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GEVREY PROPERTIES AND SUMMABILITY OF FORMAL
POWER SERIES SOLUTIONS OF SOME INHOMOGENEOUS
LINEAR CAUCHY-GOURSAT PROBLEMS

PASCAL REMY

ABSTRACT. In this article, we investigate the Gevrey and summability proper-
ties of the formal power series solutions of some inhomogeneous linear Cauchy-
Goursat problems with analytic coefficients in a neighborhood of (0,0) € C2.
In particular, we give necessary and sufficient conditions under which these
solutions are convergent or are k-summable, for a convenient positive rational
number k, in a given direction.
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1. SETTING THE PROBLEM

For several years, various works have been done on the divergent solutions of
some classes of linear (see [1,3-6,8,11,17,18,27-34,36,42-45] etc.), nonlinear (see
[12-14,19,20,23,24,38] etc.) or singular (see [9,10,21,22,37] etc.) partial differential
equations or integro-differential equations in two variables or more, allowing thus
to formulate many results on Gevrey properties, summability or multisummability.

In this paper, we are interested in the formal power series solutions of linear
Cauchy-Goursat problems of the form

LU = a(tv ‘T)7 L:= afag — Z Z tvi,qa(i,q) (t’x)af—zag
(1.1) 1eqeQ);

U(t,2) — w(t,z) = O(t<a?),
where

e the partial differential operator L satisfies conditions:
(C1): k= 1is a positive integer and p > 0 is a nonnegative integer,
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(Cs): K is a subset of {0,...,x} which contains at least one positive ele-
ment and which does not contain 0 if p = 0,
(C3): Qo is a non-empty subset of {0,...,p— 1} if 0 € K,
(Cy): Q; is a non-empty finite subset of N (= the set of nonnegative
integers) for all i € KC, i # 0,
(C5): viy = 0 is a nonnegative integer and the coefficients a(»9 (¢, x)
are holomorphic in the two variables ¢ and x in a polydisc D,, x D,,
centered at the origin (0,0) € C* (D, denotes the disc with center 0
and radius p; > 0) for all i € K and ¢ € Q;,
(Co): a»9(0,2) # 0 for all i e K and ¢ € Q;.
e the inhomogeneity §(t,z) € O(D,,)[[t]] ! is a formal series in ¢ with coeffi-
cients in O(D,,) which may be smooth, or not,
e the Cauchy-Goursat data w(t, z) is holomorphic in D,, x D,,.

Under more or less restrictive conditions on valuations v; 4, coefficients ali-9) (t, ),
degrees );, inhomogeneity ¢(t, z) and initial data w(t, z), problem (1.1) was already
investigated by many authors (see [1,3-6,8,11,17,18,32-34,36,42-45] etc.). Here,
we consider the very general problem of the form (1.1), where no generic assumption
is made.

For both practical and notational conveniences, we now change the unknown
function U to u by

U(t,x) = w(t,z) + 0, "0, Pult, z).

Then, problem (1.1) is equivalent to the following integro-differential equation

(1.2) Du= f(t,z), D:=1- Z Z tvia gD (¢ )07 097P
1€kqeQ;
where the inhomogeneity f(t,z) € O(D,,)[[t]] is defined by
flt,z) = §(t,z) — Lw(t, z).
¢
Notation 0, 'u stands for the anti-derivative | u(s,z)ds of u with respect to t
which vanishes at t = 0. Recall that the Cauchy formula for repeated integration
t -1 j
t— tJ
implies 0; ‘u = J u(s, x)ﬂds for all £ > 1; hence, in particular, 6, [ = | =
0 (£—1)! g!
tj+f
—— forall > 1 and j > 0. It is the same for Ogé with ¢ > 1.
(G+o!
Notation 1.1. For any series 4(t,z) € O(D,,)[[t]], we denote in the sequel
- I N "
Ut,x) =Y uj ()5 = > Tl (£) -
§=0 n=0
The organization of the paper is as follows. In Section 2, we prove that the linear
integro-differential equation (1.2) admits a unique formal series solution u(t,z)
in O(D,,)[[t]] (Theorem 2.1) and we give a characterization of its coefficients in
O(D,,). In Section 3, we introduce the Newton polygon Ny (D) of the operator D at
t = 0 and we give some properties of this. In Section 4, we show that (¢, x) and the
inhomogeneity f(t, x) are together either convergent or 1/k-Gevrey, where k denotes
the smallest positive slope of N¢(D) (Theorem 4.4). Then, in the latter case, and

IWe denote q with a tilde to emphasize the possible divergence of the series q.
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under four additional conditions on D, we investigate the summability of (¢, ). In
particular, we prove in Section 4 (Theorem 5.4) a necessary and sufficient condition
under which @(¢, ) is k-summable in a given direction arg(t) = 6, generalizing thus
the results already obtained by the author in [42,43].

2. FORMAL SERIES SOLUTIONS

In this section, we shall be concerned with the formal series solutions in O(D,, )[[t]]
of the linear integro-differential equation (1.2).

Let us first observe that the operator D is a linear operator acting inside O(D,, )[[t]].
Indeed, (O(D,,)[[t]], &, 05) is a C-differential algebra stable under anti-derivations
d; ! and 0! and the coefficients a(»? (¢, z) belong to O(D,, x D,,) = O(D,,)[[t]]
for all ¢ and q. More precisely, we have the following.

Theorem 2.1. D is a linear automorphism of O(D,,)[[t]].

~ tJ
Proof. Let f(t,x) € O(D,,)[[t]]. Then, a series u(t,z) = E uj,%(x) = is solution of
: J!
320

Du = f(t,x) if and only if its coefficients u; () satisfy, for all j > 0, the identities

(2.1) Uj,*(x) = fj,*(x)"'
TET L el

Z Z Z (J _Ui,q- —m)l  m! 0F P Uj v, y—i—m,x(T)

el ge@Q; m=0

where, as usual, the third sum is 0 as soon as j < v; 4 + ¢. Observe that the index
J—viq—1i—mis < j when (¢,v;4,m) # (0,0,0) and is j otherwise. Thereby,
some terms 02 Pu; ,(x) may occur in the right-hand side of (2.1) and this, only for
the ¢ € Qo satisfying vg, = 0. In particular, when terms 02 Pu; .(x) occur, we
necessarily have ¢ —p € {—p, ..., —1}. Then, Lemma 2.2 below proves that equation
Dii = f(t,z) admits a unique solution @i(t, z) € O(D,,)[[t]]. Hence, the bijectivity
of D, which completes the proof. O

Lemma 2.2. The linear integro-differential equation

(2.2) Y+ a1(2)0; 'y + o ()0, %y + ... + a,(2)0, Py = g(w),

whose coefficients aq(x) and inhomogeneity g(x) are holomorphic in D,,, posseses
exactly one solution y(x). Moreover, this solution is holomorphic in D,,.

Proof. Let z = 0;Py. Then, y(z) is a solution of equation (2.2) if and only if z(z)
is a solution of the Cauchy problem

{ Pz 4+ a1(x)0P 7z + ag(x) 0P 22 + ... + ap(x)2 = g(x),

2(0) = 0,2(0) = ... = 2~12(0) = 0.
The result follows then from the Cauchy-Kovalevskaia theorem for the ordinary
differential equations. ([l

As a direct consequence of Theorem 2.1, we deduce in particular that equation
(1.2) is uniquely solvable in O(D,,)[[t]].

Corollary 2.3. The linear integro-differential equation (1.2) admits a unique for-
mal series solution u(t,x) € O(D,,)[[t]]. Moreover, its coefficients u;(z) €
O(D,,) are recursively determined for all j = 0 by identities (2.1).
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Observe that the formal solution @(t,x) is divergent in general. In Section 4,
we shall investigate its Gevrey properties. We propose in particular to prove a
necessary and sufficient condition under which it is s-Gevrey with a convenient
nonnegative rational number s.

Before stating our main result (see Theorem 4.4), let us first introduce the ¢-
Newton polygon of the operator D.

3. NEWTON POLYGON

As definition of the ¢-Newton polygon of the operator D (or Newton polygon
of D with respect to t), we choose the definition of M. Miyake [32] (see also A.
Yonemura [45] or S. Ouchi [36]) which is an analogue to the one given by J.-P.
Ramis [41] for the linear ordinary differential operators. Recall that H. Tahara and
H. Yamazawa use in [44] a slightly different one.

For any (a,b) € R?, we denote by C(a,b) the domain

C(a,b) = {(z,y) e R* z < a and y > b}.
Then, the t-Newton polygon of D is defined as follows.

Definition 3.1. One calls t-Newton polygon of D the convex hull Ny(D) of the
union of the sets C'(0,0) and C(¢ —p —4,v;4 + ) for i € K and g € Q;:

Nt(D):CH O(O?O)U UC(q_p_Z7U1,q+7/) ’
0<0:

where C'H[-] denotes the convex hull of the elements in [-].
The following lemma specifies the geometric structure of N¢(D).

Lemma 3.2. Let S :={(i,q) ; i€ K, ¢€ Q; and g—p —i > 0} be.
(1) Suppose S = &. Then, Ni(D) = C(0,0). In particular, N (D) has no side
with a positive slope.
(2) Suppose S # . Then, N¢(D) has (at least) one side with a positive slope.
Moreover, its smallest positive slope k is given by

. Vig+1
k = min (Zq) .
(1,9)eS \ ¢ —p—1

Proof. Point 1 is straightforward from the fact that condition & = & implies C'(q—
p— 1,054 + 1) < C(0,0) for all 4 and ¢. As for point 2, it suffices to remark, on
one hand, that C(¢ —p — i,v;4 + %) < C(0,0) for all (¢,¢) ¢ S and, on the other
hand, that the segment with two end points (0,0) and (¢ — p — ¢,v; 4 + ¢) has, for
all (i,q) € S, a positive slope equal to (v; 4 +)/(¢ —p — t) (the positivity stems
from the fact that ¢ — p < 0 for all g € Qq; hence, (i,¢) € S implies ¢ > 1 and then
Vig + 1> 0) U

Notation 3.3. When S # J, we choose, and fix once and for all, one of the pairs
(i,q) € S such that the side of slope k of Ny (D) is the segment with end points
(0,0) and (¢ — p — 4,v;,4 + %) (see Figure 1 below). In the sequel, we denote this

pair by (i*, ¢*).
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Remark 3.4. Of course, we have k = Moreover, according to the

proof of Lemma 3.2, we have besides ¢* —p > i* > 1.

Let us now turn to the Gevrey properties of (¢, ).

4. GEVREY ORDER

The aim of this section is to investigate the Gevrey properties of the unique
formal series 1u(t, ) of equation (1.2) (see Corollary 2.3). In particular, we propose
to give necessary and sufficient conditions under which it is s-Gevrey for some s = 0.

Before stating our main result (see Theorem 4.4 below), let us first recall for
the convenience of the reader some definitions and properties about the s-Gevrey
formal series.

4.1. s-Gevrey formal series. All along the article, we consider ¢ as the variable
and x as a parameter. Thereby, to define the notion of Gevrey classes of formal
power series in O(D,,)[[t]], one extends the classical notion of Gevrey classes of
elements in C[[t]] to families parametrized by x in requiring similar conditions, the
estimates being however uniform with respect to x. Doing that, any formal power
series of O(D,,)[[t]] can be seen as a formal power series in ¢ with coefficients in
a convenient Banach space defined as the space of functions that are holomorphic
on a disc D, (0 < p < p2) and continuous up to its boundary, equipped with the
usual supremum norm. For a general study of series with coefficients in a Banach
space, we refer for instance to [2].

Definition 4.1 (s-Gevrey formal series). Let s > 0 be.

~ tJ L
A formal series u(t, z) = Z u]*(:n)ﬁ e O(D,,)[[t]] is said to be Gevrey of order s
j=0 :
(in short, s-Gevrey) if there exist three positive constants 0 < ro < p2, C' > 0 and
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K > 0 such that the inequalities
sup [uj,(z)] < CK'T(1 + (s + 1)j)
|z|<r2

hold for all j > 0.

In other words, Definition 4.1 means that 4(t, z) is s-Gevrey in ¢, uniformly in
x on a neighborhood of z = 0.

We denote by O(D,,)[[t]]s the set of all the formal series in O(D,,)[[¢t]] which
are s-Gevrey. Observe that the set C{t,z} of germs of analytic functions at the
origin (0,0) € C? coincides with the union U,=0 O(Dp)[[t]]o; in particular, any
element of O(D,,)[[t]]o is convergent and C{t,z} n O(D,,)[[t]] = O(Dp,)[[t]]o-
Observe also that the sets O(D,,)[[t]]s are filtered as follows:

O(Dp,)ltllo = O(Dp,)[[t]]s = O(Dp,)[[t]]s = O(D),)[[2]]
for all s and s satisfying 0 < s < s’ < +00.

)

Following Proposition 4.2 specifies the algebraic structure of the O(D,,)[[t]]s’s.

Proposition 4.2. Let s = 0 be. Then, (O(D,,)|[[t]]s, 0, 0z) is a C-differential
algebra stable under the anti-derivations d; ' and 0, .

Proof. See for instance [42, Prop. 1] or [2, p. 64]. O

4.2. Main result. Let us first begin by observing that Proposition 4.2 implies the
following.

Lemma 4.3. D(O(D,,)[[t]]s) € O(Dp,)[[t]]s for all s = 0.

Theorem 4.4 below specifies this statement by showing more especially that the
operator D is actually a linear automorphism of O(D,,)|[[t]]s for some s > 0.

Theorem 4.4. Let S := {(i,q) ; i€ K, g€ Q; and g —p —i > 0} and s be the
rational number defined by
0 ifS =
1 ¢*—p—i*
- S
k Uik g* + ¥ /Lf 7 Q
Then, D is a linear automorphism of O(D,,)[[t]]s-

In particular, Theorem 4.4 gives us the Gevrey properties of @(t, x) in view in this
section. More precisely, it provides, in the case S = ¢F, necessary and sufficient
condition under which #(t,z) is convergent and, in the opposite case S # (J,
necessary and sufficient condition under which (¢, x) is s-Gevrey with s as above.

Corollary 4.5. Let S :={(i,q) ; i€ K,q€ Q; and ¢ —p —i > 0} be.
(1) AssumeS = &. Then, u(t,x) is convergent if and only if the inhomogeneity

f(t,x) is convergent.

(2) Assume S # & and set s =

*

q* —p—i*

P Then, u(t,z) is s-Gevrey if and
Ui g% 2

only if the inhomogeneity f(t, x) is s-Gevrey.
As a consequence of Corollary 4.5, we deduce in particular a result similar to
the Maillet-Ramis theorem for the ordinary linear differential equations [39,41] (see
also [16, Thm. 4.2.7]).
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Corollary 4.6. Assume that the inhomogeneity f(t,z) is convergent. Then, u(t,z)
is either convergent or s-Gevrey, where k = 1/s is the smallest positive slope of the
Newton polygon N¢(D) of D with respect to t.

4.3. Proof of Theorem 4.4. According to Theorem 2.1 and Lemma 4.3, the
operator D is an injective linear operator acting inside O(D,,)[[t]]s. To prove the
surjectivity of D, we shall use below an approach based on Nagumo norms [7,35]
and majorant series; approach which is similar to the ones developed by W. Balser
and M. Loday-Richaud in [4] and by the author in [42,43] for some classes of linear
integro-differential equations.

4.3.1. Nagumo norms. For the convenience of the reader, we recall in this section
the definition of the Nagumo norms and some of their properties which are needed
in the sequel.

Definition 4.7 (Nagumo norms). Let f e O(D,), n > 0 and 0 < r < p be. Let
d(z) = r — |z| denote the Euclidian distance of € D,. to the boundary of the disc
D,. Then, the Nagumo norm | f|,, . of f is defined by

[l := sup [f(2)dr(2)"].

|z|<r
Following Proposition 4.8 gives us some properties of the Nagumo norms.

Proposition 4.8 (Properties of Nagumo norms). Let f,g € O(D,), n,n’ =0 and
0 <r<pbe. Then,

(1) [ll,,.,- 78 a norm on O(D,).

2) Forall x € Dy, |f(x)| <|[f],, d-(x)~™

3) Iflo., = sup |f(x)] is the usual sup-norm on D,..
’ |z|<r

(2)

3)

(4> HngnJrn’,r < Hf”n,r Han’r

(5) HaanJ,-l,'r‘ < @(n + 1) ”f“nﬁ'
©) |~ fl,, <7 1Sl

Proof. Properties 14 are straightforward and are left to the reader.

To prove Property 5, we proceed as follows. Let x € D,. and 0 < R < d,.(z) be.
Using the Cauchy integral formula, we have

1 f&)
0 = — —————dr'| < = !
o5 = 5o\ et < e 6N
and then
1 . 1 .
0@ < Ul g o (&) = £, () = B
by applying Property 2. Let us now assume n > 0 and let us choose
dr(x)
S on+ 1

1 - 1\"
Then, using the inequality <1 — ) = (1 + ) < e, we get
n+1 n

1
n+1

0 (@) <[]

o dr(x) 7" (0 1) (1 - >_ < (n+Delfl,, dr(z) ™"
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hence, the result:
10f 11, = sup [0f ()dr(2)" | < (n+ Ve | f],,.,.-
|z|<r
For n = 0, we set
d(z)
c
with an arbitrary constant ¢ > 1; hence, the inequality

0f ()] < |l flo, dr(2) ™!

R =

and then
10fl,,. = sup |[0f(z)d-(x)] < c[fl, -

|z|<r
The result follows by choosing ¢ = e.
We are left to prove Property 6. Let x € D, be. Using Property 2, we obtain

(1) o) = |[sar <, [

for all n > 0 and, consequently, the following discussion.

e Case n = 0. Due to inequality (4.1) above, we straightaway have

|z
07 @] < Iflo | du= ol 1
0

o ST Iflo,,
and then

Ha_lfﬂo,r = ISI\lp }6_1f(x)| ST HfHO,'r'
r|<r

e Case n = 1. Using inequalities (4.1) and In(¢) < ¢ for all ¢ > 0, we have

=l r r
—1 o o o
ot < [ 2 = 11 (s ) < s W
Hence, the result:
o1, = sup 07 f(@)de ()| < 7 f]y -
x|<r

e (Casen > 2. Since

“ du 1 1 1
L r—wr = Dd @ 1 rn—1)  d@)r
inequality (4.1) implies
071 f(@)dr (2)"] < | £
Hence, the result again:
o1, = sup |07 f(@)dp ()| < 7 [ £l -

nr @ (@) <7 (Sl

This achieves the proof of Proposition 4.8.

Remark 4.9. Inequalities 46 are the most important properties. Observe that
the same index r occurs on their both sides, allowing thus to get estimates for the

product fg in terms of f and g, for the derivative df in terms of f and for the
anti-derivative 0! f in terms of f without having to shrink the disc D,..

Let us now turn to the proof of Theorem 4.4.

4.3.2. Proof of Theorem /.4.
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<1 First step: a fundamental technical lemma.
Before starting the calculations, let us first begin with the following technical
lemma which will play a central role in our proof.

Lemma 4.10. Assume S # J. Then, the inequalities
(4.2) (s + 1) (vig +1) = q—p+vig
hold for allie K and q € Q;.

Proof. Inequalities (4.2) are clear when ¢ = v;, = 0 (indeed, ¢ — p < 0 for all
g € Qo). When (3,v; 4) # (0,0), we have v; 4 + ¢ > 1 and the inequality

. o
(4.3) s=-x 1 P71
k Vig + 1

which stems, on one hand, from the definition of k when (i, ¢) € S and, on the other
hand, from the fact that ¢ —p —¢ < 0 when (¢,¢q) ¢ S. Lemma 4.10 follows then by
adding “+1” to both sides of (4.3). O

Remark 4.11. In fact, inequalities (4.2) still hold when & = . Indeed, we have
s=0and ¢g—p < iforall i e K and q € Q;. Nevertheless, we shall only use
subsequently these inequalities in the case where S # ¢J. Hence, the statement of
Lemma 4.10 as it is written.

We are now able to prove Theorem 4.4.

<1 Second step: preliminaries.
As we said at the beginning of Section 4.3, we are left to prove the surjectivity
of the linear integro-differential operator D. To do that, let us fix

ftto) =Y fj,*<x>§i! e (D[],

i>0

and let us write the solution u(t,z) € O(D,,)[[t]] of equation (1.2) in the same
form:

~ tJ
u(t,z) = Z uj*(x)‘F
j=0
By assumption, the coefficients f; ,(x) satisfy the following two conditions
o fix(x)e O(D,,) forall j >0,

e there exist three positive constants 0 < ro < pg, C' > 0 and K > 0 such
that |f;«(2)] < CKIT(1+ (s + 1)) for all j > 0 and |z| < ro.

We shall now prove that the coefficients wu; «(x) satisfy similar conditions. The
calculations below are analogous to those detailed in [4,42,43], but are much more
complicated because of the terms 0, *‘027P with ¢ — p € Z.
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<1 Third step: some inequalities.
From identities (2.1), we obtain the relations

wa(@  fis@)
M1+ (s+1)j) T+ (s+1))

Yy

e geQ; m=0 (‘7 ~ Vig

+

5! al ) (x) 097 Puj_y, e (@)

“m)l T m! D(1+ (s+1)j)

for all 5 = 0 (as before, we use the classical convention that the third sum is 0 if
7 < Viq + Z)

Notation 4.12. In the sequel, we denote by o the positive integer? defined by

fv+ew fS=0
(4~4) 7= { (s + 1)(1}2-*7(1* + Z*) ifS# &

where v is the nonnegative integer v := max{v; , ; i € K and g € Q;}.

Let us now apply the Nagumo norm of indices (¢j,72). From Property 4 of
Proposition 4.8, we first obtain

lwg@ojry, _ Minle Hgm 2 Z
P+ (s+1))) T+ (s+1))) 542 Ajsiam(

m=0

with

J!
(J — vi,g —m)! m!

L o (vi,q+i+m)—bg,r2
Ajigm(T) 1= x

Hag_pujfvi,q*i*ma* (‘T) ”U(j—vi)q—i—m)—kéq,rg

1+ (s+1)j) ’

where §, is the nonnegative integer defined by
5::{0 ifg—p<0,
q qg—p ifg—p>0.
Then, Properties 5-6 of Proposition 4.8 imply the inequality
J—vi,q—i

50 @)y, 1@
) oj,r < a7, 7-2 B,
1+ (s+1)j) T+ (s+1)j 2 Z 2 Js4,4,m

el ge@Q; m=0

with

‘ (4,9)

A, 5 (33)

o (vi,q+itm)—dq,72 %

Bjiqm(z) = Bjiqm -

)

Huj_v'i,q_i_ma* (J) Ha(jfvi’qfifm),rg

2See Remark 3.4.
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where ; 4.m is the nonnegative integer defined by

glrh ¢ 0
foopeo
(G — vig —m)IT(1 + (s + 1)j) namh
5j,i,q,m = —pP—
n —Vig—i—m)+q—p—4L)]|el?
=0 if g — 0.
~ G —vig —m)T(L+ (s + 1)5) namr=

Remark 4.13. Norms Ham’(f,?

o (vi,q+i+m),ra and ||Uj_vi’q_i_m’* (Z) |}U(j*”i,q*7;*m);’f2

are well-defined
o(vi,q+i+m)—(qg—p),r2
too when ¢ —p > 0. Indeed, in the case S = J, conditions Kk > 1,7 > 0, v; 4 >0

and ¢ — p < i imply

o(vig+it+m)—(¢—p)=0i—(q—p)=ri—(q—p)=kri—i=i(k—1)>0
and, in the opposite case S # ¢J, Lemma 4.10 and conditions i* > 1 (see Remark
3.4) and v; ¢ = 0 imply

are both clearly well-defined. Norms Hasf{q) (x)

o(vig+i+tm)—(q—p) = ovig+i)—(¢—p)
(s + 1) (vix gx + %) (vig + 1) — (¢ — p)
> (q—p+vig) (v g +i%) — (¢ —p)
= (q—p) (Wi gx + 7" = 1) + v g (v g% + %)
= 0

Following proposition allows us to bound the §;; 4.m’s.
Proposition 4.14. Letie€ K, ge Q;, j = viq+i and m € {0,...,j — v; o — i} be.
Then,
4! - 1
(= vig —m)TA+ (s +1)7) T+ (s+ 1) —vig—i—m))
Moreover, if ¢ — p > 0, we have

j!(H (a(j—vi,q—i—m)-i-q—p—é))

£=0 - (v+ k)P
(4 = vig =m)'T(1 + (s + 1)7) ST (s+ 1)~ vig—i—m))

Proof. The first inequality stems from Lemma 4.16 (inequality (4.5)) and Lemma
4.17 and the second one from Lemma 4.16 (inequality (4.6)) and Lemma 4.18. O

Remark 4.15. Observe that the second inequality of Proposition 4.14 may occur
only when ¢ > 1. Indeed, we have ¢ < p for all g € Qo (see Condition (C3)).
Lemma 4.16. Let i€ K, g€ Q;, j = vi g+ and me {0, ...,j —v; o — i} be. Then,
4! 1 1
- < < - .
(G —vig=m)! T+ (s+1)j) T+ (s +1)(j —vig —m))
Moreover, if i = 1, we also have
4! 1 1
- < < - .
(G—vig—mNTA+(s+1)j) TA+(s+1)(Fj—m)—viy4)

(4.5)

(4.6)
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Proof. Lemma 4.16 is clear when v; 4 +m = 0. Let us now suppose v; , +m > 1.

* Proof of inequality (4.5). For (i,m) # (0,j — vo,q), let us write the two factors
of the left-hand side of inequality (4.5) as follows:

Vi, qt+m—1

T G-o.

(] - vi,q - m)' ¢=0
Vi qt+m—1

T+ (s+ 1)) =TA+(s+1)j—vig—m) [] (s+1)ji—0).

=0
Then,
vi,qﬁn—l ]—€
4! 1 B sy (s+1)j—4
(j—vig—m) T(L+ (s+1)5) T+ (s+1)j—vig—m)
1

F1+(s+1)j—viq—m)
Observe that these relations make sense since the following inequalities
(s+1)j—t=1+(s+1)j—vig—m=14+sj+i=>1

hold for all £ € {0, ...,v; ¢ + m — 1}. Inequality (4.5) follows then from the increase
of the Gamma function on [2, +o0[. Indeed, we have the inequalities

1+ (s+1)j—vig—m=1+(s+1)(j—vig—m)=1+(s+1)i>2
for i > 1 and the inequalities
1+ (s+1)j—voq—m=1+(s+1)(j—voq—m)=2+s5>2

fori=0and me {0,....,j —voq — 1}
We are left to prove inequality (4.5) for (i,m) = (0, j—vo 4), that is the inequality

4! I'(1+j)

P(1+(s+1)j) TA+(s+1)5)

This latter is clear for j = 0 and stems from the inequalities 1+ (s+1)j > 1+j = 2
and from the increase of the Gamma function on [2, +oo[ for j > 1.

* Proof of inequality (4.6). Let ¢ = 1 be. From calculations above, we have
4! 1 - 1
(G—vig—m)!TA+(s+1)j) TA+(s+1)j—viq—m)

Then, inequality (4.6) stems as previously from the increase of the Gamma function
on [2,+oo| applied to the inequalities

I+ (s+1)j—vig—m=14+(s+1)(j—m)—v;q =1+ (s+1)i+sv;q =2
This ends the proof of Lemma 4.16. (]
Lemma 4.17. Let i€ K, g€ Q;, j = vig+1 and me {0, ...,j —v;  — i} be. Then,

1 1
TA+ I —vg—m) ST+ G0 —vig—i—m)
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Proof. For m < j —v; 4 —1— 1, we have
1+ (s+1)(j—vig—m) =1+ (s+1)([j—vig—t—m)=2+5>2
and Lemma 4.17 follows from the increase of the Gamma function on [2, +o0[. For
m = j —v; 4 — ¢, we must prove the inequality
1
I'(1+ (s+ 1)) <1
This latter is clear for i+ = 0 and stems again from the increase of the Gamma

function on [2, +oo[ for ¢ = 1. Indeed, we have the inequalities 1+(s+1)i > 2+s > 2;
hence, T'(1 + (s + 1)i) = I'(2) = 1. This achieves the proof. O

Lemma 4.18. Letie K, i #0°% g€ Qi, j = viq+i and m € {0,...,5 —v; 4 — i}
be. Assume q —p > 0. Then,

[1 (0l —vig—i—m)+q—p—1)

(=0 < (v+r)P
PA+(s+1)(—m)—vig) LA+ (s+ 1 —vig—i—m))

Proof. » Let us first assume & = ¢J (hence, 0 = v + k and s = 0). From the
relations 0 < ¢ —p < i < Kk < v + k and from the identities

qg—p—1
II(dj—wg—i—WU+q—p—@=

(=
—p—

. . q—p—14

(v+ k) || —Vig—t—m+ ————

g: (] “a v+ K )

(=)

[}

and

Fl+(s+1)(j—m)—viq) = TA+j—m=—uv4)

=

— T+ j—vig—i—m)] ]G~ vig—m—0)
£=0
we deduce the inequality

—pP—
]_[ o(j —vig—i—m)+q—p—1)

=0 - (v+K)IP
FA+(s+1)(j—m)—vigq) \F(1+j—vi,q—i—m)
) . q—p—4
—p=1§ —V; g — 1 — + =
qﬁj Vig—1i—m -
i J—vig—m—{
x

(j—vi7q—m—€)

i1

with the convention that the product n (j —viq—m—2{)is 1 when ¢ —p = i.
t=q—p

Observe that j —v; g —m — £ > 1 for all £. Indeed, we have m < j —v; ; — ¢ and

3See Remark 4.15.
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¢ < i—1. In particular, we obtain

i—1

H (j—vig—m—40) =1

l=q—p

On the other hand, inequalities 0 </ <g—p—1<i—1and ¢ —p <v+ x imply

, , g—p—¢ , -, q—p—t
g — i —(fvig—m—t) = - ‘
<j Vig —i—mt T ) (j —vigq—m—1) it
< i+ 122y
v+ K
< 0
Thereby, the following inequality
—p—Y
9=p=1) — Vg —1t—m+ 4—p
H v+ K <1
-6 J—Vig—m—{
holds; hence,
q—p—1
[] (cG—vig—i—m)+q—p—20
=0 - (v+rK)TP
L1+ (s+1)(j—m) —vig) T O T(l4j—vg—i—m)
B (v+K)IP
P+ (s+1)(j —vig—i—m))’
which proves Lemma 4.18 for S = (7.
* Let us now assume S # ¢§. Thanks to the relation s+1 = 7 > 7 ,

Vi gx + 0¥ T v+k
we have the following inequality:

(4.7) ﬁ (0(j—vig—i—m)+q—p—4{) <

(=
e
. q—p—1~
U+I€ 1:[ (S+1 ']’Ui’qlm)+m).

Let us now write I'(1 4+ (s + 1)(j — m) — v; 4) in the form

[}

(4.8) T+ (s+ 1) —m)—vig) =T+ (s +1)(j —m) —vig—(¢2-p))

H (s+1)(j —m) —v;q—9).

Observe that the term I'(1+ (s + 1)(j —m) —v; 4 — (¢ — p)) is already well-defined.
Indeed, condition m < j — v; 4 — ¢ and Lemma 4.10 imply

L+ (s+ 1) —m) —vig=(g=p) 21+ (s +1)(vig +9) = (¢ —p+vig) > 1.
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From relations (4.7) and (4.8), we obtain

q—p—1
[] (cG—vig—i—m)+q-p—10)

=0 - (v+ k)P
FA+ (s +1)(j —m) —vig) S L+ (s+ 1) —m) —vig— (g p))
Iﬁ (s+1)(j — —i—m)+g%§%£
i (s+1)(j—m)—vi7q—€

where the product on the right-hand side is < 1. Indeed, Lemma 4.10 and the
conditions £ < ¢ — p and v + k > 1 imply relations

. . q—p—1 ,
(@+DO—Wr%—mH-U+H) - ((s+1)(F—m)—vig—1)
N qg—p—1¢
= — (v, R )
(s + 1)(viq + 1)+ - + Vg + ¢
q—p—4
< —(qg— ; R
(q—p+vig) + T TUiat
1
= —p— —1
(g—p @<U+R )

N

0

Let us now assume m < j — v; 4 — 4. Then, Lemma 4.18 follows from inequalities

1+ (s+1)(j—m)—viq— (g—0p) 1+ (s+1)(j—m)—(g—p+uvig)

> 1+ (s+1)(G—m)—(s+1)(viq+1)
= 14+ (s+1)(j—vig—i—m)

> 2+s

> 2

and from the increase of the Gamma function on [2,4+00[. Observe that the first
inequality stems from Lemma 4.10 and that the second inequality stems from the
condition m < j — v; 4 — ¢. In particular, this latter inequality shows that the
calculations above do not allow to prove Lemma 4.18 when m = j — v; 4 — 4, since
it fails in this case.

To get around this problem, we shall proceed as follows. Let us first recall we
must prove the inequality

0)
1:[ e (v+ k)P
DL+ (s + 1) (vig +1) —vig) ~ T(1)

From Lemma 4.10 and the condition ¢ — p > 0, we obtain

= (v+ k)P,

1+ (s+1)(vig+i)—vig=1l+g—p=2;

hence, applying the increase of the Gamma function on [2, —&-oo[7 the relation

—p—
D(L+ (54 1)(vig +14) —vig) = T(1+q—p) H qg—p—1)
=0
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and, consequently, the following inequality

q—p—1
[] @-p-0
£=0 <1
P14 (s+ D(vig +1) —vig)
This achieves the proof since v + k > 1. O

Let us now apply Proposition 4.14. We get

,,J)—q
if g—p<0,
T+ G+0)G—vg—i-m)y 17
Bj,i,q,m =
q—p
(e(v + 1)) ifg—p>0.

I+ (s+1)(j —vig—i—m))

Then, the following inequalities

e (@) 5.,

(4.9) 1+ (s+1)j)

< g+
Z Z jifii’}ﬁ Huj_vi’q_i_m’*(x)HU(]'*Ui,qfifm),m
G A T s+ 1) —vig —i—m))

hold for all 7 = 0 with
@),

YT T+ (s +1)7)

and

a2 (@)

o (vi,q+i+m),ra

rb—4 ' ifg—p<0,

m!

Yi,qym 1= ‘
(e(v+ k)P oiatitm)—(@p)r2 g s,

m!

We now shall bound the Nagumo norms ||u;«(2)|,; .,- To do that, we shall proceed

as in [4,42,43] by using a technique of majorant series.

I 5 ()] 550,
1+ (s+1)j)
right-hand side of inequalities (4.9). More precisely such terms exist only for the ¢ €
Qo such that vy 4, = 0 and are obtained when (%, v; 4, m) = (0,0,0). Consequently,
we suppose in the sequel that the positive number ro €]0, p2[ has been chosen so

Remark 4.19. Like in relation (2.1), some terms may occur in the

that
_ 0,
> oao= D, 5" a&*q)(x))o <1
q€Qo q€Qo "2
’U(),q=0 ’onq=0

Observe that such a choice is already possible since p — ¢ > 0 for all ¢ € Qo (see
Condition (Cs)).
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<1 Fourth step: majorant series.

Let us consider the nonnegative numerical sequence (w;) defined for all j > 0 by
the recurrence relations

J—Vi,q—1%
wi=gi+ Y, D, D, iamWiv—i-m
ek ge@Q; m=0
where, as previously, the third sum is 0 when j < v; 4 + ¢. Observe that the fact
that w; > 0 for all j stems from the choice of 75 (see Remark 4.19). Observe also
we have
luss (@),

T+ (s+ 1)) =
for all j = 0 by construction (proceed by induction on j). Let us now bound the
w;’s. To this end, we proceed as follows.

By assumption on the f;.’s (see the beginning of section 4.3.2), we have

CKIT(1+ (s + l)j)rc,j
F(l+(s+1)5) °
for all j = 0 and the series g(X) := 2 ngj is thereby convergent.
§>0
On the other hand, all the terms a(* (¢, z) belong to O(D,,){t}. Then, there
exist two positive constants C’, K’ > 0 such that |aff{g,3 (x)] < C'K'™m! for all

1€{0,....,k}, g€ Q;, m =0 and z € D,,. Hence,

Ci(K'rg)™ ifq—p <0,

0<

0<yg; < = C(Krg)

0<vigm<

CLK'rg)™ ifq—p>0,
G
(e(v+K))TP
Z ViqmX " are convergent for all i € {0,...,x} and g € Q;.

with C7 = C’rg(vi‘Q+i)_(q_p) = and, thereby, the series A; ,(X) :=

m=0
Consequently, since the series w(X) := Z ijj satisfies the identity
j=0
(1 -2 2 X”q”Ai,q(X>> w(X) = g(X),
1€ qeQ;

it is convergent too. Indeed, since the constant term

1— Z Apq(0) =1-— 2 Y0,q,0

q€Qo 4€Qo
v0,q=0 vo,q=0

is not null by construction (see Remark 4.19), the series 1 — Z Z Xviatia; (X)
1€ qeQ;

is invertible in C{X}. Therefore, there exist two positive constants C”, K" > 0

such that w; < C”K"? for all j > 0. Hence, the following inequalities

g (@), < C"K™T(1+ (s +1)j)
hold for all j = 0.
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<1 Fifth step: conclusion.

We are left to prove similar estimates on the sup-norm of the u; . (z)’s. To this
end, we proceed by shrinking the domain D,.,. Let 0 < rj < rg be. Then, for all
j = 0and |z| < ), we have

1

| < s @ @) _ L@l
dry ()77

(ra=r)7 = (ra— )"

[, ()] = [ (2) iy ()77

and, consequently,

sup |uj«(x)| < C” <(K”,)U> (1 + (s +1)35).

|z|<r), To — Ty

This achieves the proof of Theorem 4.4.

5. SUMMABILITY

In previous Section 4, we have shown that the formal series solution %u(¢, ) and
the inhomogeneity f~ (t,z) of equation (1.2) are together s-Gevrey for a convenient
s = 0 (see Theorem 4.4). In particular, when & = ¢J, that is when the Newton
polygon N;(D) of the operator D has no side of positive slope, this has allowed
us to display a necessary and sufficient condition under which %(¢t, z) is convergent
(see Corollary 4.5).

In the present section, we are interested in the opposite case S # ¢J, that is
in the case where N;(D) has at least one side of positive slope. As previously, we
denote by k its smallest positive slope and we set s = 1/k. For all i € K, we also
denote by p; the maximum of the ¢ € Q;. Moreover, we assume from now on that
equation (1.2) satisfies the four following additional conditions:

(A1): p = 0; hence, K is a non-empty subset of {1, ..., k},
(A2): v;p, =0foralliek,
(A3): pix > p; for all i  i*,

(Ag): alPix)(0,0) # 0.

Observe that Assumptions (A1) — (4z) imply ¢* = p;x and, consequently,

7* Di*

— 1.

Indeed, the domains C(q — 4, v; 4 + @) are included in C(p; —4,1) for all ¢ € K and
q € Q; (see Definition 3.1 for the definition of N;(D) and page 4 for the definition
of the domain C(a,b)).

Observe also that Assumption (As) tells us that k is the unique positive slope
of the Newton polygon N;(D).

The aim of this section is to answer to the following question:

“Under Assumptions (A1) — (A4), how to characterize
the k-summability of u(t,z)?”

A response to this question has already been done by the author in [43] when
i* = k the maximum of the i € K. In the present paper, we consider a much more
general situation, where the smallest slope k& > 0 of N;(D) is given by some i* < k
and, in particular, i* < k. As we shall see in the sequel, our approach is similar to
the one developed in [43], but the calculations are much more complicated because
of 7* is not necessarily the maximum of the i € K.
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Before stating our main result (see Theorem 5.4), let us first begin with some
recalls about the k-summability of formal series in O(D,,)[[t]].

5.1. k-summability. Still considering ¢ as the variable and x as a parameter,
one extends, in the similar way as the s-Gevrey formal series (see Definition 4.4),
the classical notion of k-summability of formal series in C[[¢]] to the notion of
k-summability of formal series in O(D,,)[[t]] in requiring similar conditions, the
estimates being however uniform with respect to . Among the many equivalent
definitions of the k-summability in a given direction arg(t) = 0 at t = 0, we choose
here a generalization of Ramis’ definition which states that a formal series g(t) €
C[[t]] is k-summable in the direction 6 if there exists a holomorphic function g
which is s-Gevrey asymptotic to g in an open sector Lg - bisected by 6 and with
opening larger than ws [40, Def. 3.1]. To express the s-Gevrey asymptotic, there
also exist various equivalent ways. We choose here the one which sets conditions
on the successive derivatives of g (see [25, p. 171] or [40, Thm. 2.4] for instance)®.

Definition 5.1 (k-summability). A formal series u(t,z) € O(D,,)[[t]] is said to
be k-summable in the direction arg(t) = 6 if there exist a sector Xg s, a radius
0 < rg < pz and a function u(t,x) called k-sum of U(t,x) in the direction 6 such
that

(1) w is defined and holomorphic on Xg ~rs X D,y for some ¢ > 0;

¢
(2) for any |z| < ra, the map ¢ — wu(t,z) has u(t,z) = 2 u]*(x)ﬁ as Taylor

j=0
series at 0 on Xg >rs;
(3) for any proper5 subsector ¥ € X ~rs, there exist two positive constants
C > 0 and K > 0 such that, for all £ > 0 and all t € X,
sup ’6fu(t,z)| < CKT(1+ (s +1)0).
|z|<rs
We denote by O(D,,){t}r;e the subset of O(D,,)[[t]] made of all the k-summable
formal series in the direction arg(t) = 6. Obviously, O(D,,){t}x,s is included in

O(Dp,)[[t]]s-

Observe that, for any fixed z, the k-summability of @(¢,z) coincides with the
classical k-summability. Consequently, Watson’s lemma implies the unicity of its
k-sum, if any exists.

Observe also that the k-sum of a k-summable formal series @(¢, ) € O(D,, ){t}x:0
may be analytic with respect to x on a disc smaller than the common disc D, of
analyticity of the coefficients u; «(x) of u(t, x).

Proposition 5.2 ([43, Prop. 2]). (O(D,,){t}x:6, 0, 0z) is a C-differential algebra
stable under anti-derivations ;' and 0;'.

With respect to ¢, the k-sum u(t, ) of a k-summable series u(t, ) € O(D,,){t}r;0
is analytic on an open sector for which there is no control on the angular opening
except that it must be larger than 7s (hence, it contains a closed sector igms
bisected by 6 and with opening ms) and no control on the radius except that it

4n Appendix A page 31, we present various results of the general theory of the Gevrey as-
ymptotic expansions in the framework of the formal power series in O(D,,)[[¢]].

5A subsector ¥ of a sector ' is said to be a proper subsector and one denotes £ € X if its
closure in C is contained in ¥’ U {0}.
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must be positive. Thereby, the k-sum u(t,z) is well-defined as a section of the
sheaf of analytic functions in (¢,x) on a germ of closed sector of opening 7s (that
is, a closed interval T‘gm of length 7s on the circle S! of directions issuing from 0;
see [26, 1.1] or [15, I1.2]) times {0} (in the plane C of the variable z). We denote by
Ofgmx{o} the space of such sections.

Corollary 5.3. The operator of k-summation
Swo: OWDp){the — 07, xqo
u(t,x) —  u(t, )
is @ homomorphism of C-differential algebras for the derivations d; and 0. More-
over, it commutes with the anti-derivations 0, * and d;".

Let us now turn to the study of our formal series solution u(¢, x).
5.2. Main result.

5.2.1. A preliminary remark. Before stating the main result of this section, let us
first begin with a preliminary remark on the series u(t, ). According to Notation

. n
1.1, let us write the coefficients a(»9) (¢, ) on the form a(»% (¢, z) = Z af,i’g) (t)x—'
n!

n=0

with a(l’q)( t) € O(D,,) for all i € K, g € Q; and n > 0. Then, an identification of
the powers in x in the equation

(Zu*n ) N Fen(®) ””—,

n=0 n=0

provides for all n > 0 the recurrence relations
('*7 f ) —i¥~ ~
a*z,o P (t)o, " Use n+p, % (t) = Ux f* n( )

_§1< ) @ pet) (1)o7 By mtps (1)
_Z Z Z ( >t”“1a“”()3 W m—m+q(t)

ek qgeQ; m=0
where the Q;’s are defined by Q;x = Q;+\{p;x} and Q; = Q; if 7 # ¢*. In particular,
these relations tell us that each @y ¢(t) (hence, @(t, z) too) is uniquely determined
from f(t, x) and from the Uy ,(t) with n = 0,...,p;x — 1. Indeed, Assumption (As)
implies ¢ < pz* for all i € K and ¢ € Q;, and Assumption (A44) implies that the
quotient 1/a* o 2 *)( t) is well-defined in C[[t]].

5.2.2. Main result. We are now able to state the main result in view in this section.

Theorem 5.4. Let a direction arg(t) = 6 issuing from 0 be given. Then,
(1) The formal series u(t,x) € O(D,,)[[t]] is k-summable in the direction 6 if
and only if the inhomogeneity f(t, x) and the p;x coefficients Uy ,(t) € C[[¢]]
with n € {0, ..., p;x — 1} are k-summable in the direction 6.
(2) Moreover, the k-sum u(t,x) in the direction 0, if any exists, satisfies equa-
tion (1.2) in which f(t,z) is replaced by its k-sum f(t,x) in the direction
0.
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Remark 5.5. The necessary condition of Point 1 is straigthforward from Propo-
sition 5.2. Indeed, we have Uy ,(t) = 03 U(t, T)jz—o and f = Du. Moreover, Point
2 stems obvious from Corollary 5.3. Thereby, we are left to prove the sufficient
condition of Point 1.

Remark 5.6. Theorem 5.4 generalizes the results of summability already proved
by W. Balser and M. Loday-Richaud in [4] and by the author in [42,43].

5.3. Proof of Theorem 5.4. As we said in Remark 5.5 just above, it remains
to prove the sufficient condition of Point 1. Consequently, we fix from now on
a direction 6 and we suppose that the inhomogeneity f(t,x) and the coefficients
Uy, (t) for n € {0, ..., psx_1} are all k-summable in this direction.

<1 First step: the associated equation.
Let us first begin by introducing the functions b9 (¢, z) defined, for all i € K
and q € Q;, by
1
a(i*,m*)(t’ x)
tviaq(b9 (¢, 2)
a(i*,m*)(t’ )

bD (t,2) =
if (4,q) # (i*,py=).
Thanks to Assumption (A4), all these functions are holomorphic on a common

domain D, x D, of (0,0) € C* for two suitable radiuses p}, ph > 0.
Let us now write u(t, z) on the form

71

Pix—
u(t, ) Z Use,n () — Pt 0 "N (t, 1)

with (¢, z) € O(D,,)[[t]] and let us set @ := a;i v. Then, equation (1.2) becomes
(5.2) AW = §(t, z),
where A is the linear integro-differential operator
A=1- b Pe) (t 0)a "ol + Y N b (¢ )t o
ieK qeQ;

and where the inhomogeneity g(¢, z) is defined by

ik n -
Gt ) = b P (¢ ( Z f(tw))
Pix—1—q n

B Z Z Z b (t, @)ty n+q(t)%-

i€ qgeQ; n=0

Indeed, we have Oz*_iﬁt_i* = 0; " for all i € K. The sets Q; are the sets introduced
in the preliminary remark of Section 5.2: Qx = Q+\{p;+} and Q; = Q; if © # i*.
According to our assumption (see the beginning of Section 5.3) and Proposition
5.2, the inhomogeneity §(t,z) of equation (5.2) is k-summable in the direction
f. Thereby, to prove our result, it suffices to prove that the formal power series
W(t,xz) € O(D,,)[[t]] is also k-summable in the direction 6. To do that, we shall
proceed similarly as in [4,42,43] by using a standard fixed point procedure.
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<1 Second step: the fixed point procedure.
Let us set w(t,z) = 2 Wy, (t,x) and let us consider the solution of equation

m=0

(5.2), where the W, (t,x)’s belong to O(D,)[[t]] for a suitable common p > 0 and
are recursively determined, for all m > 0, by the relations

aO = ga
(5:3) W1 = 0O P (4, 2) 05" O By — > Y D (1,2)0T P O .
ek qe9;

Observe that, for all m > 0, the formal series W, (¢, z) are of order O(2™) in x
and, consequently, the series @(¢,x) itself makes sense as a formal series in ¢ and
x. Indeed, the definition of the Q;’s and Assumption (As) imply ¢ — p;+ < 0 for all
i€ K and g€ O;.

Let us now denote by wq(t,z) the k-sum of Wy = § in the direction 6 and, for
all m > 0, let wp,(t,z) be determined as the solution of system (5.3) in which
all the @, are replaced by w,,. By construction, all the w,,(t,z) are defined and
holomorphic on a common domain ¥g »rs X DP/Z/, where the radius p] of Zg -1
and the radius p5 of D,y can always be chosen so that 0 < pf < min(1, p}) and
0 < p4 < min(1, p2, ph).

To end the proof, it remains to prove that the series Z Wy, (t, ) is convergent

mz=0
and that its sum w(t, x) is the k-sum of W(t, z) in the direction 6.

<1 Third step: some estimations on wy,(t,x).

According to Definition 5.1, the k-summability of Wy = § implies that there
exists a radius 0 < ry < pf with the following property: for any proper subsector
Y € X¥g,>ns, there exist two positive constants C' > 0 and K > 0 such that, for all
£>=0and all (t,z) € X x D,,, the function wy satisfies the conditions

(5.4) |0fwo(t, )| < CK'T(1 + (s + 1)0).

Let us now fix a proper subsector ¥ € Xp >rs. Let r; denote the radius of

Y and let us choose for the constant K of the previous property a constant >

1
max | 1, ”>. Observe that such a choice is already possible since conditions

P —T1
(5.4) still hold for any constant K’ > K. Observe also that the quotient 1/(p} —r1)
makes sense since the definition of a proper subsector (see Footnote 5) implies

0<mr <pf.
Proposition 5.7. Let us denote by

o [ := {E*J, where |-| denotes the lower integer part of -,
i

e B :=max max b (¢, x)‘) the mazimum of the functions [b9 (¢, z)|
1€ (t,x)eﬁ nXD n
__€Qi \ e
on Dy x Dy, where D, denotes the closed disc with center 0 and radius

p>0,
o B':=(k+1)(Ii* +1)B.
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Let (P, (x)) be the sequence of polynomials in RY[z] recursively determined by

Py(z) =1,

Prii(x) = | 027 + Z Z (mpix )! é‘;q P(z) form =0,
’ / p’L* +p
€K’ qe Q)

with K' .= {i e K ; p; = 1} and Q) := {max(ps — pi, 1), ...,pix — 1}. Then, the
following inequalities

(5.5) ’(’*éwm(t x)} < CB™K? er‘31"(1 + (s + 1)(i*m + £)) Pp(|x])
hold for all m,£ > 0 and all (t, x) € X X Dy,.

Remark 5.8. Since 1 < i* < k, we have 1 < I < k and Ii* > 1. More precisely,
and thanks to the deﬁnltlon of the lower interger part, we have Ii* > x — i*.

Remark 5.9. The constant B is well-defined since the functions b9 (¢, z) are all
holomorphic on D, x D, and the radiuses p satisfy 0 < p} < p} for j = 1,2,

Remark 5.10. The set K’ already contains ¢* and, therefore, is never empty. We
have indeed the inequalities p;x > i* > 1.

Proof. The proof proceeds by recursion on m > 0.

The case m = 0 is straightforward from inequality (5.4). Let us now suppose
that inequalities (5.5) hold for a certain m > 0.

From identities (5.3) and the Leibniz formula, we first derive the inequalities

¢
|Of w1 (8, 2)| < Z (j) ’@f_jb(i*,pi*)(t,x)‘ ‘a;pi* 6§*+jwm(t,l’)’

7=0

+3 ) Z ()‘al O AT ()

ek qgeQ; j=0

for all £ = 0 and (t,2) € ¥ x D,,. On the other hand, for alli e K, g€ Q;, k =0
and (¢,x) € ¥ x D,,, the Cauchy integral formula allows us to write the derivative
oFb(-9) (¢, x) on the form

, k! b (¢ 2
ky(i,q) v ) )0
oo (L, x) = (2im)2 J\|t'7t‘=p/1/7'r1 (t' — t)k+1(a! — ) dt'dx
x 7a:|=p277‘2

(we have indeed 0 < 71 < pf and 0 < 79 < pf), which yields the estimates

1
pl—r1
Hence, according to the fact that 0 < r; < 1 and K > 1, the following inequalities:
for all £ > 0 and (¢t,x) € ¥ x D,.,,

k
]afb@%q) (t,x)‘ < kB < ) < KIBK".

|0fwm 1 (t,2)| < CBB™ K™ maD+e N (Su,meZ“*Pm><|m>>,

ielCu{0} qEQ;

where we set Qg := {po = 0} and where S; ¢, is the sum defined by:
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o Casei€{0,..,i*}:

4
!
Sivam 1= Y. =D+ (s + 1)(i*m +i* —i + ).

=7

o Caseie {i* +1,....,k}:

Ji i 0 £
S| 0
Siem = Y, =D+ (s+Di*m)+ > =T(1+(s+1)(i*m+i* —i+ ),
j=0 J: j=J. .4 ,+1 J:
1,17 L

with J; ;% , = min(i — ¢* — 1,¢). Of course, the second sum is zero as soon
as J;x o = £, that is £ <4 —4* — 1.

Applying then Lemma 5.11 below, we get
|0f w1 (8, 2)| < C(I* + 1)BB™ K™ (MHD+HD(1 4 (s + 1)(‘*(m +1)+0)
(mpix -p,
x> Z (93 ¥ P (l))

zElCu{O} qeQ; mpl* +p

and inequalities (5.5) follow by observing that the double-sum of the right-hand
side satisfies

M d—P;% z o Pix .
ie)(%:{O}qui (mpi*eri)!(aI Pr)(|z]) < (5 + 1)(0 " P )(|2])

DI (mpis ) o1 (@ P

e (]EQ’ mpl* +p7,

hence,

S I app (o) < (4 1) Pruga ().

iekoio) gea, (MPix F pi)t

Indeed, K < {1,...,x}, the coefficients of the polynomial P,, are positive and the
quotients (mp; )/(mp x + p;)! are < 1 for all 7 € K. This ends the proof of
Proposition 5.7. O

Lemma 5.11. Letie€ K u {0}, £ =0 and m >0 be. Then,

5.6 Siom < (Ii* +1)——————
OO0 Sat S U UG

T+ (s+1)(*(m+1)+10)).

This technical lemma will be proved later in Section 5.4. For the moment, let us
end the proof of Theorem 5.4.
The following proposition, already proved in [43], allows to bound the P, (|z|)’s.

Proposition 5.12 ([43, Prop. 5]). Let m > 0 be. Then,

(ke 2% (1 + pys )P —1)"

2™

Po(J2]) <

for allx € D,,.
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Let us set B” := B/ K kp;x 2P (14 p;% )Pi* L. Then, Propositions 5.7 and 5.12

imply, for all £ > 0 and (¢, z) € ¥ x D,,, the inequalities
|6fwm(t,x)| <SCKT(1+ (s + 1)(i*m + E))mﬂ,
hence, the inequalities
(5.7) |0fwm (t,2)] < C(2P#* K)T (1 + (s + 1)€) (27 B” |z|)™.
Indeed, the conditions (s + 1)i* = p;+ and s + 1 < p;= (see relations (5.1)) imply
P14+ (s+1)(m+4€) =T+ (s+ 1)l +mp;x)
mp,x

=TI+ (s+1)0) ] ((s+1)e+)

<T(1+(s+1)0) mﬁ* (lpix + J)

(bpix + mp;s)!
=IrQ No)—
I+ G+ D73

and, consequently,
'+ (s+1)(F*m+4£))

ST+ (s +1)0) <€pi* M mpi*)

< 2P FMPE (1 4 (s + 1)0).

We are now able to complete the proof of Theorem 5.4.

<1 Fourth step: conclusion.

Let us choose for ¥ a sector containing a proper subsector ¥’ bisected by the
direction 6 and opening larger than 7s (such a choice is already possible by definition
of a proper subsector, see Footnote 5).

Let us also choose r,e > 0 so that 0 < r < r + & < min(re,27?i* /B”) and let us
set " :=C Z (2P B"r)™ € RT and K’ := 2P+ K.

m=0
Thanks to inequalities (5.7), the series Z Ofw,, (t, ) are normally convergent

m=0
on X x D, for all £ > 0 and satisfy the inequalities

D [efwm (t, )| < C'E"T(1 + (s + 1)0)

m=0

for all (¢t,2) € ¥ x D,.. In particular, the sum w(t, z) of the series Z Wy (t, ) is
m=0
well-defined, holomorphic on ¥ x D, . and satisfies the inequalities

|ojw(t, )| < C'K'T(1+ (s + 1)0)
for all £ > 0 and (¢,x) € ¥ x D,... Hence, Conditions 1 and 3 of Definition 5.1.
To prove the second condition of Definition 5.1, we proceed as follows. The

removable singularities theorem implies the existence of %ir% fw(t,x) for all z € D,

tex’
and, thereby, the existence of the Taylor series of w at 0 on X’ for all z € D, (see
for instance [25, Cor. 1.1.3.3]; see also [16, Prop. 1.1.11]). On the other hand,
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considering recurrence relations (5.3) with w,, and the k-sum g(¢, z) instead of w,,
and §(t, ), it is clear that w(¢, x) satisfies equation (5.2) with right-hand side g(¢, x)
in place of (¢, x) and, consequently, so does its Taylor series. Then, since equation
(5.2) has a unique formal series solution w(t,z) (proceed similarly as Theorem 2.1
by exchanging the roles of z and t), we then conclude that the Taylor expansion of
w(t, x) is W(t, x). Hence, Condition 2 of Definition 5.1.

This achieves the proof of the k-summability of w(¢, «) and, thereby, the sufficient
condition of point 1 of Theorem 5.4.

5.4. Proof of Lemma 5.11. We are left to prove the technical Lemma 5.11.
Before starting the calculations, let us first recall a classical result on the Gamma
function which will be us useful in the sequel.

Lemma 5.13. Let a and b be two nonnegative numbers satisfying b > max(2,1+a).
Then, I'(1 + a) <T'(b).

Proof. Lemma 5.13 stems from the increase of the Gamma function on [2, +oo[
and from the fact that I'(c) < 1 = T'(2) for all ¢ € [1,2]. Indeed, we have the
inequalities 2 < 1+ a < b for all @ > 1 and the inequalities 1 < 1+ a < 2 < b for
all a € [0,1]. O

Let us also recall that, according to our assumptions (A4;) and (Az), Lemma 4.10
implies the following inequalities
(5.8) (s+1)yi=p; foralliek.
Observe that these latter still hold when ¢ = 0 since pg = 0.

As we shall see below, inequalities (5.8) will play a crucial role in our proof.

Let us now prove Lemma 5.11.

<1 First case. When i € {0, ...,4*}, inequalities (5.6) are a consequence of the three
following lemmas.

Lemma 5.14. Let £ >0, j € {0,....,4} and m = 0 be. Then,
£

ﬁr(1+ (s+1)("m+i* —i+7) <TA+ (s+ 1)@ m+i* —i+j)+L—j).
Proof. Lemma 5.14 is clear when j = ¢ and stems obvious from the inequality

Vi
ﬁ:l—[j—i_n

n=1 n=

&

—j
((s+1)@E*m+i* —i+j7)+n)
1

and from the relation

T+ s+ D)@ m+i*—i+j)+0—j) =

N

—Jj
T+ (s+ D)(iF*m+i* —i+ ) [ [(s + D(*m+i* —i+j) +n)
n=1

when j < /4. ]
Lemma 5.15. Let £ = 0 and m = 0 be. Then,

< Ii* + 1.

¢
1+ S+1 i*mti*—i+j)+l0—]
(5.9) 2 I ) )

= + (s+ 1)(i*m +i* —i+{))
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*

Proof. x Let us first suppose ¢ < Ii*.
(0,0,3*). Otherwise, we have

Inequality (5.9) is clear when (¢,m,i) =

1+ s+ 1)@ m+i* —i+j)+L—J=1+(s+1D)(E*m+4i* —i) + L+ sj

=0

<1+ (s+D)(E*m+i* —i+ )

=2

for all j € {0, ..., £}, and inequality (5.9) stems from Lemma 5.13:

=/(4+1<Ii*

ZI‘(1+(8+1)(2 m+i*—i+j)+4L—j) Zzl
= T(1+ (s+1)(E*m+i* — i+ {)) =

* Let us now suppose ¢ > Ii* and let us write the sum of (5.9) on the form

J4 0—1Ii*
(5.10) M= D)+ D> ()
j=0 j=0 j=

By similarly to the previous case, we get

L L

oo D) 1=1if

J=0—Ti%*+1 j=b—Ti%*+1
On the other hand, we have the inequalities
2< 1+ Ii*
<1+ (s+D)(E*m+i*—i+j)+L0—3
+ (s+ 1)(@*m+i* — i+ 0) — sIi*

<
<1+ (s+D)(*m+i*—i+0)—1

1
1
for all j € {0,...,¢ — Ii*}. Indeed, the relation (s + 1)i* = p;x (see (5.1)) and the
definition of * (see Remark 3.4) imply

sIi* = I((s + 1)i* —i*) = I(pjx —i*) = 1 > 1.

Consequently, by applying Lemma 5.13, the first sum of the right-hand side of
(5.10) is bounded as follows:

& D(1+ (s + 1)(i*m +i* —i + £) — sIi*)

; C— A ) 5+ D@m= =i £ 0)
- —Ii* +1 XF(1+(s+1)(z‘*m+i*—z‘+£)—s[z'*)
(s+1)(#m+i* —i+0) DA+ (s+D)(i*m+i*—i+0)—1)

- 0—Ii*
S (s+D)(Fm i —i+4)

Inequality (5.9) follows then by observing that
C—1Ii* +1 1
< <
(s+D)(@E*Fm+i*—i+0)  s+1
for all £ > Ii*. This ends the proof of Lemma 5.15. (]
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Lemma 5.16. Let £ = 0 and m = 0 be. Then,

(mp;s)!
(mpsx + p;)!
Proof. Thanks to the relations (5.8), we have the inequalities

I+ (s+1)(*m+i*—i+ 1)) < T+ (s+1D)(E*(m+1) + 0)).

I+ (s+1D)0E*m+1)+0) =1+ (s+1)E*m+i* —i+0)+ (s+ 1)

=2

=14 (s+1)(@*m+i* —i+ )+ p;.

=0

Hence, the inequalities

FTA+(s+DE*(m+1)+0))=>2TA+ (s+1)(E*m+i* —i+£) + p;)
by applying Lemma 5.13. Lemma 5.16 is then proved when p; = 0 and follows from
the identity

D1+ (s+ 1D)(i*m+i* —i+0) +p) =
F(1+(8+1)(i*m+i*—i—&—f))ﬁ((s+l)(i*m+i*—i+€)+n)

n=1
and from the relations
Pi Pi
[[Ws+1D)Fm+i* —i+ ) +n) = [[((s+1)i*m+mn) (since i* —i >0)
n=1 n=1
Pi
= | [(mps +n) (since (s + 1)i* = p;x)
n=1
_ (mpix +pi)!
(mp;s)!
when p; > 1. (Il

<1 Second case. When i € {i* 4+ 1, ..., 5}°, Lemma 5.11 is proved in a similar way as
the previous case. However, the calculations are much more complicated because
of the term J; ; o = min(i — i* — 1,£) and of the fact that i* — i is negative.

Lemma 5.17. Let £ >0, j €{0,...,£} and m =0 be. Then,

(5.11) %F(l +(s4+1)i*m) <T(1+ (s+ 1)(i*m+j) + £ —j).
Moreover, if i —i* < j < £, then

(5.12) %F(l +(s+ 1)(i*m +i* —i+j) <

T+ s+ m+i*—i+j)+0—j+i—1i%).

Proof. Lemma 5.17 is proved in a similar way as Lemma 5.14 by respectively using
the relation

(14 (s+1)i*m) <T(1+ (s+ 1)(i*m + 7))

60f course, this case occurs if and only if i* < k.
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for inequality (5.11) and the relations

0 ﬁ(,+) H(‘* e jam i)
- = n) = T —1 n 72— 1
T — =
L—j+i—i*
= (i*—i+j+n)
n=1+i—1%
L—jti—i*

< [] @ -it+i+n)
1

ne

L—jti
<

ne

1_[7 ((s + 1)(i*m +i* —i+j) +n)

for inequality (5.12). Observe that the two conditions j > i —¢* and i —i* > 0
play a key role in these various calculations. (I

Lemma 5.18. Let £ = 0 and m = 0 be. Then,

TECD + (5 + 1) (i*m + §) + £ — j)
5.13 ' sioin
(5.13) D (N [ (ITR))

Moreover, if { =i —1i* (hence, J; j% ¢ =1 —1* — 1), then
(5.14) é T(1+ (s+ 1) (i*m+i* —i+j)+0—j+i—1i*)

<Ii*+i*—i+1.
T+ (s +1)(*m+0)) R

j=i—i¥

Proof. * Inequality (5.13) is clear when m = £ = 0 (we have indeed J; ; ¢ = 0;
hence, j = 0 too) and stems from the relations

I+ (s+ 1)@ m+j)+Ll—j=14+(s+1)i" m+L+sj <1+ (s+1)(i*m+1{)

=0 =2

and Lemma 5.13 otherwise. Indeed, we have in this case

Ji,i*,e J

T+ s+ D@E*m+g) +0—j) K" o
< L=Ji, 1<i—i*
2 T TAT G DEm D) ;O Sag It

Jj=0

* Let us now prove inequality (5.14) and let us suppose for the moment that ¢ €
{i —i*, ..., Ii*}7. Then, the condition ¢ > i — i* > 0 implies

1+ s+ D)@ m+i*—i+j)+l—j+i—i* =1+ (s+1)i*m+L+s@* —i+))
~ —_——
>0 N

<14+ (s+1)(@@*m+40)

=2

"This set makes sense since, thanks to Remark 9, we have Ii* > k — i* > ¢ — ¢*.
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for all j € {i —i*,...,£} and inequality (5.14) follows from Lemma 5.13:

é D(L+ (s + 1)(i*m +* —i+j) + £ —j+i—i*) _ Z‘: .

D1+ (s+1)(i*m +£))

j=i—i* j=i—i*
=(+i*—i+1

< I +i* —i+ 1
When ¢ > Ii*, we proceed similarly as in Lemma 5.15 by writing the sum of (5.14)
on the form

[ 0—Ii* +i—i* [
Mot= > (o > (...)
j=i—i¥ j=i—i¥ j=l—Ti%* fi—i%* 41

and by observing that the two sums of the right-hand side can be respectively
bounded as follows:

0—Ii* +i—i* 1
(.)<1 and > (..) < Ii* + % —i.
j=i—i¥ j=C0—Ti%+i—i*+1

The first inequality is proved as in Lemma 5.15 by using Lemma 5.13 and the
relations

2< 1+ Ii*
<1+ (s+D)(@E*m+i*—i+j)+0—5+i—3*
=1+ (s+Di*m+L0+s@*—i+7)
<1+ (s+D)(E*m +£) — sli*
<1+ (s+1)(*m+0)—1

for all j € {i —i*,...,0 — Ii* + i —i*}. As for the second inequality, it stems from
Lemma 5.13 and the relation

1+ (s+ 1)@ m+i* —i+j)+l—j+i—i* <1+ (s+1)("m+ )
proved just above. This ends the proof of Lemma 5.18. (]
Let us now apply Lemmas 5.17 and 5.18:
e Case £ <i—1i* —1. Then,
Siom <(E—i)TA+ (s+1D)(*m+0)) < (Ii* + DT+ (s + 1)(i*m + £)).

Indeed, the second sum of S; ¢, is zero (we have J; ;« , = £) and Remark
9 implies Ii* > xk —i* > ¢ —i*.
o Case { =i —1i*. Then,

Siom < (i—i*+Ii*—i+i*+DI(1 4 (s+ 1)(i*m + 1))
= [+ 1D)IA+ (s + D)(i*m + 0)).
Thereby, to end the proof of Lemma 5.11, we are left to prove the following.
Lemma 5.19. Let £ = 0 and m = 0 be. Then,

WPl (1 4 (5 4 1) (m + 1) + 1))
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Proof. Using the relation (s + 1)i* = p;x (see (5.1)) and the fact that p;x is the
maximum of the p; (see Assumption (As)), we successively have

L+ (s +1)(i*(m+1) +€2 =1+ (s+1)(*m+ ) + px

>2

21+ (s+1D)(E*m+40) +p;

~

>0
and the inequalities
Fl+(s+1D)E*(m+1)+£))=>TA+ (s+ 1) m+£) + p;)

by applying Lemma 5.13. Then, we conclude as in Lemma 5.16. O

APPENDIX A. GEVREY ASYMPTOTIC

In this appendix, we present various results of the general theory of the Gevrey
asymptotic expansions in the framework of the formal power series in O(D,,)[[t]].

A.1. s-Gevrey asymptotic. Still considering ¢ as the variable and = as a param-
eter, one extends, in the similar way as the s-Gevrey formal series (see Definition
4.1), the classical notion of Gevrey asymptotic to a formal series in C[[t]] to the
one of Gevrey asymptotic to a formal series in O(D,,)[[t]] in requiring similar
conditions, the estimates being however uniform with respect to z.

Definition A.1 (s-Gevrey asymptotic). Let s > 0 and ¥ be an open sector with
vertex 0 € C. A function u(t, ) holomorphic on a domain 3 x D, for some p > 0 is
said to be Gevrey asymptotic of order s (in short, s-Gevrey asymptotic) to a formal

4
series uj,*(a:)f' € O(D,,)[[t]] on X if there exists 0 < ry < min(p, p2) such
J!

Jj=0
that, for any proper subsector ¥’ € ¥, there exist two positive constants C' > 0
and K > 0 such that, for all J > 1 and all t € X't

(A1) sup |u(t,z) Z < CKIT(1+sJ)Jt]”.

lz|<re

A series which is the s-Gevrey asymptotic expansion of a function is said to be an
s-Gevrey asymptotic series on 2.

Remark A.2. If any exists, the s-Gevrey asymptotic series is unique.

Proposition A.3. Let s = 0 be. Then, a s-Gevrey asymptotic series on a sector
3 is a s-Gevrey series.

Proof. Let u(t, ) Z Uj s ( f € O(D,,)[[t]] be a s-Gevrey asymptotic series
j=0 !

of a function u(t,z) on . We want to prove that there exist positive constants

0 <rf <py, C”">0and K” > 0 such that, for all J >0,

(A.2) sup |ugs(2)] < C"K"'T(1+ (s +1)J).

jal<ry
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Let 7o > 0 be as in Definition A.1 and let us choose ¥/ € ¥ a proper subsector of
Y. For any J > 1, we derive from condition (A.1) applied twice to the relation

t'] J—1 tj J tj
7= u(t,z) — Z uj*(x)? — | u(t,x) — Z uj*(x)ﬁ
j=0 j=0
the following inequality
sup |uy«(z)] < CK/T(1 4 sJ)J! + CK'*T(1 + s(J + 1)) J!R,

|z|<r2

Uy ()

where R > 0 denotes the radius of ¥’. Applying then the relation between the
Gamma and the Beta functions to I'(1 + sJ)J! = T'(1 + sJ)['(1 + J), we get

T(1+sJ)Jl =T(2+ (s + 1)J) f t57(1 —t)’dt <T(2+ (s + 1)J);
0

hence, the inequalities
T(1+ )N < (1+ (s + D)I)TA + (s + 1)J) < e () DA + (s + 1)),
In the same way, and using besides the increase of the Gamma function on [2, 4+00],
we have
FA+s(J+1)N<T2+(s+DJ+s)<T2+(s+1)J+19),
where S is an integer > s; hence,

S+1
P+ s(J+ 1)) <TA+ (s+1)J) [ [((s +1)J +€) < AB'T(1 + (s +1).J)
=1
with convenient constants A, B > 0 independent of J. Consequently, there exist
C', K' > 0 such that the following inequalities

sup |uy«(x)] < C'K'T(1 + (s +1)J)

|z|<r2

hold for all J > 1. Condition (A.2) follows then by choosing

ry =re, C" = max (C/, sup uov*(x)> and K" = K'.

|z|<rs

This ends the proof. O

Following Proposition A.4 gives us a characterization of the s-Gevrey asymptotic
in terms of conditions on the successive derivatives 0/u of the function u with
respect to t.

Proposition A.4. Let s = 0 and X be an open sector with vertex 0 € C. Then,
a function u(t,z) holomorphic on a domain ¥ x D, for some p > 0 is s-Gevrey

4
asymptotic to a formal series u(t,x) = Z Uj(2)— € O(Dp,)[[t]] on X if and only
, J!
j=0
if there exists 0 < ro < min(p, p2) such that
(1) for any |x| < ro, the map t — u(t,z) has U(t,x) as Taylor series at 0 on

2
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(2) for any proper subsector ¥/ € X, there exist two positive cConstants C > 0
and K > 0 such that, for all J =0 and all t € ¥/,

sup |07 u(t,z)| < CK'T(1+ (s +1)J).

|z|<rs

Proof. < Necessary condition. Let us suppose that u(t, z) is s-Gevrey asymptotic
to U(t,z) on ¥ and let us prove Conditions 1 and 2 of Proposition A.4.

Due to Definition A.1, Condition 1 is straightforward. To prove Ccondition 2,
we consider 0 < 7o < min(p, p2) as in Definition A.1 and a proper subsector ¥/ € ¥
and we choose a radius 0 < 75 < rg, a sector ¥’ such that ¥’ € X" € ¥ and a
positive constant § > 0 small enough so that, for all ¢t € ¥, the closed disc centered
at t with radius |¢| § be contained in X”. Then, the Cauchy integral formula implies

J! u(t', z')
J _ ) /
O u(t,x) = (2im)2 J |t'—t|=]t|s (t' —t)7+1 (2! — x) dt'dx

T 7z| =ro—r)

J—1 ,
, t dt’'dx’
2271' J |t/ —t|=Itls (u(t ,x') — Z u]*(x)ﬁ @ — )7 (& —a)

ac—ac| ro—Th 3=0

for all J =0, all t € ¥’ and all |z| < r}. Indeed, the sum is 0 when J = 0 and the
J-th derivative of a polynomial of degree J — 1 is 0 too when J > 1. Hence,

J! (2m)?
|8,§]u(t,x)| < sup lu(t’, ")
(2m)% |y Zius (It|8)”
|x/—z|:r2—r’2
J J
1
< CKIT(1 4 sy L)
[t]” 57

<SC'K7T(1+ (s+1)J)

1
with C" = eC and K’ = e*T'K <1 + 6). Indeed, we have previously saw in the

proof of Proposition A.3 that T'(1 4 sJ)J! < e!*TDIT(1 + (s + 1).J). This proves
Condition 2 and, consequently, the necessary condition.

<1 Sufficient condition. Let us now suppose that Conditions 1 and 2 are satis-
fied and let us prove condition (A.1) of Definition A.1. To do that, let us consider
a proper subsector ¥/ € X.

For any fixed |z| < 7o, the map ¢ — wu(t,z) admits the Taylor expansion with
integral remainder

= du t—to)j f (t—t)=1 o7u ,
A3 u(t, —(t = v, x)dt
(A.3) z) ZJ a7 (o %)= W (J—1) atJ( )
- . u :
for all J = 1, all t € ¥’ and all ¢y € ¥’. Due to Condition 1, thmo P (to, x) exists
04}

for all j > 0 and is equal to u; 4 (z). Therefore, the limits of the left-hand and of
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the right-hand sides of (A.3) both exist when ¢y — 0 and we have

(= (P —t) o
_ ;)uj7*(x)ﬁ =J T (t',z)adt’

0

for all J > 1, all t € ¥ and all |z| < ro. Hence, applying Condition 2:

olu |t\ P+ (s+1)J) g
(t, —| < v SCK/—— " /|4
S |ulh ) Z sl s |3 ) Jl 1t
|z|<rs
for all J > 1 and all t € ¥’. Condition (A.3) follows then from the inequality
I'(1 1
W <2SHIP(1 4 6]) SeEN,S> s
which stems from the relations
J J
1+ (s+1)J)=T(1+ sj) H3J+j 1+sJHSJ+j
j=1 j=1
and
J
[[(s7+3) 5417
j=1 NCES *Z) (5 + 1)\ _ y(s41ys
J! J = k :
k=0
This proves the sufficient condition; hence, Proposition A.4. ([

In the sequel, we denote by
e Ay(X,D,,) the set of all the functions which are s-Gevrey asymptotic on
¥ to a formal series of O(D,,)[[t]];
* Tsxp,, + As(X,Dp,) —> O(Dp,)[[t]]s the map which assigns to each
u(t,z) € Ay(Z, D,,) its s-Gevrey asymptotic series.
Observe that T,x;, D,, 18 well-defined due to Remark A.2 and Proposition A.4. Fol-
lowing Proposition A.5 specifies the algebraic properties of As(X, Dp,) and Ts.x p,,

Proposition A.5. Let s >0 and ¥ be an open sector with vertex 0 € C.
(1) (A5(Z,D,,), 0, 0x)is a C-differential algebra stable under the anti-derivations
o; ! and o7t
(2) The map Ts;s. p,, As(2,D,,) — O(D,,)[[t]]s is a homomorphism of C-
differential algebras for the derivations 0y and 0. Moreover, it commutes
with the anti-derivations d; " and 0,

Proof. The proof is the same that the one given in [43, Prop. 2]. (]
A.2. The s-Gevrey Borel-Ritt Theorem.

Theorem A.6. Supposons that ¥ has opening < ws. Then, the map Ts;s p,, s
onto.

Proof. 1t is sufficient to consider a sector ¥ with opening ws. Moreover, by means
of a rotation, we can besides assume that ¥ is bisected by the direction 8 = 0. We
denote by R its radius.
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* Let u(t, x) Z Uj O(D,,)[[t]]s a s-Gevrey formal series. By assump-
Jj=0
tion, the coefficients ’LLJ*(I) satisfy the following two conditions:
o uj(x)e O(D,,) forall j >0
e there exist 0 < 72 < p2, C > 0 and K > 0 such that |u;«(z)] < CKIT(1 +
(s+1)j) for all j =0 and |z| < ro.

, Y
Therefore, the series 4(7, z) = M converges for all (17,2) € D, x D,,,
= I'(1+ s5)7!
1+ (s+1)j)

where p is the radius of convergence of K.
P & ;0 T+ s K7

*x Let us now fix b € D,, b > 0, and let us consider the holomorphic function
u(t,z) € O(X x D,.,) defined by

bk
~ 1
u(t,z) = t_kf u(fs,x)e_g/tkdg, where s = z and & = 7.
0
We shall prove below that u(t,z) is s-Gevrey asymptotic to u(t,x) on X.
*x Let 0 < r) <rg. Forany 0 < § < g and 0 < R’ < R, we denote by X5 the proper
subsector of ¥ defined by

Zgz{te(c;|arg()< 5and0<|t|<R'}.

2%k k

Let J > 1 and (t,x) € ¥5 x D,y be. From the relation
) +00 sj &
= t’kf Ei,eff/t'd ,j=0
o TI'(1+sj) &
(see [2, pp. 78-79] for instance), we first have

J—1 i
t‘j J\ U]* g 7§/tk
x) — Uj(x)—= =1 Sle dg
) j;) sl )]! 0 (;1"1—1—53]!

B JZI U, *($)t kfﬂo £% —&/t* g
—e€ £.
iz J! o T(1+sj)

Since

f}e(tk)

te Sy = |arg(t)] < T = R(t) > 0= [¢e e/ | = Jgfre e < b

«(2)

for all ¢ € [0,b*], the series Z mgsj e~/ converges normally on [0, b*].

Therefore, we can permute the sum and the integral. Hence,

= ti Ui () o !
— uj ()= = — PR ok £Sje_5/t d¢
;) PE 41 j;l I'(1 + sj)4! 0
J—1 +
=S Uy (2) tfkf chsje—g/tkdg_
(1 + sj)4! bk

J=0
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Let us now observe that the inequalities (£/b%)%7 < (£/b%)7% hold both when ¢ < b*
and j > J and when £ > b¥ and j < J. This brings then us to the following

J—1
\“J* )l k s ,—ER(1/tY)
x)—Z’auj, Z FHS”,H 5 dé
i=

oV fuy ()

| +oo ) &
‘ | kf é-sgef@R(l/t )df
bk

j'

= (1 + sj)4!
v |uj *(1‘>| ‘ | —k J+w gsje—ﬁm(l/tk)dg
= T +s7)s! 0
i +o0
< Z v |’u’]7*(m)| M—kj gsje—ésin(é)/\t\k)dg-
= (1 + sj)g! 0

Observe that the last inequality stems from the fact that ¢ € X5 implies

5 (1) _ cos (arg(tF)) _ o8 (% - 5) sin(d)

> =
t |t]* [t]* [t*
in(d
Setting then u = g‘s|1;1|}£)’ we obtain

J +0
Z |U’J *( )|5|t| f uSJe_“du

I( 1 + 57)j!(sin(0))s7+1 |,

J-1
z) — Z (2
§=0

_ |UJ x(2)| J
Z (1 + sj)j 81n(5))SJ+1F(1 s DI,

where, according to the choice of b (see the beginning of the proof), we have

b Juj, (2))| I(1+(s+1)j) ;
N c, Tyl B <t

§=0 §=0

Consequently, we finally get

Z uj4 ()= | < C'K"T(1 + sJ)|t])”,
7=0
sirié) Z F(li(: _(j: 1)' )(Kb) and K' = b% The constants C”
7! (Sin(2)
and K’ depend on X5 and on the choice of b, but are independant of ¢ and x. This
achieves the proof. O

with C’ =
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