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Abstract

A topological commutative ring is said to be 7igid when for every
set X, the topological dual of the X-fold topological product of the
ring is isomorphic to the free module over X. Examples are fields with
a ring topology, discrete rings, and normed algebras. Rigidity trans-
lates into a dual equivalence between categories of free modules and
of “topologically-free” modules and, with a suitable topological tensor
product for the latter, one proves that it lifts to an equivalence be-
tween monoids in this category (some suitably generalized topological
algebras) and coalgebras. In particular, we provide a description of
its relationship with the standard duality between algebras and coal-
gebras, namely finite duality.
Keywords: Topological dual space, topological basis, coalgebras, fi-
nite duality.
MSC classification: 13J99, 54H13, 46A20, 19D23.

1 Introduction

The main result of [I4] states that given a (Hausdorﬂﬂ) topological field
(K, 7), for every set X, the topological dual ((k,7)%)" of the X-fold topo-
logical product (k,7)¥ is isomorphic to the vector space k(XD of finitely-
supported k-valued maps defined on X (i.e., those maps X EN K such that
for all but finitely many members x of X, f(z) =0).

*Second address: CREA, French Air Force Academy, Base aérienne 701, 13661 Salon-
de-Provence, France.
! All topologies will be assumed separated.



Actually this topological property of rigidity is shared by more general
topological (commutative unital) ringsﬂ than only topological fields (a fact
not noticed in [14]). For instance any discrete ring is rigid in the above
sense (see Lemma . And even if not all topological rings are rigid (see
Section for a counter-example), many of them still are (e.g., every real
or complex normed commutative algebra).

It is our intention to study in more details some consequences of the
property of rigidity for arbitrary commutative rings in particular for some of
their topological algebrasﬂ So far, for a topological ring (R, 7), rigidity reads
as ((R,7)%)" =~ R (here, and everywhere else, R stands for the canonical
left R-module structure on the underlying abelian group of R) for each set
X. Suitably topologized (see Section , the algebraic dual (R))* turns
out to be isomorphic to (R, 7)~.

More appropriately the above correspondence may be upgraded into a
dual equivalence of categorie&ﬁ between free and topologically-free modules,
i.e., those topological modules isomorphic to some (R,7)X (Theorem
under the algebraic and topological dual functors. (This extends a similar
interpretation from [I4] to the realm of arbitrary commutative rigid rings.)

Under the rigidity assumption, the aforementioned dual equivalence en-
ables to provide a topological tensor product &g ) for topologically-free
(R, 7)-modules by transporting the algebraic tensor product ®g along the
dual equivalence. It turns out that @ . is (coherently) associative, com-
mutative and unital, i.e., makes monoidal the category of topologically-free
modules (Proposition . Not too surprisingly the above dual equivalence
remains well-behaved, i.e., monoidal, with respect to the (algebraic and topo-
logical) tensor products (Theorem . According to the theory of monoidal
categories, this in turn provides a dual equivalence between monoids in
the tensor category of topologically-free modules (some suitably generalized
topological algebras) and coalgebras (Corollary . So there are two con-
structions: a topological dual coalgebra of a monoid (in the tensor category
of topologically-free modules) and an algebraic dual monoid of a coalgebra,
and these constructions are inverse one from the other (up to isomorphism).

There already exists a standard duality theory between algebras and coal-
gebras, over a field, known as finite duality but contrary to our “topological
duality” it is merely an adjunction, not an equivalence. One discusses how
these dualities interact (see Section [7)) and in particular one proves that the

2In this contribution, every ring is assumed commutative and unital (see Section .

3The results of the present contribution also serve in a subsequent paper under prepa-
ration about topological semisimplicity of commutative topological algebras.

4A dual equivalence is an equivalence between a category and the opposite of another.



algebraic dual monoid of a coalgebra essentially corresponds to its finite dual
(Section , that over a discrete field, the topological dual coalgebra of a
monoid is a subcoalgebra of the finite dual coalgebra of its underlying alge-
bra and furthermore that they are equal exactly when finite duality provides
an equivalence of categories (Theorem .

2 Conventions, notations and basic definitions

2.1 Conventions

Except as otherwise stipulated, all topologies are Hausdorff, and every ring
is assumed unital and commutative’]

For a ring R, R denotes both its underlying set and the canonical left
R-module structure on its underlying additive group. Likewise if A is an
R-algebra, then A is both its underlying set and its underlying R-module.
The unit of a ring R (resp., unital algebra A) is either denoted by 1gr (resp.
1a). A ring map (or morphism of rings) is assumed to preserve the units.

A product of topological spaces always has the product topology. When
for each z € X, all (E,,7;)’s are equal to the same topological space (E, ),
then the X-fold topological product [],ex(Ez,7,) is canonically identified
with the set EX of all maps from X to E equipped with the topology of
simple convergence, and is denoted by (E,T)X . Under this identification,
the canonical projections (E,7)X =% (E,7) are given by m(f) = f(z),
zeX, feEX.

2.2 Basic definitions

1 Definition Let R be a ring. A (Hausdorff, following our conventions)
topology T of (the carrier set of) the ring is called a ring topology when
addition, multiplication and additive inversion of the ring are continuous.
By topological ring (R, 7) is meant a ring together with a ring topology T on
zﬂ By a field with a ring topology, denoted (K,7), is meant a topological
ring (K, 7) with K a field.

2 Example A ring R with the discrete topology d is a topological ring.

5To the contrary an algebra over a ring won’t be assumed commutative, but associative
and unital.
Tn view of Section the multiplication of a topological ring is jointly continuous.



Let (R,7) be a topological ring. A pair (M,o) consisting of a (left
and unitaﬂ) R-module M and a topology ¢ on M which makes continuous
the addition, opposite and scalar multiplication R x M — M, is called a
topological (R, 7)-module. Such a topology is referred to as a (R, 7)-module
topology. In particular, when R is a field K, then this provides topologi-
cal (K, 7)-vector spaces. Given topological (R, 7)-modules (M, o), (N, 'y) a

continuous (R, T)-linear map (M, U) — (N,7v) is a R-linear map M LN
which is continuous. Topological (R, 7)-modules and these morphisms form
a categoryﬂ TopMod g ;y, which is denoted TopVect y ,), when K is a field.

A pair (A,0), with A a unital R-algebra, and o a topology on A, is a
topological (R, T)-algebra, when o is a module topology for the underlying R-
module A, and the multiplication of A is a bilinear (jointly) continuous map.
Given topological (R, 7)-algebras (A,0),(B,~), a continuous (R, 7)-algebra

map (A, o) EN (B,7) is a unit-preserving R-algebra map A L. B which is
also continuous. Topological (R, 7)-algebras with these morphisms form a
category 1 TopAlgg ). One also has the full subcategoryﬂ 1, TopAlg )
of unital and commutative topological algebras.

3 Example (R, 7) is a topological (R,T)-module and the topological ring
(R, 7) with the previous module structure, is a topological (R, T)-algebra.

4 Remark A R-module (resp. R-algebra) with the discrete topology d is a
topological (R,d)-module (resp. (R,d)-algebra).

2.3 X-fold product and finitely-supported maps

The opposite category C°P of C has the same objects and morphisms as C but
with opposite composition. In other words one has C°?(D,C") = C(C, D)
f°P denotes the C- morphlsm f considered as a C°P-morphism. Let C L)
be a functor. Then, C°P I, D with for a C- morphism f, FP(f°P) =

"Unital means that the scalar action of the unit of R is the identity on the module.

80ne does not worry about size issues and in this presentation “category” means a
locally small category while “set” loosely means both small and large set. One assumes
that the reader is familiar with basic notions from category theory among subcategories,
(full, faithful) functors, natural transformations, natural isomorphisms, equivalence of
categories, categorical product, terminal object, left/right adjoints, unit and counit of
an adjunction. However some of them will be recalled in the text, essentially through
footnotes. Of course [13] is a fundamental reference for this subject.

By a full subcategory is meant a subcategory D of C such that D(C, D) = C(C, D) for
each D-objects C, D, where as usually, C(C, D) denotes the hom-set of all C-morphisms
with domain C and codomain D.



F(f)°P, is called the opposite of F. Each natural transformationlﬂ o F =

G:C - D has an opposite natural transformation a®P: G°P = F°P: C°P - D°P
with (a°)c = af? for each C-object C.

Let R be a ring, and let X be a set. The R-module R of all maps from X

to R, equivalently defined as the X -foower of R in the categoryE Modp,
1

P
is the object component of a functol'?| Set®® —> Modg whose action on
maps is as follows: given X EN Y and g € RY, Pr(f)(g) = gof. RX is merely
M
not just a R-module but, under point-wise multiplication RX x RX == RX,
a commutative R-algebra, the usual function algebra on X, denoted Ag(X),
with unit 14,(x) = Xaex 6R. where R, or simply 8, is the member of RX

x ) x>

with 6R(z) = 1g, = € R, and for y € X, y # x, 68(y) = 0. This actually

provides a functoif | Set°P Ar, 1,cAlgR.

Let f € RX. The support of f is the set supp(f) := {x € X: f(z) #0}.
Let R be the sub-R-module of R consisting of all finitely-supported maps
(or maps with finite support), i.e., the maps f such that supp(f) is finite.

R™) is actually the free R-module over X, and a basis is given by {55: T €

5R
X }. Observe that the map X — RX, 2+ §,, is one-to-one if, and only if,
R is non-trivial.
5 Remark Of course one has the free module functor Set Ix, Modg which
is a left adjoint of the usual forgetful functor Modg l Set; Fr(X):= R,
f .
and fO’f' X =Y, pe R(X)7 FR(f)(p) = ZyEY (erf‘l({y})p(x))éyR’ t.e.,

5] x
Fr(f)(6R) = 555@), zeX. The map X = |RX)| is the component at X of
the unit of the adjunctioﬂ Fr |- |:Set - Modg.

Let (R,7) be a topological ring and let X be a set. Since for a map

10The notation c: F' = G: C — D means that « is a natural transformation between two
.G . .
functors C —% D. Given a C-object C, ac € D(F(C),G(C)) denotes the component

at C of a. Thus a = (ac)c. For each functor C SN D, there is an identity at F,
idp: F = F:C - D with (idr)c = idp(c), also denoted simply id.

"'Modkg is the category of unital left-R-modules with R-linear maps. When R is a field
k one uses Vecty instead.

1286t is the category of sets with set-theoretic maps.

13, Algy the category of (associative) unital R-algebras with unit-preserving algebra
maps. (The multiplication ma of an algebra A thus is a R-bilinear map A x A A, A)
1,cAlgg is the category of unital and commutative algebras.

1411 this presentation, by F' 4 G: C — D is meant an adjunction with left adjoint C KN )
and right adjoint D < C.



Pr(f)

X ER Y, 7z 0 PRy (f) = Tfay, v € X, (R, 7)Y (R, 7)X is continuous,

P T
and thus one has a topological power functor Set°P R, TopMod g ;).

6 Lemma (R, 7)* x (R,7)* Mx, (R, 7)™ is continuous.

Proof: My is separately continuous because for each x € X, m, 0o Mx =
mg o (my x 7). Let A ¢ X be finite, and for each x € A, let U, be
an open neighborhood zero in (R,7). Continuity of mgr at zero implies
the existence of neighborhoods V., W, of zero such that mg(V,, W,) € U,.
Mx(Naea Tyt (Vi) Nuea 75 (W) € Nyea 7,1 (Uy) ensures continuity at zero
of Mx, and thus continuity by [19, Theorem 2.14, p. 16]. O

ARy X = ((R,7)*, Mx, Lag(x)) is a functor too and the diagram be-
low commutes, with the forgetful functors unnamed.

1, TopAlg g ) e " 1,cAlgg (1)
\*T
P \

TopMod ) ®7) & Modg

7 Notation The underlying topological ring of A(r )(X) is denoted (R, )~
(of course, it is the X -fold product of (R, T) in the category of rings).

3 Recollection of results about algebraic and topo-
logical duals

3.1 Algebraic dual functor

Let R be a ring. Let M be a R-module. Let M* := Modg(M, R) be the

algebraic (or linear) dual of M. This is readily a R-module on its own.
When (R,7) is a topological ring, then M* may be topologized with

the initial topology ([6, 19]) sz,r)’ called the weak-* topology, induced

A
by the family (M* Aarv), R)yenr of evaluations at some points, where

(Arr(v))(€) == £(v). This provides a structure of topological (R, 7)-module
on M*, which is even Hausdorﬂff] (since if £(v) = 0 for all v € M, then £ = 0).

5The initial topology on X induced by a family F of maps all with domain X, is
Hausdorff when F' separates the points of X, i.e., when for each x # y in X, there is a map

f € F such that f(z) # f(y).



Moreover given a linear map M EN N, N¥ EAN M* b f*(£):=Lo f,is

continuous for the above topologies. Consequently, this provides a functor

Alg(r, -
Mody LR TopMod g ) called the algebraic dual functor.

8 Remark M~ or f* stand for Algr (M) or Algr - (f)-

Up to isomorphism, one recovers the module of all R-valued maps on a
set X, with its product topology, as the algebraic dual of the module of all
finitely-supported maps duly topologized as above.

9 Lemma For each set X, (R,7)% =~ Alg(Rﬂ.)(R(X)) (in TopMod g ;))
under the map

pPX: (RaT)X e ((R(X))*7wZR,T))
given by (px (£)(p)) = Tpex p(z) f(z), f e RX, pe RX).

Proof: Let £ e (R™X))*. Let us define X LR by /() := £(d,), = € X.
That the two constructions are linear and inverse one from the other is clear.
It remains to make sure that there are also continuous. Let £ € (R(X))*,

and let z € X. Then, m,(¢) = 0(z) = £(02) = (Apx) (02))(£), which ensures

—1
continuity of ((R(X))*,w(*R T)) x, (R,7)X. Let f e RX, and p € RV,
As (Apeo () (px (f)) = (px (£))(P) = Tiex (@) f(2) = Liex m(p) f(2) =
Yeex Tz ()T (f), A (p) o px is a finite linear combination of projections,
whence is continuous for the product topology, so is px. O

Let M be a free R-module. Let B be a basis of M. This defines a family

of R-linear maps, the coefficient maps (M L R)pep such that each v e M
is uniquely represented as a finite linear combination v = ¥, g b*(v)b. One
denotes FreeModg the full subcategory of Modgr spannedlﬂ by the free
modules. When K is a field, FreeMody is just Vecty itself.

10 Example For each set X, py = 0%, where py = R o RX 5 R e X,

€T
with RX) < RX the canonical inclusion.

11 Remark b*(d) = &(d), b,d € B. So B AR B* := {b:be B} is a

byjection.

SEach (even large) subset X of the objects of some category C determines uniquely a full
subcategory of C called the full subcategory of C spanned by X, namely the subcategory
Cx whose set of objects is X and Cx(C,D)=C(C,D), C,D e X.



Given a free R-module, any choice of a basis B provides the initial topol-
ogy II; on M* induced by (Apr(b))pen. (Of course, I € wE’R 1_).)
12 Lemma Let M be a free R-module. The topology 11y is independent of
the choice of the basis B of M since it is equal to w(*R ne Moreover, for each

basis B of M, (M*’wZR,T)) ~ (R,7)B (in TopMod g ).

Proof: For L€ M*, (Ap(v))(€) = Xpep b™ (v)€(b) = Xpep b (v) (Anr (D)) (0),
v e M, thus Aps(v) is a finite linear combination of some Aps(b)’s, whence
is continuous for II, and so wZR < IT%. The last assertion is clear. |

3.2 Topological dual functor

Let (R,7) be a topological ring, and let (M,o) be a topological (R,7)-
module. Let (M,0)" := TopMod g -y ((M, o), (R,T)) be the topological dual

of (M, o), which is a R-submodule of M*. Let (M, o) EN (N,~) be a contin-

uous (R, 7)-linear map between topological modules. Let (N, )’ iR (M,o)

be the R-linear map given by f/'(¢) := £o f. All of this evidently forms a
Top(r.+

functor TopMod((’E ” _Peo, Modgi.

Let (R, 7) be a topological ring, and let X be a set. Let R(Y) 2x, (RX)*
be given by (Ax (p))(f) = Tpex p(2) f(z), pe R, fe RY.

Let px be the map from Lemma |9 Then, for each p e R Ax(p) =
A pcx)(p) © px, which ensures continuity of Ax(p), i.e., Ax(p) € ((R,7)*)".
Next lemma follows from the equality p(z) = (Ax(p))(dz), pe RX), z e X.

13 Lemma RO 2%, ((R,7)X) is one-to-one.

4 Rigid rings: definitions and (counter-)examples

The notion of rigidity, recalled at the beginning of the Introduction, was
originally but only implicitly introduced in [14] Theorem 5, p. 156] as the
main result therein and the possibility that its conclusion could remain valid
for more general topological rings than topological division rings was not
noticed. Since a large part of this presentation is given for arbitrary rigid
rings (Definition [15| below), one here provides a stock of basic examples.

As [14, Lemma 13, p. 158], one has the following fundamental lemma.



14 Lemma Let (R,7) be a topological ring, and let X be a set. For each
feRX, (f(2)0z)zex is summable in (R,7)% with sum f.

15 Definition Let (R,7) be a topological ring. It is said to be rigid when

A
for each set X, R 25 ((R,7)X)" is an isomorphism in Modg, i.e., A\x
1s onto. In this situation, one sometimes also called rigid a Ting topology T
such that (R, T) is rigid.

16 Lemma Let (€ ((R,7)X)". £ cim(\x) if, and only if, &: X - R given

by {(z) = £(0,), belongs to RX). Moreover, im(\x) 9, RX) ¢ i =

Yoex £(02)0z, is the inverse of Ax.

4.1 Basic stock of examples

Of course, the trivial ring is rigid (under the (in)discrete topology!).

The first assertion of the following result is a slight generalization of the
main theorem in [I4], which is precisely the second assertion below, since
the proof of [14, Theorem 5, p. 156] does not use continuity of the inversion.

17 Lemma Let (K, 7) be a field with a ring topology (see Definition [1]).
Then, (K, 7) is rigid. In particular, any topological ﬁelﬂ 18 Tigid.

18 Lemma For each ring R, the discretely topologized ring (R,d) is rigid.

Proof: Let £ e ((R,d)X)". As a consequence of Lemma (0(0z))z is
summable in (R, d), with sum £(1 4,(x)). Since { 0 } is an open neighborhood
of zero in (R, d), () = 0 for all but finitely many = € X (|19, Theorem 10.5,
p. 73]). The conclusion follows by Lemma [16] o

Every normed, complex or real, commutative and unital algebra (e.g.,
Banach or C'*-algebra) is rigid.

19 Lemma Let k=R,C. Let (A,|-|) be a commutative normed k—algebrﬁ
with a unit. Then, as a topological ring under the topology induced by the
norm, it is rigid.

Y7 A topological field is a field with a ring topology (K, ) such that the inversion a — ™"

is continuous from k~ {0} to itself with the subspace topology.

8In a normed algebra (A, ||-|), unital or not, commutative or not, the norm is assumed
sub-multiplicative, i.e., |zy| < |z||y[, which ensures that the multiplication of A is jointly
continuous with respect to the topology induced by the norm.



Proof: Let 7_ be the topology on A induced by the norm of A, where A
is the underlying k-vector space of A. Let X be a set. Let £ ¢ ((A,T”_H)X)/.
Let f € AX be given by f(zx) = mlA if x ¢ supp(é) and f(z) = 0 for
x ¢ supp(f). Since by Lemma (f(x)dz)zex is summable with sum f,
(f(2)€(62))zex is summable in (A, 7_)) with sum £(f). So according to [19]
Theorem 10.5, p. 73], for 1 > e > 0, there exists a finite set F, € X such that
I f(2)0(6,)| < € for all & € X \ F.. But 1= | f(2)€(8,)] for all z € supp(¥) so
that supp(g) is finite, and Ax is onto by Lemma O

4.2 A supplementary example: von Neumann regular rings

A rinﬂ is said to be von Neumann regular if for each x € R, there exists
y € R such that = = zyz |10, Theorem 4.23, p. 65].
Let us assume that R is a (commutative) von Neumann regular ring. For

each z € R, there is a unique z' € R, called the weak inverse of z, such that
z=zxtz and 2t = 2Tzt P9

20 Example A field is a von Neumann reqular with z' := ™', 2 4 0, and
07 =0. More generally, let (Ki)ier be a family of fields. Let R be a ring, and
let 2R < [l;er Ki be a one-to-one ring map. Assume that for each z € R,
j(m)f e im(y), where for (z;)ier € [Tier Ki, (xi)ifd = (m[)zd Then, R is von
Neumann reqular.

21 Remark Let R be a von Neumann regular ring. For each x € R, x # 0 if,
and only if, zz' # 0. Moreover, xx! belongs to the set E(R) of all idempotents

(e* =e¢) of R.

22 Proposition Let (R, 7) be a topological ring such that R is von Neumann
reqular. If 0 ¢ E(R)~N{0}, then (R,7) is rigid. In particular, if E(R) is
finite, then (R,T) is rigid.

Proof: That the second assertion follows from the first is immediate. Let
X be a set. Let us assume that 0 ¢ E(R)~N{0}. Let V ¢ ‘B(R’T)(O) such

that V n (E(R)~ {0}) = @. Let £ e ((R,7)X). Let f e RX be given by

19 Assumed commutative and unital as in Section

20Given y € R with & = zyx, then z := yry meets the requirements to be a “weak inverse”
of z, and if y, z are two candidates, then one has z = 2%z = 2%2%y = (xzz)zy = xzy =
(@®y)zy = (z%2)y” = 2y® = y.

21Given a topological space (E,7) and z ¢ E, Vg, (x) is the set of all neighborhoods
of x.

10



f(x) = £(5,)" for each x € X. Since (f(x)0(62))zex is summable in (R, 7T)
with sum £( f), by Cauchy’s condition [19, Definition 10.3, p. 72|, there exists
a finite set Ay € X such that forall x ¢ Ay v, f(2)€(0,) € V. But for z e X,
F(2)(8,) = £(6,)70(6,) € E(R). Whence, in view of Remark [21] for all but
finitely many z’s, f(x)€(d,) =0, i.e., £(d;) = 0. ]

23 Remark Lemmal[I7 is a consequence of Proposition [23 since for a field
K, BE(k) = {0, 1k }.

Now, let (E;, 74 )ier be a family of topological spaces. On [, E; is defined
the box topology [9, p. 107] a basis of open sets of which is given by the “box”
[1;c; Vi, where each V; € 7, ¢ € I. The product [];.; F; together with the box
topology is denoted by [;e;(Fs, 7). (This topology is Hausdorff as soon as
all the (E;,7;)’s are.)

It is not difficult to see that given a family (R;, 7;);es of topological rings,
then [M;er(Ri,7;) still is a topological ring (under component-wise opera-
tions).

24 Proposition Let (K;)ir be a family of fields, and for each i € I, let
7 be a ring topology on K;. Let R be a ring with a one-to-one ring map
7R = [Ties Ki. Let us assume that for each x € R, j(x)’ € im(y) ((x,)f as
i FEzample @) Let R be topologized with the subspace topology T, inherited
from [Mier(Ki, 7). Then, (R, ;) is rigid.

Proof: Naturally (z;)icr € E(IT;s Ki) if, and only if, z; € {0, 1k, } for each
i€ I. Now, for each i € I, let U; be an open neighborhood of zero in (k;,7;)
such that 1k, ¢ U;. Then, []; U; is an open neighborhood of zero in ;7 (K;, ;)
whose only idempotent member is 0. Therefore, 0 ¢ E([T;er ki) ~{0}.
Under the assumptions of the statement, an application of Example [20]
states that R is a (commutative) von Neumann regular ring. It is also of
course a topological ring under 7, (since 7 is a one-to-one ring map). It is
also clear that E(R) ~ E(y(R)) € E(I1;K;). Furthermore, y(E(R)~{0}) =
E(3(R))~{0}ny(R) < E(IT;k;) ~ {0}, and thus 0 ¢ E(R) ~ {0} according
to the above discussion. Therefore, by Proposition (R,7)) isrigid. O

4.3 A counter-example

Let (R, 7) be a topological ring, and let us consider the topological (R, 7)*-
module ((R,7)*)¥ for a given set X. To avoid confusion one denotes by

I, . ..
(RX)X == RX the canonical projections.

11



Let us define a linear map (RX)¥ L (R, 7)X by setting £(f):x
(f(x))(x), f e (RX)X. ¢is continuous, and thus belongs to (((R,7)*)¥*)’,
since for each x € X, m; 0o = m, o II,. Now, for each x € X (6(65)())(3:) =

5§X (x) = 1gx, so that supp(f) = X. Consequently one obtains

25 Proposition Let (R,7) be topological ring, and let X be a set. If X is
infinite, then (R, 7)X is not rigid.

However the above negative result may balanced by the following.

26 Proposition Let (R,7) be a rigid ring. If I is finite, then (R,7)! is
rigid too.

Proof: Let (R,7) be a topological ring. For a set I, one recalls that
(R,7)! is the underlying ring (R,7)! (Notation [7) of A, (I). Any topo-
logical (R, 7)?-module is also a topological (R, 7)-module under restriction of
scalar along the unit map (R, 7) LN (R, 7)1, nr(1R) = 1gs, which of course
is a ring map, and is continuous (because n;(a) = mgr (nr(«@),1gr), a € R.)

Let X be a set, and let £ ¢ (R, 7))XY, e, (B,7)NYX 5 (R,7) is
continuous and (R, 7)’-linear, and by restriction of scalar along 7y it is also
a continuous (R, 7)-linear. Therefore for each i € I, ((R,7)")* £ (R, 7)! 5
(R, T) belongs to the topological dual space of ((R,7)!)¥ seen as a (R, 7)-
module.

Let us assume that (R, 7) is rigid. Then, by Lemma supp(m;ol) is
finite for each 7 € I. One also has supp(é) = Uier supp(mi o £), with X LA RI,
i(z) = 6(551), 2 € X. Whence if I is finite, then supp(f) is finite too. O

*Tet (R,7) and (S,o) be topological rings, and let (R,7) ER (S,0) be a continuous
ring map. It may be used to transform a topological (S,o)-module into a topological
(R,7)-module by restriction of scalars along f. In details, let (M,v) be a topological
(S,0)-module. There is a scalar action of R on M given by a-v := f(a)v, a € R, ve M
(where by juxtaposition is denoted the scalar action Sx M — M). Furthermore this action
is again continuous (by composition of continuous maps). Let f*(M,~) be the topological
(R, 7)-module just obtained. At present let (M,~) 2 (N, ) be a continuous (S, o)-linear
map. g is also R-linear because of g(a-v) = g(f(a)v) = f(a)g(v) = a-g(v), and thus
provides a continuous (R, 7)-linear map f*(M,~) 5, f*(N,m). All this results in a functor

TopMod g LR TopMod g .y of restriction of scalars along f.

12



5 Rigidity as an equivalence of categories

The main result of this section is Theorem I8 which provides a translation of
the rigidity condition on a topological ring into a dual equivalence between
the category of free modules and that of topologically-free modules (see be-
low), provided by the topological dual functor with equivalence inverse the
(opposite of the) algebraic dual functor, with both functors conveniently
co-restricted. The purpose of this section thus is to prove this result.

Topologically-free modules. Let (R, 7) be a topological ring. Let (M, o)
be a topological (R, 7)-module. It is said to be a topologically-free (R, T)-
module if (M,0) ~ (R,7)%, in TopMod g .y, for some set X. Such topolog-
ical modules span the full subcategory TopFreeMod g ;y of TopMod g ..
For a field (k,7) with a ring topology, one defines correspondingly the cat-
egory TopFreeVect, ;) = TopVecty .y of topologically-free (K,T)-vector
spaces.

P T
27 Remark The topological power functor Set°P _®&D, TopMod R,y fac-
tors as indicated below (the co-restriction obtained is also called P(g ;y).

Pg.»
SetoP — 7, TopMod R ;) (2)

PR~
" &opFreel\/Iod(RJ)

Topologically-free modules are characterized by the fact of possessing
“topological bases” (see Corollary [31| below) which makes easier a number of
calculations and proofs, once such a basis is chosen.

28 Definition Let (M,0) be a topological (R,T)-module. Let B < M. It is
said to be a topological basis of (M, o) if the following hold.

1. For each v e M, there exists a unique family (b'(v))pen, with V'(v) € R
for each b € B, such that (b'(v)b)y is summable in (M, o) with sum v.
b'(v) is referred to as the coefficient of v at be B.

2. For each family (ap)pep of elements of R, there is a member v of M
such that b'(v) = ap, b e B. (By the above point such v is unique.)

3. o is equal to the initial topology induced by the (topological) coefficient

b/
maps (M — (R, 7))pen. (According to the two above points, each b is
R-linear.)

13



29 Remark [t is an immediate consequence of the definition that for a topo-
logical basis B of some topological module, 0 ¢ B and b'(d) = d(d), b,d € B

(since Ypep O0p(d)b=d =Ygt (d)b). In particular, B O B':={V:be B}

s a bijection.

30 Lemma Let (M,o0) and (N,~) be isomorphic topological (R, T)-modules.
Let ©:(M,0) = (N,7v) be an isomorphism (in TopMod g y). Let B be a
topological basis of (M,c). Then, ©(B) = {©(b):b € B} is a topological
basis of (N,7).

31 Corollary Let (M,o) be a (Hausdorff) topological (R, T)-module. It ad-
mits a topological basis if, and only if, it is topologically-free.

32 Example Let (R,7) be a topological ring. For each set X, {d,:x € X }
is a topological basis of (R, 7)~. Moreover m, =0, v e X.

Let us now take the time to establish a certain number of quite useful
properties of topological bases.

33 Lemma Let (M, o) be a topologically-free (R, T)-module with topological
basis B. Then, B is R-linearly independent and the linear span (B) of B is
dense in (M, o).

Proof: Concerning the assertion of independence, it suffices to note that 0
may be written as Y ;.p 0b, and conclude by the uniqueness of the decompo-
sition in a topological basis. Let u € M and let V := {v e M:b'(v) e Uy, be
A} €Ba1,6)(0), where A is a finite subset of B and Uy € U(r ,)(0), b e A.
Let ap € Uy, be A, and v := Yy apb — Ypepa ' (w)b e V. So u+v e (B).
Thus, u+V meets (B) and (B) is dense in (M, o). o

34 Corollary Let (M,o) be a topologically-free (R, T)-module, and let (N,~y)

be a topological (R, 7)-module. Let (M,o) ELR (N,7) be two continuous
(R, 7)-linear maps. f = g if, and only if, for any topological basis B of
(M,o), f(b)=g(b) for each be B.

Topologically-free modules allow for the definition of changes of topolog-
ical bases (see Proposition 51| for a more general construction).

35 Lemma Let (M,0) and (N,v) be two topologically-free (R, T)-modules,
and let B, D be respective topological bases. Let f:B — D be a bijection.

Then, there is a unique isomorphism g in TopMod g .y such that g(b) =
f(b), beB.

14



Proof:  The question of uniqueness is settled by Corollary 34 If such
an isomorphism g exists, then g(v) = g(Xpcp b’ (v)b) = Yppb'(v)g(b) =
Spen ' (V) F(b) = Taep(f1(d) (v)d, v € M. One observes that g as de-
fined by the right hand-side of the last equality, is R-linear, and it is also
continuous since for each d e D, d’ o g = (f~(d))". ]

36 Lemma Let M be a free module with basis B. Then, (M*,wéR T)) is
a topologically-free module with topological basis B* := {b*:b € B} (see Re-

mark .
Proof: According to Lemma (M*, wéR T)) is a topologically-free mod-

ule. Let M s, R®) be the isomorphism given by 0p(b) = &, b € B.
Thus, 6%5:(RP))* ~ M*, and 6% 0 pp: R =~ (RP))* =~ M* is given by
05 (ps(65)) = pp(6R) 0 = pyoOp = b for b € B (see Example [10| for
the definition of p,). Now, {&,:b € B} being a topological basis of R”, by
Lemma [30 this shows that B* is a topological basis of (M*, w(*R’T)). ]

37 Example {p,:z e X} is a topological basis of (R))* (Ezample @)

38 Remark If B is a basis of a free module M, then B ~ B* under b — b*,
because for each b,d € B, b*(d) = dp(d).

39 Corollary Let (R,7) be a topological ring. The algebraic dual functors

Alg(r,+ ) ) )
Mod(;{p A TopMod R ;) factors as illustrated in the diagram belo.

Moreover the resulting co-restriction of Algr,y (the bottom arrow of the

Z3When k is a field with a ring topology 7, then one has the corresponding factorization

Algk. +
of Vect;” e, TopVect, ..

op Algk,+)
Vect,” ——— TopVect ., (3)

TopFreeVect, .

15



diagram) is essentially surjectivﬁ.

Algr »
Mod%® — 7, TopMod, g ,, (4)

FreeMody” —— TopFreeMod g )

Proof: The first assertion is merely Lemma Regarding the second
assertion, let (M, o) be a topologically-free module. So, for some set X,
(M,0) ~(R,7)*. By Lemma@ (R, 7)X =~ Alg(RVT)(R(X)). ]

40 Lemma Let (R,7) be a rigid ring. Let (M,o) be a topologically-free
(R, 7)-module with topological basis B. Then, (M,c)" is free with basis B :=
{b\:be B}.

Proof: Let ©p:(M,0) ~ (R,7)® be given by ©pg(b) = 6. Therefore
0%:((R,7)P)" =~ (M,0)’, and thus one has an isomorphism @' o Ag: R(%) ~
(M,o)’. Since a module isomorphic to a free module is free, (M, o)’ is free.
The previous isomorphism acts as: Oz(Ag(dp)) =m0 Op =b' for be B. It
follows from Lemma [30| that B’ is a basis of (M,0)". o

41 Example Let (R,7) be a rigid ring. Let (M,o) = (R,7)X. By Eram-
ple {0':xe X} ={muxeX} is a linear basis of ((R,7)%)".

T T
42 Corollary Let (R,T) be a rigid ring. The functor Topl\/.[od?g ” e,
Modg factorﬂ as indicated by the diagram below.
op TOp(R,T)
TopMod(RJ) Modg (6)
TopFreeMod?E nT FreeModg

247 functor C 25 D is essentially surjective when each object D in D is isomorphic to
an object of the form F'C', for some object C' in C. Whence an equivalence of categories
is a fully faithful and essentially surjective functor (see [I3]).

%5 Correspondingly for a field (k,7) with a ring topology,

Topk,+)

TopVectc(’I’;T) — > Vecty (5)

op
TopFreeVect ()
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The topological dual of the algebraic dual of a free module. Let
(R, 7) be a topological ring. Let M be a R-module, and let us consider as in
Section the R-linear map

M ﬂi} (M*v wER,T) ),

(Anr(0))(0) = €(v), v e M, £ € M*,

43 Lemma Let M be a projective R-module. Then, Ays is one-to-one. This
holds in particular when M is a free R-module.

Proof: Let us consider a dual basis for M, i.e., sets B € M and {/.:¢e €
B} ¢ M*, such that for all ve M, ¢.(v) =0 for all but finitely many ¢, ¢ B*
and v =Y g le(v)e (JI0, p. 23]). Let v € ker Apy, ie., (Aps(v))(€) =£4(v) =0
for each ¢ € M*. Then, in particular, Aps(v)(fe) = Le(v) =0 for all e € B,
and thus v = 0. a

Let (R,7) (resp. (K,7)) be a rigid ring (resp. field). Let us still de-

op AR op A9

note by FreeModg TopFreeMod ;) (resp. Vect,’ ———
Top(r,r

TopFreeVect y ) and by TopFreeModc(’E ” T, preeModg (resp.

Top(,-
TopFreeVect‘()l'Z M _ ), Vecty) the functors provided by Corollaries
and (42

44 Proposition Let us assume that (R,7) is rigid. A = (Ap)ariid =
Topr,r)© Alg?g T):FreeModR — FreeModg is a natural isomorphz’snﬂ.

Proof: Naturality is clear. Let (R,7) be a topological ring. Let M be a
free R-module. For each free basis X of M, the following diagram commutes

0
in Modg, where M —> R(X) is the canonical isomorphism given by x (z) =
6R, 2 € X. Consequently, when (R,7) is rigid, then for each free R-module

9
A . . .
M, M =2 (M*,szﬂ_))’ is an isomorphism.

M2 (O wi ) 7)
Ox \X’

(RO wig )
—

R —— ((R,1)¥) ™ &
X

26 A natural isomorphism o: F = G:C — D is a natural transformation the components
of which are isomorphisms in D. Two functors F,G:C — D are said to be naturally
isomorphic, which is denoted F ~ G, if there is a natural isomorphism «a: F' = G:C - D.
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O

45 Corollary Let us assume that (K, 7) is a field with a ring topology. Then,
A = (M) areid = Topgery © Alg‘(’lz‘r):Vectk — Vecty is a natural isomor-
phism.

The algebraic dual of the topological dual of a topologically-free
module. Let (M,0) be a topological (R, 7)-module. Let us consider the

F o
R-linear map M SN ((M,0)")* by setting (T'(az,0)(v))(£) = £(v).

46 Proposition Let us assume that (R,7) is a rigid ring. Then, T:id =
Algr,r OTop?EJ): TopFreeMod g ;) -~ TopFreeMod g ) is a natural iso-
morphism, with T := (T'(r1,6)) (0,0) -

Proof: Naturality is clear. Let ©:(M,0) ~ (R,7)% be an isomorphism (in
TopMod g ). Since (R,7) is rigid, Ax: R ~ ((R,7)%)" is an isomor-

phism. Therefore R 2x, ((R, 7)) © (M,o)" is an isomorphism too
in Modpg. In particular, (M, o)’ is a free with basis { ©'(Ax(6R)):z e X }.
By Lemma the weak-* topology on ((M,0)")* is the same as the initial

. A,y (T200)
topology given by the maps ((M,0)")* —— (R, 7), ¥ € X, because
0'(Ax(6R)) = ©'(n,) = mz 0 ©. Therefore, ['(r,0) 18 continuous if, and only
if, for each z € X, A(ps,0) (72 00) o' (p14) = T 0O is continuous. Continuity
of I'(ps,6) thus is proved.
That I'(57,5) is an isomorphism in TopMod g -y follows from the com-
mutativity of the diagram (in TopModp, ;) below (which may be checked

by hand).

o (M) ——U((M0)) ) (8)
(R,7)¥ (8"
\PX (X)\* * XTI * *
((R*) 7w(R77—))(T;<1>)*((((R77-) )") aw(RyT))

O
47 Corollary Let us assume that (K,7) is a field with a ring topology.
I:id = Algk.r) oTop‘()I': . TopFreeVecty ) -~ TopFreeVecty .y withI':=

(T'(a1,0)) (M,0), 18 @ natural isomorphism.

18



The equivalence and some of its immediate consequences. Collect-
ing Proposition 44] and Lemma one immediately gets the following.

Topr,r
48 Theorem Let us assume that (R, T) is rigid. TopFreeMod(()E ” R
FreeModg is an equivalence of categom'e@ with equivalence inverse the
Alg?Fp{J)

functor FreeModRg TopFreeMod’?

(R7)”

Top, - ) )
49 Corollary TopFreeVect?E M ZTen), Vecty is an equivalence of cat-
op

egories, and Vecty _ten), TopFreeVect(()E ” s its equivalence inverse,
whenever (K, 7) is a field with a ring topology.

Finite-dimensional vector spaces. Let k be a field. Let (M,0) be a
topologically-free (k,d)-vector space with M finite-dimensional. Then, o is
the discrete topology on M. It follows that (M,o)" = M*, and the equiva-
lence established in Corollary 49| coincides with the classical dual equivalence
FinDimVecty ~ FinDimVectﬁp under the algebraic dual functor, where
FinDimVecty is the category of finite-dimensional k-vector spaces.

Linearly compact vector spaces. Let K be a field. A topological (k,d)-
vector space (M,o) is said to be a linearly compact k-vector space when
(M, o) ~ (k,d)* for some set X (see |4, Proposition 24.4, p. 105]). The full
subcategory LCpVect of TopVect i 4) spanned by these spaces is equal
to TopFreeVecty 4.

50 Corollary (of Theorem@) Let R be a ring. For each rigid topologies T, o
on R, the categories TopFreeMod g -y and TopFreeMod g ,) are equiva-
lent. Moreover, for each field (K, T) with a ring topology, TopFreeVecty )
1s equivalent to LCpVecty.

In particular, one recovers the result of J. Dieudonné [8] that Vect.” =~
LCpVect,.

2TC ~ D means that the categories C and D are equivalent, i.e., that there is an
equivalence of categories C — D. In this situation an equivalent inverse of F' is a functor

D <, C such that there are two natural isomorphisms n:idc = GoF:C - C and €: FoG =
idp:D — D.
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The universal property of (R,7)X. For a ring R, the forgetful functor

Modg l Set (see Remark |5)) may be restricted as indicated in the following
£

commutative diagram, and the restriction still is denoted FreeModgr — Set.

Modg L Set 9)

FreeModg

R
Likewise Set — Modg (see again Remark |5) may be co-restricted as
indicated by the commutative diagram below, and the co-restriction is given

F
the same name Set —> FreeModg.

Set — % Modg (10)
FreeModg

(Of course, when R is a field K, there is no need to consider the corresponding
co-restrictions.)

The adjunction Fg — |-|:Set - Modg gives rise to a new one Fr -
|- |:Set — FreeModg [13] p. 147], and by composition, for each rigid ring
(R,7), there is also the adjunction Alg?gﬂ_) oFr — |+|oTopr ) Set —
TopFreeMod((’E . Since (R,7)¥ =~ ((R(X))*,w(*R T)) (Lemma@), this may
be translated into a universal property of (R, T)X , as explained below, which
somehow legitimates the terminology topologically-free.

51 Proposition Let us assume that (R,7) is rigid. Let X be a set. For
each topologically-free module (M,o) and any map X ER |(M,0)|, there is
a unique continuous (R, T)-linear map (M, o) EN (R, 7)X such that |(f*)'| o
Ax|od% = f (recall that 6% (x) =6, v e X).

Proof: There is a unique R-linear map R(X) ER (M, o) such that |f] o
6% = f. Let us define the continuous linear map (M,o) LN (R, 7)X :=

T(Mo 7)* +
(M,0) —22 (M. o)) wig ) 2 (RO) wig ) 25 (R, 7). One
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has

Yol o8] = Iypoylo [((F)Y] 0103 x| 6%
Iy oIV o [A o | 0 6%
(because (px) o Ax =Ape))
= Tyl oAyl o 10 65
(by naturality of A)
= |fledk
(triangular identities for an adjunction [I3] p. 85|)

£l

(11)
[t remains to check uniqueness of f!. Let (M, o) EN (R, T)X be a continuous
linear map such that 9’| o|Ax|0dR = f. Then, g’oAx = f. Thus, Ny o(g')* =
F* = px o floTl, . So px oTih xo(g)" = px o f1 o T, because
Lipryx = (A{)* o px (by direct inspection), and thus FE}%,T)X o(g")* =
fto FE]%/[,J)‘ Then, by naturality of I'"!, g o F(_]%JJ) = fto FEMJ). o

op

P
52 Corollary Let (R,7) be a rigid ring. Set &0, TopFreeModc(’% - i

Top(r,~ _
a left adjoint of TopFreeMod(()% ” &) FreeModpr |_|> Set, and thus
Alg(()g,T)OFR °
is naturally equivalent to Set ————— TopFreeMod’?

(R7)"
Proof: A quick calculation shows that Pr ) (f) = (|A\y]|o 6R o f)I for a

set-theoretic map X ER Y. The relation f — (Ay 055 o f)¥ provides a functor
from Set®P to TopFreeMod  ;y whose opposite is, by construction, a left
adjoint of | ~|oTop(r ) (this is basically the content of Proposition . ]

6 Tensor product of topologically-free modules

In this section most of the ingredients so far introduced and developed fit
together so as to lift the equivalence FreeMod =~ TopFreeMod‘ZE ) to a
duality between some (suitably generalized) topological algebras and coalge-

bras. Let us briefly describe how this goal is achieved:

1. A topological tensor product &g - for topologically-free modules (over
a rigid ring (R,7)) is provided by transport of the algebraic tensor
product ®g of R-modules along the dual equivalence from Section
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2. A topological basis (Definition [28)) for (M, o) &g ;) (V,7) is described
in terms of topological bases of (M,o),(N,~).

3. The aforementioned equivalence is proved to be compatible with ®g
and ® (R 7) (i.e., it is a monoidal equivalence).

4. Accordingly, for category-theoretic reasons (see Appendix |A]), one ob-
tains a dual equivalence between some topological algebras and coal-
gebras, still under the algebraic and topological dual functors.

6.1 Algebraic tensor product of modules

The results recalled below are well-known (cf. [5] for instance) but they give
us the opportunity to introduce some notations used hereafter.

Let R be a ring. For each R-modules M, N, one denotes by M ®gr N
their (algebraic) tensor product, and by M x N &M ®Rr N the um’versa
R-bilinear map. As usually the image of (z,y) € M x N by ® is denoted z®y.

QM,N,P

Furthermore, with the following isomorphisms (M ®r N) ®r P
Mer(NerP), ann,p((z8y)®z) = 28(y®z), MR R = M, py(181R) =

A
z, RORN =5 N, Ay (1r®y) =y, M@g N M, N®rM, oy n(z®Y) = y®2,
Modg = (Modg, ®R, R) is a symmetric monoidal category ([I3| p. 184]).

Given two sets X, Y, R @g RY) ~ RXXY) ynder the unique R-linear map
Ox,y

R @ R =2 REXXY) which maps f® g to ()XY f(x)g(y)é?xyy),
with inverse RX*Y) &) R @g RY) the unique R-linear whose values
on the basis elements are given by \I’XﬂY(éFx,y)) = R ®r 5yR.

By functoriality, it is clear that given free modules M, N, M ®g N is free
too. As a consequence, FreeModg = (FreeModg, ®g, R) is a (symmetric)
monoidal subcategory@ of Modg.

28In other words, each R-bilinear map M x N ER P uniquely factors as

MxN-L _p (12)
XS -
MerP 7

where f is R-linear.

2By a (symmetric) monoidal subcategory of a (symmetric) monoidal category C =
(C,- ® —,I) we mean a subcategory C’ of C, closed under tensor products, contain-
ing I, and the coherence constraints of C between C’-objects. (The last condition is
automatically fulfilled when C’ is a full subcategory.) The embedding Ec: of C’ into C
then is a strict monoidal functor E¢s (see e.g., [15] Def. 2, p. 4876].
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6.2 Topological tensor product of topologically-free modules

We now wish to take advantage of the equivalence of categories FreeModg ~
TopFreeMod?E N (Theorem for a rigid ring (R, 7), to introduce a topo-
logical tensor product of topologically-free modules. From here to the end

of Section (R,7) denotes a rigid ring.

The bifunctor & ;). Let (M,0),(NV,7) be two topologically-free (R, 7)-
modules. One defines their topological tensor product over (R,T) as

(M> U) ®(Rﬂ') (Na ’7) = Alg(R,T)((M’ U), ®R (N> 7),)' (13)

One immediately observes that (M, o) &g ) (IV,7) still is a topologically-
free (R, 7)-module as (M,o)" and (N,v)" are free R-modules (Lemma [40)),
(M,0)'®&(N,7)" also is (Section[6.1)), and the algebraic dual of a free module
is topologically-free (Lemma .

Actually, this definition is just the object component of a bifunctor@

“®R,m)~

TopFreeMod g ;) x TopFreeMod g ) TopFreeMod R ;)

op op
Top,y*ToPR 1)

namel TopFreeMod g ;) x TopFreeMod g Mody x

F Algr.+
Mody? — Mod SR TopMod g ;-

53 Remark Let X,Y be sets. One has

(B1)Y &R (B7)" = (R1)Y) &r (R,7))) " w(r 1))
= (R @r RY)* wiy )
(under (Ax ®R A\y)*)

~ (B wig ) (14)
(under)’(\llé(’y; see Section
= (R,7).

(under pxl.y)
Given f; € TopFreeMod(R’T)((Mi,ai), (Ni,vi)), i = 1,2, then f1 &g
(fi®rf3)*
fai= (M1,01) ®(r ) (Ma, 02) ————

(N1,71) &R,y (N2,72).

3By a bifunctor is meant a functor with domain a product of two categories.
31For every categories C,D, (C x D) = C° x D,
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In details, let L € ((My1,01) ®r (M2,02)")*, £1 € (N1,m)" and /s €
(N2,72)". Then,

((f1 &R,z f2)(L)) (41 ® £2)

(((ferg ) )W) (l1® ta)
L((f{ ®r f3) ({1 ®(2)) (15)
L((¢10 f1) ® (L20 f2)).

A topological basis of (M,0) &) (N,7). Our next goal will be to
explicitly describe a topological basis (Definition of (M,0) ®&r ) (N,7)
in terms of topological bases of (M,o) and (N,7).

54 Definition Given a ring S, for every S-modules M, N, one has a natural

©
R-linear map M* ®s N* —> (M ®sM)* given by (On,n(¢1®42))(u®v) =
O (u)lo(v), by e M*, by e N*, ue M andve N.

Let (M,0),(N,v) be two topologically-free (R, 7)-modules. Let u ¢ M
and v € N. Let us define

u® v =010y (N (T (ar,0) (1) ®R T () (V) € (M, 0) ®r 7y (N,7). (16)
In details, given ¢1 € (M, 0)" and £5 € (N,7)", (u®v)(l1 ® l2) = {1(u)la(v).

55 Lemma Let (M, o) and (N,v) be both topologically-free (R, T)-modules,

with respective topological bases B,D. The map B x D %, (M,0o) ®(R,7)
(N,~) given by (b,d) = b&d, is one-to-one.

56 Lemma Let (M,o) and (N,~) be both topologically-free (R, T)-modules.
The map M xN —= (M,0) &R 7y (N,7) is R-bilinear and separately contin-
uwous in both variable. Moreover, if T =d, then ® is even jointly continuous.

Proof: R-bilinearity is clear. Since (M,0)' ®gr (N,7)" is free on {z @ y:x €
X, y €Y}, where X (resp. Y) is a basis of (M,0)" (resp. (N,7v)'), by
Lemma the topology w(*RyT) on (M,0)®r ) (N,7) is the initial topology

A0y @R () (Z®Y)

induced by ((M,o) ®r ((N,u)")* (R,7),zeX,yeY.
Let z€ X, yeY, ueMand veN. Then, A yyep(ny)y (T ®y)(u®
v) = (udv)(z®y) = z(u)y(v) = mr(xz(u),z(v)), and this automatically
guarantees separate continuity in each variable of ®.
Let us assume that 7 = d. According to the above general case, to see that
® is continuous, by [19, Theorem 2.14, p. 17|, it suffices to prove continuity at
zero of ®. Let A< X xY be a finite set, and for each (z,y) € A, let Ulz,y) be
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an open neighborhood of zero in (R,d). Let A;:={z e X:3yeY, (z,y)c A}
and Ag:={yeY:Iz e X, (x,y) e A}. Ay, A are both finite and A ¢ A; x As.
Let u € M such that z(u) =0 for all z € Ay, and v € N such that y(v) =0 for
all y € Az. Then, (u®v)(z®y) =0€U,) for all (z,y) € A1 x As. i

57 Remark Let X,Y be sets, and let f € RX, ge RY. Since ® is separately

continuous by Lemma

f@®g = (Zaex [(2)07) @ (Zyey 9(v)0y)
= Z(x,y)eXxY f(m)g(y)éxR ® 55 (17)

(as a sum of a summable family)

For the same reason as above, if B is a topological basis of (M,o) and D is
a topological basis of (N,7), then u®v = ¥, gyepxp b (u)d' (V)b & d, ue M,
v e N. In particular, one observes that (b® d)'(u® v) =b'(u)d'(v), be B,
ueM,deD, andveN.

58 Proposition Let (M,o0) and (N,7) be topologically-free (R, T)-modules,
with respective topological bases B, D. Then, (b@d)(bd)eBxD 1s a topological
basis of (M,0) ®& R,y (N,7).

Proof: By virtue of Lemmaand Remark { (55@65)(w7y)eXxy: (z,y) €
X xY } is a topological basis of (R, )~ ®r,r) (R, 7)Y since one has (A3 ®r
/\1_/1)*((I);(,Y('OXXY((SE&@/))))) = Re 55. Let us consider the isomorphism
Op:(M,0) =~ (R,7)B, ©5(b) = &, b€ B (resp. Op:(N,v) ~ (R,7)"). By
functoriality, ©p®r ) Op: (M,0) &R 7y (N,7) = (R,T)B®(R7T) (R,7)P, and
since (93 B(R,7) QD)(b® d) =0 ® 0y, (b,d) e BxD, {b@ d: (b,d) € B x D} is
a topological basis of (M,0) &g ) (N,7). i

59 Corollary Let (M,o) and (N,7v) be topologically-free (R,7)-modules.
Then, {u®viue M, ve N } spans a dense subspace in (M,o) ® R ) (N,7).
Proof: It is clear in view of Lemma 33 i
Let (M;,0;) and (Ny,7;), i = 1,2, be topologically-free (R, 7)-modules.
Let (M;,0;) % (Ni,7vi), © = 1,2, be continuous (R, 7)-linear maps. Let

(u,v) € My x Ms. By Eq. it is clear that
(1 8) 1) (0 ®0) = () ® fo(0). 19

32The second equality in Eq. follows from the proof of [19, Theorem 10.15, p. 78]
which, by inspection, shows that the cited result still is valid more generally after the
replacement of a jointly continuous bilinear map by a separately continuous bilinear map.
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If B and D are topological bases of (Mj,01) and (Ms,09) respectively,

(f1 &R, f2)(u® V) = ¥y a)enxp b (w)d' (v) f1(D) & fa(d) (in view of Re-
mark .

6.3 Monoidality of &) and its direct consequences

Since most of the proofs from this section mainly consist in rather tedious,
but simple, inspections of commutativity of some diagrams, essentially by
working with given topological or linear baseeff], and because they did not
provide much understanding, they are not included in the presentation. The
reader is kindly invited to consult Appendix [A] where are summarized some
notions and notations about monoidal category theory.

60 Proposition Let (R,7) be a rigid ring.
TopFreeMod g ) := (TopFreeMod g ), ®r,r), (R, T))
s a symmetric monoidal categordg_z‘-].

61 Corollary For each field (K, 7) with a ring topology,
TopFreeVecty .y := (TopFreeVect y -y, ®k.r), (K, 7))
18 a symmetric monoidal category.

62 Example Let (R,7) be a rigid ring. Let X be a set. Let us define a
commutative monoid Mg -y(X) = ((R, )X, ux,nx) in TopFreeMod g .
by :U’X(f ®g) = ZxEX f(x)g(x)5:$7 f7g € RX (undET (RaT)X ®(R,7') (R7T)X =
(R, 7)X*X from Remark and nx (1R) = Yuex OR. This provides a functor

M-
Set® —"". Mon(TopFreeMod g ).

Let (R,7) be a rigid ring. For each free R-modules M, N, let us de-
fine (I)M,N = (M*vwéR’T)) B(R,7) (N*vwéR;,-)) = Alg(R,T)((M*vwéR’T)), ®R

Ap®rAN)*
(N*, sz 7_))') (Arreriy) ((MerN)*, wER 7_)). According to Proposition
® ) N is an isomorphism in TopFreeMod(R’T). Naturality in M, N is clear,
so this provides a natural isomorphism

®: Algr ) (=) ®Rr) AlYR ) (-) = Algr ) (- @R -):

FreeMody’ x FreeMody® — TopFreeMod g ;). (19)

¥ E.g., associativity of ® ;) is given by the isomorphism (b®d) ® e+ b® (d®e) on
basis elements (Lemma .
34See [13] for the definition of a symmetric monoidal category.
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Furthermore, let us consider the isomorphism (R,7) A (R*, wig T)) given
by ¢(1R) := idg, with inverse ¢p~1(£) = £(1R).
Let (M,0),(N,~v) be topologically-free (R, 7)-modules. One defines the

A,0) @ (N,7)
map \I/(M,U),(N,'y) = (M,O'), ®Rr (Naf}l), e (Alg(R,T)((M7U), ®R
(N,7)") = ((M,0) &R,y (N,7))". This gives rise to a natural isomorphism

U:Topr,r) (=) ®R Top(r,r) (=) = Topr7) (- ®R,7) =)

TopFreeMod‘(’E x TopFreeMod((’E o FreeModg.

(20)

Let also R % (R, 7)’ be given by (1g) = idg and 9~ (£) = £(1g).
63 Theorem Let (R,7) be a rigid ring.

1. Algr -y = (Algr sy, ®,¢): FreeMody® — TopFreeMod ,) is a strong
symmetric monoidal functor.

2. TOPR7y = (Top(RyT),\I/,w) is a strong symmetric monoidal functor
from TOpFreeMOd?s’T) to FreeModg, so is TOp?RJ) (Remark Ap-
pendz':c from TopFreeMod g .y to FreeMody’.

3. A°P:Top(g .y o Alg(r ;) = id:FreeMody’ — FreeMody® is a monoidal
1somorphism.

4. T:id = Alg(g - o Topfg ,: TopFreeMod g ) ~ TopFreeMod g ;) is a
monotdal isomorphism.

In particular, Fl’eeMOch){ID and TOpFreeMOd(R’T) are monoidally equivalent

(Appendiz [A.9).

64 Corollary For each field (K, 7) with a ring topology, the monoidal cate-
gories Vectﬁp and TopFreeVect .y are monoidally equivalent.

65 Corollary For each rigid ring (R,7), the induced natural transforma-

tions (see Remark |85 in Appendix and FErample m Appendz'x

o A\OP: (Top?RJ)) oAlg(g -y = idECoalgf;’: Coalgy — Coalgy’,

o AoP: (TOp?R,T)) o Alg(R 1) = id_ ,, Coalg? c.cocCORAIER = ¢ cocCoalgy’,

e 1~13idMon(TopFre(eMod(KT)) = AIg(R,T) °© (TOp?R’T)):
Mon(TopFreeMod g ,y) - Mon(TopFreeMod g ),
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e f‘:idcMon(TopFreeMod(R’T)) = AIg(R,T) °© (TOp?R,T)):
«Mon(TopFreeMod g ;)) -~ -Mon(TopFreeMod g .)-

are all natural isomorphisms.

Thus (Coalgg® (resp., ¢ co-Coalgy’) and Mon(TopFreeMod g ;) (resp.,
«Mon(TopFreeMod g ;y)) are equivalent for each rigid topology T on R.

In particular, Mon(TopFreeMod g ;) ~ Mon(TopFreeModg ) (resp.,
«Mon(TopFreeMod g ) ~ -Mon(TopFreeMod g ,)), for each rigid topolo-

gies 7,0 on R.

Proof:  Follows from Theorem [63] together with Remarks [85] and [86] in
Appendix o

66 Example Let us make explicit the domain and codomain of the natural
isomorphism T' from Corollary @

Let ((M,0),m,e) be an object of Mon(TopFreeMod g ). Let its topo-
logical dual coalgebra be

((M,0),6,€) = (Topls . )((M,0),m,e)

Rer) -1 1=l g o (21)

= ((M,O‘) ’A(M,U)’®R(M,a)’om7¢ 06).

In details, for £ € (M,0), e(f) = ¥71(e'(£)) = v (L oe) = £(e(1R)), and

0(0) = (Mhroyopaugy ©m)(0) = Syl @71 for some Liri € (M,0)"
Thus, L(m(u®v)) =Y Li(u)ri(v), u,ve M.

Now, (((M,O'),)*,M,E) = AIg(R,T)((M’U),v(SvE) is given by M := 4" o

(A(Mﬂ)r (X)RA(]M,U)/)>e and E :=€* O(b. Thus E(lR) = 6*((Z)(1R)) = 6*(idR) =€,
and given Ly, Lo € ((M,0)")*, and £ € (M,0)’,

(0" ((Aro)y ®R Aar,oy) " (L1 ® L2)))(€)

= ((Aroy ®R Aaroy) (L1 ® L2))(6(4))

= (L1® L2)((Aaroy ®R Aar,0) ) (0(£))) (22)
= (L1® L2) (i1 Aoy (4i) © Aaroy (1))

= Y Aoy (6) (L) Aaroy (1) (L2)

= Yit1 Li(4) La(ri).

(M (L1 ® L2))(¢)

67 Corollary The equivalence from Corollary[0] restricts to an equivalence
between the category [FinDimCoalgy (resp. ¢ o FinDimCoalg) ) of finite-
dimensional (resp. cocommutative) coalgebras and Mon(FinDimVecty) (resp.
Mon(FinDimVecty) ), where FinDimVecty = (FinDimVecty, ®y, K).
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7 Relationship with finite duality

Over a field, there is a standard and well-known notion of duality between
algebras and coalgebras, known as the finite duality [1, [7] and we have the
intention to understand the relations if any, between the equivalence of cat-
egories from Corollary [65] and this finite duality.

Let (-)*:Mody’ — Modg be the usual algebraic dual functor. Then,
D. = ((-)*,0,0) is a lax symmetric monoidal functor from Modg’ to Modg
(where O is as in Definition[54] and §: R - R* is the isomorphism 6(1g) = idg
(and 671(¢) = £(1r))). When K is a field, there is the finite dual functor
D in:Mon(Vectk)°P — Coalgy (denoted by (-)? in [II [7]).The aforemen-
tioned finite duality is the adjunction D;?n - D,:Coalg, -~ Mon(Vecty)

(see e.g., |7, Theorem 1.5.22, p. 44|, where D, is denoted by (-)*).

7.1 The underlying algebra

Let (R,7) be a rigid ring. Let (M,o),(N,v) be topologically-free (R,7)-
modules. According to Lemma MxN =25 (M,0) &Ry (N,7) is

R-bilinear. Denoting by TopFreeMod k ;) M Modg the canonical for-

getful functor, this means that there is a unique R-linear map |(M,0)| ®r

[ (N, )] I(M,0) ®r,) (IV,7)| such that for each u e M, ve N,
E(M,U)v(Nﬁ)(u ® U) =u®v.

E,0),(N,7)
_—

68 Lemma A := (| - |, (E(ar,0),(N.7)) (M,0),(N,7), 1dR) @5 a lax symmetric
monoidal functor from TopFreeMod g ;y to Modg.

Let A: Mon(TopFreeMod g ;y) -~ Mon(Modg) be the functor induced

by A as introduced in Appendix Using the functorial isomorphism
O:Mon(Modg) ~ 1Algg (Example [79, Appendix [A.1]), to any monoid in
TOpFI’eeMOd(Rﬂ.) is associated an ordinary algebra.
69 Definition Let us define UA := Mon(TopFreeMod g -) A 1Algg.
Given a monoid ((M, o), iu,n) in TopFreeMod g .y, then UA((M, o), p1,n) =
O(A((M,0),11,m)) is referred to as the underlying (ordinary) algebra of the
monoid ((M,o),p,n). In details, UA((M,c),u1,n) = (M, upir,n(1R)) with
pvic: M x M — M- given by puii(u,v) = p(u ® v).

70 Remark Since by Lemma@ A is symmetric, it induces a functor (see

Remark Appendiz|A.2) .Mon(TopFreeMod g ) A «Mon(Modg). Be-
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.. O .
cause one has the co-restriction ;Mon(Modr) — 1 cAlgg, one may consider

the underlying algebra functor UA = :Mon(TopFreeMod g -) Ooh, 1,cAlgg.

71 Example (Continuation of Example @) UA(MR (X)) = ArX.

7.2 Relations with f)v*

Let (R, 7) be arigid ring. Let FreeModg LA Modg be the canonical embed-
ding functor. Since FreeModg is a symmetric monoidal subcategory of Modg
it follows that E = (E,id,id) is a strict monoidal functor from FreeModg to
Modg (see Appendix [A.2)).

One claims that D, o E°P = Ao Algg ,y. In particular, if K is a field (and
T is a ring topology on K), then this reduces to D, = Ao Alg(k.7)-

That | ~[oAlgr -y = (=) "o E°P is due to the very definition of Alg ). Of
course, |¢| = 6. That for each free modules M, N, ||[(Apy @ An)* | o Eps+ N+ =
O, is easy to check. So ((=)*oE?,0,0) = (|-, =, idr)o(Algr ), P, ¢) =
(I = o Algr,ry, (IParn [ © Enre v ) arn, [€1)-

It follows that the finite dual monoi D. (C) of a k-coalgebra C, is equal
to K(A@;)(C)) whatever the ring topology 7 on the field k, and thus as

ordinary algebras, O(D,(C)) = UA(AIgk - (C)).

72 Proposition Let (K,7) be a field with a ring topology. The functor
Mon(FreeTopVect ) OcA 1Algy has a left adjoint, namely Alg ,y o
D% o071

fin :
Proof: One has D, = Ao Alg (k. 7y, whence D, o (Top?kﬁ)) = Ao Alg (i ry ©
(Top‘(jkﬁ))Op ~ A (natural isomorphism) by Theorem |63 Since Alg -y © D;';n
is a left adjoint of Dy o (Topgkﬁ)), it follows tha it is also the left adjoint
of A. m]

7.3 The underlying topological algebra

Let Rbe aring. Let A = ((A, ), i1, n) be an object of Mon(TopFreeMod g 4))-
One knows that (A,0) is an object of TopMod g 4y and UA(A) is an ob-

35
In Vect.
36Because if F,G are two naturally isomorphic functors and L is a left adjoint of F,
then it is also a left adjoint of G.

30



ject of 1Algr. Moreover, (A,0) x (A, o) Hoi, (A, o) is continuous, since it is

equal to the composition (A,0) x (A,0) == (A, 0) ®&Rra) (4,0) 5 (A,0)
of continuous maps (see Lemma . Now, let ((A,0),u,n) EN ((B,7),v,¢)

be a morphism in Mon(TopFreeMod g 4y). In particular, (A,0) EN (B,7)
is linear and continuous, and the following diagram commutes.

(A,0) x (A,0) o (23)
(Aio) ®ray (4,0) 5 (A,0)
fxf fewraf| 1f
(B,7) ®&ra) (B,7) 3 (B,7)
/

®
(B,7) x (B,7) oo

Since by assumption, one also has fon = (, it follows that f(n(1g)) =
((1r), and thus f is a continuous algebra map from ((A4, o), upi, n(1R)) to
((B, vbit, ((1Rr))-)

This provides a topological algebra functor Mon(TopFreeMod g 4)) T4,
1TopAlgr 4) and the following diagram commutes (the unnamed arrows
are either the obvious forgetful functors or the evident embedding functor),
so that T A is Concretﬁ over TopMod g 4), whence faithful.

Mon(TopFreeMod g 4)) 14, 1TopAlgr q)
A l l
TopFreeMod g 4y TopMod g g
LI
Mon(Modg) ——— Modg 1Algg

¥//7

o

(25)

3TA concrete category C over D is a pair (C,C LR D) with U a faithful functor. Given
concrete categories (C;,U;), ¢ = 1,2, over D, by a concrete functor (C1,U1) EiR (C2,Us)

is meant an ordinary functor C; EiR C, such that the following diagram commutes. Such
a functor is necessarily faithful.

Ci—F—— G (24)

TS p e
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73 Remark When A is a commutative monoid in TopFreeMod g q), then
TA(A) is a commutative topological algebra.

74 Example For each set X, TA(MRq)(X)) = Ara)(X)-

75 Proposition T A is a full embedding (injective on objects and faithful).

Proof: Let A = ((A,0),u,n) and B = ((B,7),v,{) be two monoids in
TopFreeMod g 4). Let T'A(A) 2, TA(B) be a morphism in 1TopAlg g -
In particular, g € 1Alggr(UA(A),UA(B)) n Top((|A|,0),(|B|,7)). (Recall
from Remark [5| that Modg i Set is the usual forgetful functor, and Top
is the category of Hausdorff topological spaces.)

By assumption, for each u,v € A, one has g(u(u ®v)) = g(upi(u,v)) =
wit(9(u),9(v)) =v(g(u) ®g(v)). Thus, gop =vo(g&Rra)g) on {udviu,ve
A'}. Since this set spans a dense subset of (A4,0) ®(g ) (A,0) (according to
Corollary, by linearity and continuity, gop = vo(g®r 4y g) on the whole
of (A, U) ®(R,d) (A,U).

Moreover, g(n(1r)) = ((1r), then g on = (. Therefore, g may be seen as
a morphism A L Bin Mon(TopFreeMod 4y) with TA(f) =g, i.e., TA is
full.

Let A = ((A,0),1,m),B = ((B,7),v,() be monoids in TopFreeMod g 4
such that TA(A) = TA(B). In particular, (A,0) = (B,7), and n = . By
assumption fip;; = Vp;. Whence p = v on {u®v:iu € A, v € B}, and by
continuity they are equal on (A,0) ®rRrgq) (B,7). So A =B, ie, TA is
injective on objects. |

As a consequence of Proposition , Mon(TOpFreeMOd(R’d)) is isomor-
phic to a full subcategory of 1 TopAlg g 4y ([2, Proposition 4.5, p. 49]). Ac-
cordingly a monoid in TopFreeMod(Rd) is essentially a topological algebra.

It is clear that .Mon(TopFreeMod g 4)) 4 1, TopAlg g 4y of TA (see
Remark also is a full embedding functor.
7.4 Relations with Dy,

Let V' be any vector space on a field k. Then, V* has a somewhat natu-
ral topology called the V'-topology ([1]) or the finite topology ([7]), with a
fundamental system of neighborhoods of zero consisting of spaces

Wh={leV*VweW, {(w)=0} (26)
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where W runs over the finite-dimensional subspaces of V. This is manifestely
the same topology as our wZ’k’ d) (see Section . Accordingly this turns
V* into a linearly compact k-vector space (p. [19). The closed subspace
of (V*,w(*k d)) are exactly the subspaces of the form W', where W is any
subspace of V' (|4, Proposition 24.4, p. 105]).

76 Lemma Let W be a subspace of V. codim(W1) is finite if, and only if,
dim(W) is finite. In this case, codim(W ) = dim(W).

i
Proof: One observes that V*/WT ~ W* because the map V* W

. inclyy . . . . .
is onto, where W ——— V' is the canonical inclusion, and kerinclyy, = wt.

Since V*/WT ~ W* it follows that codim(WT) = dim W*. o

77 Theorem Let k be a field. For each monoid A in TopFreeVect 4,
(Top‘(jkd))(A) is a subcoalgebra of D;?n(A(A)). Furthermore, the assertions

below are equivalent.

1. In TA(A) every finite-codimensional ideal is closed.
2. A(A) is Teﬂem'v.
3. The coalgebra (TOD((jk,d))(A) is cor’eﬂem'v.

4. (Top, 4))(A) = D2 (A(A)).

Proof: Let A = ((A,0),u,n) be a monoid in TopFreeMod 4. Whence
its underlying topological vector space is a linearly compact vector space

(p. . Let C := (Top‘(jkd))(A). Since AOAlg(k’d) = D, it follows that
A=~Ao Alg(k gy © (Top?kd)) ~ D, o (Top?kd)) (naturally isomorphic). In
particular, A(A) ~ D, (C). By construction, the underlying topological vector
space of A, namely (A,0), is also the underlying topological vector space of
TA(A). Also A,TA(A) and A(A) share the same underlying vector space
A, which is isomorphic to C*, where C' is the underlying vector space of the
coalgebra C. Of course, (4,0) ~ Algq)(C) = (C*’wzk,d))' Therefore, up
to such an isomorphism, (A, o) has a fundamental system of neighborhoods

38 A monoid A in Vecty is reflezive when A ~ BI(D?ZH(A)) under the linear map u —

(¢ = £(u)), which is the unit of the adjunction D% - D..
op

39 A coalgebra C is coreflexive, when C ~ D fm(B:(C)) under the natural inclusion u —

(€= £(u)), which is the counit of D D..
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of zero consisting of VI = {£ € A:Vv € V, £(v) = 0} where V is a finite-
dimensional subspace of C' (see Eq. (26))).

Let £ € (A,0)’. By continuity of ¢, there exists a finite-dimensional
subspace V of C such that VT c ker £. Let B be a (finite) basis of V', and let D
be the (necessarily finite-dimensional, by [11, Thm 1.3.2, p. 21]) subcoalgebra
of C it generates. Then, V ¢ D, which implies that DT ¢ VT c ker¢. But D'
is a finite-codimensional ideal of A(A) (by Lemma and [I, Theorem 2.3.1,
p. 78]), whence £ € Aoﬂ

It remains to check that the above inclusion incl(4 ) is a coalgebra

map from (Top?k’ a))(A) to D;EH(AQA)), which would equivalently mean that
(A,0)" is a subcoalgebra of D;?n(A(A)). One thus needs to make explicit
the two coalgebra structures so as to make possible a comparison. By con-

struction the comultiplication of (Top‘(’k d))(A) is given by the composition

A(_jx,a)'@[k(A,g)' op'. So for £ e (A o), (AE}LO)’%(A,U)’ oY) =X li @1y,

for some ¢;,1; € (A,0)". Therefore, given £ € (A,0)", u,ve A, (u(udv)) =

—_— 7 -1
> i(u)ri(v). The counit of (TOp((jk,d))(A) is (A4,0) L (k. d) ¥, K,

ie., £~ £(n(lk)). It follows easily, from the explicit description of Dy;,(B)
provided in [7, p. 35], for a monoid B in Vecty, that the above comultipli-
cation coincides with that of Dy;,(A(A)), and because it is patent that the
counit of (TOp((jk,d))(Az is the restriction of that of D;?n(A(A)), (A,0) is a
subcoalgebra of D3P (A(A)).

It remains to prove the equivalence of the four assertions given in the
statement. [2k={3] since finite duality restricts to an equivalence of cate-
gories between the full categories of reflexive algebras and of coreflexive
coalgebras (in a standard way; see e.g., [12 Proposition 4.2, p. 16|), and

A(A) = E((Top?k,d))(A))-

The coalgebra C := (Top?k’ d))(A) is coreflexive if, and only if, every finite-
codimensional ideal of D, (C) ~ A(A) is closed in the finite topology of C*
([, Lemma 2.2.15, p. 76]), which coincides with our topology Wiy 4y and
thus it turns out that (’D:(C),wzkd)) ~ TA(A) (since C* under the finite
topology is equal to Alg(iq4y(C) = (A,0) by functoriality). Whence [3={1]

Let us assume that in TA(A) every finite-codimensional ideal is closed.

Let £ € Dy, (A(A)). By definition ker ¢ contains a finite-codimensional ideal
say I of A(A). Since I is closed, there exists a finite-dimensional subspace

4049 := { ¢ e A*:ker contains a finite-codimensional (two-sided) ideal of UA(A) } is the
underlying vector space of the finite dual coalgebra Dy;, (A(A)).
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D of C such that DT = I (since the closed subspaces are of the form DT for
a subspace D of C' and by Lemma codim(I) = codim(DT) = dim(D)),
H 4

whence I is open, which shows that (A, o) £ (k,d) is continuous so

Let C := (Top‘(jkfj))(A) = D;';n(:\’%A)), so that A(A) ~ D,(C), as above.
Whence C = D (A(A)) = D3P (D.(C)). This is not sufficient to ensure
coreflexivity of C, since there is at this stage no guaranty that the above

isomorphism corresponds to the counit of the adjunction D;’%'.’n -4 D, (see

Footnote . One knows from the beginning of the proof that

A(TA):A(A) = A(AIg ) ((TopT 4 (A)))

which, in this case where (TOP?k,d))(A) = D;?H(A(A)): is the isomorphism
ITaoll: A= ((A,0))" = (A%)*, u > (€ £(w)). So A(A) is reflexive, and
thus its finite dual coalgebra C is coreflexive. Thus [4=1{3] O

78 Example Let R be a ring. Let CRX = (RX) dx,ex) be the group-like
coalgebra on X, i.e., dx(0;) = 0,®0d;, and ex () = 1r, x € X. The following
diagram commutes (this may be checked by hand) for a rigid ring (R, 7).

!

w
((R,7)™Y . (R, 7)Y  ®rr) (R,7)) (27)
Axd TA (R Xy (R X
RX —  pKX) gr RX) — ((R,7)%) ®r ((R, 7))
dx )‘X ®R)\X

Moreover 0y (€) = ¥(ex(Ax(£))) for each £ € (R, 7)~). All of this shows

that Ax: (TOP?R,T))(M(R,T)(X)) ~ CrX 1is an isomorphism of coalgebras.

Let K be a field. It follows from Theorem and Ezample that in
Ad)(X) every finite-codimensional ideal is closed if, and only if Cx X is
coreflexive if, and only if, {my:x ¢ X} = 1Alg(Ax(X),k) ([I7, Corol-
lary 3.2, p. 528]). This holds in particular if | X| < |K| (see [17, Corollary 3.6,
p. 529]). If K is a finite field, then Cx(X) is coreflexive if, and only if, X is
finite (see [17, Remark 3.7, p. 530]).
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A Monoidal categories and functors

This appendix contains basic facts about monoidal categories and monoidal
functors, and a part of it is reprinted from [15]. See [I3| Chap. VII| for more
details.

Throughout C = (C,-® -, I,a,\,p) = (C,—® —,I) (resp. C=(C,-®
-, I,a,\ p,0)) denotes a (resp. symmetric) monoidal category with « the
associativity and A and p the left and right unit constraints (resp., and o
the symmetry), referred to as coherence constraints. These constraints have
to make commute some diagrams to ensure coherence of the (resp. symmet-
ric) monoidal category (see [I3, Chap. VII, p. 165]). If C is a (symmetric)
monoidal category, then so is CP := (C°P, —@°P—, I, (o= })°P, (o7 1)°P, (A71)°P),
called the dual monoidal category of C.

A.1 Monoids and comonoids

A monoid in C is a triple (C,C ® C —> C,I — C) such that the diagrams

Ce0)e ™% cec
ac,c,cl Ceol idc®ec ® Ce@z’dc IeC
Ce(@e0) " \ lﬂ/
pc Ao
idc@ml C
CoC——C

commute, while a monoid morphism (C,m,e) — (C',m/,e’) is any f:C —
C'" making the diagrams

CeC—C <, 0
S N
C'eC' —C' c
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commutative. This defines the category MonC of monoids in C.
The category ComonC of comonoids over C is defined to be (MonC°P)°P,
the opposite of the category of monoids in C°P.

A monoid (C,m,e) is called commutative if, and only if, m = moo¢c ¢ with
occ:C®C - C®C the symmetry; dually, a comonoid (C, p, €) is called co-
commutative, provided that p = o¢ cop. By .MonC and .,.ComonC we de-
note the categories of commutative monoids and cocommutative comonoids

respectively, with all (co)monoid morphisms as morphisms. Of course, one
has co.ComonC = (.MonC°P)°P.

79 Example 1. Mon(Set) is (isomorphic to) the category of monoids,
where Set = (Set, x,1) (1:={a@}).

2. Let Modgr be the monoidal category of R-modules and R-linear maps for
a commutative unital ring R with its usual tensor product ®R.

(a) Mon(Modg) is isomorphic to the category 1Algg of “ordinary”
unital R-algebras under the functor O, concrete over Modg, such
that O(A) := (A,ma, 1a), with ma(z,y) = p(z®y), v,y € A, and
1a :=n(1R), where A = (A, ua,ma) is a monoid in Modg.

(b) Likewise Mon(Modr) ~ 1 cAlgg under the (co-)restriction of the
above functor O.

(¢) Comon(ModRr) is the category Coalgg of counital R-coalgebras
([1,77]), and the category of cocommutative coalgebras ¢ cocCoalgg
is equal to .oComon(Modg).

A.2 Monoidal functors and their induced functors

We briefly recall the following definitions and facts, too, which are funda-
mental for this note. See e.g. [3| 16l 18] for a more detailed treatment and
for the missing proofs.

80 Definition Let C = (C,-® —,I) and C' = (C',- ® —,I") be monoidal
categories. A (lax) monoidal functor from C to C' is a triple F := (F,®, ),
where F:C - C' is a functor, ®c, ¢, FC1 ®' FCy » F(C1®Cs) is a natural
transformation and ¢:I' — FI is a C-morphism, subject to certain coherence
conditions. A lax monoidal functor is called strong monoidal (resp. strict
monoidal ), if ® and ¢ are isomorphisms (resp. identities). ®,¢ are the
coherence constraints of F.
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Let C,C’ be symmetric. A monoidal functor F:C — C’ is said to be sym-
metric when furthermore it satisfies yet another coherence condition relative
to the symmetry constraints.

81 Facts Let C := (C,®,1), C' := (C',®',I') and C" := (C",®",I") be

(symmetric) monoidal categories.

1. idc = (idc,id-g-,idy), or simply id, is a monoidal functor from C to
itself, and serves as a unit for the composition of monoidal functors
given below.

2. Given monoidal functors F = (F,®,¢):C - D and G = (G,V¥,v):D - E,
one defines a monoidal functor GoF:=H=(H,0,0):C - E with
(a) H=GoF.
(b) Given objects C1,Cs of C, O¢, ¢, is the composite C"'-morphism
G(®
G(F(C1)@" G (Ch) GF(C)e/ F(Cy)) o)
G(F(C1®(C5)).

() 6:=1"% ar) 2 ar(n)).

Yrcy),F(Cy)
_

H is strong (resp. symmetric) when F,G so are.

82 Proposition Let F = (F,®,¢):C — C' be a monoidal functor.

Dy

F(M,m,e) = (FM,FM & FM 22 p(v @ M) 2% a1 % pr 25
FM) and Ff = Ff define an induced functor F:MonC — MonC', such that
the diagram below commutes (with forgetful functors Uy, and U], ).

MonC —F— MonC’ (28)

Uml lU,’n

CT>C,

83 Remark 1. When F is symmetric, then F also provides a functor
«MonC to .MonC’ with similar properties as above.

2. idc = idpon(c) and GoF =GoF.

A strong monoidal functor F = (F,®,¢$):C - C’ may be considered as a
strong monoidal functor F4 := (F°P, (&71)%P, (¢71)%P):C%P — (C')°P, the dual
of F (|16, Proposition 17, p. 639]).
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84 Definition Let F = (F,®,¢) and G = (G,¥,v) be monoidal functors
from C to C'. A natural transformation a: F = G:C — C’ is a monoidal
transformation a: F = G:C — C’ when the following diagrams commute, for
every C-objects Cy,Ch.

ac, ® a
FOy ®' FOy 2500, © GOy YL FI (29)

q)Cvazl l‘l’cl,CQ \ J/Oé[

F(Cl ® Cg)cm G(Cl ® 02)

85 Remark 1. Let :F = G:C — C’' be a monoidal transformation. It
induces &:F = G:MonC — MonC' with A(Cymye) = QC-

2. When the monoidal functors and categories are symmetric, then a also
induces &:F = G: .MonC - .,MonC' [3, Prop. 3.38].

3. Let a:F = G:C — C’ be a monoidal transformation between strong
monoidal functors, then a®P:G°P — F°P:C°P — C’P also provides a
monoidal transformation a%:GY - F4:CP — C'°P, called the dual of a.

A monoidal isomorphism is a monoidal transformation which is a natural
isomorphism.

86 Remark o :G = F:C - C’ is a monoidal isomorphism when so is
a. Accordingly, the induced natural transformation &:F = G:Mon(C) —
Mon(C') is a natural isomorphism with inverse (&)™' = (a~1).

A monoidal equivalence of monoidal categories is given by a monoidal
functor F:C — C’ such that there are a monoidal functor G and monoidal
isomorphisms 7:id = GoF and eFo G = id. C,C’ are said monoidally
equivalent.

87 Remark IfF is a monoidal equivalence, then F is an equivalence between
the corresponding categories of monoids.

88 Remark Let F,G:C' — C be strong monoidal functors Let n:id=GoF
and e:FoG = id be monoidal isomorphisms. Whence n%F90GY = (GoF)d =
IdC idcor and €%:idcrop = (Idc/)d = GYoFY are also monoidal isomorphisms,
and this provides a monoidal equivalence between C°P and C™°P.
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