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Abstract

Electric vehicle routing problems (E-VRPs) are receiving growing attention from the operations research
community. Electric vehicles differ substantially from internal combustion engine vehicles, the main differ-
ence lying in their limited autonomy, which can be recovered at charging stations. Modeling the charging
functions is a focal point of E-VRPs. Most of the research has focused on constant or linear charging
functions. The E-VRP with nonlinear charging function (E-VRP-NL) was recently introduced to account
for the more realistic nonlinear relationship between the time spent charging and the amount of energy
charged. We propose two new formulations for this problem. We first develop an arc-based tracking of
the time and the state of charge which, according to our experiments, outperforms the classical node-based
tracking of these values. To avoid replicating the charging stations nodes, as done for both node and arc
based formulations, we also introduce a path-based model. We develop an algorithm to generate a tractable
number of these paths. This path-based model outperforms the classical models in our experiments. We
also propose a new model, a heuristic, and an exact labeling algorithm for the problem of finding the op-
timal charging decisions for a given route. Extensive computational results show that charging decisions
considerably impact the quality of the E-VRP-NL solutions. Indeed, we improve 23 out of 120 best known
E-VRP-NL solutions by solely revising the charging decisions.
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1 Introduction

Electric vehicles (EVs) offer a viable alternative to internal combustion engine vehicles (ICEVs), and their
market share is steadily increasing, partly as a result of several governmental and private policies. In parallel,
the study of problems rising from using EVs by operational researchers has gained importance in recent years,
and has given a rise to a new class of problems called electric vehicle routing problems (E-VRPs). These
problems differ from the classical vehicle routing problem (VRP) in several ways since the EV technological
constraints need to be accounted for. Indeed, the driving autonomy of EVs is limited by their battery capacity,
which can be recovered at charging stations (CSs). These are much scarcer than conventional refueling stations
for ICEVs, which means that EVs often may need to perform detours to reach a CS. The latter is especially
true in the context of mid-haul or long-haul routing (Montoya, 2016; Schiffer, 2017). In addition, charging the
battery of an EV takes much longer than refilling the tank of an ICEV. Therefore, E-VRPs involve additional
decisions such as where and how long to charge.

The charging infrastructure, which includes the CSs used to recuperate energy of EVs, can be either public
or private. The use of the former by private companies may result in uncertainty with respect to CS availability.
Therefore, the use of public infrastructure to charge EVs in a routing context has received little attention. We
refer the reader to Sweda et al. (2017) and Kullman et al. (2018) for further details. Since the uncertainty with
respect to CS availability is neglected in the majority of the E-VRP literature, we conclude that most of the
research on E-VRPs implicitly assumes that the charging infrastructure is privately owned by the EV operator.
We adopt this assumption in this paper as well.

Research on E-VRPs primarily started with the green vehicle routing problem (Green VRP) introduced by
Erdogan and Miller-Hooks (2012). In the Green VRP, a fleet of homogeneous alternative fuel vehicles must visit
a set of customers from a single depot while traveling a minimum total distance, subject to a route duration
constraint. The vehicles have a limited fuel tank capacity but can detour to CSs to extend their driving range.
The tank is fully recharged in constant time at each visit to a CS, an assumption that is appropriate for
the vehicles operating on alternative fuels such as biofuels and liquid nitrogen. With respect to EVs, such
an assumption makes sense if batteries are replaced by fully loaded batteries at swapping stations. To our
knowledge, however, battery swapping does not seem to be on the path of massive adoption. Indeed, the
company Better Place that offered battery swapping services declared bankruptcy in 2013! and Tesla’s only
battery swapping station (part of a pilot program) shut down in 20162. Several variants of the Green VRP
have been studied. Thus Schneider et al. (2014) defined the electric routing problem with time windows and
cargo capacity constraints (E-VRPTW). In the E-VRPTW, the batteries are fully recharged at CSs. However,
the charging time is no longer assumed to be constant, it is linearly dependent on the state of charge (SoC)
of the EV upon its arrival at the CS. Finally, no route duration limit is considered. In the remainder of this
paper we use the term SoC to refer to the battery level in the EV.

The above problems assume that whenever a charging activity is performed, it is concluded only when the
battery is fully charged. This assumption yields more tractable models, which is partly the reason behind its
adoption by earlier versions of E-VRPs. Nonetheless, assuming that the battery is fully charged whenever a
charging operation takes place is rather conservative. In view of the fact that the time needed to reach a fully
charged battery may be substantial when charging operations occur en route, Felipe et al. (2014) introduced
a partial recharging policy. Compared to a full charging policy, a partial charging policy allows savings in
both energy consumption and time. The authors assumed a linear charging process and considered CSs with
multiple technologies. Each technology has a distinct charging rate, which reflects the variety of chargers one
can encounter in practice (e.g., slow, medium, and fast). They also considered capacitated vehicles and route
duration constraints. Furthermore, Desaulniers et al. (2016) tackled a version of the E-VRPTW in which the
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fleet size is fixed and partial charging is allowed.

In reality, battery charging functions of EVs are not linear (see Pelletier et al. (2017) for further details). In
order to model a more realistic charging process, Montoya et al. (2017) introduced the electric vehicle routing
problem with nonlinear charging function (E-VRP-NL). In addition to considering a partial charging policy, the
authors proposed a piecewise linear approximation of the charging process. They also showed that previously
adopted linear charging functions yield infeasible routes with respect to route maximum-duration limit, when
projected on the more realistic nonlinear charging functions. Moreover, even if the routes produced under
linear charging functions are feasible, when subjected to nonlinear charging functions they tend to be of poor
quality. The objective in the E-VRP-NL is to minimize the total time needed to serve all the customers, which
is influenced by the charging decisions because it accounts for the time spent at CSs and for the nonlinear
nature of the charging process. Using a temporal-based objective is all the more relevant since CSs may offer
multiple technologies which impact the duration of the charging operations. To solve the E-VRP-NL, Montoya
et al. (2017) developed a hybrid metaheuristic that combines an iterated local search heuristic with the solution
of a set partitioning problem. Specifically, the first stage of the algorithm aims to build a high-quality and
diverse pool of routes, while the second stage assembles solutions by selecting a subset of routes from the pool.

Research on the E-VRPs is now moving towards more accurate representations of EV characteristics which
pose new modeling and algorithmic challenges. One of the most challenging issues when solving E-VRPs is
making good charging decisions. In general, charging operations influence feasibility and in many cases they
also increase costs, due to detours to CSs and the time spent at those CSs. Depending on the underlying
E-VRP, deciding where to charge and how much to charge can be very complex. To better deal with these
decisions, some authors have studied the fixed route vehicle charging problem (FRVCP). Given a fixed sequence
of customers, the FRCVP consists in optimally inserting charging operations within it. As such, the FRVCP
can be viewed as a subproblem of E-VRPs, which is pivotal to many heuristics that must compute the cost of
a given route. Montoya et al. (2016) solved a FRVCP with the full charging policy and constant charging time.
They formulated the problem as a constrained shortest path problem and solved it using the Pulse algorithm
(Lozano and Medaglia, 2013). Roberti and Wen (2016) described a labeling algorithm to solve the FRVCP
arising in the case where all the CSs have the same charging technology, the charging function is linear, and
partial charging is allowed. Hiermann et al. (2016), Schiffer and Walther (2017), and Hiermann et al. (2018)
considered the FRVCP as a sub-problem of the E-VRP-TW with single charging technology and linear charging
function. They tackled a special version of the problem where at most one CS can be inserted between any
pair of non-CS nodes. Note that Hiermann et al. (2016) also assumed a full charging policy. Finally, Montoya
et al. (2017) considered the FRVCP as a subproblem of the E-VRP-NL. They presented a mixed integer linear
programming (MILP) model in which they assume that an EV can visit at most one CS between any pair of
non-CS nodes and a heuristic.

The scientific contribution of this paper is twofold. First, we propose two new mixed integer linear pro-
gramming (MILP) models for the E-VRP-NL, which is central to the E-VRP literature in that it realistically
models the EV charging operations via piecewise linear approximations of nonlinear functions, while account-
ing for various charging technologies and allowing partial recharge. The first model results from replacing the
node-based tracking of the time and SoC from the Montoya et al. (2017) model by an arc-based tracking of
these quantities. We demonstrate that this new formulation provides an equal or better LP relaxation bound.
To avoid replicating the CS nodes, as was the case in both previously discussed models, we then define the
problem on a multigraph, which allows us to derive a second model for the E-VRP-NL. We explain why this for-
mulation better fits the problem from a modeling perspective, and we also demonstrate its superiority through
extensive computational experiments. Building on the second new E-VRP-NL model, the second scientific
contribution of this paper lies in the development of three new algorithms for the FRVCP: a direct approach

that solves a MILP formulation of the problem, a heuristic algorithm, and an exact labeling algorithm. These



three algorithms are compared through an extensive set of computational experiments.

The remainder of this paper is organized as follows. We formally describe the E-VRP-NL in Section 2. In
Section 3, we present a new MILP model for the problem based on its “classical” definition on a simple digraph.
In Section 4, we introduce an alternative MILP model for the E-VRP-NL using the concept of paths visiting
sequences of CSs. In Section 5, we describe a new MILP model, a heurisitic and an exact labeling algorithm

for the FRVCP. We present computational results in Section 6, followed by conclusions in Section 7.

2 The electric vehicle routing problem with nonlinear charging func-
tion

The electric vehicle routing problem with nonlinear charging function, introduced by Montoya et al. (2017), is
defined as follows. Let I be the set of customers and let F' be the set of CSs at which the vehicles can fully
or partially recharge their battery. Each customer ¢ € I has a service time g;. The customers are served by
an homogeneous fleet of EVs, which is unlimited. Each EV has a battery of capacity @ (expressed in kWh)
and a maximum tour duration Tj,.,. At the start of the planning horizon, the EVs are located at a single
depot (denoted by node 0), from which they leave fully charged. Traveling from a location i (the depot, a
customer, or a CS) to another location j incurs a driving time ¢;; > 0 and an energy consumption e;; > 0. The
triangular inequality holds for both the driving time and the energy consumption. Each CS i has a charging
technology (e.g., slow, moderate, fast) associated with a piecewise linear concave charging function ®;(A) that
maps, for an empty battery, the time A spent charging at i to the SoC of the vehicle when it leaves i. If ¢ is
the SoC of an EV when arriving at 4, then the SoC of the EV upon departing from ¢ after charging during a
time equal to A is given by ®;(A + ®;'(q)). We denote by B; = {0,...,b;} the ordered set of breakpoints of
the piecewise linear approximation of the charging curve of CS i. Let ¢;; and a; be the charging time and the
SoC of breakpoint k € B; of the CS i. Let p;; be the slope of the segment joining the points (¢; x—1,a; k—1)
and (¢, air) (i-e., pir = (@i — aik—1)/(Cit — ¢ k—1). Figure 1 shows the piecewise linear approximation for a

CS i yielding a power of 22kW charging a vehicle equipped with a 16 kWh battery.
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Figure 1: Piecewise linear approximation for a CS yielding a power of 22kW charging a 16 kWh battery.
Adapted from Montoya et al. (2017).

Feasible solutions to the E-VRP-NL satisfy the following conditions: 1) each customer is served exactly once
by a single vehicle, 2) each route starts and ends at the depot, 3) each route satisfies the maximum-duration
limit T,q., and 4) each route is energy-feasible (i.e., the battery level of an EV upon arriving at a location or
departing from it lies between 0 and Q). The objective of the E-VRP-NL is to minimize the total time needed

to serve all customers, including driving, service, and charging time.



3 Two CS replication-based models for the E-VRP-NL

The E-VRP-NL is defined on a digraph G = (V, A), where V = {0} uT u F” is the set of nodes and A = {(4,J) :
1,7 € V,i # j} is the set of arcs connecting nodes of V. Node 0 represents the single depot. The set F' contains

B; copies of each CS i € F (i.e., |[F'| = 3] B;). The value of 3; corresponds to an upper bound on the number
ek

of times ¢ can be visited. These copies are introduced for modeling convenience: each visit of an EV to a CS
is modeled as a visit to a distinct copy of the CS, i.e., each node in F’ can be restricted to be visited at most
once. Therefore, the use of CS copies facilitates the tracking of the SoC and of the time. We denote by F} < F’
the set containing the 3; copies of CS i (i.e., |[Fj| = ; and F' = |J,.p F}). We assume that Fj is an ordered set
and that its elements are numbered from 1 to 3;. In the remainder of this paper, depending on the context,
we refer to an element of F' or F! as a CS copy. Furthermore, the graph G is not necessary complete, since
some arcs cannot be traversed due to the SoC constraints. Therefore, we apply a preprocessing procedure to
reduce its size (see A).

For the sake of completeness and clarity, we recall in §3.1 the model introduced in Montoya et al. (2017).
In §3.2 we introduce an alternative formulation, which uses a different approach to model the time and SoC

tracking.

3.1 First model for the E-VRP-NL

The formulation of Montoya et al. (2017) involves the following decision variables. The binary variable x;; is
equal to 1 if and only if an EV travels on arc (¢, j) € A. The continuous variables 7; and y; track the time and
SoC of the EV when it departs from node j € V. The continuous variables g, and g; specify (according to the
piecewise linear approximation of the charging function of ¢) the SoC of an EV when it enters and leaves CS
copy i € F'. The variables ¢; and ¢; are the scaled start and end times for charging an EV according to the
charging function of CS copy i. The continuous variable A; = ¢; — ¢; represents the duration of the charging
operation performed at CS copy i. The binary variables w;;, and w;; are equal to 1 if and only if the SoC is
between a; ;—1 and a;, with k € B;\{0}, when the EV enters and leaves CS copy i, respectively. Finally, the
continuous variables );; and i are the coefficients associated with the breakpoint (¢, a;x) in the piecewise
linear approximation, when the EV enters and leaves CS copy ¢, respectively. Specifically, the )\, variables
enable the expression of (¢;, gi) as a convex combination of the breakpoints (c;x, a;r), where k € B;. Similarly,
the ;i variables enable the expression of (¢;,q;) as a convex combination of the breakpoints (c;, a;r), where
k € B;. The Montoya et al. (2017) model for the E-VRP-NL, denoted as [F ﬁfd’ge” ], is as follows:

[Fﬁfd’zep] minimize Z tijxij + Z A (1)
(i,)EA iEF

subject to

(1,5)eA

Z x5 <1 i€ F’ (3)
(i,5)A

Dl oxii— D) =0 ieV (4)
(4,0)eA (i,j)€EA
eijTij — (1 —245)Q <y —y; <ejjmi; + (1 —245)Q (i,j)e A:i1eV,jel (5)
6ij$ij_(1_xij)Q<yi_gj<6ij1311j+(1_1'ij)Q (i,j)e A:ieV,je F’ (6)
Yi = €i0T40 (,0) e A (7)
vi =, i€ F (8)



q, <7 ieF' (10)
q, = AiQik ieF (11)
keB;
¢ = AikCik i€ F' (12)
keB;
D0 A= Wy, ieF (13)
keB; keB;\{0}
Dowg = Y ieF' (14)
keB;\{0} (i,j)EA
AiO < Wit ieF’ (15)
Aifp S Wy + W, g4 i€ F' ke B\{0,b;} (16)
Aip, S Wy, i€ F’ (17)
G = ), Nikair ieF (18)
keB;
C; = Z Xikcik ieF’ (19)
keB;
D hik= > Wi ieF (20)
keB; keB;\{0}
D W= ) @ ieF (21)
keB;\{0} (i,)EA
XiO < W;1 1€ FI (22)
Nik < Wik, + Wi p41 i€ F/ke B\{0,b;} (23)
Aiv, < Wi, ieF' (24)
Aizéi—gi iEFI (25)
Ti+(tij +gj)xij_Tmaz(1_xij)<Tj (Z,])EAZEM]EI (26)
Ti-i-Aj +tijmij_(5maz +Tmam)(1—xij)<7'j (i,j)EAIiE‘/,jEF, (27)
T + th < Thas jevVv (28)
T0=0 (29)
=0 2T - A i€ Fjle F,j<l (30)
Doan = Y am ieF jleFlj<lI (31)
(h,j)EA (h,l)eA
2y € 0,1} (i.j) € A (32)
72 0,y; 20 ieV (33)
w;y € {0, 1}, Wy € {0, 1} i€ I, ke B\{0} (34)
A =0, =0 ieF' ke B, (35)
¢,20,q;, 20,A; 20,¢, 20,5, 20 ieF. (36)

The objective function (1) minimizes the total driving and charging time. Constraints (2) ensure that each
customer is served once, while constraints (3) state that every CS copy is visited at most once. Constraints
(4) impose the flow conservation conditions. Constraints (5) and (6) track the SoC of an EV at each node.
Constraints (7) ensure that if an EV travels between a customer or CS copy and the depot, then it has sufficient
energy to reach its destination. Constraints (8) reset the battery tracking to g; upon departure from CS copy
i. Constraint (9) states that the SoC of an EV leaving the depot is (). Constraints (10) couple the SoC of an



EV upon arrival at a CS with its SoC at departure. Constraints (11)-(17) define the SoC and the charging
time of an EV upon arrival at CS copy ¢, based on the piecewise linear approximation of its charging function.
Similarly, constraints (18)—(24) define the SoC and charging time of an EV upon departure from CS copy .
Constraints (25) define the time spent at any CS copy. Constraints (26) and (27) track the departure time
from each node. The parameter Sy,q, = max;er{cip,} corresponds to the maximum charging time, i.e., the
time to fully charge an empty battery at the slowest CS. Constraints (28) and (29) ensure that the EVs return
to the depot no later than T),,,. Even if they are not necessary, constraints (30) and (31) avoid potential
symmetries between the CS copies. These constraints ensure that the copies of CS i are visited in the order in
which they appear in F; (i.e, a charging operation at j € F/ must start after a charging operation at [ € F) if
j >1). Finally, constraints (32)—(36) define the domains of the decision variables.
In order to strengthen the previous formulation, we add the following valid inequalities:

> i ] 1 .
Yi = leggr{lo}{eu} i€ V\{0} (37)

These inequalities state that the SoC of an EV upon departing from a node must be sufficient to reach the

depot or the nearest CS.

3.2 Second model for the E-VRP-NL

We now introduce a modeling alternative for the E-VRP-NL. Formulation [F$27""] tracks the time and the
SoC of the EVs with node-indexed variables. We therefore refer to constraints (5)—(9), (26)—(29), (31), (33),
and (37) as node-based tracking constraints. Here we will model the time and SoC tracking by introducing arc-
based variables. More precisely, we replace variables 7; and y; with the continuous variables 7;; and ¥;;, which
respectively represent the time and SoC of an EV when it departs from node i € V' to travel on arc (7, ) € A.
If no vehicle travels on arc (7, j), then both variables are 0. We model the time and SoC tracking through the

following arc-based tracking constraints which replace the node-based tracking constraints in [Fﬁfdfp ]. The

second model for the E-VRP-NL, denoted as [F§5""], is as follows:

cs. .
[F g7 ] minimize Z tijxij + Z A;
(i,5)eA Iy

subject to

(2) — (4), (10) = (25), (31), (32), (34) — (36)

yoj = Qo (0,j)e A (38)
Z Yij — Z €ijTij = Z Yt Jjel (39)
(i,5)eA (i,5)eA (4,0)eA
Doy D ety =4, jer (40)
(3,5)EA (i,j)€A
Z Yji =4, jeF (41)
(4,1)eA
Yij < (Q - ZEIPIIE[IO}{GZZ'}) Tij (i,j) e A (42)
D) i+ (g +g) ) = Y T jel (43)
(i,4)EA (7,1)eA
Z (Tij + tijﬂjij) + Aj = Z Tjl jE€ F’ (44)
(i,4)EA (4,1)eA
Tij < (Tmaz — tij — g5 — tjo) Tij (i,j)eA:jel (45)
Tij < (Tmaw — tij — A;nm — tjo) Tij (7,,]) eA: j € FI (46)



Z Tj}L—AjZ Z Tlh_Al Z'EF,j,ZEFi/Zj<l (47)
(4,h)eA (I,h)eA

Tij = 0,95 =0 (i,5) € A. (48)

Constraints (38) state that the EVs leave the depot fully charged. Constraints (39) track the SoC of an
EV at each customer. Similarly, constraints (40) track the SoC of an EV when it arrives at a CS copy, and
constraints (41) track the SoC of the EV when it leaves a CS copy. Constraints (42) couple the variables y;;
and x;;. Constraints (43) and (44) track the departure time from each customer and CS copies, respectively.
Constraints (45) and (46) couple the 7;; and z;; variables. Specifically, if an EV traverses an arc (4, j), then
its departure time must guarantee that it returns to the depot without exceeding the tour maximum-duration
limit. The parameter A;’”” represents the minimum duration of a charging operation at j € F’, and is equal to

the time needed to charge the energy quantity {ei; + ejir — ey} if the EV has an empty

l,l’eV\{j}:(?}'l)IéA/\(j,l’)eA
battery. It is a lower bound on the time spent charging to recover the energy consumed to make the detour
to j. Constraints (47) break symmetries created by the introduction of CS copies. Constraints (48) define the
domains of the newly introduced decision variables.

In order to strengthen the previous formulation, we add the following valid inequalities:

Yij = <€ij + legli?o}{ejl}> Ty (i,j)e A: i#0. (49)

Constraints (49) state that if an EV traverses arc (4,j), then its SoC when leaving ¢ must be sufficient to
traverse the arc and then reach the closest CS or depot.

According to the experiments conducted by Ascheuer et al. (2001) on the asymmetric traveling salesman
problem with time windows, MILP solvers tend to perform better on arc-based tracking constraints, similar to
(39)—(48), than on those based on node-based tracking constraints when there are few time windows. Therefore,
there is ground to believe that reformulating the time and SoC tracking in [F ﬁfégep ] using this new model may
yield a better computational performance. Proposition 3.1 supports this claim for the two previously presented

formulations.

Proposition 3.1. Let P,.. denote the polyhedron associated with the linear relaxation of [ng’rep], and let

Let Pyoqe denote the polyhedron associated with the linear relazation of [Fﬁfd’gep]. Then P, C Phode-

Proof. See B. O

3.3 Valid inequalities for the first two models

We introduce a new set of valid inequalities to strengthen the previous [Fy oz "] and [F$%"] formulations.

Let ec{’”” be the minimum amount of energy that an EV must charge at CS copy [. This corresponds to

the charge needed to recover the minimum energy consumed to make a detour to [. Specifically, ec}"i" =
min {ei1 +e1; —e;j}. Assuming an empty battery upon arrival at the CS, we can therefore state

1,7e€V\{l}:(i,1)eAA(l,j)EA

the following valid constraints:

Ap = @i(ec™) D ieF. (50)
(i,4)€A

4 Path-based model without CS copies for the E-VRP-NL

A major drawback of the two previous formulations defined on a digraph is the need to replicate CS nodes.
Indeed, to ensure that no optimal solutions are cut off, the number of copies may have to be very large, which
affects the solution time. We can find examples where this value is equal to 4|I| (see C). However, working

with an order of |I| copies for each CS is impractical. Despite this limitation, the vast majority of MILP models



for E-VRPs listed in the literature are based on the CS-replication paradigm. To our knowledge, only Montoya
et al. (2017) proposed a procedure to set the number of CS copies needed to be used in their model. They
used the same number S of CS copies for every CS. Starting with 5 = 0, they solved the MILP formulation
to optimality with a time limit of 7' (set to 100 hours in their experiments); 3 was then incremented and the
resulting MILP was solved. If § > 1 and either the time limit was reached or the optimal solution obtained
with 8 = [ had the same value as the one obtained with § = [ —1, they stopped the procedure and set § =1 —1.
This procedure is not optimal when the time limit is reached. Moreover, even when an instance is solved to
optimality, this procedure is not optimal (see D for examples).

We propose an alternative model that does not use CS copies. This new model is based on enumerating the
sequence of CS nodes that can be visited by an EV between each pair of customer or depot nodes. Given two
nodes (customer or depot) i and j, we call a CS path (CSP) a simple path starting from 4 visiting a sequence
of CSs (possibly empty) and ending at j.

CSPs were introduced by Andelmin (2014) as “e-paths” in the context of the E-VRPTW with partial
recharging. They were successfully used by Bartolini and Andelmin (2017) (as “refuel paths”) and constituted
the main building block of an exact algorithm for the Green VRP. They were also applied by Roberti and
Wen (2016) (as “recharging paths”) to the electric traveling salesman problem with time windows. Kog and
Karaoglan (2016) and Leggieri and Haourari (2017) employed a similar concept. In the two latter studies,
however, only one CS can be visited between any pair of nodes. This assumption may cut off optimal solutions
to the Green VRP (see Bartolini and Andelmin (2017) for an example). Because in the Green VRP the vehicles
are fully charged in constant time upon visiting a CS, the SoC of an EV after traversing a refuel path and the
time spent traveling on a path can then be computed a priori. Allowing partial charging combined with the
non-linearity of the charging functions and/or the consideration of multiple technologies (any one of the two
latter is a sufficient condition), like in the E-VRP-NL, necessitates deciding how much to charge at each CS
and thus tracking the time and SoC throughout the CSPs.

We develop the concept of CSP for the E-VRP-NL. We redefine the problem on a directed multigraph
G = (V,A), where V = {0} U I, and A is the set of arcs connecting the nodes of V. More specifically, an arc
in A represents a CSP p, starting in o(p) € V and ending in d(p) € V. Let np denote the number of CSs in p
and let L, = {0,1,--- ,n, — 1} be the ordered set of CS positions in p. We denote by p,(l) the CS at position
l € L,. We note that L, = & indicates that p does not visit any CS between o(p) and d(p). Let also e? and
t? be the energy consumption and the driving time associated with CSP p € P. Given two nodes i,j € ‘7, we
define P;; as the set of CSPs connecting ¢ to j, and we define P = | P;; as the set of all CSPs.

i,J€V it

4.1 Third model for the E-VRP-NL

Our path-based formulation of the E-VRP-NL involves the following decisions variables. The binary variable
xp is equal to 1 if and only if an EV travels on CSP p € P. The continuous variables 7, and y,, track the time
and SoC of an EV when it departs from node o(p) to node d(p) on CSP p. If no vehicle travels on the CSP,
then both variables take the value of 0. For a path p, the continuous variables 4, and g, specify the SoC of an
EV when it enters and leaves p, (1), respectively. We model the piecewise linear approximation of the charging
function following the same principle as in the first two models. The variables ¢, and ¢, are the scaled start
and end times for charging an EV according to the charging function of CS p,(1). The continuous variable Ay
represents the duration of the charging operation performed at p,(1). The binary variables Wy, and Wy, are
equal to 1 if and only if the SoC is between a,, ) x—1 and a, @k, with k € B;\{0}, when the EV enters and
leaves CS p,(1), respectively. The continuous variables Ay and Xplk are the coefficients associated with the
breakpoint (¢, (1),k> @u,1),k) in the piecewise linear approximation, when the EV enters and leaves CS 11,(1),
respectively. The path-based formulation of the E-VRP-NL, denoted as [F%"], is as follows:



[Fare"]

subject to

min Z Pz, + Z Ay

pEP leL,

Z Zmp=1 1el

jeV izj PEPis

oS- Y Sae=0 eV

JEV izj PEPji jeV ,izj PEP:;
P = _ .
IR FELC R DNCTETI I LED WD IE ML
JEV j#iPED) leLy jeV j#i PEP:;

Yp — €o(p),up(0)Tp = gpo peP: |Lp| #0
Tpi-1 = Cup(=1)u()Tp = 4, PE Pl e L,\{0}
Yp =Qxp i€ V\{O},pePOi

vp =y + 2 (G —q,) 20 i€ V\{0hpe Po
leLy,

Yyp <Qxp peP

Z ZTP+ Z Z tpxp“‘ZApl +9g;i = Z ZTP

GEVA\{0},5#i PEFs jeV,j#i PEPji leL, eV jwiPEPs;

Tp T Z Ap < (Tnaz =17 = Gagp) — tapyo) ©p  PEP

IeL,
4 = Y Aukauor  PEPIEL,
kEBﬂ/p(l)
Cp1 = Z Aplkcup(l)k pePlel,
keB,., 1)
Aplk = Z Wik pePle Lp
keBu, keB,.,1y\{0}

Y wp=z, pePlel,
keB,,,1)\{0}

Aplo < Wy pePle Lp
Apik S Wpip + Wy ki PEPLE Ly ke By, i)\{0, b, 1)}

Aplbup(l) < Mplb“p“) pE P,l € Lp

qp = Z Xplk'ap,p(l)k pePlel,

keB,., 1)
= Y MNwCuan PEPILEL
kB, )
Z Aplk = Z Wy, peEPIlel,
kEB,, 1) keB,,1\{0}

> W=z, pePIleL,
keB,,,1)\{0}
Xio SWp1  pePLeL,

Aplk < Wy, + Wpik+1 p€ Ple Ly ke B, y)\{0,b,, 1y}

)‘Plbup(z) < wplbup(l) pE P,l € Lp
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Ap=¢u—c, peEPIleEL, (76)
z,€1{0,1} peP (77)
=0y, >0 peP (78)
Cpts Cpls 4y Tps Apy=20 pePlel, (79)
wy € {0, 1}, Wy € {0,1}  pe Ple Ly, ke B;\{0} (80)
Ak 20,00 =0  pePleLykeB,. (81)

The objective function (51) minimizes the total driving and charging time. Constraints (52) ensure that
each customer is served once. Constraints (53) impose the flow conservation conditions. Constraints (54) track
the SoC of the EVs at each customer. Constraints (55) track the SoC of the battery upon arrival at the first
CS of each CSP. For each CSP, constraints (56) couple the SoC of an EV upon departing from a CS with the
SoC upon arriving at the next CS of the CSP. Constraints (57) state that every EV leaves the depot with a
fully charged battery. Constraints (58) ensure that if the EV travels a path between a customer node and the
depot, then it has sufficient energy to reach its destination. Constraints (59) couple the SoC tracking variable
with the arc travel variables. Constraints (60) track the departure time from each node. Constraints (61)
couple the time tracking variable with the arc travel variables, and impose the route maximum-duration limit.
Constraints (62)—(75) are related to the piecewise linear approximation of the charging function. Specifically,
constraints (62)—(68) define the SoC and the charging time of an EV upon arrival at each CS of the CSPs, and
constraints (69)—(75) define the SoC and charging time of an EV upon departure from each CS of the CSPs.
Constraints (76) define the time spent charging at every CS. Finally, constraints (77)—(81) define the domains

of the decision variables.

4.2 Dominated paths

Theoretically the set A contains a very large number of arcs that grows quickly with the number of CSs and
the number of customers. However, many of these arcs will not be part of an optimal solution. Hence, this
section is devoted to identifying CSPs that can be eliminated using dominance rules. Defining these rules is a
complex task since we need to account for the partial charging policy, the various charging technologies, and
the piecewise linearity of the charging functions.

We first introduce the concept of recharging path (RP). We call a RP a CSP for which the SoC of the EV
upon departing from each CS — except the last visited one — is known. Indeed, the SoC required at the end of
a RP is unknown, because the destination of the EV after traveling the RP is itself unknown. We denote by
(p, ¢) a RP associated with CSP p where ¢ is a vector specifying the SoC of the EV upon departing from each
CS visited in position [ € L,\{n, — 1}. Specifically, ¢; is the SoC of the EV upon departing from CS p,(l),
with [ € L,\{n, — 1}. We refer to ¢ as the SoC target vector.

Let us now assume that the SoC of the EV when departing from the origin of each CSP is known. We
denote this SoC by ¢ and refer to it as the initial SoC. A SoC target vector is said to be feasible for a CSP
with respect to ¢ if it leads to an energy-feasible path, that is a path in which the SoC is non-negative and less
than @ when the vehicle enters or leaves any of its nodes. Let CS be a CS other than the last on a CSP (i.e.,
a CS visited in position I € L,\{n, — 1} when traveling a CSP p). Since the number of SoC targets at the CSs
of a RP is infinite, there is an unbounded number of RPs associated with a given CSP that contains two or
more CSs. However, Ziindorf (2014) showed that for a given sequence of CS visits between two non-CS nodes,
we only need to consider a limited number of SoC targets for the CSs. This is due to the piecewise linearity of
the charging functions. Specifically, the number of SoC targets that should be considered at a CS is restricted
by the number of breakpoints of its charging function. The possibilities are the following: 1) One can leave a

CS with just enough energy to arrive to the next CS with an empty battery. 2) One can also stop charging at
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a CS at any breakpoint of the charging function if the resulting SoC is larger than the SoC of the EV upon
arriving at the CS. Therefore, we apply these results to RPs, and by doing so we limit the number of RPs
associated with every CSP.

We now define a dominance rule between two RPs. To this end, we exploit the concept of SoC functions
introduced by Ziindorf (2014) to solve an electric vehicle shortest path problem, which consists in finding a
minimum duration route satisfying battery constraints and allowing the EV to recharge en route. A SoC
function SoC('Jp7¢), for a RP (p, ¢) and a given initial SoC ¢, maps the duration of the path ¢ to the final SoC
of the EV at destination d(p).

Since we assume that all charging functions are piecewise linear, a SoC function can be defined by an
ordered set of supporting points {(t1,v1)," -, (tx, yx)} sorted in non-decreasing order of duration. These points
are derived from the breakpoints of the charging function of the last CS in a RP according to p, ¢ and q.
The value t; represents the minimal time required by an EV to travel on the RP according to the battery
constraints (no undercharging or overcharging is allowed and the SoC is sufficient to travel on each arc) and gq.

A SoC function represented by {(t1,y1),*+ , (tn,yn)} is defined as follows:

—00 if 0 <t< 1
o _ ) —te—1)(yk — yk—1) .
oC ) (t) = ' +yp—1 iftp_ <t <ty, ke{2,3,...,n} (82)
Yn ift >t,.
5 T
4 4
3 1
Q
8 2
1 1
0 ‘ ‘ ‘ ‘ Duration
1 2 3 4 5 6 7 8

-0 o)
Figure 2: Example of a SoC function associated with the supporting points (1, 1.5), (2, 3), and (5, 4).

Figure 2 depicts a SoC function. In this example, the first supporting point of the curve is (1, 1.5). This means
that the minimum duration to travel on the RP is equal to 1, and in this case, the SoC at the destination of
the EV is equal to 1.5. If the SoC needed at d(p) is 3, the duration of the corresponding path is equal to 2
(the duration is increased due to a larger amount of energy charged at a CS previously visited by the RP). A

dominance rule between RPs having the same origin and destination can then be defined as follows:

Definition 4.1. Let (p1,¢1) and (p2, ¢2) be two RPs with the same origin o = o(p1) = o(p2) and the same
destination d = d(p1) = d(p2), and let q be the initial SoC of the EV at o. RP (p1,¢1) dominates RP
(p2, d2) with respect to q if SOCEZ )(t) > SoC? )(t) for every t = 0 and there exists t' = 0 such that

p1,$1 (p2,92
S’oC’E’p1 ¢1)(t') > SoC’?p2 ¢2)(t’). We denote this dominance by (p1,$1) >4 (P2, P2).

This definition states that a RP dominates another only if for every possible duration the EV reaches the
destination with higher or equal SoC. The dominance of RP (p1,¢1) over RP (p2, ¢2) can be established by
comparing the value of SoC’gp1 o1y and SoC?

(p2:92)
For convenience, we also provide an equivalent definition to Definition 4.1 based on the comparison of the

for all abscissas of the supporting points of both functions.

inverse of the SoC function. Let @?p@) and @l(]p. ) be the maximum and minimum SoC that can be achieved

at the destination of RP (p, ¢) if the initial SoC is equal to ¢q. The inverse of function S’OC(qp 6 denoted
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(SoC’q ) , exists only in the interval [G)(p ¢),@?p,¢)]. We define its extension, denoted InvSoC‘(Ip’ 4)» over the
1nterval [O, Q] as follows:
1 .
(50CG, ) (€.0) H0<T<8f,,
InvSoC{, (@) = § (SoC{, ,))71(a) if 6( & Sa< O(p) - (83)
o0 if G)(p@) < (j < Q

Note that since it is not possible to achieve a SoC 0 < ¢ < @‘(Zp 8y the first case assumes that the time required

to reach such a ¢ is equivalent to the time needed to reach @‘(Jp ) An equivalent definition to Definition of 4.1

then reads:

Definition 4.2. Let (p1,¢1) and (p2, ¢2) be two RPs with the same origin o = o(p1) = o(p2) and the same
destination d = d(p1) = d(p2), and let q be the initial SoC of the EV. RP (p1,$1) dominates RP (p2, ¢2) with
respect to q if InvSGC vy )( q) < InvSGCp 52) (q) for every q and there exists ¢ such that Im}SOC‘Z b1 )((j’) <
Im;SoC‘q o b2 )( q). Thzs is also denoted by (pl,qbl) >q (D2, @2).

This definition states that a RP dominates another only if for every possible SoC at the destination it has a
shorter or equal duration. As in Definition 4.1, the dominance of RP (p1, ¢1) over RP (p2, ¢2) can be established
by comparing the value of InvSoC‘(Ip1 1) and InVSoCE‘pQ_ 2) for all abscissas of the supporting points of both

functions.

Definition 4.3. CSP p; is said to be non-dominated if there exists at least one RP (p1,$1) and an initial
SoC q, such that for every RP (pa,d2) with the same origin o = o(p1) = o(p2) and the same destination

d = d(p1) = d(p2) we have (pa,p2) }4 (p1,61) (i.e., (D2, d2) does not dominate (p1,¢1) for an initial SoC q).

The initial SoC ¢ can be restricted for a RP (p,¢) to take its value in the interval [gq f\g{ﬁ])\],q?g‘;)x] Let

0(p,4)(1) denote the SoC upon arrival at CS up( ) for RP ( ,¢) (with [ € L,\{0}). This quantity does not
depend on the initial SoC g. The values of q( ) and q( ) can then be defined as follows:

Q ifo(p) =0
Gy =1 Cow)p(0) if n, # 0 Ao(p) #0
P+ if n, =0 0
el e e =000 2
MAX .
Upg = win{Q@ — min ero),, min {0.0)() + o) m,m}}
The value qé‘/f 1(;1)\1 corresponds to the minimum SoC needed at the origin to make RP (p, ¢) energy-feasible. The

first element in the definition of qg” A)X corresponds to the maximum SoC achievable at the origin of the RP.

The second element considers that if the initial SoC allows the EV to reach a CS with a SoC larger than or
equal to that achievable by visiting previous CSs, then the RP that goes directly from the origin to that CS
dominates the current RP (because the driving time and energy consumption satisfy the triangular inequality).

It is impractical to compute the non-dominated RPs for every possible initial SoC using Definition 4.3, since
there is an infinite number of possible initial SoCs (except at the depot). To resolve this issue, we show in
Lemma 4.1 how given a SoC function and an initial SoC ¢, we are able to compute the SoC functions for other
initial SoCs ¢’ for a given RP. Based on this result, we demonstrate in Proposition 4.1 how the dominance

relationship between two different RPs with the same origin and destination can be efficiently verified.

Lemma 4.1. Let (p,¢) be a RP and let q € [q%{#}ﬂq%éf] If the initial SoC at o(p) is equal to ¢’ with

g<q q( ¢) , then the inverse of the SoC function Im}SGC can be computed as follows:

o Ifn, #0 (i.e., p contains at least one CS)

- b InvSoCl () — NP, ifG=q —eP
vV qel0,Q], ImJSoC?p &) (q) = (p,®) / aq ) o=
’ g —eP)—=X , ifg<q —eP



where )‘Zq’ = @;:(O)(q’ — Co(p),up(0)) — (I);pl(o) (¢ = €o(p),u,y(0)) corresponds to the difference in time spent
charging q' — q at the first CS of the path.

o Ifn, =0 (i.e., p does not contain any CS)

()‘{tp e (85)

Y g€ [0,Q], InvSoC?.
w ifd—eb <

(p,®)

Proof. See B. O

For each pair of values ¢; and g2 such that q(p ¢ ) <q < q(p1 ;i) and qg\g;gz) <@g < qé\gz‘j‘ég), we define two

functions, denoted by Tg;f;;; nd Igg : i;g Intuitively, these functions represent the maximum and minimum
differences in time for the two RPs to reach the same SoC at the destination. They are defined as follows:

max . gealr o0 g {InvSoC(p b )( q) — IHVSOC(; ¢2)(q~)} Np, >0 ANy, >0

WA o001 q){tpl - InVSOC‘(Ip o) (@)} np, =0 AN, >0

(P1,¢1)
T () (@01, 42) =

ming o mr.on, {InvSoC (rom) (@) — InvSGC; o@D} Mp, >0 ANy, >0

(p2, ¢2

min__ Gea e ){InvSoC((’;h%)(q) — P2} Np, >0An,, =0

Iggﬁg(q:%’(b) =

where Qg;i;g(q) is an interval equal to [max{0, ¢ — min{eP, eP2}}, min{@?;lm),@?;zm)}].

We note that for a CSP with n, = 0, since there are no charging decisions involved, there is a single RP. This
RP cannot be dominated for every possible value of the initial SoC by other RPs, which are associated with
other CSPs, because of the triangular inequality. We therefore never verify if a RP p with n, = 0 is dominated.
However, such a RP may dominate other RPs. In this case, the initial SoC of RP p with n, = 0 must be such
that the SoC at the destination is larger than the maximum SoC attainable at the destination by the other
RPs. We also note that given two RPs (p1,¢1) and (p2, ¢2) with the same origin and the same destination,
such that q(p d)l) < q(p2 ¢2) the dominance for these two RPs must be verified only for ¢ > q( ¢ ) Finally, we
note that for a RP (p, ¢) such that n, > 0, reaching the maximum SoC at the destination is established when
the EV is fully charged at the last CS of p. We note that this is independent of the value of the initial SoC gq.

Hence for simplicity we denote @?p, ) by é(pxb)' Based on these observations, the dominance test between the

two RPs (where qg\gllgl) < qg‘glg )) needs to be carried for ¢ [Qg:i;;,@giii;] (when the first element is less
than or equal to the second element) where Q(p 1%1) and @(pl’(bl) are defined as follows:
X (pa,da) (p2,92)
qg‘gz{gz) ifny, 21Anp, 21
Qg;jﬁzi = max{q{,, ), Opaa) + Colprran} i np =0 AR, =1
max{q(p27¢2),®(pl)¢l) + eo(p2)7d(p2)} ifnyg, =21 Any, =0
~(p1,061) . ¢ MAX MAX
Q(parga) = WL 51)s Gpa,ia)

Observe that if Q pl"m) > Q(zl Z;

and O, 61) < O(ps.60)> then the EV can have a higher SoC after traversing (ps, ¢2) compared to the one

then we cannot derive any dominance relationship. Moreover, if n,, > 0

obtained after traversing (pi,¢1), which means that there does not exist ¢ such that (p1,¢1) >4 (p2, 92).
Similarly, if np, > 0 and @@2)%) < @(plm), then there does not exist ¢ such that (p2, ¢2) >4 (p1,¢1). The
following result allows us to compute intervals for the initial SoC for which there may exist a dominance between

RPs.

Proposition 4.1. Let (p1,¢1) and (pa, ¢2) be two RPs with the same origin o = o(p1) = o(p2) and the same

destination d = d(p1) = d(p2) such that q(MIN) < qg\;fjg) For k € {1,2}, let qx be a parameter equal to Q(Zl ilg
2,92
if np, =0 and qMIN otherwise. If Q g;ii @(Z;i;;, the following statements hold:
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o Case 1: Ny, = 0 or @(pl,m) > @(P27¢2)"

— if for an initial SoC q € [QEZ;:i;g,min{em,em}] we have Tg;’i;g(q,ql,qg) < Ay (g) — Ap,(q) and
Tg;’i;;(q,ql,qg) <A, (q) — Ap,(q), then we can state that (p1, 1) >q (P2, 2)
(p1,%1) (p1,61) 77(p1,41)

— if for an initial SoC q € [min{eP?, eP?}, Q (ps.60)]]; we have max{T(p2 ¢2)(q,q1,q2),U(pg’%)(q,ql,qg, 1} <
Dp, (@) =By (q) and min T (a, 1, 62), UL 52 (41,2 1)} < Ay, (4) = Ay, (a), then we can state that

=(p2,¢2) “(p2,¢2)
(pla ¢1) >q (p27 ¢2)

e Case 2: ny, =0 0or Oy, 4,) = O, 41)

— if for an initial SoC q € [Q P, 4)1 rnln{ep1 eP2}], we have T(p1’¢l)(q, Q1,92) = Ay, (@) — Ap,(q) and

(p2,¢2)
T 000,2) > A )— Ao, then e can st tht () = (1,61
— if for an initial SoC q € [min{epl7epz},@g;i;;]], we have min{IéZ;:izg(q,ql,qg),QEg:i;g(q,ql,qg,Q)} >

(p1,%1)

(m’%)(q,ql,qg), UE];27¢2;(Q q1,92,2)} > Ap (@) —Ap,(q), then we can state that

Ap (@) = Ap,(q) and max{T
(an ¢2) >q (pla ¢1)

where A,(q), Ugg;i;;(q,ql, G2, ), and U Zl’izg(q,ql, G2, ) are defined as follows:

Ay(g) = q);pl(o) (@ = €op)up(0) mp=1
’ 0 ifn, =0

InvSOC‘(’p oy (max{0,q — min{e, e2}}) — Im;SoC?p oy (max{0, g —e}) ifny, =1
Ugi;i;g(q 1,42, ) = < - Im}SoC?p . )(max{(), g—e})  ifny,, =0Ana=1
- Im}SoC?p oy (@—min{e? e}) ifn, =0Aa=2

Im;SGC (max{O q—ePr}) — InvSGC (maX{O g —min{eP* eP2}})  ifn,, =1
Qg;:i;g(q,ql, G2, ) = 4 ImJSGC;l 1) (q — min{eP?, eP2}) — tP2 zf nm =0Ara=1
InvSoC@lm)(maX{O, q—err}) —tPr ifn,, =0Aa=2

Proof. See B. O

Using this proposition, we design an algorithm that enumerates all non-dominated CSPs between any
pair of nodes i,j € 1% belonging to the multigraph. We first build a directed graph Gij = (N;j, A;j), where
N;j = {i,j} v F. For each CS node | € F, we create the arcs (¢,1) and (I, j). For each pair of CSs {,l’, we
also create the arc (I,1"). We also counsider the arc (i,7). We apply the preprocessing rules described in A on
Gij. We then solve on this graph a multi-objective constrained shortest path problem from 4 to j where 1)
the two objectives are the minimization of the total duration of the path (driving + charging time) and the
maximization of the final SoC; 2) there is a constrained resource: the energy (i.e., the SoC of the EV must
always be in the interval [0, Q]); and 3) the SoC upon leaving i and the SoC needed upon reaching j are
unknown. To this end, we use a label-correcting algorithm where each label represents a RP. A SoC function
is associated with each RP (p,¢) assuming that the initial SoC is equal to qé\/f {z)z)v . Non-dominated CSPs are
then associated with Pareto optimal RPs. We outline the pseudo-code of our label-correcting algorithm in
Algorithm 1.

We initialize the algorithm with one label at node j representing a RP associated with arc (i,5). We also
initialize the algorithm with one label for each | € F such that (i,l) € A;;. This label represents a partial
RP associated with partial CSP (i,l). At each iteration of the algorithm, we select the label (among the
unprocessed labels) with the minimum duration and we extend it along the arcs of é’ij. Selecting this specific
label is intended to reduce the number of labels the algorithm generates. If we extend a label along an arc
(1,1"), then the new label consists of the translation of the SoC function along the vector (¢;:, —ey). Note

that some supporting points of the new SoC function (after the extension along arc (I,1’)) can have a negative
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Algorithm 1: ComputeCSPs(i,5)

input : Gj;

output: a set containing all the non-dominated CSPs between ¢ and j
1 forall I € Nyj;\{i} do Li(l) « & (L1(l) stores the unprocessed labels associated with node 1) ;
2 forall [ € Nyj\{i} do La(l) « & (L2(l) stores the processed labels associated with node 1) ;
3 Add to L2(j) the RP associated with arc (i, 5)
a4 R« J (R stores nodes from N;;\{i} with unprocessed labels)
s forall [ € F such that (i,1) € A;; do
6 ‘ Add to Li(l) the label corresponding to the RP starting at ¢ and going directly to [
7 end
8 R« {leF:(il)e Ay}
9 while R # ¢ do

10 | « minElement(R) (gets from R the node which has associated the unprocessed label with the minimum total time)

11 (p1, ¢1) < deleteMin(Li (1)) (removes from Li(l) the label with the minimum total time)

12 if L1(l) = & then R« R\{l};

13 Update(L2 (1), (p1> ¢1))

14 forall (1,I") € G;; do

15 if IsExtendable((p;, ¢;),l') then (checks if RP (p,$) can be extended to node ')

16 (pir, ¢1r) «Extend((p;, $1),!') (extends RP (p;, ¢1) to nodel’)

17 K «CreateLabels((p;, ¢y)) (if ' is a CS and py contains more than a CS, then it creates the relevant labels

according to the supporting points of the SoC function associated with RP (pyr, ¢yr), otherwise K only
contains (pyr, )

18 forall (p, ¢) € K do

19 Update(Li(l'), (p,$)) (inserts RP (p,$) in L1(l") if it is not dominated according to Proposition 4.1, and
verifies if previously inserted labels become dominated)

20 end

21 if L1(') has changed and I’ ¢ R then R «— Ru {l'};

22 end

23 end

24 end

25 P«

26 forall (p;,¢;) € L2(j) do

27 ‘ if p; ¢ P then P «— P u {p;};

28 end

29 return P

y-coordinate, which implies violating a resource constraint. Therefore, we do not consider these points. If
all the supporting points of the new SoC function have a negative y-coordinate, then traversing the arc is
impossible. If I’ is a CS, we need to set the SoC target value at the previous CS (if there is any in the current
path). We note that setting this SoC target value requires knowing the successive CS (if it exists). Stopping
charging at the previous CS encountered in the path and starting charging at the current CS is only relevant
at a supporting point of the current SoC function (Ziindorf, 2014). Hence we create one new label for each
supporting point of the current SoC function in order to explore the possibility of switching over to the new CS
at that point: Note that we can restrict the creation of new labels to the case where the slope of the charging
function at the new CS is larger than that of the current SoC function. For each of these labels, the new SoC
function is derived from the charging function associated with the new CS. Moreover, whenever we obtain a
new label at a node, we check whether the corresponding partial RP is non-dominated before accepting it and
we verify if previously generated labels associated with the same node become dominated. Specifically, using
the result of Proposition 4.1 we can identify intervals for the SoC at the departure from ¢ for which the newly
generated label is dominated by or dominates a processed or an unprocessed label associated with the same
node. If a RP (p, ) becomes dominated for every SoC ¢ € [qg {;)V ; qé‘g’g)x ], then it can be safely removed from

the set of labels. The algorithm terminates when there are no more labels to set at the destination node.
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To speed up the algorithm, we do not extend a label (p, ¢) associated with a node I to a node I’ if at least
one of the following conditions is met: 1) the sum of the minimum duration associated with the SoC function
at the current label (i.e., the x-coordinate of the first supporting point), the driving time ¢;;, and the quantity
toi + trrj + tjo is larger than the sum of the duration limit T5nq, and the quantity @;;(0)(62); 2) If I’ is a CS
node, then while scanning the nodes of the route backwards we encounter the same node I’ without having
scanned before a CS with a faster technology (note that a CS can be visited more than once in a path). The

latter condition is due to the positivity of the energy consumption and driving time.

5 The fixed route vehicle charging problem

Building on the insights obtained by the previous sections, we now focus on the fixed route vehicle charging
problem (FRVCP) which is a subproblem of the E-VRP-NL. We recall that FRVCPs are fundamental sub-
problems of E-VRP heuristics. Let II be a route that does not visit any CS. The objective of the FRVCP is to
determine the charging operations (where to insert the CSs and how much to charge), in order to minimize the
total route duration while satisfying the following conditions: the customers in the resulting route are visited
in the initial order, and the resulting route is energy-feasible and satisfies the maximum-duration limit. We
restrict our attention to routes that cannot be traveled by an EV without the need to recharge the battery. We
therefore need to insert CSs in the route to make it energy-feasible. Figure 3 shows an example of the FRVCP
with a route serving four customers and the possibility of visiting two CSs (as many times as necessary). In
the FRVCP we allow an EV to visit several CSs between two successive non-CS nodes. Many studies focus
on a more restricted version of the FRVCP in which an EV can visit at most one CS between two successive
non-CS nodes. We denote this restricted version by FRVCP-1.

D Depot
O Customer
/\ cs

Figure 3: Example of a fixed route vehicle charging problem with route (0,2,7,5,3,0).

Here we propose three alternative algorithms to solve the FRVCP. Let IT = ( w(0), w(1), ---, w(3), «--,
m(n(Il) — 1), m(n(I)) ) be a fixed route, where 7(0) and 7 (n(II)) represent the depot and the remaining 7 (%)
are the visited customers. We first describe in §5.1 a preprocessing procedure to reduce the size of the search
space. We then present in §5.2 a MILP formulation for the problem. Contrary to the formulation by Montoya
et al. (2017), our model accounts for visits to multiple CSs between any pair of non-CS nodes. Finally, we
present in §5.3 an exact labeling algorithm for this formulation. Montoya et al. (2017) also introduced a greedy
heuristic for the FRVCP. Contrary to their formulation, their heuristic allows visiting a number of CSs between

two successive nodes of II. Building on their work, we develop in §5.4 a new FRVCP heuristic.

5.1 Preprocessing procedure

Our preprocessing procedure works as follows. We first compute, according to IT and T},4z, the maximum
time that is possible to spend detouring and charging at CSs. Using this value, we identify a priori the set of
feasible CS insertions and the set of feasible consecutive CS visits between every pair of consecutive nodes of

II. We also remove additional infeasible connections between the nodes of II and the CSs. More specifically,
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we perform the following preprocessing steps: 1) Let At(Il) = Tya0 — Z?z(g)fl tr(i),m(i+1) be the maximum
time that is possible to spend detouring and charging at CSs; 2) Let 7 (i) be the i*® node in II and j a CS. For
i€{0,...,n(I) = 1}, if tr(); + tjn@s1) = tr(i),m@i+1) > AL(I), then we forbid the insertion of CS j between
nodes 7(i) and 7 (i +1); 3) Let j, j* be two different CSs. If ¢, ; +1;50 +tjr x(iv1) — tri),m(i+1) > At(IT), then
we forbid visiting CS j' after j between nodes m(i) and (i + 1); 4) Let 7,5 be two nodes that belong to II or
to F. If mingepqoyfen} + eij + mingepyqo{e;i} > Q, then we forbid visiting node j directly after node 7 (since

it violates the battery constraints).

5.2 A path-based model for the FRVCP

Building on the path-based formulation proposed in Section 4, we now propose a MILP formulation for the
FRVCP. Let P(II) be the set of CSPs between two consecutive nodes of route II. To generate these paths,
we use the labeling algorithm described in Algorithm 1. The construction of the underlying graph takes into
account the results of the preprocessing procedure. We use the same decisions variables as in formulation
[FLath] but we define them only for paths belonging to P(II). The binary variable z,, is equal to 1 if and only
if an EV travels on CSP p € P(II). For a path p, continuous variable y, track the time at which the EV leaves
o(p). The variables ¢ and ¢y are the scaled start and end times for charging an EV according to the charging
function of CS p,(1). Continuous variables 4, and g, specify (according to the piecewise linear approximation
of the charging function) the SoC of an EV when it enters and leaves p,(l), i.e., the CS at position [ € L,,.
The continuous variable Ap; represents the duration of the charging operation performed at 11, (1). The binary
variables w,,; and Wy, are equal to 1 if and only if the SoC is between a,,, 1) x—1 and a,, ) x, with k € B;\{0},
when the EV enters and leaves CS 1, (1), respectively. The continuous variables Apix, and Ay are the coefficients
associated with the breakpoint (cup(l%k, aup(l)’k) in the piecewise linear approximation, when the EV enters
and leaves CS p,(l), respectively. Let e? and t? be the energy consumption and the driving time associated
with path p € P. A formulation of the FRVCP for a route II, denoted as [F'RF%"(I1)], is as follows:

[FRPath (1] minimize Z P, + Z Apy (86)
peP(I1) leLy

subject to

D wp=1, ie{0,--,n(Il) -1} (87)

PEPR (i), m(i+1)

3 vp—erp+ 2 @—a,) = D e ie{ln(l) -1} (88)

PEPr(i—1) 7 (s) leL, Priy m(i+1)
Yp = €op)up(Tp = 4y P E P [Ly| #0 (89)
Tpi1 = €y (=), ) Tp = 4, P € P(ID), 1€ Lp\{0} (90)

Z Yp — €y — Z (@p — Qpl) =0, (91)

PEPr (n(I)—1),x(n(I1)) leL,
Yp = Qzp,  PE Pro),x) (92)
Yp S pra pe P(H) (93)
n(Il)—1

Z tpxp + Z Apl + Z 9r(4) < Tmaz (94)
peP(II) leL, i=1
gpl = Z Aplkal‘/p(l)k pEe P(H)’l € Lp (95)

kEBup(z)
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=2 AuCu,r  pePI)IEL, (96)

kEB/‘,p(],)
Z Apik = Z wyy,  p€PD),le L, (97)
k€Byu, ) keBy,1)\{0}
Y, wu =z, peP()lel, (98)
kEBup(z)\{O}
AplO < wpll pEe P(H)al € LP (99)
Aplk S Wyyp + Wy 41 pe P(II),l e Ly ke Bup(l)\{ov bup(l)} (100)
Aty S Wi, o, PE P, L€ Ly (101)
T = Y, Mk, pEPI)IEL, (102)
kEBLLp(l)
Cpl = Z Xplkcup(l)k: pE P(H),l € Lp (103)
kEB“p(],)
2 Xplk = Z Wpik pe P(Il),le L, (104)
k€Byu, ) keBy, 1\{0}
> W=z, peP(ll)lel, (105)

kEB,u.p(l)\{O}

No <Wpn  pe P(N),le L,
Aotk € Wpik + Wprkr1  p€ P, L€ Ly, ke B, ()\{0,b,, )}

Aplbyy < Wpiv,,, oy P EP(), L€ Ly

(106)
(107)
(108)
Ap=Cp—c, peP(ll)lel, (109)
zp €4{0,1}, pe P(I) (110)
yp =0 pe P(I) (111)
gpl,épl,gpl,apl,Apl >0 peP(l),lel, (112)
wyp € {0, 1}, Wy € {0,1}  pe Ple L, ke B;\{0} (113)
Mg 20X 20  pePleLykeB,. (114)

The objective function (86) minimizes the total driving and charging time in the route. Constraints (87)
ensure the selection of a CSP between each pair of successive non-CS nodes. The remaining constraints are

similar to those introduced for model [F]eh].

5.3 An exact labeling algorithm for the FRVCP

We now present an exact labeling algorithm for the FRVCP. We apply it on a directed graph G(IT) that contains
the nodes of the initial route II and the CS nodes. To enforce the order of the visits of the nodes that belong
to II, we replicate the CS nodes in such a way that one copy of every CS is associated with one arc of the
initial route II. Specifically, for every value of ¢ between 0 and n(II) — 1, we create a copy (i) of CS [ € F.
We then create the arc (7(i),7(i + 1)), the arcs (7(i),1(:)) and (I(i),w(i + 1)) for each CS [ € F, and the arcs
(1(2),1'(2)) for each pair of CS [,1’ € F. Tt is worth mentioning that we only add these arcs to the graph if they
still exist after running the preprocessing routines introduced in §5.1. Figure 4 depicts the graph considered
for the example of Figure 3.

The FRVCP can then be defined as a constrained shortest path problem from 7(0) to m(n(IT)) on G(II).
The objective is to minimize the path duration while the SoC acts as a resource constraint (i.e., the SoC must
always be in the interval [0,Q]). To solve this problem, we propose the label-setting algorithm described in

Algorithm 3, which shares many similarities with Algorithm 1. Algorithm 3 uses RPs as labels and exploits
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Figure 4: Graph considered when applying the labeling algorithm to solve the fixed route vehicle charging
problem with route (0,2,7,5,3,0).

the concept of SoC functions presented in §4.2. Relaxing an arc and setting a label at a CS follows the same
procedure as the one described in in §4.2. The algorithm terminates as soon as a label for node n(II) is set.
The quantity of energy charged at the last CS of this RP is computed such that the EV reaches the depot with
an empty battery.

To improve the efficiency of the algorithm, we apply two different strategies. We make use of lower bounds.
Since we know the sequence of nodes to visit, we compute beforehand at each node j € G(II) lower bounds
using Dijkstra’s algorithm. We first compute a lower bound t_; on the time and a lower bound & on the
energy required to finish the route by running a backward search from 7 (n(II)). If €; is larger than @, we can
increase the value of t_; by assuming that the difference @ — €; will be charged using the fastest charging rate.
Specifically, we set the value of t_; to t_; + max{0,e; — Q}/p* where p* corresponds to the steepest slope for a
segment of the piecewise linear approximation of the charging functions. We also compute a lower bound &; on
the energy consumption from the departing depot to node j by running a forward search from 7(0). Then, we
do not extend a label associated with a node ¢ to a node j if one of the following four conditions is met: 1) the
maximum SoC an EV can have upon departure from j is strictly less than the energy needed to reach to the
nearest CS according to the energy consumption, or is less than the SoC it could have attained by traveling on
the route to j without visiting any CS. Specifically, the difference between the maximum of the SoC function
and the energy consumed e;; is strictly smaller than max{lé%igo{eﬂ}, Q — &}; 2) The sum of the minimum
duration associated with the SoC function at the current label (i.e., the x-coordinate of the first supporting
point), the driving time ¢;;, and t_; is larger than the duration limit T},4,; 3) If j is a CS node, then while
scanning the nodes of the route backward we encounter the same node j without having scanned before the
depot, a customer, or a CS with a faster technology; 4) If j is a CS node, the value of the inverse of the SoC
function evaluated in € is less than the sum of the minimum time associated with the current label and the
time increase due to the detour to j.

Finally, to avoid enumerating all the RPs from ¢ to j, we use the dominance criterion introduced in Definition

4.1 (for a SoC upon departing to the depot equal to @) to discard dominated RPs throughout the algorithm.

5.4 A heuristic algorithm for the FRVCP

The goal of this section is to design an effective and efficient heuristic algorithm, which could be periodically
called inside a local search algorithm. Such an algorithm would prevent the search from ignoring regions of the
search space that are feasible with respect to route duration constraints. The algorithm borrows some ideas
from the FRVCP heuristic of Montoya et al. (2017). We describe the general framework of our heuristic in
Algorithm 2. We refer the reader to E.2 for the algorithmic details on the different procedures of the heuristic.
We note that this heuristic inserts CSs into II.

Throughout the algorithm, we compute the SoC Y (II, ) of the EV upon arrival at node i € IT assuming the
following heuristic (H) charging policy: at each CS, the EV is charged in such a way that its departure SoC is
equal to the minimum between the battery capacity @ and the energy required to reach the next depot or CS
in IT. We then define the energy deficit at node 4 as max{0, —Y (I, 7)}.
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The algorithm starts with procedure locateCS1(:) that scans the nodes in the route (see Algorithm 4). If
the arc connecting two successive nodes does not exist (this rarely happens but it requires special attention),
then the algorithm tries to insert a CS between these nodes by calling procedure insertCS(-) (see Algorithm
5). Inserting a CS between two nodes follows the same scheme throughout the algorithm. We evaluate the
insertion of each CS by calling function getLBTime (-) which computes a lower bound on the duration to travel
the resulting route. The lower bound value is the sum of two components: the driving time and a lower bound
on the time to charge the energy deficit observed upon arrival at CSs and at the return to the depot. This
latter bound is computed by dividing the energy deficit by the fastest charging rate of the instance. The
energy deficit, computed using function getEnergyDeficit(-), is equal to 3 ,cpy (o) max{0, =Y (I, i)}. We
retain the insertion that leads to the minimum lower bound value. We forbid any insertion if after executing
it the energy deficit computed at the inserted CS and at the next CS that is part of the route, if any, or the
depot is larger than 0. Note that it may happen that the algorithm selects an insertion leading to an energy
infeasible route rather than an insertion leading to an energy-feasible route. Throughout the execution of the
algorithm, we therefore store the energy-feasible route with the minimum duration, assuming the H charging
policy, returned by function getTime(-).

Whenever there exists an arc between each pair of successive nodes, we try to insert additional CSs by
calling procedure locateCS2(-) (see Algorithm 6). Here, we iteratively test the insertion of a CS between two
successive nodes in the current route and we proceed to the insertion yielding the minimum lower bound on
the duration to travel the route. We try to insert additional CSs until we cannot improve the duration of the
current route. Specifically, this procedure terminates when the lower bound on the duration of the current
route is larger than or equal to the duration of the best energy-feasible route.

We then consider the best energy-feasible route computed during the previous steps of the algorithm.
Calling procedure defineChargingAmount(-) (see Algorithm 7), we check whether it is possible to transfer
some charge between the CSs of the route. Indeed, it may be profitable in some cases to charge at a CS more
than the energy required to reach the next CS. To this end, we scan the CSs starting by the end of the route,
and we try to transfer some energy from a CS to the CS that precedes it. A transfer of energy reduces the
duration of the route if the slope of the charging function associated with the departure SoC of the EV at the
previous CS is larger than the slope of the charging function associated with the arrival SoC of the EV at the

current CS. Finally, we check whether the maximum-duration limit is exceeded by the optimized route.

Algorithm 2: ProcedureFRVCP (I1°)
input : A route I1° = {71—(0)777(1)7 e aﬂ—(i)v et 77T(j)’ te 77T(TL(H) - 1),7T(TL(H))}

output: A couple (f, IT) where the route II is an energy-feasible route whose duration does not exceed the duration limit

Trnaz if boolean f is equal to true, or the initial route II° if boolean f is equal to false
1 Apply preprocessing rules on the multigraph induced by II and F'
2 (f,TI,T1%¢5t) « locateCS1(I1%)
s if f = true A getLBTime(II)< Tinq, then

a I1best « locateCS2(II,II0est)

5 if T1°¢5¢ # null then

6 (f, TI®s?) « reviseChargingAmount (IT*¢5t)
7 if f=true then

8 ‘ return (true, I1°¢5?%)

9 end

10 end

11 end

12 return (false, I10)
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6 Computational experiments

We used Gurobi 7.5.0 (through its Java API) to solve the MILP models. All tests were performed on a single
thread with 12 GB and on a cluster of 27 computers, each having 12 cores and two Intel(R) Xeon X5675 3.07
GHz processors. In all the tables, the CPU time is rounded to the nearest integer.

The first aim of our computational experiments is to assess and compare the performance of the CS
replication-based and the path-based models, which are presented in Sections 3 and 4, for solving small size
instances to the E-VRP-NL. These results are presented in §6.1. The second aim of our computational ex-
periments is to assess the quality of the algorithms developed in Section 5 for the FRVCP. These results are
presented in §6.2.

6.1 Results for E-VRP-NL formulations

For the E-VRP-NL we considered the twenty 10-customer and the twenty 20-customer instances of the Mon-
toya et al. (2017) testbed (publicly available at http://vrp-rep.org). In these instances, both the energy
consumption and travel times are obtained by multiplying the arc length by constant factors (consumption per
unit distance and speed). It is worth noting that none of our results relies on the assumption that the energy
consumption linearly depends on the travel time (this is only a characteristic of the instances). We ran the
MILP models with a three-hour time limit.

6.1.1 CS replication-based models

We first tested the CS replication-based models [Fgfcizep ] and [F$27°P] presented in Section 3. The number
of copies of each CS i € I’ was set to an integer value 8 > 1 (i.e., 5; = 8, Vie F).

Table 1 reports for each model and each value of 5 the number of instances proven infeasible by the solver
within the time limit (#Inf), the number of instances reaching the time limit without finding any feasible
solution (#Unk), the number of instances with a feasible solution not proven to be optimal (#Opt), the
number of instances with a feasible solution proven to be optimal (#Opt), the average CPU time in seconds
(Time (s)) for the instances in (#Opt), and the average gap (Gap) for the instances in (#Opt). We compute
the gap as (2 — 2EB)/z, where z is the objective function value of the best integer solution returned by the
solver, and z%P is the best lower bound retrieved by the solver running the corresponding model. The detailed
results for all the tested instances are reported in F.

We first observe that for small values of 3 the [F ETS;’TEP ] model cannot always prove the infeasibility of some
instances. This may be due to the relatively large number of variables it contains (around twice as many as
the [FSfd’zep ] model for the tested instances). Second, the results confirm that the value of 8 influences the
feasibility of the instances. Since we do not know any procedure for fixing 8, while guaranteeing optimality,
we can only compare models for identical values of 5. The best results are obtained with arc-based tracking
constraints for which the number of optimal solutions is larger and the solution time is significantly reduced,
compared to node-based tracking. Moreover, when the time limit is reached, the best solution returned by the
arc-based models has a better quality. Finally, our results illustrate the difficulty of optimally solving even
small instances with the CS replication-based models.

Proposition 3.1 demonstrates that the LP relaxation value of [Ffi’rep ] can never be less than that of

[FEOSCZZ;EP ]- In our experiments, we computed the average relative gap between the linear relaxation value and

the best lower bound provided by the linear relaxation of any of the formulations. The models with arc-based

B

e and

tracking variables yields tighter bounds than those with node-based tracking variables. Specifically, let 2§
2kB . correspond to the average LP relaxation of [F$>""] and [F5277"]. We observe that (245 —2kB, )/2%B.
is approximately 57%. This seems to explain why the solver yields a better performance running on arc-based

models.
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Table 1: Detailed computational results for the CS replication-based models on the 10-customer and 20-

customer instances

7| | 8 Model #Inf  #Unk #Opt #Opt Time (s) Gap
. [FAE%’MP] 10 0 0 10 5 _
_rep

[F{2rer) 10 0 0 10 252 -
, [ ] 5 0 0 15 433 -
[Fyaire?] 5 0 4 11 699  31.8%

10 FI‘Y%”E” 0 0 0 20 821
g Are 1 -
[ 2-rep 0 0 8 12 1289  32.6%
%Flggdj@} 0 0 4 16 215  14.4%
4 ol e
[Froge ] 0 0 11 9 1423 34.0%
L [Fe 8 1 5 6 632  16.4%
[From] 3 6 11 0 1274 24.8%
s [P "] 2 1 8 6 1323 8.8%
20 [F2rer) 1 5 13 1 5663  24.0%
5 2 3 10 5 2233 9.8%
[Fyoie] 0 5 14 1 8706 28.9%
, a7l 0 5 10 5 1200 10.9%
[Froir] 0 5 15 0 - 27.0%

6.1.2 Path-based model

We also tested the path-based model [F fﬂcth] presented in Section 4. We first assessed the impact of the
dominance rule described in §4.2. Applying this rule reduces the average number of paths by a factor of two
for the 10-customer instances (on average 647 paths were generated without the dominance rule versus 270
with it), and by a factor of five for the 20-customer instances (on average 6512 paths were generated without
the dominance rule versus 1314 with it). This leads to more tractable instances: the average number of
paths between each couple of non-CS nodes is approximately 2.4 and 3.2 for the 10-customer and 20-customer
instances, respectively. Table 2 reports the same measures as in Table 1 for the path-based model. See F for

the detailed results for each instance.

Table 2: Computational results for the path-based model on the 10-customer and 20-customer instances

[1] | #Inf #Unk #Opt #Opt Time(s)  Gap
10 0 0 0 20 229 -
20 0 0 15 5 489  14.0%

Our results show that the MILP solver can optimally solve all the 10-customer instances within an average
time of seven minutes. The solver fails to solve most of the instances with 20 customers due to the large size
of the models. Doubling the number of customers from 10 to 20 multiplies the number of paths by five (from
270 to 1314, on average).

Figure 5 compares the CS replication-based and path-based models. Specifically, the figure shows the
number of instances optimally solved according to the solution time for the different models. We conclude that
the MILP solver performs better on the path-based model than on the CS replication-based models. Moreover,

we recall that using the path-based model ensures that optimal solutions are not cut off.

6.2 Results for FRVCP algorithms

Since the FRVCP problem is typically solved within local search algorithms, we wanted to compare the speed
of the algorithms we developed and the quality of the routes they provide. We tested the three algorithms
described in Section 5 to solve the FRVCP: our formulation [FRF*"(II)] with the MILP solver, our labeling
algorithm, and our heuristic (referred to as MILP PATH, LABEL, and HEURISTIC). As a basis of comparison,
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Figure 5: Performance charts of the different models on small size instances

we also implemented the FRVCP heuristic of Montoya et al. (2017) (referred to as HEURISTIC_M2017).
Moreover, in order to assess the relevance of considering the insertion of multiple CSs between each pair of
non-CS nodes of the initial route, we also solved the FRVCP-1. To this end, we adapted our path-based MILP
formulation by only considering paths with at most one CS. We also adapted the graph on which we applied
our labeling algorithm. These modifications yield a new MILP model and a new labeling algorithm (referred
to as MILP_PATH_1 and LABEL_1) for this special version of the FRVCP. We also implemented the FRVCP
formulation of Montoya et al. (2017) (referred to as MILP_M2017). No computational time limit was imposed
on these tests.

We first tested the algorithms on the pool of routes used by Montoya et al. (2017) in the second phase of
their metaheuristic. This pool consists of all routes encountered at each local optima solution found by an
iterated local search procedure. The pool contains a total of 29,443 routes having between 3 and 15 nodes,
which may visit between 2 and 24 CSs. For each algorithm, in Table 3 we report the number of routes for which
the duration is below the duration limit T},4, (#Feas), the number of routes solved to optimality (#Opt), the
average CPU time in milliseconds (Time (ms)), the average gap (Gap), and the maximum observed gap over
all routes (Gap max).

Considering the detailed results presented in F.2 and F.3, we conclude that for all algorithms the number
of CSs and the number of nodes have a relatively small impact on the solution time and quality. We note that
the two exact algorithms for the FRVCP, i.e., MILP_PATH and LABEL, were able to solve all 29,443 routes to
optimality within an average runtime of less than 100 milliseconds. LABEL is more than 90 times faster than
MILP_PATH. HEURISTIC produces competitive results with a small average gap in a very short time. It also
outperforms HEURISTIC_M2017 in terms of gap. However, both heuristics may fail to find existing feasible
solutions. Such failures are due to the fact that feasibility often coincides with optimality. Since our heuristic
found many more optimal solutions, compared to the FRVCP heuristic of Montoya et al. (2017), it found
more feasible solutions. In particular, HEURISTIC failed to produce a feasible solution in 2.1% of the routes,
whereas the HEURISTIC_M2017 failed to produce a feasible solution in 13.7% of the routes. Although LABEL
outperforms HEURISTIC, the latter is easier to implement than the former which can make it attractive for
some applications.

We observe that MILP_PATH_1 solves FRVCP-1 much faster than MILP_M2017. However, LABEL_1
substantially outperforms both of these formulations. Comparing FRVCP with FRVCP-1, we notice that
restricting the insertion of at most one CS between any pair of non-CS nodes does not impact the quality of
the solutions in most cases. Specifically, for 28,085 out of the 29,443 routes, the optimal objective function
value considering either the FRVCP or the FRVCP-1 are the same. However, for the remaining 1358 routes,
the charging decisions obtained by solving the FRVCP-1 are not optimal and in the worst case they can be

quite far from the optimal ones. Specifically, let z* and 2} correspond to the average optimal objective function
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value obtained when solving the FRVCP and the FRVCP-1 on these 1358 routes. We observe that (2§ —2z*)/z¥
is approximately 0.01%. However, in the worst case (i.e., for a particular route), the deviation between the two

optimal objective function values is 7.68%.

Table 3: Computational results for the different algorithms on 29,443 routes

FRVCP FRVCP-1
Algorithm #Feas #Opt  Time (ms) Gap Gap max | Algorithm #Feas  #Opt  Time (ms)
MILP_PATH 29,443 29,443 96.7 0.00% 0.00% | MILP_PATH_1 29,443 29,443 30.1
LABEL 29,443 29,443 1.0  0.00% 0.00% | LABEL_1 29,443 29,443 0.6
HEURISTIC 28,815 23,792 0.2 0.19% 14.00% | MILP_-M2017 29,443 29,443 55.0
HEURISTIC_M2017 25,398 19,104 0.2 0.83% 36.32%

We also tested our labeling algorithm of §5.3 on the 1426 routes making up the best solutions reported
by Montoya et al. (2017) for 120 instances with 10, 20, 40, 80, 160, or 320 customers (20 instances for each
instance size). We recall that the charging decisions for these routes were found using the FRVCP formulation
of Montoya et al. (2017), which assumes at most one CS visit between two successive non-CS nodes. Therefore,
we want to assess if the results can be improved by solving the more general version of the FRVCP, which
allows multiple consecutive visits to CSs. We report in Table 4 the name of the instances for which a better
solution has been identified, the number of routes (#R*) for which the charging decisions have been revised
over the number of routes (#R) in the initial solution. We show the maximum gap improvement between a
route that has been revised and the initial route (Max Gap R*). We also report the average gap with respect
to the previous best known solution (Gap). We found 23 new best E-VRP-NL solutions. On these instances,
taking optimal charging decisions improved the solutions of Montoya et al. (2017) by approximately 0.09%.
This shows that charging decisions are critical in the E-VRP-NL. Therefore, there is ground to believe that the

use of the labeling algorithm inside a metaheuristic algorithm deserves further study.

Table 4: E-VRP-NL solutions of (Montoya et al., 2017) improved by applying the labeling algorithm on each

route

Instance #R*/#R  Max Gap R*  Gap Instance #R*/#R  Max Gap R* Gap
tc0c40s8cf0 2/7 -4.48%  -0.765% tclc160s24cf3 1/17 -1.03% -0.066%
tc2c40s5cf2 1/6 -0.20%  -0.024% tclc320s24cf2 2/36 -1.00% -0.045%
tc2c40s8cf2 1/6 -0.20%  -0.025% tclc320s24cf3 1/30 -0.46% -0.011%
tc0c80s8cf1 1/10 -0.03%  -0.003% tc1c320s38cf2 1/33 -0.34% -0.008%
tclc80s12cf2 1/8 -0.24%  -0.038% tc1c320s38ct3 1/30 -0.31% -0.008%
tc2c80s8cfd 1/10 -1.86%  -0.235% tc2¢320s24cf0 1/38 -0.01%  -0.0004%
tc2c80s8ct3 1/9 -0.08%  -0.009% tc2c320s24ct4 1/32 -2.57% -0.096%
tc0c160s16cf4 3/18 -0.43%  -0.074% tc2¢320s38cf4 1/32 -0.19% -0.006%
tc0c160s16¢t4 3/18 -0.31%  -0.052% tc2¢320s38ct0 2/41 -0.31%  -0.006%
tc0c160s24cf4 3/18 -0.44%  -0.076% tc2¢320s38ct1 1/28 -0.02% -0.001%
tc0c160s24ct4 4/18 -3.37%  -0.197% tc2c320s38ct4 1/32 -0.09% -0.004%
tclc160s16¢f3 1/17 -5.64%  -0.347%

The results presented in this section open an interesting research avenue. The only way to obtain an exact
evaluation of a move in local search algorithms for the E-VRP-NL is to re-optimize the charging decisions
(i.e., where and how much to charge) for the route(s) involved in the move. Specifically, one must decide the
charging decisions such that each route has the lowest possible cost. This is a daunting task because it implies
solving one (inter route moves) or more (intra route moves) FRVCPs. As Montoya et al. (2017) pointed out,
exactly evaluating the moves using MILPs is intractable (our findings only confirm their observation). For this
reason, most existing approaches use fast-to-compute proxy move evaluations. As a matter of fact, only the

most sophisticated approaches use MILPs or exact algorithms at certain points (e.g., every time they reach a
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local optimum) to improve the charging decisions. A notable exception is the multi-start local search heuristic
proposed by Andelmin and Bartolini (2016) for the Green VRP. This heuristic works on a multigraph (where
each arc represents a refuel path) avoiding the need to explicitly consider charging stations. Our results suggest
that because of its good computational performance, our labeling algorithm may be used to exactly evaluate a
large number of moves (if not all) in local search algorithms without penalizing the overall performance of the
method.

7 Conclusions

We have compared three MILP formulations for the electric vehicle routing problem with nonlinear charging
function (E-VRP-NL), two of which are new. The first formulation was proposed by Montoya et al. (2017),
where tracking the time and the SoC of each route was achieved through the use of node-based variables. We
have first proposed a new formulation that uses arc-based tracking variables. Computational experiments have
shown that this alternative tracking strategy drastically improves the results. This can be explained by the fact
that the arc-based formulation had a much tighter LP relaxation gap, compared to the node-based formulation.
Most of the available E-VRP models, as well as the arc-based formulation, are based on pre-setting the number
of CS copies. We have demonstrated that generating a limited number of copies compromises the quality of the
solution by possibly eliminating optimal solutions or by yielding an infeasible model. With more copies, the
models become larger and more difficult to solve, even for small-size instances. To overcome these drawbacks,
we have proposed a third formulation for the E-VRP-NL based on the concept of CSPs between non-CS nodes.
Using dominance rules to discard unpromising paths, we have shown through our computational experiments
that this third formulation systematically yields better results than the first two formulations. All 10-customer
instances could be solved to optimality within a much shorter time. As expected, solving our models using
a commercial solver allows us to solve only small-size instances. However, most E-VRPs have been handled
by node-based formulations, and for these cases the arc-based model provides a highly relevant alternative
formulation. Furthermore, the introduction of the path-based model provides a new promising avenue for the
development of exact and heuristic algorithms for the E-VRP-NL.

Building on the formulations we have developed for the E-VRP-NL, we have also introduced heuristic and
exact algorithms to solve the fixed route vehicle charging problem (FRVCP). Given an initial energy infeasible
route, this problem consists in finding the charging decisions that minimize the total duration of the route. We
have proposed a new MILP formulation, an exact labeling algorithm, and a heuristic algorithm. Computational
experiments have shown that taking optimal or near-optimal charging decisions is crucial in producing high
quality E-VRP-NL solutions. Indeed, we have improved 23 out of 120 best known E-VRP-NL solutions by
allowing the visit of multiple CSs between two non-CS nodes. Since the labeling algorithm is able to optimally
solve the FRVCP within a very short time, it can be easily embedded in future E-VRP-NL heuristics.
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A Graph preprocessing

Some arcs from the arc set A can be removed without cutting off the optimal solution. Specifically, we introduce

the following preprocessing steps to reduce the size of the arc set:

1. Considering i,j € V, if minepoqoyfen} + e + mingepogoyfea) > @ then we infer that the maximum
possible SoC at ¢ the EV is not sufficient for traversing arc (4,j) and reaching the nearest CS or the

depot. Therefore, such an arc is removed from A.

2. Let t}; be the duration of a shortest path from ¢ to j in G (after applying preprocessing rule 1) with

respect to arc duration ¢;;. Let ecf}m be the minimum charging amount necessary to build a route

traversing arc (i, 7). Then ec}"™ = max{0, (eo; + €ij + ejo) — Q}. We also define tf;mrge as a lower bound
on the charging time necessary to perform a route traversing the arc (i,j). Namely, tf;mrge is equal to 0

if ecj?’™ = 0. Otherwise, tf;“"ge is equal to

eci;'™ + eor + ey — eOi) /p*,
tfj arge = min | min ecii'™ + e + e — eij) /p¥,
i . *

ecii'" + ej1 + €0 — 630) /p

The value of p* corresponds to the steepest slope for a segment of the piecewise linear approximation of
charge
7]

the three mutually exclusive detour options. If ¢f, + 1, + 5, + tf]}»“"ge > Trhaz, we remove the arc (i, )

the charging functions (i.e., p* = maxjer{p;1}). Using this parameter, we compute ¢ by exploring

from set A, since traversing the arc (7, j) leads to a violation of the route maximum-duration limit.

3. We also remove all the arcs between CS copies of the same CS. More specifically, for every i € F' and

j,1 € F!, we remove the arc (j,1) from set A.
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B Proofs

* Proof of Proposition 3.1. Assume that the arc-based tracking constraints are satisfied by setting every vari-
able x;;, yij;, 4 Q;, Tij, and Aj to Tij, Yig, q; q;, Tij, and Ay, respectively. We now prove that the node-based
tracking constraints are satisfied if: 1) the variables z;; are set to values x;; for every (i,7) € A, 2) the vari-
ables 4 qj, Aj are set to values q; q;, Aj for every j € F, and 3) the variables y;, 7; are set Z(i’l)GA y; and
2@ e Til for every i € V\{0}. We also set the value of 7y to 0 and the value of yg to Q.

e Let (i,7) € A such that j € I. Then,

— if 1 € V\{0},
Yi—Y; = Z Yir — Z Yit
(i,1)eA (J,D)eA
Yi—Y; = Z Yir — Z (Y15 — erjxij) from constraints (39)
(i,)eA (1,))eA
Yi —Yj = CijTij + Z Yit — Z (Yij — erxis)
(i,0)eA:l#] (L,j)eA:l#1

Yi —Yj S €T + Z Yil

(i,1)eA:l#]
Yi —Yj S €ijTij + Z (Q— min {eyi})Ta from constraints (42)
, , IeFu{0}
(i,)eA:l#]
Yi — Y < eiTij +Q Z 5
(i,1)EAsl#]
Yi —Y; < €ijij + Q1 — x45) from constraints (2)
and
Yi =Y = Z Yit — Z Yji
(3,1)eA (4,)eA
Yi —Yj = 2 Yir — Z (Y15 — eijx) from constraints (39)
(i,1)eA (L,7)eA
yi—yp = et = ), Wit ), Yat ), eymy
(Lj)eAil#i (4,1)EA:l#] (Lj)eAd#i
Yi —Yj = €ijTi5 — Z Yij
(Lj)eA:l#i
Yi —Yj = €ijTi5 — Z Q- {el/l})le from constraints (42)
(L7)EA:L#i rer {
Yi — Yj = €ij%i5 — Q Z Ty
(1,j)eAsli
Yi — Yj = eijij — Q1 — x45). from constraints (2)
—ifi =0,
-y =Q— D, Ui
(4,1)eA
Yo—y; =Q — 2 (Y15 — eijxig) from constraints (39)
(1j)eA
Yo —y; = Q + €0 Toj — Yoj — Z (yij — erjTij)
(Lj)EA:L#0
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Yo — :Ug €005 + Q Q:BOJ

Yo — Yj < €gjTo;j + Q(1 — xo5)

from constraints (38)

from constraints (2)

and
w-y=Q— > i
(4,1)eA
Yo—yj =Q— Z (Y15 — eijxej) from constraints (39)
(Lj)eA
Yo —y; = Q + egjToj — Z Yij + 2 €1 T
(l,j)eA (1,5)€A:1#0
Yo —Y;j = Q + €gjxToj — Q Z Ty from constraints (42)
(l,j)eA
Yo —Yj = Q + egjxoj — Q from constraints (2)
Yo — Yj = €0 Toj
yO_yJ 26 £B()] Q(1_$Og)
Constraints (5) are therefore satisfied.
e Let (i,7) € A such that j € F’. Then,
— if i € V\{0},
Yi—4q; = Z Yir — Z (Y15 — eiyxej) from constraints (40)
(i,1)eA (L,j)eA
Yi —4q; = €ijTij + 2 Yit — Z (Y17 — e Tij)
(4,0)eA:l#] (L,))eA:l#i
Yi — 4, < €jTq5 + Z Yil
(i,1)EAsl]
Yi— g, < €Tij + Q Z il from constraints (42)
(3,0)eA:l#]
Yi— g, < €ijTij + Q(1 — x45) from constraints (3)
and
yi—q; = DUya— Y (g —eyaiy) from constraints (40)
(i,l)eA (1,j)eA
Yi — 4, = €ijTij — Z Y + Z Yi + Z €151
(1,j)eAsl#i (i, 1)eA:l#] (Lj)eAdi
Yi—q. 2 €ijTij — Z Yij
(Lj)eA:l#i
Yi—q; = eijTij — Q Z Ty from constraints (42)
(Lj)eAl#i
Yi—q; = eijTij — Q1 — z45). from constraints (3)
—ifi=0,

Yo—g; = Q- Z (yij — erjxyj)

(l,j)eA
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and

— Yoj — Z

(1,§)EA:1£0

Yo—q; = Q + eojxo; (yij

Yo — q < egjToj + Q- QwOJ

Yo _q 60J$0J +Q(]— _mOJ)

Yo—q;,=Q— D (i —eyay)

(1,j)eA
yo—gj:Q—i—eoijj— Z Yy + Z
(1,5)eA (1,7)€A:1#£0

yO_gj ZQ"‘GQJ':I)OJ' —Q Z Ty

(Lj)eA
yo—gj >Q+60jw0j —Q
Yo — q GOJSCOJ
Yo — q; Z €oj®oj — Q1 — zoj).

Constraints (6) are therefore satisfied.

e Let ¢ € F', then

Z Yil

(i,1)eA

Yi =4q..

-1

Constraints (8) are therefore satisfied.

e Let (1,

0) € A, then

Z Yit

(i,1)eA
Yi 2 Yio

Yi = €;0%40-

Constraints (7) are therefore satisfied.

e Let (i,7) € A such that j € I. Then,

— if i e V\{0},
T, T = Z it~ Z Til
(j,)eA (4,0)eA
= ), (Mt +a)mg)— Y, Ta
(1.)eA (i,1)eA:
Ti—m= (gt gt Y, (Mgt
(Lg)eAili
=Tz (g T - Y, Ta
(i 1)EA:L£]
7 =7 2 (tij + 9) Tij — Tnaw ), Ta
(i,1)EA:1]
7 = Ti 2 (tij + 95) Tij — Tmaa (1 — @ij).

32

(ti; + g5) xij) —

— el %;)
from constraints (38)
from constraints (3)
from constraints (40)
€15 L5

from constraints (42)

from constraints (3)

from constraints (41)

from constraints (49)

from constraints (43)

2 Ta

(4,1 €Al

from constraints (45)

from constraints (2)



—ifi=0,
Tj —To = Z Tjl
(7,DeA

T —Tp = Z (135 + (ti; + g;) 1) from constraints (43)
(I,j)eA

7y =70 = (to; + 9)) Toj +Toj + Y, (75 + (b + ;) Tj)

(1,5)€A:£0
T; — 7o = (to; + 95) ®oj
Tj — 70 = (toj + 95) Toj — Tmaz(l — Toj)- from constraints (2)
Constraints (26) are therefore satisfied.
e Let (i,75) € A such that j € F’. Then,
— if i € V\{0},
Tj—Ti= Z le— Z Til
(4,D)eA (i,1)eA
T, — T = Z (mij +tyjxgy) + A — Z Til from constraints (44)
(1,)eA (i,))EA
T — T = tijccij + Aj + Z (le + tlj:clj) — Z Til
(1.j)eA:d#i (3,1)eA:l#]
T — Ti 2 tijxi + Aj — Z Til
(3,0)eA:l#]
Tj —Ti 2 tiTij + Aj — Thnaa Z T from constraints (45)
(i,1)eA:l#]
Tj =T 2 tijTij + A — Thnae (1 — x45) from constraints (2)

T; —Ti 2 tijxig + Aj — (Tmax + Smax)(l — :EU)

— ifi=0,

Ty —T0 = Z Tj1
(4,.1)eA

Tj —To = Z (115 + tijxyy) + A from constraints (44)
(1,j)eA

Tj—T():toj.’I}oj-i-Aj-i-Toj-i— Z (le —i—tlj:clj)
(1,7)EA:1£0

T; —To = tijiL'()j + Aj

T —To = tiijj + Aj - (Tmaac + Smaac)(l - wOj)~
Constraints (27) are therefore satisfied.
e Let j € V\{0}. Then, if je I,

7 +tjo = Z Tt + Lo
(5,)eA

T ttjo < 2 (Trmaz — tii—pi— tio) T+ tjo
(4:h)eA
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T; +1j0 < Z Tnaz — tj1 — tio) 51 + tjo from the triangular inequality

(7,1)eA
Tj + th Z maz - gO) Tj1 + th
(4,h)eA
Tj + tjo < Tnaz — tjo + tjo from constraints (2)

Tj + th < Tmam
and if j € F’,

T; +tjo = Z i1 + Lo

(4.h)eA

7j +tj0 < Z (Tinax — tjt — tio — A7) @ji + to
(4,.)eA

Tj +tjo < Z (Trmaz — tjo) i + tjo from the triangular inequality
(4,1)eA

Tj + tjo < Trmaz — tjo + tjo from constraints (2)

T + th < Thaz-

Constraints (28) are therefore satisfied. By definition of the values 7;, constraints (29) and (30) are also
satisfied. The non-negativity constraints (33) are satisfied. Hence all the node-based tracking constraints are

satisfied. 0

* Proof of Lemma 4.1. Let us now consider a RP (p, ¢) containing at least one CS. If the SoC of the EV upon
departing from the origin is equal to ¢’ rather than ¢ < ¢/, then the EV arrives at the first CS p,(0) with a
SoC equal to ¢' — €,(p), i, (0) Tather than g — e,y 4, (0)- The inverse of the SoC function InVSoCEJp’qs) includes

0)- Since

the time charging the EV from g — e,(p) ., (0) up to ¢(0), which is larger than or equal to ¢' — €,(p), ., (

the EV arrives with a larger SoC at y,(0) when starting with a SoC equal to ¢/, the time spent by the EV to
reach a given SoC is reduced by the time spent at 11,(0) charging the EV from ¢ — e,(,) ., (0) 10 ¢ = €o(p) ., (0)-
This time is equal to A}, = q);pl(o) (@' = €o(p),uy(0)) — q);pl(o) (¢ = €o(p),u,(0))- The inverse of the SoC function
InvSOC‘(IPV 4) can therefore be built from the function IHVSOC((J;D’ ) by subtracting )\Zq, from the time needed to
reach a given SoC. For a SoC that is smaller than the minimum SoC that can be reached at the destination,
the time is consistently set (according to the definition of the inverse of the SoC function) to the time needed
to reach that minimum.

Now consider a RP (p, ¢) that does not contain any CS. The inverse of the SoC function is equal to tP if
the SoC ¢ is less than or equal to the SoC of the EV upon arriving at the destination d(p). Otherwise, the EV

can never reached this SoC and therefore the value of the SoC function is set to co. O

* Proof of Proposition 4.1.

Case 1: If n,, =0 or Oy, 4,) = Op,.4,), We have to consider two cases: n,, > 0 and n,, = 0 (note that

Ny, > 0 since we never check the dominance of a RP that does not contain any CS).

e Case 1.1: n,, >0 (¢1 = €o(p1),iip, (0) and g2 =€ o(p2), MPQ(O))
First, observe that if ¢ € [Q Z; z; ,@;;i; ] is such that Tg;’ii;(q,ql,qg) < Ay (q) — Ay, (g), then we
have:

(p1.1)
T ipaomy (@01, 02) < Ay, (q) — Ay, (q)
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q1 A q2 ~ -1 _ _ &1 _
- éeﬂgaﬁi;(@{lnvsoc(m,%)(q) Invsoc(l’z:d’z)(q)} S (I)le (0)(q Co.py (O)) (I)sz(o)(q Co.tp, (0))
p2,%2

= Yae QT (@), vSoCh (@) = InvSoCE ) (@) < @yl ) (0 = o 0)) = ¥yt 0) (T Corny0)

~ b . _ ~ _
= VQ € ng;qﬁ;;(Q)v IHVSOC((];I’¢1)(Q) - (I),J:l (0) (q - eo,,uz71 (O)) < IDVSOC((J;%(bZ)(q) - CI)M;(Q)(Q - eo,ym (O))
= Vge Qg;i;;(q), InvSoC{, ;1(q) <InvSoC{  , (q) from lemma 4.1
= Yq e [max{0,q — min{epl,epz}},G(p%%)], InvSoC(p o )( q) < IHVSOC(p éo )(q) (115)
Second, observe that if g € [Q(zl’i;) Q z;ii ] is such that Tg;’?;(q, q1,92) < Ap, (q) — Ap,(q), then we
have:
T 00 (4415 @2) < Ay (4) = Ay (4)
i(pz’(z)z) Q7Q1;QQ P1 q P2 q
= (gniil) {InVSoC?;hd)l)(cj) - InVSoC‘(I;L (@} <2, (0)( €oip, (0) — <I>;p12 (O)(q — 0,11, (0))

€2 (505 (9)

o (p1,¢1) ~ -1
= 3¢ € QG @,  IvSoCh, (@) —InvSoCT, (@) < 5] 0)( ~ Compy @) ~ P )0 Conny @)
= 37 € QII(g), TvSoCl (@) = D" (6(a—€op, o) < IVSoCE, (@) =D 0 (0= o, o)
= 37 € leilg(q), InvSoC( o) (@ q) < InvSoC( )((j’) from lemma 4.1
= 3¢ € [max{0,q — min{e"*, eP?}}, 9 (p2,do) ] InVSoC (1,61 )( 7)< IHVSOqu ¢2)((j’) (116)
Let g€ [QE g g min{eP!, eP2}] be such that Tgi’zi;(q, q1,92) < Ay, (q¢) —Ap,(¢) and Tg“i;;(q, q1,q2) <
Ap, (q) — Ay, (q). Equation (115) is equivalent to Vg € [0,0,, 4,)], IHVSOC(p1,¢1)( q) < InVSoCE’p27¢2)((j)

and Equation (116) is equivalent to 3¢’ € [0, (9(,,27(;52)], InvSoC(ph%)((j') < InvSoC‘(sz,%)(q"). This means
that (ph(bl) >q (p27¢2)'
—(p1,91) 1)

(P1,¢1)
Let ¢ € [min{e?', e?}, Q(r274)] be such that max{T(o. 5:) (¢, 41.02). Uoe om) (441,02, 1)} < Ay (g) —
Ap,(q) and mm{TEZ;’iig(q q1, qz),Qg;’ig(q q1,q2,1)} < Ay, (q) —Ap,(g). We consider the two following
subcases:

1. If ¢ is such that min{eP!, eP2} < g < max{eP?, eP?}, then
— If min{eP?, eP2} = eP1, then

+=(p1,61)
U(iz.(ﬁz)(Q? q1,92,1) < Ay, (q) — Ap,(9)

= InvSOC‘(I; & )(q —eP1) — InvSGC o )( ) < @;pll (0)(q — Copy, (0)) — @ﬂpl (0)( — €oup, 0))

= InVSOCg; b1 )(q —ePr) — <I>;p11 (0)(q ~ €ovp, (0 0)) < IHVSOC(p 52) ( ) — <I>;p (0)(q ~ Covp, 0))

= Vg e[0,q — €], InvSoC#

(s (@ =€) = @0 0 (@ = €00, 0) STVSOCE (@) = @ (0 = €0y (0)

= Vge[0,q— €], InvSoC‘(Ipl’m)(cj) < InVSoC’(Jp%@)((j) from lemma 4.1

Since Equation (115) holds, we therefore have InvSGC A¢>1)((j) < InVSoC'gp2 )(ij) for every ¢ €

P2
[0,©(p,,6,)]- Observe that if ¢ is such that UEpl d)l;(q, qQ1,42,1) < A, (q) — Ap,(q), then we have:

UL (g, q1.02,1) < Ay (@) — Dy ()

= InvSoC‘(I;) b1 )(q —ePt) — InvSoC‘(Ip éo )(q —ePt) < ot (0)(‘1 — €01, (0)) — CID;; (0)(q — €0,1p, (0))

Hpy

= InvSoC‘(I; b1 )(q —ePt) — <I>;p11 (O)(q = €01, (0) < InvSoC(; . )(q —ePt) — @;plz (0)(q — €0,11p, (0))
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= 3¢ € [0,q — €], InVSoC‘(];hm) (g —ePr) — (I)upl (0)( — Coup, () < IDVSOC((J;%(W) (@) — (I),:;(o)(q — Coup, ©))

= 3¢ € [0,q — €], InVSoC (or.on) (@ "< InvSoC (02 ¢2)(<j’) from lemma 4.1 (117)

o)\

Since either Equation (116) or Equation (117) holds, there exists ¢ € [0,0(,, 4,)] such that

InvSoC < InVSOC‘(Zp . )(cj'). Therefore, we can conclude that (p1, ¢1) >4 (P2, P2).

p¢)()

— If min{eP?, eP2} = eP2 then

—=(p1,01)
U<§2.¢2)(q, q1,q2,1) < Apl (q) — Apz (9)

= InvSoC‘(I; on(@—€7) — InvSGC;2 ony(@—€”) < @;1 0@~ €0, (0) — <I>;1

P1

(0) (q - eo,p,pz (0))

= InvSng; b )(q —eP?) — @;pll (0)(q ~ €y, (0 0)) < IHVSOC(p . )(q —eP?) — @;}}2 (O)(q ~ Covup, )

= Vg e [0,q —eP?], IHVSOC(; o@D — <I>;p11 (@ = €01, (0) < InvSGC2 oy (@ —€7) — <I>#pl2( V(4= €ou,,(0)

= VYge[0,q—eP?], InVSOC (o161 )( q) < IDVSOqu o )((j) from lemma 4.1

Since Equation (115) holds, we therefore have IDVSOqu b1 )((j) < InvSoC‘(Ip2 ¢2)(g7) for every ¢ €

[0,©(p,,6,)]- Observe that if ¢ is such that Ug;’ilg(q, q1,92,1) < A, () — Ap,(g), then we have:

UP ) (q,41,02,1) < Ay, (0) = Apa (@)

= InvSOCg; . )( ) — InVSGC2 (q —eP?) < @;pll (0)(q — Coup, 0)) — <I>;p1 (0)(q ~ €oupip, ©))
= InVSOCq;, ¢1)(0) e, ' (0)( = Covyip, (0)) < IHVSOC((Z;Q,%)(‘I —eP?) — e, ; (0)( = Co.yipy (0))
= 3¢ € [0,q — €??], InVSOC?;1,¢1)((j/) - (I>;1 (@ = €0, (0) < InVSOC?;Q’m)(q —eP?) — @;32(0)@ — €ovipy (0))

=3¢ € [0,q —e”],InvSoC{, , (¢') <InvSoC{, . (¢) from lemma 4.1 (118)

o)\

Since either Equation (116) or Equation (118) holds, there exists ¢ € [0,0(,, 4,)] such that

InvSoC (1,61 )( q) < InvSoC‘(Ip bo )( ¢'). Therefore, we can conclude that (p1, ¢1) >4 (P2, ¢2).

2. If g is such that max{eP!,eP?} < ¢ < Qg;:i;g, then

— If min{eP?,eP2} = eP1| then

77(p1,¢1)
U(Zg,(bg) (qa q1,42, 1) Apl (q) - Apz (q)
1

= InvSoC 117 b1 )(q —ePt) — InvSoC(p 62) (q —eP?) < <I>Hp1 ) (¢ — eo7up1(0)) — <I>;p12 ) (¢ — eo,upz(O))

= InVSGC; o )(q —ePr) — (I)upll( )(q — eo#m(o)) InvSoC‘” (q —eP?) — <I>;pl2 ©) (q— eo,upz(O))

= Vg€ [qg—eP?, q— e, InvSGC1 (q —elt) — @ujl (0)( €opip, (0)) < IHVSOCI(J;27¢2) (q) — @;plz (0)(q — €0, (0))
= Vge [q—eP?,q—e], InvSoC?pl,m)( §) < InvSoC(p $2) (cj) from lemma 4.1

= VYge[0,q —eP], InvSoC((]prl)(ij) < InVSOC(pz,@)((D

Since Equation (115) holds, we therefore have InvSoC‘(Zpl’%)( q) < InVSoC (2.2 )((j) for every g € [0,0y, 4,)]-

Observe that if ¢ is such that U(gl ilg(q q1,92,1) < Ap, (¢) — Ap,(q), then we have:

UP (0,00, 42.1) < Dy (@) = Dy @)

= InVSGC1

(p1,61 )(q —eP ) — IHVSOCq; b3 )(q - epl) < (I),:pll (0) (q ~ Co,pup, (O)) - (I);; (0) (q ~ Copp, (O))

= IvSoCE, ) (@ =€) = 10)(0 oy, ) <TVS0CE, ) (4= e") = 2 (6)(4 — Cossy, @)

= 3¢ € [0,q — €], InvSGC;1 " )(q —ePt) — ‘I);pll (0)(q — Coup, ) < InvSoC((];z’(ﬁz)(Q") — @;:2(0)@ — Cop, ©))

36



= 3¢ € [0,q — "], InvSoC‘(Ipl)m)(q") < InvSoC‘(Ipz’@)(q") from lemma 4.1 (119)

Since either Equation (116) or Equation (119) holds, there exists ¢’ € [0, O, 4,)] such that InVSOC (p1.61) (q) <
InvSoC(p bo )( ¢'). Therefore, we can conclude that (p1, ¢1) >4 (P2, ¢2).

— If min{eP?, eP2} = eP2, then

77(p1,01)
U(z; ¢;)(qa q1,42, 1) Apl (q) - Apz (q)

= IHVSOC((I; 1 )(q —e) — IHVSOC(; o )(q —e”) < (I);m( )(q - eo,upl(O)) - (bu/pg (0) (¢— eo,um(o))

= InVSoC‘(I;)1 1 )(q —eP?) — @;:1 ) (g — €011, (0 )) InVSoC‘(I;2 . )(q —eP?) — (I);:z (0) (q— eo,u,pZ(O))

=Vje[qg—el,q— epz],InvSoC‘(];h%)(cj) - @;: (0)(q — €011, (0 )) InvSoC(2 o )( er?) — o~ ! (g—e #m(o))

=Vje[qg—el,q— 6p2],IIlVSOCl(IP17¢1 (@) < InvSoC(p bo )( g) from lemma 4.1

= Vge[0,q—€eP?], InvSoC‘ép17¢l)((j) < InvSoC?pQ’d)Q)((j)

Since Equation (115) holds, we therefore have InvSoC(p ¢1)( q) InvSoC ( 7) for every G € [0,0,, ¢,)]-

<
Observe that if ¢ is such that Qg;’ilg(q,ql, q2,1) < Ay, (q) — Ap,(q), then we have:

UL (g, q1,02,1) < Ay (@) — Dy ()

= IHVSOC((I; b1 )(q —ePt) — InvSoC(; . )(q —e?) < d :1( )(q — eo,upl(O)) - @;:2 ) (g — eo,up2(0))

= InvSoC‘(];) b1 )(q —elt) — ot © )(q — eo’um(o)) < InVSoC‘(I;)Z’%)(q —eP?) — ot © )(q - eo,upz(O))

Hpy Hpgy
=3¢ € [0,q — €], InvSoC(p d)l)((j’) — @;pll (0)(q — €opp, (0 0) < InvSoC'("; @)(q eP?) — (I>up12 (0)( — €oup, 0))

= 3¢ € [0,q — eP?], InvSoC'(Jph%)((j’) < InvSoC‘(Ip%@)(tj') from lemma 4.1 (120)

Since either Equation (116) or Equation (120) holds, there exists ¢’ € [0, ©,, 4,)] such that IDVSOC(p o) (@) <
InvSGCp . )(q ). Therefore, we can conclude that (p1, ¢1) >4 (p2, P2).

e Case 1.2: n,, =0 (g2 = €o(p2),kpy (0))

First, observe that if ¢ € [Q z; i; ,@ ; ] is such that TE g(q 01,q2) < Ay, (q) — Ap,(q), then we

have:

(p1,61)
T(iz,qﬁz)(q?‘ha q2) < Am(‘]) — Ay, (q)

= max {7 - IvSoC (@)} < 27 (4~ Copn,0)

L @ | e
= Vge QU0 (g), 1 —InvSoCE, (@) <~ (0= Cop,, )
= Vae Q0 7 < InvSoCE, (@) = @) 00 = oy )
= Ve Qgg;ii;(qL InVSOC‘(Im@l)(cj) < InvSoC 4)(@)  from lemma 4.1
= Vg€ [max{0,q — min{epl,ep2}},@?;27¢2)], InvSGCp (@ < InVSoC (2. (D) (121)
Second, observe that if ¢ € [Q(Z;’i;),@ i;z; ] is such that Igl:il;(q, q1,92) < Ap, (q) — Ap,(g), then we
have:

TP (0,q1,42) < Apy (@) = Ay (@)

= max  {t" —InvSoC{]
Gen®121 () P2
(p2,42) 'Y

,$2) ( )} < (I)M (0)( eo,p,p2(0))
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= 30 € QI @), " =TvSoCE (@) < =) 0)(0 = oy, 0)

= 37 € Qg;iig(q), 7 <InvSoC{ , (q) — @;’1 )@= €0, (0)

= 37 € Qg;iig(q), InvSoC{, ,1(¢') <InvSoC{, , (q) from lemma 4.1

= 3¢’ € [max{0, ¢ — min{e”*, eP?}}, 9 (92,62 ] InvSoC‘(thd)1 (q) < InVSGCp ¢2)(cj’) (122)
Let g € [QE’“@I% min{eP?, eP2}] be such that TEi;’z;;(q, q1,92) < Ay, (q¢) —Ap,(¢) and Tgl zlg(q, q1,q2) <

Ap, (q) — Ay, (q). Equation (121) is equivalent to Vg € [0,0,, 4,)], IHVSOC(p o )( q) < InvSoC(p ¢2)((j)
~/

and Equation (122) is equivalent to 3¢’ € [0, O (p, 4,)], InVSOC (1,61 )(q ) < InvSGCp . )(~ ¢'). This means
that (p17¢1) >q (p27¢2)

Let g € [min{eP?,eP2}, Q(gi i;] be such that maLx{T(g2 Zzg(q,ql,qg),Ug;i;g(q,ql,qg,1)} < Ay () —
A,,(g) and mln{T(p1’¢1)(q, q1,92) U(p1’¢1)(q, ¢1,92, 1)} < Ap, (q) — Ap,(g). We consider the two following

(p2,$2) ) =(p2,¢2)
subcases:

1. If g is such that min{eP?, eP2} < ¢ < max{eP?, eP?}, then
— If min{eP?, eP2} = eP1, then

77(p1,¢1)
U(z;dy;) (Q7 q1,42; 1) Apl (q) - APZ (q)

tpl - IHVSOC((I; b2 )( ) < _Q;pl (0) (q - 607#;72 (0))
= Pt L InvSoC‘(J;%%)(O) <I>;p2( )(q ~ Co,up, (0))

= VYGe[0,q—el], "< InvSoCE’p ¢2)(zj) — <I>;p12 ) (4 = €0, (0))
= Vge[0,q—e], InvSoC‘(]plm)((j) < InvSOC?p%%)(zj) from lemma 4.1
Since Equation (121) holds, we therefore have InVSoC (1,61 )( q) < InvSGC ( §) for every G €

[0,©(p,.4)]- Observe that if ¢ is such that Qg;:iig(q, G1,92,1) <A, (q) — Apz( ), then we have:

UP (0,01, 42.1) < Dy (0) = Dy (@)

Y InVSOC‘(]p . )( ef) < —(I’_l? (0)(q ~ €0,1,(0))

q
= " <InvSoCpp_ o )(q -

) — (I);p (0)( — €01, (0))

= 3¢ €[0,g—e], th < InVSoC?;%@)((j) - <I>;1 (4= €051, (0))

= 37 €[0,g—€™], InvSoC{, , (¢') <InvSoC{, , (¢') from lemma 4.1 (123)
Since either Equation (122) or Equation (123) holds, there exists ¢ € [0,0(,, 4,)] such that
InvSoC

— If min{eP?, eP2} = eP2, then

(1,61 )(~’) < InvSoC?p bo )( ¢'). Therefore, we can conclude that (p1, ¢1) >4 (P2, ¢2).

77(p1,¢1)
U(§2,¢2) (q a1, 42, 1) Apl (q) - AP2 (Q)

= " —InvSoC{ ;1 (g —e™) < <I>Hp12 0)(4 = €0, (0)

=t < InVSGC;2 2) (q—e’)— ‘I),Ipl (0) (4= €0y, (0))

= VYge [0,q —eP?], InvSoC!

(p1,61 )( g < IHVSOC(p . )( g) from lemma 4.1

Since Equation (121) holds, we therefore have IDVSOC((Z o (@) < InVSoC‘(IP2 40y (@) for every G €

[0’@(192,@)] Observe that if ¢ is such that UEpl’d)l;(q, q1,42,1) < A, (@) — Ap,(q), then we have:

UL (g, q1,02,1) < Ay, (@) — Dy ()
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= P — InvSGC e )(q —e”?) < -0 p12 (o)(q = €011y, (0)
=t <InvSoC{ 1 (¢ —e”) — ‘I’;pl (4 = €opiyy (0)

= 3¢ €[0,q —eP?], " < InvSGC; " )(g’) — @;:2 (0)(q — eo,#m(o))

= 3¢ € [0,q — €], InvSoC!?

(1o (@) <InvSoC{, . 1(¢')  from lemma 4.1 (124)

Since either Equation (122) or Equation (124) holds, there exists ¢ € [0,©(,, 4,)] such that
InvSoC < InvSoC?p bo )( ¢"). Therefore, we can conclude that (p1, ¢1) >4 (P2, ¢2).

—(p1,%1)

p¢)()

2. If ¢ is such that max{e’*,eP?} < ¢ < @, 4,), then

— If min{eP?,eP2} = eP1, then

77(p1,61)
U(§2,¢2)(q’ a1, 92, 1) < Apl (Q) - AP2 (Q)

= P — InvSGC; . )(q —eP?) < _q);; (0)(q ~ Cop, )

= P < InvSoC‘(];%%)(q —eP?) — (I)upl (0)( — €01, ©))

= Vq € [q —eP? yq — ep1]7 tpl InVSOCq; ,b2) (Q) - @;:2 (0) (q - eo,HPQ (0))
= Vge|[qg—eP? q—e], InvSoC(p b )( q) < InVSGC 7¢2)((j) from lemma 4.1

= Vge [07 q— epl]v InVSOC?pl,d)l)( ) IHVSOC(P ¢2)(q)

Since Equation (121) holds, we therefore have InvSoC (1.1 )( q) < InVSoC (2.2 )(ij) for every ¢ €
[0,©(p,,6)]- Observe that if ¢ is such that UEpl d)l;(q, q1,42,1) < A, (@) — Ap,(q), then we have:

UP ) (q,41,02,1) < Ay, (0) = Apa (@)

= " —InvSoCP (¢ — €M) < —tI)‘pZ (4~ €0 (0)
=t < InVSoC?;%@)(q —eP1) — <I>upl2 (0)( — €041, ©))
= 3¢ €[0,q—eP], "< InVSGC; ¢2)((j ) — @;32(0)@ — €0,1p, 0))

= 3¢ € [0,q — "], InvSoC‘gpl’m)(d') < InVSoC'gp%%)((j') from lemma 4.1 (125)

Since either Equation (122) or Equation (125) holds, there exists ¢ € [0,0(,, 4,)] such that
InvSoC(p o )( q) < InvSoC'(’p . )( ¢'). Therefore, we can conclude that (p1, ¢1) >4 (P2, P2).
— If min{eP?, eP2} = eP2, then

+=(p1,61)
U(§2,¢2) (q’ q1, 92, 1) < A]31 (Q) - AP2 (Q)

= P — InvSOC?p . )(q —eP?) < —@;1)12 (0)((] — €o,up, 0))

= P < InVSGC2 (q—e ?) — (I)uplz(o)( eo,upz(o))

= VYgGe[0,q—eP?], InvSon n )( q) < IIlVSOCp b0 )(~) from lemma 4.1

Since Equation (121) holds, we therefore have InvSoC(p b1 )(cj) < InVSoC‘(Ip2 ¢2)((j) for every ¢ €

[07@(;;2,452 ]. Observe that if ¢ is such that UEpl’d)l;(q, q1,492,1) < A, (q) — Ap,(q), then we have:

UL (0,01,21) < Dy, (0) = Ay (9)
= th —InvSGC s b2 )(q— eP?) < <I> L (0)((]— eo,um(o))

Hpo

- P < InVSGC; 4a) (q —eP?) — @;plz ) (g — €o,1ip, (0))
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= 37 €[0,q—e™], " <InvSoC{; , () — ‘13;’1 (7= €0, (0)

= 3¢ € [0,q — €], InvSoC (q) < InVSoC (2.0 )((j') from lemma 4.1 (126)

(p1 ¢1)

Since either Equation (122) or Equation (126) holds, there exists ¢ € [0,0(,, 4,)] such that
InvSoC (1,61 )(~’) < InvSoCl(Ip . )(cj'). Therefore, we can conclude that (p1, ¢1) >4 (P2, P2).

Case 2: If ny, = 0 or Oy, 4,) = Oy, ¢,), We have to consider two cases: n,, > 0 and n,, = 0 (note that

nyp, > 0 since we never check the dominance of a RP that does not contain any CS).

e Case 2.1: ny, >0 (¢1 = €o(p1),ip, (0) and go = Eo(ps), sz(()))
First, observe that if ¢ € [Q Z; Z; ,@z; i; ] is such that TE ;(q G1,q2) = Ay, (q) — Ap,(q), then we
have:

Igz;:i;g(Q7 q1, CI2) = Am (q) — Ap2 (q)

< min {IHVSOC(p b1 )( q) — IHVSOC(; ¢2)(cj)} > A, (q) — ‘P;plz (0)((] — €0,11, (0))

(p1.41)
EQ(Pz $2) ()

= Vge QEUTN@), IvSoCh (@) ~InvSoCE, (@) = ®," (0)(0— €osuy, 0) = B, (0)(0 €osury 0)
=Yg QT 0), TvSoCh (@) = 7 (0)(4 — €opy, ) Z TVSOCE (@) =@, (4 = o, 0)

= Vg e QP9 (g), InvSoC{, ,1(q) = InvSoC{  (q) from lemma 4.1

(p2,92)
= Vq € [max{0, ¢ — min{e?*, eP?}}, 6(p1 o)l IHVSOC(p b )( q) = InVSoC (02 ¢2)(q) (127)
. s61) (p1.41)
Second, observe that if ¢ € [QEZ;Z;%, Q g ¢; ] is such that T(ii d)i)(q, q1,92) > Ap, (q) — Ap,(g), then we
have:
(P1,01)

T(pz@z)(q?(ll’ q@2) > Am(‘]) — Ay, (q)

< eggllaﬁ)( ){InVSoCE];Mbl)((j) — InVSoC‘(];%@)((j)} > Ay (q) — @;}}2 (0)(q — €0,1p, 0))
(p2,92)

37 € O (0), TvSoCh, ) (3) = TavSoCt, (@) > B11 (0= €0y 0)) = 25 0)(4 oy @)
=37 € QL0 (q), TvSoCh (@) =yt (0(a—e€op, o) > VSoCE | (d) =D (a—eop,,0)
=37 € QEZ ilg(q), InvSoC{, ;,(¢') > InvSoC{,, , (¢') from lemma 4.1
= 3¢ € [max{0, ¢ — min{e?", em}} Oy o] InvS0CY, | (§) > IvSoCY, (7)) (128)

. 1,01
Let g € [Q( %) min{ers, er2}] be such that T2} (g, q1,g2) > Ay, (4) = Ap, (g) and T (,01,02) >

Ap, (q) — Ay, (q). Equation (127) is equivalent to Vg € [0,0,, 4,)], InvSoC( )( q) = InvSoC(p ¢2)(q)
and Equation (128) is equivalent to 3§’ € [0, 0, )], InvSoC(p ¢1)( q) > InvSoC?p . )( q'). This means
that (p2, d2) >q (p1,d1).

Let g € [min{eP', P2}, Q 22; ] be such that min{T" pl’m;(q, a1, QQ),QEZ&;(Q’ 01,92,2)} 2 Ap, (9)=Ap, (q)
P1,61)
)

(P1,¢1)
and maX{T(p2,¢2)(q>q17q2)aU(£2,¢;)(Q7qlaQ2a )} > Apl( ) - Apz (q .

cases:

We consider the two following sub-

1. If ¢ is such that min{eP!, eP?} < ¢ < max{eP?, eP2}, then
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— If min{eP?, eP2} = eP1, then

UP ) (q,41,02,2) = Ay, (4) = Apa(9)

= IHVSOCQ;) onla—e’) — InvSGCz on(@— ") 2 ot 04— €0, 0) — <I>;1

By (0) (q ~ €o,pp, (0))

P2

= InvSoC{) , (¢ —e™) — cI);pll (4= €0, 0) = vSoCH (g —e™) — @ pl 07— €0, (0)

= Vqe[0,q— €], InvSoC(p onla—e) -2, 1 0@ = €, (0) = InvSoC‘(I; o@D — @;:2(0)((]—60’%2(0))

Hpy

= VYge[0,q—e], InvSoC( b1 )( q) = IHVSOC(p2 ¢2)((j) from lemma 4.1

Since Equation (127) holds, we therefore have InVSoC (1,61 )( q) = IHVSOqu . )((j) for every ¢ €

[0,©(p,,6,)]- Observe that if ¢ is such that UEZ i;(q, q1,92,2) > Ap, (¢) — Ap,(q), then we have:

+=(p1,01
UE§2,¢2;((]3 41,92, 2) > Apl (q) - APQ (q)

= InvSoC‘(I;hm)(q —eP) — InvSoC‘(z (O) > <I> )(q €o,ip; ©)) — @71 (0)(q — €o,ipy )

= InVSOC((]ZIH’(bl) (q — epl) - (I);pll (0) (q ~ €o,up, (0 )) > InVSOCq; b2 )(0) (bﬂpl2( )(q ~ €o,pup, (0))

= 3¢ € [0,q — €], InvSoC‘(];hm)(q —eP) — (I>Hp11( )(q — €oup, (0)) > InVSoC(;%@)@/) - ‘I);;(O)(q — €01y, (0))

=3¢ €[0,q — e InVSoC > InvSoC ¢) from lemma 4.1 129
(p1 (p2,92)

o)\

Since either Equation (128) or Equation (129) holds, there exists ¢ € [0,0(,, ¢,)] such that

InvSoC > InvSoC?

(92,62 )( ¢"). Therefore, we can conclude that (p2, ¢2) >4 (p1,¢1).

~!
(p1,¢1 )( 7)
— If min{eP?, eP2} = eP2, then

QEZ;:z;; (Q7 41,92, 2) Am (q) — APQ (q)

= IHVSOC((I;h%) (0) o InVSOC((IIQJ27¢2) (q o 6p2) = (I);pl (0) (q ~ Co,up, (0)) - (I);:pl (0) (q ~ €o,pp, (U))

= InvSoC%

(10 (0 = @) (0 (0= oy, 0) 2 IVSOCE  (q =€) = D0 6,(a = €0y, 0)

= VYq e [0,q — eP?], InvSoC(1 )(N) @;pll ) (g — eo,upl(O)) > IHVSOC?;27¢2)(Q —eP?) — @;:2 ) (¢ — eo,upz(O))

= Vg e [0,q —eP?], InvSoC(p on(@) = InvSoC?p27¢2)((j) from lemma 4.1
Since Equation (127) holds, we therefore have InVSoC (1.1 )( q) = IHVSOqu . )((j) for every ¢ €

[0’@(1914)1)] Observe that if ¢ is such that Ug; zzg(q, q1,42,2) > A, (@) — Ap,(q), then we have:

77(P1,61)
U(§2,¢2)(q’ q1, 92, 2) > Apl (Q) - Am (CI)

= InvSGC1
(p1,01

)(0) Il’lVSOCq;2 ?2) (q —ef ) >0 11 (0)(q — €o,u,, (0)) - (I);;(Q)(q - eo,pm (0))

= InvSGC; o (0) — <I’;p11 (@ = €ou, (0) > IHVSOC&,@)(Q —e) — @;:2(0)@ ~ Co,ppy (0)
=3¢ € [0,q —e”],InvSoC{) , (@) — ‘I);l (@ = €0, 0) > IvSoCl (g —eP?) — @712(0)(q — €ovp, (0))

=3¢ € [0,q—e”],InvSoC{, , (7)) > InvSoC{, , 1(¢') from lemma 4.1 (130)

(1,01

Since either Equation (128) or Equation (130) holds, there exists ¢ € [0,0(,, 4,)] such that

InvSoC (1,00 (@) > InvSoC?p o (d

2. If q is such that max{eP?,eP2} < QEZ;;& then

(¢'). Therefore, we can conclude that (p2, ¢2) >4 (p1, ¢1).

— If min{eP?, eP2} = eP1, then

UL (4, 41,02,2) = Ay (a) — Dy ()
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= InVSoC'(J;Nbl) (g —ePr) — InvSGCzzﬁm)(q —ePt) = @;:1 ©) (q— Covtin, ©)) — @;:2 ©) (q— 607%2(0))

= InVSGC;1 b1 )(q —eP1) — <I>up11( )(q — Coup, (0)) = InVSGC;2 ¢2)(q —eP1) — @;1 ©) (4 = €oup, (0))

= Vg€ [qg—eP?, q—eP], IHVSOCQ; o )(q —ePr) — @;pl(o)(q — Coup, (0)) = IDVSOC(I; be )((j) — @;pl? (0)(q ~ Covip, (0))
= Vg€ [qg—eP?, q—eP], IHVSOC? ,¢>1)(Q) > InvSoC’(]p%%)((j) from lemma 4.1

=Vgie[0,q— epl],InvSoC‘(Iplm (q) = InVSoC )
Since Equation (127) holds, we therefore have InvSoC b )( q)

p1.b1) "

> IHVSOqu b0 )((j) for every G € [0,0,, 4,)]-
Observe that if ¢ is such that U(p2 6) (@015 G2,2) > Apl( ) — Ap,(q), then we have:

77(p1,01)
U(Zz,(ﬁz) (qa q1,42; 2) AP] (q) - Apz (Q)

:>InvSoC(]1) d))(q—e”)—lnvSoC(; ¢)(q—e 2) > ¢!

Hpy

(0) (q - eo,ﬂm (O)) - (I)lwz (0) (q o eo’ui’z (O))

= :[IlVSOC((Ill7 b1 )(q — epl) (I);TH( )(q - 6o,um (O)) > IHVSOC?;27¢2) (q - e;l)z) - (I);; (0) (q - eo,u,pz (O))

= E|(j/ c [q —eP? g — epl] InVSOC(p b1 )(q — epl) — (I);pl (0)(q = o, (0 )) > InvSGC )((jl) (I);pl2 (0)(q = €o,p, (0))

= 3¢’ € [q — eP?, ¢ — eP*], InvSoC? > InvSoC? ¢) from lemma 4.1
(p2,92)

(p1,01 )
= 3¢ € [0,q — "], InvSoC‘(th%)(q ) > InvSoC(pz’m)(d') (131)

Since either Equation (128) or Equation (131) holds, there exists ¢’ € [0, ,, 4,)] such that InvSoC( ) q) >

q
InvSoC (p2,b2)

— If min{eP?, eP2} = eP2, then

(). Therefore, we can conclude that (pe, ¢2) >4 (p1, P1)-

UL (4,01,02,2) = Ay (0) — Do)
= InvSoCf, (¢ = ¢”) ~InvSoCf, o) (@ =€) > O )0~ Couny0)) = o, 0)(0 ~ Cona®)

= InVSoC?;hm)(q —eP1) — <I>;p1 ) (q— eowpl(o)) > InVSoC’(];%@)(q —eP?) — <I>;1 ) (q— 607%2(0))

P2

= Vg€ [qg— P, q— eP?], InVSGC1

o0 (@ =y )0 Couny (0) > IvS0CE, (g =€) =@, 0)(0 = o, (0)

= Vg€ [qg— P, q— eP?], InvSGCp b )( q) = InvSGC o b2 )(cj) from lemma 4.1

= Vg€ [0,q — €], InvSoC? InvSoC?

(.00 (@) > (posa) (D)

Since Equation (127) holds, we therefore have IHVSOC(p ¢1)( q) InvSoC ( 7) for every G € [0,0,, ¢,)]-

=
Observe that if g is such that UEZ;z;;(‘L’h’ q2,2) > Ay, (q) — Ap,(q), then we have:

—(p1,91
TE o (g, a1,02,2) > Ay (0) — Ay (q)

= IHVSOCQ; o )(q —eP?) — InvSoC’I;7 o )(q —eP?) > @;:1 ) (g — eo’#m(o)) — @;:2 ) (g — eo#m(o))

= InVSoC‘(Z;hd)l)(q —eP2) — (I)upll( )(q — €op, (0 0) > InVSGC; 5 )(q —eP?) — (ID/;:Z ©) (q— eo,um(o))

~/

= 3¢ € [0,q — €?], InvSoC(p ¢1)(q ) — @;1 (0)(q — €041, ) > InvSoC(;7 ¢2)(q —eP?) — @;:2 (0)(q — €o.pup, 0))

= 3¢’ € [0, q — eP*], InvSoC? q) > InvSoC(p ¢2)(¢j') from lemma 4.1 (132)

(p1,61)\4

Since either Equation (128) or Equation (132) holds, there exists ¢’ € [0, O, 4,)] such that InvSoC (p1,61) @) >
InvSoC(p o )( ¢'). Therefore, we can conclude that (p2, ¢2) >4 (p1,¢1).

o Case 2.2: Np, = 0 ((11 = eo(pl) Hpy (0))

First, observe that if g € [Q Z; Z; ,@2 ﬁ; ] is such that TEZ;’ilg(q,ql’%) = Ay (q) — Ap,(q), then we
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have:

T (4,01,02,2) > Apy (@) — Apa(0)

<  min {InVSoC'(J;hm)((j) -2} = Ay, (q)

(p1,¢1)
EQ(:DQ b2) (@)

=Vge Qgg;i;g(q) InvSoC ; ¢1)((j) — P2 > @;ﬂll © (¢ — 607%1(0))

= Vje Qgg;gg(q), mvSoCl 1 (8) =" (6)(a = €op,, (0) = 7

=Vje Qgg;i;g(q), InvSGC o)D) = InVSOC‘(]p%m)(qN) from lemma 4.1

= Y € [max{0, ¢ — min{e"*, em}} @(;m 1) ],InvSoC?prl)((j) > InvSoC‘(szm)(cj) (133)
. (P19 (p1,41)

Second, observe that if q € [Qg;ilg, Qé;@ ] is such that Ty, "5 (¢, q1,q2) > Ap, (q) — Ap, (g), then we

have:

(P1,01)

T(pg,ng) (q7 q1,42, 2) > Apl (q) - APZ (q)

<  max {InVSGC1 (@) =17} > Ay (q)

(p1,91)
TEQ o) (D)

"e Qg;jg(q), mvSoCfy (@) =17 > @71 (a = eop,, 0)
=13j e Qg;g;(q), vSoCE, (@) =@, () (a = €0, 0) > 7
=37 € QEI;; i;;(q), InvSoC(p &) ( ) > Il’lVSOqu q1)2)((1') from lemma 4.1

= 3¢’ € [max{0, g — min{eP*, eP?}}, @ (pr,61) ],InvSoC(plm)( q) > InvSoC‘(Zp b2 )(d') (134)

1,01 : 1 o 1,01 1,91
Let g € [Qg,z:z,zgamm{@p eP?}] be such that T& i ;(q, q1,92) Z Ap, (q) — Ap,(q) and T& ¢2;(q, q1,q2) >
Ap, (q) — Ay, (q). Equation (133) is equivalent to Vg € [0,0,, 4,)], InvSoC( )( q) = InvSoC(p 4)2)((])
and Equation (134) is equivalent to 3¢’ € [0, 0, )], InvSoC(p ¢1)( q) > InVSoC((IP . )( q'). This means

that (p2,¢2) >q (pla(bl)'

Let ¢ € [min{eP?, P2}, Q Z;i; ] be such that min{T' pl’mg(q, a, QQ)an;z;;(Qa 1,42, 2)} 2 Ay, (¢)—Ap, (q)
and max{T(Z i;;(%%, q2), ngz’i;;(q,ql, 42,2)} > Ay, (q) — Ap,(¢). We consider the two following sub-

cases:

1. If g is such that min{eP!, eP?} < ¢ < max{eP?, eP2}, then
— If min{eP?, eP2} = eP1, then

UP ) (q,41,02,2) = Ay (0) = Ay (@)

= InvSoC((];hm)(q —ePt) -t > ‘1’”1 (0)( — €0, (0))
= InvSoCf (g —e") =@, o (a— €0, ) = 17
= Vge[0,q—e"],InvSoCl (@) =, (a4 €op,, (o) = 17

= Vg e [0,q—eP], InvSoC (1,61 )( q) = InVSoC (2.2 )((j) from lemma 4.1

Since Equation (133) holds, we therefore have InvSoC(p b1 )( q) = InVSoC‘(Ip . )((j) for every ¢ €

[O,@(m,cﬁ1 ]. Observe that if ¢ is such that UEZ;’i;;(q, q1,42,2) > Ay, (q) — Ap,(q), then we have:

77(p1,91
UEig,(ﬁgg(qa q1,492, 2) > Apl (q) - APQ (q)
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(q—ePr)—tP2 > o *

= InvSOC((J;h . (0)( — €o,up, (0))

¢1)

= InVSOCq;)l #1 )(q — epl) - (I);11 (0) (q - eo,,upl (0)) > P
= 3¢ € [0,q — €], IHVSOCQ; o )((j') - @;pl (0)(q — Coup, (0)) > 7

= 3¢ € [0,q — "], InvSoC?

(1o (@) > vSoC{ 1 (¢')  from lemma 4.1 (135)

Since either Equation (134) or Equation (135) holds, there exists ¢ € [0,0(,, ¢,)] such that
InvSoC‘(Ipl)m)(q") > InvSoC‘(Ipz’@)(q"). Therefore, we can conclude that (ps, ¢2) >4 (p1,¢1)-

— If min{eP?, eP2} = eP2 then

U e (4, 41,02, 2) = Ay, (9) = Dy, ()
= Inv8oC{) 1 (0) =172 > @ " (4 — €0y, (0)
= InvSoC{y ;1 (0) =@, 1 () (q = eop,, () = 17
= VG e [0, —e”],InvSoCl (@) =@, () (q— oy, 0) = 17

= Vg e [0,q—eP?], InvSoC(p b )( q) = IHVSOC(p2 b2 )(Q) from lemma 4.1

Since Equation (133) holds, we therefore have IDVSOC(p o )( q) = InvSoC‘(’p . )(Q) for every ¢ €

[0’@(1914)1)] Observe that if ¢ is such that Ug; zzg(q, q1,42,2) > A, (@) — Ap,(q), then we have:

77(p1,¢1)
U(z; ¢>;) (Q7 q1,42; 2) > Apl (q) - APZ (q)

:>InvSoC((’; b1 )(q—em)—tp2 > 1(0)( €o,j1p, (0))
= InvSoCl} (g —e™) - q);pl( (@ = €01y, 0)) > 172
=3¢ €[0,q — epz],InvSoC‘(];h%)(cj’) - <I>;p1 (0)(q — €opy, (0)) > 1

=3¢ €[0,q — epz],InVSoC‘(]p1 on(d q) > InVSOC (2 (@ ¢') from lemma 4.1 (136)
Since either Equation (134) or Equation (136) holds, there exists ¢ € [0,0(,, ¢,)] such that

InvSoC( o )( q) > InvSoC’g . )( ¢'). Therefore, we can conclude that (p2, ¢2) >4 (p1,¢1).
—~(p1,91)

2. If ¢ is such that max{e*,eP?} < ¢ < @, 4,), then

— If min{eP?,eP2} = eP1, then

UP (0,q1,42.2) = Dy (0) = Dy (@)

= InvSoC{) , (g —e™) —t7 > ‘I’;m(o)( €01y, (0))
= IHVSOC((];) b1 )(q - ep1) - (I);pll (0) (q - eo,upl (0)) > [

= Vge[0,q — €], InvSoC‘(Ipl’m)(cj) > InVSoC'(]p%@)(Q) from lemma 4.1

Since Equation (133) holds, we therefore have InvSoC?plm)((j) > InvSoC'(]p%m)((j) for every ¢ €

[Ov@(m,dn ]. Observe that if ¢ is such that Ugg’z;;(q, q1,42,2) > Ay, (q) — Ap,(g), then we have:

+(p1,91
UE§2,¢2;((]3 q1,92, 2) > Apl (q) - APQ (q)

= InvSoC((];17¢l)(q —ePt) —t2 > ‘1)”1 (0)( — €0, (0))
= InVSOC((];hm)(q —e) — ‘I);pll 0)(4 = o, () > 1

=3¢ €[0,q—e”],InvSoC{, , (@) > InvSoC{, , 1(¢') from lemma 4.1 (137)

o)\
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Since either Equation (134) or Equation (137) holds, there exists ¢ € [0,0,, 4,)] such that

P1,91
InvSoC‘(Zpl’%)(q”) > InvSoC‘(Zp%m)(cj'). Therefore, we can conclude that (p2, ¢2) >4 (p1,¢1)-

— If min{eP?, eP2} = eP2 then

UP ) (q,41,02,2) = Dy (0) = Apa(0)

= InvSoC?;hm)(q —ePr) — 2 > q’;pll 0) (4 — €041, (0)))

onlg—e) -

= TnvSoC{L iy (0 (4~ oy (0)) = 17

= Vg e [q— el q—eP?], InvSoC((];)Mbl)(d) - ‘b;pll (0)(q — oy, (0)) = 77

= Vje[q— el q—eP?], InVSoC?phqﬁl)((j) > InvSoC’(lpzm)((j) from lemma 4.1

= Vg e[0,q —eP?], InvSoC((Iph%)((j) > InvSoC?p27¢2)((j)

Since Equation (133) holds, we therefore have InVSoC‘(Ip1 ¢1)((j) > InvSoC‘(lp2 ¢2)(cj) for every ¢ €

[0,@@1@1)]. Observe that if ¢ is such that UEZ:;;;((], q1,92,2) > Ay, (q) — Ap,(g), then we have:

77(p1,01)
U(§2»¢2) (q’ a1, 42, 2) > Apl (q) - AP2 (Q)
= InvSoC‘(];Mbl)(q —eP?) — P2 > @;:1 ) (4= €oup, (0)))

q1

= InvSoC(prl)(q - ep2) - (I);pll (0) (q - eo,,upl (0)) > P2

= 3¢ € [0, q — €?],InvSoC? (q) — @;pl (0)(q — €op,, (0)) > 72
1 1

(p1,61)
=3¢ € [0,q—e”], InvSoC{, , (7)) > InvSoC{, , 1(¢') from lemma 4.1 (138)

Since either Equation (134) or Equation (138) holds, there exists ¢ € [0,0(,, ¢,)] such that

InvSoC?p1 o (@) > InvSoC?

(12 ¢2)(zj'). Therefore, we can conclude that (p2, ¢2) >4 (p1,¢1).

C Example requiring a large number of CS copies

Figure 6 depicts an example in which a CS is visited 4|I| times in the optimal solution. In this example, we
have one depot (denoted by 0), one customer (denoted by 1), and two CSs (denoted by 2 and 3). The service
time at the customer is equal to 0.5, the battery capacity of the EVs is equal to 10, and T;,4, is set to 40.
The optimal solution to the E-VRP-NL contains one route (0, 2, 3, 2, 1, 2, 3, 2, 0) and the total time is equal
to 37.7. In this solution, the SoC of the EV upon arriving for the first time at CS 2 is equal to 1. To visit
customer 1, the EV must necessarily leave CS 2 with a fully charged battery. Fully recharging the battery from
1 to full capacity at CS 2 takes 11.2 time units. However, by detouring to CS 3, the EV can obtain a fully
charged battery in less time. Indeed, if the EV charges one energy unit at CS 2, 10 energy units at CS 3, and
finally two energy units at CS 2, then the EV is fully charged in 11 time units (taking the round trip time to
CS 3 into account). Moreover, after visiting customer 1, the EV arrives at CS 2 with an empty battery. To
return to the depot, the EV must necessarily leave CS 2 with a SoC equal to 90%. Charging nine energy units
at CS 2 takes in that case 10.4 time units. However, if the EV charges two energy units at CS 2, 10 energy
units at CS 3, and finally one energy unit at CS 2, then the target SoC for the EV at CS 2 is obtained in 10.2

time units. In this example with only one customer, CS 2 is visited four times.
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Figure 6: Example for which a CS is visited 4|I| times in the optimal solution
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80
X 60
Legend % '
(tij.€i5) @40 ——(CS 2
H -+ CS3
(5.5,10.5) 20|

0
01 2 3 45 6 7 8 9101112
Charging time

D Examples showing the non-optimality of the Montoya et al. (2017)
procedure

Here we introduce two examples showing that the procedure proposed by Montoya et al. (2017) to set the
number 8 of CS copies is not necessarily optimal. We show this for both the case with nonlinear (example 1)
and the case with linear (example 2) charging function approximations.

In the first example (denoted example 1), we have one depot (denoted by 0), two customers (denoted by 1
and 2), and one CS (denoted by 3). The service time at the customers is equal to 0.5, the battery capacity of
the EVs is equal to 10 and T}, 4, is set to 20. Tables 5a and 5b show the driving time and energy consumption
between the nodes. Figure 5c depicts the charging function at the CS.

Table 5: Data of example 1.

ijlo|1]2]3 ijlo| 1]2] 3
0 0 4 4 2 0 0 5 5 3
1141053 1|5 0| 7| 25
214|503 2|5 710 5
312131 31]0 33|25 |5 0
(a) Driving times (¢;;)- (b) Energy consumption (e;;).
100 +
80 +
X 60
Q
o
W40+
20 +
0 4 4 4 4
0 1 2 3 4

Charging time

(c) Charging function associated with CS 3

For g =0 (i.e., the CS cannot be visited) and 8 =1 (i.e., the CS can be visited at most once), the optimal
solutions contains two routes (0,1,0) and (0,2,0) and the total time is equal to 17. According to the Montoya
et al. (2017) procedure, § will then be fixed to 0. However, for 8 = 2 (i.e., the CS can be visited at most twice),
the optimal solution contains one route (0,2,3,1,3,0) and the total time is equal to 16.8. In this solution, the

EV arrives at CS 3 with an empty battery. We charge the battery up to 50% and 30% during the first and
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second visits, which takes 0.5 and 0.3 time units, respectively.

Now consider the case where the charging function is linear. We introduce another example (denoted as
example 2). We have one depot (denoted by 0), four customers (denoted by 1, 2, 3, and 4), and one CS
(denoted by 5). The service time at the customers is equal to 0.5, the battery capacity of the EVs is equal to
10 and T},4. is set to 10. Tables 6a and 6b show the driving times and energy consumption between the nodes.

Figure 6¢ shows the charging function at the CS 5.

Table 6: Data of example 2.

ijlo|1]2]3]4]s ij | o 2] 3] 45
o0 1 212 1 1 0 0] 25 3 3125 |6
1|10 1]1]1]|1 1|25 0 5| 5.5 5| 4
2| 2 1|0 1 1 1 2 3 5 0 2 55| 4
3| 2 1 110 1 1 3 3| 55 2 0 5| 4
4 (1| 1|1]1|0]1 4 | 25 5| 5.5 5 0| 4
5 1 1 1 1 1 0 5 6 4 4 4 410

(a) Driving times (¢;;)- (b) Energy consumption (e;;).
100 %
80
g 60
Q
® 40 f
20 +
0
0 0.1 0.2 0.3 0.4 0.5

Charging time

(¢) Charging function associated with CS 5

For 8 = 0 and § = 1, the optimal solutions contains two routes (0, 1,4,0) and (0,2, 3,0) and the total time
is equal to 10. According to the Montoya et al. (2017) procedure, 8 will then be fixed to 0. However, for 8 = 2,
the optimal solution contains one route (0,1,5,2,3,5,4,0) and the total time is equal to 9.65. At the first visit
to the CS, the arrival SoC is 35% and we charge the battery up to 100%, which takes 0.325 time units. At the
second visit to the CS, the arrival SoC of the EV is 0 and we charge the battery up to 65%, which takes 0.325
time units.

Note that if we assume a full charging policy and a constant charging time § > 0 in Example 2, the solutions
remain the same. The solution for § = 0 or 1 has an objective value equal to 10. The solution for g = 2 is

equal to 9 4+ 26. Therefore a better solution is found as soon as § < 0.5.

In conclusion, the procedure of Montoya et al. (2017) is not guaranteed to be optimal for constant, linear,

and nonlinear charging functions.

E Algorithmic details

E.1 Algorithmic details on the labeling algorithm for the FRVCP
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Algorithm 3: LabelingAlgo(II)

input : a route II that is not energy-feasible
output: a route I’ that is energy-feasible if found, the initial route otherwise
1 forallleIlu {F} do Li(l) « & (L1(l) stores the unprocessed labels associated with node 1) ;
2 forallle Il u {F} do La(l) « & (L2(l) stores the processed labels associated with node 1) ;
3 Add to Li(II(0)) the label corresponding to a RP containing only the departing depot II(0)
2 R« {II{0)} (R stores nodes with unprocessed labels)
5 while R # ¢§ do

6 | « minElement(R) (removes from R the node associated with a RP (p, ¢) with the minimum total time)
7 (p1, ¢1) < deleteMin(L1(l)) (removes from Li(l) the label with the minimum total time)

8 if [ = II(n(II)) then

9 if p; contains a CS then

10 ‘ Set the SoC target value at the last CS of p; in such a way the EV arrives with an empty battery at [

11 end

12 Let II' be the route corresponding to label (p;, ¢;)

13 return IT

14 end

15 if L1(l) = & then R« R\{l};

16 Update(La2(1), (p1, ¢1))

17 forall (I,I') € G;; do

18 if IsExtendable((p;, ¢1),!') then (checks if RP (p,¢) can be extended to node l')

19 (pyr, ) «<Extend((py, ¢1),1') (extends RP (p;, ¢;) to node l')

20 K «CreateLabels((p;, ¢yr)) (if I is a CS and pyp contains more than a CS, then it creates relevant labels
according to the supporting points of the SoC function associated with RP (pyr, ¢yr), otherwise K only
contains (py, dyr))

21 forall (p, ¢) € K do

22 Update(L1i(l"), (p,#)) (inserts RP (p,$) in L1(l') if it is not dominated according to the dominance rule

introduced in Definition 4.1, and verifies if previously inserted labels become dominated)

23 end

24 if L1(') has changed and I’ ¢ R then R — Ru {l'};

25 end

26 end

27 end

28 return II
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E.2 Algorithmic details on the heuristic algorithm to solve the FRVCP

Algorithm 4: locateCS1(II°)

input : A route II° = {#(0), 7(1), -+ ,w(3), - , 7(n(II) — 1), 7(n(11))}
output: (f, II, I1%e5t) where II is the best route obtained if if boolean f is equal to true, or the initial route II9 otherwise.

I1%¢s? represents the current best energy-feasible route with the minimum duration (under the H charging policy)

1 I« 11
2 IIP¢st « null
3 1< 0,n < n(I)
4 while i <n do
5 if the arc connecting (i) and 7(i + 1) was eliminated during the preprocessing procedure then
6 (f, I, T1®5%) « insertCS(i,I1,IT0¢5%)
7 if f = false then
8 return (false, I1°0, IT%¢st)
9 end
10 nen+1
11 else
12 Pe— 1+ 1
13 end
14 end
15 return (true, II, TT%¢st)

that may have been computed during the procedure
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Algorithm 5: insertCS(i, II°, TIbest)

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

input : A route II° = {7 (0),n(1),--- ,m(3), - ,7(n — 1),7(n)}
A position i where to insert a CS of set F'

The current best energy-feasible route IT°¢5*

output: (f, II, Hb“t). IT is the route yielding the minimum lower bound on the duration to travel it if f is equal to true, or

the initial route II° otherwise. IT1°¢5¢ represents the current best energy-feasible route and may have been updated

by the procedure
I« I1°
s « getEnergyDeficit (I1°)
tbest « min{Timaz, getTime (TT045%)}
t < 400, f < false

for j € F do

. copyAndInsert (IT°, j, %)
s’ < getEnergyDeficit ar)
' « getLBTime(II)

if ¥ < then

tt

me1r

f « true

end

if s/ =0 then

t « getTime(IT)

if ¢/ < tb*st then
tbest —t

7
Hbest « II

end

end

end

end

end

return (f,IT,I1¢%)

if the arcs connecting 7(¢) to j and j to m(¢ + 1) were not eliminated during the preprocess then

; /* Let next(Il,j) be the first CS or depot node following node j in route II
if 7 < thest A o' < s A (Y(Hl,j) 20 v YT, next(IT, §)) = 0) then

*/
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Algorithm 6: locateCS2(II°, IIbest)

10

11

12

13

14

15

16

17

18

19

20

21

22

input : A route II° = {n(0),n(1),--- ,m(3), - ,7(§), - ,7(n — 1), 7(n)}
The current best energy-feasible route ITPest
output: I1°¢5t where I1°¢5* represents the energy-feasible route with the minimum duration under the H charging rule
policy
II 110
t «— +00
f « false
while true do
for i =0---n(II) — 1 do
(7, ', TI%¢5t) « insertCs(i,II,ITbest)
if f* = true then
f « true
t' « getLBTime(II')
if / <t then
tt
T

end

end

end

if f = true then
‘ IITII

else

‘ return I1°¢st

end

end

return null

Algorithm 7: reviseChargingAmount (II°)

10

11

12

13

input : A route II° visiting m CS(s) numbered in the order of visits from 1 to m (let f(i) be the i-th CS visited)
output: (f, IT) where II is an energy-feasible route derived from I1° after optimizing the charging decisions, and f is equal
to true if the maximum-duration limit is not exceeded, false otherwise.
IT « 119
; /x Let SoC4(i), SoC2(i), and ch(i) be the arrival and departure SoC and the amount of energy charged at the
i-th CS visited */
; /* Let bi(i) and ba(i) be the segment associated with the SoC SoCi(i) and SoC>(i) for the i-th CS visited */
i m—1,t « getTime(I1%¢s?)
while 7 > 1 do
while pf(;) by(i) > Pf(i+1),bq(i+1) A ch(i+1) >0 do
Transfer from the (i + 1)-th to the i —th CS of route IT the amount of energy min{ch(i + 1), ay(;) b, (i) — S0C2(i)}
Update accordingly SoC1 (i + 1), SoC2(%), ch(i 4+ 1), b2(), b1 (i + 1) and the duration ¢
end
te—1—1
end
if t < Thhax then
return (true, II)

end

return (false, I1°)
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F Detailed computational results

F.1 E-VRP-NL

We represent each instance using the code tcy;cyssy3cysF#, where 1 is the method used to place the customers
(i.e., 0) randomization, 1) combination of randomization and clustering, 2) clustering), vz is the number of
customers, 3 is the number of CSs, 74 is “t” if we use a p-median heuristic to locate the CSs and “f” otherwise,
and # is the number of the instance for each combination of parameters (i.e., # =0,1, 2,3, 4). The symbol
“Inf” means that the instance was proven infeasible, whereas the symbol “-” means that no feasible solution

was found by the solver but the instance was not proven infeasible. The CPU time reported in column “Time

(s)” in the following tables is in seconds and rounded to the nearest integer.

F.1.1 CS replication-based models

Table 7: Detailed computational results on the 10-customer instances for the CS replication-based models

(B-1)
CS_re CS_re

Instance X [Fare "] . ) [FNode ] )
Obj Bound LP Bound Time (s) | Obj Bound LP Bound Time (s)
tc0c10s2cfl Inf Inf Inf 0 Inf Inf 6.02 0
tc0c10s2ctl | 12.30 12.30 9.05 1112.30 12.30 6.33 2
tc0c10s3cfl Inf Inf 12.06 0 Inf Inf 6.02 0
tc0c10s3ctl | 10.80  10.80 7.72 1/10.80 10.80 5.13 5
tclcl0s2cf2 | 9.03 9.03 6.72 1| 9.03 9.03 5.56 27
tclcl0s2cf3 Inf Inf Inf 0 Inf Inf 3.42 2
tclcl0s2cf4 Inf Inf Inf 0 Inf Inf 6.47 0
tclclOs2ct2 | 10.76  10.76 6.73 6]10.76 10.76 4.58 829
tclcl0s2ct3 Inf Inf 9.83 0 Inf Inf 3.18 4
tclcl0s2ct4 Inf Inf Inf 0 Inf Inf 6.23 0
tclcl0s3cf2 | 9.03 9.03 6.72 1| 9.03 9.03 5.56 15
tclel0s3cf3 Inf Inf Inf 0 Inf Inf 3.42 1
tclcl10s3cf4 | 14.95 14.95 10.58 1|14.95 14.95 5.80 4
tclel0s3ct2 | 9.20 9.20 6.36 11| 9.20 9.20 4.46 1107
tclcl0s3ct3 | 13.02 13.02 7.14 4113.02 13.02 3.16 1076
tclelOs3ct4 | 13.21  13.21 8.85 4]13.21 13.21 6.09 6
tc2¢10s2cf0 Inf Inf 9.48 0 Inf Inf 1.04 1
tc2c10s2ct0 Inf Inf 4.67 13 Inf Inf 0.89 103
tc2¢10s3cf0 Inf Inf 9.48 0 Inf Inf 1.04 1
tc2c10s3ct0 | 11.51  11.51 4.21 63]11.51 11.51 0.89 1859
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Table 8: Detailed computational results on the 10-customer instances for the CS replication-based models

(8=2)

[F/(ljs,rep] [Flgs;vep]

Instance . re . . oae .

Obj Bound LP Bound Time (s) | Obj Bound LP Bound Time (s)
tc0c10s2cf1 Inf Inf 11.74 2 Inf Inf 6.02 1
tc0c10s2ctl | 12.30 12.30 8.94 19 | 12.30 12.30 6.33 142
tc0c10s3cfl | 20.50  20.50 11.55 42 120.50 20.50 6.02 24
tc0c10s3ctl | 10.80  10.80 7.69 3110.80 10.80 5.13 157
tclcl0s2cf2 | 9.03 9.03 6.72 3| 9.03 9.03 5.56 102
tclcl0s2cf3 Inf Inf 10.79 72 Inf Inf 3.42 194
tclcl0s2cf4 | 16.14  16.14 12.15 5(16.14 16.14 6.47 11
tclcl0s2ct2 | 10.75  10.75 6.73 34 |10.75 9.29 4.58 10800
tclcl0s2ct3 Inf Inf 8.52 38 Inf Inf 3.18 82
tclcl0s2ct4 | 13.83  13.83 10.68 5(13.83 13.83 6.23 9
tclcl0s3cf2 | 9.03 9.03 6.72 3| 9.03 9.03 5.56 184
tclcl0s3cf3 | 16.94  16.94 10.71 81(16.94 16.94 3.42 5430
tclcl0s3cf4 | 14.90  14.90 10.57 15| 14.90 14.90 5.80 149
tclel0s3ct2 | 9.20 9.20 6.36 57 9.2 8.21 4.46 10800
tclcl0s3ct3 | 13.02  13.02 7.07 36 | 13.08 6.80 3.16 10800
tclelOs3ct4 | 13.21  13.21 8.75 22 |13.21 13.21 6.09 375
tc2c¢10s2cf0 Inf Inf 8.94 255 Inf Inf 1.04 40
tc2¢10s2¢t0 | 13.84  13.84 4.67 1165 | 13.84 13.84 0.89 3944
tc2¢10s3cf0 Inf Inf 8.94 6156 Inf Inf 1.04 340
tc2¢10s3ct0 | 11.51  11.51 4.2 654 | 11.51 5.17 0.89 10800

Table 9: Detailed computational results on the 10-customer instances for the CS replication-based models

(8 =3)

[ng,rep] [Flgsd,rcp]

Instance . o . . e .

Obj Bound LP Bound Time (s) | Obj Bound LP Bound Time (s)
tc0c10s2cfl | 19.75  19.75 11.74 21119.75 19.75 6.02 9
tcOcl10s2ctl | 12.30  12.30 8.94 21]12.30 12.30 6.33 389
tc0c10s3cfl | 19.75  19.75 11.55 1685 | 19.75 19.75 6.02 1718
tcOc10s3ctl | 10.80 10.80 7.69 9(10.80 10.80 5.13 500
tclcl0s2cf2 | 9.03 9.03 6.72 4| 9.03 9.03 5.56 559
tclcl0s2cf3 | 16.37  16.37 10.79 39]16.37 16.37 3.42 5310
tclcl0s2cf4 | 16.10 16.10 12.14 10| 16.10 16.10 6.47 69
tclclOs2ct2 | 10.75  10.75 6.73 108 | 10.75 8.42 4.58 10800
tclclOs2ct3 | 13.17  13.17 8.48 11(13.17 13.17 3.18 1049
tclclOs2ct4 | 13.83  13.83 10.68 17 13.83 13.83 6.23 54
tclcl0s3cf2 | 9.03 9.03 6.72 6| 9.03 9.03 5.56 611
tclcl0s3cf3 | 16.37  16.37 10.71 529 16.37 12.76 3.42 10800
tclcl0s3cf4 | 14.90  14.90 10.57 37114.90 14.90 5.80 1159
tclclOs3ct2 | 9.20 9.20 6.36 80| 9.20 7.82 4.46 10800
tclcl0s3ct3 | 13.02  13.02 7.07 504 | 13.02 4.90 3.16 10800
tclclOs3ct4 | 13.21  13.21 8.75 34(13.21 13.21 6.09 4040
tc2cl0s2cf0 | 22.12 22.12 8.94 3647 | 22.12  19.56 1.04 10800
tc2c10s2ct0 | 12.45  12.45 4.67 334 | 12.45 7.14 0.89 10800
tc2c10s3cf0 | 22.12 22.12 8.94 8604 | 22.12  16.95 1.04 10800
tc2c10s3ct0 | 11.51  11.51 4.20 712 | 11.51 4.34 0.89 10800
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Table 10: Detailed computational results on the 10-customer instances for the CS replication-based models

(B=4)

[FES,7-ep] [Flgs;vep]
Instance . e . . oae .

Obj Bound LP Bound Time (s)| Obj Bound LP Bound Time (s)
tc0c10s2cfl | 19.75 19.75 11.74 96 | 19.75  19.75 6.02 25
tcOcl10s2ctl | 12.30 12.30 8.94 8112.30 12.30 6.33 133
tc0c10s3cfl | 19.75  17.68 11.55 10800 | 19.75  14.47 6.02 10800
tcOc10s3ctl | 10.80 10.80 7.69 37110.80 10.80 5.13 445
tclcl0s2cf2 | 9.03 9.03 6.72 12| 9.03 9.03 5.56 791
tclcl0s2cf3 | 16.37  16.37 10.79 82(16.37 13.86 3.42 10800
tclcl0s2cf4 | 16.10 16.10 12.14 26 16.10 16.10 6.47 144
tclcl0s2ct2 | 10.75  10.75 6.73 122 1 10.75 8.33 4.58 10800
tclcl0s2ct3 | 13.17  13.17 8.48 41 113.17  13.17 3.18 6136
tclcl0s2ct4 | 13.83  13.83 10.68 17|13.83 13.83 6.23 98
tclcl0s3cf2 | 9.03 9.03 6.72 10| 9.03 9.03 5.56 1784
tclcl0s3cf3 | 16.37  16.37 10.71 1663 | 16.37 11.95 3.42 10800
tclcl0s3cf4 | 14.90  14.90 10.57 76 |14.90 14.90 5.80 3250
tclcl0s3ct2 | 9.20 9.20 6.36 137 9.20 7.66 4.46 10800
tclcl0s3ct3 | 13.02  13.02 7.07 207 | 13.08 5.28 3.16 10800
tclclOs3ct4 | 13.21  13.21 8.75 45113.21 11.56 6.09 10800
tc2c¢10s2cf0 | 21.77  19.62 8.94 10800 | 21.77  12.70 1.04 10800
tc2c10s2ct0 | 12.45 12.45 4.67 789 | 12.45 6.32 0.89 10800
tc2c10s3cf0 | 21.77 16.86 8.94 10800 | 21.83 11.98 1.04 10800
tc2c10s3ct0 | 11.51 9.83 4.20 10800 | 11.56 4.90 0.89 10800

Table 11: Detailed computational results on the 20-customer instances for the CS replication-based models

(B=1)

[ng,rep] [ngd,rcp]
Instance . e . . oce .

Obj Bound LP Bound Time (s) | Obj Bound LP Bound Time (s)
tc0c20s3cf2 Inf Inf Inf 0 Inf Inf 6.89 61
tc0c20s3ct2 Inf Inf 11.65 460 - - 6.96 10800
tc0c20s4cf2 Inf Inf Inf 0 Inf Inf 6.86 3763
tc0c20s4ct2 Inf Inf 10.89 10800 - - 6.62 10800
tcle20s3cfl | 20.75 17.76 14.00 10800 | 20.78  14.68 8.02 10800
tclc20s3cf3 | 16.80 16.10 9.81 10800 | 16.84 11.55 5.20 10800
tclc20s3cfd Inf Inf 13.21 18 Inf Inf 9.52 0
tclc20s3ctl | 24.42  19.23 14.85 10800 | 24.42  16.20 8.02 10800
tclc20s3ct3 | 12.60 12.60 9.35 189 [ 12.67 10.12 5.45 10800
tclc20s3ct4 | 16.24  16.24 13.62 33116.24 14.55 10.18 10800
tclc20s4cfl | 19.29  15.82 11.85 10800 | 19.68  12.97 7.63 10800
tclc20s4cf3 | 16.80 16.80 9.81 6474 |116.91  10.02 5.19 10800
tclc20s4cfd | 19.09 19.09 13.18 226 | 19.09 18.15 9.52 10800
tclc20s4ctl | 23.19  17.59 12.74 10800 | 23.19  14.54 7.65 10800
tclc20s4ct3 | 14.43  14.43 9.69 553 | 14.43 10.54 5.23 10800
tclc20s4ctd | 17.14  17.14 13.00 51|17.14 16.41 10.08 10800
tc2¢20s3cf0 Inf Inf 11.32 1 - - 2.03 10800
tc2c20s3ct0 Inf Inf 11.56 12 - - 1.95 10800
tc2¢20s4cf0 Inf Inf 11.13 813 - - 2.03 10800
tc2c20s4ct0 Inf Inf 11.43 18 - - 1.94 10800

54



Table 12: Detailed computational results on the 20-customer instances for the CS replication-based models

(8=2)

[F/C‘:’S,rep] [Flgs;vep]

Instance . e . . oae .

Obj Bound LP Bound Time (s)| Obj Bound LP Bound Time (s)
tc0c20s3cf2 Inf Inf 14.89 4 - - 6.89 10800
tc0c20s3ct2 | 17.08 15.34 11.64 10800 | 17.31  12.45 6.96 10800
tc0c20s4cf2 Inf Inf 14.54 6 Inf Inf 6.86 2841
tc0c20s4ct2 | 16.99  14.92 10.87 10800 | 17.21  11.97 6.62 10800
tclc20s3cfl | 17.53  17.53 13.91 8909 | 17.63  14.25 8.02 10800
tclc20s3cf3 | 16.44  14.21 9.72 10800 | 16.53  10.07 5.19 10800
tclc20s3cf4 | 17.00 17.00 13.21 87 17.00 17.00 9.41 8484
tclc20s3ctl | 19.49  19.00 14.74 10800 | 19.71  15.73 8.02 10800
tclc20s3ct3 | 12.60  12.60 9.24 1086 | 12.60 9.29 5.45 10800
tclc20s3ct4 | 16.21 16.21 13.35 94 | 16.21 14.44 10.17 10800
tclc20s4cefl | 16.40 15.42 11.8 10800 | 16.48 12.92 7.63 10800
tclc20s4cf3 | 16.44  14.30 9.72 10800 | 16.94 10.04 5.19 10800
tclc20s4cef4 | 17.00 17.00 13.17 174 117.01 15.18 9.41 10800
tclc20s4ctl | 18.36  17.25 12.6 10800 | 18.98  13.53 7.65 10800
tclc20s4ct3 | 14.43  13.42 9.53 10800 | 14.43  10.43 5.23 10800
tclc20s4ct4 | 17.00 17.00 12.78 222 |17.00 15.73 10.02 10800
tc2¢20s3cf0 - - 11.18 10800 - - 2.03 10800
tc2¢20s3ct0 - - 11.04 10800 - - 1.95 10800
tc2c¢20s4cf0 - - 11.02 10800 - - 2.03 10800
tc2c20s4ct0 - - 10.97 10800 - - 1.94 10800

Table 13: Detailed computational results on the 20-customer instances for the CS replication-based models

(8 =3)

[ng,rep] [Flgsd,rcp]

Instance . o . . e .

Obj Bound LP Bound Time (s) | Obj Bound LP Bound Time (s)
tc0c20s3cf2 Inf Inf 14.89 9074 - - 6.89 10800
tc0c20s3ct2 | 17.25  15.06 11.63 10800 | 17.33  12.32 6.96 10800
tc0c20s4cf2 Inf Inf 14.54 3619 - - 6.86 10800
tc0c20s4ct2 | 16.99  14.76 10.87 10800 | 17.04 10.25 6.62 10800
tclc20s3cfl | 17.49  16.98 13.91 10800 | 17.49  14.31 8.02 10800
tclc20s3cf3 | 16.44  14.04 9.72 10800 | 16.48 9.94 5.19 10800
tclc20s3cf4 | 17.00 17.00 13.21 110 | 17.00 17.00 9.41 8706
tclc20s3ctl | 19.38  18.78 14.73 10800 | 20.06  15.36 8.02 10800
tclc20s3ct3 | 12.60  12.60 9.24 1748 | 12.60 9.24 5.45 10800
tclc20s3ct4 | 16.21  16.21 13.24 239 (16.21 14.16 10.17 10800
tclc20s4cfl | 16.38  15.62 11.8 10800 | 16.40  12.96 7.63 10800
tclc20s4cf3 | 16.44  13.83 9.72 10800 | 16.48 9.67 5.19 10800
tclc20s4cf4 | 17.00 17.00 13.17 215(17.87 14.83 9.41 10800
tclc20s4ctl | 18.02  17.17 12.59 10800 | 18.45 13.64 7.65 10800
tclc20s4ct3 | 14.43  13.34 9.52 10800 | 14.43  10.41 5.23 10800
tclc20s4ct4 | 17.00  17.00 12.78 626 | 18.36  14.41 10.02 10800
tc2¢20s3cf0 - - 11.18 10800 - - 2.03 10800
tc2c20s3ct0 | 25.79  20.90 10.91 10800 | 25.84  10.17 1.95 10800
tc2c¢20s4cf0 - - 11.02 10800 - - 2.03 10800
tc2c20s4ct0 - - 10.87 10800 - - 1.94 10800
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Table 14: Detailed computational results on the 20-customer instances for the CS replication-based models

(8 =4)

[ng‘,rep] [ngd,’r'ep]

Instance . A . . oae .

Obj Bound LP Bound Time (s) | Obj Bound LP Bound Time (s)
tc0c20s3cf2 - - 14.89 10800 - - 6.89 10800
tc0c20s3ct2 | 17.08  14.96 11.63 10800 | 17.31  12.19 6.96 10800
tc0c20s4cf2 - - 14.54 10800 - - 6.86 10800
tc0c20s4ct2 | 16.99  14.63 10.87 10800 | 17.72  10.16 6.62 10800
tclc20s3cfl | 17.49  16.94 13.91 10800 | 17.49  14.25 8.02 10800
tclc20s3cf3 | 16.44  13.99 9.72 10800 | 16.95 9.36 5.19 10800
tclc20s3cf4 | 17.00  17.00 13.21 126 | 17.00 16.82 9.41 10800
tclc20s3ctl | 18.94  18.42 14.73 10800 | 19.68  14.93 8.02 10800
tclc20s3ct3 | 12.60  12.60 9.24 4177 | 12.67 9.29 5.45 10800
tclc20s3ct4 | 16.21  16.21 13.14 357 |16.23 13.70 10.17 10800
tclc20s4cfl | 16.38  15.17 11.8 10800 | 16.38  12.91 7.63 10800
tclc20s4cf3 | 16.80 13.41 9.72 10800 | 16.89  10.30 5.19 10800
tclc20s4cf4 | 17.00  17.00 13.17 463 | 17.00 14.99 9.41 10800
tclc20s4ctl | 17.81  16.60 12.59 10800 | 17.87 13.73 7.65 10800
tclc20s4ct3 | 14.43  13.28 9.51 10800 | 14.50  10.40 5.23 10800
tclc20s4ct4 | 17.00 17.00 12.78 876 | 17.17  14.31 10.02 10800
tc2¢20s3cf0 - - 11.18 10800 - - 2.03 10800
tc2c20s3ct0 | 25.79  20.85 10.91 10800 | 26.24 10.13 1.95 10800
tc2c20s4cf0 - - 11.02 10800 - - 2.03 10800
tc2c20s4ct0 - - 10.87 10800 - - 1.94 10800

F.1.2 Path-based model

Table 15: Detailed computational results on the 10-customer instances for the path-based model

[FLeen]
Instance #CSPs Obj Bound LP Bound Time (s)
tcOc10s2cfl 197 | 19.75  19.75 12.26 11
tc0c10s2ctl 245(12.30 12.30 9.36 10
tcOc10s3cfl 197 | 19.75  19.75 12.26 11
tcOcl10s3ctl 358 110.80 10.80 8.25 7
tclcl0s2cf2 192 | 9.03 9.03 6.81 4
tclcl0s2cf3 204 |16.37 16.37 11.26 56
tclcl0s2cf4 253 |16.10 16.10 12.74 10
tclcl10s2ct2 283110.75 10.75 6.99 118
tclcl0s2ct3 249 | 13.17  13.17 9.01 4
tclcl0s2ct4 259(13.83 13.83 11.15 4
tclcl0s3cf2 192 | 9.03 9.03 6.81 4
tclcl0s3cf3 218 |16.37 16.37 11.25 48
tclcl0s3cfd 336 | 14.90 14.90 11.17 13
tclcl10s3ct2 448 | 9.20 9.20 6.61 45
tclcl0s3ct3 350 | 13.02  13.02 7.33 27
tclclOs3ct4 317 113.21 13.21 8.99 10
tc2c10s2cf0 238 | 21.77  21.77 10.96 348
tc2c10s2ct0 265 | 12.45 12.45 4.94 794
tc2c10s3cf0 238 | 21.77  21.77 10.96 350
tc2c10s3ct0 366 [ 11.51  11.51 4.41 2716
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Table 16: Detailed computational results on the 20-customer instances for the path-based model

F.2 FRVCP

The average CPU time reported in column “Time (ms)’

up to the nearest tenth.

[F}:ath]
Instance  #CSPs| 11 Bound LP Bound Time (s)
tc0c20s3cf2 939 |27.49 220 1534 10800
tc0c20s3ct2 1284 [ 17.08  14.93 11.66 10800
tc0c20sdcf2 1036 | 27.47  22.97 1534 10800
tc0c20sdct2 1350 [ 16.99  14.98 11.40 10800
tcle20s3cfl 1189 [ 17.49  17.13 14.08 10800
tcle20s3cf3 1491 [ 16.48  13.28 9.92 10800
tcle20s3cf4 1257 [17.00  17.00 14.95 111
tcle20s3ctl 1255 | 18.94  18.55 14.98 10800
tclc20s3ct3 1373 12.60  12.60 9.39 1529
tcle20s3ct4 1104 | 16.21  16.21 13.91 163
tcle20sdcfl 1304 | 1638 16.05 12.58 10800
tcle20sdcf3 1607 [16.84  13.19 9.92 10800
tcle20sdcfd 1322 [17.00  17.00 14.69 134
tcle20sdctl 1516 | 18.02  16.67 1372 10800
tcle20sdct3 1645 | 14.43  13.60 9.69 10800
tcle20sdct4 1330 [ 17.00  17.00 14.54 506
tc2c20s3cf0 1437 |24.68  18.31 11.95 10800
tc2c20s3ct0 1318 [25.80 21.29 1174 10800
tc2c20s4cf0 1353 [24.67  17.78 11.81 10800
tc2c20s4ct0 1195 [ 26.02  20.45 11.46 10800

)

in the following tables is in milliseconds and rounded

Table 17: Computational results for the different algorithms on 29,443 routes according to the number of CSs

|F| Algorithm #Feas #Opt Gap Time (ms)
2 MILP_PATH 440 440 0.000% 14.2
LABEL 440 440 0.000% 0.8
HEURISTIC 440 435 0.006% 0.3
HEURISTIC_-M2017 418 339 0.599% 0.2
3 MILP_PATH 1569 1569 0.000% 27.7
LABEL 1569 1569 0.000% 0.7
HEURISTIC 1559 1475 0.055% 0.3
HEURISTIC_M2017 1498 1229 0.692% 0.2
4 MILP_PATH 1079 1079 0.000% 27.1
LABEL 1079 1079 0.000% 0.7
HEURISTIC 1078 1047 0.025% 0.3
HEURISTIC_M2017 1046 876 0.807% 0.1
5 MILP_PATH 1982 1982 0.000% 24.0
LABEL 1982 1982 0.000% 0.6
HEURISTIC 1948 1763 0.154% 0.2
HEURISTIC_M2017 1737 1422 0.903% 0.1

o7

|F| Algorithm #Feas #Opt Gap Time (ms)
8 MILP_PATH 5316 5316 0.000% 178.4
LABEL 5316 5316 0.000% 0.7
HEURISTIC 5225 4466 0.174% 0.3
HEURISTIC_-M2017 4412 3221 1.453% 0.2
12 MILP_PATH 3218 3218 0.000% 76.6
LABEL 3218 3218 0.000% 1.0
HEURISTIC 3202 2687 0.199% 0.3
HEURISTIC_M2017 2996 2110 0.959% 0.2
16 MILP_PATH 7861 7861 0.000% 69.0
LABEL 7861 7861 0.000% 0.9
HEURISTIC 7613 5971 0.236% 0.2
HEURISTIC_M2017 6424 4894 0.690% 0.2
24 MILP_PATH 7978 7978 0.000% 123.1
LABEL 7978 7978 0.000% 1.5
HEURISTIC 7750 5948 0.228% 0.3
HEURISTIC_M2017 6867 5013 0.534% 0.3



Table 18: Computational results for the different algorithms on 29,443 routes according to the number of nodes

in the initial route (including the depot at the beginning and at the end)

|n(IT)| Algorithm #Feas #Opt Gap Time (ms)
3 MILP_PATH 58 58 0.000% 19.7
LABEL 58 58 0.000% 0.5
HEURISTIC 58 51 0.285% 0.1
HEURISTIC_M2017 58 49 0.926% 0.1
4 MILP_PATH 298 298 0.000% 23.4
LABEL 298 298 0.000% 0.6
HEURISTIC 298 278 0.090% 0.2
HEURISTIC_M2017 292 246 1.303% 0.1
5 MILP_PATH 710 710 0.000% 29.4
LABEL 710 710 0.000% 0.7
HEURISTIC 706 613 0.250% 0.2
HEURISTIC_M2017 678 512 2.028% 0.1
6 MILP_PATH 1227 1227 0.000% 43.6
LABEL 1227 1227 0.000% 0.9
HEURISTIC 1193 1010 0.298% 0.3
HEURISTIC_M2017 1158 825 2.431% 0.2
7 MILP_PATH 2084 2084 0.000% 59.5
LABEL 2084 2084 0.000% 0.9
HEURISTIC 2051 1648 0.291% 0.3
HEURISTIC_M2017 1825 1159 1.911% 0.2
8 MILP_PATH 3411 3411 0.000% 76.8
LABEL 3411 3411 0.000% 0.9
HEURISTIC 3318 2543 0.309% 0.3
HEURISTIC_M2017 2571 1659 1.753% 0.2
9 MILP_PATH 5030 5030 0.000% 104.0
LABEL 5030 5030 0.000% 0.9
HEURISTIC 4893 3624 0.314% 0.3
HEURISTIC_-M2017 3678 2420 1.077% 0.2

F.3 FRVCP_1

|n(IT)] Algorithm #Feas #Opt Gap Time (ms)
10 MILP_PATH 5828 5828 0.000% 99.9
LABEL 5828 5828 0.000% 1.0
HEURISTIC 5631 4427 0.193% 0.2
HEURISTIC_M2017 4843 3505 0.541% 0.2
11 MILP_PATH 4991 4991 0.000% 166.6
LABEL 4991 4991 0.000% 1.0
HEURISTIC 4905 4250 0.105% 0.2
HEURISTIC_M2017 4640 3658 0.284% 0.2
12 MILP_PATH 3942 3942 0.000% 77.5
LABEL 3942 3942 0.000% 1.1
HEURISTIC 3907 3579 0.040% 0.3
HEURISTIC_M2017 3813 3322 0.139% 0.2
13 MILP_PATH 1523 1523 0.000% 77.5
LABEL 1523 1523 0.000% 1.2
HEURISTIC 1515 1441 0.023% 0.2
HEURISTIC_M2017 1501 1425 0.020% 0.2
14 MILP_PATH 318 318 0.000% 55.2
LABEL 318 318 0.000% 1.3
HEURISTIC 317 306 0.012% 0.2
HEURISTIC_M2017 318 301 0.012% 0.2
15 MILP_PATH 23 23 0.000% 16.8
LABEL 23 23 0.000% 1.9
HEURISTIC 23 22 0.007% 0.2
HEURISTIC_M2017 23 23 0.000% 0.2

The average CPU time reported in column “Time (ms)” in the following tables is in milliseconds and rounded

up to the nearest tenth.

Table 19: Computational results for the different algorithms on 29,443 routes according to the number of CSs

|F| Algorithm #Feas #Opt Gap Time (ms)
2 MILP_PATH_1 440 440 0.000% 9.9
LABEL_1 440 440 0.000% 0.3
MILP_-M2017 440 440 0.000% 13.1
3 MILP_PATH_1 1569 1569 0.000% 14.4
LABEL_1 1569 1569 0.000% 0.4
MILP_-M2017 1569 1569 0.000% 19.7
4 MILP_PATH_1 1079 1079 0.000% 14.8
LABEL_1 1079 1079 0.000% 0.3
MILP_-M2017 1079 1079 0.000% 21.4
5 MILP_PATH_1 1982 1982 0.000% 14.0
LABEL_1 1982 1982 0.000% 0.3
MILP_M2017 1982 1982 0.000% 23.3
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|F| Algorithm #Feas #Opt Gap Time (ms)
8 MILP_PATH_1 5316 5316 0.000% 23.1
LABEL_1 5316 5316 0.000% 0.3
MILP_M2017 5316 5316 0.000% 39.2
12 MILP_-PATH-1 3218 3218 0.000% 30.2
LABEL_1 3218 3218 0.000% 0.5
MILP_M2017 3218 3218 0.000% 57.6
16 MILP_PATH_1 7861 7861 0.000% 31.7
LABEL_1 7861 7861 0.000% 0.6
MILP_M2017 7861 7861 0.000% 58.4
24 MILP_PATH_1 7978 7978 0.000% 43.5
LABEL_1 7978 7978 0.000% 1.0
MILP_M2017 7978 7978 0.000% 82.8



Table 20: Computational results for the different algorithms on 29,443 routes according to the number of nodes

in the initial route (including the depot at the beginning and at the end)

In(IT)] Algorithm #Feas #Opt Gap Time (ms) |n(IT)| Algorithm #Feas #Opt Gap Time (ms)
3 MILP_PATH_1 58 58 0.000% 8.1 10 MILP_PATH_1 5828 5828 0.000% 33.4
LABEL_1 58 58 0.000% 0.2 LABEL-1 5828 5828 0.000% 0.6
MILP_M2017 58 58 0.000% 14.1 MILP_M2017 5828 5828 0.000% 64.9
4 MILP_PATH_1 298 298 0.000% 9.0 11 MILP_PATH_1 4991 4991 0.000% 36.3
LABEL_1 298 298 0.000% 0.2 LABEL_1 4991 4991 0.000% 0.7
MILP_M2017 298 298 0.000% 18.7 MILP_M2017 4991 4991 0.000% 53.7
5 MILP_PATH_1 710 710 0.000% 11.1 12 MILP_PATH_.1 3942 3942 0.000% 36.7
LABEL_1 710 710 0.000% 0.2 LABEL_1 3942 3942 0.000% 0.8
MILP_M2017 710 710 0.000% 28.6 MILP_M2017 3942 3942 0.000% 38.1
6 MILP_PATH_1 1227 1227 0.000% 14.1 13 MILP_PATH_1 1523 1523 0.000% 33.4
LABEL_1 1227 1227 0.000% 0.3 LABEL_1 1523 1523 0.000% 0.9
MILP_M2017 1227 1227 0.000% 41.3 MILP_M2017 1523 1523 0.000% 22.2
7 MILP_PATH_1 2084 2084 0.000% 19.6 14 MILP_PATH_1 318 318 0.000% 30.8
LABEL_1 2084 2084 0.000% 0.4 LABEL_1 318 318 0.000% 1.0
MILP_M2017 2084 2084 0.000% 58.7 MILP_M2017 318 318 0.000% 17.1
8 MILP_PATH_1 3411 3411 0.000% 24.7 15 MILP_PATH_1 23 23 0.000% 13.8
LABEL_1 3411 3411 0.000% 0.4 LABEL_1 23 23 0.000% 0.8
MILP_M2017 3411 3411 0.000% 67.6 MILP_M2017 23 23 0.000% 5.5
9 MILP_PATH_1 5030 5030 0.000% 30.2
LABEL_1 5030 5030 0.000% 0.5
MILP_-M2017 5030 5030 0.000% 70.3

F.4 E-VRP-NL

Table 21: New BKS obtained for the E-VRP-NL by applying the labeling algorithm on each route of the
solutions reported by Montoya et al. (2017)

Instance Old BKS New BKS
tc0c40s8cf0 31.282 31.045
tc2c40s8cf2 27.147 27.141
tc2c40s5cf2 27.543 27.536
tc0c80s8cf1 45.227 45.225
tc1c80s12cf2 29.544 29.532
tc2c80s8cf4 49.287 49.171
tc2c80s8ct3 32.315 32.312

tc0c160s16¢f4 82.924 82.863
tc0c160s16¢t4 82.365 82.323
tc0c160s24ct4 80.956 80.796
tc0c160s24cf4 81.442 81.380
tclcl60s16¢f3 71.757 71.509
tclecl160s24cf3 68.558 68.512
tc1c320s24cf2 152.131 152.063
tc1c320s24cf3 117.475 117.462
tclec320s38cf2 141.631 141.620
tc1c320s38ct3  116.075 116.065
tc2¢320s24cf0 182.454 182.453
tc2¢320s24ct4  121.936 121.820
tc2¢320s38cf4 122.325 122.318
£¢2¢320s38ct0  190.974 190.963
tc2¢320s38ct1 94.534 94.533
tc2¢320s38ct4  121.662 121.657
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