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ON THE RUIN PROBLEM WITH INVESTMENT
WHEN THE RISKY ASSET IS A SEMIMARTINGALE

J. Spielmann, LAREMA, Département de
Mathématiques, Université d’Angers, 2, Bd Lavoisier
49045, ANGERS CEDEX 01

L. Vostrikova, LAREMA, Département de
Mathématiques, Université d’Angers, 2, Bd Lavoisier
49045, ANGERS CEDEX 01

ABSTRACT. In this paper, we study the ruin problem with invest-
ment in a general framework where the business part X is a Lévy
process and the return on investment R is a semimartingale. Un-
der some conditions, we obtain upper and lower bounds on the
finite and infinite time ruin probabilities as well as the logarithmic
asymptotic for them. When R is a Lévy process, we retrieve some
well-known results. Finally, we obtain conditions on the exponen-
tial functionals of R for ruin with probability one, and we express
these conditions using the semimartingale characteristics of R in
the case of Lévy processs.

MSC 2010 subject classifications: 91B30 (primary), 60G99

1. INTRODUCTION AND MAIN RESULTS

The estimation of the probability of ruin of insurance companies is a
fundamental problem for market actors. Classically, a Poisson process
with drift was used to model the value of an insurance company and in
that case, under some assumptions on the parameters of the process,
the probability of ruin decreases at least as an exponential function
of the initial capital, see e.g. [I]. Over time, the compound Poisson
process has been replaced by more complex models. In a first generali-
sation, the value of the company is modeled by a Lévy process and then
the ruin probability behaves essentially like the tail of the Lévy measure
and, in the light-tailed case, this means that this probability decreases

at least as an exponential function (see [I], [I8], [20], and [36]). To
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2 ON THE RUIN PROBLEM

generalise even further, it can be assumed that insurance companies
invest their capital in a financial market. The main question is then:
how does the probability of ruin changes with this additional source of
risk?

In this general setting, the value of an insurance company with initial
capital y > 0, denoted by Y = (Y})>0, is given as the solution of the
following linear stochastic differential equation

t
(1) Yi=y+ X, +/ Y,_dR,, for all t > 0,
0

where X = (X;)i>0 and R = (R;)i>0 are two independent one dimen-
sional stochastic processes defined on some probability space (€2, F, P)
and chosen so that (Il) makes sense. In risk theory, the process X rep-
resents the profit and loss of the business activity and R represents the
return of the investment. The main problem then concerns the study
of the stopping time defined by

7(y) = inf{t > 0]Y; < 0}

with inf{()} = 400 and the evaluation of the ruin probability before
time 7" > 0, namely P(7(y) < T'), and the ultimate ruin probability
P(7(y) < 4o00). The ruin problem in this general setting was first
studied in [26].

Before describing our set-up and our results, we give a brief review of
the relevant litterature. The special case when R; = rt, with r > 0,
for all £ > 0 (non-risky investment) is well-studied and we refer to [30]
and references therein for the main results. In brief, in that case and
under some additional conditions, the ruin probability decreases even
faster than an exponential since the capital of the insurance company
is constantly increasing.

The case of risky investment is also well-studied. In that case, it is
assumed in general that X and R are independent Lévy processes.
The first results in this setting appear in [I7] (and later in [38]) where
it was shown that under some conditions there exists C' > 0 and yo > 0
such that for all y > yo and for some b > 0

P(7(y) < +o0) > Cy~".

Qualitatively, this means that the ruin probability cannot decrease
faster as a power function, i.e. the degrowth is much slower than in the
no-investment case. Later, under some conditions on the Lévy triplets
of X and R, it was shown in [29] that for some > 0 and € > 0, there
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exists C' > 0 such that, as y — oo,
yPP(1(y) < +00) = C + o(y ™).

Recently, in [I5], it is proven, under different assumptions on the Lévy
triplets and when X has no negative jumps, that there exists C' > 0
such that for the above 5 > 0

lim y’ P(7(y) < 4+00) = C.

y—)OO
Results concerning bounds on P(7(y) < +00) are given in [I7] where
it is shown that, for all € > 0, there exists C' > 0 such that for all y > 0
and the same > 0

P(7(y) < 4+00) < Cy~7te.

In less general settings similar results are available. The case when X
is a compound Poisson process with drift and exponential jumps and R
is a Brownian motion with drift is studied in [12] (negative jumps only)
and in [16] (positive jumps only). In [31] the model with negative jumps
is generalized to the case where the drift of X is a bounded stochastic
process.

Finally, some exact results for the ultimate ruin probability are avail-
able in specific models (see e.g. [30], [38]) and conditions for ruin with
probability one are given, for different levels of generality, in [12], [15],

[16], [17], 28] and [31].

From a practical point of view, insurance companies are interested
in the estimation of the ruin probability P(7(y) < T') before time
T more than in the ultimate ruin probability P(7(y) < +o0) or its
asymptotic when y — +o0o. For this reason, the goal of this paper is
to obtain the inequalities for P(7(y) < T'). Moreover, in contrast to
the insurance business activity, the return on the investment can not
be modelled, in general, by a homogeneous process like a Lévy process.
Indeed, the market conditions can change over time or switch between
different states. This explains why we assume, in this paper, that R is
a semimartingale.

Thus, in the following we suppose that the processes X = (X;)i>0 and
R = (R;):>o are independent one-dimensional processes both starting
from zero, and such that X is a Lévy process and R is a semimartingale.
We suppose additionally that the jumps of R denoted AR; = R, — Ry
are strictly bigger than —1, for all ¢ > 0.
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We denote the generating triplet of the Lévy process X by (ax, 0%, vx)
where ay € R, ox > 0 and vy is a Lévy measure. We recall that
the generating triplet characterizes the law of X via the characteristic
function ¢x of X; (see e.g. p.37 in [35]):

2 A2 )
7x + /(6Mw —1-— i)\xl{mgl}) VX(dx)))
R

where the Lévy measure vy satisfies

/R min(a2, 1) vy (dz) < oo.

As well-known, the process X can then be written in the form:

dx(\) = exp (t (i)\ax -

t
Xy =axt+oxW, + / / x(pux(ds,dx) — vx(dz)ds)
0 Jz|<1

t
4 / / rpx(ds, de),
0 Jlz|>1

where px is the measure of jumps of X and W is standard Brownian
Motion.

(2)

We recall that a semimartingale R = (R;)¢>0 can be also defined by its
semimartingale decomposition, namely

t
R, = B, + R} +/ / x(ur(ds,dr) — vg(ds, dr))
0 Jz|<1

t
+ / / vpr(ds, dz),
0 Jlz|>1

where B = (By)i>o is a drift part, R® = (R{);>o is the continuous
martingale part of R, ug is the measure of jumps of R and vg is its
compensator (see e.g. Chapter 2 of [I4] for more information about
these notions).

(3)

It is possible to check that in this case [X, R], = 0, for all ¢ > 0, and
that the equation ([II) has a unique strong solution (see e.g. Theorem
11.3 in [27]): for t > 0

) vie e, (v+ [ o)

where £(R) is Doléans-Dade’s exponential,

E(R); = exp <Rt — %(Rc>t) H (1+ ARS)e_ARS

0<s<t
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(for more details about Doléans-Dade’s exponential see e.g. Ch.1, §4f
p. 58 in [14]). Then the time of ruin is simply

(5) T(y):inf{tEO/Ot%<_y}

because E(R): > 0, for all t > 0, and this last fact follows from the
assumption that AR, > —1, for all ¢t > 0.

In this paper, we show that the behaviour of 7(y) for finite horizon
T > 0 depends strongly on the behaviour of the exponential functionals
at T, i.e. on the behaviour of

T . T .
Iy :/ e fds and Jp(a) :/ e~ (s
0 0

where a > 0 and R; = In& (R);, for all t > 0, and for infinite horizon
on the behaviour of

I :/ e fds and Joo(@) :/ e s,
0 0

For convenience we denote Jr = Jp(2) and Jo = J(2). More pre-
cisely, defining

By =sup {82 02 B(JY?) < 00, B(Jr(8)) < oo }
we prove the following theorem.

Theorem 1. Let T > 0. Assume that S > 0 and that, for some
0 < a < fBr, we have

(6) / | Jelowa() < oo

Then, for all y > 0,

CYE(I) + CE(JS) 4+ C5E(J
() Py <T) < QEUE HC (yTa |2 R,
where the expectations on the right hand side are finite and Cy > 0,
Cy >0, and C3 > 0 are constants that depend only on « in an explicit

way. Moreover, if (@) holds for all 0 < a < fBr, then

0 oy 2P0 <7

Remark 1. Theorem [ is, up to our knowledge, the first result on
the upper bound, when R is not deterministic, for the ruin probability
before a finite time even in the case when R is a Lévy process. This
theorem links the ruin probability with the tails of the Lévy measure

< —fr.
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of X and the exponential functionals of the process R which are well-
studied objects (see Proposition 2 and the examples there for the values
of fr). When r = +oo, Theorem 1 shows that under the mentioned
conditions the ruin probability decreases faster than any power function
when y — 4+00. When gy < +oo , Theorem 1 implies that the ruin
probability decreases at least as a power function as y — +o00.

In Theorem 2, under some simple conditions on the Lévy triplet of X,
we give a lower bound for the ruin probability.

Theorem 2. LetT > 0. Assume that for yr > 1 we have E(I]") = +oc.
Additionally, assume that

(9) / |z|vy (dx) < +o0
lz|>1

and that

(10) ax +/ zvx(dz) <0 orox > 0.
lz|>1

Then, for all § > 0, there exists a positive numerical sequence (Yp)nen
increasing to +0o such that, for all C' > 0, there exists ng € N such
that for all n > ng,

Moreover,

We remark that under the conditions of Theorems[land 2l with v > Gr
we obtain immediately, under rather general conditions, the logarithmic
asymptotic for the ruin probability:

. n(P(r(y) <T)) _
i

From Theorems [Il and Bl we can also obtain similar results for the
ultimate ruin probability. Define

Boo =sup {8 >0:E(I]) < 00, B(J%?) < 00, E(J(B)) < 00} .

Then, since (I;)i>0, (Ji)i>0 and (Ji(a))i>o are increasing, we obtain,
letting T" — oo and using the monotone convergence theorem with the
upper bound of Theorem [I] the following corollary.

—fr.
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Corollary 1. Assume that S5 > 0 and that the condition (@) holds
for some 0 < a < B, then

Plr(y) < o) < CIBUL) + CoE(JY?) + C3E(Jx(a))
< n

where C; > 0, Cy > 0, and C3 > 0 are constants that depend only on
a in an explicit way. Moreover, if ([O) holds for all 0 < o < [, then

o (P < o)
T )

Y

Remark 2. In the case when R is Lévy process and its Laplace trans-
form has a strictly positive root 5y (cf. Proposition 2l and the examples
there), S = [o. In particular, when

I:{t = CLRt‘i‘O’RWt

with op > 0, we get that S, = By = 2ar/o% — 1 and the results of
Corollary [l coincide with the conclusions of [12] and [15].

Concerning the lower bound, we get the following.

Corollary 2. Assume that E(I) < +00 and E(Jx) < +o0o and that

there exists Voo > 1 such that B(I2*) = +oo and E(JZ"?) = +oo.
Assume that X wverifies Q) and ([I0). Then,
In (P
lim sup P <) .
y—0o0 In(y)

Again, under the assumptions of the Corollaries [I] and 2] with v, >
B We can obtain the logarithmic asymptotic for the ultimate ruin
probability.

To complete our study of the ruin problem in this setting, we give
sufficient conditions for ruin with probability one when X has positive
jumps bounded by a > 0 and verifies one of the following conditions:

(11) ax < 0or oy >0 or vx([—a,al) > 0.

Theorem 3. Assume that X wverifies the conditions above. In addition
assume that (P — a.s.), I, = 400, Jo = +00 and that there exists a
limat

I

lim — =L
t—o0 £/ J;

with 0 < L < oco. Then, for all y > 0,
P(r(y) < o0) = 1.
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In the case of Lévy processes we express the conditions on the expo-
nential functionals in terms of their characteristics to get the following
result which is similar to the known results in e.g. [16] and [28].

Corollary 3. Assume that X wverifies the conditions of Theorem [3.
Suppose that R is a Lévy process with characteristic triplet (agr, 0%, vg)
satisfying

(12) / | ln(l + l’)|1{|1n(1+m)‘>1}1/}3(d1’) < 0
—1

and

o2 >
ap— '+ / (In(1 + 2) = 21 maa)<1y)Va(de) <O0.
-1

Then, for all y > 0,
P(r(y) < o00) = 1.

The rest of the paper is structured as follows. In Section 2, we point to
the known results about exponential functionals of semimartingales, we
give a simple way to obtain Sy and [ in the case when R is a Lévy
process (see Propositions [Il and Bl) and apply it to some examples.
In Section 3, we derive in Proposition [ some identities en law, then
we recall in Proposition @ the Novikov-Bichteler-Jacod inequalities for
discontinuous martingales, and finally we prove Theorem [Il In Section
4, we establish some lemmas and then we prove Theorem 2l In Section
5 we prove Theorem [3] and Corollary

2. EXPONENTIAL FUNCTIONALS OF SEMIMARTINGALES

Exponential functionals of semimartingales (especially of Lévy pro-
cesses) are very well-studied. The question of the existence of the
moments of I, and the formula in the case when R is a subordina-
tor were considered in [0], [9] and [33]. In the case when R is a Lévy
process, the question of the existence of the density of the law of I,
PDE equations for the density and the asymptotics for the law were
investigated in [2], [3], [, [10], [11], [13], [19], [24], [25] and [32]. In
the more general case of processes with independent increments, condi-
tions for the existence of the moments and reccurent equations for the
moments were studied in [33] and [34]. The existence of the density of
such functionals and the corresponding PDE equations were considered
in [37]. Here, we give two simple results concerning the finiteness of
and [ when R is a Lévy process and apply them to the computation
of fr and [ in some examples.
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First of all, we give some basic facts about the exponential transform

A

R = (Ry)i>0 of R, i.e. the process defined by

A

E(R); = exp(Ry).
Since
g(ét) = eXp (Rt - %(Rc>t + Z (In(1 + AR,) — ARS))

we get that

1

R,=R, — 5 )+ > (In(1+AR,) — AR,).

0<s<t

When R is a semimartingale, the process R is also a semimartingale
and the jumps of R are given by

AR, =In(1+ AR,), for all t > 0.

Similarly, when R is a Lévy process, the process R is also a Lévy
process.

Proposition 1. Suppose that R is a Lévy process. For a > 0 and
T > 0 the following conditions are equivalent:

(i) E(Jr(a)) < oo,
(ii) f\x\>1 e vp(dr) < oo,

(iii) f_oc{ 1{‘1n(1+x)|>1}(1 + ZL’)_QVR(dZL') < 0.
Proof. By Fubini’s theorem, we obtain

E(Jr(0)) =E ( /0 : e—atht) = /0 : E(e *Rt)dt.

So, E(Jr(a)) < oo is equivalent to E(e=*f) < oo, for all ¢ > 0, which,
by Theorem 25.3, p.159 in [35], is equivalent to

/ e “vp(dr) < oo.
|z|>1
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Then, note that

1
/ e “vp(dr) :/ / e “vp(dr)ds
|z|>1 0 Jlz|>1

—aAR;
=E ( Y ek 1{|ARS>1}>

0<s<1

=E ( Z (1+ ARs)_alﬂ1m(1+ARS)|>1}>

0<s<1
:/ Lm+a)>13 (1 + 2) " vr(dz).
—1

O

Proposition [Il allows us to compute [Br in some standard models of
mathematical finance.

Example 1. Suppose that R is given by R, = apt +op Wi+ Zﬁf;o Y,,
where ap € R, 05 > 0, W = (W,);>0 is a standard Brownian motion
and N = (N;);>o is a Poisson process with rate v > 0, and (Y},)nen
is a sequence of iid random variables. Suppose, in addition, that all
processes involved are independent. If for (Y},),en we take any sequence
of iid random variables with E(e~*¥1) < oo, for all a > 0, then By =
+oo. If for (Y},)nen we take a sequence of iid random variables with
E(e ) < 0o, when a < ag, for some ay > 0, and E(e”®1) = +o0,
then B7 = ayp.

Example 2. Suppose that R is a Lévy process with triplet (agp, a%, Va),
where ap € R, 05 > 0 and vy is the measure on R given by

vp(de) = (Cl|x|_(1+°‘1)e_hlx|1{m<0} + 0293—(1+°‘2)e_)‘2x1{x>0}) dz,

where C1,Cy > 0, A\, Ay > 0 and 0 < ayq, a9 < 2. This specification
includes as special cases the Kou, CGMY and variance-gamma models
(see e.g. Section 4.5 p.119 in [§]). We will show that 7 = A;. Note
that, using Proposition [Il and the change of variables y = —z, we see
that E(Jr(a)) < oo, for a > 0, is equivalent to

Cl/ ?J_(Hal)e_(h_a)ydy%-cz/ g 0tee)g=(atd)z gp o
1 1

But, the first integral converges if @ < A; and diverges if &« > A\ and
second integral always converges. Now, if o > 2, it is easy to show that
E(Jr(a)) < oo implies E(J;f/2) < 00 (see Lemma [ below). Thus, if
A1 > 2, we have By = \q.
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Proposition 2. Suppose that the Lévy process R admits a Laplace
transform, for allt >0, i.e. for a >0

E(exp(—afty)) = exp(tyg(a))
and that its Laplace exponent 1 has a strictly positive root By. Then
the following conditions are equivalent:

(i) E(IY) < o0
(i) E(J?) < oo,
(iii) E(Jw(a)) < oo,
(iv) a < Bo.
Therefore, Bs = Do.

Proof. Note that, for any a > 0 and k > 0,
~ o o~
exp(typ(a)) = E(exp(—aR;)) = E (exp <_Eth>>

o (i ()

Therefore, V5(a) = Uy p ( ) for all @« > 0 and k£ > 0. Then, Lemma 3
in [32] yields the desired result. O

Remark 3. Note that the root of the Laplace exponent was already
identified as the relevant quantity for the tails of P(7(y) < co) in [29].

Using Propositionlwe can compute (3., in two important examples.

Example 3. Suppose that R; = agrt + ogW,, for all t > 0, where
ap € R, op > 0 and W = (W})>0 is a standard Brownian motion,

then R, = (aR - i) t+ogWy, for all t > 0. Thus, we obtain () =

(aR — lUR) a+ 2 a and, by Proposition 2, S, = % — 1. We
remark that this com(ndes with the results in e.g. [12] and [16].

Example 4. Suppose that R, = apt + o Wi + Zn;O Y,, where ap €
R, 05 > 0 and W = (W,)i>0 is a standard Brownian motion and
N = (Ny)i>0 is a Poisson process with rate v > 0, and (Y},)nen is a
sequence of iid random variables with E(e™1) < oo, for all a > 0.
Suppose, in addition, that all processes involved are independent. It is
easy to see that, for all a > 0,

2

Ypla) = —apa + %cﬂ +7 (E(e™) —1).
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Now, it is possible to show (see e.g. [36]) that the equation ¢ z(a) =0
has an unique non-zero solution if, and only if, R is not a subordinator
and ¢’(0+) < 0 which, under some additional conditions to invert the
differentiation and expectation operators, is equivalent to ap > YE(Y7).
In that case, S, is the unique non-zero real solution of this equation.

3. UPPER BOUND FOR THE RUIN PROBABILITY

In this section, we prove Theorem [I. We start with some preliminary
results: Lemma [Il and Propositions [3 and [4]

Lemma 1. For all T > 0, we have the following.

(a) If 0 < a < 2, then E(JY?) < oo implies B(I%) < oo and
E(Jr(a)) < co.

(b) If a > 2, E(Jr(a)) < oo implies B(I%) < 0o and E(J2?) < co.

Proof. First note that by the Cauchy-Schwarz inequality we obtain, for
all T'> 0,

Iy = /OTE(R);lds <VT (/OTE(R);2ds) - =T/ Jr.

So, E(I2) < T°/2E(J5"%), for all a > 0.

Now, if 0 < a < 2, we have % > 1 and by Holder’s inequality

T T a/2
Jr(a) = / E(R);%ds < T~/ ( / 5(1-2);%[3) — T2 g0,
0 0

These inequalities yield (a).

Now, if a > 2, we have either a = 2 which yields the desired result or

a > 2. In that case, we have § > 1 and, by Holder’s inequality, we
obtain

T T 2/a
Jr = / E(R);%ds < T2/ ( / 5(1-2);%)
0 0
_ T(a—2)/aJT(a)2/a'

So, E(J2/%) < T@=2/2E(Jp(«)), which yields (b). O
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Denote by M? = (M, d)t>0 the local martingale defined as:

/ /|x|<1 E(R —(nx(ds, dz) — vx(dz)ds)

and by U = (U;)>0 the process given by

t
U, :// . ds,dx).
Ty e B )

If flxl>1 |z|vx (dr) < +00, we can also define the local martingale N4 =
(Ni)e=0 as

NE = /0 t /R ﬁ(ux(ds,dx) — vx(dz)ds).

Proposition 3. We have the following identity in law:

/t axXs £ (axly +oxWy, + ME+U,) .
o EMR)s—/ 120 o =0

Moreover, if |,

lz|>1

([ s,

where 0x = ax + f|m|>1

|z|vx (dx) < +o00, then,

I~

((5)([15 + O'ijt + Ntd)

>0

xvx(dr).

Proof. We show first that

([ i) o =oezo) =2(([52),.)

To prove this equality in law we consider the representation of the
stochastic integrals by Riemann sums (see [14], Proposition 1.4.44, p.
51). We recall that for any increasing sequence of stopping times 7 =
(T})nen with Ty = 0 such that sup,, 7,, = oo and T,, < T,+1 on the
set {T,, < oo}, the Riemann approximation of the stochastic integral
Jo st will be

t
T </0 S_) Z 5 Tn XTn+1/\t - XTn/\t)

The sequence 7, = (T'(n,m))men of adapted subdivisions is called Rie-
mann sequence if sup,, (7' (n, m+1) At =T (n,m)At) = 0 as n — oo
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for all t > 0. For our purposes we will take a deterministic Riemann
sequence. Then, Proposition 1.4.44, p.51 of [14] says that for all £ > 0

<13> » ([ stms) = [ s

and

t t
dX, dX,
(14) T < / ) = /

0 4s— 0 9s—
where —— denotes the convergence in probability. According to the
Kolmogorov theorem, the law of the process is entirely defined by
its finite-dimensional distributions. Let us take for & > 0 a subdi-

vision tg = 0 < t; < ty--- < t,, and a continuous bounded function
F: RF — R, to prove by standard arguments that

e (v (] i) (] et ) oo
- (e ([ 52) = (5)

Taking into account (I3]) and (I4]), we pass to the limit as n — oo and
we obtain

B [F </ S / eg) [E(R)s =052 O}

t1 tr
:E[F(/ dXs,.../ dXs)]
0 qs— 0 qs—

and this proves the claim.

Using the decomposition ([2) we get that

/ths Y ds /tdWS
= ax ——I—O'X
0 4s— 0 s 0 qs—

jL/Ot/mSl L (ux(ds, dz) — vx(ds, dz))

ds—

i x
+/ / px(ds,dx).
0 J)z|>1 Is—

We denote the last two terms in the r.h.s. of the equality above by
M(q) and Uy(q) respectively. Recall that since X is Lévy process the
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four processes appearing in the right-hand side of the above equality
are independent. We use the well-known identity in law

EdW,
(f52). % (mes)
0 4s— />0 © 4/ >0
to write

tds Eaw,
(aX ) UX/ —>Mtd(Q)>Ut(Q))
0

0 QS S—

t>0
t
L ds

= — t ds d
= (CLX/O P aO'XWfogaMt (Q),Ut(Q))

s t>0

Then, we take the sum of these processes and we integrate w.r.t. the
law of £(R). This yields the first result.

The proof of the second part is the same except we take the following
decomposition of X:

t
Xy =oxt+oxW, —i—/ /x(,uX(ds,d:c) — vy (dx)ds).
o Jr

O

The last ingredient in the proof of Theorem [I]are the Novikov-Bichteler-
Jacod maximal inequalities for compensated integrals with respect to
random measures (see [4], [23] and also [22]) which we will state below
after introducing some notations. Let f : (w,t,z) — f(w,t,x) be
a left-continuous and measurable random function on €2 x R, x R.
Specializing the notations of [23] to our case, we say that f € Fy if, for
almost all w € 2,

/t/ A (w, s, 2)vx(dr)ds < .
0o Jr

If f € F,, we can define the compensated integral by

Cy(t) = /0 /Rf(w,s,x) (nx(ds,dz) — vx(dz)ds)

for all t > 0. For these compensated integrals, we then have the fol-
lowing inequalities.

Proposition 4 (c.f. Theorem 1 in [23]). Let f be a left-continuous
measurable random function with f € Fy. Let Cy = (Cy(t))i>0 be the
compensated integral of f as defined above.
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< /0 ' /R f%x(dx)ds)a/zl.

(a) Forall0 < a <2,

E < sup \C'f(t)\o‘) < K\E

0<t<T

(b) For all o > 2,

: <°i?£T|Cf(t)|a) = b < /0 ) /R IfIZVX(dx)dSY/Q]
+ K,E (/OT/RMI%X(@)CZS)

where K1 >0, Ky >0, and K35 > 0 are constants depending only on «
n an explicit way.

Proof of Theorem [l Note that
sup —(axl; + ox Wy, + M +U)

0<t<T

<lax|Iy + sup ox|W,,|+ sup [M|+ sup |Ui],
0<t<T 0<t<T 0<t<T

and that for positive random variable 71, Z5, Z3, Z, we have

{Zl+ZQ+Zg+Z4>y}

{a>ofasPofnsYolas 1)

Therefore, using Proposition [3] we obtain

P(r(y) <T)=P ( sup —(axI; + oxWy, + M+ U;) > y)
0<t<T

<P (\aX\IT > %) +P ( sup ox|Wy,| > y)

0<t<T 4

+P ( sup | M| > Q) +P ( sup |Uy| > y).
0<t<T 4 0<t<T 4

For the first term, using Markov’s inequality, we obtain

4a‘aX‘a

ya

p <|aX|IT > %) <

E(I2).
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For the second term, since (J;)o<¢<r is increasing we can change the
time in the supremum and condition on (E(R))o<i<7 to obtain

P ( sup ox|Wy,| > Q) =P < sup ox|Wy| > %)

0<t<T 4 0<t<.Jp

=B [P( s ax Wl > 2| E(mcer )|
0<t<Jr
Since W and R are independent we obtain using the reflection princi-

ple, the fact that Wf:r —2, = ( f T _2dt> Wy and Markov’s inequal-
ity, that

P( sup ox|Wy| > y'é'(R)t =q,0<t< T)

0<t<.Jp 4

T 1/2
= 2P <</ qt_th) Ux|W1|>g)
0 4

a/2

4952 T B N
<2t ([Lgar) Bl
0

Then, since E(|W;]*) = 2;/;F (¢H), we obtain

(5a+2)/2r a+1 fel
Y 2 ( B )UX a2
P sup o Wt>—)§ E(J: 7).
<O<t<T X| J‘ 4 \/7_Ty°‘ (T )

Note that the inequalities for the first two terms work for all o > 0.

Suppose now that 0 < a < 1. We see that £(R); ' (w w)xliz<y € Fo.
Therefore, using Markov’s inequality and part (a) of Proposition @], we
obtain

4(1
p < sup [M| > %) < y—aE < sup IMtdla)

0<t<T 0<t<T

(/ / 1{\w\<1}’/x(daf)d )a/2]

/2
4« o
= Kly_a (/ T 1{x<1}Vx(de’)> E(JT/2).
R

<K1—
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For the last term, note that since 0 < a < 1, we have (Zf\il :)32> <
SV 29, for 2; > 0 and N € N* and, for each ¢ > 0,

=1 z?

U™ < <Z E(R)I|AX, |1{|Axs>1}>

0<s<t

IN

Z E(R)AX " 1yax. 51y

0<s<t

t
= [ [ e lel 1 ppxlds, o)
0 R

Therefore, using Markov’s inequality and the compensation formula
(see e.g. Theorem I1.1.8 p.66-67 in [I4]), we obtain

4a
P ( sup |Uy] > ) < E ( sup \Utla)

0<t<T 0<t<T

(()iltlET/ /5 Sl 1 gapsaypx (ds, dx))
_ y—aE </0 /RE(R);_a\xla1{|x|>1}Vx(dx>d3>
_ 4_2 </R|g;|0‘1{|x|>1}yx(dx)> E(Jr(a)).

This finishes the proof when 0 < o < 1.

Suppose now that 1 < o < 2. The bound for P (supg<,<p |M{| > ¥)
can be obtained in the same way as in the previous case. Applying
Holder’s inequality we obtain

i< ([ [ e e e st o)
([ ] E(R)s__l|$\a1{w>1}ﬂx(d8,dx))
0 R
t a—1
x </ /5(R)§fl{|x|>1}ux(d87d$))
0 R
t @
< ([ [emiarrpnnstasan)
0 R
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Then, using Markov’s inequality and the compensation formula, we

obtain
y 4% o
P | sup |U > 1 < —E/[ sup |U
ya

0<t<T 0<t<T

= ([P tonentan) ) B

This finishes the proof in the case 1 < a < 2.

Finally, suppose that a > 2. The estimation for P (SupOStST |U;| > %)
still works in this case. Moreover, since £(R); ! (w)xl{z<1y € Fo, we
obtain, applying part (b) of Proposition [ that

([ 8<R>;_2x21{|m|§1}ux<d:c>ds)m]
rrn | y E(R); ol Ly (o)
o m{lxlqm(dw)mE(J%”)
6 ([ oL acuratan) ) BUR @)

P ( sup |MY| > 9) <IK,E

0<t<T 4

Note that the right-hand side is finite since |z|*1yz <1y < |2[*Lq<1y
when a > 2. This finishes the proof of (7). Then we take In from both
sides of ([7l), we divide the inequality by In(y) and we take lim, .,
and, then lim, 3, to get (§). O

4. LOWER BOUND FOR THE RUIN PROBABILITY

In this section, we prove Theorem 2 and, therefore, show that the upper
bound obtained in Theorem [lis asymptotically optimal for a large class
of Lévy processes X. We start with some preliminary results. Denote
PP = (max(z,0))?, for all z € R and p > 0.

Lemma 2. Suppose that a random variable Z > 0 (P — a.s.) satisfies
E(ZP) = +o0, for some p > 0. Then, for all 6 > 0, there exists a
positive numerical sequence (Y, )nen increasing to +o0o such that, for
all C' > 0, there exists ng € N such that for all n > ny,

C
PZ>y)> —"
( _y>_yf’zln(yn)”5



20 ON THE RUIN PROBLEM

Proof. It Z > 0 (P — a.s.) is a random variable and g : R, — R,
is a function of class C'!' with positive derivative, then, using Fubini’s
theorem, we obtain

9(0) + / " §WP(Z > u)du = g(0) + B ( / Zg'(u)du) —E(9(2)).

Applying this to the function g(z) = 2P with p > 0 we obtain, for all
y>1,

/ uP'P(Z > u)du = .
y

Moreover, for all 6 > 0,

sup[u? n(u) P (Z > u)] / _du / WP (Z > u)du.
,  wln(u)to y

u>y

W < 00, we obtain, for all y > 1,

sup[u? In(u) PP (Z > u)] = co.
u>y

So, since fyoo

Therefore, there exists a numerical sequence (v, )nen increasing to +o0o
such that,

lim y? In(y,)' "' P(Z > y,) = +oo.
n—oo
O

Lemma 3. Assume that X and Y are independent random variables
with B(Y) = 0. Assume that p > 1. Then, E[XT?] < E[(X 4+ Y)™?].

Proof. For each x € R, we define the function h, : y — (z + y)*? on
R. Since p > 1, h, is a convex function and we obtain, using Jensen’s
inequality, that for each x € R,

E[(z+Y)"] = E[h(Y)] = hao(E(Y)) = hy(0) = 277
We obtain the desired result by integrating w.r.t. the law of X. 0
Lemma 4. Let T > 0. Assume that a < 0 or ¢ > 0 and that there
exists v > 0 such that E(I]) = oo. Then, E[(—alp — cW,,)™] = cc.
Proof. Suppose first that a < 0 and ¢ = 0. Then,
E[(—alr — cW;,) "] = |a|"E(1]) = .

Next, suppose that a < 0 and o > 0. In that case, using the identities
in law W £ - and Wy, £ vV JrW1, the Cauchy-Schwarz inequality
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and the independence between W; and Jr, we obtain
E((~alr —oWy,) "] 2 El(0/JrW1) 7] = o "EW,)E(1)
> o"E(W,"T2E(I})) = cc.

Finally, if a > 0 and ¢ > 0, using the fact that W £ —W, that
Wy, £ v JrW1 and choosing C' > 1, we obtain that

E((—alr — oWy, )" = E[(—|allr + o/ Jr )]
> E((—|allr + o/ JrWi) "1, sgmwn s Clalin)]
> E[((C - 1)|a‘IT)71{a\/FW12(J|a\IT}]-
Since \/I—j—T < /T, by Cauchy-Schwarz’s inequality, we obtain using the
independence between W, and Ir

E[(—alr — oW, )™ > E [((O — 1)|aIIT>71{lec+ﬁ}]

ClalNT

o

P <W1 > ) (C = 1)|a|"E(I}) = .

U

Proof of Theorem[2. The assumptions imply f\x\>1 |z|lvx(dx) < +o0
and so, by Proposition B, we obtain

t
P ( sup (—/ a2 ) > y) > P((=xIr — oxWy, — NPT > ),
0<t<T o E(R)s-

where dx and N* = (N{),c(0.1) are defined as in Proposition Bl

Then, by independence, we get
E[( — dxIr — ox W, — Nf)*7]

_ /D E[(—8xr(q) — oxWinte) — N&@) ™ [Pery (da),

where D is the Skorokhod space of cadlag functions on [0, T, the mea-
sure Pg(py is the law of (E(R)¢)cp,r, Ir(q) = OT £, Jr(q) = ng—g
and

viw=[ [ () = o ()

ds—

qs—

v f ' / s ) - (i),
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Denote by Ni(q) and N%(q) the two terms on the r.h.s. of the equation
above. Fixing ¢ € D, we now prove that E(N}(q)) = 0 and E(N/(q)) =
0. First, note that by Theorem 1 p.176 in [21] and Theorem I1.1.8 p.66-
67 in [14], we find that

E([N'(g), N (/ /| Klqg_ux (ds d:c))
—E</ /Wa”x (do)d )
([ %) ([ msan).

Then, since q a strictly positive cadlag function on a compact interval,
the integral fOT Z—g < +oo and since [, 2°vx(dz) < +o0 by definition
of the Lévy measure, we have E([N'(¢), N'(¢)]r) < +oo. This shows
that N'(q) is a (square integrable) martingale and so E(N4(q)) = 0.
For the second term, similarly we have

[ Bt ([ ) ([ et < 1o

Therefore, by Proposition I1.1.28 p.72 in [14] and Theorem I1.1.8 p.66-
67 in [14], we have

B(Nr(q </ /x>1 Pl dx))
—E(A‘L>M&WM@@):Q

Now, since the random variables —dx Ir(q) — o x W, (g and —Ni(q) are
independent and E(N$(q)) = 0, for all ¢ € D, we can apply Lemma
to obtain

E[(~dxIr — ox Wi, — N{)*] 2 Bl(~dx Iy — 0xWo,) 7).

Then, using Lemma Pl and Lemma [ with a = §x, 0 = ox, the variable
Z = (=0xIr—oxW;,)" and p = yp, we can conclude that for all § > 0,
there exists a strictly positive sequence (¥, )nen increasing to +o0o such
that, for all C' > 0, there exists ng € N such that, for all n > ny,

C

< >
P(T(yn> > T) = yZT ln(yn)1+6
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The above implies that

In (P(r(y) < T)) In(C) — In(In(y,)"*°)

lim su > —yr + lim = —
e I(y) T T In(y,) o
and it finishes the proof. O

Proof of Corollary[@. First of all we show that the process N¢ appear-
ing in the proof of Theorem [ is uniformly integrable. We take first

- /Ot /M 5(;)8_ (nx(ds, dx) — vx(ds, dx))

[y

=E(Jy) /1’21{x<1}l/x(d{£) < 400,
R

Since

the process N’ is uniformly integrable. Now, let

//15 uxdsdx //ng x(ds, dx)
z|> z|>

By compensating theorem

E (/O+OO /|:c|>1 g(gs_ux(ds,dx> _ </+oo /bel o |if| (ds dx))

=E(l,) />1 |z| vy (dz) < 400

and this shows that N” has a finite (P-a.s.) limit as ¢t — +00. Hence,
N is uniformly integrable and E(NZ) = 0. From Proposition Bl we get
that

+o0 dx r
2 =5y, W N
[ g e oW ¥

Imitating the proof of Lemma [ we conclude that
E[(_éX[oo — UXWJOO)J“%"] = +00.

Finally, from Lemma R with Z = (—=dx I — oxW; )t and p = v, we
obtain the claimed result. O
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5. CONDITIONS FOR RUIN WITH PROBABILITY 1

In this section we prove Theorem [3 and Corollary

Proof of Theorem[3. We have, for all y > 0,

Pt <o) =P (s (- [ o) =)
=® (i (- i) =) 22 (e (- [ i) =)

But, the independence of X and R implies

(e (- ) )-

bdX,
/ P (limsup (—/ ) = +00
D t—o0 0 9s—

) Per)(dg)

where D is Skorokhod space of continuous from the right functions with

left-hand limit on R,. We remark that the event

e (= [ ) =}
limsup [ — = +00
t—o0 0 qs—

b dX,

qs—
has either probability 0 or 1. We will now show that

b dX,
P (limsup (—/ ) = —|—oo) =1
t—o0 0 qs—

is a tail event for an additive process <— /
0

on the set

@= {q € D : Lulg) = +00, Jo(q) = +00, lim —0

of probablhty 1. Here we denote as previously I;(q

fo ;ds.

) and this event
>0

= L(q), 0 < L(q) < OO} :

= [ q;"ds and
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Imitating the proof of Proposition 4 for the truncation function 1<},
we have

bLax
P <limsup <—/ d S) = +oo)
t—00 0 4s—

- P <11II1 sup (_aXIt(Q) — UXWJt(q) — vad(q) - Uta(q)> = ‘l‘OO)

t—o00

>P (limsup (—aXIt(q) —oxWig) — Mf’d(q)) _ +oo) ’

t—o0

where

t
M;"(q) I/ /$1{|m|sfz}(ux(ds,dx)—Vx(dff)dS)
0 R
and

t
Uf(@l):/o /Rﬂfl{x>a}ux(d8,dx).

The last inequality follows from the assumption vx (Ja, +00[) = 0 which
implies that U <0 for all ¢ > 0.

Next, Hi(q) = —oxWy,q) — M™(q) is a locally square-integrable mar-
tingale and using the independence of the terms in the Lévy-1td de-
composition of X, we can obtain its variance :

B(1(0)) = (o + [ Lacn(d)) dla) = o2k

with 02 =o0% + fR $21{|x|§a}l/x(d$).
Now if o¢ = 0, then by assumption we would have ax < 0 and Mf’d =0,
for all ¢ > 0, and thus

dX
P (limsup (—/ d S) = —|—oo) >P (limsup (—axI;(q)) = —|—oo) =1
t—o0 0 qs— t—o0

since I,,(q) = 400 on the set Q.

If o > 0, we take an increasing sequence (t,)nen starting from zero
and tending to +o00 and, then, for all n € N* and 0 < k < n we set

g _ Huld — 8y (@)

e e/ i, (q)

Then, we see that (H,, x)nken+ is a martingale difference sequence (for
the obvious filtration) which satisfies the conditions of the central limit
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theorem for such sequences (see e.g. Theorem 8 p.442 in [21]). Thus,

_Hi(9)
Te/ Jtn ;

as n — 0o, where & ~ N (0,1). Thus,
tn dX d

m/qs_

as n — 0o. Then, by the Skorokhod representation theorem, we can
find a probability space (Q F, P) a random variable § and a process
X which are equal in law to the random variable ¢ and the process X
respectively such that
1 X, -
lim — = —axL(q) + 0§ (P —a.s.).

n—+00 /']tn (q) 0 Qs—

Thus, on the set {—axL(q) + O'gé > 0} of positive probability, we have

. LAX\ X,
limsup | — > lim | — = +o0,
t—00 0o Y9s— n—00 0 gs—

and so also
tdXx
P (limsup (—/ d S) :—l—oo) > 0.
t—o0 0 qs—

So, this last probability is equal to one for all ¢ € Q). But, since @ is
itself an event of probability 1, we finally obtain

dXs
(hmsup ( / ) = —l—oo) =1
t—o0 8

Finally, we prove the result on the ruin with probability one for the
case of Lévy processes.

—axL(q) + 0¢&

O

Proof of Corollary[3. Note that the assumption (I2)) implies that the
expectation E(|R;|) < oo and, by the law of large numbers for Lévy
processes, we get that

R - o [~
lim —* = E(R)) = ap — & +/ (In(1 4 ) — 21 mata)<1y)Vr(dT).
—1
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But, the fact that lim;_ . % < 0 is equivalent to I, = Jo, = +0
(P-a.s.) by Theorem 1 in [6]. So it is enough to check that the limit

exists with 0 < L < oo (P-a.s.).

We obtain, using de I'Hospital’s rule and the time-reversion property

of R that
Ly R /T L * o\
lim == = lim 2/ £ 2 (/0 ¢ ds)
The last integral is finite (P-a.s.) again by Theorem 1 in [6]. O
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