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BIJECTIONS OF GEODESIC LAMINATION SPACE

PRESERVING LEFT HAUSDORFF CONVERGENCE

KEN’ICHI OHSHIKA AND ATHANASE PAPADOPOULOS

Abstract. We introduce an asymmetric distance function, which we
call the “left Hausdorff distance function”, on the space of geodesic lam-
inations on a closed hyperbolic surface of genus at least 2. This distance
is an asymmetric version of the Hausdorff distance between compact
subsets of a metric space. We prove a rigidity result for the action of
the extended mapping class group of the surface on the space of geo-
desic laminations equipped with the topology induced from this distance.
More specifically, we prove that there is a natural homomorphism from
the extended mapping class group into the group of bijections of the
space of geodesic laminations that preserve left Hausdorff convergence
and that this homomorphism is an isomorphism.

The final version of this paper will appear in Monatshefte für Math-

ematik.

AMS classification: 37E30, 57M99.
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1. Introduction

Let S be a connected closed orientable surface of genus g ≥ 2. Let Mod(S)
be the mapping class group of S, that is, the group of homotopy classes of
orientation-preserving homeomorphisms of S, and Mod∗(S) the extended
mapping class group of S, that is, the group of all homotopy classes of
homeomorphisms of S. In the last three decades, motivated by Thurston’s
works on surfaces, a recurrent theme in low-dimensional topology was the
study of actions of the groups Mod(S) and Mod∗(S) on various spaces asso-
ciated to the surface S. The spaces that were considered are equipped with
different kinds of structures, including the following:

(1) complex analytic structures, including the complex structures of the
universal Teichmüller curve [30], of Teichmüller space [29, 15], of
spaces of quadratic differentials with the L1-norm [29, 15], etc.;

(2) metric structures: the various metrics on Teichmüller space, includ-
ing the Teichmüller metric [29, 15], the Weil-Petersson metric [16]
and the Thurston metric [34];
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(3) combinatorial structures: the curve complex [12], the arc complex
[11, 6], the arc and curve complex [13], the complex of domains [18],
and there are many others;

(4) the piecewise-linear structure of the space of measured laminations
on the surface [25];

(5) topological structures: actions by homeomorphisms on spaces of
laminations or foliations [1, 5, 26, 20, 21, 22].

These are only examples; there are other classes of spaces equipped with
actions of mapping class groups.

The main result obtained in most of these cases is that the structure
considered is rigid in the sense that its automorphism group coincides with
the natural injective image of the (extended) mapping class group in it. (We
are leaving aside some exceptional cases of surfaces—finite in number—of
low genus and with a small number of boundary components which arise in
each case.) There is an exception though, namely, the case of the complex of
domains, where there is a large class of automorphisms of the complex that
are not induced by mapping classes, see [18] where these automorphisms are
called “exchange automorphisms”.

Although the rigidity results we mentioned almost always have the same
form, the methods and the techniques of proof in each case require new tools
that are specific to the setting. At the same time, these methods highlight
new properties of the spaces under consideration. We refer the reader to the
expository paper [28] for an overall view on this topic.

The space GL(S) of geodesic laminations (for a fixed hyperbolic metric)
was introduced by Thurston in his lecture notes [32] (see Chapter 8, and in
particular § 8.1). This space plays a major role in Thurston’s theory of 3-
manifolds and Kleinian groups. It is classically equipped with two different
topologies, also introduced by Thurston, the so-called Thurston topology
(which he called the geometric topology) and the Hausdorff topology. The
homeomorphism group of GL(S) with respect to the Thurston topology was
studied in the paper [5], where it was shown that this group coincides with
the natural image in it of the extended mapping group. It was also noted
in the same paper that the homeomorphism group of GL(S) with respect
to the Hausdorff topology is much larger than the image of the extended
mapping class group in it. The reason is that simple closed geodesics are
isolated points in GL(S), therefore any two such points can be permuted
by homeomorphisms of the space; in particular we can send a separating
curve to a non-separating curve by a homeomorphism of GL(S) and such
a homeomorphism is obviously not induced by an element of the mapping
class group.

In the present paper, we study the action of Mod∗(S) on the space of
geodesic laminations GL(S) equipped with a new structure which we now
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introduce. This is a topological structure on GL(S) induced by an asymmet-
ric version of the Hausdorff distance. We prove a rigidity result concerning
this structure.

Before stating precisely the result, we note that the study of asymmetric
distance functions in Teichmüller theory has been an active research theme
since the introduction by Thurston of his asymmetric metric on Teichmüller
space. Among the early works on this subject, we mention the paper [23] in
which the author determines the limits of stretch rays (which are geodesics
for this metric). The paper [24] by Papadopoulos and Théret is concerned
with the topology associated to this metric. In the paper [31], Théret studies
the convergence at infinity of anti-stretch lines (these are geodesics traversed
in the backward direction). In the paper [14], Liu, Papadopoulos, Su and
Théret obtain a classification of mapping classes by analysing their action on
this metric. In the paper [27], Papadopoulos and Théret construct geodesic
lines that remain geodesic (up to reparametrisation) when they are traversed
in the backward direction. In the paper [34], Walsh proves a rigidity result
for the action of the mapping class group on this metric, and there are other
papers on the subject. Furthermore, asymmetric metrics whose definition
mimics the Thurston metric are now studied in various contexts, see e.g.
the paper [9] by Guéritaud and Kassel for an asymmetric metric on a class
of 3-manifolds, the paper [2] by Algom-Kfir and Bestvina for an asymmetric
metric on outer automorphism groups of free groups, and the paper [19] by
Meinert for an asymmetric metric on deformation spaces of G-trees. We also
mention the papers [7] by Danciger, Guéritaud and Kassel, where Thurston’s
asymmetric metric is used in relation with AdS geometry and [8] by Gold-
man, Labourie and Margulis in relation with deformation spaces of proper
affine actions on R3. Let us also note that geodesic laminations of various
kinds appear in some contexts as tangent vectors to Teichmüller space, and
equipping the space of geodesic laminations with an asymmetric distance
(as we do in the present paper) may be regarded in some sense as equipping
the tangent space of Teichmüller space with such a distance. In his founda-
tional paper Minimal stretch maps between hyperbolic surfaces [33] (l. 7 of
p. 40), Thurston makes an elliptical remark on such a distance function (or,
rather, a topology associated to such a distance function), when he talks
about “a non-Hausdorff topology on the set of chain recurrent laminations,
where a neighborhood of a lamination consists of all laminations contained
in a neighborhood of the lamination of the surface”. This is precisely the
property that defines the topology associated to the asymmetric distance
function on GL(S) which we are considering in this paper.

Finally, we mention that in Finsler geometry, asymmetric distances play
an important role. As a matter of fact, in this field, if a metric is symmetric,
it is called reversible.

Before introducing our asymmetric distance on the space of geodesic lam-
inations, we start with a few definitions.



4 KEN’ICHI OHSHIKA AND ATHANASE PAPADOPOULOS

We denote by dm the distance function on S induced by a fixed hyperbolic
metric m.

Definition 1.1. For any ordered pair of compact subsets K,L ⊂ S, the left
Hausdorff distance d ~H

(K,L) from K to L is defined as

d ~H
(K,L) = inf{ǫ | K ⊂ Nǫ(L)},

where for ǫ ≥ 0, Nǫ denotes the ǫ-neighbourhood with respect to dm.

It is easy to see by examples that the left Hausdorff distance from K to
L is generally different from the left Hausdorff distance from L to K.

Being a space of compact subspaces of S, GL(S) is equipped with an
induced left Hausdorff distance function which we also denote by d ~H

.

Definition 1.2. Let f : GL(S) → GL(S) be a bijection. We say that f
preserves left Hausdorff convergence if for any sequence {λi ∈ GL(S)} and
for any µ ∈ GL(S), we have

d ~H
(λi, µ) → 0 ⇔ d ~H

(f(λi), f(µ)) → 0.

It is easy to see that the following equivalence holds for any bijection f
preserving left Hausdorff convergence:

d ~H
(λ, µ) = 0 ⇔ d ~H

(f(λ), f(µ)) = 0.

We let Aut(GL(S)) be the group of bijections of GL(S) that preserve left
Hausdorff convergence. We have a natural homomorphism

Mod∗(S) → Aut(GL(S)).

The aim of this paper is to prove the following.

Theorem 1.3. The natural homomorphism

Mod∗(S) → Aut(GL(S))

is an isomorphism.

Remark 1.4. It is possible to define a topology associated to the left Haus-
dorff distance by taking the sets of the form Uǫ(λ) = {µ | d ~H

(µ, λ) < ǫ} as
a basis for a fundamental system of neighbourhoods of a lamination λ. The
result of this paper can then be formulated in terms of homeomorphisms of
GL(S) with respect to this topology.

2. Preliminaries

In this section, we recall a few definitions concerning geodesic laminations
and related matters on hyperbolic surfaces. We shall use all these definitions
later in the paper. We refer the reader to [32, 3, 4, 17] for more details on
this topic.

Let S be, as before, a closed orientable surface equipped with a hyperbolic
structure m. A geodesic lamination on S is a closed subset of S which is
the union of disjoint simple geodesics, called the leaves of the lamination. A
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component of a geodesic lamination λ is a geodesic lamination on S which
is a subset of λ. A lamination is said to be minimal if it contains no non-
empty proper sublamination. A leaf of a geodesic lamination is said to be
isolated if, as a subset of S, it has a neighbourhood containing no other
leaf than itself. Any geodesic lamination λ has a unique decomposition into
finitely many minimal components and finitely many non-compact isolated
leaves. Note that in this statement, the non-compact isolated leaves are
not minimal components, the reason being that they do not constitute a
sublamination (they are not closed subsets of S). An isolated leaf is either
a closed geodesic or non-compact. We shall use the fact that each end of
a non-compact isolated leaf spirals around some minimal component of λ,
and we refer the reader to [3, Theorem 1.4.2.8] for a proof of this fact.

In this paper, laminations consisting only of isolated leaves play an im-
portant role.

Definition 2.1. A geodesic lamination is called finite if all its minimal
components are simple closed geodesics.

(Note that a finite lamination may contain components which are not
simple closed geodesics.)

The following result is due to Thurston [32]. A detailed proof can be
found in [3, Theorem 4.2.14].

Lemma 2.2. The set of finite laminations is dense in GL(S) with respect
to the Hausdorff topology.

3. Actions on curves

From this section until Section 6, we assume that f is a bijection of GL(S)
preserving left Hausdorff convergence.

Lemma 3.1. For any simple closed geodesic c, its image f(c) is again a
simple closed geodesic.

This is a consequence of the following characterisation of simple closed
geodesics in terms of d ~H

.

Lemma 3.2. Let c be a simple closed geodesic, and suppose that d ~H
(λi, c) →

0 for some sequence {λi} ⊂ GL(S). Then λi = c for large i.
Conversely, if d ~H

(λi, µ) → 0 implies that λi = µ for large i, then µ is a
simple closed geodesic.

Proof. The first half of the statement is easy. Indeed, for any sufficiently
small ǫ > 0, the ǫ-neighbourhood of c is an annulus, and we can see that
any geodesic lamination contained in such a neighbourhood must be equal
to c.

For the second half, let µ be a geodesic lamination satisfying the condition
in the statement. Let µ0 be a minimal component of µ (see §2). Then
we have d ~H

(µ0, µ) = 0. Therefore by the assumption of the second half
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of the lemma, µ0 = µ, which means that µ consists of only one minimal
component and does not have any non-compact isolated leaf. If µ is not
a simple geodesic, then the minimal component can be approximated by a
sequence of simple closed geodesics ci in the Hausdorff topology as follows.
Take a leaf l of µ. For each positive integer i, choose an arc ai on l with
length greater than i whose endpoints can be joined by a geodesic arc bi
transverse to l of length less than 1/i and such that the endpoints of the arc
ai arrive on different sides of bi. Since l is dense in µ, the closed geodesic ci
homotopic to ai ∪ bi converges to λ in the Hausdorff topology. For such a
sequence {ci}, we have d ~H

(ci, µ) → 0, contradicting the assumption made.
Thus the only possibility is that µ is a simple closed geodesic. �

We next show that the inclusion relation between geodesic laminations is
preserved by f .

Lemma 3.3. Suppose that λ ⊂ µ for two geodesic laminations. Then f(λ) ⊂
f(µ).

Proof. This follows from the equivalence λ ⊂ µ ⇔ d ~H
(λ, µ) = 0. �

A geodesic lamination consisting of a collection of disjoint simple closed
geodesics on S whose number of connected components is ≥ 1 will be called
a multicurve. (Thus, we regard a simple closed geodesic also as a multic-
urve.) From now on, let us abuse notation and write “component” instead
of “connected component” for multicurves (this notion of “component” does
not coincide with our definition of component of a lamination).

We can characterise multicurves with at least two components as follows:

Lemma 3.4. A geodesic lamination µ is a multicurve, but not a simple
closed geodesic if and only if the following conditions hold:

(a) If d ~H
(λi, µ) → 0, then λi is contained in µ for large i.

(b) µ is the union of geodesic laminations properly contained in µ.

Remark 3.5. The second condition is necessary since the first condition
alone is satisfied by a union of a simple closed geodesic and one single non-
compact isolated leaf spiralling around it on one side.

Proof of Lemma 3.4. It is clear that multicurves which are not simple closed
geodesics satisfy these two conditions. To prove the converse, suppose that µ
satisfies these two conditions. Then, as was shown in the proof of Lemma 3.2,
µ cannot have any minimal component which is not a simple closed geodesic.
Condition (b) implies that µ is the union of its minimal components, and
that there are more than one components. Therefore µ is a multicurve which
is not a simple closed geodesic. �

By Lemmas 3.2 and 3.4, f takes any multicurve to a multicurve.
Now we show that f preserves the number of components for multicurves.

Lemma 3.6. Let n be a positive integer. If µ is a multicurve with n com-
ponents, then so is f(µ).
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Proof. For n = 1, the statement is nothing but Lemma 3.2. A multicurve µ
with two components is characterised by the property that “if µ contains λ
then either λ is a simple closed geodesic or µ = λ”. Therefore f preserves this
property. Inductively, a multicurve µ with n components is characterised
by the property that “if µ contains λ, then λ is a multicurve with at most
n− 1 components or λ = µ.” This property is also preserved by f . �

We also note that n simple closed geodesics are pairwise disjoint if and
only if there exists a multicurve containing all of them. Therefore disjoint-
ness of simple closed curves is also preserved by f . Combining these prop-
erties, we see that f induces an automorphism on the curve complex C(S)
of S. By Ivanov’s theorem [12], this implies that there is a homeomorphism
of S inducing the same map as f on C(S). Thus we have the following.

Corollary 3.7. Let f be a bijection on GL(S) preserving left Hausdorff
convergence. Then there is a homeomorphism g : S → S such that f and g
induce the same simplicial automorphism on C(S).

Ivanov’s theorem also shows that this homeomorphism g is unique up to
isotopy provided that genus(S) ≥ 3. When genus(S) = 2, there are two
choices of isotopy classes whose difference is represented by a hyperelliptic
involution. Indeed, the hyperelliptic involution ι acts on C(S) trivially, and
hence g and ι ◦ g induce the same action on C(S).

4. Approximable laminations

In this section, f is as before a bijection of GL(S) preserving left Hausdorff
convergence, and g denotes an automorphism of S inducing the same map as
f on the curve complex C(S). For any geodesic ℓ on S, we abuse the symbol
g(ℓ) to denote the geodesic homotopic to g(ℓ). In this way, we regard g as
acting on GL(S).

Definition 4.1. We say that a geodesic lamination µ is approximable when
there is a sequence of multicurves ci which converges to µ in the (ordinary)
Hausdorff topology. We denote by AL(S) the subset of approximable lami-
nations of GL(S).

Lemma 4.2. If λ is a union of its minimal components, then it is approx-
imable.

Proof. First suppose that λ is minimal. Then as was shown in the proof
of Lemma 3.2 there is a sequence of closed geodesics {ci} converging to λ
in the Hausdorff topology. In the general case, we can take a sequence of

closed geodesics {cji} as above for each minimal component λj so that the

cji ∩ cj
′

i = ∅ if j 6= j′. Then the union ∪jc
j
i converges to λ as i → ∞ in the

Hausdorff topology. �

Since inclusion is preserved by f (Lemma 3.3), any minimal lamination
is mapped by f to a minimal lamination.



8 KEN’ICHI OHSHIKA AND ATHANASE PAPADOPOULOS

Lemma 4.3. If µ is an approximable lamination, then there is a sequence
of multicurves {ci} with the following two properties:

(i) d ~H
(ci, µ) → 0.

(ii) Any λ such that d ~H
(ci, λ) → 0 contains µ.

Proof. Let {ci} be a sequence of multicurves converging to µ in the Hausdorff
topology. Then by the definition of the Hausdorff topology and d ~H

, we have
(i) and (ii). �

Corollary 4.4. If µ is an approximable lamination, then f(µ) = g(µ).

Proof. Take {ci} as in Lemma 4.3. Then d ~H
(f(ci), f(µ)) → 0, since f

preserves left Hausdorff convergence. By Lemma 3.3, if d ~H
(f(ci), λ) → 0,

then λ contains f(µ). Since g(ci) = f(ci), we have d ~H
(f(ci), g(µ)) → 0, and

hence g(µ) contains f(µ). Since g is a homeomorphism of S, it also preserves
left Hausdorff convergence and inclusion. Thus, by exchanging the roles of
f and g, f(µ) contains g(µ). �

5. Non-compact isolated leaves

Definition 5.1. Let l be a non-compact isolated leaf of a geodesic lamina-
tion λ. Recall that each end of l spirals around some minimal component of
λ (see §2). Thus, there are one or two minimal components around which
the two ends of l spiral. Fixing an orientation on l and letting L+(l) be the
limit component in the positive direction and L−(l) the one in the negative
direction, we call these two minimal components the limit components of l
and denote them by L+(l), L−(l).

Note that the two limit components L+(l), L−(l) may coincide. Note
also that the distinction between the positive and the negative direction,
and hence the orientation given on l, will turn out to be irrelevant in our
argument as we shall see below.

The limit components are minimal components, and hence are contained
in AL(S).

Lemma 5.2. Let f be a bijection of GL(S) preserving left Hausdorff conver-
gence. Let λ be a geodesic lamination and suppose that λ has a non-compact
isolated leaf ℓ. Let L+(ℓ), L−(ℓ) (possibly equal) be the limit components of
ℓ. Then f(λ) contains f(L+(ℓ)), f(L−(ℓ)) as minimal components and an
isolated leaf having f(L+(ℓ)), f(L−(ℓ)) as its limit components.

Proof. Suppose that ℓ has two distinct limit components L+(ℓ), L−(ℓ), and
consider the geodesic lamination L+(ℓ) ∪ L−(ℓ) ∪ ℓ, which we denote by
L. Then L is a sublamination of λ. By Lemma 3.3, f(λ) contains f(L).
On the other hand, since f is induced by a homeomorphism g of S on
AL(S), f(L+(ℓ)∪L−(ℓ)) = g(L+(ℓ))∪g(L−(ℓ)) is the union of two minimal
laminations, which we denote by L+

f , L
−

f . Since L+(ℓ) ∪ L−(ℓ) is the union

of all minimal components of L and since this property is preserved by f ,
L+

f , L
−

f are the minimal components of f(L).
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By our definition, L contains L+(ℓ) ∪ L−(ℓ) properly and it is minimal
among all laminations containing L+(ℓ) ∪ L−(ℓ) properly. This property is
preserved by f . Therefore f(L) \ (L+

f ∪ L−

f ) contains only one leaf, and it

is a non-compact isolated leaf, which we denote by ℓf . If ℓf has only one

of L+

f , L
−

f , say L+

f , as its limit component, then we have proper inclusions

f(L+

f ) ( f(L+

f ) ∪ ℓf ( f(L). By applying f−1 to these inclusions, we get

a geodesic lamination L′ such that L+

f ( L′ ( L. By our definition of ℓ,

this implies that L′ = L+(ℓ)∪L−(ℓ). This is a contradiction since we would
have then L+

f ∪ L−

f = f(L′) = f(L+

f ) ∪ ℓf .

Thus, we have shown that ℓf has both L+

f and L−

f as limit components.

Since ℓf is contained in f(L) ⊂ f(λ), we are done in this case. The same kind
of argument works also in the case when ℓ has only one limit component. �

6. Finite laminations

We next refine Lemma 5.2 to the case when λ is a finite lamination to show
that f(λ) contains a leaf “homotopic relative to compact leaves” to g(ℓ) (or
ι ◦ g(ℓ) when genus(S) = 2 where ι is as before the hyperelliptic involution
in genus 2) as a unique non-compact isolated leaf. Here, we say that two
non-compact leaves are homotopic relative to compact leaves if they spiral
around the same pair of compact leaves and if they are homotopic to each
other outside thin annular neighbourhoods of their limit components. The
formal definition is as follows:

Definition 6.1. Let ℓ be a non-compact isolated leaf of a finite lamination
λ ∈ GL(S) with limit components L+, L− (L+ and L− may coincide). Then
the homotopy class of ℓ relative to compact leaves is defined to be the homo-
topy class of ℓ\(A(L+)∪A(L−)) on S\(A(L+)∪A(L−)) where A(L+), A(L−)
denote annular neighbourhoods of L+ and L− which are disjoint from each
other and from the other minimal components of λ.

Lemma 6.2. Let ℓ be a non-compact isolated leaf of a finite lamination
λ ∈ GL(S). Then there is a leaf of f(λ) which has the same limit compo-
nents as g(ℓ). The leaf is homotopic relative to compact leaves to g(ℓ) when
genus(S) ≥ 3. When genus(S) = 2 the leaf is homotopic relative to compact
leaves to either g(ℓ) or ι ◦ g(ℓ), where ι is a hyperelliptic involution.

Proof. Construct a pants decomposition by taking disjoint simple closed
geodesics in S \ (L+ ∪L−∪ l), so that L+ ∪L− is contained in only one pair
of pants if genus(S) ≥ 3, and denote it by C. We have f(C ∪ L+ ∪ L−) =
g(C ∪ L+ ∪ L−) since f and g coincide on C(S). Since L+ ∪ L− ∪ ℓ is a
geodesic lamination contained in both λ and C∪L+∪L−∪ ℓ, f(L+∪L−∪ ℓ)
is also a geodesic lamination contained in both f(λ) and f(C∪L+∪L−∪ ℓ),
which implies that f(λ) contains a non-compact isolated leaf l′ disjoint from
g(C ∪ L+ ∪ L−) with limit components g(L+), g(L−). In the case when
genus(S) ≥ 3, since there is only one pair of pants in S \ g(C ∪ L+ ∪ L−)
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whose frontier contains g(L+) ∪ g(L−), this pair of pants must contain l′,
and hence is homotopic relative to compact leaves to g(ℓ).

In the case when genus(S) = 2, it is possible that l′ is contained in the
pair of pants lying on the opposite side of g(L+ ∪ L− ∪ c) from the one
containing g(ℓ). In this case ι(l′) is homotopic relative to compact leaves to
g(ℓ). �

Next, we shall take into account the direction in which a non-compact
isolated leaf spirals around simple closed geodesics.

Definition 6.3. We call a non-compact isolated leaf ℓ of a finite lamination
incoherent when it has only one limit component and if it spirals around
this component on its two sides in the same direction. Otherwise, ℓ is called
coherent.

Lemma 6.4. Let ℓ be a coherent non-compact isolated leaf of a finite ge-
odesic lamination λ. Then there is an approximable finite lamination λ′

containing ℓ.

Proof. Let L+, L− be the limit components of ℓ (L+ and L− may coincide).
We can regard ℓ as obtained from an arc a with endpoints lying on L+∪L−

by spiralling it around L+ and L− infinitely many times. We extend a to a
simple closed curve c so that the endpoints of a are essential intersection of
c with L+ ∪ L−, without adding an arc parallel to a. By performing Dehn
twists around L+ and L− on c infinitely many times in the same direction
as the spiralling of ℓ and taking the Hausdorff limit, we get an approximable
lamination as we wanted. (Since ℓ is coherent, we can realise ℓ by an infinite
iteration of Dehn twists.) �

In the case when genus(S) = 2 we shall need another lemma.

Lemma 6.5. Suppose that genus(S) = 2, and let ℓ and ℓ′ be two coherent
non-compact isolated leaves of a finite lamination which have the following
properties:

(a) ℓ has two distinct limit components L+ and L−.
(b) One of the limit components L+ of ℓ is also a limit component of ℓ′

whereas the other one, L−, is not.
(c) ℓ′ has either one or two limit components. If ℓ′ has only one limit

component, then its ends spiral around the limit component L+ on the
same side of L+.

(d) The leaves ℓ and ℓ′ spiral around L+ on the same side of L+.

Let µℓ denote the union ℓ∪L+∪L−, and µℓ′ the union of ℓ′ and its (one or
two) limit components. Then, there is an approximable geodesic lamination
λ′ containing µℓ ∪ µℓ′ and having a leaf which intersects both ι(ℓ) and ι(ℓ′)
transversely, where ι denotes as before the hyperelliptic involution.

Proof. If ℓ′ has two limit components, let L′ be its limit component other
than L+. If ℓ′ has only one limit component, choose a closed geodesic disjoint
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from L+ ∪ ℓ ∪ L− ∪ ℓ′, and let it be L′. (By the property (c), such a closed
geodesic exists.) Then L+ ∪ L− ∪ L′ decompose S into two pairs of pants,
P and P ′. By the properties (c) and (d), ℓ and ℓ′ are contained in the same
pair of pants, say P . Now we can extend µℓ ∪ µℓ′ to a geodesic lamination
as we wanted by adding a leaf in P ′ which intersects ι(ℓ), ι(ℓ′) transversely
choosing the spiralling directions appropriately. �

Proposition 6.6. Let ℓ be a coherent non-compact isolated leaf whose limit
components L+, L− are simple closed geodesics (L+ and L− may coincide).
Let µℓ be the geodesic lamination L+ ∪ ℓ ∪ L−. Then f(µℓ) = g(µℓ) when
genus(S) ≥ 3. In the case when genus(S) = 2, we have either f(µℓ) = g(µℓ)
or f(µℓ) = ι ◦ g(µℓ), where ι denotes as before the hyperelliptic involution,
and the alternative does not depend on ℓ.

Proof. By Lemma 6.4, there is an approximable finite lamination λ con-
taining µℓ. By Corollary 4.4, we have f(λ) = g(λ). On the other hand,
if genus(S) ≥ 3, Lemma 6.2 shows that f(µℓ) consists of g(L+) ∪ g(L−)
together with a non-compact isolated leaf homotopic relative to compact
leaves to g(ℓ). Since f(λ) = g(λ) contains g(ℓ), it cannot contain leaves ho-
motopic relative to compact leaves to g(ℓ) other than g(ℓ) itself. Since f(µℓ)
is contained in f(λ) = g(λ), the only isolated leaf of f(µℓ) must coincide
with g(ℓ). Thus we have completed the proof in the case when genus(S) ≥ 3.

Suppose that genus(S) = 2. Then the same argument as in the case
of genus(S) ≥ 3 implies that f(µℓ) is either g(µℓ) or ι ◦ g(µℓ). We need
to show that one of the alternatives holds for all µℓ. First consider two
non-compact isolated leaves ℓ and ℓ′ as in the statement of Lemma 6.5,
and consider the approximating lamination λ′ provided by that statement.
Since λ′ has a leaf ℓ′′ intersecting ι(ℓ), ι(ℓ′) transversely, if f(µℓ) = g(µℓ),
we cannot have f(µℓ′′) = ι ◦ g(µℓ′′), for both f(µℓ) and f(µℓ′′) are contained
in f(λ′), and hence we have f(µℓ′′) = g(µℓ′′), and by the same argument
f(µℓ′) = g(µℓ′) holds. In the same way, we see that f(µℓ) = ι ◦ g(µℓ) implies
f(µℓ′) = ι ◦ g(µℓ′). Thus one of the alternatives holds for both µℓ and µℓ′ .

From now on, we shall only show that f(µℓ) = g(µℓ) implies f(µℓ′) =
g(µℓ′) in a more general setting for ℓ and ℓ′. We shall omit the argument
for the case where f(µℓ) = ι ◦ g(µℓ), for every step goes in a parallel way.

If ℓ has only one limit component and spirals around it on its both sides,
we have ι(µℓ) = µℓ, since ℓ is coherent. Therefore both alternatives hold for
such a case, and this can be excluded from the argument. Except for this
case, if two disjoint coherent non-compact isolated leaves ℓ and ℓ′ lie in the
same pair of pants P , then they must satisfy the conditions of Lemma 6.5.
Therefore for two disjoint isolated non-compact leaves ℓ and ℓ′, we see that
f(µℓ) = g(µℓ) implies f(µℓ′) = g(µℓ′). If two coherent non-compact isolated
leaves ℓ and ℓ′ lying in the same pair of pants P intersect, then we can
choose either another non-compact isolated leaf ℓ′′ which is disjoint from
both ℓ and ℓ′ or a pair of disjoint non-compact isolated leaves ℓ′′1, ℓ

′′

2 such
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that ℓ ∩ ℓ′′1 = ∅, ℓ′′2 ∩ ℓ′ = ∅, and therefore we get the same conclusion for ℓ
and ℓ′ as before.

Since f is injective on GL(S), if f(µℓ) = g(µℓ), then we must have
f(ι(µℓ)) = g(ι(µℓ)). Combining this with what we have just proved, we
see that if ℓ and ℓ′ are two coherent non-compact isolated leaves whose limit
components are simple closed geodesics and if there is a pants decompo-
sition P which is disjoint from both ℓ and ℓ′, then f(µℓ) = g(µℓ) implies
f(µℓ′) = g(µℓ′). We note that in particular, if ℓ and ℓ′ are disjoint and their
limit components coincide, then we can find a such a pants decomposition
P .

Next suppose that ℓ and ℓ′ have the same limit components L+, L−, but
that they intersect each other. Then we can find a sequence of coherent non-
compact isolated leaves ℓ = ℓ1, . . . , ℓk = ℓ′ having the same limit components
L+, L− such that ℓj ∩ ℓj+1 = ∅. Therefore, by applying the above argument
to ℓj and ℓj+1 inductively, we see that f(µℓ) = g(µℓ) implies f(µℓ′) = g(µℓ′).

Now suppose that ℓ and ℓ̄ are non-compact isolated leaves of possibly dif-
ferent finite laminations, both of which have two distinct limit components.
A procedure to replace one component C of a pants decomposition P by
another curve C ′ disjoint from P \C and to get a new pants decomposition
(P \ C) ∪ C ′ is called an elementary move. It is known that any two pants
decompositions of S can be joined by a composition of finitely many elemen-
tary moves (see for instance Hatcher [10]). It follows from this that there is
a sequence of coherent non-compact isolated leaves ℓ = ℓ1, ℓ2, . . . , ℓk = ℓ̄ of
finite laminations satisfying the following:

(i) ℓj is contained in a pair of pants of a pants decomposition Cj.
(ii) Either Cj+1 = Cj or Cj+1 is obtained from Cj by an elementary move.
(iii) If Cj+! 6= Cj , then the limit components of ℓj+1 coincide with those of

ℓj+1.

Therefore, by what we have just proved up to the previous paragraph, we
see that f(µℓ) = g(µℓ) implies f(µℓ̄) = g(µℓ̄). Thus we have completed the
proof. �

Corollary 6.7. If genus(S) ≥ 3, then for any finite geodesic lamination
λ that does not contain any incoherent non-compact isolated leaf, we have
f(λ) = g(λ). If genus(S) = 2, then f(λ) = g(λ) for any such λ or f(λ) =
ι ◦ g(λ) for any such λ.

Proof. By Lemma 4.2 and Corollary 4.4, f and g coincide on the minimal
components of λ, and by Lemma 3.3, the number of the non-compact isolated
leaves of f(λ) is the same as that of λ. Let ℓ be a non-compact isolated
leaf of λ, which is coherent by assumption. By Proposition 6.6, we have
f(µℓ) = g(µℓ) (or f(µℓ) = ι ◦ g(µℓ) when genus(S) = 2), and since f(λ)
contains f(µℓ), it must have g(ℓ) (or ι ◦ g(ℓ) when genus(S) = 2) as a
non-compact isolated leaf. Since this holds for every non-compact isolated
leaf, f(λ) contains all non-compact isolated leaves of g(λ) (or ι ◦ g(λ) when
genus(S) = 2). Since f(λ) and g(λ) have the same number of such leaves,
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which is equal to the number of non-compact isolated leaves of λ, we have
f(λ) = g(λ) (or f(λ) = ι ◦ g(λ) when genus(S) = 2).

In the case when genus(S) = 2, by Proposition 6.6 either f(µℓ) = g(µℓ)
for all λ and ℓ or f(µℓ) = ι ◦ g(µℓ) for all λ and ℓ. This shows the second
part of our corollary. �

Now we turn to incoherent non-compact isolated leaves.

Lemma 6.8. Let ℓ be an incoherent non-compact isolated leaf of a finite
geodesic lamination, and L its (unique) limit component. Then for µℓ =
L∪ℓ, we have f(µℓ) = g(µℓ) if genus(S) ≥ 3. In the case when genus(S) = 2,
we have either f(µℓ) = g(µℓ) or f(µℓ) = ι ◦ g(µℓ), and the alternative does
not depend on ℓ, nor on whether ℓ is incoherent or coherent.

Proof. Take a simple closed geodesic d in S \ µℓ, and two coherent non-
compact isolated leaves ℓ1 and ℓ2 as follows:

1 ℓ1 and ℓ2 are disjoint, and are contained in S \ (µℓ ∪ d).
2 For j = 1, 2, the ends of ℓj spiral around d and L.
3 ℓ1 and ℓ2 spiral around L on opposite sides of L.

Set νℓ to be µℓ ∪ d ∪ ℓ1 ∪ ℓ2, and ν ′ℓ to be d ∪ L ∪ ℓ1 ∪ ℓ2.
Suppose that genus(S) ≥ 3 for the moment. By Corollary 6.7, we have

f(ν ′ℓ) = g(ν ′ℓ). By Lemma 6.2, f(νℓ) has a non-compact isolated leaf ℓ′

homotopic relative to compact leaves to g(ℓ). Since ℓ′ is disjoint from f(ν ′ℓ),
which must be contained in f(νℓ), the direction of spiralling is the same as
g(ℓ) at both ends, and hence ℓ′ = g(ℓ). Thus we have f(νℓ) = g(νℓ).

Next suppose that genus(S) = 2. By the same argument as in the case of
genus(S) ≥ 3, if f(ν ′ℓ) = g(ν ′ℓ), we have f(νℓ) = g(νℓ). Otherwise, we have
f(νℓ) = ι◦g(νℓ). Since one of the alternative holds for all ν

′

ℓ by Corollary 6.7,
we see that the alternative does not depend on ℓ. �

Now we can prove the following.

Proposition 6.9. If genus(S) ≥ 3, we have f(λ) = g(λ) for all finite geo-
desic laminations. If genus(S) = 2, then f(λ) = g(λ) for all finite geodesic
laminations or f(λ) = ι ◦ g(λ) for all finite geodesic laminations.

Proof. We first assume that genus(S) ≥ 3. Let λ′ be the union of the min-
imal components and the coherent non-compact isolated leaves of λ. By
Corollary 6.7, f(λ′) = g(λ′), and hence f(λ) contains g(λ′). Now, let ℓ be
an incoherent non-compact isolated leaf of λ. By Lemma 6.8, f(λ), which
contains f(µℓ) = g(µℓ), must contain g(ℓ). Since this holds for every inco-
herent non-compact isolated leaf of λ, f(λ) contains g(λ). Since f preserves
the inclusions, the number of the leaves of f(λ) is the same as that of λ,
hence as that of g(λ). Therefore, the only possibility is f(λ) = g(λ).

Now we turn to the case when genus(S) = 2. In this case, we have
f(λ′) = g(λ′) or f(λ′) = ι ◦ g(λ′). If the first possibility holds, this must
hold for all λ′, and also we have f(µℓ) = g(µℓ). Therefore f(λ) = g(λ) for
every finite geodesic lamination λ. Similarly, if f(λ′) = ι ◦ g(λ′), then this
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holds for all λ′, and hence f(λ) = ι◦g(λ) for every finite geodesic lamination
λ. �

7. Proof of the main theorem

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. We first show that if f : GL(S) → GL(S) is a bi-
jection preserving left Hausdorff convergence, then there is an extended
mapping class h inducing the same bijection on GL(S).

Let λ be a geodesic lamination. Since finite laminations are dense in
GL(S) with the Hausdorff topology (see Lemma 2.2), there is a sequence
of finite laminations {µi} converging to λ. By Proposition 6.9, we have
f(µi) = h(µi) for some homeomorphism h : S → S. (This is either g or
ι ◦ g in Proposition 6.9.) Since h is a homeomorphism, h(λ) coincides with
the Hausdorff limit µ∞ of h(µi) = f(µi). Since f preserves left Hausdorff
convergence, f(λ) contains the Hausdorff limit µ∞. As was seen before,
f preserves the number of minimal components and the number of non-
compact isolated leaves. Thus, the only possibility is f(λ) = µ∞, which is
equal to h(λ).

Thus, the natural homomorphism Mod∗(S) → Aut(GL(S)) is surjective.
For genus(S) ≥ 3, this homomorphism is injective since if two extended

mapping classes induce the same bijection on GL(S), they induce the same
action on the curve complex C(S), and we know by Ivanov’s result [12] that
the natural homomorphism Mod∗(S) → C(S) is injective.

It remains to consider the case when genus(S) = 2. We know that in this
case, if a homeomorphism h of S induces the identity map on the curve com-
plex C(S), then h is either homotopic to the identity or to the hyperelliptic
involution ι of S. But the hyperelliptic involution does not induce the iden-
tity map on GL(S). To see this, take a geodesic pair of pants decomposition
of S which is invariant by ι up to homotopy, and complete it to a geodesic
lamination by adding leaves which spiral along the three pants curves in a
way that is not invariant by the hyperelliptic involution ι. Thus, ι does not
induce the identity map on GL(S). This completes the proof. �

Let us note finally that introducing the asymmetric Hausdorff distance on
the space GL(S) opens up the way to a collection of questions in this new
asymmetric setting. We mention for instance the study of the geodesics of
this space (i.e. to describe the set of geodesics between any two points, to
study their uniqueness, etc.), the study of its the boundary structure, and
the relation between this distance function with the other distance functions
and topologies on this space.
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