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Cyclotomic quiver Hecke algebras and Hecke algebra of G(r, p,n)

Salim RosTtaM*

Abstract

Given a quiver automorphism with nice properties, we give a presentation of the fixed
point subalgebra of the associated cyclotomic quiver Hecke algebra. Generalising an isomor-
phism of Brundan and Kleshchev between the cyclotomic Hecke algebra of type G(r,1,n)
and the cyclotomic quiver Hecke algebra of type A, we apply the previous result to find a
presentation of the cyclotomic Hecke algebra of type G(r,p,n) which looks very similar to
the one of a cyclotomic quiver Hecke algebra. In addition, we give an explicit isomorphism
which realises a well-known Morita equivalence between Ariki-Koike algebras.

Introduction

Generalising real reflection groups, also known as finite Coxeter groups, complex reflection
groups are finite groups generated by complex reflections, that is, by endomorphisms of C"
which fix a hyperplane. As for Coxeter groups, there is a classification of irreducible complex
reflection groups ([ ])- This classification is given by an infinite series {G(r, p,n)} where
r,p,n are positive integers with r = dp for d € N*, together with 34 exceptional groups.
More precisely, the group G(r, p,n) can be seen as the group consisting of all n x n monomial
matrices such that each non-zero entry is a complex rth root of unity, and the product of all
non-zero entries is a dth root of unity. If £ € C* is a primitive rth root of unity, the latter
group is generated by the elements:

s=&"Ei1+ ZEk,Iw ty=EE1o+ & By + ZEk,k,

k=2 k=3
te == Ea,a+1+Ea+l,a+ Z Ek,k; for allae{l,...,nfl},
1<k<n
k#a,a+1

where Ej ¢ is the elementary n x n matrix with 1 as the (k, £)-entry and 0 everywhere else.

Inspired by work in the context of finite Chevalley groups, an algebra was associated
with each real reflection group W: the Twahori-Hecke algebra H(W). This deformation of
the group algebra of W was the starting point of many connections with other objects and
theories, for instance, the theory of quantum groups or knot theory. Aiming at generalising
this construction, Broué, Malle and Rouquier [ ] defined such a deformation for every
complex reflection group, also known as Hecke algebra. Besides, Ariki and Koike [ ]
defined such a Hecke algebra H,, (¢, u) for G(r,1,n) where ¢ and u = (uq,...,u,) are some
parameters, followed by Ariki [ ] who did the same thing for G(r,p,n). In particular,
for a suitable choice of parameters ¢ and u, this Hecke algebra Hﬁn(q) of G(r,p,n) can be
seen as a subalgebra of H,, (g, u).

In the semisimple case, Ariki and Koike have determined all irreducible modules for

H.,(q,u). The modular case was treated by Ariki and Mathas | , ], and also by
Graham and Lehrer | ] and Dipper, James and Mathas [ ], using the theory of
cellular algebras. Moreover, in | ], Ariki proved a conjecture of Lascoux, Leclerc and
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Thibon | ]. The theorem has the following consequence in characteristic 0. If all uy
for 1 < k < r are powers of ¢, then determining the decomposition matrix of H,(q,u) or
the canonical basis of a certain integrable highest weight E,A[e—module L(A) are equivalent
problems, where 5A[e denotes the Kac-Moody algebra of type Aél_)l. Together with the work
of Uglov [Ug] which computes this canonical basis, we are thus able to explicitly describe
the decomposition matrix of H, (g, u).

Once again in the semisimple case, Ariki | ] used Clifford theory to determine all
irreducible modules for %2, (¢). In the modular case, Genet and Jacon | ] and Chlou-
veraki and Jacon | | gave a parametrisation of the simple modules of Hﬁn(q) over C,
and Hu [ , | classified them over a field containing a primitive pth root of unity.
Furthermore, Hu and Mathas [ , ] gave a procedure to compute the decom-
position matrix of H;,\,n(q) in characteristic 0, under a separation condition (where the Hecke
algebra is not semisimple in general). Let us also mention the work of Geck [Ge], who deals
with the case of type D (corresponding to r = p = 2).

Partially motivated by Ariki’s theorem, Khovanov and Lauda [ , ] and
Rouquier [ ] independently introduced the algebra R, ('), known as a quiver Hecke alge-
bra or KLR algebra. This led to a categorification result:

Uy (ar) =~ @ [Proj(R, ()],

n>0

where U, (gr) is the negative part of the quantum group of gr, the Kac-Moody algebra asso-
ciated with the quiver I', and [Proj(R,(I"))] denotes the Grothendieck group of the additive
category of finitely generated graded projective R,,(I')-modules. Moreover, considering some
cyclotomic quotients RA(T) of the quiver Hecke algebra, Kang and Kashiwara | ] also
proved a categorification result for the highest weight U, (gr)-modules.

With I' a quiver of type Ail_)l and a suitable choice of u, we thus obtain a connection
between the Ariki-Koike algebra H,,(¢, w) and R2(T). Brundan and Kleshchev | ] (and
independently Rouquier | ]) gave an explicit isomorphism between these two algebras.
In particular, the Ariki-Koike algebra inherits the natural Z-grading of R*(T"). Further,
Hu and Mathas | | constructed a homogeneous (cellular) basis of the Ariki-Koike
algebra.

We aim to generalise the previous results concerning G(r,1,n) to the remaining elements
of the infinite series {G(r, p,n)} (and thus for all but finitely many complex reflection groups).
In this paper, we restrict the isomorphism of | ] to the subalgebra H2, (q) of Hy(q,u)
(for a suitable choice of u), and then study its image in the cyclotomic quiver Hecke algebra
RA(T). Our two main results are the following.

e We obtain a cyclotomic quiver Hecke-like presentation for H, (¢) (see Corollary 4.16).

e We find an isomorphism which makes explicit the Morita equivalence of Ariki-Koike

algebras of | ] (see §3.4).
We will first need to generalise the main result of | ]. Surprisingly, combined with a
theorem of | |, this leads to the isomorphism realising the above Morita equivalence.

We then exploit the fact that Hﬁn(q) is the fixed point subalgebra of H, (g, u) for a par-
ticular automorphism o, the shift automorphism. After some technical work, we obtain the
cyclotomic quiver Hecke-like presentation for Hﬁn(q). We deduce that H;},n(q) depends only
on the quantum characteristic and is a graded subalgebra of H,,(q,u). We note that Boys
and Mathas [Bo, | already studied a restriction of the isomorphism of | ] to the
fixed point subalgebra of an automorphism, in order to study alternating (cyclotomic) Hecke
algebras. The approach taken here is globally similar, however, we are here able to use a
trick of Stroppel and Webster | ] to simplify the final proof (see §4.1).

We now give a brief overview of this article. Let r,p,d,n € N* be some integers with
r = dp, an element ¢ # 0,1 of a field F', a primitive pth root of unity ( € F* and
J =17Z/pZ ~ (C). Weset e € N>oU{oo} the order of ¢ in F* and we define I := Z/eZ (with
I =17 if e = o). Finally, we consider a tuple A = (A; ;) where (i,5) € I x J and A; ; € N.



We begin Section 1 by defining in §1.1 the Hecke algebra H,,(q,u) of type G(r,1,n) (the
Ariki-Koike algebra), which we write H?(q, ¢) when each uy, is of the form (7¢*. The algebra
H™ (g, ) is generated by some elements S, Ty, . .., T}, _1, subject to relations (1.2b)—(1.2f) and

the “cyclotomic” one:

ITIIs - )™ =0

iel jeJ
(see (1.6)). We define in Proposition 1.9 an important object of this paper, the shift auto-
morphism o of HM(g,¢): it maps S to (S and is the identity on the remaining generators
T1,...,T,_1. We then start §1.2 by defining the cyclotomic Hecke algebra H;\,n(q) of type
G(r,p,n). Our definition differs from Ariki’s | |. However, in Appendix A, after we gave
a short proof that 7—[’1\7n(q) is the usual Ariki-Koike algebra, we prove that if p > 2 then our
definition is equivalent to Ariki’s. In particular, this shows that Ariki indeed defined a Hecke
algebra of G(r,p,n) as defined in | ] (this fact is mentionned in | ] but we did not
find any proof in the literature). We then prove in Corollary 1.18 that H)), (¢) is the fixed
point subalgebra of H"(g,¢) under the shift automorphism. We introduce in §1.3 a divisor
p’ of p, together with the set J' := {1,...,p'}, such that the map I x J' > (i,5) — (’¢" is one-
to-one and has the same image as I x J 3 (i, ) — (/q*. We then define a finitely-supported
tuple A, indexed by I x J', associated with the tuple A € NU*7) (see Proposition 1.33).
We also introduce the notation #24 (g, ¢) and H2, (¢). The reader should not be afraid of
confusing the two notations A and A: we will not use A after Section 1.

Now let I" be a loop-free quiver with no repeated edges. Let K be the vertex set of I and
let A be a tuple of non-negative integers indexed by K. We define in Section 2 the quiver
Hecke algebra R, (') and its cyclotomic quotient RA(T"). In §2.3, given a permutation of
the vertices of T, we associate in Theorem 2.14 an automorphism of R, (") and we easily
give in §2.3.1 a presentation of the fixed point subalgebra (Corollary 2.27). In contrast,
we need a little bit more work in §2.3.2 to do the same thing for the cyclotomic quotient
RA(T). We give a presentation for the fixed point subalgebra in Theorem 2.43. Note that
characteristic-free statements can be found in the author’s PhD thesis | , §1.4].

We generalise in Section 3 the main result of | ]. The calculations are entirely similar,
hence we do not write them down. More precisely, we prove the following F-isomorphism
(Theorem 3.4):

Hn(g,u) ~ RAT).

The quiver T is given by p’ copies of the cyclic quiver I', with e vertices (which is a two-sided

infinite line if e = o0), where w is such that the set {u1,...,u,} is a union of p’ orbits for
the action of (¢) on F*. In particular, in the setting of | | we have p’ = 1. Moreover, we
deduce that this isomorphism realises the well-known Morita equivalence of | ] involving

Ariki-Koike algebras, see §3.4.

In Section 4, we show that the isomorphism of Theorem 3.4 can be chosen such that
the shift automorphism of H2(g,¢) corresponds to a nice automorphism of RA(T"). This
automorphism is built from the automorphism of I' which maps a vertex v = (/¢ for
(i,7) € K == I xJ' to o(v) := (v. This explains why we chose the term “shift automorphism”.
We finally deduce with Corollary 4.16 a cyclotomic quiver Hecke-like presentation for Hﬁn (q).
In particular, this implies that Hﬁn(q) is a graded subalgebra of H2(q,¢) (Corollary 4.17)
and that H2}, (¢) does not depend on ¢ but on the quantum characteristic e (Corollary 4.18).

Acknowledgements I am grateful to Maria Chlouveraki, Nicolas Jacon, Noah White
and the referee for their numerous corrections. I also thank Andrew Mathas for his com-
ments on a preliminary version of this paper, and Ivan Marin for discussions concerning the
presentation of G(r,p,n).

Notation Let d,p,n € N* with n > 2 and set r := pd. We work over a field F' that
contains a primitive pth root of unity ¢, in particular, the characteristic of F' does not divide
p. We consider an element ¢ € F'\ {0,1} and we write e € N>o U {oo} its order in F*. We



define:
I ZjeZ if e < oo,
Tz otherwise (e = 00),

and J :=Z/pZ ~ ({).

1 The Hecke algebra of G(r,p,n)

Here we review two constructions of Ariki and Koike. Let w = (u1,...,u,) be a tuple of
elements of F'*.

1.1 The Hecke algebra of G(r,1,n)

We recall here the definition of the cyclotomic Hecke algebra H,, (¢, u) of type G(r, 1,n), also
known as Ariki-Koike algebra.

Definition 1.1 (] ). The algebra H,(q,w) is the unitary associative F-algebra gener-
ated by the elements S, 71, ..., T,—1, subject to the following relations:

T

[1¢s—u) =0, (1.2a)

k=1

(T, + 1)(T, —q) =0, (1.2b)

ST\STy, = T4 ST, S, (1.2¢)

ST, =T,S ifa>1, (1.2d)

T.Ty = TyT, if |a—b| > 1, (1.2¢)

ToTuir Ty = Tus1ToTus1. (1.2f)

According to | ], the algebra H,(q,w) is a Hecke algebra of the complex reflection

group G(r,1,n). Let X; := S and define for a € {1,...,n—1} the elements X, 1 € H,(q,u
by:

4 Xor1 = TuXoTa. (1.3)
These elements X1,...,X, pairwise commute ([ , Lemma 3.3.(2)]). Moreover, Mat-
sumoto’s theorem (see, for instance, | , Theorem 1.2.2]) ensures that (1.2e) and (1.2f)

allow us to define T, := Ty, - - - Ty, for any reduced expression w = S, - - - Sa,, € Gy, Where
Sq € G, is the transposition (a,a + 1).

Theorem 1.4 (] , Theorem 3.10]). The elements
XXM, (1.5)
formqy,...,m, €{0,...,7 — 1} and w € &,, form a basis of the F-vector space H,(q,u).

Let A = (A;;) € NU*J) be a finitely-supported tuple of non-negative integers with
Dier ZjeJ A;; =r. We say that A is a weight of level r. In particular, we can choose the

parameters ug, . . ., u, such that the relation (1.2a) in #, (g, u) becomes the following one:
[TTI(s-¢a)™ =o. (1.6)
icl jeJ

Definition 1.7. In the above setting, we define H?(q,¢) = H,(q, u).

We will often need the following condition on A:

Nj=Njy =N for alli € I and j,5' € J. (1.8)
In this case, the weight (A;)icr has level d = 7. Moreover, we can write (1.6) as:
i iz i\
ITII s =)y =][s" - =0
i€l jeJ iel

Thus, we get the following result.



Proposition 1.9. Suppose that N satisfies (1.8). There is a well-defined algebra homomor-
phism o : H}\(q,¢) = HN(q,C) given by:

o(S) = ¢S,
0(Ta) = Ta, forallae{l,...,n—1}.

Remark 1.10. The homomorphism ¢ has order p, in particular ¢ is bijective. We will refer
to o as the shift automorphism of HM(q, ().

In the remaining part of this subsection, we assume that (1.8) is satisfied, so that the
shift automorphism is defined. The following lemma is an easy induction.
Lemma 1.11. For every a € {1,...,n} we have 0(X,) = (X,.
Proposition 1.12. The elements of HNq, () fized by o are exactly the elements in the
F-span of X{"'--- X" T, formy,...,m, €{0,...,7—1} and w € &, with the additional
following condition:
mi+---+my, =0 (mod p).

Proof. Let h be an arbitrary element of HM(g,¢). By Theorem 1.4, we can write, with
m = (mgy)a:

h= > hmwX{" o X,

meN" wes,,
0<mg,<r

for some Ay € F. Applying Lemma 1.11, we have:
o(h) = Z NGRS G Gl o

meN" wes,
0<mq<r

thus o(h) = h if and only if "+ *"n = 1 when A, # 0. We conclude since ( is a
primitive pth root of unity. O

Note that the family in Proposition 1.12 is a basis, since it is free (by Theorem 1.4).

1.2 The Hecke algebra of G(r,p,n)

We continue to assume here that the weight A satisfies the condition (1.8). In particular,
for any i € I and j € J we have A; j = A;. We will first define the algebra that Ariki | ]
associated with G(r,p,n), and then relate this algebra to §1.1.

Definition 1.13 (] ]). We denote by HJ, (¢) the unitary associative F-algebra gener-

ated by s,t},t1,...,ty_1, subject to the following relations:
[TG—-a) =0, (1.14a)

il
(tr + Dt — ) = (ta + 1) (ta — q) =0, (1.14b)
thtat] = totita, tatarite = taritataris (1.14c)
(tht1te)? = (tat)t1)?, (1.14d)
thite =taty ifae{3,....n—1}, (1.14e)
toty = tpt, if |a — b| > 1, (114f)
st =tqs ifae{2,...,n—1}, (1.14g)
stht] = titys, (1.14h)
stititity ... = tystitath ... (1.144)
p+1 factors p+1 factors

According to [ |, the algebra "H;‘m (¢) is a Hecke algebra of the complex reflection

group G(r,p,n).



Remark 1.15. We prove in §A.1 that the above presentation considered for p = 1 yields the
Ariki-Koike algebra HA(q, 1) as defined in §1.1.

Remark 1.16. Assume here that p > 2. The reader may have noticed that the above

presentation is not the one given by Ariki [ ]. Instead of (1.14i) Ariki gives the following
relation:
p—2 .
_ 2— _ 1- .
sthty = (¢ it Ptusty + (g — 1) (¢ M t) st]. (1.14i")
k=1

We claim that these two presentations define isomorphic algebras. Using (1.14b), we can
show by induction the following equality:

p—2
_ 2— _ S —1,—1,, -1
(g 'tht)” Ptasth + (g — 1) (¢ ) T sty = (7 T T ) Lttt st
k=1 p—2 factors p—2 factors
Hence, using (1.14h) we get that (1.14i) and (1.141’) are equivalent, which proves the claim
(we refer to §A.2 for more details). We conclude this remark by mentioning that the gener-
ators of | | are given by ag = s,a1 =t} and ax, = tx—1 for k € {2,...,n}.
We state the main result of this section (note that the case p = 1 is proved by Theo-
rems 1.4 and A.2).

Theorem 1.17 (| , Proposition 1.6]). The algebra homomorphism ¢ : Hp, (q) —
HM (q,¢) given by:

¢(s) = 5P,
o(th) =871, 8,
d(te) = Ty, forallae{l,...,n—1}.
is well-defined and one-to-one. Moreover, the elements X1 -+ X"Ty, of Theorem 1.4 such
that my + -+ +my, =0 (mod p) form an F-basis of (b(H;\n(q))
In particular, using Proposition 1.12 we get the following one.

Corollary 1.18. The algebra H£7n(q) is isomorphic via ¢ to HM(q,¢)°, the fized point
subalgebra of HM(q,¢) under the shift automorphism o.

1.3 Removing repetitions

The following map:
‘ IxJ — FX

(i,5) — ¢q'
is not one-to-one. The first aim of this subsection is to find a subset J' C {1,...,p} ~ J

such that the restriction of the previous map to I x J' has the same image and is one-to-one.
Moreover, for our purposes, we would like relation (1.6) to be of the form:

ITII s -da)™ =o, (1.19)
icl jeJ

where A = (A; j)ier.jes € NU¥7) is a weight of level 7. The second aim of this subsection
is to know for which tuples A € NUX7) of level r there is some A € NU*7) such that the
relation (1.6) in HM(g,¢) is exactly (1.19). We will be particularly interested in the case
where A satisfies (1.8). This will require some quite long but easy computations.

Let us define the following integer:

p =min{m e N*: (" € {¢)} € {1,...,p}, (1.20)

together with the following set:



Lemma 1.21. The integer p’ is given by:
e if e =00 then p' = p;

° ife<oothenp’:m.

In particular, the integer p’ divides p and depends only on p and e.

Proof. The statement for e = co is obvious since each element of {g) \ {1} has infinite order.
Thus, we now assume that e < co. For any m € N*, the order of ("™ in F'* is m. Since
q is a primitive eth root of unity, the set (q) is precisely the set of elements of F* of order

dividing e. Hence:
p ..

(Me{q) <= ———— dividese

2 ged(p,m)
_r

ged(p, m)

_pr

ged(p,e)
We conclude that the minimal m € N* such that (™ € (¢) is p’ =

divides ged(p, €)
divides ged(p, m).

_p
ged(p,e) O

The first aim of this subsection is achieved thanks to the next lemma, which is a imme-
diate consequence of the minimality of p’.

Lemma 1.22. The elements (7q* fori € I and j € J' are pairwise distinct.
Let us denote by 1 the (unique) element of I such that:

¢ =g (1.23)
Note that p’ = p <= n=0 < {(g) N{¢) = {1}. In particular, if » # 0 then e < co. In
that case, we are not necessarily in the setting of | ] (see [Lemma 2.6.(a), loc. cit.]).
We now consider the following map:

/!
J xZ/wZ — J L (1.24)
(Ja) — j+pa
where w = 5. It is well-defined and surjective, hence bijective by a counting argument.
Equation (1.6) becomes:
/\1 ,j+p’a
[ITIes-¢a™ =111 II (s-¢@)ra)
i€l jeJ i€l jEJ a€Z/WZ

= H H H (S _ qui+77a)’\i,j+p’a_ (1.25)

i€l jeJ' a€Z/wl

For each (i,7) € I x J', we define:

ANij =Y > Nojipas (1.26)

'€l a€Z/wl
i'Jrna:i
so that, by (1.25):
[T -day™ =TI 5 -¢a)
iel jeJ iel jeJ'

Hence, relation (1.6) transforms to the desired one (1.19). Conversely, it is clear that each
weight A € NUX7) comes from some A € NU*7) through (1.26), that is, for each A € N(/*7")
there is some A € NUX/) such that (1.26) is satisfied. Indeed, given any A € NU*7) it
suffices to set:
Aoy {Ai,g if j is the image of (3,0) by the bijection of (1.24),
0 otherwise,

for all (¢,7) € I x J.



Definition 1.27. Let A € NU*7') be a weight of level 7. We consider A € NU*7) g weight
of level r which gives A through (1.26). We write H2(q,¢) == HM(q,¢). In particular, the
relation (1.6) becomes (1.19).

We now assume that the weight A € NU*7) gatisfies the condition (1.8), that is, factors
to A € NU: we want to know which condition we recover on A. The defining equality (1.26)

becomes:
Aij=> > A,

V'€l a€ZL /W
) .
1 +na=1

for i € I and j € J'. In particular, for any i € I and j,j' € J' we have A; j = A; j» = A;, so
that A € N is a weight of level wd, and:

A= A (1.28)

V'€l a€Z/WZ
i/+na:i

forallz e 1.
Lemma 1.29. For any ¢ € I we have:
. 0 ifi ¢ nl, (1.30)
ELJWZ :na =i} =
#la € Z/wL:na =i} { 1 ifienl (1.31)

Proof. The result is straightforward if n = 0, in particular in that case we have w = 1. Thus
we assume 7) # 0, in particular e < co and I = Z/eZ. Let us compute the cardinality of the
fibre of ¢ under the following group homomorphism:

¢ :

Z — 1
a —— na.

First, the image of ¢ is nI; this proves (1.30). The element w lies in ker ¢. Indeed, we have

order(¢?") = order(q"), hence:
e

W= —"=,
ged(e, n)

thus e = ged(e, n)w | nw. As a consequence, we have a well-defined surjective map:

(1.32)

¢: | Z/jwZ — nl
a — na’

We have, using (1.32):

I = L+ eL)/eL ~ L st = L/,

thus, by a counting argument we get that the map ¢ is bijective. This concludes the
proof. O

The second aim of this subsection is achieved thanks to the following proposition.

Proposition 1.33. A weight A € NU) of level wd comes from a weight N € NU) of level d
through (1.28) if and only if for alli € I,

Ai = Ai+77,
that is, if and only if the weight A factors to a weight A € NI/ of level d.

Proof. First, by applying Lemma 1.29 to (1.28), we obtain the equivalent equality:

Ai= > A= > Ai, (1.34)

i'el i’ €i+nl
i’ —ienl



for all ¢ € I. The necessary condition is hence straightforward. We now suppose that
A € N factors to a weight A € NU/7D) of level d. For any v € I/nl, we choose any w
non-negative integers A; for 7 € v such that >2,c A; = A,. We conclude that (1.34) and
thus (1.26) hold since A; = A, if i € . O
Definition 1.35. We write H} (¢,¢) = HM (¢, ¢) and H},,(q) = H} () if A € N of level
wd and A € NU) of level d are as in Proposition 1.33. In particular, the cyclotomic relation

(1.6) in H2(q,¢) is: S A
[TI[s-¢a)y™ =o.

iel jeJ’

2 Cyclotomic quiver Hecke algebras

Let K be a set and T' be a loop-free quiver without multiple (directed) edges, with vertex
set K. For k, k' € K:

e we write k —/~ k' if neither (k, k") nor (k', k) is an edge of T}

o we write k — k' if (k, k') is an edge of T and (£, k) is not;

e we write k + k' if K — k;

e we write k S k' if both (k, k') and (k/, k) are edges of T.
If the next section we will define the (cyclotomic) quiver Hecke algebra associated with T
Furthermore, given an automorphism of this algebra built from an automorphism of the

quiver, we will give a presentation of the fixed point subalgebra. Note that what follows has
roughly the same outline as [Bo, ].

2.1 Definition

Let n € N* and a = (ak )kex be a (finitely supported) tuple of non-negative integers, whose
sum is equal to n. We say that « is a K-composition of n and we write a = n. Let K¢
be the subset of K™ consisting of the elements of K™ which have, for any k € K, exactly a
components equal to k. The sets K% are the &,-orbits of K™, in particular they are finite.

Following | , ] and [Rou], we denote by R (T') the quiver Hecke algebra
at « associated with I'. It is the unitary associative F-algebra with generating set

{e(k)}kEK"‘ U {yla ce ayn} U {1/]1; ce 7'(!]71—1}



together with the relations

> ek) =1, (2.1a)
ke K~
e(k)e(k') = 0k pre(k), (2.1b)
Yae(k) = e(k)ya, (2.1c)
Yae(k) = e(sq - k)a, (2.1d)
YaYb = YvYa, (2.16)
Voo = Yoo i b#a,a+1, (2.1f)
YaPp = Pptha  if |a - b| > 1, (21g)
_ (ya¢a + 1)€(k) if kg = kaJrl;
waya-i-le(k) - {ya'lpae(k) if ka 7& ka—i—l; (2'1h)
_ (waya + 1)6(k> it kg = ka+1, .
ya+1¢ae(k) B {"/)ayae(k> if ka 7£ ka+1, (2-11)
0 if ka = ka—i—l;
€(k) if ka 7L ka—i—la
1/136(’6) = (ya-i-l - ya)e(k) if ka — ka-i-la (2'1j)
(Yo — Yar1)e(k) if ko < kag1,
(yaJrl - ya)(ya - ya+1)e(k) itk, = ka+1,
(%%H?/}a - l)e(k}) if kayo = ko = kay1,
(Yatat1ta + 1)e(k) if kay2 = ka < ka1,
a a¥a k)= 2.1k
1/] +11/] 1/] +1e( ) (wa"/)aJrl"/)a + 2ya+1 — Ya — ya+2)e(k) if ka+2 =k, S kaJrlv ( )
Yaat1Vae(k) otherwise.

The following proposition is easy to check (see |

, J or [Rou]).
Proposition 2.2. There is a unique Z-grading on R (T') such that:

o for all k € K% dege(k) :== 0;

o forallk € K* and a € {1,...,n},degy.e(k) = 2;

o forallk e K* anda €{1,...,n—1}:

-2 if kg = kat1,

Zf ka 7L ka-i-la
1 if kg — ka1 or kg < kgt1,
2 ifke S kayr.

deg Yqe(k) =

If K is finite, we can define the quiver Hecke algebra R, (I") as above, with generators

{e(k)kern U{yt, .-y yn} U{W1, .. Y01}

and the relations (2.1), where the sum over K in (2.1a) is now over K. In that case, define
for a =x n:

e(a) = Z e(k) € R,(T). (2.3)

kEK
The element e(«) is central and R, (I")e(a) ~ R4 (T'). We have:

Rn(D) ~ @ Ra(D),

alEgn

and this isomorphism can be considered as a definition of R, (I") when K is infinite (note
that in that case, the algebra R, (I') is not unitary).
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Now let A = (Ap)rex € N be a finitely-supported tuple of non-negative integers. We
define a particular case of cyclotomic quotient of Ry (I") (see | ] for the general case).

Definition 2.4. The cyclotomic quiver Hecke algebra R2(I') is the quotient of the quiver
Hecke algebra R, (T") by the two-sided ideal Z2 generated by the following relations:
ye(k) =0,  forall k € K. (2.5)

Note that the grading on R, (I") gives a grading on R2(I"). If K is finite, the cyclotomic
quotient RA(T") is obtained by quotienting R,,(I') by the relations:

yMe(k) =0, forallke K™
Moreover, we have e(a)RA(I') ~ RA(T') and:
Ra(T) = P Ra(D),
al=gn

and this can be considered as a definition of R2(I") if K is infinite.

2.2 Properties of the underlying vector spaces

For each w € G,,, we choose a reduced expression w = Sq, - -+ Sq,. and we set:

r

ww = 1/104 T waT € Rn(F) (26)

Let a =g n. We have the following theorem ([Rou, Theorem 3.7], | , Theorem
2.5]).

Theorem 2.7. The family By = {¢wyy"" - yme(k) : w € S,,mq € Nk € K} is a basis
of the F-vector space Rq(T).

Let A € N(5) be a weight. It is not obvious that we can deduce a basis of the cyclotomic
quiver Hecke algebra from the basis of Theorem 2.7. With this in mind, let us give the
following lemma.

Lemma 2.8 (] , Lemma 2.1]). The elements y, € RA(T) are nilpotent for any a €
{1,...,n}.
Remark 2.9. The proof in | ] is given for the quiver I'.. However, we can see immediately

that their proof is valid for the quivers we use here.
We obtain the following theorem (see also | , §4.1]).

Theorem 2.10. The family:
Bg = {Q/Jwy{m ceyltre(k) iw € Spymg €NJE € KO‘},

is finite and spans RA(T) over F. In particular, the F-vector space R®(T') is finite-dimensional.

2.3 Fixed point subalgebra

Let o be an automorphism of I', that is:

e the map o : K — K is a bijection;

o if (k, k') € K? is an edge of I then (o (k),o(k’)) € K? is also an edge of T'.

We assume that for any p; € {1,...,p—1} and for any k € K we have o?' (k) # k = oP(k),
in particular, we have oP = idg.
Remark 2.11. Everything in this subsection §2.3 remains true if we only assume that o? =
idg: we just have to modify the sentence containing (2.22) and equalities (2.24), (2.41).

Note that the automorphism involved in the proof of the main theorem (the automorphism
which is defined in (4.8)) satisfies the above stronger condition.

11



Since oP = idg, we have, for k, k' € K:
(k,k') € K? is an edge of I' <= (o(k), (k")) € K? is an edge of T,
thus we deduce the following lemma.
Lemma 2.12. Let k, k' € K. We have:
k—k < ok)— ak),

and there are similar equivalences for <, S, = and #.

The map o naturally induces a map o : K™ — K", defined by o(k) := (o(k1),...,0(kn)).
For a Ek n, the following lemma explains how o : K™ — K™ restricts to K® (compare to
[Bo, after Lemma 5.3.2]).

Lemma 2.13. For o =g n, the map o : K™ — K™ maps K* onto K7, where o -« is the
K -composition of n given by:

(0 a)r = as-1(k), forall k € K.
Proof. Let k € K™. We have:

for all k£ € K, k has aj components equal to k
<~ forallk € K,o
<~ forallk € K,o

k) has ay components equal to o(k)
k) has a,-1() components equal to k

<= for all k € K,o(k) has (o - o) components equal to k.

€ Ko, (]

We conclude that k € K¢ < o(k

We can now explain how o induces an isomorphism between (cyclotomic) quiver Hecke
algebras. We will also give a presentation for the fixed point subalgebras.

2.3.1 Affine case

In the affine case, we will be able to give a basis for the subalgebra of the fixed points of o.
As an easy consequence, we will give a presentation of this subalgebra.

Theorem 2.14. Let o =k n. There is a well-defined algebra homomorphism o : R4 (T) —
Ro.a(T) given by:

ole(k)) = e(o(k)), for all k € K<,
(Ya) = Ya, foralla e {1,...,n},
(V) = a, forallae{l,...,n—1}.

Proof. We check the different relations (2.1), thanks to Lemma 2.12 and the following fact:
o(k)a = o(ka),

foralla € {1,...,n} and k € K™. Note that to prove (2.1a) we use the additional fact that
o: K% — K7 is a bijection. o

Remark 2.15. By Lemma 2.12, the homomorphism ¢ : Ry (') — Rs.o(T') is homogeneous
with respect to the grading given in Proposition 2.2.

As in Section 1, we want to study the fixed points of 0. To that extent, we first need to
find an algebra which is stable under . Let [«] be the orbit of & under the action of (o).
Note that since oP = idg, the cardinality of [a] is at most p. For a =k n we define the
following finite subset of K™:

K= | K7, (2.16)
BEle]
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and similarly we define the following unitary algebra:
Ri)(1) = P R (T (2.17)
Bela]

We obtain an automorphism o : Riq)(I') — Ry (I).
Remark 2.18. We have R, (I') ~ @©[4R(q)(I'), in particular, for k € K™ the idempotent e(k)
of R,,(T") belongs to Ry (T) if and only if k € K.

We consider the equivalence relation ~ on K generated by:
k~oa(k), for all k € K. (2.19)

We extend it to K[! by:
k~o(k), foral ke Kl (2.20)

Definition 2.21. We write K,[,a] for the quotient set K[O‘]/N

In particular, each element v € K%

v ={k,o(k),...,c""L(k)}, (2.22)

has cardinality p and is of the form:

with k € Kol
Definition 2.23. For v € K1), we define:

These elements e(v) have the property of being fixed by o. Note that for any k € ~, by

(2.22) we have:
p—1

= e(o™(k)). (2.24)
m=0

We now give the analogue of Proposition 1.12, by describing all the fixed points of o.
Theorem 2.25. The following family:
Bf, = {wy™ - yle(y) i w € Gn,mq € N,y € K([f‘]},
is an F-basis of Ria) ('), the vector space of o-fived points of Riq)(I').

Proof. First, by Theorem 2.7 we know that By = Uge[o)Bp is a linear basis of Ri(I').
Hence, the family Bfa] is linearly independent. Moreover, each element of Bﬁl] is fixed by
0. Now let i € Rq)(I") be fixed by o: we want to prove that h lies in spanp(Bf,)). Using
Theorem 2.7, we can write, with m = (myg),:

h = Z Z Z hwmkwwyl y,T"e(k),

weS,, meN" gc Kl

where hym.kx € . We have:

=> > Z M am i tuy™ -y e(o (k)),

weS,, mMeN” gc Kl

and thus, since B, is linearly independent:

hw,m,k = hw,m,a(k)a

13



forallw € &,,,m € N* and k € K!®l. In particular, for each v € KJ;Y] there is a well-defined
scalar Ny, m,y. We obtain:

h = Z Z Z hw,m,’ywwy;nl e van Z e(k)

weS,, meN® 7€K<[,a] key

=30 3T DT humatud e ume(),

weS, meN" _ ¢ glol
thus A lies in spanF(Bf’a]). O

Theorem 2.25 allows us to give a presentation of the algebra R4 (I')?. First, let us note

that for any a,b,c € {1,...,n} with ¢ <n and v € K([Ta], the expressions:

Sct Y Ya=Vbs Va7 Vb
Ya = Vor  VYa £ Vo5 Va S Vos

are well-defined, thanks to Lemma 2.12.

Remark 2.26. In contrast, if 7’ is another element of K then the expression v, = 7, (for

instance) is not well-defined. In particular, recalling (2.19) and (2.20), instead of subsets
of KI' = K"/~ we may want to consider subsets of (K/~)™. This set (K/~)" has much
worse properties. For instance, denoting by k € (K/~)" the image of k € K™ (or v € K7),
if kK, = Kat1 then we may have k, # ko1 (Or Yo # Yat1)-

Corollary 2.27. The algebra Rio)(I')7 has the following presentation. The generating set
18:

{e(M}, extor Uy, oy} U, ¥} (2.28)
and the relations are:
S e =1, (2.29)
ek
e(e(r') = by elr), (2.29D)
Yae(y) = e(7)¥a, (2.29¢)
¢a€(7) = e(sa : 7)1%, (2'29d)
Yalb = YbYa, (2.29)
Yayp = Yotba  if bFa,a+1, (2.29¢f)
wawb = wbwa Zf |a - b| > 13 (2-29g)
(Ya¥a +1)e(¥) i Ya = Yat1,
aYa = 2.29h
w Y +1€(/7) {yawae(’}/) Zf Ya 7é Ya+1, ( )
_ (Q/Jaya + 1)6(7) if Yo = Yat1, 92.99i
ya+1¢a€(7) {1/}ayae(7) Zf Ya 7é Ya+1, ( - 1)
0 Zf Ya = Ya+1,
6(7) Zf Ya 7L Ya+1,
Yae(y) = { Wat1 — va)e(y) if Ya = Yat1: (2.29j)
(Ya — Yatr1)e(y) if Ya < Ya+1,
(Ya+1 = Ya)(Ya — Yar1)e(Y) i Ya S Yat1,
(%%H% - 1)6(’7) if Yat2 = Ya —* Yat1,
_ (Yatbatr19a + e(7) if Ya+2 = Ya ¢ Ya+1,
wa—i_lwawa—i_le(/y) ; ("/)awa+11/}a + 2ya+1 — Ya — ya+2>e(7) Zf Ya+2 = Ya = Ya+1,
Vahatr1¥ae(y) otherwise.
(2.29k)
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Proof. Let us temporary write e()?,y9 and ¢¢ for the generators of Corollary 2.27, and
write R7 for the algebra which admits this presentation. Given the defining relations (2.1)
of Rio)(I') and Lemma 2.12, there is a well-defined algebra homomorphism f : R7 — R4(I")
given by:

Fle()7) = e(), for all v € K},
FW) = ya, foralla € {1,...,n},
F@W7) = g, foralla € {1,...,n—1}.

We can notice that the family:
B = {gg,(y7)™ -+ (yn) " e(7)” s w € &pymg € N,y € K[},

spans R over F, where the elements 7 are defined as in (2.6), with the same reduced
expressions. We recall from Theorem 2.25 that the family

Bﬁl] = {%y{”l ceylre(y)rw € Gy,mg €Ny € KLO‘]}

is an F-basis of R?

T (T). Noticing that the algebra homomorphism f maps B onto Bfa], we
deduce that:

e the family B is linearly independent;
e the map f surjects onto R (I')7.

Finally, the family B? is a basis of R?. In particular, the homomorphism f sends a basis to
a basis hence f is an isomorphism. O

The reader may have noticed the similarity between the relations (2.29) defining R4(I")”

and the relations (2.1) defining R, (I"). However, now the indexing set for the idempotents
is generally not an G,,-stable subset of Z" for Z an indexing set.
Remark 2.30. Since 0 : Rjq)(I) = R[o)(T") is homogeneous (cf. Remark 2.15), the subalgebra
R (T')7 is a graded subalgebra of R4 (I"). More precisely, as in Proposition 2.2 there is a
unique Z-grading on Ri,)(I')” such that e(y) is of degree 0, the element y, is of degree 2
and vYqe(y) is of degree —c., -, ., Where:

2 if vy = Yag1,

Gy rns = 0 ff Ya 7~ Va+1;
=1 if v = Yat+1 O Yat1 = Va,
=2 if v4 5 Yar1.

2.3.2 Cyclotomic case

Recall the Definition 2.4 of a cyclotomic quiver Hecke algebra. For o Ex n, we want
the algebra homomorphism o : R4 (I') = Ry.o(T) to factor through cyclotomic quotients.
Contrary to the affine case, it will be more difficult to get a presentation for the fixed point
subalgebra of the cyclotomic quiver Hecke algebra (recall that we do not have an analogue
of Theorem 2.7). In particular, the whole proof relies on the map u which will be introduced
in (2.37).

Let A € N be a weight. As for K-compositions, we define the weight o - A € N¥) by:

(0‘ : A)k = Ao-—l(k), for all k € K.

Lemma 2.31. We have O’(Ié}) = Igoj} In particular, the algebra homomorphism o :
Ra(T) = Ro.o(T) induces an algebra homomorphism o : RA(T) — RZA(T).
Proof. We notice that for k € K we have:

o(4," e(k)) = 1" elo (k) € Z72,

since Ax, = (0 A)yx),.- Hence o(IA) C I2:2 and we have equality by repeating the
argument with o1, O
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Until the end of this section, we make the following o-stability assumption on our weight
A € NF:

A = Aa(k)7 for all k € K. (232)
that is, we assume that A = o - A. Equivalently, the weight A factors to an element of
NUE/~) (with the notation of (2.19)). The reader may have noticed the similarity with the
equation of Proposition 1.33. In §4.2 we will explicitly make the link between these two
assumptions.

Similarly to (2.17), we define:

RE,(T) = €D RED).
BElal]

This algebra is the quotient of Rp4)(I") by the two sided ideal
A A
Tiey = D 27
pela]

generated by the elements yi\kl e(k) for k € K. We deduce from Lemma 2.31 the following
statement.

Lemma 2.33. We have O‘(I[j;]) = I[ﬁ]. Moreover, o : Rijo)(I') = Ro)(T') induces an algebra
homomorphism o : Rfé] ) — ’Rf;] (r).

If 7] : Rig(I) — Rg] (T") is the canonical projection, by definition the induced auto-
morphism o? satisfies:
ot o Ma] = Ma] © O- (2.34)

We will often write o as well for the automorphism .

Definition 2.35. We define R, (I')” as the F-algebra of the fixed points of R[’(\l] (T') under

(o]
the automorphism o.

We recall the notation of §2.3.1. Since A satisfies the o-stability assumption (2.32) and
considering the canonical map K7 = K"/~ — (K/~)", we may also consider the algebra
(Ria (F)")A, the quotient of R4 (I')7 by the two-sided ideal I[I(\)z],o generated by the following
relations:

yie(y) =0,  forally e Ko, (2.36)

In order to give a presentation of ng ] (T")?, we want to prove that this algebra is isomorphic
to the following one:

(e A (o8
(Ria (D)) = Ry (0 /Ty,

for which we know a presentation. Recalling that the characteristic of F' does not divide p,
we can define the following linear map:

pi| Ra(l) — RiyT)

1 . 2.37

B 13 omn) (2.37)
We now give a succession of lemmas involving this map u.
Lemma 2.38. The following properties are satisfied by the linear map w:

(R (T)) = Riy(T)7,
w(h) = h, for all h € R ().

Moreover, we have:
Proof. The first two statements follow from ¢? = id. We deduce the last one using
Lemma 2.33. O
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Remark 2.39. The linear map 4 is a linear projection onto the subspace R (I")7.

Lemma 2.40. We have the following equality:
A o A
I[a] ﬂ R[Oz] (F) - I[Oz],o"

In particular, [L(I[g]) =17

le],o”

Proof. Since for v € KX we have yf”l e(vy) € I[g] NRo ()7, we get I[I;]
We now consider an element h of I[’;]. Because of (2.1a), (2.1b) and Theorem 2.10, we know

that we have:

h= D > X hasthun gy {yfkle(k)} TRVl

w1, w2 €S, ml,”TLQENn’ ke K]

ﬂR[a] (F)U D TA

le],o

where the hg € F' are some scalars which depend on k and on the other various indices of
the sums. For m € {0,...,p — 1} we have:

= 3 ST ety [ el ()| Gyl

w1, w2€S,, ml,m2eNn ke Kl

Summing all these equalities from m = 0 to p — 1 and using (2.24) we get, where v € KL
is such that k € ~g:

pp(h) = > >y Pty {y?kle(%)} Vunyl o yn (2.41)

w1, w2€S,, ml,m2eN” gc Kl

Since:

e we have p # 0;

o.

o the elements wwly;ni e y,Ti‘e(Vk) and e(yk)Wuw, y{nf . -y;ni belong to Rq)(I')7;
o with v := 7, we have A, = Ay, (recall (2.32));

we deduce that p(h) € I{;]’a. Hence, if in addition h € R4)(I')7 then we have u(h) = h
thus we conclude that I[’;] NRyI)7 C I[I;],a' Finally, we get I[’;] NR ()7 = I[I;],a’ and
we deduce the last statement from Lemma 2.38. O

Lemma 2.42. For each h € Rf;] (I')7, there is some h € Rio)(I')7 such that w4 (h) = h.

Proof. Let h € Rfé] () C Rfé] (I') and let hg € Rq)(I") be such that 74j(ho) = h. Since h

is fixed by o, we have o(hg) — ho € I[’;]. Hence, by Lemma 2.33 we obtain:

o™ Y (hg) — 0™ (ho) € Ifhy,  forallm’ € {0,...,p— 1},

thus, by summing;:

o™ (ho) — ho € Ty,
for all m € {0,...,p — 1} (note that this is trivial for m = 0). Setting h = u(ho) we get
h —hy € I{;} thus 7, (h) = mq)(ho) = h. We conclude since by Lemma 2.38 we have
h e R[a] (F)U. O

We are now ready to state the main theorem of this section. We recall that the idempo-
tents {e(y)} of (2.28) are indexed by the set K which is defined in Definition 2.21.

Theorem 2.43. The algebras Rf;] (1) and (Riy) (T)°)* are isomorphic. In particular,

the generators (2.28) together with the relations (2.29) and (2.36) give a presentation of
RA(D).
[a]
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Proof. Recalling Corollary 2.27, we begin by noticing that the given presentation is a
presentation of (R[4 (F)")A. In particular, we can define a homomorphism of algebras

f1 (R (7)™ = RA(D)” by:

(o]

Fe()) = e(v), for all y € K[,
f(Wa) = Ya, forall a € {1,...,n},
f(¥a) = ta, foralla € {1,...,n —1}.

If 77, Ria)(I)7 = (Ria) (T)°)™ is the canonical projection, we have:

fomfy(h) = (h) (2.44)
for all h € Ro)(T)7 (it suffices to check this equality for each generator of R4)(I')7). We
now want to construct an inverse RA] )7 — (Ri (T)7)™ for f. Note that it is not obvious

la
since we do not have any presentation of the starting algebra yet. By Lemma 2.38, we have a

well-defined linear map 1 : Rio)(I') = (Riq (F)")A given by iy = 7f,; o p. By Lemma 2.40

we have ker g 2 I[ﬁ], hence we have a well-defined linear map:

pz s R (D) = (Ria) (1)),

and by restriction we get a linear map 7 : Rf}l] )’ — (Ria (F)”)A. To summarise, we have
a commutative diagram (2.45).

(1) ——— (Rpy(0)7)* (2.45)

Let h € Rjo)(I')?. We want to prove the following equality:
ﬁoﬂ'[a](h) = ijo(](h). (246)

First, by (2.34) we have m,)(h) € Rf;] ()7 hence we can evaluate 7 at 7(,)(h). We now use
the commutative diagram (2.45):
R oma)(h) = p2 o ma)(h) = pa(h) = mf,) o u(h),

and we conclude since p(h) = h by Lemma 2.38.
Finally, let us prove that f and & are mutual inverses.
e Let h € (Rpq T . Ifh e Ra)(I')7 is such that 7f, (h) = h, we have, using (2.44)
and (2.46):
fo f(h) =To fonfy(h) =Hompa)(h) =7y (h) =h,
hence 7z o f is the identity of (R (F)")A.
e Let h € RA (7. By Lemma 2.42, we can find h € Ria)(I')? such that m,)(h) = h.

(o]

Using once again (2.44) and (2.46) we get:
f Oﬁ(h) = foﬁoﬂ-[a](h‘) = foﬂ.ﬁl](h) = 7T[az](h) =h,

thus f o is the identity of ng] )7,
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In particular, the algebra homomorphism f is bijective, hence is an algebra isomorphism
between RA (T')” and (Ryo)(1)7)". O

la

Remark 2.47. The grading of Remark 2.30 thus gives a grading on R[’(\l] (I')?, for which o is
A

(o]

homogeneous (recall Remark 2.15). Moreover, the algebra R (I')? is a graded subalgebra
of R, (D).

Remark 2.48. The proof of Theorem 2.43 uses the assumption that p is invertible in the base
field. A characteristic-free (and in a slightly more general setting) version can be found in

the author’s PhD thesis | , §1.4].

3 The isomorphism of Brundan and Kleshchev

In this section, we generalise an isomorphism of Brundan and Kleshchev | ] involving
HA (g, 1) to the case of the algebra H2 (g, ().

3.1 Statement

We consider the quiver I'. defined as follows:
e the vertex set is {¢'},.
e there is a directed edge from v to qu for each vertex v of T'..

We will often identify the vertex set with I in the canonical way. In particular, if ¢ is a vertex
then there is a directed arrow from 7 to i + 1. For 4,7’ € I, with the notation of Section 2
we thus have:

i—i < [i'=i+1andi#i +1],
i+i < [i=i{+1and i #i+1],
iSi < [i=i+1andi =i+1],
i1 = i#£i,id £
The quiver I' is the cyclic quiver with e vertices if e < 0o, and a two-sided infinite line if

e = oo: we give some examples in Figure 1, where we used the identification between the
vertex set of I', and 1.

Quiver I'y 0s1

!

N — —

Quiver I'y

w— O

I

Quiver I' > 2—-1—0—>1—2— -

Figure 1: Three examples of quivers I',

We recall the notation p’ and J' introduced at §1.3. We set K = I x J'. Let us consider
p’ non-zero elements vy, ..., v, of F' which lie in distinct orbits under the action of (g) on
F* | that is, for any k # [ we have:

Vg
— ¢ {q). (3.1)
vy
We then consider the quiver I' defined as follows:
e the vertex set is V = {v;q¢' }icr je;

e there is a directed edge from v to qu for each vertex v of I.
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Since the vy, lie in different g-orbits, the vertex set V of I can be identified with K = I'xJ'.
More precisely, we have the following decomposition:

V= |_| {qui}iel' (32)

jeJ’
Since:

e the subquiver of I with vertex set {v;q'}._, is a copy of I'c;

i€l
e for j # j' € J/, there is no arrow between any element of {qui}ief and {Uj’qi}iel;

e the set J’ has cardinality p’;
we conclude from (3.2) that T is exactly p’ disjoint copies of I'.. In particular, the quiver T’
is loop-free and has no multiple edges.

As a consequence, we will often write (i,5) € I x J' for the vertex vjq' € V of I'. For
any i,7 € I and j,j’ € J', what precedes ensures that the vertices (i, ) and (¢/, ;') are in a
same copy of T, if and only if j = j'. Further, there is a directed edge from (i, 75) to (i’, ;")
if and only if 5 = j' and there is a directed edge in I, from 7 to . We give some examples
of quivers I' in Figure 2, where, for aesthetic reasons, we write 4; instead of v;j¢’. We also
recall from Lemma 1.21 that p’ = m ife<ooandp =pif e=o0.

Case (e,p) = (2,3) 01 = 11 02 = 12 03 = 13
Case (e,p) = (2,6) 01 = 11 02 = 12 03 = 13

— -2 —> -1 —0—1—2 —--

Case (e,p) = (00,2)
= 2 — —1lg — 0 — 1y — 29 —> - -

Figure 2: Three examples of quivers I'

Now let A = (Ax)kex € N pe a weight of level r. Mimicking the definition of
H2(q,¢), let us choose a tuple u € (F*)" which is given by exactly A; ; copies of v;q* for
each (i,7) € I x J" and set H2(q,v) = Hn(q,u). As a result, the relation (1.2a) in H, (g, u)

is:
iyAij
ITI] (5 —vid)™ =o. (3.3)
icl jeJ'
The remaining part of this section is devoted to the proof of the following theorem.

Theorem 3.4. There is an explicit F-algebra isomorphism.:
Mo (g,v) = R3(D).

Brundan and Kleshchev | ] proved Theorem 3.4 for p = 1: in that case, we have
p’ =1, the tuple v has only one component (that can be taken equal to 1) and I' =T'.. We
will see that the same argument proves the general case. Such an isomorphism, for e < oo,
was already obtained by Rouquier | , Corollary 3.20].

3.2 Candidate homomorphisms

We recall that V ~ K = I x J', together with the definitions X := S and ¢ X411 = To X, T,
from (1.3). To prove Theorem 3.4, it suffices to give an isomorphism between H2 (¢, v) (see
(3.7)) and RA(T") for any a =x n. Let M be a finite-dimensional HA (¢, v)-module.

Lemma 3.5. For any a € {1,...,n}, the eigenvalues of X, on M are of the form vjq® for
1€l andjeJ.
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Proof. The statement is of course true for a = 1 by (1.6). By induction, using | ] or
[Gr, Lemma 4.7] we know that any eigenvalue of X, differs from an eigenvalues of X, by
a power of q. O

Hence, as the elements X1,..., X, pairwise commute, we can write M as a direct sum
of generalised simultaneous eigenspaces:

M= M),

keK™

where M (k) = M (%, 3) is defined by, for k = (i,7) € K" ~ 1" x J'™:
M(i,j) = {m eM: (X, - vjaqi“)Nm =0foralll <a< n},

where N > 0. Note that all but finitely many M (k) are reduced to {0}. We now consider the
family {e(k)}rexn of projections associated with the decomposition above. In particular:

e we have e(k)e(k’) = Sgre(k);
e we have ), . e(k) = id (this is a finite sum since all but finitely many e(k) are
zero);

o we have e(k)M = M (k).
Remark 3.6. We already used the notation e(k) for some generators of R2(I"). This abuse
of notation will be justified by the proof of Theorem 3.4, where we prove that these elements
can be identified.

Since e(k) is a polynomial in X7,..., X, we have e(k) € HA(¢,v). If now a =k n is a
K-composition of n, the following element:

e(a) = Y elk) € Hp(g,v),

keK>

is a central idempotent (the reader should compare this definition to (2.3)). We thus get a
subalgebra:
Ha (0,0) = e(a)Hp (g, 0). (3.7)
Remark 3.8. The subalgebra H2 (¢, v) is either {0} or a block of HA (¢, v) (see [ ). This
block has unit e(«).
Recall that the elements y, € R2(T') for 1 < a < n are nilpotent (Lemma 2.8). Hence,
each power series f(y1,...,yn) € F[[y1,...,yn]] in these elements is a well-defined element

of RA(T). In particular, for a € {1,...,n — 1} and k € K the following power series is
well-defined in R2(T):

1 lf ka == ka-‘,—l;
Pa(k) = _1\—1 . S F[[yaa yaJrl]]v (39)
{(1 - q)(l - ya(k)ya-i-l(k) 1) if ko # Kat1,
where: '
Ya(k) =v;,q" (1 —y,) if k= (3,7). (3.10)
For k = (i,j) € K =1 x J', we define:
k._ i —k . i
qg =4q, q ‘I_la (3.11)
VE = Uy, V_f = ’U]- 5

in particular we obtain y, (k) = v, ¢" (1 — y,) for any k € K™. Note that:
-1 _ Ya+1(k) — ya(k)
Ya+1(k)

(Vha i1 @ = 08, 0") + 0k €% Yo = Uk 1 0" a1
Yat1(K) ’

1= ya(k)Yar1(k)
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thus, by (3.1) we know that this expression is indeed invertible when k, # kqt1.

For (w, ) € &, X Fl[y1,.--,yn]], we denote by f* € Fl[y1,...,yn]] the usual right action
of w on f. For instance, if w = 7 is a transposition then f™(y1,...,¥n) = f(Yr(1)s-- - Yr(n))-
Let us give a lemma involving this action (see, for instance, | , (2.6)]).

Lemma 3.12. For any f € F[[y1,-..,yn]l,a € {1,...,n—1} and k € K we have:

offee(k) + 0u(fe(k) if kq = kay1,
Pone(l) = [ Vo200 0u)elh) o=
Yafi e(k) if ka # kat1,
— _fe—f
where Oq(f) = e € Flly1,- -, yn]]-
Proof. This is a consequence of (2.1f), (2.1h) and (2.1i). O
We say that a family {Q.(k)}aeq1,....n—1},ke ke of elements of F[[y1,...,y,]] satisfies the
property (BK) if:
Q. (k) is an invertible element of F[[ya, Ya+1]], (3.13)
Qa(k) =1—-q+ qYa+1 — Ya if ko = kat1, (3'14)
(1= Po(k))(q+ Pa(k))  if ka7 Kas1, (3.15a)
1—-P,(k P, .
( B+ Palk))  pp o (3.15D)
Ya+1 = Ya
ak a a'ksa: 1_Pa Pa .
Qs 0" = 3 A= PRNGHRE)
Ya = Ya+1
1-P,(k P,(k .
( k)a+ Falk) o kat1,  (3.15d)
(yaJrl - ya)(ya - ya+1)

Qat+1(Sa+18a - k)% = Qal(SaSat1 - k). (3.16)
We can now give the key of Theorem 3.4.

Theorem 3.17. Let {Qu(k)}acq1,...n—1},keke be a family of elements of Fl[y1,...,yn]]
which satisfies (BK). There exist unique F-algebra homomorphisms f : HA(q,v) — RA(T)
and g : RA(T) — HA(q,v) such that:

FX) = Y ya(kek),

kcK~

F(T) =" ($aQalk) — Pa(k))e(k),

ke K>

and, recalling (3.11):

g(e(k)) = e(k),
9(Ya) = Z (1- Ufkaq_kaXa)e(k)a

kcK~

9(ta) = Z (To + Pa(k’))Qa(k’)ile(k’)-

ke K«

Moreover, these homomorphisms are inverse to each other, hence H2(q,v) ~ RA(T).

We will explain at the beginning of §3.3.2 how the elements P,(k) and Q,(k) are con-
sidered as elements of H2(q,v). We note that there exist such families {Qq(k)}a.x, see §4.1
for further details.
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3.3 Proof of Theorems 3.4 and 3.17

In this subsection, we first check that the maps of Theorem 3.17 indeed define algebras
homomorphisms: we check that the different defining relations (1.2b)—(1.2f), (1.6) (for f)
and (2.1), (2.5) (for g) are satisfied. The proof is exactly as in | , Section 4]: we will
only give some details when some v; are involved. The remaining parts of the argument
require only notational changes from | .

3.3.1 The map f is a homomorphism

We prove that the images of the generators of H2 (g, v) by f satisfy the defining relations.
The proof of the quadratic relation (1.2b) is exactly the same as the one for | ,
Theorem 4.3]. Namely, it suffices to check that for any k € K we have f(T,)%e(k) =
(g —1)f(Tu)e(k) + ge(k), and the result follows since Y, xo €(k) =1 in RA(T).
The equality f(X71)f(X2) = f(X2)f(X1) is clear. Hence, to check the length 4-braid
relation (1.2c) it suffices to prove that ¢f(X2) = f(T1)f(X1)f(Th). We will in fact prove
that for any a € {1,...,n—1}:

Qf(XaJrl) = f(Ta)f(Xa)f(Ta)' (318>
Since we have just checked the relation (1.2b) for f(T,), it suffices to prove that for any
ke K
f(Xa) f(Ta)e(k) = (f(Ta) +1 = ) f (Xat1)e(k).
Once again, the rest of the proof is exactly the same as in the corresponding part of the

proof of | , Theorem 4.3]. We write down here some of the details since we have to add
some v; in the calculations. We have:

XoToe(k) = (Ya(sa - k)VaQa(k) — ya(k)Pa(k)) e(k)
= (’l/)ayaJrl(k)Qa(k) + 6ka,ka+1vkaqkaQa(k) - ya(k)Pa(k)) e(k)a
and:
(Ta + 1 = q)Xatre(k) = (VaQa(k) — Pa(k) +1 = q) Yat1(K)e(k).

Considering the two cases k, # ko1 and k, = k1 separately and using (3.9), (3.10) and
(3.14), we can easily prove that the two above quantities are equal.

The commutation relations (1.2d) and (1.2e) are straightforward from the defining re-
lations in RA(T'), and for (1.2f) we can reproduce the corresponding part of the proof of

[ , Theorem 4.3]
Finally, let us prove that the cyclotomic relation (1.6) is satisfied, that is:

IT (F(x1) —wg®)™ = 0.
keK

We have, using (2.1a) and (2.1b):

T (f(X1) = og®)™ =

keK

e

Ay
(v " (1 = 1) — ") e(k)]

x>
m
=
- 1
kS
m
=

I
—

€ |Ji5€

= {(%q’“ (1—y1) —og®)™ e("’)} '
ke €

(0, g™ (1 = 1) — vrg®) ™ 6(’9)]

o4

™
=
=

e

=
™
=

By (2.5), for k € K“ the term for k = k; vanishes, hence we get the result.

To conclude, the map f : H2(q,v) — RA(T) defined on the generators Xy, T1,...,Th_1
yields a homomorphism of algebra. By restriction, we get an algebra homomorphism f :
HA (g, v) — RA(D). In particular, the image of X, for a > 1 is the one given in Theorem 3.17,
thanks to (1.3) and (3.18).
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3.3.2 The map g is a homomorphism

In this paragraph, for any m € R2(I") we also write m = g(m) € H2(¢,v). In particular,
we have:

Yo=Y (1—v_p,qg " Xo)e(k) € HA (g, v),
keK~

thus we can consider the power series P, (k) and Q. (k) as elements of H2(q,v), namely:

Yo=Y (Tu+ Pu(k))Qa(k) "e(k) € H2 (g, v).

keK«
Following Lusztig, define the following “intertwining element” in H2 (¢, v) fora € {1,...,n—
1} by:
Co=To+(1—q) > (I-X X, 1) e)+ > elk),
ke K~ keK*
ka;éka+1 ka:ka+1

where (1 — XaX;rll)ile(kz) denotes the inverse of (1 — X, X, )e(k) in e(k)H2(q,v)e(k).
Noticing that y,(k)e(k) = X,e(k), we can check the following equality:

D, = Z (Ta + Pa(k))e(k)
keK«

We can give an analogue of | , Lemma 4.1]. Once again, we just have to write a (respec-
tively k, k) instead of their r (resp. %,), both in the statements and the proofs. Among all
the relations in the lemma, we will make here an explicit use of the following one:

B, X e(k) if ko # ka1,

3.19
D, Xe(k) + (¢Xar1 — Xo)e(k) if kg = kaga- ( )

XaJrl(I)ae(k}) = {

We now check the different relations of RA(T"). Relations (2.1a)-(2.1g), (2.1j)—(2.1k)
and (2.5) follow as in the corresponding part of the proof of | , Theorem 4.2]. To check
(2.1i), again we just follow the corresponding part of the proof of | , Theorem 4.2], but
we need to add some v;’s. We have:

Yat1%ae(k) = (1 = vy, ¢ " Xop1)®aQa(K) " e(k).
If ky # kqt1, using (3.19) we get:
Yar1¥ae(k) = ©aQa(k) ™ (1 —v_r,q~ " Xa)e(k) = vayae(k),
whereas if k, = k,41 we obtain:

Yar10ae(k) = (1 = v_p,q " Xag1)(Ta + 1)Qa(k) " e(k)
= ((Ta + 1)(1 - 'Ufk,lqikaXa> + 'Ufk,lqikaXa - 'Ufk,lqlikaXaJrl) Qa(k)ile(k)
= (Yaya + 1)e(k),

since (v_x,q F* X, —v_r, ¢ % Xoi1)e(k) = Qu(k)e(k). The proof of (2.1h) is similar.

3.3.3 Conclusion

Asin | , Lemma 3.4], we have:

fle(k)) = e(k) € RY(T),

for all k € K. Tt is now an easy exercise to show that f o g is the identity of R2(I"), and
then that g o f is the identity of H2 (g, v). Hence, the homomorphisms f and g are inverse
isomorphisms and Theorem 3.17 is proved. Summing the F-isomorphism H2 (¢,v) ~ RA(T)
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over all a =x n, we thus get the statement of Theorem 3.4. Note that since H2 (g, v) is
zero for all but finitely many «, the same thing happens for R2(I"). In particular, the direct

sum:
Ry(T) = P RaD),
alEkn

has a finite number of non-vanishing terms.

3.4 An unexpected corollary

For j € J', let us write A’ for the restriction of A to I x {j} ~ I. Since T' is given by p’
disjoint copies of the quiver ', we know from | , Theorem 6.30] that there is an algebra
isomorphism:

RAT) = @) Maty, (RE (T ® - o RY (1))

/\|:J/n

! .
where m), = W For any j € J', we set:

,Hf\xjj (q) = ,Hf\x]] ((L vtriv)a

where vy has only one coordinate, equal to 1. In particular, we saw from Theorem 3.4 or
[ ] that we have the F-isomorphism ’Hfj (q) ~ Rﬁ\‘j (T'¢). We deduce the following result.

Theorem 3.20. Let v € (Fx)p/ as in §3.1. We have an (explicit) F-algebra isomorphism:

U (g,0) = €D Matw, (M ()@ @ HE (0))

AlZJln

In particular, the algebras H2 (¢, v) and @,\|:J,n7'[fll (@)®-- -®/H,Ap,/ (q) are Morita equiv-
alent. Note that since the following condition is satisfied (recall (3.1)):

IT IT II (qa(vjqi)*vj/q’)eFX,

1<j<j’ <p’ i,i’ €] —n<a<n

the Morita equivalence is known by [ , Theorem 1.1]. Therefore, Theorem 3.20 provides
an explicit isomorphism for which the Morita equivalence of | | follows.
Remark 3.21. IFA' = ... = A” by [PA, Corollary 3.2] or | ] we know that the algebra of

Theorem 3.20 is a cyclotomic Yokonuma—Hecke algebra of type A, as introduced in | ].

4 A presentation for H, (q)

In this section, we prove our second main result, given in Corollary 4.16: we give a cyclotomic
quiver Hecke-like presentation for H;},n(q). The key is to make a careful choice for the family

{Qa(k)}ak

4.1 A nice family

We consider the quiver I' with vertex set V = {v;q" }ierjess ~ K = I x J' of §3.1, where
Vi,..., 0y € F* satisfy (3.1). We give here a particular choice for the family {Qq(k)}a 5.
We recall the definition of the family {P,(k)}qx of (3.9).

Lemma 4.1 (| , (5.4)]). The family {Qq(k)}1<a<n kekn given by:
L= g+ qYa+1 = Ya  if ka = kat1,
Qulk) = { LLalk) if ko = kay1 or ko S Koy,
Ya+1—"Ya
1— P,(k) otherwise,

satisfies the property (BK).
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Remark 4.2. The condition “k, < kqy1 01 kq S kqy1” is equivalent to “vy,, gFs = qvkaﬂqka+1 ",
With k = (4, 7), that means “iy = iq+1 + 1 and jg = jot1”

The family given in [ , (4.36)] would be the following one:
1—q+ qYat1 — Ya if kg = Kat1,
(Ya(k) — qYat1(k))/(Ya(k) — yat1(k))  if ko 7/ kot
QaBK(k) = (ya(k) - qya-ﬁ-l(k))/(ya(k) - ya+1(k))2 if ko — kat1, (4-3)
Uk, qha if kg < kat1,
Ok, 0"/ (Ya (k) — Yat1(k)) if kg S kaga.

We will see in Remark 4.15 why the choice of Lemma 4.1 is more adapted to our problem.
For the convenience of the reader, we will now give a proof of Lemma 4.1.

Proof of Lemma /.1. First, let us prove that Q. (k) is well-defined. If k, # kq,+1 we have
P.(k) = A=Qyat1(F) 4y .
@ Yat1(k)—ya(k)’

1— Py (k) = Wa+1(k) —ya(k) _ @k, " (1 = Yat1) — vk, ¢ (1 — ¥a)
T e (®) ) Vo1 ()~ valh)

In particular, if k, < kqt1 or kg S kqy1 we get (recall Remark 4.2):

ka
| = Py (k) = Yt (Yo — ya+1),
ya-‘rl(k) (
thus:
1—-P,(k) vk, ¢

Ya+1 — Ya ya(k) - yaJrl(k) ,
which is well-defined.
As suggested in [ |, we now notice that, if k, # kqt1:

(1 _Pa(sa'k))sa ZQ+Pa(k)' (44)

This is a straightforward consequence of the equality P,(k)+ Pa(sq-k)°* = 1—q (see | ,
(4.28)]). Let us now check that (BK) is satisfied. First, the element Q. (k) is of course
invertible when k, = kqt1 (since 1 — ¢ # 0), and the invertibility in the remaining cases
follows from the above calculations so (3.13) holds. Moreover, equation (3.14) is true by
definition.

We now check the different relations (3.15) involving Qq(k)Qa(Se - k)®e. If ko /- kot
(in particular, kg # kgt1) then Qq(k) = 1 — P, (k) and we immediately deduce (3.15a) from
(4.4). If kg — Koy then Qu(k) = 1 — Py(k) and Qu(sq - k) = =Fale®) - phyg;

Ya+1—"Ya
Qu(k)Qu(sa - k) = (1 — P,(k)) LT Lalk),
Ya — Ya+1

so (3.15b) holds. The proof of (3.15¢) is similar. If now k, = kq41 then Qq(k) = 1=Po (k)

Ya+1—"Ya
and Qq(sq - k) = 172228 hus:

_ 1_Pa(k).q+Pa(k)
Ya+1 — Ya yafyaJrl’

Qa(k)Qa(sa : k)sa

0 (3.15d) holds.
Finally, to prove equation (3.16) it suffices to see that P,y1(Sa+154 - k) = Pa(SaSa+1 -
k)se+1. This equality follows from | , (4.29)] and the braid relation $,8q+18a = Sa+1SaSa+1-
O

Remark 4.5. We deduce from the calculations made at the beginning of the proof of Lemma 4.1
that Qa(k) = QaBK(k) if ka = ka+1, ka ‘/> kaJrl or ka = kaJrl'
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4.2 Intertwining

In this subsection, we show how our previous works allow us to prove our main result
(Corollary 4.16). For j € J', let us set v; = (7: it follows from the definition of p’ that
v1,...,vy satisfy the distinct orbit condition (3.1). In particular, the vertex set of I' is
V ={¢?q'}ier,jes . Let us consider a weight A = (Ag)kex of level 7, such that:

Ai,j = Ai,j’ = Ai, for all i € I and j,jl S J/. (46)

We suppose that the associated tuple A = (A;);er, of level wd, satisfies the condition of
Proposition 1.33, that is (recall the notation n of (1.23)):

Ai = AiJrrr], for all i € I, (47)

so that the algebras H2 (q,¢), Hp,(q) (recall Definition 1.35) and the shift automorphism
of HA(q,¢) (recall Proposition 1.9) are well-defined. We will use the above condition (4.7)

and the results of §2.3 to define a particular automorphism o of R2(T").
Let us define 0 : V. — V by:

o(v) == (v, (4.8)
for all v € V. Note that o is well-defined since V is also given by {¢?¢"}icr,jes. Moreover,
the reader may have noticed the similarity with the map of Proposition 1.9.

Lemma 4.9. The map o : V — V defined on the vertices of I' satisfies the assumptions of
§2.3, that is:

e the map o :V — V is a bijection;
o if (v,v") is an edge of T then (o(v),o(v")) is also an edge of T';
o for any pr € {1,...,p— 1} and any vertex v € V we have o' (v) # v = oP(v).

Proof. Since ( is a primitive pth root of unity, we deduce that the first and third points are
satisfied. It remains to prove the second one. Let (v,v’) be an edge of I'. By definition, we
have v = qu, thus (v' = {(qv) = q(¢v). Hence, we have o(v') = go(v): we have proved that
(o(v),o(v")) is an edge of T O

b2

The action of o on V is algebraically easy. Let us now describe how o acts “graphically
on the set V of the vertices of ", that is, on K =1 x J'. Let i € I,j € J" and set v := (¢’
We have:

o(('q") =g (4.10)
Hence, if j < p’ then o just translates the vertex v to the copy of I, directly on its right. If
j=p,wehave j+1=p +1¢.J thus we write:

(¢ q') = ¢¢V'q' = ¢ (4.11)

It means that v is translated to the first copy of I'. and rotated by 7. Note that depending
on I') there may not be any translation or rotation. With the examples of Figure 2, that
gives:

case (e,p) = (2,3) we have p’ = 3,77 = 0 and the map o is given by the product of 3-cycles
(01, 02,03 (11, 12,13);
case (e,p) = (2,6) wehavep’ = 3,7 = 1 and the map o is given by the 6-cycle (01, 02, 03, 11, 12, 13);
case (e,p) = (00,2) we have p’ = 2,7 = 0 and the map o is given by the product of
transpos1t10ns [Lici (i1, i2).

In particular, note that ¢ has indeed order p.
By Theorem 2.14 and Lemma 2.31, the permutation o of the vertices of V' induces an

isomorphism RA(I") — RIA(T) for any o =g n. Let us now check that the weight A
satisfies the o-stability condition (2.32).
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Proposition 4.12. For any k € K =1 x J" we have A, = Ay .

Proof. We have seen above that for (i,5) € I x J':
o if j < p' then o(i,5) = (i, +1);
o if j =p' then o(i,5) = (i +n,1).
Thus, we deduce the result from (4.6) and (4.7). O

By Lemma 2.33, we know that the map ¢ induces an automorphism of the cyclotomic
quiver Hecke algebra RA(T"). We will refer to it as the shift automorphism of R*(T).

Lemma 4.13. The power series y,(k), Pu(k) and Q. (k) of RA(T') are shift-invariant. More-
over:

Ya(o(K)) = Cya(k),

Pa(o(k)) = Fa(k),

Qa(o(k)) = Qa(k).
Proof. The first statement is clear since y, and y,+1 are shift-invariant (by definition, just
recall Theorem 2.14). Recall that V = {(?q"}icr jesr ~ K is the vertex set of I'. The image
of k € K™ in V™ is ((Mgh, ..., ¢Fnghn), where (Fg¥ = (7¢' if k = (i,5) (recall (3.11)). In
particular, the image of o(k) in V™ is (¢¢*1¢*, ..., (¢*ng*). Thus, we have:

ya(o(k)) = ¢C*q" (1 = ya) = Cya(k).

Hence, if k, = kq41 then by Lemma 2.12 we have P,(k) = P,(c(k)), and if k, # kat1 we
have:

g

g

Pu(o(k) = (1 = ) (1 = ya(o(k))yar1(o(k) ™)~

= (1= )1~ ¢ yalk)yari (k) 1)
= P,(k).
The last equality Q. (c(k)) = Qa(k) is now obvious. O

Let us now denote by o : H2(¢q,¢) — H2(q,¢) the shift automorphism of H2(q, ()
(defined in Proposition 1.9). Recalling the choice for v that we made at the beginning of
§4.2, we consider the F-algebra isomorphism f : H2(q,¢) — R2(T") from Theorems 3.4 and
3.17, defined with the family {Q,(k)}qr of Lemma 4.1.

Theorem 4.14 (Main theorem). We have 0='o f = foo.

Proof. Since we deal with algebra homomorphisms, it suffices to check the equality on the
generators S, T4, ..., T,_1 of ’H,’l\ (g, ¢). We successively have, using Lemma 4.13 (recall that,
by definition, S = X;):
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and:

o o f(T) = Y o ([aQa(k) — Pu(k)le(k))

keKn

= > WaQu(k) = Pa(k)le(o™" (k)

kcKn

Y [aQa(o(k)) = Pu(o(k))]e(k)

keKn

Z ["/’aQa(k) - Pa(k>]e(k)

keKn
= f(Ta>
= foo(T,).

Note that the above sums over K™ are in fact finite, since all but finitely many e(k) € RA(T')
are zero (recall, for instance, §3.3.3). O

Remark 4.15. Theorem 4.14 fails if we consider the homomorphism f built from the family
{QBX(k)}, k. For instance, Lemma 4.13 is no longer valid with Q5% (k), since if k, < kqq1:

QX (o(k)) = (¢Fg* = ¢Q" (k).
and the same result holds if k, — kq41.

We now recall some notation and facts from §2.3. If a = n, we denote by [«] its orbit
under the action of (o) (this action is defined in Lemma 2.13). We have an associated subset
Kol = Lige o KP of K™ (see (2.16)). The quotient set of K[®) by the equivalence relation ~

generated by k ~ o(k) for all k € Kl is K (Definition 2.21). Each equivalence class
v € K!,O‘] has cardinality p, and is given by v = {k,o(k),...,o? ' (k)} for some k € K
(see (2.22)). Finally, thanks to the canonical map K"/~ — (K/~)"™ and Lemma 4.9, for

any v € K([,a] and a € {1,...,n} we have well-defined statements v, = Ya+1,%a — Va+1, €tc.
(see Lemma 2.12 and before Remark 2.26). Moreover, since A is o-stable (Proposition 4.12)
the integer A,, is well-defined.

Corollary 4.16. The F-algebra isomorphism f : H2(q,¢) — RAT) induces an isomor-
phism between Hﬁn(q) and RQ(F)U. Hence, we have the following F-algebra isomorphism:

Horn(a) = P RET)7,
o

where [a] runs over the orbits of the K-compositions of n under the action of (o), and the
subalgebra "H;\[a] (q) has a presentation given by the generators

{eM} exter U{yn, - un} UL, o na ),
and the relations (2.29) and (2.36).
Proof. Using Theorem 4.14, for h € H2(q,¢) we have:
G(h)=h <= fod(h)=f(h) <= o o f(h) = f(h) < f(h) =00 f(h),

hence:
h is fixed under ¢ <= f(h) is fixed under o.

Using Corollary 1.18, we get:
M (@) = Hy (a0, )7 = RY(T)7,

as desired. We deduce the second statement from the equality RA(I')” = @[a]RfE] (r)e
(note that this direct sum is finite by Theorem 3.17) and Theorem 2.43, where we gave a
presentation for RA] (r)e. O

o
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Recall from Remark 2.47 that R2(T') is naturally Z-graded. From this grading, Theo-
rem 3.4 and the isomorphism f, we can endow H2 (¢, () with a (non-trivial) Z-grading.

Corollary 4.17. The shift automorphism & : H2(q,¢) — H2(q,¢) is homogeneous with
respect to the previous grading. Moreover, the subalgebra Hﬁn (q) is a graded subalgebra of

H2(q, ).

Proof. Recall from Remark 2.47 that o : RA(T') — RA(T') is homegeneous and that RA(T")”
is a graded subalgebra. We thus deduce the first assertion from Theorem 4.14 and the second
one from Corollary 4.16. O

We now give an analogue of a classical corollary of | , Theorem 1.1].

Corollary 4.18. If § € F'\ {0,1} has the same order e € N>o U {o0} as q then:
A (A o A
Hpn (@) = 5,00 (9);
as F-algebras.

Proof. We know from Lemma 1.21 and Theorem 3.4 that the algebras H2(q) and H2(q)
are isomorphic to the same cyclotomic quiver Hecke algebra R2(I"). Moreover, we have the
following isomorphism:

Y (q) ~ RAT)7,

where ¢ is uniquely determined by the quiver I' and the element 1 € I such that ¢" = Cp/.
To proveNthat Hgn () ~ Hﬁn (¢), it thus suffices to prove that there is a primitive pth root
of unity ¢ € F* such that: _,

q" =
(recall from Lemma 1.21 that p" does not depend on the chosen primitive pth root of unity).
To deal with the case e = oo, it suffices to set { := (. Recall that, in that case, we have
7 =0 and p’ = p. Hence, we now assume that e < co. Since ¢ and ¢ are both primitive eth
roots of unity, there is some a € Z, invertible modulo e, such that § = ¢®. In particular, for
any k € Z we have § = ¢*T*¢. Since ¢"7 = (”', we get:

7= ()

Therefore, it suffices to prove that there is some k € Z such that a+ ke is invertible modulo p,
that is, such that ¢ = ¢(***¢ is a primitive pth root of unity. A quick (but very powerful)
argument is to use Dirichlet’s theorem about arithmetic progression (see also | , Lemma
3.5]): since a and e are coprime, the set {a+ ke}ren contains infinitely many prime numbers.
In particular, it contains a prime p which does not divide p, hence which is coprime to p. It
now suffices to choose k € N such that p = a + ke. O

A About H2,(q)

The aim of this appendix is to give details for the statements of Remarks 1.15 and 1.16.

Al Casep=1

We prove here the statement of Remark 1.15: the presentation of Hgﬁn(q) given at §1.2 gives
the Ariki-Koike algebra HM(g) = HM (g, 1) of §1.1. Note that since p = 1, the relation (1.141)

becomes st} = t1s, thus we have:
th =s"s. (A1)

The result follows from the theorem below.
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Theorem A.2. The algebra homomorphisms ¢ : HY ,,(q) = Hn(q) and ¢ : H)(q) — HY . (q)
given by:

¢(s) =5,

p(ty) = S8,

d(te) =T, forallae{1,...,n—1},
and:

P(S) = s,

Y(Ty) = ta, forallae{1,...,n—1},
are well-defined and inverse to each other.

Proof. We first check that ¢ is an algebra homomorphism: all relations are straightforward
except (1.2¢), but it follows from (1.14h) and (A.1). Concerning ¢, again all relations are
straightforward, except (1.14d) (if n > 3). Note the following consequence of (1.2¢):

ST ST, = Ty ST S~ 1. (A.3)

In the following calculation, we adopt the following conventions:
e we use color when a quantity simplifies;
e we use underbrace when we will use a relation;
e we use parenthesis when we did use a relation.

We have:

O(£1)d(t1)d(t2)d(t1)d(t1)d(t2) = b(t2)p(th)d(t1)p(t2)b(th )b (t1)
< [S’_lTlS]TlTQ[S_lTlS]Tl T2 = TQ[S_l TlS]Tng[S_lTlS]Tl .
—— —— N——
(A.3) (1.2d) (A.3)
— ST ST T (T, ST, STy = (S™'To) T S Ty T(T) ST1S™1)
—— N——

——
(1.2f) (1.2f)

< T1 S(TQ T1 TQ)S T1 (T2S71) = T2T1 S TQ T1 TQ)S Tlsil
—— = —~—
ST)T

—~~

{

—

< Tl(TQS)Tl (S Tg)TlTQ = T2T1 (T2 S)T1
—_——  ——

< TngSTlS(Tl ) = (TngTl)STlS
s STlSTl = TlsTlsa

which allows us to conclude. Finally, the composition ¢ o 1 is the identity on the set of
generators {S,T1,...,Tn—1}, and using (A.1) we find that ¢ o ¢ is the identity on the set
of generators {s,t},t1,...,tn—1}. Hence, the algebras homomorphisms ¢ and ¢ are inverse
isomorphisms and this concludes the proof. o

A.2 Two equivalent relations

We suppose that p > 2. We prove here the statement of Remark 1.16: in the algebra H]’D‘yn(q),
the relations (1.14i) and (1.141’) are equivalent. We will even prove a slightly more general
statement (cf. Proposition A.6). Let A be a unitary ring and ¢ € A* an invertible element.
Let s,t],t; some symbols which satisfy:

B+ 1)t —q) =t +1)(t1 —q) = 0. (A4)
Lemma A.5. We have:
p—2
(g he) sty + (g — 1) (a7 ) st = (7 T e T ) (Lt sty

k=1 p—2 factors p—2 factors
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Proof. For p =2 we get:
tyst) = tyst],

which is obviously true. If the equality is satisfied for p — 1 > 2, we get:

2
_ 2— _ 1—-k
(¢ 'tit)” Ptasth + (1)) (¢ 'ht1) sty

hS]
|

el
Il
—

2
= (¢ "tht1)* Ptust) + (g — 1)) (¢ 'tht1) Fst) + (¢ — 1)st]
2

3

=~
[|

p—3
= (¢ M) " g Wt Ptst) + (¢ — 1)(¢ )Y (¢ ) R st + (g — 1) st
1 1 1 1

k:l

(p—1)—2
= (g "ht) 7 | (@ 0) P Vst + (g 1) Y (g ) st | 4+ (g — 1)st]
k=1
= (¢ "t) T AT T )L ) tst + (g — 1) st
—— ——
p—3 p—3
_ —1
=q(t7M T ) (Lt tsty + (g — 1)sth.
—_— ) ——

p—1 p—3

Let us now distinguish between two cases. If p is even, using qtl_l =t; — (¢ —1) we get:

2
_ 2— _ 1—-k
(qHht)” Ttisti + (g — 1)) (g7 'Hit) st)

3

k‘

=1
LTI (Wt ) tst, + (g — 1)st)

p—1 p—3
— —1 —1
=t ) = (g = D]ty )t st) + (g — 1)st)
—_— ——

=q(ty 't

p—2 p—3
— —1 —1 — —1 —1
= (t7M T ) (bt tt)tsty — (@ — D)t T ) (it it st + (g —
p—2 p—2 p—2 p—3
= (7T Tttt ) tst, — (g — Dt sty + (g — 1)st]
p—2 p—2
— —1 -1
=t )ttt )t st

p—2 p—2

thus we are done. If p is odd, similarly we obtain, now using gt} ' =t} — (g—1):

p—2
_ 2— _ 1—k
(¢ 'ht)” Ptisty + (@ —1) ) (q at) st)
k=1
— —1 — —1
=q(t7M T T T ) (it .t tsty + (g — 1)sth
p—1 p—3

— —1 —
= (7 D[ — (@ = D]ttt tst) + (g — 1)st)
———— ———

1)st}

p—2 p—3
= 7T Y, ) tst, — (q— DT T (Bt ) tst] + (g — 1)st]
p—2 p—2 p—2 p—3
= (7T YWt ) tst) — (g — Dt st + (g — 1)st)
p—2 p—2
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1

=t (] )t st

p—2 p—2
thus we are done. O

Proposition A.6. We assume that s,t],t1 satisfy, in addition to (A.4), the following rela-

tion:
sthty = titys. (A7)
The relations:
p—2 ,
_ 2— _ 1—
stity = (¢ M ht)” Ttastl + (g — 1)) (¢ it) st (Ar)
k=1
and:
stititity ... = tyistitit] ..., (BMR)
p+1 p+1

are equivalent.

Proof. By Lemma A.5, relation (Ar) is equivalent to:

1

_ -1, -
sthty = (071t T L) (L ittt ) st (A.8)

p—2 factors p—2 factors

If p is even, this reads:

1

_ — — -1
sthty = ((7M) T ) () st

p—2 p—2

whence we obtain:
thty ..ty sthty = tit] ..ttty st
2 2
p— p—

Thus, using (A.7) to bring s to the left on both sides, we get:

stity ... thty = tystity .. tit],

p+1 p+1

which is the desired result: the relations (Ar) and (BMR) are equivalent. If now p is odd,
relation (A.8) reads:

1

sthty = (47 T (Bt )t st

p—2 p—2

whence we obtain:
tit]y .. ity sthty = ity .ttty st
—— —

p—2 p—2
Thus, using (A.7) to bring s to the left on both sides, we get:
tysth .. ity = sthty .. tqt],

p+1 p+1

which is the desired result: the relations (Ar) and (BMR) are thus equivalent. O

Using Proposition A.6, it is now clear that the algebra H£7n(q) is isomorphic to the one
defined by Ariki in | ] as stated in Remark 1.16.
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