incompressibility of the material at the maximal
packing value p* = 1, assuming the shear viscosity to be constant. Below this maximal packing

of the pressure Vp(p), go to zero (see for instance the works of DESJARDINS et al. [13],



value, the material remains compressible. It is also interesting from the physical point of view
to consider density dependent shear viscosities p(p), this case has been treated in the two
papers [34,35]. The results are presented in the section state of the art (subsection II-ii).
It has to be noted that the mathematical tools and difficulties are in that case completely
different from those used in the present paper. Historically, studies on compressible Navier-
Stokes system with (non-singular) density dependent bulk viscosity A(p) and constant shear
viscosity p > 0, start from the beautiful paper [39] by KAzHIKOV and WAIGANT where they
prove global existence of strong solutions in two dimensions with periodic boundary conditions
and with no vacuum state if initially no vacuum exists. In their paper, the pressure is assumed
p(p) = ap?, p > 0 and \(p) = p® with 8 > 3. Following this result, PEREPELITSA proved
in [33] the global existence of a weak solution with uniform lower and upper bounds on the
density when the initial density is away from vacuum. Finally, the hypothesis on the coefficient
B has been recently relaxed with possible vacuum state in [21] and bounded domains have
been considered in [15]. It would be interesting to investigate the problem for singular bulk
viscosity and singular pressure laws for the 3D compressible Navier-Stokes equations but this
is not the main objective of our paper. We focus here on 3D Brinkman equations where
the total acceleration of the fluid is neglected. A typical application we have in mind is the
modeling of flows in porous media. Brinkman equations are a classical extension of the Darcy
equation:

with additional viscous terms, here V(Adivu)+2div (uD (u)). In their incompressible version,
these equations have been rigorously derived by ALLAIRE in [1] by homogenization techniques
from Navier-Stokes equations in a perforated domain. His result has been then extended by
DESVILLETTES et al. [14] and MECHERBET, HILLAIRET [29]. The recent study [16| provides
some new analysis and numerical results on these equations in the incompressible case. These
equations in the compressible setting may also apply in biology in tissue growth modeling
or in petroleum problem occurring in compressible porous matrix. The interested reader is
referred to the study of PERTHAME, VAUCHELET |[38], NASSER EL DINE et al. [30], [31], or
ENAULT [17] and the references therein.

From a mathematical point of view, of course, it could be interesting to study the compressible
Navier-Stokes equations with singular pressure and bulk viscosity. Both the estimates on the
effective flux and the compactness arguments are then of course much more tricky to handle
due to the additional acceleration term. In view of the applications we have in mind, this case
is beyond the scope of our paper.

The paper will be organized as follows: We will first present the main existence and
convergence results, then we will review mathematical studies that have been realized recently
around the subject of congestion problems. In the second section, we present important
mathematical properties linked to the system under consideration and the truncated system
we first study. Passing to the limit with respect to the parameter of the truncation, §, we get
the global existence of weak solutions for the original system (1) at e fixed. It will be then
possible to pass to the limit with respect to € to recover the hard congestion system (6)—(7)
with two additional relations which will be, depending on the parameters v and 3, given by
(11) or (12) or (13). We will divide the study in two sections depending on the sign of v — 3
which correspond to the dominant pressure regime v > /3 (Section 4) or dominant bulk regime
B > (Section 5).



1 Main results

We first prove in the paper the existence of global weak solutions to the soft congestion system
(1) when the pressure and the bulk viscosity are defined by (3). For simplicity, we assume in
addition that

f € L*(0,T; (LY(T*))?) with ¢ > 3. (14)

Let us first give our definition of global weak solutions of (1)—(4) and (6)—(8).

Definition 1.1 (Weak solutions of the soft congestion system). A couple (p.,uc) is called a
global (bounded energy renormalized) weak solution to (1)-(4) if for any 7" > 0, it satisfies

e p. €C([0,T]; LY(T3)) N L>((0,T) x T3) for all ¢ € [1,+00), uc € L%(0,T; (H*(T?))3);
e 0<p(t,z) <1lae. in (0,T)x T3

o (pc,uc) satisfies (1a)- (1b) in the weak sense:

T T
/ / psatgb + / / pele - V§
0 T3 0 T3

- / pe(T)O(T) - / Lo(0) V6 ech(0,T] x T?): (15)
Tg ']TS

T T

—/ / pa(pg)divw+/ / (21 + Ae(pe))div ue divep
0 JT3 0o Jr3
T T

—i—/ / ucurlua'curhp—f-r/ / ug'w:/ f-v Vello,T] xT3); (16)
0o Jrs 0o J1s T3

e The renormalized continuity equation holds
A¢b(pe) + div (b(pe)ue) + (b (pe)pe — b(pe))divue =0 in D'((0,T) x T3), (17)

for any b € C([0,4+00)), piecewise C!, where ¥/, denotes the right derivative of b.

e The energy inequality holds

T T
3 .
swp [ Hp)+ [ [ Gueraeoava?+ 8 [ [ jewto?
tefo,7) /13 o Jrs 2 2Jo Jrs
r 1+C
2 0 2
e [0 P < [+ S (18)
with C the constant linked to Poincaré-Wirtinger inequality
lg— < 9> I[72¢19y < ClIVlZ2(rs,
and where ,
£ p
He(p) = : (19)

=11 ppt

Definition 1.2 (Weak solutions of the hard congestion system). We say that (p,u,p, A) is a
global weak solution to (6)—(8) if for any 7' > 0, it satisfies



e the following regularities
p € C([0,T]; LY(T3)) N L=((0,T) x T3) for all ¢ € [1,+o0)
ue L0, T; (H'(T%))%),
pE€M((0,T)x T3 and A € L®(0,T;L*(T?));
e 0<p(t,z) <1lae. in (0,T) x T3;

o (p,u,p, ) satisfies equations (6)—(7) in the sense of distributions.

We prove in this paper the following existence results

Theorem 1.3. Let p? satisfying condition (4). Assume in addition that

o fl <<y
/Eg(l_;o),y_lﬁEO<+OO; (20)
o ifl<y<pB
/ (A(p2)? < A < 4. (21)
T3

Then there exist global (bounded energy renormalized) weak solutions of (1)—(4) at € fized.

The next result justifies the formal derivation of system (6)-(8) respectively with relations
(11) if v = g — 1, with relations (12) if v < § — 1, relations (13) if v > 5 — 1. More precisely

Theorem 1.4. Ase — 0, there exists a subsequence (pe,ue) of global weak solutions of (1)-
(4) such that (pe, us, p(pe), Ac(pe)) converges weakly to (p,u,p,A) a global weak solution of the
hard congestion system (6)—(8) satisfying two algebraic relations which encode the competition
between the singular pressure and bulk viscosity, namely

I) Memory effect in the congested domain (y < 8 —1):

e Fory < 3 —1 (no pressure effect):
p=0, (1-pA=0 ae.
e For~y = [ —1 (pressure effect):
pp = (B — 1A, (1-=pA=0 a.e.
II) No memory effect in the congested domain (pressure effect) (y > 8 —1):

A=0 a.e., spt p C {p=1}.



Remark 1. Our system can be seen as a “semi-stationary” version of the compressible Navier-
Stokes equations with the additional friction term ru. If there is no friction in the equations,
namely r» = 0, then in the periodic case, the velocity u is defined by Eq (1b) up to a constant.
Therefore, we would need to impose an additional constraint on the velocity, e.g.

/ udx = 0.
']1‘3

Integrating in space the momentum equation (1b), we would also need the “compatibility
relation”
fdx=0.
T3
Provided these additional constraints, our two results remain unchanged.

Incompressible dynamics in the congested domain. In addition to the limit equa-
tions (6)—(8), one could have add the incompressibility condition divu = 0 on the congested
sets {p = 1}. More precisely, we have the following lemma.

Lemma 1.5 (Lemma 2.1 in [26]). Let u € L*(0,T; (HY(T))?) and p € L*((0,T) x T3) such
that
op+div(pu) =0 in (0,T)xQ,  p(0)=p°

then the following two assertions are equivalent
(i) divu =0 a.e on {p >1} and 0 < p° < 1,

(1)) 0 < p(t,x) <1 ae. (t ).

Remark 2. An important issue concerning the limit systems that we obtain is the regularity
of the limit pressure p. Through our approximation procedure, the limit pressure p, if it is
not 0, is a priori a non-negative measure. If one is able to prove that p € L'((0,7) x T?), it
is thus possible to give a sense a.e. to the product pp at the limit and then to the “exclusion
constraint”

(1—p)p=0,

which is another way to express the activation of the pressure in the congested zones (see
system (22) written below). In fact, this is less the justification the exclusion constraint than
the regularity of the pressure which is crucial in the mathematical understanding of partially
congested flows.

2 Historical remarks

For reader’s convenience, we present below the context of this study and give some historical
remarks concerning limits from soft approaches to hard approaches for congestion problems.



I — Derivation from compressible Fuler equations. A first generic hard congestion model is
derived in [5] by BOUCHUT et al. from one-dimensional two-phase gas/liquid flows. The
equations read

Op + 0z(pu) =0, (22a)
dr(pu) + 9, (pu?) + dzp = 0, (22Db)

in which the constraint (1 — p)p = 0, sometimes called “exclusion constraint”, expresses the
activation of the pressure p in the congested phase where p = 1. The pressure ensures that
the maximal density constraint p* = 1 is not exceeded. This system has been then studied
theoretically by F. BERTHELIN in [3,4] who constructs global weak solutions by means of an
approximation with sticky blocks (see [28] for an associated numerical method). P. DEGOND et
al. approximate numerically in [11,12] the solutions of (22) with an appropriate discretization
of the soft congestion system

Orp + Oz (pu) = 0, (23a)

Ot (pu) + 0u(pu®) + Dupe(p) = 0, (23b)

pelp) = ¢ (f) V> 1 (23¢)
—p

Although the rigorous derivation of Equations (22) from (23) (i.e. the limit ¢ — 0 in (23))
has not been proven theoretically, the authors obtain satisfactory numerical results thanks to
smart treatment of the singular pressure p. for small €. Let us also mention on the subject
the study [8] which addresses the issue of the creation of congested zones in 1D and highlights
the multi-scale nature of the problem.

IT —Derivation from compressible Navier-Stokes equations.

IT - i) Compressible Navier-Stokes equations with constant viscosities. The first justification of
the link between a soft congestion system and a hard congestion system is given in [7] for the
one-dimensional case. In [36], the existence of global weak solutions to the multi-dimensional
viscous equations

Op + div (pu) =0, (24a)

O(pu) + div (pu @ u) + Vp:(p) — V(Adivu) — 2div (D (u)) = 0, (24b)
o

p5<p>=s<1fp) C4>3, AA>0, (240)

is first proven for a fixed € > 0. Then, the authors show the weak convergence of these
solutions as € — 0 toward global weak solutions of the viscous hard congestion system

Op + div (pu) =0 (25a)
O(pu) + div (pu ® u) + Vp — V(Adivu) — 2div (uD (u)) =0 (25b)

Remark 3. Note that the condition v > 3 was assumed in [36] to prove the existence of
global weak solutions to (24). Precisely, it was used to prove the equi-integrability of the
approximate truncated pressure p. 5(pes) as & — 0 (see details of the truncation process in
the next Section). It is possible in fact to improve the bound on 7 and show the existence for
v > 2 as it has been done by FEIREISL et al. in [19].



Remark 4. Originally, P.-L. LioNs and N. MASMOUDI in [26] have obtained the same viscous
system from the compressible Navier-Stokes equations with constant viscosities and pressure
p(p) = ap™™ letting 7, — +o0o. The same limit has been used by PERTHAME et al. [37] for
tumor growth modeling on the basis of the porous medium equation instead of Navier-Stokes
equations (see the study of VAUCHELET and ZATORSKA [40| in the case of Navier-Stokes
equations with additional source term in the mass equation). In this context the singular
limit leads to the Hele-Shaw equations, this problem is sometimes called in the literature
“mesa problem”.

I —ii) Compressible Navier-Stokes equation with singular density dependent viscosities. In the
modeling of immersed granular flows this type of singular limit has enabled to prove in [34]
the link between the suspension regime and the granular regime which was an open conjecture
in physics (see |2]). Precisely, global weak solutions to the following suspension model

Op + div (pu) = 0, (26a)
Bu(pw) + div (pu © w) + Vpe(p) — Vel p)div )
—2div (112(p) D () + rplufu = 0, (261)

are proven to exist at € > 0 fixed for singular viscosities and pressure such that

P

Y
o) = ol ). pep) == (T2) 0 9o,

and \. satisfying a specific relation with the shear viscosity (and thus with the pressure),
namely

As(p) = 2(pu’(p) — p=(p))- (27)

Under these hypothesis, the solutions are shown to converge to global weak solutions of

Op + div (pu) =0, (28a)

O (pu) + div (pu @ u) + Vp + VII — 2puodiv ((p + p) D (u)) + rpluju =0,  (28b)
II

Op+u-Vp= o (28¢)

)

where the pressures p and II are respectively the weak limits of pe(p:) and A¢(p:)divue. The
important difference between (28) and (25) is the activation of an additional equation (28c)
linking the two pressures p and II. It results from the relation (27) that is imposed at ¢ fixed.
Indeed, the conservation of mass and (27) yield (at least formally)

. 1 .
Otpte (pe) + div (pe(pe)ue) = —5/\5(;05)le Ue,

which gives at the limit (28¢) due to the incompressibility constraint divu = 0 that is satisfied
in the congested domain. From a modeling point of view, Equation (28c) expresses some
memory effects in the congested regions, effects that were first identified by A. LEFEBVRE-
LepoT and B. MAURY in a macroscopic 1D model for “viscous contact” [23] (see also [22]
for a microscopic approach). From a mathematical point of view, this equation is necessary
to close the system and relates II, which can be seen as the Lagrange multiplier associated
to the constraint divu = 0 in the congested domain, and p called adhesion potential which



characterizes the memory effects. This is thus the singularity of bulk viscosity A. which is
responsible for the activation of memory effects in (28).

In the present paper, we characterize precisely the respective effects of pressure and bulk
viscosity. At the limit on the hard congestion system, we cover in particular the two cases
introduced in [36] and [35] where pressure effects or memory effects are activated.

3 Structural properties and approximate system

This section is divided into three parts. After introducing some important quantities, such as
the effective flux, and deriving crucial properties linking the pressure and the bulk viscosity, we
present an approximate truncated system which formally degenerates to our original singular
system (1) as the cut-off parameter tends to 0. The last part details how we can construct
global weak solutions to the truncated system.

Structural properties, effective flux

Let F' be the viscous effective flux defined as

F = (2p+ Ap))divu —p(p), (29)

and the function v defined from the viscosity coefficients

1
v(p) = YA N) (30)
We prove the following Lemma.
Lemma 3.1. Let (p,u) satisfying in the weak sense the equations
{ Op + div (pu) =0, (31a)
Vp(p) — V(A(p)divu) — 2div (uD (u)) + ru = f, (31b)

and denote

S = (—A)"ldiv (f —ru),

where (—A)™! is the inverse operator of the Laplacian. More precisely, if for a periodic
function g such that < g >= 0, where < g >:= (|T3|)7! [[a g(x)dz, h = (=A)~tg is the
unique periodic solution of

—Ah=g in T®, <h>=0.

Then the following relations hold

< Ap)divu > = < p(p) > s (pf(qu;j)y(p), (32)
g <o) +Svip) > (33)

<v(p) >

10



Proof. Observe first that integration in space of the momentum equation yields

T/TSUZ [T (34)

Applying the div operator to (1b) we obtain
AF =div (f —ru).
Then
F=<F>+5, (35)

- 2+ Ap)divu - p(p) = S + < A(p)divu — p(p) > . (36)

Let us now characterize the mean value of the effective flux in terms of the density: rewriting
this equation as

divu = v(p) (S + < A(p)divu — p(p) > —l—p(p))
and integrating in space, we arrive at (32). Replacing this expression in (36), we finally
get (33). O
Approximate system

We introduce now a cut-off parameter § < 6° € (0,1) in order to truncate the singular laws
pe and v.. Namely, we define the truncated laws

p’y
pa,é(p) = 07 P (37>
\ €5y if p>1-—4,
8
a% if p<1-9,
and Aes(p) = (ﬂ_ P) (38)
P .
€58 if p>1-4,
and consider the associated system
{ atpa,d +div (pe,éua,é) =0, (393)
vPe,é(pe,é) - v()‘s,d (pa,d)div Us,é) — 2div (# D (ue,é)) + rues = f (39b)
with initial density
pesli=o = p2. (40)

Let us first give some properties related to v 5(pe,s)-

Lemma 3.2. Assume that pQ satisfies (4). There exist C1,Cq > 0 which do not depend on &
or € such that

vestoeilliz, <Cr [ vesloes) = Co
T

11



Proof. By definition of v, 5 (30), we directly get

1 1
< — < Ho0.

U, = ———
T 2t A T 2

Under the assumption on the initial mass (4)2 (which does not depend on ¢ or ¢), we have

MO‘T3| 2/ Pe,é
T3

> 1
= /Tg Ped® {pe 52 1EM0)

1+ M° 14+ MO
> +2 meas {,0575 > +2 }
1+ M°
Now, since M < i , it follows that
14 MO 2M°
meas { s> T ] < 2y < oo, (a1)
and o
1+ M
meas {pg,g < * } > K >0, (42)
ith K =1 2M° ind dent of § and €. Th
wi =1 — ——— independent of § and . en
1 —|—M0 p )
frestoma = [ s
Ves(Pes) = | o~
™ P 13 200+ Az 5(pe,s)
1
> -
2 /Ts , P PP L
Bt e 57
> / 1 1
= 8 : <1+MO
T3 2#4‘5(}—1—%8) {pe,s<—5—}
K

- B
20+ (1:405)

where we have used the fact that \; 5(pc ) is bounded (uniformly in § and ¢) when p, s is far
from the singularity. O

Lemma 3.3. Let us assume u. s € L*(0,T, (HY(T?))3) and f € L*((0,T) x T3). Then, we
get for all (p,q) € [1,+00)%:

Pes(pes) € LP(0,T; LUT3)) = . 5(peg)divu. s € LM 2P (0, T; [minZ9)(T3))

Proof. We come back to the formula

< (Pe,5(pes) + Se5) Ve,5(pe,5) >
< Va,é(Pe,(S) >

It suffices now to use previous lemma to conclude. O

)\6,6(ps,6)div Ue,§ = _2Mdivue,§ +p5,6(p5,6) + Se,5 -

12



Existence of global solutions to the approximate system

The next theorem states that one can construct global weak solutions to the truncated system
at § > 0 fixed.

Theorem 3.4. Let 0 < § < 6° = 1 — R, and pgé = pQ satisfying (4). Let us assume
f € L?(0,T; LA(T3)) with ¢ > 3. Then, for all T € (0,+00), there exists a global weak solution
(Pe,5,Ue,s) to the truncated system (39a)-(39b), i.e

1. peg € C([0,T]; LYT?)) NL>¥((0,T) x T?) for all q € [1,+00), ue,s € L*(0, T; (H'(T%))?);

2. (pes,ues) satisfies (39a)— (39b) in the weak sense:

//P553t¢+/ /,Osausa V¢

- / p(T)O(T) — / 26(0) Vo eC(0,T] x T; (43)
’]I‘3 ’]1‘3

T
/ / pe,E Pe,é dlqub'i_/ / 2M+>\s 5(p65))dlvu€5d1v¢
0 T3 T3

T
+/ / peurlug s - curh/)—H“/ / Ug 5 - 1)
0 T3

:/ fo Vel (oT] x T (44)
T3

3. The renormalized continuity equation holds

8tb(p£,5)+div (b(ps,ﬁ)ua,5)+ (b/-i- (p575),05,5—b(,0575))diV Ue,s = 0 n D/((07 T) X Tg)v (45>
for any b € C°([0,+00)), piecewise C*, where V, denotes the right derivative of b;

4. The energy inequality holds

T
sup / H. 5(pes) / / 1+ Ao 5(pe,5)) (divug, 5) / \curl(ug,(g)\2
te[0,7] J T3 T3 0o JT3

wr [ [ el < [ s+ S C 1, (46)
where N
€ p .
if p<1-90
—1(1—pp-T
H.5(p) = (1=¢) (47)

e p7 €

TSR

1—=0)7 if p>1-06.

Note that defining A, 5 as

€ o

_ _ 5\8-1
As,ﬁ(p) = B c ! ;15 P) c

B-157  (B-1)°

if p<1-96§

(1-6)Pp if p>1-6

13



we get the following renormalized continuity equation in D’'((0,7) x T3)

atA€,5 (ps,é) + div (As,ﬁ(pe,é)us,é) = _)\5,5 (ps,é)div Ug,5- (49)

The existence of global weak solutions to the approximate system, namely Theorem 3.4, follows
from a standard procedure. For reader’s convenience, since our main goal is the study of the
singular systems, we just present the idea of the proof. The analysis is in fact very similar
to the classical case with constant bulk viscosity treated in [24] Chapter 8.2. We construct
exactly in the same way the solutions by solving first the system for a regular initial data p°
via a fixed point argument. Then, for a general initial density p° € L>(T?), we regularize p"
and prove that we can pass to the limit with respect to the parameter of the regularization.
Compactness arguments are needed to identify the limit quantities and in particular we need
to prove the strong convergence of the sequence of densities. The arguments to justify this
strong convergence are non-standard, and different from the case with a constant bulk viscosity
term, but we justify in details this point in Section 4.1.2 for the limit 6 — 0. We refer to [24]
for more details.

Now we have our global weak solutions (p. s, u 5), we want to pass to the limit with respect
to 0 (at € fixed) to get global existence of weak solutions for the compressible singular systems.
It will be then possible to pass to the limit with respect to € to get the congestion systems.
We will divide the study in two sections depending on the sign of v — 5. First, we treat the
dominant pressure regime v > [ (Section 4), then the dominant bulk viscosity regime 5 > ~
(Section 5).

4 Dominant pressure regime v > (5 > 1

4.1 Existence of weak solutions at ¢ fixed
4.1.1 Uniform estimates with respect to

First of all, observe that if we consider § small enough, namely 6 < 1 — R, (e is fixed), we
ensure that initially

Ha(;(pg’(;) = H.(p?) is bounded in L*(T?).

Thanks to Theorem 3.4, the solutions (pgs,uss) satisfy the energy estimate (46), so that
(ue 5)s is bounded in L2(0,T; (HY(T?))3) and (He 5(pe5))s is bounded in L>°(0, T; L*(T?)). In
particular, the control of the internal energy H. s leads easily to a control of the density

(pes)s is bounded in  L>°(0,T; L7(T?)). (50)

In the following lemma, we improve the control of the density by using the singularity of H, s
with respect to ¢ for large values of the density.

Lemma 4.1. Let (pc5,uc5) be a global weak solution of the compressible Brinkman system.
Then

sup meas {z € T3, pos(t,z) >1— 5} < Cle) 5L, (51)
t€[0,T]

14



Proof. The energy H, s being defined as (47), recalling that v > 1, we have

C > sup H, 5(pe,s) Z/ H. 5(pes)lip. 5>1-5)
tefo,1) /T3 T3

€ 1 3 B
S B R L R A T
€

(=971 1m0

which ends the proof. O

> -
- C T3 (5’771

Lemma 4.2. Let (p.5,uc5) be a global weak of the compressible Brinkman system (39) with
v >p>1. Then

[ Ae.s(pea) Lt (0,m)xT3) + P26 (Pe.6) |1 (0,7 xT3)
+ [ Xe,5(pe.5)divae s

LY((0,7)xT3) T |’)‘575(p€:5)HLW/ﬁ((O,T)xTS) <,
where C; does not depend on §.

Proof. Integrating in space (49) and using (32), we have

(825 + De,5(p2,5) ) Ve,5(pe,5)

a Jrs
d A — TB T
- /Trg c5(pes) + /T3 Pes(pe5) = |T7| s ves(pen)

Using Lemma 3.2, we can bound the right-hand side

d C1|T3 T3
— [ Acs(pes) + / Pes(Pes) < LIISE,(SHLI +u / Pe,5(Pe,8)Ve,s(Pes) (54)
dt Jrs T3 Co Cy Jrs
where
1Se sl = [(=A)"1div (f — rues)|lpr < C(f L2017 pacrsy) + lueslln2mr),
and
€,0\Fe,6)¥e,0\Pe, 2#"’)\5,6(/75,5)
psé(peé) pz—:&(pe5) psé(psé)
< 9 3 b 9 1 _ 9 9 1 _ .
= 2 {pe,s<Mo} T Aes(pess) {(Mo<p. s<1-6} + Aes(pes) {pe,5>1-6}

The first term of the right-hand side is bounded since p. s is far from 1. For the two other
terms, which become singular as § — 0, we ensure that

MI{M(K/JE 5<1-0} < 3 1{M0<ps s<1-6}
)\5,6(05,5) - (1 - pE,(S),Y -
< C(g)Hs,(S(pa,é)1{M0§p6,5<1—6}a
Pe5(Pes) Iirig
5\ Pe e
£e,0\e0) 4 L <02 q _
)\5,5(/)5,5) {pe,s>1-0} = 575 {pe,5>1-6}

<C(e) [Hs,a(Ps,s) + o1y s>1-6)

15



since § € (1,7v) and thus 0 < v — 8 < v — 1 (recall Definition (47) of H,5). Using now the
control of H. s and the fact that the total mass is constant, we deduce (¢ is fixed here)

d

T A5,6(p5,5)+/ Pes(pes) < Cle).
T3 T3

To conclude, let us observe that, using that 5 < - and the initial conditions (4) and (20), we
have

[ Acstoest0 = [ Aty <
T3 T3
Hence, we get from integration in time of (54) that

(p,5(pe,s)) 5 is bounded in L'((0,T) x T%).
Coming back to Lemma 3.3, we obtain

(Agyg(pg,g)div 1L575)(s bounded in L' ((O,T) X ’]I‘3).

Note that from the pressure estimate, since v > 3, we deduce that

(Ac(pes)) 4 is bounded in L7 ((0,T) x T?).

These controls on the pressure and the bulk viscosity can now be used to prove a maximal
bound on the density.

Proposition 4.3. The density p. s is bounded in L>=((0,T) x T3) uniformly with respect to
the cut-off parameter §.

Proof. Using the renormalized continuity equation (45) with b(p) = p™ and m € (1, 4+00), we
get
Oepls + div(uz5pls) = (1 —m) pl'sdivues in D'((0,T) x T?)

and therefore p

d / o = (1 —m) / o div e .
dt T3 ’ T3 ’ ’

Using (36) to replace div u. 5, we get

d
N pgfé + (m - 1)/ p?}éye,é(ps,é)ps,é(pe,é)
dt T3 T3

P sve5(pe.s) .
= (=) [ es(pes)Ses + (1= m) [ PG | () (padiv e — pes(o-s):
T3 = |T9 3
Now, thanks to (14) (¢ > 3), we ensure that

1526l pge = (=A) 7 div (f = rues)llee < C(I1fll 7 + llues

18)

and therefore (we recall that [|v. s|ree < Ch)

d .
G [t < 2Cim(ISusliz + eslpea)divucslly + Ipesloealis) [ o
T T
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This gives

with

</TS p?ﬁs(t))l/m < </T3 pZﬁ;(O))I/m exp(C)  VE>0,

C =201 exp (IS5l + 10 s) (pes)divuesllzy -+ 925021y )

Hence, passing to the limit with respect to m and recalling that 0 < p. 5(0) = P2 < 1, we get
the uniform upper bound:

lpesllgs, < C.
O

We now improve a little bit the estimate on the pressure. This will ensure that the weak
limit of the pressure is more regular than a measure.

Lemma 4.4. The sequence (pzs(pes))s is bounded in L' ((0,T) x T3).

Proof. Let us consider in (44) the test function

v—1

2
i)

P = VA_I((Ha,é(pa,é))a_ < (Ha,ti(pa,é))a > ) with o=

€ (0,1).
We have

T
/0 /TS Pes(pes) [(Hes(pes)) = < (Hes(pes))™ >]

T
:/o /11‘3 (2,u + )\g,é(PE,é))diV Ue § [(Ha,é(p&(;))o‘_ < (H.5(pes))” >]

—/OT/Ta(f—Tug,a)'w

and using the controls resulting from the energy inequality, we obtain

T
/o /1r3 Pes(pes) [(Hes(pes)) ™ — < (Hes(pes))® >]

T
S C+/ /3 (HE’é(pE’é))a)\E’é(pg,é)‘diV (Ug,(;)‘.
0 T

Since a < 1 and H. 5(pe,s) is bounded in L>°(0,T; L}(T?)), we control

T
[ pesto) < (st >| < VL0 e 02 1
0

and we get then

T
| pesoes) (Hsloo0)” < €+ 1 Hes(oe) s estrenll
T «
[ (Helpe) Al ()
0

T
é C +/ /]I‘3 (HE,(S(p&‘,(S))2a>\575(’057‘5)1{p5,62M0}'
0
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In the right-hand side we have

2
(Hsﬁ(/’e,é)) a)\e,é(Ps,é)l{ps,ézMO}
€2a+1

2av+3
= (v — 1)2 (1 — p, 5)200—1+8 Ped Lip. 5>m0}
-1

1 I N . Piffs )v+8 )

B W (He5(pes))" Pea(pes) € (1 — peg)eO—D+B—7 {pe,s>MO}-
For a = ;ﬁ, we have
v—1
-
(a=1)y+5= % >0, aly—-1)+B-~=0,

So, using the L* bound on p, 5, we obtain

2 a a
(H€,5(p€,6)) AE,é(pE,é)]‘{pE752M0} < Ce (HE,J(/OE,(?)) pE,&(pE,J)l{p5’52M0}7

with € < €% small enough, so that this term is absorbed in the left-hand side of the previous
inequality. Finally

(He5(pe5)" pe(peg) s bounded in - L'((0,T) x T%). (55)

The previous bound allows us to show that (p. s(pes))s is even bounded in L'*?((0,T) x T?)
for some 6 > 0. Indeed we have for p. s > 1 —¢ (see (52) and the expression of p, 5(pe ) given
in (37)):
€ _ _ _
H. 5(pes)lip. s>1-6y = 057 [(P;(sl —(1=8)"H+(1-4) 15] Peblip. s>1-6}
£ _
T

51_1/'7
>C 51 5(176,5(/)8,5))1/71{95,5>1—6}~

Observing that

1
5 (pes(pes) M Lp, o152 €1(1=6) 2 /11 =8°),
and introducing n = min(1,vy — 1), we get that

-1/ _
He,é(ps,ﬁ) 1{p5‘52176} > 05(577_1 [(5 (p5,5 (ps,é)) 1/7] = [5 (p6,6 (ps,zs)) 1/7] 771{Ps,5>176}

el (1 — g0l

>C 57—1-7 (pa,é(pa,é))n/’yl{ps,5>1—6}~

Hence

(He 5(p2,8)) " Pes(pes) Lip. s>1-5) = Cepo m(pa,é(Pa,a))1+a"/71{pg,5z1—6}-
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On the set {p;s < M 0} the pressure is of course bounded, so it remains to consider the set
{M° < p.5 <1— 6} on which we have

€ P;g
Y= 1 (1 - 05,6)
61/7 y—1

=P (Pes(P=6)) 7 Linpocp, s<1-6}

He 5(pes)lip, s<1-6y = S L mo<p. s<1-5)

y—1

> CE,MO (p€,5 (ps,é)) K 1{M0<p5,5<1—6} .
We obtain again a control of the pressure (we recall that v > 1)

y—1

1 2=
(He,5(Pe,6)) e (pe,8) Linro<p, s<1-6) = Cs (Pes(pe,s)) oS Lino<p. s<1-6}-

This concludes the proof of Lemma 4.4. O

4.1.2 Limit § —» 0

First convergence results Thanks to the estimates we have just derived, there exists a
limit density p. such that

Pes — pe  weakly-* in L=((0,T) x T3) (56)
and, passing to the limit 6 — 0 in (51) we get
0<p(t,r) <1 ae. (t,z)ecl0,T]x T3 (57)
In addition, there exists a limit velocity u. such that
u. s — ue weakly in  L?(0,T; (H'(T?))?) (58)
and, due to the continuity equation, we have
pes = pe i Cuear([0,T], L7(T?)) V7 € [1, +00). (59)

To identify the weak limit of the nonlinear term p, su. s, we use the next compensated com-
pactness Lemma.

Lemma 4.5 ( [24] Lemma 5.1). Let (g5), (hyn) be two sequences converging respectively to g,
h in L™ (0, T; L9 (T3)) and L™(0,T; L%(T3)) where 1 < 71,79 < 00 and % + % = qil + q%.
Assume in addition that

1. (04gn)n is bounded in L*(0,T; W~"1(T3)) for some m independent of n;

2. ||hnllL2 s is bounded for some s > 0.
Then gnhy, converges to gh weakly in D'((0,T) x T3).

We apply the result to gs = pc 5, hs = uc s5: we ensure the control of 9;p. 5 in L? (O, T;H ! (T3))
from the continuity equation, while (Vu, 5)5 is bounded in L?((0,T') x T?) thanks to the energy

inequality. Hence
pestics = petie  weakly-* in  L(0,T; L(T?)). (60)
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With the estimates on the pressure we deduce
P=6(pes) = pe(p) weakly in  L'((0,T) x T%), (61)

where h denotes the weak limit of the sequence (hs)s. Our next goal is to get the strong
convergence of the density p.s in order to identify the limit of the pressure and the bulk
viscosity which are non-linear functions of the density.

Convergence a.e. of the density. Thanks to the bounds on p. 5, u. 5, we can pass to the
limit in the sense of distributions in the renormalized continuity equation

Oup? 5+ div (p2 sucs) = —p2 sdivues

which reads at the limit o o
Op? + div (p2uc) = —p2divue.

On the other hand, the limit density p. € L°°((0,T) x T?) satisfies the renormalized continuity
equation
dep? + div (pgug) = —p2divu,.

Defining ¥ := p2 — p? > 0, we have then
oW + div (Wu) = p?divu, — p2dive.  in D (62)

By replacing divu. by its expression in terms of effective flux and pressure, the previous
equation can be rewritten as

OV + div (Yu) = P? Ve(pe) Fr — p2ve(pe) Fe (63)
+ Pg pa(p)ys(pe) - pgpa(p)’/s(lge)

Remark 5. In the classical case of constant bulk and shear viscosities u°, A°, the previous
equation writes

1

oW + div (\I’U) = m [PgE - ,Ong-: + ng(P) - PEP(P) s

and one can prove some weak compactness property of the effective flux (see [24] Chapter 5
or [32]). This property ensures that

P Fe = p2F:

so that

. 1 2 3
OV + div (Yu) = 20+ A0 (Ps p(p) — Psp(ﬂ)> :
In the usual case where the pressure is a monotone (increasing) function, independent of the
parameter 0, then (see Lemma 3.35 in [32])

p2p(p) < p2p(p) (64)

and
OV + div (Pu) <0.
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We conclude by integrating over space

LY
dt T3

Recall that by the convexity of the functional s +— s2

U(0,-) =0, we obtain

we have ¥ > 0. Hence, if initially

V=0 ae. (tz).

This ensures the strong convergence of (ps)s. Note finally that this calculation has been
extended by FEIREISL in [18] to non-monotone pressure that are increasing only from a critical
density. In this case, one controls the part where the pressure is non-monotone in such way
that a Gronwall inequality can be applied to recover at the end ¥ = 0 a.e.. We will see below
that we will have to use with such kind of arguments to prove the strong convergence of the
density in case of density dependent bulk viscosities. We refer the reader to [6] for recent
developments on more general non-monotone pressures.

Our study is original in two ways: first, we have here to deal with a density dependent bulk
viscosity, secondly, the pressure (as well as the bulk viscosity) depends on the parameter of
approximation 6. We begin with proving some similar weak compactness properties satisfied
by the effective flux.

Proposition 4.6. We ensure the two following properties

<2M fi(ﬂ)) N (QM +pis(p)) E oD (65)
<2M +F;s(p)> N (QM +1As(p)) E D (66)

where g denotes the weak limit of the sequence (gs).

Proof. The proof of these properties follows again from Lemma 4.5 with h.s = F;; and
gl s = P2 sves(pes), 925 = Ves(pes). Let us check that we control the time derivative of g!
and gf_ s that satisfy the renormalized continuity equations

09t 5(pes) + div (gt 5(pe.s)uc,s) + ((92,5);(05,5) Pes — gi,a(pa,a))div us =0 (67)

with
2 (Aes) (o) (Aes)’ ()
1 v . _ 0 )+ 2 \/ — _A.
(9e5)+(p) = 5,7 Aes(p) (2t Aes(p))? N o7 Acalp))?
Recall that
po1 S
— p)B+1
()\a,é)g-(p) = 2}3110)
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hence

(Aes)t(p) (Aes)t(p) (Ae5)t(p)
(2u + A:é(p))Q < Cl{p5,6<M0} + (A 5(—;))2 1{M0§ps,5<1—5} + (A 5(—;))2 1{95,52175}

C B C
<O+ —(1- p=s)’ o<y, <15y + ;551{,35,521—6}
< C(e). o

As a consequence, the géy 5 and (gé 5) are bounded in L?((0,T) x T?) uniformly with respect
to § (but not uniformly in €, ¢f. Remark 6). By a Cauchy-Schwarz inequality

H ((Qi,a)ﬂr(%,é) P — 92,5(Pa,5)>div ues(,,

< (gL 5) (pess) pes — Gt 5(pes) || 22 ]|div ue s

22 < C
and, coming back to Equation (67), we get
6tg;5, 8tg€275 bounded in  L?(0,T; W~H1(T3)).
On the other hand, we have
hes = Ses+ < Ac5(pe,s)divucs — pes >
which is bounded in L'(0,T; H(T?)) since
IVSeslirzre < C(1fllz2ra + lluesllpzem ).

Applying Lemma 4.5, we arrive finally at (65)—(66). O

Thanks to these properties, Equation (63) rewrites

oW + div (Yu) = p? ve(pe) Fr — p2ve(pe ) F:
+ 02 p=(p)ve(p=) — p2pe(p)ve(pe)
=F; (pg Ve(pe) — PgVa(PE))

+ pZ pe(p)ve(pe) — p2pe(p)ve(pe). (69)
L . _ pes(s) . s
et bes(s) = pes(s)ves(s) = it As(s) As we said before, our constitutive laws depend
&,

on the parameter ¢ which prevents us from writing directly (64) on b, 5. Nevertheless, for all
§ <0, b8750(-) < b.5(+) then

i (520 ) it L20Pe0 o)
=\ 20+ Ac(pe) §-0 214 Ac 5(pe,5)
2 <p(ﬂ>> limint 2o Pz (P28)
T\ 20+ Ac(pe) 5-0 2u+ A 50(pe,s)
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Since moreover v > 3, the function b, 5o is increasing for any 6% > 0 and it follows that (see
for instance Lemma 3.35 from [32])

2
- (M) i int Lo PesPes)
=\ 20+ Ac(pe) 0-0 24+ Ac5(pe.s)

350) - )] -

where the last equality holds due to the strong convergence in L' ((O, T) x T3) of b, 50(p) to

2
= Pe

be(p) as 6° — 0 (this follows from the equi-integrability of the singular pressure and then from
the equi-integrability of bs). We get then by integration in space

d _
— [ ¥ < / A
dt T3 T3

Pg ve(pe) — Pg’/e(Pa) . (70)

with

0205(p-5) = P25V (pes)| = Ves(pes) |2 = p2s| < C 102 = ps

thanks to Lemma 3.2. Letting § — 0 we get

/ 7
'JI‘S

Pg Ve(pe) — p2ve(pe)

gc/ |0 — 22
’ﬂ‘S

<c [ [FmIE-2) =c [ F.
T3 T3

Since |FZ| € L'(0,T; L>°(T?)) and since / U(0,-) = 0 (the initial data does not depend on
T3

9), we conclude by Gronwall’s Lemma that
U=0 ae.
As a consequence, there exists a subsequence (still denoted p. 5) such that
pes — pe strongly in  L7((0,7) x T?) Vg € [1,+00). (71)
Limit of the singular laws. From the strong convergence of p. s and the fact that p. <1
a.e. (see (57)) the following convergences hold

Pes(pes) — pe(pe) strongly in  L'((0,T) x T?),

2
Ae5(pes) — VAe(pe) strongly in L7 ((O,T) X ’IF?’).

Limit in the weak formulation of the equations. We can now pass to the limit in
the weak formulation of the mass and momentum equations. The only delicate term to deal
with is the bulk viscosity term A 5(pe ;)divue 5. We use the strong convergence of \/Ac 5(pe,s)
towards v/Az(pe) in L*((0,T) x T?) combined with the weak convergence in L?((0,T) x T?)
of divu. s to get

Ae 5(pes)divue s — /Ac(pe)divu.  weakly in  L*((0,T) x T?)
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Since \/Ac 5(pe5)div ue 5 also converges weakly in L2((0,T) x T?) (from the energy estimate),
we deduce that the previous convergence holds in L2((0,T) x T?). Using once again the strong
convergence of y/A 5(ps5) we obtain the weak convergence of the whole bulk viscosity term

N (P )iV e 5 = Ao s(p2.5)1/ N s (e 5)div e s — Ae(pe)divue in LH(0,T) x T9). (72)

Finally, the limit (pg,u.) is a global weak solution of the system

Ope + div (peue) = 0, (73a)
Vpe(pe) = V(Ae(pe)divue) — 2div (u D (ue)) + rue = f, (73Db)
0<p.<1 ae (0,T)xT3 (73c)
In addition, we have the energy inequality
g 3 . o, 1T 2

sup H(p:) + (5# + Ae(pe))|div ue|” + 9 |curl u| (74)

tel0,1) JT3 0o Jr3

1+C
b [ e < / H() + = | 0 ey

where

4.2 Congestion limit ¢ — 0
4.2.1 Uniform estimates in ¢

From the energy estimate (74), we deduce the controls of different quantities uniformly with
respect to the parameter

(H(p<)). is bounded in L>(0,T; L'(T?)), (75)
(uc)_ is bounded in L*(0,T; (H'(T?))?), (76)
(V/Ac(pe)divue)  is bounded in L*((0,T) x T?). (77)

Control of the pressure.

Lemma 4.7. Let (pe,us) be a global weak solution to (1) with v > 8 > 1. Then, there exists
a constant C' > 0 independent of € such that

1P (p) |l L1 0,7y xT3) < C- (78)

Proof. Let us consider in the weak formulation of the momentum equation the test function
= VA Hp.— < p. >).

The resulting equation writes

/OT/Tspa(pa)(Pa—<Pe>)
:/OT/T3 (2u+As(ps))diV(us)(ps—<ps>)—/0T/T3 (f —rue) -4
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Using the controls resulting from the energy inequality and the maximal bound on the density
Pe, We get then

/DT /T3pe(ps)(ps— <pe>)

T
< ) + / / VT AV @t Ae(p))ldiv ()

<C’+// (20 4 Ae(pe))|div (us)]? + // (2 + Ae(pe))
T3 T3

<C+ 2/ Ae(pe)
0 T3

for some 1 > 0 determined below. The integrals of the singular terms can be split into two
parts depending on the value of p.. Recall that < p. > = < p? > is far from 1 uniformly in e
(c.f. (4)), and the functions p-(p:), A:(pe) are bounded on the domain {p. < (1+ < p: >)/2}.
Therefore:

T
/O /’]T3p€(p€)(p€_<p€>)1{p521+<2pg>}
T 1 T
<C —/0 /ﬂ-s ps(ps)(ps— < pPe > )1{p5<1+<+6>} + 2/0 /ﬂ‘d )\s(pg)l{p€<1+<+5>}
N o,
2 Jo Jps° Pe){pez1hspezy
n T
O+ 2/0 /]I‘3 )\E(pa)l{pazl“f””}‘

Since 8 < v, we have in addition that

(1 <p >\ Pes '
)\s(ps)l{pez 1+<2ps>} = <1—<,05>> € 1_ Pes l{pgz 1+<2ps>}

< ps(Ps)l{pEZ 1+<st>}.

1— MY
2 b)

1- < pe > T 1
Ta Jy S P ey

1— MO (T
<C+ 1 /0 /11‘3 ps(pe)l{pszwfﬂﬁ};

and recalling that we have

Now, with n =

1—<,05>_1—<,02>>1—M0
2 N 2 - 2

. . 1+<pe>
due our assumption (4)z, we control the integral of the pressure on the set {p, > 5=}

1— MO (7
4 /0 /11‘3 pg(ps)l{ﬂaZilJrépp} <C
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Finally, since the pressure is bounded on {p. < MTPQ} (far from the singularity), we get
(ps(pg))e bounded in L' ((0,7) x TB) (79)
which ends the proof. O

Thanks to the previous control of the pressure in L' we can show refined estimates on the
bulk viscosity and the pressure as stated in the next lemma.

Lemma 4.8. Under the conditions of Lemma 4.7, there exists a constant C > 0 independent
of € such that

H/\a(ps)HL ) + [[pe(pe)ll 22 <C. (80)

%((O,T) xT3 LAFF ((0,T)xT3)

Proof. Let us first note that
B8 8
5

Melpe) < Ozl capoy + O (pe(02)) 7 Ly, (81)

Since 5 < 7, this inequality and Lemma 4.7 yield the control of A.(p:) in L%((OjT) x T3).
Now, we come back to (36) that we multiply by p. and integrate over space to get

/w p=(pe) (pe— < pe >)
= /TS (2u+ As(pe))div (ue) (pe— < pe > ) = /m pesSe

x 2y
Since Ac(p:) is controlled in L? ((0,T) x T3), we control A:(pe)div (ue) in L33 ((0,T) x T3).
We also recall that p. < 1 a.e.. Splitting as in the previous lemma the integral of the left-hand
side into two parts: {p: < (1+ < p: >)/2} and {p: > (1+ < p: >)/2}, we deduce that there
exists C' > 0 independent of £ such that

2y <C

LAFB(0,T)

H/T?’ pe(Ps)l{peZ(1+<ps>)/2}

and thus -
(< pe(pe) >)e is bounded in  L>+5(0,T).

Finally, coming back to the identity (36) (satisfied by (pe, ue)):
pe(pe) = (20 + Ac(pe))div (ue) — Se— < Ac(pe)div (uc) > + < pe(pe) >,

we deduce that -
(p=(p:))- is bounded in L3+ ((0,T) x T?).
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4.2.2 Limit ¢ — 0

With the previous uniform bounds we deduce that there exist a limit density p and a limit
velocity u such that

pe = p weakly-* in L*((0,T) x T*), p(t,z) <1 ae.,
us —u weakly in L0, T; (H'(T?))?),
and we pass to the limit in the nonlinear term p.u. thanks to the compensated-compactness

lemma 4.5:
pette — pu weakly-* in  L°°(0,T; L5(T?)).

2
The boundedness of (p:(p:))e in L5 ((0,T) x T?) yields

2
pe(pe) = p weakly in L35 ((0,T) x T%),  p>0. (82)
On the other hand, we recall that have

B
5

Ae(pe) < Oy, oy + 0™ (Pa (P)) " Lp>nr0y
l

with 8 < =, so that A\.(pe) converges strongly to 0 in L?((0,7) x T3). Hence, \/Ac(pe)
converges strongly to 0 in L*((0,T) x T?) and

Ae(pe)divue — Aedivu=0 in D' (83)

Finally, it remains for us to prove that spt p C {p = 1}. First, let us assume that there exists
a set A C {p < 1} with non-zero measure such that lim._, p-(t,z) = 1 for (t,z) € A. Then,
since p. converges weakly to p in LI((0,T) x T3) for all ¢ € [1,+00), we have

/ /pelA—>/ /plA,
T3 T3

which leads to a contradiction since

T T
/ / pela — |A|  while / / pla < |A].
0 T3 0 T3

Hence, there does not exist such A. Let us assume now that there exists a set B C {p < 1}
such that p(t,z) > 0 for (t,z) € B. Then, the weak convergence of p.(p:) to p gives

//papalB—>//p13>0
T3 T3

In view of the definition of p., we infer that there exists a subset A C B with non-zero
measure such that lim._,g p-(¢,2) = 1 for (t,z) € A (otherwise we would have p.(p:) — 0 a.e.
on B). By the previous argument such a set A does not exist, and we conclude that |B| = 0.
Therefore

p=0 ae on {p<l1} (84)
The limit system reads in this case
Op + div (pu) =0 (85a)
Vp —2div (uD (u)) + ru= f (85b)
0<p<1, sptpcC{p=1}, p>0, (85c¢)

where the memory effects are never activated.
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Remark 6. Note that, unlike the previous limit § — 0, we do not ensure the strong convergence
of (p:)e to p. The problem relies in the lack of uniform estimates (see Eq (68)) which prevents
the derivation of the weak compactness properties on F.. Nevertheless, as explained before,
we are able to identify the weak limit of the nonlinear term p.u., and to pass to the limit in
the mass and momentum equations without the strong convergence of (p:)e.

5 Dominant bulk viscosity regime 1 <~y < j3

Let us now consider the case where 8 > ~. If the approach proceeds formally in the same
way as before (regularization of the system by truncation of the singular laws and study of
the behavior as € — 0), we have here to adapt the arguments to get the appropriate uniform
controls in  and . For that purpose, we shall distinguish in the estimates three cases:
y<pB—-1,y=p—-1and -1 < v < B that correspond to the sub-cases presented in
Theorem 1.4. In these three cases, we are not able to control the bulk viscosity coefficient A.
from the pressure p.. Nevertheless, we will see that Equation (36) enables to pass to the limit
e — 0 in the two cases v € (8 — 1, 5] (no memory effects at the limit), v < § — 1 (memory
effects).

51 Case f—-1<~y<p3,v>1

5.1.1 Existence of weak solutions at ¢ fixed

We consider the same regularized system (39) with the truncated pressure (37) and bulk
viscosity (38) as in the previous section. Recall that we ensure from Lemma 3.2 the following
properties on v:

3010y >0 st |pes(pes)llze < O /T es(pes) 2 O, (86)

s T -

Lemma 5.1. Let (p.5,us5) be a global weak solution of the compressible Brinkman sys-
tem (39) with v < 3. Then,

[ Ae5(pe0) L1 ((0,m)xm3) + IPe.6 (=) | L1 0,1y xT2) + [[Xe 6(Pe6)divuc sl 1 o,m)xTs) < €, (87)
where C does not depend on § or e.

Proof. Starting again from the equation on A5 (49), using (32) to replace A, 5div u. 5, and
integrating in space we have

a4
dt Jps

< C(HSs,aIILl + /T ,Pes(pes)Ves(Pes)Lip. s<nroy + /T , Pe,a(Ps,a)va,a(ps,6)1{M°<pg,a})

C C
<C+ C/Ta Lip. s<moy + /Td Wl{MO<Ps,5S1—5} + /Td 577 Hpes>1-0}

for some constant C independent of d,e. Now, since v < 3, we can bound uniformly in 4, &
the right-hand side and therefore

Ae,é(pa,é) + /11‘3 Des (pa,é)

(Aa,é({)a,é))5 is bounded in L (O,T; Ll(’]I‘3)),
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(p5,5(p5,6))6 is bounded in L! ((O, T) x ’]1‘3).
We have as a byproduct (see Lemma 3.3)

(Ae,5(pe,6)div Us,6)5 bounded in L*((0,T) x T?).
U

Uniform upper bound on the density. Proposition 4.3 still holds in the case v < §: there exists
C which does not depend on § such that

lpesllLgs, < p < oo (88)

Lemma 5.2. For any t € [0,T], we have
meas {z € T?, p.s(t,z) >1—6} < C(e) 6Pt (89)

Proof. Since initially we assume (21), we can mimic the proof of (51) by using A, 5 instead of
H, s

C > sup Ac5(pe,s) 2/ Acs(pes)ip. s>1-6)
te[0, 7] JT3 T3

8 _ _ —

>0 S5 = (1= 9" + (1= )76 pesLip. po19)
g

>C o 591 [(1 - 5)ﬁ} Lip. s>1-6}-

O

As explained in the previous section, passing to the limit in the weak formulation of the
equations requires additional estimates on the singular laws.

Lemma 5.3. Let (p.s5,uc5) be a global weak solution of the compressible Brinkman sys-
tem (39) with v € (B — 1,0]. If initially (21) is satisfied, then there exist two constants
C' > 0 independent of §,&, and C2? > 0 independent of &, such that

1A 5(pe.o)ll poo 0,702y < C, (90)

- + ||\
Hpa’a(pa’é)HLH%((O,T)XT?’) H aﬁ(pe,é)HL

_ < C2. 91
HEE omyx3) T C (1)

Proof. Taking b(s) = (Azs)(s)? in (45) we get

O (Mes(pes)” + div (Aes(pes)) ues)
= - |:pe,§ (A€,6)/+ (pe,é)As,ﬁ (pz-:,6) + A5,5 <p€,6)/\5,6 (ps,é)} div Ue 5

:_Vmﬂmﬂ@m)
)‘5,5 (ps,é)

+ 1| Az 5(pe,5) e 5(pes) divue s, (92)
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where
e (B—p)p’!
ronv_) A=pF B-1
(AE,5)+<p) - c Bpﬁ_l o (1 o 5)ﬁ
58 B—1

it p<1-9

if p>1-90

which is such that ,
o Pes (Deo)i(pes) B

0 .
Ae,s(Pe,s) ~pB-1

Recall now that
/\E,J(PE,J)diV Ue,§ = Pe,s (ps,zS) + S5 —2pdiv Ue,§

1 .
+ m /11‘3 ()\6,5([)8,5)(:11‘/ Ug,§ _pa,é(pa,é))

that we can replace in (92). Integrating next in space, we obtain (recall thatg > 1)

d
1 (Acspes))” + / Ac 5(pe,s)pe,s(pz,s5)
T3 T3
28 — 1 28— 1 ,
< b / Ac5(pe,s)|Ses| + 20 B / Ac 5(pe,s)|div ue g
B—1 Jrs p—1 Jrs

+ 25_11‘1;3| (/11‘3 As,d(p€,6)> ’</T3 (/\s,§(ps,6)div Ue,§ — pe,é(ﬂs,é)))’

=1+ 1+ I3.

By a Cauchy-Schwarz inequality, we have

Bt 1y < OSeallfe + ldivucs o) + [ (Aes(oe))
T

while, due to the previous estimates,

T
/ I3 < C||Acs(pes)ll oo 1 (I1Ae,5(pe,6)div te sll i pr + [IPe,s(pes)pirr)-
0

We conclude then with a Gronwall inequality (recall that initially we assume (21)) and get

sup / (Aa76(f°a75))2+/ Az 5(pe,6)Pes(pe5) < C+C/ (Aes(pD)?. (93)
tefo,7) J T3 T3

With the control of A, s(pe.s)pes(pes) in L ((0, T) x Tg), we deduce that

1
| s
H (1= peg)rth—T {pe,5<1-0} .

< 0(6)7

and +6-1
y+B—
p£,6

5771 Hoes>1-0} || < Cle),

Ll
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since (see Lemma 5.2 and (88))

e(1—10)°
Ae,é(ﬁe,&)l{p5,5>176} > (5ﬂ_1) and  ||pesllre < C.
Hence,
€ ) 9 Y
(pe,5(pe,s)) 5 is bounded in L™ 5 ((0,T) x T°) (94)
(Acs(pes)), is bounded in L5 ((0,T) x T). (95)

We emphasize the fact that these controls are not uniform in e. This is due to the fact
that the pressure p. and the bulk viscosity A. are “more singular” than A. close to 1 (since

77ﬁ >'B‘4'1) O

Remark 7. We assumed in this case that v > 1 which enables, thanks to (95), to bound
Aeg(pes) in L((0,T) x T?).

Limit § — 0

We can pass to the limit in the weak formulation of the equation except in the non-linear
terms. As in the previous section, we need to prove the strong convergence of p. 5. Note first
that the results of Proposition 4.6 still hold:

<2u:)—21;i(p)> B <2u +p2)\5(p)> F i D (96)

(2u +F;5(p)> - <2u —l—l)\e(p)) FF o 7.

Hence, for ¥ = p2 — p? > 0,

0 +div (Wu) = T (2 v:(p2) - p20:(p2))

+ Pg Pe(pe)ve(pe) — pgps(Pe)Vs(Ps)-

where, in this case, the function s — b.5(s) = pe5(5)ve6(s) is non-monotone. In fact it is
not a problem, because b, s is now bounded and we can then treat it as the first part of the
right-hand side. We obtain similarly:

d

dtWW@JSCANEHJN@J» (97)

with |F.| € L1(0,T; L>°(T?)) which yields again ¥ = 0 by Gronwall’s inequality. The strong
convergence of the density is thus preserved in this case. In addition, due to (89), we ensure
that the limit density satisfies

0<p:<1 ae. (98)

We can then pass to the limit in all the terms of the equations. In particular, for the bulk

viscosity term, the strong convergence of p. 5 and (98) imply that A, 5(p. ) converges strongly
y+B8-1

to A\e(pe) in L 7 ((0,T) x T3). As in the previous section we deduce that

Ae,s (pe,é)div Ue,5 = \/)\6,5 (ps,6) \/)\5,6 (p€,5)div Ue,§
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converges weakly to \:(p:)divu. in L9((0,T) x T3) for some ¢ > 1.
Finally, we pass to the limit in (49) (recall A s(pes) is bounded in L>(0,7T; L*(T?)) so that
A¢ 5(pe,5)ue 5 is bounded in L?(0,T; (L3/2(T3))3)):

OAe(p=) + div (Ac(pe)us) = —Ae(pe)div ue. (99)

5.1.2 Limit ¢ — 0.

At this stage, we control uniformly

(ps)a in LOO(<07T) X TS)?

(ue). in L*(0,T;(H'(T%))?),
(Ac(pe)), in L*°(0,T; L*(T?)),
(pe(pe)), in L'((0,T) x T%),
(Ae(pe)divus)_ in L'((0,T) x T%).
Therefore

pe(ps) = p in My ((0,T) x Tg)

and
Ae(po)divue — I in M((0,T) x T?).

On the other hand
_B-1 B—1
A.E(ps) < Cel{pESMO} + 051 ~y (ps(ps)) 2l 1{P5>M0}’

with v > 5 — 1, so that A.(p:) converges strongly to 0 in Lﬁ((O,T) x T3) (and thus in
L2(0,T; Lg('ﬂ‘?’))). Passing to the limit in (99), we have then

II=0.
At the approximate level we recall that we had from (3.3)

 Jrs (pe(pe) + Se)ve(pe)
Jps v=(p2) '

Since pe(ps)ve(pe) is bounded when v € (8 — 1, 5], we deduce that the sequence

< Ae(pe)divue > — < pe(pe) > =

(< Ae(pe)divue, > — < ps(pe) >)e is bounded in L2(O,T)

and therefore converges weakly in L?(0,T) towards a limit denoted G € L?(0,T). Now,
passing to the limit in the equation

pe(pe) = (21 + Ac(pe))div (ue) — Se— < Ac(pe)div (ue) > + < pe(pe) >,
using that A.(pc)div (us) converges weakly to 0, we deduce that the limit pressure p satisfies
p=2udiv(u) — S — G € L*((0,T) x T%).

Thus the limit pressure is more regular than a measure and we can reproduce the arguments
of the previous section to prove that spt p C {p = 1}.
As a consequence, we conclude that the triple (p,u,p) is a global weak solution of

Op + div (pu) = 0, (100a)
Vp —2div (uD (u)) +ru = f, (100b)
0<p<1,sptpC{p=1}, p>0. (100c)
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5.1.3 Existence of weak solutions at ¢ fixed

First we observe that Lemma 5.1 still holds in this case, so that
(Acs(pes)); is bounded in  L**(0,T; L'(T?))
and, since vy < 8 — 1,
81

(p<5(p=5))5 i bounded in L(0, T5 L 5 (T7)).

With this control of the pressure and the energy estimate, we deduce from Lemma 3.3 that

(Aes(pes)divue 5) 5 is bounded in L2(0, T; L™ 5 (13)). (101)

Uniform upper bound on the density. The same arguments as before show that

lpesllLgs, < p < oo,
and
meas {x e T3, pes(t,x) >1— (5} < Cle) 581,
Additional integrability on A.s.

Lemma 5.4. Let (p.s5,uc5) be a global weak solution of the compressible Brinkman sys-
tem (39) with 1 < v < B—1. If initially ||Ac(p2)|| 12 < C, then there exist C' > 0 independent
of 0,¢, and C? > 0 independent of §, such that

”As,é(ps,é)HL‘x’Lz + ”psﬁ(pe,é)HLwLQ(ﬁ—l) < Cla (102)

Aeslpeall 260 < C2. (103)

Proof. We can reproduce exactly the same estimate on (A. 5(p-,5)) 2 by taking b(s) = (Azs)(s)?
n (45). We obtain

sup / (As,6(p€,5))2 +/ AE,S(ps,é)ps,é(ps,S) <C+ C/ (As,(?(pg))Z‘
tel0,7] J T3 T3 T3

Hence
(Ac5(pe5)) 5 is bounded in L*(0,T; L*(T?)),

and consequently
2(8=1)

(p575(p575))5 is bounded in L*°(0,T'; L (T3)),

(T?)).

This latter control on A.(p:) being not uniform in €. O

2(8-1)
()\5,5(,05,5))6 is bounded in L*°(0,T; L™ 7
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Remark 8. We assumed in this case that 1 < v < 8 — 1, so that 8 > 2 and

2(8-1)
B

The bulk viscosity coefficient (A,5(pe,5))4 is then bounded in L'((0,T)) x T?).

> 1.

Limit & — 0. We can pass to the limit in the weak formulation of the equations exactly in
the same way as before. We show first the strong convergence of the density and use then the
control of \/A. 5(pes) in L2((0,T) x T?) to identify the limit of the bulk viscosity term:

Ae.s(pes)divue s — Ao(pe)divue weakly in L'((0,T) x T?).

5.1.4 Limite—0
Thanks to the uniform controls of the singular quantities, we ensure the following convergences
Ac(ps) — A weakly-* in L>(0,T; L*(T?)), (104)
Ae(pe)divu, — II weakly in M((0,T) x T3).
Invoking similar arguments as those used to obtain (84), we can get
spt A C {p =1},
or, written differently (the product pA making sense almost everywhere):
(1—-pA=0. (105)
On the other hand, we have v < 8 — 1, which yields
pe(p) — 0 strongly in L' ((0,T) x T?).
Compared to the previous case, the limit A is not 0 and we close the system by passing to the
limit in
OMe(pe) + div (Ac(pe)us) = —Ae(pe)div ue.

Here, (A¢)e is controlled in L>(0,T; L?(T?)) and 10eAc ||y w-1.1) < C, while (uc ) is bounded
in L2(0,T; (H'(T3))3). We can then pass to the limit in the product A.(p.)u. thanks to
Lemma 4.5 and get the limit equation

oA + div (Au) = —1I in D'.

We have thus justified the activation of memory effects in the congestion limit. The tuple
(p,u,m, A) is finally a global weak solution of

Bup + div (pu) = 0, (106a)
—VII — 2div (D (u)) + ru = f, ( )
O\ + div (Au) = 11, (106¢)
0<p<1, (1—pA=0, A>0. ( )
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52 Casel<y=p0-1

The estimates remain mostly unchanged compared to the previous case v < § — 1. Neverthe-
less, in the limit ¢ — 0, we do not have the convergence of p.(p;) to 0 anymore and p.(p.)
converges now to p = ( — 1)A. The limit system then writes

Op + div (pu) = 0, (
(8—1)VA — VII — 2div (uD (u)) + ru = f, (
A + div (Au) = —II, (107¢c
0<p<1l, (1—-pA=0, A>0. (
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