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Abstract

This work is devoted to the numerical modeling of contact problems in the context
of multibody dynamics. Non-linearities including large deformation and frictional
contact are modeled based on the finite element method. An improved approach
by means of a semi-explicit calculation is applied to integrate the equation of mo-
tion. The frictional contact forces and the relative velocity establish an implicit
relationship within the bi-potential framework. A hybrid methodology consisting
of the Octree structure and the bounding volume hierarchy is proposed to reduce
exhaustive contact inspections. Two numerical examples implemented in our in-
house finite element software FER/Impact are given to illustrate the efficiency and
accuracy of the resulting methods.

Key words: Semi-explicit algorithm, Contact detection, Multibody dynamics,
Large deformation, Bi-potential method.

1 Introduction

Impact and friction phenomenons play a noticeable role in multibody contact
dynamics. These phenomenons are very complex and usually difficult to be
modeled because multiple nonlinearities are involved. Besides, variables like
velocity, acceleration show sudden changes and discontinuity in a very short
duration. For the early studies, multibody systems were mostly analyzed by
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using rigid bodies or elastic bodies. With the practical problems growing larger
and more complicated, the study on the multibody contact dynamics dealing
with very soft materials has received a special attention, for example, the soft
textile composite reinforcements [1] and the biomechanical system [2,3].

In the aspects of solving dynamic contact/impact problems, the existing ap-
proaches can be distinguished with two major branches. One is the impulse-
momentum method, which analyzes the impact process in two intervals, namely
before and after impact. To reduce the complexity of the actual physical pro-
cess of impact, this method usually assumes the impact duration as an in-
stantaneous process, and the configuration of interacting bodies remains un-
changed. The cases of analyzing impact between rigid bodies or linear flexible
bodies by using impulse-momentum methods have been extensively studied
in the references [4–7]. However, the extension to large deformation, in par-
ticular with sustained contact and friction problems remains a difficult task.
Another one is the so called force-based method, which calculates the contact
force based on the contact constraints. These kind of approaches treat the
contact force in a continuous manner, and require no assumptions to model
the mechanical behavior of multiple contacts. In the literature, most proposed
force-based approaches can be divided between the penalty method [8–10]
and the multiplier Lagrangian method [11–14]. The accuracy of the penalty
method strongly depends on the penalty parameter, however, no clear rules are
presented to choose this parameter. Furthermore, this method can not satisfy
accurately the friction laws. The multiplier Lagrangian method can enforce
the zero-penetration condition exactly by introducing a set of multipliers rep-
resenting contact forces. Nevertheless, both the generalized coordinates and
multipliers are unknown values, thus leading to an increase in the size of equa-
tion systems.

De Saxcé and Feng [15] have proposed the bi-potential method, in which a
formulation extended by the augmented Lagrangian method is provided. This
method can make certain mathematical reduction by using a unique mathe-
matical projection operator that does not increase the unknown of Lagrangian
multipliers. At the same time, contact forces can be accurately obtained by
considering dissipative constitutive contact laws such as Coulomb frictional
law. In the work of Feng et al [16,17], a first-order implicit scheme is sug-
gested to deal with impact systems composing of two or three interacting
bodies. This scheme is unconditionally stable and capable of calculating so-
lutions using larger increments. Nevertheless, the stability comes at a cost of
assembling the stiffness matrix and checking convergence at each time step,
which is not applicable for more complicated problems with large data sys-
tems. In this paper, we extend the current work in order to include multi-
body contact dynamics and large deformation. A semi-explicit method within
the bi-potential framework is proposed to integrate the equations of motion.
In particular, the unilateral contact constraints are enforced via a reaction-
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velocity formulation. This method can highly reduce the computational cost
while not sacrificing numerical stability. Because the unilateral contact and
frictional non-linearities are separated rather than being considered at the
same time. Furthermore, the contact forces are solved in an implicit manner,
and no construction and no factorization of global stiffness matrix are required
at each time step.

Unlike simple cases of handling very few interacting bodies, the contact detec-
tion for multibody systems can be much more complicated. For one thing, bod-
ies within the scene can move and deform unpredicted for the precious step.
For another thing, high frequently occurrence of contact events can signifi-
cantly increase the computational cost. In the literature, the range of contact
detection algorithms proposed for the finite element modeling is various. These
include methods based on the slave-master surface [18], the nested bucket [19],
the sweep and prune [20], the closest features [21–23], LC-grid [24], etc. For
survey articles on contact detection, the reader is referred to [25,26]. In this
work, we present a three-stages methodology gathering from computer sci-
ence to accelerate contact detection. At the first stage, a tree structure based
on Octrees is used to find the initial pairs of objects that are possible to
come into contact in multibody systems. A second stage consists of perform-
ing an elementary test on a optimal hierarchies of axis-aligned bounding boxes
(AABBs). More specifically, these AABBs are separately assigned by specific
geometrical components to eliminate duplicate elementary tests that arise in
face-face intersections. The final stage of the detection level utilizes thorough
checks for actual contact, in which an optimization approach is applied to
compute the minimum distance from slave nodes to master finite elements.

The article is organized as follows: in Section 2, the description of contact kine-
matics is formulated. The finite element formulations of hyperelastic materials
and the calculation of internal forces are given in Section 3. The bi-potential
method and the semi-explicit algorithm to solve multibody dynamics are pro-
vided in Section 4. Section 5 outlines the proposed three-level approach for
the contact detection. Section 6 presents two numerical examples. In Section
7, a few concluding remarks are drawn.

2 Contact kinematics

First of all, some basic definitions and notations are set up. Let β1 and β2 be
two bodies in frictional contact (Figure 1). The surface of the bodies is defined
as Γi = ∂βi, i ∈ {1, 2}, which includes three parts: Dirichlet boundary Γi

u with
prescribed displacements ui, Neumann boundary Γi

t with prescribed tractions
t̄i, and the potential contact surface Γi

c. It is required that these boundaries
should fulfill Γi

u ∪ Γi
t ∪ Γi

c = Γi, and Γi
u ∩ Γi

t = Γi
t ∩ Γi

c = Γi
u ∩ Γi

c = ∅
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Fig. 1. Contact kinematics

Let us consider a set of contacting points pα
2 (α = 1...Nc) on surface Γ2

c . The
orthogonal projection of pα

2 on Γ1
c is defined by pα

1 . For each contact α, the
relative distance vector can be represented by:

xα = u(pα
2 ) − u(pα

1 ) = Bα
2u2 − Bα

1u1 (1)

where Bα
1 (resp. Bα

2 ) denotes the interpolation matrix derived from the adja-
cent nodes. Note that every point pα

1 on Γ1
c can be written by u(pα

1) = uα
1(ε, η),

where (ε, η) denotes the parameterization of the boundary Γ1
c , see Laursen and

Simo [27].

Eq.(1) can be written in the form of displacement mapping functions as:

xα = ~α(u2) − ~α(u1) (2)

If we define Hα(u) = ∂~α(u)
∂u

, at time t, we obtain:

ẋα(t) = Hα(u2)u̇2(t) − Hα(u1)u̇1(t) (3)

or

ẋα(t) = [Hα(u2), −Hα(u1)]





u̇2(t)

u̇1(t)





= Hαu̇(t)

(4)

where Hα is linear at each time step.

Let rα be the contact force distribution exerted on β1 at pα
2 from β2. According

to the action-reaction principle, β2 is subjected to the stress −rα. Thus, the
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dual relation for contact forces can be represented as:

R1 = Hα(u1)
T rα, R2 = −Hα(u2)

T rα (5)

and

Rα =





R1

R2





= (Hα)T rα (6)

where Rα is the contact forces in the global system frame.

From the transformation matrices for each object Hα(u), we can have the
following complementary notations:

H =




H1

...

HNc




, ẋ =





ẋ1

...

ẋ
Nc





, r =





r1

...

r
Nc





(7)

and

R =
Nc∑

α=1

Rα = HT r (8)

ẋ = Hu̇ (9)

On the contact surface, a unique normal n is defined, and the tangential plane
orthogonal to n is donated as t. In the local reference frame defined by n and
t, any velocity vector ẋ and the contact traction r can be decomposed as:

ẋ = ẋt + ẋnn, r = rt + rnn (10)

2.1 Signorini law and Coulomb friction rule

Impenetrability is a main feature of unilateral contact, which implies that the
contact points are not allowed to cross the boundaries of antagonist bodies.
As a consequence, the relative distance xn and reaction force rn between con-
tacting bodies are characterized to be non-negative, so that xn ≥ 0, rn ≥ 0.
Moreover, the reaction force vanishes if contact points are not strictly in con-
tact: xn > 0 ⇒ rn = 0. This set of relations are known as the Signorini law,
which may be summarized in the following complementary equations:

Signorini(xn, rn) ⇔ xn ≥ 0 , rn ≥ 0 , xn rn = 0 . (11)
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For dynamic contact analysis, the potential contact surfaces Γ1
c can be sepa-

rated into two parts: +Γ1
c where the body is in contact with Γ2

c and −Γ1
c where

the body is separated from Γ2
c . Generally, The unilateral condition Eq.(11)

can be formulated in a rate form by relative velocity:

Signorini(ẋn rn) ⇔ ẋn ≥ 0 , rn ≥ 0 , ẋn rn = 0 on +Γ1
c . (12)

The bodies are separating when ẋn > 0 and remain in contact for ẋn = 0.

A rate-independent dry-friction law is broadly based on a kinematic slip law.
Consequently, the classic Coulomb friction rule can be adopted to relate the
sliding velocity ẋt and the friction force rt. In this rule, the friction force lies
in the Coulomb’s convex cone Kµ: |rt∥ ≤ µrn, µ is the coefficient of friction.
When the sliding velocity is not equal to zero, the friction force is opposite to
the velocity: ||ẋt|| ̸= 0 ⇒ rt = −µrn

ẋt

||ẋt|| . These two conditions are stated as:

Coulomb(ẋt,rt) ⇔ if ||ẋt|| = 0 then ||rt||−µrn ≤ 0 else rt = −µrn
ẋt

||ẋt||
(13)

or equivalent to

Coulomb(ẋt,rt) ⇔ ϑ = ||rt|| −µrn ≤ 0, ẋt = −λ
rt

||rt||
, λ ≥ 0, ϑλ = 0

(14)

On the contact surface +Γ1
c , the sliding rule can be combined with the rate

form of the Signorini conditions to obtain the frictional contact law. This
complete law specifies possible scenarios on the contact area, which is thus a
complex non-smooth dissipative law including three statuses:

if rn = 0 then ẋn ≥ 0 separating

elseif r ∈ intKµ then ẋn = 0 and ẋt = 0 sticking

else





(r ∈ bdKµ and rn> 0),
{
xn = 0 and ∃λ > 0 such that − ẋt = λ̇ rt

||rt|| sliding

(15)

where “intKµ” and “bdKµ” denote the interior and the boundary of Kµ,
respectively.

3 Variational equations and calculation of internal forces

For dynamic multibody contact problems involving large deformations, the
nonlinear relation between strains and displacements cannot be ignored. The

6



Green-Lagrange strain tensor E can be written with linear and nonlinear items
in function of nodal displacement as follows

E =
(
BL +

1

2
BNL(u)

)
u (16)

where BL is the matrix which relates the linear strain term to the nodal dis-
placements, and BNL relates the nonlinear strain to the nodal displacements.
u the displacement vector. The incremental of Eq.(16) is given:

δE = (BL + BNL(u))δu. (17)

The constraint of incompressibility (isochoric deformation) is given by

J = det(F), F = 1 + ∇u (18)

where F donates deformation gradient, and C represent the stretch tensor or
the right Cauchy-Green strain tensor (C = FTFT ).

In the case of hyperelastic law, there exists an elastic potential function W (or
strain energy density function) which is a scalar function of one of the strain
tensors, and whose derivative with respect to one strain component determines
the corresponding stress component. This can be expressed by

S =
∂W

∂E
= 2

∂W

∂C
(19)

where S is the second Piola-Kirchoff stress tensor. It is noted the definition of
W can be multiple for different materials.

Based on the principle of virtual displacement, we have the virtual work:

δU = δuTMü + δuTAu̇ +
∫

V0

δETSdV − δuTFext − δuTR = 0 (20)

where M is the mass matrix, A the damping matrix, Fext the vector of ex-
ternal loads, R the contact reaction vector, u̇ the velocity vector and u̇ the
acceleration vector.

Since u̇ is arbitrary, the non-linear govern equations can be given as:

Mü + Au̇ + Fint − Fext − R = 0 . (21)

where Fint is the vector of internal forces, which can be defined:

Fint =
∫

V0

δETSdV (22)
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Substituting δE from Eq.(17) and δS from Eq.(19) into Eq.(22), we have:

Fint =
∫

V0

(BL + BNL(u))T ∂W

∂E
dV (23)

4 Time step integration and contact solution

The governed equations Eq.(21) for dynamic contact problems can be trans-
formed into:

Mü = F + R (24)

where

F = Fext − Fint − Au̇ (25)

The solution to Eq.(24) differs between explicit and implicit approaches. The
explicit method [19,28] appears to be efficient, but unstable, and without
checking convergence. The implicit method [16,27,29] is supposed to be accu-
rate. However, the computation is much more expensive for large deformation
associated to multibody system. To solve these problems, a semi-explicit al-
gorithm is applied in this work.

Let us consider the duration [t, t + ∆t], Eq.(24) is more convenient to be
expressed as:

∫ t+∆t
t Mdu̇ =

∫ t+∆t
t Fdt +

∫ t+∆t
t Rdt

ut+∆t = ut +
∫ t+∆t
t u̇dt

(26)

The initial state at t = 0, u̇t = u̇0,ut = u0.

To evaluate integrals in Eq.(26), we choose the Euler integration scheme:

∫ t+∆t

t
Mdu̇ = M(u̇t+∆t − u̇t) (27)

∫ t+∆t

t
Fdt = ∆t((Fext)t − (Fint)t − Au̇t) (28)

∫ t+∆t

t
Rdt = ∆tRt+∆t (29)

ut+∆t = ut + u̇t+∆t∆t (30)
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The stiffness effect is included in Eq.(28) by the internal forces vector:

(Fint)t
=

∫

V0

(BL + BNL(ut))
T ∂W

∂E
dV (31)

By applying Eq.(8), the above equations from Eq.(26) to Eq.(29) can result in
an implicit relationship between u̇t+∆t and the local contact force rt+∆t, such
that

u̇t+∆t = (M)−1∆t((Fext)t − (Fint)t + HT rt+∆t) + u̇t − ∆t(M)−1Au̇t (32)

M and A do not change, hence the factorization of the two coefficient matrixes
can be computed only once at the beginning.

By submitting Eq.(32) into Eq.(9), we have:

ẋ = Wrt+∆t + Φ (33)

with

W = HM−1∆tHT

Φ = HM−1∆t((Fext)t − (Fint)t) + Hu̇t − H∆t(M)−1Au̇t

(34)

In a reduced local system of equations, for each contact point α, among Nc

instantaneous contact points, the relationship between ẋα and rα
t+∆t can be

written as:

ẋα
t+∆t − Wααrα

t+∆t =
∑α−1

β=1
Wαβrβ

t+∆t +
∑Nc

β=α+1
Wαβrβ

t+∆t + Φα (35)

where Wαβ is an influence matrix that takes account of the coupling between
contact points α and β. For each contact point α, this equation is solved by
considering other contact points (α ̸= β ) as ”frozen”.

4.1 The bi-potential method

De Saxcé and Feng [15] proposed a unique mathematical operator of projection
within the bi-potential framework, such that

r = proj(r∗, Kµ) with r∗ = r − ρ(ẋt + (ẋn + µ||ẋt||)n) (36)

where r∗ is the so-called augmented contact force vector. r implies the projec-
tion of r∗ onto the closed convex Coulomb’s cone. ρ is an positive parameter
which is determined by the reduced flexibility matrix.
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The three possible contact statuses as mentioned in Eq.(15) thus can be ex-
plicitly stated as

Proj(r∗, Kµ)=0 if µ ∥r∗
t∥ ≤ −r∗

n separating

Proj(r∗, Kµ)=r∗ elseif ∥r∗
t ∥ ≤ µr∗

n sticking

Proj(r∗, Kµ)=r∗ −
(∥r∗

t∥−µr∗
n

1+µ2

) (
r∗

t

∥r∗
t∥ − µn

)
sliding

(37)

Therefore, by applying the projection operation in Eq.(35) and the Eq.(36),
solving the contact force leads to the following equations:

f(χ) =





f1(χ)
...

fNc(χ)





, χ =





χ1

...

χNc





, χα =





rα
t+∆t

ẋα
t+∆t





(38)

with

fα(χ) =





ẋα
t+∆t − Wααrα

t+∆t − ẋαβ=0

Zα = rα
t+∆t − Pr oj(r∗α

t+∆t,Kµ)





(39)

ẋαβ=
∑α−1

β=1
Wαβrβ

t+∆t+
∑Nc

β=α+1
Wαβrβ

t+∆t+Φα (40)

4.2 Local solution

For each time step, the numerical solution of Eq.(39) can be performed by an
iterative process involving one predictor-corrector step. The process can be
stated as follows:

-Step 1: Initiation





rα
0 = 0

ẋα
0 = ẋαβ

k





, j = 0 (41)

-Step 2: Prediction phase

rα
j+1 = rα

j + ∆rα
j (42)

with

∆rα
j = −ρ((ẋt)

α
j + ((ẋn)α

j + µ||(ẋt)
α
j )||n) (43)
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-Step 3: Correction phase

rα
j+1= ProjKµ(rα

j+1) (44)

-Step 4: Convergence check

if ||∆rα||/rα
j+1 > ε1 then

ẋα
j+1 = Wααrα

j+1 + ẋαβ
k , j = j + 1

return to step 2

else rα
k+1 = rα

j+1

(45)

where k and k + 1 are the iteration numbers of the global solution in the
Gauss-Seidel algorithm [30]. ε1 is the user-defined convergence tolerance of
the local solution.

The proposed method is conditional stable for non-linear problems. An estima-
tion of time step depends on the characteristic length of the smallest element
l:

∆t ≤ δ
l

cL

, cL =

√
E

ρm

(46)

where cL is the wave speed, E the young‘s modulus, ρm the mass density.
The constant δ 0.2 < δ < 0.9 is a reduction factor which has to be chosen
empirically for the problem.

For the current discussion, the global contact force R is treated explicitly in
views of Eq.(24). Nevertheless, this is not the case for the local contact force r,
which is implicitly related to the velocity ẋt+∆t, within the bi-potential frame-
work. Consequently, the proposed integration scheme is called semi-explicit.
During each iteration step, the hyperelasticity is considered by calculating the
internal force at element level, which avoids assembling a stiffness matrix, and
when the mass matrix M and A are simplified to be diagonal, the system of
equations can be solved without factorization. Accordingly, the cost of each
iteration can be highly reduced.

5 Methodology for contact detection

5.1 Octrees-based structure for the top stage

The Octree data structure [31,32] is a common technique for the phase of broad
detection. It works well to exclude the impossible intersecting objects as well
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as identify the likelihood of potential collisions of objects. Normally, Octree
represents the 3D volume as a hierarchy of discrete octants, in which each
parent octant is recursively subdivided into eight child octants. The Octree
structure is searched from the root down to determine collisions. Only objects
that share the same octants are taken to have potential contacts.

( )1 ( )2 ( )3

Fig. 2. A 2D example of Octree. (1) represents the root level, (2) and (3) respectively
denotes the level 1 and level 2.

00 01 10

1

11

00 11 00 01 11 00 01 11

level  0

level  1

level  2

00

01

10

11

Fig. 3. Schematic of pointer-based Octree structure

We propose an Octree representation as a pointer-based structure, similar to
[33]. The octant can be added or removed as required, thus is well suited
to dynamic problems that update frequently. An illustrative diagram of 2D
equivalent is shown in Figure 2. The corresponding schematic of determina-
tion of collisions is shown in Figure 3. Each octant stores pointers to its four
children. But only these non-empty octants are considered to take memory,
while others are defined Null. This allows all the search paths to be tested
with a lower memory storage. The position of each octant can be encoded
with a binary index from 0 − 3. The root octant is assigned as 1, and its
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four children octants are denoted as 00, 01, 10, 11. The recursive location of
objects terminates when the branch reaches the tree depth, or the number of
objects per octant below the predefined value. Here, the maximum number of
objects per octant is predefined as 3, and the depth of the tree as 3. It can be
found in Figure 3 that, there are altogether nine non-empty leaf octants, and
1 + 1 + 3 + 1 + 1 + 3 = 10 potential contact pairs. Compared to brute force
method that performs 13 ∗ (13− 1)/2 = 78 broad checks, the Octree structure
can significantly reduce the computational cost.

5.2 Bounding volume hierarchy for the middle stage

As mentioned above, a set of potential object-object pairs can be filtered from
the first stage. Then, the problem for the middle stage lies on how to de-
tect real local contact areas between an object pair, or more precisely the
elementary pairs (e.g. node-segment(2D), node-triangle(3D), node-quad(3D))
between two meshes. For this purpose, the technique of bounding volume hi-
erarchies (BVH) is adopted for primitive queries. Types of bounding volumes
(BVs) include spheres, axis-aligned bounding boxes (AABBs), discretely ori-
ented polytopes (K-DOPs), or a hybrid of them. Detailed introductions on
bounding volume hierarchies can be found in the book by Ericson [34]. Here
we employ the popular AABBs to make a good trade-off between the tightness
of fit and the computational cost.

A A

1
t

2
t

3
t 4

t 5
t

6
t

7
t

8
t

9
t

1
t

2
t

3
t

4
t 5

t
6

t

7
t

8
t

9
t

( )a ( )b

Fig. 4. Elementary test between vertex A and face t9

Classically, hierarchy-based approaches for the intersection detection between
meshes merely use triangle elements as the fundamental primitives. However,
this strategy may result in duplicate queries, because exact elementary tests
only depend on vertex-triangle pairs rather than triangle-triangle pairs. For
example, the vertex A (Figure 4 (a)) is incident to eight triangles (t1,,,t8),
and A comes into contact with triangle t9. Culling approaches by simply using
triangles will produce eight times triangle-triangle tests, and 24 times vertex-
triangle tests. However, only vertex A and triangle t9 are the pairs to be really
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intersected, while all the other elementary tests are false positives. To solve this
problem, we propose to create bounding volumes based on specific geometric
components, i.e. vertices, edges and faces, see Figure 4 (b). BVs on the surface
Ω1 are directly constructed by a vertex set, while BVs on the surface Ω2 are
created by a triangle set. As a result, the duplications illustrated in Figure
4 (a) could not happen, because each bounding volume enclosed a vertex is
represented only once in the hierarchy, thus the overlapping between vertex A
and triangle t9 would be unique. Furthermore, the separated hierarchies can
improve the culling efficiency of the elementary testing. Because the volume
occupied by a vertex can be much smaller than any other types of geometric
component. Also, it is important to note that the simplest linear triangle
element can be replaced by other more complicated types in the context of
finite element analysis, e.g. 6-node triangle, 4-node quad, 8-node quad, etc.

Algorithm 1 Elementary searching

1: V BV H represents the vetex-based BV H.
2: TBV H represents the triangle-based BV H.
3: procedure ContactQuery(V BV H, TBV H)
4: Node1 = Root(V BV H)
5: Node2 = Root(TBV H)
6: Traversal (Node1, Node2)
7: if BV (Node1) and BV (Node2) do not intersect then
8: Return
9: end if

10: if Node1 and Node2 are leaves then
11: add Node1 − Node2 into elementary pair list

12: end if
13: if Node1 is not a leaf then
14: Traversal (LeftChild(Node1), Node2)
15: Traversal (RightChild(Node1), Node2)
16: else
17: Traversal (Node1, LeftChild(Node2))
18: Traversal (Node1, RightChild(Node2))
19: end if
20: end procedure

A vertex-based hierarchy or a triangle hierarchy can be built in a typical
top-down manner [35], by finding a suitable splitting plane to partition the
primitives. To ensure a balanced tree, we position the splitting plane orthog-
onal to the longest AABB axis, which should pass through the median of the
centroid coordinates. Any primitive is classified depending on its location with
respect to the splitting plane. Given two meshes, all the contact elementary
pairs can be searched by a recursive algorithm, as is stated in the pseudo-code
above. The traversal is performed down from the root of BVH, and ends until
the leaf node is reached. If the BVs of two nodes do not intersect, it is then
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not needed to test the intersection between the children of the two nodes.
As a result, this BVH search complexity is in a logarithmic order, which is
particularly efficient for cases with very few contact elements, but a very large
data system.

5.3 Local contact search for the low stage

When elementary pairs are detected by the tests on bounding volumes of the
previous level, a more elaborate resolution is needed to discern whether these
pairs are really in penetrated condition. Here, we present a local contact search
method based on the iso-parametric space, by which a nearest antagonist point
on the contact surface can be determined.

1x

2x

y

n

1t

2t�

( , )� �S

�

�

Fig. 5. Contact node location

Consider that a surface φ of the domain has a parametric form S(ε, η), as
shown in Figure 5. Any point on the surface can be presented by S(ε, η) =∑

Ni(ε, η)xi, where Ni denotes the Lagrangian shape function associated to
the node position xi. Let point y be the potential counterpart of the contact
surface φ as illustrated in Figure 5, the closest point from φ to y can be
obtained after solving the following system of equations:

(ε∗, η∗) = argmin
ξ,η

H(ε, η) =
1

2
||S(ε, η) − y||2 (47)

Accordingly, Eq.(47) is equivalent to the following vector form:

F (X) =




f1(X) = (S(ε, η) − y) · vε

f2(X) = (S(ε, η) − y) · vη


 = 0, X =




ε

η


 (48)

where vε = ∂S(ε,η )
∂ε

, vη = ∂S(ε,η )
∂η

.
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The problem stated by Eq.(48) may be nonlinear when the surface φ is curved,
for example, the quadrilateral face. Thus, the solution can be obtained by the
Newton-Raphson iterative process:





X0(initial vector)

J(X(k))(∆X(k)) = F (X(k))

X(k+1) = X(k) − ∆X(k)

(49)

where J(X(k)) =




∂f1(X(k))
∂ε

∂f1(X(k))
∂η

∂f2(X(k))
∂ε

∂f2(X(k))
∂η


.

The iterations usually converges in four or less iterations. The final solution
(ε∗, η∗) should satisfy the conditions: −1 ≤ ε∗ ≤ 1, −1 ≤ η∗ ≤ 1.

6 Numerical examples

The described algorithms above are implemented in the in-house finite element
program FER/Impact [36] via C++. To illustrate the results of the multibody
dynamic simulation, we consider here two numerical examples.

6.1 Dynamic contact between ten 2D hyperelastic cylinders

We firstly consider here one 2D example to show the validity of the proposed
semi-explicit method. This example concerns altogether ten soft bodies im-
pact onto a concave rigid surface. The initial configuration and finite element
meshes are displayed in Figure 6. The radius of the smaller cylinder is 0.14
m, and the the radius of the larger cylinder is 0.28 m. The finite element dis-
cretization includes 1318 four-node isoparametric plane strain elements and
1528 nodes. The Blatz-Ko hyperelastic model [37] is adopted here, with the
material parameters: shear modulus G = 2 × 106 Pa, mass density ρ = 800
kg/m3, friction coefficient µ = 0.2, and initial velocity vx = 0 m/s, vy = −20
m/s. The total simulation time is 0.07 s, and the time step is ∆t = 10−5 s.
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Fig. 6. Initial geometry of mesh

t 4ms=
t 5ms=

t ms10=
t ms20=

t=30ms t=40ms

t=50ms
t=60ms

Fig. 7. Deformed shape during the process

Figure 7 shows the evolution of deformed shapes at different time steps. Figure
15 plots the displacements uN of three selected nodes (A,B, C) versus time.
uN is along the local N direction (see Figure 6) and also perpendicular to the
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left rigid surface. The results demonstrate that our approach allows to satisfy
accurately the contact impenetrability condition.
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Fig. 8. Displacements of nodes

For the purpose of comparison, we use the implicit scheme developed by Feng
et al [16] for analysis of the same problem. The implicit integration parameters
are chosen as θ = 0.5, ξ = 0.5. In Figure 9, the distribution of von Mises stress
is performed at time t = 20.5 ms. We observe that, the achieving maximum
value of von Mises stress (5.767 × 106 Pa) by semi-explicit scheme is slightly
lower than the result (6.112 × 106 Pa) obtained from implicit scheme.

implicit semi-explicit

Fig. 9. Distribution of von Mises stress at time t = 20.5ms
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Fig. 10. Comparison between semi-explicit and implicit scheme: kinetic energy
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Fig. 11. Comparison between semi-explicit and implicit scheme: elastic energy
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Fig. 12. Comparison between semi-explicit and implicit scheme: total energy

Figure 12-11 show respectively the plots of the kinetic energy Ek, the elastic
strain energy Ee, and the total energy Et = Ek +Ee as a function of time. We
can note that the results by the semi-explicit scheme can be as accurate and
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stable as the implicit scheme. But in Table 1, the total computational time by
the semi-explicit scheme is significantly lower (almost ten times) as compared
to the implicit scheme. The results in Table 1 also indicate that the solution
for semi-explicit algorithm may become divergent when time step is large, for
example ∆t = 1e−3s. It is noted that the simulation was performed on a PC
(i5-5200U 2.20 GHz).

Table 1
Comparison of CPU time

∆t (s) 1e−3 1e−4 1e−5 1e−6

semi-explicit (s) divergence 38.22 349.62 3978.37

implicit (s) 50.25 398.52 3682.18 41210.45

6.2 Dynamic contact between 3D hyperelastic bodies

The second example aims to illustrate the frictional effects and the efficiency of
the proposed contact detection algorithm. First of all, 25 hyperelastic cubes
are modeled to impact with a rigid plate, see Figure 13. The length of the
smaller cube is 0.5 m, and the length of the larger one is 0.55 m. The total
finite element discretization consists of 1608 nodes and 676 hexahedron 8-
node elements. Here, we once again apply the non-linear Blatz-Ko model.
The material characteristics are: shear modulus G = 2× 107 Pa, mass density
ρ = 800 kg/m3. The velocity is {0.0, −20.0,−10.0} (m/s). The total processing
time is 0.05 s and the time step is : ∆t = 0.0001 s. We assume that no
damping exists. The coefficients of Coulomb friction for different cases are
defined: µ = 0.0(frictionless), 0.5.

x

y

z
x

y

z

Fig. 13. Initial configurations and meshes
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t 8.5ms= t 30.5ms= t 41.5ms=

Fig. 14. Deformed shape and von-Mises stress (µ = 0.5)

t=8.5ms t 30= .5ms t 41= .5ms

Fig. 15. Deformed shape and von-Mises stress (µ = 0.0)

Figure 14 shows the evolution of von-Mises stress at three time instants t = 8.5
ms, t = 30.5 ms, t = 41.5 ms. The isocontours presents the maximum value of
von-Mises stress at the left bottom and the middle upward side of the lowest
cube (µ = 0.5). It is noted that the undersurface does not completely cling to
the base surface. However, this is not the case for µ = 0.0, see Figure 15. We
can also observe that the distribution of von-Mises stress is symmetrical to y
direction when no friction is applied. The frictional effects are so apparently
demonstrated.

Table 2 shows the elementary pairs, the contact search time and the total
computational time versus the time step. At each time step, we note that the
cost for contact detection only takes a very small part of the total computa-
tional time. For the purpose of comparison, we analyze the same example by
a brute force method and a classical BVH method, see Table 3. The proposed
optimal BVH can be ten times faster than the classical BVH, and almost 700
times faster than the brute force method.
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Table 2
Computational time along time steps

t(s) elementary − pairs search − time (s) total − time (s)

0 160 0.015 0.141

0.010 240 0.017 0.265

0.020 250 0.017 0.266

0.030 320 0.028 0.406

0.040 330 0.031 0.391

0.050 190 0.017 0.203

Table 3
Search time for 500 steps

methods search − time (s) total − time (s) percentage

brute force 7720.023 7867.056 0.9813

classic BVH 124.234 277.020 0.4484

optimal BVH 11.662 167.626 0.0695

( )a ( )b ( )c

( )d ( )e ( )f

Fig. 16. Impact with different number of cubes. Each cube has 56 contact nodes
and 54 contact quads on the surface. (a) 20 cubes with 1120 contact nodes, (b) 40
cubes with 2240 contact nodes, (c) 60 cubes with 3360 contact nodes, (d) 80 cubes
with 4480 contact nodes, (e) 100 cubes with 5600 contact nodes, (f) 120 cubes with
6720 contact nodes.

As is demonstrated in Table 3, the contact search by using a unsuitable method
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can easily dominate (> half) the CPU time required for simulation. Thus, a
problem arises: if the proposed contact detection methodology would become
inefficient with increasing problem sizes? To investigate this issue, we perform
another example by gradually increasing the number of cubes impacting on
the rigid plate, see Figure 16. The material and integration parameters remain
the same as the second 3D example. Figure 17 plots the total computational
time on the contact detection algorithm as a function of the numbers of con-
tact nodes for 500 time steps. The results indicate that the contact searching
time by using the proposed algorithms does not fit a linear relation with the
contact nodes. This is because both the Octree and BVH require a logarithmic
search complexity. In Figure 18, we can find that the rate of the contact detec-
tion time with respect to the total computation time decreases when contact
nodes increase, which is opposite to the tendency in Figure 17. Therefore, the
applicability of the proposed methodology in dealing with multibody contact
problems with a large data system can be confirmed.
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Fig. 17. Computation time on contact searching for 500 time steps
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7 Concluding remarks

This paper presents a semi-explicit algorithm to solve the multibody dynam-
ics with friction and large deformation. Taking the implicit integration scheme
as a reference, the results obtained by the semi-explicit algorithm confirm its
good accuracy and stability in deal with high frequency multibody dynamics.
However, for larger time steps, the solution may become divergent. The results
show also that the proposed algorithm is fast in terms of computational time
for systems with a large number of degrees of freedom and complex nonlin-
earities.

To accelerate the contact detection for multibody systems, a hybrid three
stages methodology is then proposed. In particular, an optimal bounding vol-
ume hierarchy is used to detect elementary pairs, which can significantly re-
duce the duplicate tests. In general, this contact search method can also be
applied to deal with self-contact problems when some modifications are made.
The presented work can also be extended to solve contact problems with mil-
lions of degrees of freedoms by using parallel computation.
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Highlights 

 An efficient semi-explicit algorithm is developed to solve the multibody contact dynamics.

 The unilateral contact constraints are enforced via a reaction-velocity formulation within

the framework of bi-potential.

 A hybrid methodology consisting of the Octree structure and the bounding volume

hierarchy is proposed to reduce exhaustive contact inspections.


