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ON THE DETERMINATION OF NONLINEAR TERMS APPEARING IN
SEMILINEAR HYPERBOLIC EQUATIONS

YAVAR KIAN

ABsTrRACT. We consider the inverse problem of determining a general nonlinear term appearing in a semilin-
ear hyperbolic equation on a Riemannian manifold with boundary (M, g) of dimension n = 2,3. We prove re-
sults of unique recovery of the nonlinear term F (¢, z, u), appearing in the equation 02u—Agu+F(t,z,u) = 0
on (0,7) x M with T" > 0, from some partial knowledge of the solutions u on the boundary of the time-
space cylindrical manifold (0,7") x M or on the lateral boundary (0,7") x M. We determine the expression
F(t,z,u) both on the boundary € M and inside the manifold z € M.

Keywords: Inverse problems, nonlinear wave equation, semilinear equation, equations on manifold.

Mathematics subject classification 2010 : 35R30, 35L71, 35L20.

1. INTRODUCTION

1.1. Statement of the problem. Let (M, g) be a smooth compact Riemannian manifold with boundary
and let 7' > 0. We introduce the Laplace and wave operators

Agu =gl 20,, (919 2000) . Oy =87 - A, (1.1)

where |g| and g’* denote the absolute of value of the determinant and the inverse of g in local coordinates,
and consider, for T' > 0, the semilinear wave equation

Ogu+ F(t,z,u) =0, (t,z) € (0,T) x M, (1.2)

with a nonlinear term F suitably chosen. In this paper, we consider the inverse problem of determining F'
from observations of solutions of (1.2) on the boundary of the manifold (0,7") x M.

1.2. Motivations. Let us first observe that nonlinear wave equations of the form (1.2) can be associated with
different models where the transmission of waves is perturbed by a semilinear expression. Such phenomenon
can occur in many mechanical and electromagnetic models. For instance, we can mention the study of
vibrating systems where the expression F'(t,z,u) can be seen as a nonlinear perturbation of the system.
The semilinear term F(t,x,u) can also be associated with other perturbations arising in electronics like in
the telegraph equation of for semi-conductors (see for instance [4]). In this context, the goal of our inverse
problem is to recover the nonlinear expression F'(t,z, ) which describes the underlying physical law of the
perturbed system.

Beside these physical motivations, we mention that there is a natural mathematical motivation for the
study of such inverse problems which are highly nonlinear and ill-posed.

1.3. Known results. Let us first mention that, to our best knowledge, there is only a small number of papers
dealing with inverse problems for nonlinear partial differential equations. Among them we can mention the
work [12, 13, 14] of Isakov dedicated to the recovery of nonlinear terms appearing in elliptic or parabolic
equations. The method developed by Isakov is based on a linearization of the inverse problem for nonlinear
equations and results based on recovery of coefficients for linear equations. This approach has been applied in
different other context. For instance, we can mention the work of [15, 33], dealing with the unique recovery of
nonlinear terms appearing in nonlinear elliptic equations and the work of [7] dealing with the stable recovery
1
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of a semilinear term appearing in a parabolic equation. For more specific nonlinear terms, we can mention
the work of [6, 8, 22|, who have considered similar problems with single measurements.

For hyperbolic equations we refer to the work of [29, 30] dealing with the recovery of a conductivity
and quadratic coeflicients appearing in a non-linear wave equation of divergence form. We mention also the
recent works of [9, 23, 24], who have considered inverse problems for semilinear hyperbolic equations on a
general Lorentzian manifold. To our best knowledge, beside the present paper, the recovery of a general
nonlinear term appearing in hyperbolic equations has not been addressed so far.

1.4. Preliminary results. Before the statement of our main result let us first state some properties of
solutions of (1.2), that will be required for the statement of our main results. Let us first fix the class of
nonlinear terms under consideration. Let b > 0 be such that, for n =2, b > 1 and, forn =3, b € (1, 13—3]
For a; > 0 a fixed constant, we consider A the set of functions F € C3(Ry x M x R) satisfying

|0F0C I F(t, 2, u)| < ar(1+u>™), (tz,u) ERy x M xR, k+|a| +5 <3. (1.3)
We fix also H the space of elements
G = (f,ug,ur) € H2 ((0,T) x OM) x H= (M) x H? (M)
satisfying the compatibility conditions

flt:O = Uo|oM > at.f\t:o = U11oM> 5’t2f|t:0 = Agu0|3M7 atgf\tzo = Agu1|aM7 8;1f|t:0 = A§U0‘8M~
(1.4)
Then, for F' € A and (f, ug,u1) € H, we consider the following problem

Ofu— Agu+ F(t,z,u) =0, in (0,T) x M,
u=f, on (0,T) x OM, (1.5)
’LL(O, ) = Uo, atu(o, ) =wu; in M.

We prove in Section 2 (see Lemma 2.2), that for

”f”H%((o,T)xaM) + H“OHH%(A/I) + Hul”H%(M) <L

and for p > b, when n = 2 and p = 5 when n = 3, there exists T, (2L) € (0, +o00] such that, for all T' < T, (2L)
and all F € A, the problem (1.5) admits a unique solution u € WY1 (0, T; H2(M)) N W51 (0,T; L2(M)).
We fix also H, the space of elements f € H= ((0,T) x OM) satisfying the compatibility conditions

fit=0 = O fjm0 = 0 fir=o = O} fl—o = 9} fit=o = 0. (1.6)

Then, for G € H we denote by up e € WH51(0,T; H2(M)) N\ W51 (0, T; L2(M)) the solution of (1.5). In
the same way, we denote by up s € WY1 (0,T; H2(M)) N W51 (0, T; L2(M)) the solution of (1.5) with
ug = u1 = 0. Then, for some L > 0, ¢ € (0,1), fixing T < T, (2(L + 3¢)) and the set

Ki:={GeH: |G| < L+ 3¢},

H3 ((0,T)xOM)x H3 (M)x H3 (M)
we define the boundary maps

Br, 1 KL 3 G (0,ur. o 7)oy ur.c(T.)ar) € L2((0,7) x 1) x HY(M),

X1

Nyt {h € Hat ] SL+e}3 [ Oun oy € F((0,T) x 1),

H3((0,7) %)
with 1 an open subset of M and v the outward unit normal vector to M. We prove in Theorem 2.1
that the maps Br,, and Np,, admit a continuous Fréchet derivative denoted by B, and N . The
observation of our inverse problem will be given by some partial information of the Fréchet derivative of the
map Br,, and Np,.
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1.5. Main results. In our first result we consider the recovery of the nonlinear term F'(¢,x,u) restricted
to a portion of the lateral boundary (0,7") x M. More precisely, we fix v an arbitrary open subset of OM,
§ >0, x €CP((0,+00) x M) satisfying x = 1 on [4, +00) X v and
Ha = {f € Ha: supp(f) C [0,T] x 7}
Then, we consider the recovery of F restricted to [0,T) x v x [—L, L] from the data
Nl’mﬁ()\x)h, heH.r, IeI,
with I an interval of R. This result can be stated as follows.

Theorem 1.1. Let n = 2,3, F1,F, € A and fix T < T.(2(L + 3¢)). Consider also 6 > 0 and x €
C§°((0,4+00) x OM) satisfying x =1 on [0, +00) X 7y, L1 := ﬁ and T < Ty (2(L +¢)). Then the

HZ ((0,T)x M)

conditions
Fi(t,z,0) = Fy(t,z,0), (t,z)€[6,T] X, (1.7)
Np s O00h = Ny .00k, A€ [=Ly, i), b€ Har, (18)
imply
Fi(t,z, \) = Fa(t,z, \), (t,x,A) € [6,T] x v x [—Ly, L]. (1.9)

This first result corresponds to the recovery of the nonlinear term F' restricted to a portion ~ of the
boundary of M. In order to recover F inside M we will first need additional information about M. Let us
first recall the definition of simple manifold.

Definition 1.1. A compact smooth Riemannian manifold with boundary (M, g) is simple if it is simply
connected, the boundary OM 1is strictly convex in the sense of the second fundamental form, and M has no
conjugate points.

With this additional assumption, we can extend Theorem 1.1 in the following way.

Theorem 1.2. Let n = 2,3, M be a simple manifold, F1,Fy € A and fix T < Ty(2(L + 3¢)). Then the
conditions

Fi(t,z,0) = Fy(t,2,0), (t,z) € ({0} x M)U ((0,T) x OM), (1.10)
B, ont(M A 0)H = B, g0 (AN 0)H, A€ [_(2T|f\4|)%’ (2T§4|)%} , HeH (1.11)
imply
Fi(t,x,\) = Fa(t,x,\), (t,z,\) €[0,T] x OM x [ (2T|§4|)§’ (2T|§4)5} , (1.12)
Fi(0,z,A) = F5(0,2,\), (xz,\) €M x {_(2T|§4)§’ (2T§4|)§] (1.13)

Here (A, \,0) denotes the element of H corresponding to the different traces of the constant map (t,z) — A.

In the specific case of a bounded domain of R™, n = 2,3, with Euclidean metric, we can give a more
precise result with restriction of the data to some portion of the boundary and solutions with constant values
at t = 0. To state this result which will be our last main result, we consider first the following tools. For
any w € S"1 = {y € R": |y| = 1} we consider the w-shadowed and w-illuminated faces of 9

0Ny y={ze€d: v(z) - w=0}, IN_,={x€dN: v(x) w0}
Here, for all k € N*, - denotes the scalar product in R* defined by
T y=x191+ ...+ TpYr, <= (T1,...,Tk) eRF, y= (Y1, -5 Yk) € Rk,

We fix wg € S*~! and we consider U = [0,T] x U’ (resp V = (0,T) x V') with U’ (resp V') an open
neighborhood of 9€y ,, (resp 99Q_ ) in Q. Let us also consider the following restriction of the space H
given by

Hy :={H = (h,hg,h1) € H: ho =0, supp(h) C U}.
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Theorem 1.3. Letn = 2,3, M = Q with Q an open connected and smooth domain of R™ with the Euclidean
metric, let F1, Fo € A and fix T < Ty (2(L + 3¢)). Then the conditions (1.10) and

L L
B AMN0)H = B, MA0)H, )\6[— , },HG'H 1.14
F1,V( ) FQ,V( ) (2T|M|)% (2T|M|)% U ( )
imply
L L
Fl(t,l‘,)\) = FQ(t7x7>‘)7 (t,l’,)\) € [07T} x OM x |: 1 1:| ) (115)
2T|M|)z (2T|M])z
L L

F1(0,2,A) = F5(0,2,)), (z,\) €M x |— -, - (1.16)

(2T|M])=  (2T|M])z

1.6. Comments about the main results. To our best knowledge Theorem 1.1, 1.2 and 1.3 are the first
results of recovery of a general semilinear term appearing in a hyperbolic nonlinear equation. Indeed, to
our best knowledge one can only find results dealing with recovery of coefficients, appearing in a nonlinear
hyperbolic equation, in the mathematical literature (see e.g. [29, 30]). It seems that such results have only
been considered for parabolic or elliptic equations (e.g. [7, 12, 13, 14, 15, 33]). It seems also that Theorem
1.1, 1.2 are the first results dealing with the recovery of nonlinear terms appearing in a PDE of order two
with variable second order coefficients that are not analytic in the case n = 3 ([33] considered this situation
for quasilinear elliptic equations in dimension n = 2 but they make the assumption of analyticity for the
dimension n > 3). Note also that like [7, 12, 13], we manage to recover the nonlinear term at the lateral
boundary (0,7) x M, with data restricted to the lateral boundary, but also inside the domain.

The proof of Theorem 1.1, 1.2 and 1.3, are based on a linearization procedure inspired by [7, 12, 13, 14].
The idea consists in transforming the recovery of the nonlinear term F'(¢,x,u) into the recovery of time-
dependent coefficients q(t,z) = 9, F(t,x,u(t,z)), where u solves (1.5) with suitable choice of the data
(f,uo,u1), appearing in a linear hyperbolic equation. So far this approach has been considered only with
Holder continuous solutions of some nonlinear parabolic or elliptic equations. For hyperbolic equations, the
existence of such smooth solutions seems to require at least strong assumptions on the semilinear term under
consideration. For this reason, in this paper, we provide, for what seems to be the first time, the extension
of the linearization procedure considered for the first time by [12], to solutions lying in Sobolev space instead
of Holder continuous space. This extension of the analysis of [12] allows us to consider the case of nonlinear
hyperbolic equations.

As mentioned above, our approach consists in transforming our inverse problem into the recovery of
a time-dependent potential of the form ¢(¢,z) = 0, F(t,x,u(t, x)), where u solves (1.5). This means that
the regularity of the coefficient ¢ will depend explicitly on the solution of the nonlinear problem (1.5).
For this reason, we can not apply results dealing with recovery of smooth time-dependent coefficients. In
Theorem 1.2 and 1.3, we use the results of [10, 18, 19, 20] dealing with the global recovery of such coefficients
with low regularity assumptions. For Theorem 1.1, we need to use results of recovery of time-dependent
coefficients on the portion (0,7) x v of the lateral boundary (0,7) x OM from measurement restricted also
to (0,T) x v. Moreover, we need to consider such results on some general Riemannian manifold. To our
best knowledge [32] is the only work dealing with results close to the one needed for Theorem 1.1 (see also
[31] for time-independent coefficients). However, the approach of [32], based on local properties of general
geometric optics solutions, requires strong smoothness assumptions and it can not be applied in the context
of Theorem 1.1. For this reason we introduce a new approach for the recovery of less-regular coefficients in
the proof of Theorem 3.1 (see Section 3). The result of Theorem 3.1 is based on a global construction of
particular solutions of the linear problem (3.1), with a control of their behavior close to the boundary. In
contrast to other related results (e.g. [31, 32]) we do not restrict our analysis on some local properties of
general geometric optics solutions associated with (3.1), but some global construction in boundary normal
coordinates suitable designed for any point (t,z) € (0,7) x 7.

In contrast to other related results for parabolic or elliptic equations (e.g. [7, 12, 13, 14]), we make only
small restrictions on the class of nonlinear terms under consideration. Indeed, we even consider semilinear
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equations with solutions that may blow-up at finite time. For this purpose, we state our result on, what can
correspond to, the infimum of the final time of existence, denoted by T, of maximal solutions associated
with all possible semi-linear terms lying in 4. Here T is a function of the size of the data (f, ug,u;) and it
is well defined thanks to the lower bound (2.3) that we derive for this expression in Lemma 2.1. We believe
that with additional assumptions on the class of admissible nonlinear terms A (see [3, 16, 11]) our result
would be equivalent to the one stated by [7, 12, 13, 14] for global solutions of some nonlinear parabolic
equations. However, in order to preserve the generality of our results, we prefer to keep this statement.

Let us observe, that, to our best knowledge, contrary to all other works dealing with recovery of nonlinear
terms (e.g. |7, 12, 13, 14, 15, 33]), we do not state our results with boundary map B, or Np ., associated
with the nonlinear problem (1.5), but with some partial knowledge of their Fréchet derivative. By taking
into account the important amount of data contained into Bg ,, or Np ,,, this statement of the main results
makes an important difference in terms of restriction of the data used for solving the inverse problem.

Our analysis is restricted to dimension of space n = 2,3, but we believe that with suitable assumptions
it could be extended to higher dimension. This restriction is due the application of the Sobolev embedding
theorem in the linearization procedure.

1.7. Outline. This paper is organized as follows. In Section 2, we prove existence of sufficiently smooth
solutions of (1.5). Then, we define the maps Bp., and Np,, and we prove that they admit a Fréchet
derivative associated with solutions of linear wave equations with time-dependent coefficients. In Section
3, we establish the recovery on the portion (0,7") x v of a time-dependent potential from measurements of
solutions of the linear problem restricted to (0,7) x 7. We prove this result, which is stated in Theorem
3.1, for coefficients ¢ € H2((0,T) x M) NC([0,7] x M). In Section 4, we recall some results about recovery
of time-dependent coefficients appearing in hyperbolic equations borrowed from [19, 20]. Finally, in Section
5, we combine all the arguments introduced in the preceding sections of the paper in order to complete the
proof of Theorem 1.1, 1.2 and 1.3.

2. FORWARD PROBLEM AND LINEARIZATION OF THE INVERSE PROBLEM

In this section we will consider results related to existence and uniqueness of sufficiently smooth solutions
of (1.5). Then we will use these results in order to prove that the maps B, and Np., are well defined
and admit a continuous Fréchet derivative.

We start with a result of local well-posedness for the problem (1.5) that can be proved by mean of
Strichartz estimates stated in this context.

Lemma 2.1. Assume thatn =2 orn =3. Let ' € A and let f € H3((0,400) x OM), ug € H2 (M) and
uy € H%(M) satisfy fli—o = wojonr, Ot fli=0 = urjanr- Assume also that there exists L > 0 such that

1713 0,50y money * 1008 apy + Il 3 0y < - (2.1)
We consider the estimate
lulleqo,ry;e0 (aeyy + 1ll Lo 0,7y 120 (01y) < C1Ls (2.2)

with Cy depending only on b, M, a1, and we define the sets
Trr :={T > 0: for all data (f,up,u1) satisfying (2.1), (1.5) admits a unique solution
u e CH[0,T]; L*(M)) N C([0,T); H (M)) N LP(0, Ty; L*(M)) satisfying (2.2)},

TL = m TF,L7
FeA
with p > b, whenn =2 and p =5 when n = 3. Then the set T is not empty and sup Ty, = Ti(L) € (0, +o<]
depends on L, b, M and ay. Moreover, L — T.(L) is non-increasing and, for any 1 € (0,1), we have the
following lower bound for T.(L) given by

a-u (1-b)
T.(L) > Cmin (L’?Q—w Lo [ite 1) (2.3)
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with C depending only on b, M, £1 and a1. In addition, (1.5), with T = T.(L), admits a unique solution
lying in C1 ([0, 7,(L)); L2(M)) N C([0, Ty (L)); H' (M)) 1 L}, (0, T (L); L#(M)).

loc

Proof. We prove this result by applying some arguments of [16, 18] that we adapt to problems stated with
non-homogeneous Dirichlet boundary conditions. According to [28, Theorem 2.3, Chapter 4|, there exists
G € H3((0,+00) x M) satisfying

Gl(0,400)xom = [y Gli=0 = uo, 0:Gl1=0 = u1,

161504080 < CUI 13 0 1oerwonns + 1003 ary + Il 3 4py) < CF (2.4)
where C' depends only on M. From now on and in all the remaining part of this proof, we denote by C' a
constant depending on M and b. Moreover, by the Sobolev embedding theorem, we have G € C([0,T] x M)
and fixing
G1 = —(0;G — A,G),

one can check that Gy € H*(0,7T; L2(M)). Then, we can split the solutions of (1.5) into two terms u = G +v
with v solving

02v—Agv+ F(t,z,v+ G) = Gi(t,x), in (0,T1) x M,

v=0, on (0,77) x OM, (2.5)

v(0,-) =0, 9w(0,-) =0 in M.
We will prove existence of a solution of (2.5) by mean of a fixed point argument. We denote by A the
operator —A, in M with Dirichlet boundary condition. Now consider, for some 77 > 0 to be determined,
the map G defined on C([0, T3]; H}(M)) N LP(0,Ty; L*(M)) by

1

Glv)(t) = —/O sin((t — s)Af)A_%F(s7 S v(s, )+ G(s,-))ds + /0 sin((t — s)A

Combining the Christ-Kieslev lemma (see for instance [18, Lemma 1] and also [7] for the original result) with
the Strichartz estimates on manifolds stated in [2, Theorem 1] and following [18, Lemma 2|, we deduce that

[N

JAT2G (s, )ds

1G W) lle o,y (aey) NGO pogo, 7,120 (1))
S CH| o2y T 210Gl 21 0,7052(00)
<Cai||(1+v+Gl HL1(07T;L2(M)) + 2T |G1ll oo 0,115 22(am)

N

Car? ol Fea2 1 ap,, +2 Gl oy 220y + O

(0,T;L2(M)) (0,T;L2(M))
3
< Ca2"! ”UHZ},b(O,T;L%(M)) +Ca; 2"} HGleb(O,T;L%(M)) TATP L+ Ca'h
with H(t,z) := F(t,z,v(t,z) + G(t,x)). On the other hand, by the Sobolev embedding theorem, we have
b

240
||GHLb(0,T;L2b(M C”GHLb(OTLOO(M)) C’”G”Lb(OTH?(M CTl ||GHL<>c(0TH2(M)) CT
and the Holder inequality implies

p=b
||UHLb(o,T;L2b(M)) <Ch™ ||U||Lp(o,T;L2p(M)) .
Thus, we have
1GW)lle [o T1] mon) T IGO) e Tl,L2P(JVI))

(2.6)
C’alT ||HHLP(OTL2P(M)) +C’a1T L +4T2L+CCL1T1
In the same way, fixing vy, ve € C([0,T1]; H3(M)) N LP(0,Ty; L*?(M)), we find
1G(v1) — (U2)||C([o mEY (M) T 1G(v1) = G(U2)||LP(O)T1;L2P(]\/[))
(2.7)

b—1
Ca1T1 HUI - UZHLp(o T;L2p(M)) (HUIHLp (0,7;02r(M)) T HU2||LP(O’T;L2P(M)) +1)
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Combining (2.6)-(2.7) with the Poincaré fixed point theorem, we deduce that for
Ty := C'min (L K= L 2= Lt 1)

with C' some suitable constant depending only on b, M, ¢; and a1, the map G admits a unique fixed point
v in the set

{w € C([0,T1]; Hy (M)) 0 LP(0,T1; L (M) = |[wlleqo. 7,311 (aryy + 10l po o1 020 (aryy < C1L},

where C is also a constant depending only on b, M and a;. One can easily deduce that this fixed point
v is also lying in C([0,T4]; L?(M)), it satisfies (2.2) and it solves (2.5). This proves the existence of local
solutions for (1.5). The uniqueness can be deduced from arguments inspired by [16, Theorem 2.1] (see also
[21, page 134] for similar arguments). This result gives also the lower bound for T, (L) and it completes the
proof of the lemma. O

This result gives us the existence and uniqueness of variational solutions of (1.5) on (0,7, provided
T < T.(L). We believe that, under some suitable restriction imposed to the set A (see for instance [3, 4, 16]),
this result can be extended to a global existence result corresponding to the condition T (L) = 400, L > 0.
However, in the general setting, there is counterexamples to the global existence of solutions due to the
blow up at finite time of some of them (e.g. [4, Proposition 6.4.1]). In order to preserve the generality of
our results, we do not consider possible restriction of the class A of nonlinear terms which would allow the
extension of our local well-posedness result to existence of global solutions by proving that T (L) = o0,
L > 0.

By mean of suitable conditions, we can increase the regularity of the solution u of (1.5) in the following
way.

Lemma 2.2. Assume thatn =2 orn =3 and for L >0 fix T < T, (2L). Let F € A and let (f,uo,u1) € H.
Assume also that

+ [luoll + [Juil s < L.

Hf”H%((o,T)xaM) H3 (M) "3 (M)
Then, (1.5) admits a unique solution lying in W51 (0, T; H2(M))NW 51 (0, T; H*(M))NLF (0, T; L2 (M))
satisfying

IIuIIWL,,Tm(O,T;Hz(M)) + lull, 2.2, ormon t [ull 1o (0.2 (a1 -
<€ (1Mt oizymonny * W0l ) + ol )

with C depending on L, M, b, n and a;.

Hz(M)

Proof. We start by extending f to an element of H3 ((0,+00) x OM) satistying

||fHH%((o,+oo)x0M 2 ”fH ((0,T)xdM)
According to [28, Theorem 2.3, Chapter 4], in view of the compatlblhty condition (1.4), there exists G €
HY((0,+00) x M) satisfying
Gl(0,4+00)xont = f, Gmo =g,  Gl—g = u1, 9;G—o = Aguo,

(2.9)
8?G|t:0 - Agu17 6;1G|t20 = ASQ]u07

16 e ctoey ary < C (1718 (s aeyonry + 100038 gy + 0218 1)) - (2.10)
Then, following Lemma 2.1, the solution u € C([0,T]; L*(M)) N C([0,T]; H'(M)) N LP(0,T; L**(M)) of
(1.5) takes the form u = v + G with v € C*([0,T]; L>(M)) N C([0,T); H(M)) N L?(0,T; LQP(M)) solving
(2.5). Thus, the proof will be completed if we prove that v € W51 (0,T; H2(M)) N W51 (0, T; L*(M)) N
LP(0,T; L?P(M)) satisfies

lolly w2 o ooy F 102 521 0 s ayy 10 er 0.z ) < C NG lre 0,400y (211)
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For this purpose, we remark first that since v € C1([0, T]; L*(M)) N LP(0, T; L*?(M)), for
q(t,x) == 0, F(t,z,u(t,x)), (t,x)e€[0,T]x M,

we have
b—1
HQHLﬁ (0,713 (M)) Sa Hl + |U" HLb l(OTL3(JVI)) (||UHL1’(0TL3(" D(M)) + )
and using the fact that, for n = 3, 2p = 10 > 3(% —1) 2 3(b—1), and the fact that p > b is arbitrary

for n = 2, we have ¢ € Lﬁ(O,T; L3(M)). Thus, by the Sobolev embedding theorem, we deduce that
qdyv € L¥1(0,T; H-1(M)). Moreover, using the fact that by density, for a.e (t,z) € (0,T) x M, we have

O F (t,z,ut, x))] = O F (¢, z,ult, ) + 0 F (¢, z, u(t, )0y (t, x) + 0 F (¢, x, u(t, )0 G (¢, z)
and the fact that for
Go(t,x) == =0, F(t,z,u(t, v))0G(t,x) — O F (t,m,u(t,x)) — 0P G(t,x) + A0, G(t,z), (t,x) € [0,T] x M,
we have
||G2||L%(O T5L2(M)) < C(HUHLP(O,T;L?P(M)) +1),

we deduce that E : (t,z) — F(t z,u(t,z)) € WhHE(0,T; H-*(M)) c C([0,T); H~Y(M)) and v, := v €
C([0,T); L*(M)) nCY([0,T); H~1(M)). Moreover, in view of (2.9), we have

G1(0,7) = —0;G(0,2) + A,G(0,2) =0, z€ M.
Therefore, fixing w € C*([0,T] x M) NC([0,T]; H} (M)) satisfying w(T,-) = ,w(T,-) = 0, we find
(v1, 0fw — A9“’>L2(0,T;L2(M))
= (0w, dfw — A9w>L2(O,T;L2(M))
— <6t21) — Agv, Bpw)
= (E — Gy, 0pw)

LY (0,15L2(M)), L 75 (0,75 L2(M))
L8 (0,7;02(M)), L7555 (0,73 L2(M))

= —/ F(0,z,up(x))w(0, z)dVy(x) — (O, E — 0,G1,w)
M

L8 (0,71 -1(M)),L755 (0,7;H3 (M)

- /M B0 2 o)y (0, 2)dVo ) = (001:0) g 112 a0y, 2555 0, msmgany T O Lk 0rie . 0122y

+ <G2’w>

L L

. / F(0, 2, o (2))w(0, 2)dV, () — (v1, qu)
M
Thus, we obtain

<’U1, OPw — Agw + qw>

L#55 (0,13L2(M)),L ¥ (0,73 12(M1)) L8 (0,1;12(M)), 1775 (0,752 (M)

LPoF (0,154 (M), L E (0,102 (M)) 2.12)
2.12
= —/ F(0,z,up(x))w(0, z)dVy(x) + <G2,U)>L%
M

By the Sobolev embedding theorem, for any w € C([0,T]; H(M)), we find quw € Lb%(O,T;LQ(M)) and,
by density, the identity (2.12) holds true for any w € X, where X denotes the space of all elements w €
CH([0,T]; L2(M)) N C([0, TT; H§ (M) N W>5(0,T; H~'(M)) satisfying

Pw— Ayw + quw € LE(0,T; L2(M)), w(T,-) := dyw(T,-) = 0.
Moreover, according to [27, Theorem 9.1, Chapter 3] combined with [10, Proposition 1]!, v; is the unique

element of L#°5 (0, T; L?(M)) satisfying (2.12) for any w € X. On the other hand, by the Sobolev embedding
theorem we have uy € C1(M) and it follows that z — F(0,z,up(z)) € C1(M). Therefore, using the fact

(0,T;L2(M)),Lﬁ(o,T;Lz(M)) ’

IThe result [10, Proposition 1] is stated for a bounded subdomain of R™ but it can be extended without any difficulty to a
compact Riemannian manifold of dimension n.
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that n < 3 and applying [10, Proposition 1], we deduce that there exists a unique z € C*([0,7]; L?>(M)) N
C([0,T); H}(M)) solving the linear problem

022 — Nz +q(t,z)z = Ga(t, o), in (0,7) x M,

z =0, on (0,T) x OM,

2(0,-) =0, 0:2(0,-) = —=F(0,2z,up(x)) in M.
Moreover, integrating by parts, for any w € X, we find

2 — yd
(200w = Dgw + qu), zop 0 10y 18 0,20

T /M F(0,, uo(@))w(0, 2)dVy(@) + (G, w>L%(O,T;LQ(M))J:ﬁ(O,T;LQ(M))
and by the uniqueness of the elements of L7-5 (0,T; L%(M)) satisfying (2.10), we deduce that v; = z. It
follows that vy € C1([0,T]; L?(M)) N C([0,T]); Hi(M)) and v; solves
02v1 — Agvr +q(t, z)vy = Ga(t, ), in (0,T) x M,
vy =0, on (0,T) x OM, (2.13)
Ul(Oa ) =0, 6tvl(0ﬂ ) = 7F(07‘T7U0(x)) in M.
In the same way, we can prove that vy = d;v; = d7v is lying in C*([0,T]; L*(M)) N C([0,T); Hi(M)) and it
solves the linear problem
02vy — Agvg + q(t, z)v2 = G3(t, ), in (0,T) x M,
vy =0, on (0,T) x OM,
v2(0,-) = —F(0,z,up(z)), Orv2(0,-) = —0,F(0,2,uo(x))us(z) — 0:F(0,x,up(z)) in M,
(2.14)
with
G3(t,x) := — 0 F(t,z,u(t, 2))07G(t, x) — 20,0, F(t,z,u(t, x))[0:G(t,x) + v1(t,x)] — O} F(t, 2, u(t,x))
— 0} G(t,2) + AyOIG(t, ) — O2F (t,z,u(t,x))[vi(t, ) + G (t,x)]?, (t,x) €[0,T] x M.

Here we use the fact that, by the Sobolev embedding theorem, G' € C3([0,T); H2(M)) C C3([0, T]; L>=(M))
and G3 € WH8(0,T; L?(M)). Finally, using similar arguments, we can prove that vs = dyva = d?v; €
CY([0,T); L3(M)) N C([0,T); HA(M)) solves the linear problem

02vg — Agus + q(t, x)vs = Gy(t, z), in (0,T7) x M,
vz =0, on (0,7) x OM,
v3(0,2) = Opw2(0, ), Opw3(0,2) = —AG[F(0,z,uo(x)] + ¢(0,2)F(0,z,uo(z) + G3(0,z), =€ M,
(2.15)
with

Gy(t,x) := 0;G3(t,x) — O2F(t,x,u(t,z)) (v (t, x) + 8, G(t, x))va(t, ).
This proves that, for a.e. t € (0,T"), v1(¢,-) solves the boundary value problem
_Agvl(t7 ) = _U3(t7 ) - q(tv ')Ul (tv ) + GQ(tv ')7 in M7
v, =0, on (0,T) x OM

and using the fact that —vs + qu; + Gy € L7 1(0,T; L2(M)), we deduce that v; € L5°1(0,T; H2(M)). It
follows that v € WY1 (0, T; H2(M))NW251 (0, T; H(M))NLP(0, T; L2’ (M)) and we deduce the required
regularity result as well as (2.11). O

Now let us consider the following linear initial boundary value problem

OPw — Ayw + quw = 0, in (0,T) x M,
w = h, on (0,T) x OM, (2.16)
U}(O, ) = h(), 8tw(0, ) = hl n M,
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to which we associate the linear operator
Dy : 13 H = (h ho,h1) — (8w (0. 1)xr w(T, )jar) € L*((0,T) x y1) x H' (M),
and for w solutions of (2.16), with hg = hy = 0, the linear operator
Agry t Ha D h— 0bw0,1)%4, € L*((0,T) x 7).
From now on, for any H = (h, hg, h1) € H, we denote by || H||,, the norm defined by

2 2
VIR = 1012

2
B oryxom) T HUOHH%(

2
T HulHH%(M)
We proceed now to the following linearization of the maps Bp,, and N, introduced in Section 1.1.

Theorem 2.1. Assume that n = 2 or n = 3 and let F € A. Then, the maps Br., and Ng., admit a
continuous Fréchet derivative B and Np, . —on

{GeH: |G| L},

5 5 3 <
H2((0,T)xOM)xH?2 (M)xH?2 (M)

{(het, : |hl <L)

H3((0,7)xoM)
Moreover, fixing

Ge{KeH: ”K”H%((O,T)xaM)xH%(M)xH%(M) <L}

fel{heH.: ”hHH%((o,T)XaM) < L},

QF,G(tva) = auF(ta (E,UF’G(t,SE)) and QF,f(tvx) = 8UF(t,x,uF7f(t,m)), we ﬁnd

e (GVH =Dyp oy H, Npo (f)h=Agp; b, HEH, heH.. (2.17)

Proof. Since the proof for Bp ., and Np,, are similar, we will only prove this result for B .,. Moreover,
without lost of generality, we assume that v; = OM. For this purpose, we fix H := (h, hg, h1) € H satisfying

||H||H%((0 Tyxonyx i iyt on T |H]||,, < ¢ and we consider v = up g4y — UF,G — WF,G,H, With w solving
(2.16) with ¢ = gr,. By taylor expansion in u of F', we find

F(t,z,upctu(t,x))
= F(t, e upc(t, 7)) + 0uF(t 2, upo(t,2)) (upe st 2) — urc(t, z))
+ </O (1-— 3)83F(t, z,upc(t,z) + stupgeu(t, ) — upg(t,a:)))ds) (upayu(t,x) — uF,G(t,x))2.

Then, v solves the linear problem

02v — Agv+ qr.gv = Rpg.u, in (0,T)x M,
v =0, on (0,7) x OM, (2.18)
v(0,) =0, Ow(0,:)=0 in M,

with
RF,G,H(ta x)

- </o (1 —8)02F(t,z,up.c(t, ) + s(upgsm(t,z) — UF,G(tvx)))dS> (uraru(t,z) —upa(t,z)?.

By the Sobolev embedding theorem, the space W51 (0, T; H2(M)) embedded continuously into C([0,T] x
M) and we deduce that

2
HRF,G,H||L2(07T;L2(M)) <C ||RF7G7HHL°°((0,T)><M) < Cllurena — UF,G”Loo((o,T)XM) :
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Combining this with [1, Theorem A.2|, [10, Proposition 1], (2.2) and applying the Sobolev embedding
theorem, we obtain

||8Vv||L2((O,T)><8M) + ||U||c([0,T];H1(M)) <C (HRF,G,H”Ll(o,T;L?(M)) + ||QF,GUHL1(O,T;L2(M)))

C (IR llamz0m + larelis o sy 1ol orm o)

<
<C ||RF,G,H||L2(0,T;L2(M))

N

2
Cllurcym — U‘F7G”L°°((O,T)><M) :

(2.19)
On the other hand, y := up,g+H — ur,g solves the problem

oty — Agy+ Vrg Yy =0, in (0,T7) x M,
y=h, on (0,T) x OM, (2.20)
y(0,-) = hg, Ow(0,-)=hy in M,

with )
Veeu(t,z) = / O F(t,x,urpc(t,x) + s(ura+u(t,z) —ura(t,x)))ds.
0
Using the fact that u € Wl’b%l(o, T;H*(M)) C Wl’b—%((), T; L>°(M)), we deduce that Ve g g € Wl (0, T; L>°(M)).
Thus, y; = Oy solves

Oy — Agyr + Ve ayr = OVra HY. in (0,7) x M,
y1 = O¢h, on (0,T) x OM,
y1(0,) = b1, 8y (0,7) = Agho = Vig,m (0, )ho  in M,

where one can check that
1
Viau(0,z) = / O F (0, z,up(z) + sho(x))ds, =€ .
0
Combining this with the fact that G, H = (h,ho,h1) € H, we deduce from [10, Proposition 1] that this
problem admits a unique solution y; € C([0,7); HY(M)) N CL([0,T]; L*(M)), satisfying
Hyl||c1([o,T];L2(M)) <SC(Hy + ||VF,G,H||Loo((o,T)xM) ||y||c([0,T];L2(M)))
S CH]|y, -
Note that here we use the fact that for |[H||,, < ¢, [Vrc,all o (or)x) IS upper bounded by a constant
depending only on €, G, T and M. Thus, we have y € C([0,T]; L?>(M)) and
180 eqo ez < 102Wlleqomupecan) + Vit | o.myean 1Wleqo ey < C 1H s
Combining this with the fact that for all ¢ € [0,T], y(t, ) solves the boundary value problem

7Agy(ta ) = azy(t ) - VF,G,Hy(t7 ‘)7 in M7
y(t,-) = h(t,), on OM,

we deduce that y € C([0,T]; H*(M)) satisfies the estimate
||yHC([O,T];H2(M)) S C|Hlly, -
Then, by the Sobolev embedding theorem, we get
lurc+m — UF7G||Loo((0,T)XM) = ||yHL<>c((0,T)xM) <CH|y
and, from (2.19), we get
l0vurcrr — Ovura — Oywra bl 20 xory T 1urcrs —ure —wre nlleorym )
< ClH]l



12 YAVAR KIAN

This proves that B, is Fréchet differentiable at G' and
By, (G)H = (0ywFG,H (o 1% WF.G.H (T, ) M) = Dy H.

Now let us prove the continuity of the map G — Bp. (G) = D
WF,G+K,H — WF,G,H, With K = (k, ko, k1) € H,

11| ((0,T)xOM)x H3 (M)x H? (M

ar.cn- For this purpose, we fix z :=

AL

S (o.r)xomxmS (anxmdn T 1 ]l + 15 < e,

and we remark that z solves the problem

02z — Agz+qrez = Sra,u, in (0,T) x M,
z=k, on (0,T) x OM, (2.21)
2(0,-) = ko, 0:2(0,-) = k1 in M.

with
SF.G,H = —(QF,G+K - QF,G)wF,G+K,H-

On the other hand, we can prove that HwF,GJrK,HHC([O T2 (M) S C with C depending on G, &, M, T.
Therefore, we find

HSF,G,HHH(((),T)XM) < Cllgra+x — qF,G”Loo((O’T)XM) . (2.22)

Using the Taylor expansion of 9, F in u, we find

1
arc+k(t,2) — qra(t ) = (/ OF(t,z,upc + s(uparx — UF,G))d8> (urG+K — UF,G)
0
and repeating the above arguments, we obtain

lgrcrr — QF,G”Loo((o’T)XM) S CO[K]ly -

Combining this with (2.22) and the estimate

HaVZHL?((O,T)xaM) + ”z”C([(),T];Hl(M)) <C ||SF,G,H||L2((0,T)xM) )

we deduce the continuity of G +— B (G) = Dyj. 4, - This completes the proof of the theorem. O

3. RECOVERY OF A TIME-DEPENDENT COEFFICIENT ON PARTS OF THE BOUNDARY
For T > 0 and ¢ € L*°((0,T) x M) we consider the initial boundary value problem
02u — Agu+ qu =0, in (0,T) x M,
u=f, on (0,T) x OM, (3.1)
u(0,-) =0, Jwu(0,)=0 in M,
with non-homogeneous Dirichlet data f. According to [26], for f € H'((0,T) x M) satisfying fj;—o = 0 this
problem admits a unique solution u € C([0, T]; H*(M))NC ([0, T); L*(M)) satisfying d,u € L?((0,T) x OM).
Thus, fixing v an open portion of M, we can define the partial hyperbolic Dirichlet-to-Neumann map in
the following way
Agys i Hay D F = Outy(0,1) 54 supp(f) C (0,77 x v,

with H. ., :={f € H. : supp(f) C (0,T] x v} and with u solving problem (3.1). In this section, we consider
the problem of recovering ¢ restricted to (0,7") x v from the knowledge of A, - «.

Theorem 3.1. Let (M, g) be a smooth connected and compact Riemannian manifold of dimension n > 2
and let q1, g2 € C([0,T] x M) N H?*((0,T) x M). Then Ay, .« = Agy .« implies that ¢ = g2 on (0,T) x 7.
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We mention that [31] established results similar to Theorem 3.1 for time-independent coefficients and
[32] treated the case of time-dependent coeflicients from some measurements associated with some general
hyperbolic equation on a Lorentzian manifold. Both of these results require strong smoothness assumptions
on the coefficients under consideration. In Theorem 3.1, we extend such results to time-dependent potentials ¢
lying in C([0, T]x M)NH?2((0,T)x M). To prove this result, like in [31, 32|, we consider specific solutions of the
problem (3.1) also called geometric optics. However, since we restrict the regularity of the coefficients under
consideration, in contrast to [31, 32|, we will use a new global construction involving some approximation of
the potential g. We mention that the recovery of coefficients lying in C([0,T] x M) N H?((0,T) x M) will be
a crucial point in the proof of Theorem 1.1.

3.1. Geometric optics solutions. Let ¢ty € (0,7") and consider § > 0 a constant that will be fixed later.
The goal of this subsection is to construct energy class solutions u; of the equation

8t2Uj — Aguj + qju; =0, in (O,T) X M, <3 2)
uj(O, ) = 0, 8tUj(O, ) =0 in M, '
whose restriction to [0, + ¢] x M takes the form
. i1(t i t
uj(t,x) = et=v@) (ao(t,x) + 4(t,2) + aj’z’;g 7:c)> + R;,(t,x), p>1, (3.3)
with the remainder term R; , € C([0,to + 0]; H'(M)) N C*([0, to + 0); L*(M)) satisfying
97 Rjp — AgRjp € L*((0,T) x M),
Rj,=0o0n (0,tg +0) x OM, R;,(0,-)=0:R;,(0,-) =0o0n M, (3.4)
plirfoo/’ 190 R pl L2 0, t0+5) xoar) = O- (3:5)

More precisely, we fix ¢ € v and we want to construct solutions of the form (3.3) on [0,%o + d] x M that
will allow us to recover ¢(to, o) = q1(to, o) — q2(to, xo).

In order to get the decay (3.5), we choose v, ag, a1 and a;2 ,, j = 1,2, so that they satisfy the following
eikonal and transport equations

d

D 99(@)0p 00,0 = [Vy0l2 = 1, (3.6)

i,j=1

d ..
2idag +2i Y | g7 (2)02,10a, a0 + i(Agih)ag = 0, (3.7)
i,j=1
d ..
2idhany +2i Y | g7 ()00, V0 ax1 + i(Ag)ars = —(0F — Ag + qr)ao, k=1,2, (3.8)
i,j=1
d ..

2i8tak72,p + 2 Z g” (x)aml’l/)arj ag2.p 1 Z'(Ag'tl))ak)gﬁp = —(3,52 — Ag + qk)ak,lﬁp, k=12, (3.9)

i,j=1
on some neighborhood of [0,%y + ¢] x OM. Here a1, is a smooth approximation of aj,; that we will precise
later.

Using boundary coordinates we will solve the equations (3.6)-(3.9). For any y € M and 6 € S, M, we
denote by v, ¢ the maximal geodesic starting at y in the direction §. Then, for some ¢ > 0 small enough, we
define the map expy,; : OM X [0,6) — M given by

expanr (@, Tn) == Vo —u(@) (@n), (2, xn) € OM x [0,¢).
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For any s > 0, we define the submanifold M, := {x € M : dist(x,0M) < s}. It is well known (e.g. [17,
Section 2.1.16|) that, for e sufficiently small, expy,, is a diffeomorphism from M x [0,¢) to M. with

expyrs (7)== (2 2n), @, = dist(x,0M), =z € M..

Here dist denotes the Riemanian distance function on (M, g). Thus, we can consider the boundary normal
coordinates (z’,x,) on M, given by x = expgy; (¢, zy) where z, > 0 and 2’ € M. It is well known (see
e.g. [17, Section 2.1.18]) that in these coordinates the metric takes the form g(2’,z,) = go(2', z,) + da?
with go(2/,z,) a metric on OM that depends smoothly on z,,. We choose

Y(z) = dist(z,0M), x € M.. (3.10)

As 9 is given by x,, in the boundary normal coordinates, one can easily check that ¢ solves (3.6) in M.

Let us now turn to the transport equation. We write a(t, 2’, x,) = a(t, expgps (@', 2,)) and use this no-
tation to indicate the representation in the boundary normal coordinates also for other functions. Moreover,
we define (', x,) = detgo(2’, z,,), and transform (3.7) into

8,5@0 + 8mnao + (azﬂﬂ> ag = 0.

From now on we fix § € (0, W) Then, we consider x € C§°((—24,26)) such that x =1 on [—4, d],
X1 € C5°((—36,39)) such that x; =1 on [—20,26], ¢ € C§°(7) such that ¢ =1 on a neighborhood of zy and
1 € C§°(7y) such that ¢; = 1 on a neighborhood of supp(y). We choose

ao(t, @', n) = X((t — to) — zn)p(2') (2", 2) /1. (3.11)
Using the fact that

ag(t,x',x,) =0, te[0,to+0), z, €[30,+00),
we can extend ag by zero to a function defined on [0, to + 6] x M solving (3.7) on (0,to + 6) x M. With this
choice of ag, (3.8) is transformed into

Oy 7
daj1 + 0y, a1 + < 4’[}5) aj1 = 5[(6,52 — Ag)ag(t,x', x,) + gjao(t, 2, x,)].

From now on, we use the notation

f(817$2,$/) : f <81;82 +t07x/7 ik g 52

) , 81,82 € [—38,38], ' € OM.
We choose

a2’ ) = 51 (6~ t0) — 2a)r (#) B )

on (0,t9 4+ d) x Mas, where

Bl

(al*(tv xlvxn) +aj717*(t>x/7xn)> ) (312)

1

__ L[ —s\F
a’j,l,*(slaSQVm/) = X(SQ)SO(:E/)i (/ 5 (LL'/7 T 82) qj(T7 827xl)d7-> ) S1,82 € [_26? 25]’ l'/ S aM?
S2

2 2

and a1, given by

—~ ’ 1 1 ; T — 82 % ~ ’ ’
a1x(s1, 82,2") = 3 Bl 5 dy(7,89,2")dT |, 81,82 € [—34,30], 2’ € OM
S2

with di = (07 — Ay)ap. It is clear that
ajix(ta’,0) = a1 (t —to, t —to,2') = 0.

Thus, one can check that
alyl(t,x) = a271(t7$), (t,.’E) € (O,T) x OM. (313)



DETERMINATION OF NONLINEAR TERM FOR HYPERBOLIC EQUATIONS 15

For the construction of a; s ,, we need first to define the expression a; 1 , which is an approximation of
a;,1. For this purpose, we consider an approximation of g; given by the following lemma.

Lemma 3.1. There exists q;,, € C([0,T] x M) such that

pETOO HQj,p - Qj||H2(M) =0, (3'14)
-2
”qj,P”Hé(]Rle) SCp 7, L22. (3.15)

with Cy independent of p.

Proof. We consider first (Mj,g), j = 1,2, two compact an smooth connected manifolds such that M is
contained into Int(My), M; is contained into Int(Ms). Then, we fix ¢j. € H?(R x M;) supported on
(—1,T 4 1) x Int(M), which coincides with g; on (0,T") x M such that

(0,
||qj*||H2(R><M1) <C ||qJ||H2((o TYx M)

with C' > 0 depending only on M7, T'. We fix the following local coordinates in Ma:

(9017 Ul)a R (SDWH Um)
such that

My C | Uk € Int(My).
k=1
We fix also 9y, € C§°(Ug), k = 1,...,m, such that

> k(@) =1, z€M
k=1

and Yy 4 € C°(Uyg), k = 1,...,m, satisfying ¢4 = 1 on supp(¢;). Then, we set ¢ € Cg°(R**") such that
supp(¢) C {(t,z) : [(t,2)] <1}, ¢ >0 and

/ ¢(t,x)dxdt = 1.
R1+n
We consider also (,(t,x) = pnTHQ(pit, p%x) and, for j=1,2 and k =1,...,m, we define
Giep(t:y) = Co (05 ) Wk 2y ) (2, )
= [ Gl = sy = sl D (o (s, G = L2, (1) SR
and we consider
Qp(t @) = qukp s k() ¥r(x),  (tz) €Rx My, j=1,2.

Note that

m
Z QOkQJ k.,p — ijk,ﬁ)¢k

k=1

15,0 q]||L2 ((0,T)x M)
L2((0,T)x M)

m
Z lordjkp — qa'wk,ti”p((o,T)xUk)

=
I
—

IN
NE

5.0 = (2 @8] L2 0.y o (00

"??‘
S
-

qua k,p (galzl)*qj*wkaﬁHLZ(RHrn) .

>
Il
—
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Combining this with the fact that
lim sup HQ.J',k,p - (50];1)*Qj*¢k7ﬁHLz(R1+n) = lim sup ng * ((WZI)*?ﬂwq,j*) - (‘P}Zl)*qu*wk,ﬁHLz(]RHn) =0
p——+oo p——+o0
we deduce that
i 1950 = @3ll L2 0,7y xar) = O-

In the same way, using the fact that ¢;. € H*(R x M;), we deduce (3.14)-(3.15). O

Using this result we define a; 1 , as follows

=

1 _
aJ)LP(t’ xlv xn) = §X1(<t - tO) - xn)(pl(l‘/)ﬁ(l‘/, xn) (a1*<t7 l‘/, 'Tn) + aj}lx*,/)(tv xlv xn)) y

on (0,tg + d) x Mas, where

1
e —s\ T __
aj71,*7p(81782a$/) = X(SQ)SD(x/)i (/ 5 (.’17/7 T 282> qj,P(Ta San/)dT> ) S1,82 € [_267 26]7 l‘/ S oM.

Then according to (3.14)-(3.15) and the expression (3.12) of a1, we have

plgl{loo ||aj,1,p - aj71||H2((0,t0+5)><M) = 0, (316)
=2
“aj717p|‘HK((O,t0+5)><M1) g Cgp 4 s f 2 2. (317)

Finally, for all s, 52 € [—36,30], 2’ € OM, we fix

1 1
__ —s\ 11 [ e — s\t —~—
G (orsa’) = xals2)ea(a)s (o 152 4</ 5 (+.752) bj,l,msQ,x’)dr), (318)
S2

where

bjp(t e an) = —(0F — Ag + gi)aja,(t, 2, ).
In particular, we have
a12,5(t, ) = as2,(t,x), (t,z) € (0,to+9) x OM, p> 1. (3.19)

Combining these properties with the fact that, for ¢t € [0,¢9 + d], the function x,, — x((t — to) — zy) is
supported on [—tg — 26, 3] we deduce that

supp(ao(t,-)) Usupp(a;(t,-)) Usupp(ajza,,(t,-) € Ms C M., j=1,2.
and we can extend the map
i ] t? j ta
;- (@) — P0G <a0(t7x) N ag,1£) ) n ag,z,gg x))
by zero to a function lying in H2((0,ty + ) x M). Moreover, (3.16)-(3.17) imply that
Hatsz,p —AyGjp g

ijPHLQ((O,to"r(S)X]\/[)

‘ (07 = Ay + qj)(aj1 —aja1,p) N Bfajop—Dyajo,+ 4552,
2
p p

L2((0,t0+8) x M)

|H2((07to+5)XM)

1+ Haj,l,pHH4 0 §)Yx M
<C (P_l a1 — a1, ((OrtoF0)xM)

2
Here we have exploited the explicit expression of a; 2 ,. Combining this with (3.14)-(3.15), we find
lim p HatQGjm —B8yGj,+ qj'Gj,PHL2((o,to+5)><M) =0. (3:20)

p—r+o00
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We choose R;,, € C([0,to + 8]; H*(M)) N C*([0,to + 8]; L2(M)) to be the unique solution of the IBVP

O Rjp—AgRj, + qjRjp = —(07Gjp — DgGjp + 4Gy p), in (0,80 +0) x M,
R;,=0, on (0,t9 + &) x OM, (3.21)
ijﬂ(ov ) =0, atRj,P(Ov ) =0 in M.

Applying [26, Theorem 2.1], we obtain

L2<<o,to+6>xM>)

2
<C (Hat Gjp—DBgGjp+ QjGj»P’|L2((o,t0+5)xM) + ||Rj7p|‘(:([o,t0+5];H1(M)))
< Cl97Gyp — D8yGip + 4G,

2
||8VRJ}P||L2((O,t0+6)><8]\/1) <C (Hat Gj;ﬂ - Ang,P + quj>pHL2((O,to+6)><IVI) + ||QjRj,P|

PHL2((O,t0+6)><M) :
and (3.20) implies (3.5).
We are now in position to complete the proof of Theorem 3.1.

3.2. Proof of Theorem 3.1. Note first that, according to (3.13) and (3.19), we have
Gip(t,x) = Grp(t,z) == f(t,x), (L)€ [0t + 0] x OM.

Using the fact that f € H'((0,ty + &) x OM), satisfies fi0,t0)xon = 0, we extend f by symmetry in ¢ to an
element of H'((0,T) x M) satisfying fit=0 = 0. Then, we fix u;, j = 1,2, respectively the solution of the
initial boundary problem
BtQUj — Ang +qju; =0, in (0,T) x M,
uj = f, on (0,T) x OM, (3.22)
u;(0,-) =0, u;(0,-)=0 in M.
Since the restriction of u; to (0,%o + §) x M solves the initial boundary value problem
O2uj — Aguj +qjuj =0, in (0,t0 +6) x M,
Uj; = Gj,p, on (O,to + 6) X 8M,
u;(0,-) =0, u;(0,-)=0 in M.
by the uniqueness of the solution of this problem we deduce that u; takes the form (3.3) on (0,to + J) x M.
Moreover, due to the expression involving x; in (3.11),(3.12), (3.18), on can check that supp(f) C (0,7T] x 7.
Combining this with the condition Ay, 4+ = Ag, ~., We get

(Opur — dyu)(t,x) =0, (t,x) € (0,T) x 7.
On the other hand, applying (3.13) and (3.19), for all (¢,z) € (0,ty + ) x 7, we obtain
0 = p(Oyur — Opus)
eip(w(”“)(&,al,g,p — 0ya22,))

p

— pir(w(@)+1) (Bya1.1 — Byany) + (3.23)

P(ale,p - avR?,p)-
Applying (3.17) and using the form of a2 ,, j = 1,2, we find

[0va1,2,p — aua?,&p||L2((o7t0+5)><aM) < C(”al,?,p||H2((o,t0+5)xM) + ||a2,2,p||H2((o,t0+5)XM))

S OO llavpll gago,o40)xary T 102,10l 54 (0,046 xar)
< Cpt.
Combining this with (3.5) and sending p — +oc0 in (3.23), we obtain
|0,a1,1 — 8,,a2,1||L2((07t0+6)M) =0.

It follows that
Ova11(t,x) —Opaga(t,x) =0, (t,z) e (0,T)x .
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Passing to boundary coordinates, this condition becomes
Oy, a11(t,2',0) — 0y, az1(t,2,0) =0, (¢t,2') € (0,T) x ~.
and, fixing a; = a1,1 — a2,1 we deduce that
05,a1(0,0,z0) — 05,a1(0,0,z9) = 0.
On the other hand, fixing ¢ = ¢; — ¢2, one can check that

) S1 — 89 —1/4 1 T — 82 1/4
@(81,82,30’) = ZX(Sl)Xl(x/)ﬂ (x’, B) > (/ B <$’7 2) q(T, 327$/)d7>
S2

and we deduce that

_ _ i4(0,0, z iq(to, 2o, 0
(951(11(0,0,%0)*852041(0,0,1'0): q( B 0) = q(020 )

This proves that (¢, z9) = 0 and we deduce that ¢ (to, xo) = g2(to, xo)- O

4. RECOVERY OF TIME-DEPENDENT COEFFICIENTS INSIDE THE DOMAIN

In this section we will recall some results related to the recovery of coefficients inside the domain. Our
first result is stated in a simple manifold and concerns recovery of time-dependent coefficients inside the
manifold with restriction of the data on the bottom ¢ = 0 and the top ¢ = T of the time-space manifold
(0,T) x M.

Theorem 4.1. Assume that (M, g) is a simple manifold. Let T > 0 and let q1, g2 € L*((0,T) x M). Then
the condition
thuH = qumH, HeH
implies that q1 = q2.
This result follows from [20, Theorem 1.2].
Now let us recall an improvement of this result in the Euclidean case. More precisely, let M = Q with

Q an open bounded, connected and smooth open subset of R™.
We introduce also the operator D,y : Hy 3 H +— (O,w)y, w(T,-)), with w solving (2.16).

Theorem 4.2. For g1, g2 € L™((0,T) x Q), the condition Dy, v = Dy, u tmplies g1 = ¢a.

This result follows from [19, Theorem 1.1] combined with the definition of the trace map given in [19,
Proposition A.1].

Armed with these results and the one of Theorem 3.1, we will complete the proof of Theorem 1.1, 1.2
and 1.3.

5. RECOVERY OF THE NONLINEAR TERMS

The goal of this section is to combine all the tools of the preceding sections in order to complete the
proof of Theorem 1.1, 1.2 and 1.3.
Proof of Theorem 1.1. In view of Theorem 2.1, for any A € [—-L1, L1] we have

b O = A h, heH..,

AF; Ax:7""
where we recall that qp; (¢, %) := 0, F;(t,x,ur, ay(t,2)). Thus, condition (1.8) implies that A
Agp, sxry.%- Moreover, by the Sobolev embedding theorem and Lemma 2.2, we find
ur, s € (C([0, T]; H*(M)) N €*([0,T); L*(M))) € H*((0,T) x M) N C([0,T] x M).

Combining this with the fact that F; € C*(R4 x M xR), we deduce that g, x, € H?((0,T)xM)NC([0,T]x M)
and applying Theorem 3.1, we obtain

qFl,)\X(t7x) = ng,)\X(t7x)a (taxv)‘) € (07T) Xy X [_L17L1]~

qF ,Ax Y% =
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Therefore, using the fact that x =1 on [d,T] X «, we obtain
OuF1(t, 2, N) = qry Ay (t, ) = qry 2y (t, ) = OuFo(t,z, N),  (t,z,\) € [0,T] x v x [—Ly, Lq].
Finally, applying (1.7), we obtain (1.9). O

Proof of Theorem 1.2 and 1.3. Let us first fix

qFj,)\(ta 33) = 8qu(t7x7qu,()\,)\,0) (t7 l‘))

By the Sobolev embedding theorem, we have ug, (x x,0) € C([0,7]x M) and we deduce that gr; x € C([0,7] x
M). Then, according to Theorem 2.1, condition (1.11) implies that

L L
D -D . oNe |- ,
a1 2 OM T Ty 0, 0M { (27| M) (2T|M|)é]
Therefore, applying Theorem 4.1, we obtain
L L
At x) = t,x), (t,x,\)e(0,T)x M x |— ,
0ra(69) = ar (), (3) € O.7)x M x | = |
It follows that
OuF1(0,2,\) = 0,2) = (0,z) = 0, (0,2, \) (x)\)€M><[ L L } (5.1)
ul 1\Y, Ly qr; a\Y, qry a\Y, ul 2\Y, 4, B ) (2T|M|)%, (2T|MD% ) .
OuF (£ 2, 2) (t,2) (t,2) = DuFa(t, 2, \), (¢ A)e[OT}xaMx[ L L }
u y Ly = s , ) = s , L) = Oy y Ty ) , Ly ) - ) 1
1 qry A qr,,\ 2 (2T|M|)% (2T|MD§
(5.2)
Combining this with (1.10) we deduce (1.12)-(1.13). This proves Theorem 1.2. In a similar way, Theorem
1.3 can be deduced by Combining Theorem 2.1 with Theorem 4.2. |
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