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Poisson statistics at the edge of Gaussian S-ensemble
at high temperature

Cambyse Pakzad

Abstract

We study the asymptotic edge statistics of the Gaussian S-ensemble, a collection
of n particles, as the inverse temperature 8 tends to zero as n tends to infinity. In a
certain decay regime of 3, the associated extreme point process is proved to converge
in distribution to a Poisson point process as n — +00. We also extend a well known
result on Poisson limit for Gaussian extremes by showing the existence of an edge
regime that we did not find in the literature.
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1 Introduction

The study of spectral statistics in Random Matrix Theory has gathered a consequent vol-
ume of the research attention during the last decades. For several reasons, theses statistics
are considered in the asymptotic regime : as the size of the matrix (and hence the number
of eigenvalues) goes to infinity. One can inquiry about the behaviour of the whole spectrum
(such as linear statistics), this is called global statistics (or regime). The main object to
study in this context is the empirical spectral measure and the goal is to obtain a limiting
distribution and give fluctuations around this limit. On the other hand, one can seek for
more subtle, precise informations, like the spacing between two consecutive eigenvalues, or
the nature of the largest eigenvalues; more generally, the joint distribution of eigenvalues
in an interval of length o(1). Such statistics are called local. In this particular regime, we
differentiate between the bulk and the edge statistics. The bulk regime focuses on intervals
inside the support of the limiting spectral measure while the edge regime at the bound-
ary. In this article, we are mainly interested in the asymptotic local edge regime, which
corresponds to the largest eigenvalues.

Among random matrix models, two matrix ensembles are distinguished : Wigner matri-
ces and invariant ensembles. The first one indicates matrices with independent components
while the second gathers matrices whose law is invariant by symmetry group action. Their
intersection is known as the GOE, GUE and GSE. Their origin trace back to the pioneer
Wigner. He wanted to model complex highly correlated systems with (or lacking) different
kind of symmetries (see [12, 10]) and considered Hamiltonians as large random matrices.
The name stems from the invariance under certain group actions. The joint density of the
eigenvalues can be derived (see [2]) and is proportional to :

1 n n
P(A, . Ay) X exp <_Z > Af) AL WP T d.
=1 =1

The Vandermonde determinant is noted |A,(\)|” := H 1A — Ni|%, and 8 € {1,2,4}. The
i<j

case § = 1 is the GOE which models Hamiltonians Wijth time-reversal symmetry, § = 2

is the GUE which models Hamiltonians lacking time-reversal symmetry and 8 = 4 is the

GSE which models Hamiltonians with time-reversal symmetry but no rotational symmetry

(see [12]). Let us mention that when 5 = 2, the correlation functions, which will be our

prime object, describe a determinantal process (see Gaudin-Mehta formula). The idea that



[ taking different values gives rise to different models is known as the Dyson’s Threefold-
Way [8].

We can extend the model in two directions, allowing other values of 8 and other po-
tentials, by writing for 5 > 0 :

1 1 o i
Popv(dA,....dA,) == exp (—5 ZV(M) AN T]
1=1 i=1

Znpv

1
We refer this as the general B-ensemble. If the potential is quadratic V(x) := Emz, it

reduces to the Gaussian B-ensemble which is the object of our work.

In this context, Dumitriu and Edelmann [5] made a major breakthrough by construct-
ing a matrix model for such $-ensemble with any 5 > 0, hence extending the Dyson’s
Threefold-Way 5 € {1,2,4}. It states that the Gaussian S-ensemble (viewed as a density
probability function) is exactly the joint law of the spectrum of a certain matrix. The latter
is obtained from successive Householder transformations and has a symmetric tridiagonal
form. This representation of the Gaussian S-ensemble by a matrix model [5] led the way
for many progresses [9, 15, 13, 16] on the understanding of the asymptotic local eigenvalue
statistics for general § > 0. In particular, the authors of [9], leaning on the symmetric
tridiagonal structure of the Gaussian S-ensemble matrix model, gave multiple indications
on how renormalized random matrices can be viewed as finite difference approximations
to stochastic differential operators. This conjecture was investigated in [13] where the
properly renormalized largest eigenvalues are shown to converge jointly in distribution to
the low-lying eigenvalues of a one-dimensional Schrodinger operator, namely the stochastic

d? 2
— +z+ ﬁb;, : for k > 1 fixed, denoting )\f > )\25 > > )\ﬁ

the k largest eigenvalues of H? and Ag < Af < ... < Ag_l the k£ smallest eigenvalues of

SAOB .
2 )\/B law
ilo— i 2 (AP :
(nB) ( m) rio noo < 1>0<i<k—1

Since the minimal eigenvalue Ay of SAOg has distribution minus TWg, this work thereby
enlarges Tracy-Widom law to all 5 > 0, that is :

Airy operator SAOg :=

B
(nB)s ( A —2) 1 TWy,

VB ) e

The Tracy-Widom law (with parameter /3) is qualified as universal, in the sense that such
local statistics hold for various matrix models (but also for objects outside of the random
matrix field) and arises from highly correlated systems (such as modeled by some random
matrices).



For finite dimension n, one can choose § = 0 in the joint law P of the Gaussian -
ensemble, which displays a lack of repulsion force as the Vandermonde factor vanishes,
hence the correlation decreases, which means that randomness increases. In a Gibbs inter-
pretation (which besides makes us refer to Z, s and its counterparts as partition func-
tions), it comes down to consider an infinite temperature in such log-gas (terminology due
to Dyson [8]). Readily, the joint density for 8 = 0 is the density of n i.i.d. Gaussian random
variables whose maximum is known [14] to converge weakly, as n — 400, when properly
renormalized, to the Gumbel distribution, one of the three universal distributions classes
of the classical Extreme Value Theory. One deduces (see [4, Th 7.1]) Poisson limit for the
Gaussian (ie: when § = 0) extreme point process as the number n of particles grows to
infinity. This qualitative statistic is special to us since it is essentially our purpose in this
article. It also carries more information and implies the limiting Gumbel distribution.

As the Gumbel law governs the typical fluctuations of the maximum of independent
Gaussian variables, which corresponds to the case § = 0, and the Tracy-Widom law stems
from complicated (highly dependent) systems such as the largest particles in the case
£ > 0 fixed and n — 400, it is thus natural to ask for an interpolation between these two
phases. The authors of [1] answer this question by proving that the properly renormalized
Tracy-Widomg converges in distribution to the Gumbel law as 8 — 0. They use the char-
acterization of the distribution of the bottom eigenvalues of the stochastic Airy operator
in terms of the explosion times process of its associated Riccati diffusion (see [13]). Re-
garding to our motivation, they could unfortunately not prove Poissonian statistics for the

minimal eigenvalues <Af ), distributed according to the Tracy-Widomg law, in the limit

B — 0. This procedure would exactly reverse the order of the limits § — 0,n — 400

considered previously. Nonetheless, the authors investigated the weak convergence of the

top eigenvalues in the double limit 5 := 3, — 0 by heuristic and numeric arguments.
noo

They alluded to the idea that one can achieve Poissonian statistics for S-ensemble using
the same techniques as [13, 9], at high temperature within the regime n — +o0. Con-

cerning the bulk statistics, such work has been accomplished in the regime 8 ~ n™!, that

is Poisson convergence of the point process Zén(,\i_ p) with £ € (—2,2) an energy level

i=1
in the Wigner sea (see [7, 6]).

The goal of this paper is to understand the behavior of the largest particles of the
Gaussian [-ensemble as the inverse temperature (3, converges to 0 as n goes to infinity. To
this purpose, we study the limiting process of the extremes of the Gaussian (-ensemble.
Since [ can decay with any arbitrary rate, we restrict ourselves to the regime nj — 0.

More precisely, our main result gives the convergence as n — 400 of the extreme process
toward a Poisson point process on R, which can be inhomogeneous or not, according to
the scaling sequences. Roughly speaking, the rescaled extreme eigenvalues approximate a
Poisson point process which means that adjacent top particles are statistically independent.
Our work also applies when f is set to 0 and de facto includes asymptotics (n — +00)



of extremes of Gaussian variables (5 = 0). While the outcomes are identical for both /3
cases, we want to stress out that the models are intrinsically distinct. We investigate this
question in the subsequent Remark 1.2. Doing such simultaneous double scaling limit, we
fulfill the corresponding task addressed by Allez and Dumaz in [1] within another regime
mentioned in their work and by other means.

u
For u = u,, and v = v,, two sequences, we adopt the notation u < v +<— — — 0 and
vV noo
state our main result :

1
Theorem 1.1. Let § = (3, be such that 0 < f < ———. Let (A\1,...,\n) a family of
nlog(n)

random variables with joint law P, 5 :

1

1 n n
Z; P <—§ZA§> AL NPT dN,
2 i=1 i=1

Pog(dA, ..., d),) ==

with normalization constant Z,, 3 and Vandermonde determinant |A,(\)|7 := H A — M|
i<j
Let (6,) a positive sequence and the modified Gaussian scaling :

1loglog(n) + 2log(d,,) + log(4m

n
e Assume 0, — 6 > 0. Then the random point process Zaan(Ai_bn) converges in
noo
i=1
distribution to an inhomogeneous Poisson point process with intensity e~ s dz.

o Assume 6, > 1 such thatlog(d,) < +/log(n). Then the random point process Z Oan (Ai—bn)
i=1
converges in distribution to a homogeneous Poisson point process with intensity 1.

o When B =0, the condition on (9,) is weakened to : log(d,) < log(n).

Let us first discuss the assumptions and conclusions of the theorem. We prove conver-
gence of extreme point processes

Pn = Z 5an()\¢fbn)
=1

toward a Poisson point process on R with intensity du as n — +oo for suitably chosen
scaling sequences (ay), (b,) and intensity u. This convergence occurs regardless to 5 > 0
or # = 0 although this gives rise to two different models. The scaling sequences are exactly



the same in both cases and are derived from the classical Gaussian scaling (see [14]), except
that we increase the scale a,, by a multiplicative term J,, and lower down the center b, by
an additive term involving §,,. We then observe two regimes : first, when

0, —> 0 >0,

the limiting process is an inhomogeneous Poisson process with intensity e s dz (which is
a classical result in the purely Gaussian setting, when 5 = 0). When 4,, > 1, even in the
purely Gaussian setting (8 = 0), we obtain a result that we did not find in the literature
[4, 11, 14] : in this case, even though the interval considered (centered at b, and with
width of order a,,) goes to +00, the limiting process is a homogeneous Poisson process. An
illustration of these phenomena is given in Figure 1 below.

Remark 1.2. As previously mentionned, the Poissonian description of the extreme process,
along with the normalizing constants (a,,), (b,) which display no dependence on 3, is valid
for both cases 3, = 0 and 3,, > 0. The question of how close both models are is then raised.
Therefore, we need to measure the impact of the decay rate of 3, upon the model. In this
direction, one can compare the normalization constants Z,, 3 between different 3, regimes.
This idea emerges from equilibrium statistical mechanics where the Z,, 5 is seen as the
partition function in the Gibbs interpretation. The computations show a transition : when
< n~2, both models are equivalent. As soon as 3> n~2, the repulsion is significant.
We state this result in the forthcoming Lemma 1.3 whose proof is postponed to Section
2.2. It indicates that our main theorem gains value when compelling

n? < B < (nlog(n))™",

which corresponds to the regime where both models are truly distinct. The critical role of
n? in this description is consistent with the fact that one can write

log |A,(V)|” = exp <5zlog A — M)

1<j

with the sum having n? (1 + o(1)) terms.

Lemma 1.3. Let 3> 0 and 8 > 0.
1
o Assume 0 < B < ' < —;, then Z, g ~ Zp 5.
n
1 1
o Assume 0 < B < ' < — and ' > —, then Zy, g < Zy 5.
n n

The convergence toward a Poisson process for the extreme process is a much stronger
information than the limiting distribution of the maximum. Indeed, one can deduce the
limiting distribution as follows, but we postpone the proof to Section 2. Also, one can
derive the limiting distribution for the &' largest eigenvalue for fixed k > 1.



VZTo8 () — by < 1

r 1

b, Whenl op >1 bn whenl On — 0 V2 1?81(”) R
- zoom by d,,1/2log(n) i
L T, . .‘A 3 '...'V m
» 4 » 1
- -

Figure 1: The centering at b, for both cases §, — d > 0 and J,, — oo are represented on the

main line. We zoom in around each b,, by a factor d,1/2log(n) and let n go to oo. For §,, > 1,

the limiting object is a Poisson point process with intensity 1. For §, — 4, it leads to a Poisson
noo

point process with intensity e 5.

1
Corollary 1.4. Let f = 5, be such that 0 < f <« ————. Let (A1, ..., \,) with joint law
nlog(n)

P, s. Let (ay,),(b,) from Theorem 1.1 for § = 1. Then,
P, s (an (Amax — bp) <) — exp (—exp (—x)).

Remark 1.5. This result shows that we recover the Gumbel law as limiting distribution
of the largest particle from the Poisson limit, so that we retrieve the result of [1] cor-
responding to our setup. Besides, in view of (1) in the next section, we know that the
largest eigenvalue is unbounded when n goes to infinity since the Gaussian distribution has
unbounded support. In addition to this observation, our main result provides the explicit
order and Gumbel fluctuations for the maximum eigenvalue.

The paper is organized as follows : first, we introduce and comment our model. To
derive Poisson statistics, our method is the study of the correlation functions associated
to the extreme point process. We refer to this as our main tool and explain how it is
exploited. Since the computations involve various estimates and quantities, we exhibit
them as independent claims outside the main proof. The other sections are devoted to the
precise proof of our result. We treat the inhomogeneous case first as it plainly describes
the method used. It naturally includes the case = 0 as the computations are similar. In
a second time, we transpose our work to the homogeneous case and give a peculiar proof of
the statement when g = 0. This is done by other means and displays a wider asymptotic
regime for the perturbation (4,), so we present it as an independent result.

Remark 1.6. We consider two cases : 4, = O(1) and 6, > 1. For the second case,

the assumption required is (,) such that log(d,) < /log(n). Nonetheless, most of our
results remain valid under both regimes and with a weaker growth restriction. For this



reason, in this text, the reader will encounter a less restrictive hypothesis on (d,,), namely

log(d,) < log(n). It ensures that b, is equivalent to y/2log(n) for any such (d,) as n goes
to infinity.

Acknowledgements : I would like to express my gratitude to my supervisor Florent

Benaych-Georges for his guidance throughout this work, his careful reading of the paper
and the numerous advices he brought to me.

2 General model of the Gaussian S-ensemble for § < 1
and o >0

For any a« > 0, 8 > 0, and n > 1, we define :

a n n
nowp i= / exp (—5 ZA?) |An(>\)|BHd)‘i
8 i=1 i=1

with the Vandermonde determinant factor :

A7 =[] s = 257,
i<j
and consider an exchangeable family (A1, ..., \,,) of random variables with joint law

1 u o
Pn,a,ﬂ(d)\lu 23 d>\n) = exp <_% Z /\3) |An(/\)|ﬁ H d)\z
i=1

Z
n,a,B i=1

When a = 1, we adopt the following notation :

1 n n
Znppg = /n exp <—§ZA3> |An()\)|ﬁHd/\,-
i=1 i=1

1 1 n n
Pog(dA, ...od),) = =3 2 1AW T ans

75( 1y ) Znﬁ eXp( 2121 z) | ( )| H
In the sequel, the parameter « is always assumed to be 1 except in some specific cases which
will be mentionned. The reason of this choice shall be clear after incoming explanations.

Remark 2.1. For 8 = 0, we retrieve the density of n i.i.d. Gaussian random variables,
which form a system of uncorrelated particles. The partition function in this case is just
Zn p=0 = (2r)2. Allowing 8 > 0, the Vandermonde factor vanishes when \; = Aj and
acts as a repulsion (long range) force between the particles, which thereby constitutes a
correlated system. The smaller ( is, the weaker repulsion operates.



From the crucial matrix model [5], we endow the Gaussian S-ensemble with a matrix

1
structure. Recall that x(k) =4/ (g 5) where a I'(a, b)-distributed random variable has

a,.a—1,—bx

density n (0,400). We state the corresponding result for our setup :

Ta)

Theorem 2.2. Let H := H, , 3 the tridiagonal symmetric random matriz defined as :

g \%anl
A o e
1 V2 in—2 93 7§Xn—3
. 1 \%Xl
7§X1 9n

with (gi)1<i<n ~ N(0,1) i.d.d. sequence, (X;)1<i<n—1 an independent sequence such that
X; ~ x(if) and independent overall entries up to symmetry.

For any o> 0, B > 0, the joint law of the eigenvalues (A, ..., \,) of H is Py o 3.

It makes the connection between the particles of law P, , 3 and the spectrum of H.

np

By trace invariance, we can easily access to further information : when o ~ 1+ —, the

1
empirical spectral distribution L, := — 25{ n} of Hy o p has asymptotic first moment 0
n —

1
and second moment 1. In our setting f < —, it reduces to consider o ~ 1.
n

nf

In [3], with the choice a ~ 1+ R the authors proved under the assumption of si-

multaneous limit nfg, — 2v as n — 400, a continuous asymptotic interpolation for the
empirical spectral measure between the Wigner semicircle law (y — +00) and the Gaus-
sian distribution (y = 0). The latter case is of our interest and particularly to the setting

1
B < —, they proved that :
n

—Zf mo/\/g T, Vf € Cy(R). (1)

1
It also justifies the choice & = 1 in our model for f < —.
n

We now give the proof of Corollary 1.4 mentionned earlier.



n

Proof of Corollary 1.4. Let &, := Z Oan(r—by) the extreme process associated to ()\i)lgign
i=1

and & a Poisson point process with intensity e”*. By Theorem 1.1, the process &, converges

weakly to & and hence,

Fp g (an Amax = bn) < @) = P (§a (2, +00]) = 0) — P (£ (|2, +o0]) = 0).

The number of points of a Poisson process with intensity A in an interval (a, b) is a Poisson

b
distributed random variable with mean / A(t)dt. Tt follows that :

P (£ ([, +00]) = 0) = P <7> (/;OO etdt> - o) = exp (— exp (—a)) .

2.1 Main tool

The theorem we intend to prove will stem from the following result, which thereby makes
it the cornerstone of our demonstration. It ensures that under pointwise convergence of
the correlation functions and some uniform bound on it, the initial point process converges
to a Poisson process.

Lemma 2.3. Let X be a locally compact Polish space and ;1 a Radon measure on X.
Let (A1, ..., \n) be an exchangeable random vector taking values in X with density p, with
respect to u®". For 1 < k < n, we define the k-th correlation function on X* :

n!

Ri(xq,..ymy) i= —/ (1, 0y xy)dp
(n - k)‘ (xk+1,...,xn)eX"—k

Suppose there exists 8 > 0 independent of n such that :

®(n—Fk) (Tha1y ooy Tny)-

o Fork>1, on X*, we have the pointwise convergence :

R (21, ..., xn) — 0"

noo

o For each compact K C X, there exists Ok such that for all n,k, on K*, we have :

1{k§n}RZ($17 crey xk) < 9];(

Then, the point process P, = ZéAi converges in distribution to a Poisson point
i=1
process with intensity Odu as n — +oo.

10



The proof can be found in [3, Prop.5.6]. We announce how we use our main tool.

Remark 2.4. We consider the point process P, = Zéan(,\i_bn) with (Ai)i<n ~ Pr.ag,
. i=1
fi=p, < ———and a = 1.

nlog(n)

e For 4, =+ o(1), we will prove Poisson convergence according to the lemma with
p=e sdr and (A, ..., \,) with law

An(N)] es == M T T d.

=1

prdp®™ (A1, ooy Ap) = e 2 XN

e For 4, > 1, p, is just P, 3 and the intensity is the Lebesgue measure p = dA\.

2.2 Partition functions

In this section, we list some identities, bounds and asymptotics involving partition fonc-
tions. They will be used from time to time in the sequel of the text.

First, we give the main formula for the partition functions. From this, we will be able
to compute several asymptotics of partition functions ratio.

Lemma 2.5. For any o, 5 > 0 and n > 1, the following identity holds :

(n-1) o F ) 8
T = (27)3 () —5%—21‘[%.

=0 2

If B >0, one has also :

nn 1 n n F 1 + ﬁ
Znap = (2m)Fa P05 QH(—E)-
i=1 r (1 + 5)
Proof. Let § > 0. By the Selberg integral theorem in [2], we have :

n—1 Z é
/Rn |A1g(x)|ﬁ e‘%Z?:lx?dxl...dxn = (n!)(Qﬂ)% H W

By the change of variable x; = y;1/«, we get the fundamental identity on partition functions

1 n—l ; 8
Znas = 2m)F (a7 5 L(i+Ds5)

=0 r (g)
=1 r ( 5
The case § = 0 is easily treated. [

11



We are now ready to prove several results needed later.

Lemma 2.6. Assume nf < 1. Then, for k fized, o > 0 and > 0,

[NIES

an @ — k
ZnheB — (14 0(1)) (2) 72 ot
Zn,a,ﬁ

Proof. For u < 1, recall the equivalence of the Gamma function near the origin :

L (I+o0(1)) > 1.

u

['(u)

By Lemma 2.5, we compute the ratio for § > 0 :

«

Zn—k,a,8 & (n—k)! k4 B (2nk—k(k+1)) 0 F(%)
S vl R ) R =

= (1+0(1)) (27) 2 n*a’
= (1+0(1)) (27) " nFas

= (1+0(1)) (27) % nFas

— (1+0(1)) (27)

If B = 0, the identity claimed is readily computed from the main formula on partition
]

functions.
Lemma 2.7. Let any (0,,) positive real sequence such that log(d,) < log(n). Let B € (0,2),

a >0 and n > 2 such that abi ~7 > 0, then :

Z

TL*l,Qb%*%,ﬁ

1
<
Zn,ﬁ - V2T

(Vab,) T
. |

Proof. From the identity :

o _ﬂw_nﬁr(“r%)

Znap= (212 2

=1 F (1 + g) ’
we have :
(=D(n=2) _n-1 , 1 ;
- AN r(1+%)
Zn1atz-2,5 = (27) 2 (O‘bi - Z) 11 I (14 Z)

12



and we can compute the ratio :
n—1)(n—2 — 1
PN a1 (144)
=1 T(1r3)

r(1+4)

(2m)% [T, r(112)

-8 (n=1)(n=2) n-1
4

:L<ab2_ﬁ) T I(+5)
Vor \ " 4 I'(1+%)

(n=1)(n—2) n-—1
1 TGRSR ) R B i % T (1 4 E)
= — (Vab,) (1 - 4ab3) —\ "3

I(1+%)

(27?)%1 (ab? — %)

We apply the following inequality :

1 1
< 4° 0, =
=, =% welogh
with = = P < 1 = s < ab? (which is obvious for 3 < 1). Thus
dab? ~ 2 2 - " ’

B2 (n=1)(n=2) | f(n-1)

> 1602 Sab2 I (1 + g)
V2rT (14 22)

(V)
n |

(Vab,) *
n

I'(1+5)
<
= V2rT (1+ 12

Gamma function has local minimum at ~ 0.8 with value = 1.44, it follows that for § < 1,

ri+y) _T(+5) _re 1
VorT (1+%) = Vor ~ Ver o Ver

]
. log(dy,) 1
Lemma 2.8. Let any (8,) positive real sequence such that log(n) < 1. Assume <K —.
og(n n
Fiz oo >0 and kE <n. Then,
ank a—k8
R 14 o(1)
Zn—k a,f

Proof. For a > 0, we have :

_Bw_% n—k—1

I'((i+1)2)

n— n— n—k—1 n— ]{j
Z K g = (27T)Tk(n — k:!)oz_ﬁ( G gk (1 b ) —
i=0 r (5)

n—k.o— 47, 4ab?

13



Thus by a Taylor expansion of x — log(1 — x) around O :

Zn_k,a_%ﬁ k3 pln=k)n—k=1) n—k
Zn—k,a,ﬁ - <1 B 40&[)%)

—k)n—k—-1 —k kS
o (AR ok (109
B m—kn-k—1) n—k kB kB \2
_eXp<(_5 1 T2 ><_4abg+0<_4abg) ))

The last term converges to 1 under our hypothesis. O

Lemma 2.9. Let 8 > 0 and (9,,) positive real sequence such that log(d,) < log(n). Assume
1

B < —. Fizx k <n. Then,
n

Proof. Since the case § = 0 can be easily treated, we only consider 5 > 0. From our
hypothesis, k(5 is less than 1 and :

k‘ﬁ 9 .

4b2 < 5 — kB <2b;, which is true.
kB [ (n—k)(n—k—-1) n—k (nB)? npB
— < — <
4b2 (5 1 ) S e Tae =t

1
So by applying the inequality (1 —2)~' < 4% on [0, 5], we compute :

n—k | kj3 —5%—%’“ n—k—1 F((’H—l)g)
Zn—k,l—%,ﬁ B (2m)" 2 (n —k!) < - @) | | r(9)
Ik, (2m) "2 (n — k1) [Pt TLEHDE)

=0 (2)
(n—k)(n—k—1) n—k
—pi n e

< exp (% (5("_k)<z_k_ DN ";k> 10g(4))

14



We prove the second statement. Since

W D1+ 2
Znp=(2m) 5 [ 433) ,
i L+ 3)
then,
/. v oy a+5
Znap ik LA+ 5)

The Gamma function has local minimum at =~ 1.46 with value ~ 0.8, it follows that for

any i < n, since § < 1,
1 ip I6;
- <I'(1+—=— )< (1+=) <1

Hence,

]

At last, we prove the previously stated lemma which compares the partition functions
between different regime of 3 :

Proof of Lemma 1.5. Denoting v the Euler constant, recall that for x < 1 :

2

logI' (1 4+ ) = —yx + %xQ + o(z?).

Remark that for any k£ > 1, one has :
nFpFt > phtighk,
We compute the ratios :

Zng T
Zn,O B 1]

7

r
1 T
exp(

(&2
i+
1

—nlo P(1+§)+;1ogr<1+§)>

~—r

~—

and,

15



Since the quantity 3 converges to 0 uniformly in ¢ < n, we deduce that for some¢; ,, = o ((z I} )3),
thus verifying €;,, = O ((nﬁ)g) for any i < n,

Z;logF<1+§) sz;z—i—@ﬁZiZﬁ—ng

- %(n2+n)+2—252 (%3+%2+%> +Zzlam

2 3 2
= —%(nQ 1)+ = (% + 5+ %) +n0 ((n5)”)
= — 20?8 (1+0(1))

Indeed, if ¢ = nO ((nﬂ)s), then ¢ =0 ((nﬁ)g), hence ¢ = o (n463) and by a previous re-
n
mark, ¢ < n’p.

We deduce that :

Znﬂ o Y o9
= exp( In?A (1 +o(1)))
and,
Zn
7= e (g (9= ) (14 o(1)).
The claims readily follow. ]

2.3 Estimates : bulk and largest eigenvalues

In the section, we establish some estimates on the eigenvalues (\;)1<i<n of Hy a5, which
are P, o g-distributed. Since the particles are exchangeable, every estimate will concern A;.

We give exponential type bound on the probability of a scaled eigenvalue to be larger

than any arbitrary value. Same-wise, an exponential estimate for the probability of A\; to
be as close as we want to any value is given.

These estimates will be crucial for the analysis of the integral term RQ, which presents
itself as the expectation of some functional of (A;). The link is made through to the identity

“+o0o
E|X|:/ P(X| > 1) dt
0

We begin with a technical but fundamental lemma.

16



Lemma 2.10. For any a,b € R and g > 0, one has :

a2+b2

la + b\'B < 28eP%

Proof. First recall two inequalities :
x2
|z] < 2eT6.

(z +y)? <227 + 297
Applying the first inequality with = a + b, then using the second one give :

B
a 2
a+bf < (2@( £ )

W22\ B
§<26 §b>.

]

This inequality is of interest because it roughly allows to gain quadratic sum bound
a* 4 b* from a quantity of type log |a + b|. It provides an useful algebraic mean to upper-
bound the integral term R} with a ratio of partition functions.

We show the following estimate on the scaled top eigenvalue :

Lemma 2.11. Let M > 0 such that oV nf < M. There exists a constant Cpy > 0 such
that for anyn > 1, a,5,t >0 and u € R,

Pn,a,,B (

«a nB\2 b2u 2
exp (—5 (b2 — ﬁ) (t + b%_%> )

B(n=1)(n=2)  n 2
al+f+§ <t+ bnu )
b2 —28

n

u_ﬁ
bn

2 t) S OMbg(n_l)_4

Proof. Let x € R fixed and set u :=1+ T Let (A1, .., An) an exchangeable family of
CL’I’L n
- \;
random variables distributed according to P,  g. Then, the family ()\Z> = <— — u)
1<i<n by, 1<i<n
has law :
bn_"_ﬁ n(nzfl)

|An(2)]% e 8t ittt w® o da,
Zn,a,ﬁ

17



Now for ¢t > 0,

A

5\1‘ Za>

An,t,u = Pn,a,ﬂ <’1 +

= n,aﬁ(

2> t)
n_i_ﬂn(n 1)

Oéb2 - 2
n(z)\ﬁ exp | ——2 (zi +u)” | dzy...dz,
”avﬂ /|7~’1|>75 /227 .Zn)ERN 1 2 Zl

1=

n(n 1) n

bZJrB B b (z +u)
=— H|21—z]| 0 g X
Znozﬁ laa]>t 2o

-x/ |An_1(29, ooy 20)|P e 200 it Gt gy
Rn—1

The product term in the first integral involves every variables. We split this overlapping
term thanks to the fundamental inequality of Lemma 2.10 :

a2+b2
8

la+ 0] < 29"

It leads to :

n_"_ﬂn(nfl
by = 2 2" b2
Ny < Z—g/ | exp (%zf — aE”(zl + u)z) dzy X -+
n,o, z1|>t

I
- X / |An_1(22, ..., 2 F exp Zz a2 (z+u)? | dz...dz,.
(22,020 ) ERP 1L 2 =2

The first integral term will be linked to a Gaussian tail and the second to a partition
function. For this, we need to complete the square.

Using the two following algebraic identities :

ﬁZz —oﬁz zi+u)? = ——( )Z: (sz

=2 n 4a
b2 2,2
+a——"——(n—-1)—a—-—(n—-1)
B
2(0 — ) 2
2
ng , b al ., nf bu b’ b?u?
ERr R (bn—@ rem) Tmom e
n 4o n 4o
we can write :
n+ﬁn(n L I P i v2u?
I L S C ) e TV

18



where

2
o a ., nb b2u
G(t) :== /|Zl>t exp | —5 <bn - @) <z1 + T M) dz

ab%uj(n;l) o b%u2§n—l) o ﬁ n
7 = *(hda) / 1AV exp | =5 (bi - _> Ai +
Rn—1 2 40{ n
=2
which is just :
aQ(bl;%fzﬁ) (nfl)fa@(nfl)
ZZB Ao Z’I’L 10(1)2—77 .
We treat the Gaussian integral term G(t) in the RHS of :
+6n(n 1) b%uQ b%u2 b% 2
PP e C = R e I
ntu = Z—Be n—1,ab2—2,
n,q,

By two successive change of variable,

_ (e BN e
G0 g oo (3 (0-0)2)
p2 _nB |=
2
/ p exp (—%) dz
o a(b%z—z’fg)_zﬁnu =

n= Zo
2
\/a bn_T np | =

nT Ao

2 2
z
= \/_\/—75 / P exp (—5) dz by symmetry
o b%_n_ abQin—ﬁ 7172:“@2)&

2
\/_,/bz nB />a b2 — %%ﬁ) o <_5) *
_a b2 npB t bnu 2
9 e 5 (0 4a) (‘*‘b%_%)
< 3 )
a\/_(b2 )2<t+n4>

We used the classical Gaussian bound in the last line :

[

Y

+oo 2 e 7
/ e_%dy < , y > 0.
y

Finally,

b u? b u? b2 2
7(71 1)+a7—om"—z 277
NPT e P T G R () R

nB b2 u 2
) (H'bz nnﬁ)

T do

Zn,aﬁ

19
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We deal with the ratio of partition functions by Lemma 2.7, so that the upper bound on

1
P, op ( U= > t> becomes :
n
4,2 4,2 2.2 —2(p2-n8 2(1& Pnt )
bﬁ(”_l)_12nﬁ+1 a—n (n—l)—l—aib" —ann®” 2( " 40‘) er%—% _ _
n 203 4) 2(2-12) T e _pn=1)(n-2)
An,t,u S 36 node node b o 4
2 npy 2 nU
Var (b2 — 22) o+ bi_%ﬁ)

Finally, for M such that nf Ao < M

o ng\2 b2u 2
exp (—5 (bi — f) <t + b%_%> )

Bn=1)(n=2) , n b2
1+ + AU
o 1 2 (t + 2P )

n" 4o

An,t,u S CMbg(n_l)_4

In the very same way, we show the following estimate for bulk eigenvalues :

Lemma 2.12. Let M > 0. There ezists a constant Cy; > 0 such that for anyn > 1, a >
0,8>0,a R, ee€(0,1) such that aV np < M,

Phos(IM—a] <e) <Cpyeexp (%Cﬂ) _

Proof. We proceed as for the previous estimate. ]

3 Inhomogeneous Poisson limit for nf < 1 and oo =1

This section is devoted to the proof of the first statement in our main result when 3 > 0,
namely, we consider (\q, ..., \,) ~ P, 3 and assume 0, —> 0 > 0, then, for an appropriate
noo
n
choice of (a,), (b,), the random point process Z Oan(r—by) converges in distribution to a
i=1
Poisson point process with intensity e~ 5 dz.

The plan, according to the lemma on Poisson convergence, is to first reformulate the
correlation functions, and then establish the pointwise convergence to 1 of the correlation
functions. The last step is to give an uniform upper bound which will end the proof of the
theorem.

The case g = 0 is much simpler. Following the same steps, it does not however involve
the machinery of partition functions and tail bounds. So we will omit in the upcoming
subsections.
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3.1 Correlation functions

The first step is to give a satisfying formulation of the correlation function Rj. From its
definition, we transpose it as product of multiple terms including an integral term R}.
Unlike the others, this quantity is more complicated and needs careful analysis.

Lemma 3.1. Fiz § > 0. Let « >0, >0 and (A1, ..., \,) distributed according to P, o .

The k-th correlation function of the point process Z Oan(Mi—bn) 18 -
i=1

. n! kB R(k—1 Ln—k.a
RM(z, ..., zp) - a2 PE A ()P Znkas

n — k)' Zn aﬂg
(6% k x ~
-xexp(—E;(a; ) le+k’ﬁn— k) log(b )) Ry
with
~ k n—k
= R"(ggl, oy Tg) = / ) exp <ﬁz log‘ 3 > APy k021, ey Zn—k)-
Rn= =1 j=1 n

Proof. Let pn = e~ 5dzx, ie: dp®™(xy, ..., x,) = e_%Z?:lx"dxl...dxn.
Let (A1, ..., A\,) distributed according to P, 4 :

1 a o
P (s ) = 7— 8,0 exp (—5 ZA?) dAr...dM,.
e i=1

Set (5\1, ey 5\n> = (a, (N — bn))ign' By a change of variable in P, , 3, we get the joint

i<n
density of (5\1, ey S\n)
i<n
_n(nfl)ﬁ_n
5 (5 )o@ b e (2i,)
Pras (At hn) = o AL W) e F TG 0,
Zn a8
_n(n271)ﬁ_n
n _ o n Ai 2 1 n .
= L 7 |An()\)|ﬂe 2 Zi=1(an+b”) o3 i1 Azdu®n ()\17 7)\n)
n7a7/8

Hence, we get the k-th correlation function :

—n—ﬁ%

n! a a z; 2 )
RZ((L’l, ,l‘k) = (n — k‘)' n 7 ; e 2 Z?:l(ﬁ""bn) ""%Zf:ﬂ”z X e
. n,o,

-X/ e -5 i k+1( +b”) |An(;g)’B Q%Zf=k+1xidﬂ®(n*k)(xk+l’“_’xn).
Rn—k
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The goal is to extricate the (x1, ..., zg) from the (z41, ..., ,), and extract all leading order
terms.

To this end, we begin with splitting the Vandermonde term :

ﬁyzi—xj\%( 11 \xi—xj!5)< II I —-75]’6) (HH _xj’ﬁ)'

i<j 1<i<j<k k+1<i<j<n i=1 j=k+1

Note that in the RHS, the first term has k(kT_l) elements, the 2nd term has w

elements and the last term has k(n — k) elements.

Therefore,
n! an, 5M « b Z; ? 1 :
) = — AP _< by | ) m | A
Rk_(f[,‘17 7Ik) (’I’L _ k)' | k( >| Zn7a’5 eXp ( 2 ZZI (an + > + 6 Zzlx )
where :

A= / b 65 Zf:l Z?:k""l log|:pifyj|e*% ZZ 1 ((f’i +bn) ‘An—k<y) |ﬁ 6% Z?;lk v d:u (yh ) yn—k>
Rn

We introduce the law P, , s in the latter quantity. The change of variable y = a,(z — b,)
and little computation give :

n—Fk
A= BT S loglei—ysl ,—§ SI (L) 0P T du
/Rn k ; T lvi—wl ]1 Vi

1<i<j<n—k

niij’,ﬁ (n—k=1)(n—k) n—k a n—k _2 ﬁ nok
= an 2 ﬁzz 1 Z] 1 log|:):1 an(Z] bn)| i=1 %j H |Z’L _ Z]| H dzl
Rn—k i

1<i<j<n—k
n_k_i_ﬁ(nfkfl)(nfk) k 1 . -—b
= Aan 2 Zn—k,a,ﬂ eﬁ 2im Z 1 loglzi=an(z; ldpn k,a B(Zla ) Zn—k)
Rn—k
nkarﬁi("_k_l)(n_k) k "R log|ai—anz;+anbn
= an * Znkap R ’ APy o521, -oos Znei)
Rn—k

n—k4+p=k=l(n=k)
= Qn 2 ank:,a,ﬁe

.X/ D T i) 1) - SN GO
Rn—k

kB(n—k)log(anbn) s ...

(n—k—1)(n—k)
n—k+p——+kB(n—k _
" B 5 B(n—k) Z ks okB(n—k)log(bn)

k n—k z; %
A & 1 1 i 7
- X / eﬁ Y1 2oy og| Fanbn b |dPnfk,a,5(zl7 ) ank>'
Rn—k

Thus the claim follows. O
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3.2 Pointwise convergence of the correlation functions

The goal of this section is to establish the pointwise convergence R (xy,...,x5) — 1 for
noo

any fixed 6 > 0, k > 1 and (1, ..., 2;) € R¥ under the following hypothesis :

B < a=1, §,=d+o(l).

nlog(n)’

k

We have already shown the ratio of partition functions converges to (27r) > in Lemma 2.6.
The other terms are easily handable, so we begin by proving that the term R} converges
to 1. To this end, we proceed by double inequality.

Let us show that : 3
limsup R} (xq, ..., xx) < 1.

Lemma 3.2. Let any (9,) positive real sequence such that log(d,) < log(n). Assume
1

B < —. For (x1,...,2) € RF with k fized, let
n

kE n—k
~ ~ ‘/L"L
Z::RZ(xly'“axk):/ keXp (52210{;‘1—1-@[) _b_]
Rn— =1 j=1 e
k n—k
= ]Epn—kﬂ (eXp (ﬁzzlog
7=1

=1

) dpn kg(zl, couy ank)

))

A
n bn

Then, .
lim sup R} (x1, ..., x)) < 1.

noo

Proof. Applying the bound |a + b[ﬁ < 2% = of Lemma 2.5, we get :

~ k n—k z; AL
; =k o0 |1 i
Z _ / 621:1 20 0g| tate bn| dPn—k,,B(Zl, " Zn—k)
Rn—k

k B
< eXi=1 2= { Blog2+5 |1+anbn
Rn k

n— kaﬁ(zla ceey ank)

:/ PH(n—k)Blog 2+ 2R ST |14 2 +%Z?;f!§%\2dpn_k6(zh_.,,Zn_k)
Rn—k 7
2 n— zi 12
S 2]9'77456 3 2ie 1|1+anbn 6%2]:f|ﬁ| dPnfk,,B(Zla ...,ank)
Rn—k
A kB
_ o8 M T i P T P

Zn—kp

It is now enough to show this ratio of partition functions converges to 1, which is provided
by Lemma 2.8. ]
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We finish the proof of R (z1, ..z, ) — 1 :

Lemma 3.3. Assume [ < . For (zy,...,x1) € R¥ with k fived, let

nlog(n)

~ — . Z4
RZ(Il, ceey Q:k) = / eﬁZle Z;L:Iklog|1+’lzz"7#|dpnfk,6<zla XS] ank)
Rn—k

. A
B Syt log| 172
=Ep, ,, (e TR

Then .
liminf Ry (xy, ..., x) > 1.

noo

Proof. Since exp is convexe, by Jensen inequality, and exchangeability, it is enough to show

that for any = € R fixed :
X _ )\1

anb,  bn
Since k > 1 is also fixed, it is enough to show that for z € R fixed :

— 0.

noo

5(n—k)Epn_k76 1+

log

TN

0.
ab. b || e

noo

1+

nﬁ EPn,B

log

We next prove the following result :
Lemma 3.4. Let any (9,) positive real sequence such that log(d,) < log(n). Assume
g <K . Fix x € R, then :

nlog(n)

v M

0.
ab, b || e

noo

1+

nBEp, , |log

Proof of Lemma 3.4. From the identity

—+o00
E|X| :/ P(X| > 1) dt,
0

x
and setting u := 1 + ——, we have :

anbn
+oo
Epn,/s log 1+axb —% :/ Pn_k”g(log u—ﬁ Zt) dt
nYn n 0 n

Foo A Foo A

= / P, og (log U= > t) dt +/ P, 3 <log U= < —t) dt
0 n 0 n

B +oo P )\1 . +o0 1 »

= B | (U ——| >¢e" | dt + Pogllu——|<e"|dt
0 bn 0 bn
too g A 11

:/ —Ina, (u__l Zy)dy+/ _Pn,ﬁ(u__l Sy)dy
1 Y bn, 0o Y bn,
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Next, we show that both integrals converge to 0. We set :

-‘rool
Allz/ —Pnﬁ(
1 Yy
|
A ::/ -P, (
? oY ’

Since « = 1 and nf <K 1, we fix M = 1, which gives a constant C' > 0 independent
of n, k,a,c such that, we have the bulk estimate following from Lemma 2.12 :

Zy) dy

. 1
bn

u_ﬁ
by

< y) dy.

Let’s treat the term A,.
anf3 4
P.s(JM —al <e) < Cexp log(5)+—ﬁa '
8(1-7%)

Then with a = b,, + i b,u,

an

S 8) = Pn—k,ﬁ (|bnu — )\]| S bn6)

anfs
< Cbeexp ( b2 2)
8 (1 o 4)

0< (n— k)BAs < Cnfb, exp (2(4”—fﬁ)biu2)

< Cnpb, exp <?b2 + 0(1)> .

Hence,

1
nlog(n)’

The latter term goes to 0 if and only if § < Observe that it is the only time we
need to strengthen the restriction on f <« —.
n

Now we treat the term Aj;.

By top eigenvalue estimate Lemma 2.11,

o

1(p2_nB\? bpu :
—3(0-1) (2

nT a4

b2 u
(t+ 72%)

e

> t) < Cpbpn=H—4

“=3,
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Thus, one has :

b2 2
oo 408-22) (5 )

Ay < O / dt
1

b2 u
1+ 72%)

For a« — ¢ €]0, +oo[, nff = O(1), the Lebesgue’s dominated convergence theorem implies

that integral term converges to 0 which leads to nfA; < 1. ]
O

We are ready to achieve the goal of this section :

Lemma 3.5. Let (0,,) a positive real sequence such that 6, — 6 > 0. Assume o = 1,

B < Let (ay), (by) (modified Gaussian scaling) :

1
nlog(n)’

loglog(n) + 2log(d,) + log(4m)

24/2log(n) ’

Fiz (x1,...,23) € R¥, k > 1. Then the following pointwise convergence holds :

b, == +/2log(n) —

Ay, = O/ 21og(n).

RZ(xl, ,l’k) — 1.

Proof. When o = 1, by Lemma 3.1, one has :
. ~nl —k—Zh(k—1) 8 Zn—kp
Rk(xla 7Ik) — (TL — k)'an |A ( )| TB X

.xexp< %Z(j’ﬂa) Zx,+k:5n— k) log(b )) Rn

=1 n
with
n—

n bn

k n—k
= R} (xq,...,x) = /Rn ) exp <BZ log |1

=1 j=1

j ) dPn,k,ﬂ(zl, ceey ank)'

We already proved that RZ(wl, .., Tr) —> 1 by Lemma 3.2 and 3.3. Hence, we are reduced

to show :

( n!m'az’“‘?’“(k‘” ()P Dbl b B () S e Rl o)
n — : n, noo
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We have the following asymptotics for k£ > 1 fixed :

. _k
k5 — (21)7% + o(1).
Zn.B

1 1
loga, = §log2+ éloglogn

RN (1+o(1))n*

k=) g
an  Z =exp (—klogay) (1+0(1))

k k
= exp (—5 log2 — 3 log log n) (1+o0(1))

okB(n—k)logbn _ ,§nfloglog(n) (1+0(1))

k k
Ap(2y, . 23)? = H |z — z]” = exp <5210g |z; — xﬂ) =1+o0(1).

1<j 1<J

Besides, for 6 > 0 fixed,

Note also that for 9, > 1,
k 2 k n
1 x; kb2 b 1
_Z ~ 4y, = _Im_n PR — 2
(2 (Een) ) oo (R g 2

So putting everything together :

R (xq,...,x)) = exp (k: (log(n) — log(a,) — %bi + nplog(b,) — %log 2%)) (14 0(1))
= e (14 0(1)).

It only remains to show that A, < 1. Using the following asymptotics :

log(a,) = %log(Q) + %log log(n) + log(d) + o(1)
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b2 = 2log(n) — loglog(n) — 2log(d) — log(4n) + o(1)
HB lOg(bn) = 0(1)7

we can compute and check the cancelation :

1 1
A, :=log(n) —log(a,) — 51)2 — —log(2)

2
= log(n) — %log(Z) — %log log(n) — log(d) — log(n) + % log log(n) + log(4)
+ %log(éhr) — —log(27) + o(1)
=o(1).

3.3 Uniform upper-bound on the correlation functions

The goal of this section is to provide an uniform upper bound for the correlation functions.
It constitutes the second hypothesis in the main tool required to show Poisson convergence.

Lemma 3.6. Let K C R compact and M :=sup K. Set « = 1. There exists a constant
Ok independent of n, k such that for alln > 1, k <n and x4, ...,z € K,

RZ(ZL‘l, ceey [L‘k) S @l[c{

Proof. Let K C R compact, M :=supK >0, n > 1,k <n, x1,...,2 € K and a = 1.
Note that (9,,) converges to ¢ > 0, hence it is bounded.

|
n n —k—Sk(k—1

L
e (1, .y xy) = = k)!an ) |Ak(;p)|f8—kﬁ X oo

Zn g

k 2 k
1 Z; 1 230
X exp (—5 > (a— + bn) +5 ;x +kpB(n — k) log(bn)> Ry.

i=1 "

2

2

Note that the ratio of partition functions is bounded by (—) according to Lemma 2.9.
T

First, we bound by elementary means the simple terms. The leading order terms will

cancel each other in the computation. Then, we tackle the integral term RIZ by comparing
it to a ratio of partition functions.
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E—1
We begin with the bound of the Vandermonde determinant : since ﬁT) <1,
N
Ax(a Hm —al’ < @5 = (@) *F) < ean)
1<j

We bound the two first terms :
Note that :

—k—Bk(k-1)

1 1
an  ° <a;® =exp (—k (log(én) + 3 loglog(n) + 3 log(Q))) .
Also, a classical combinaison inequality, for k£ < n,
n!
(n—k)!
Indeed, since Vx € R, 1 + x < e*, we have :

0 0) <o () e (52 e (E522)

=0 =0

n)g:=Mm—-k+1)..n= < nFexp (_

=)

2n

Let’s now study the exponential terms :

oo [ @ 2 1< [ 2 2
exp <—§Z(a—z+bn) ) = exp —§Z(a—l+bn) )
i=1 " i=1 m

k k
k 1 by,
= exp —§bi - — x? — o xz)
i=1 -

k
< exp —gbi — b—"Z@)
Ay, 4

k
< exp (_gbi + k05M)

k k k
= exp (—klog(n) — §nﬁ log log(n) + 5 loglog(n) + 3 log(4m) + k;c(;M) :

We used the fact that, since (d,,) is bounded, there exists ¢; > 0 such that :

Also,
kB(n — k) log(b,) < knf3log(by)

k k
5715 loglog(n) + 5716 log(2) since b, < +/2log(n)

k
5716 loglog(n) + k
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Hence, the leading order terms cancel :

_ 2\ 2 . -
R (1, ooy ay) < e o (2M)F (—) eFtElosmythesd po () )
T
< (2M)k 6k+3k10g(2)+kC5MRZ(xl7 o l'k)

It remains to bound the term RY.
a2 2
Applying the bound |a + b|® < 2%¢° s of Lemma 2.10, we get :

~ Tq

Ri(xq,...,xp) < oknB " Sy [+

Z kp
2 nfk:,lfﬁ%,,é’

Zn_kvﬁ

The ratio of partition functions is bounded by 4* as we proved it in Lemma 2.9.

Besides,
k 2 k 2

np T 1 T3 2%, E ko k

— 1 < — 1 : — < — 4+ =-M"+ —csM ).
exp( 2 ;‘ +anbn > < exp (8;( +a%b,2l+anbn)) _exp(8+8 —1—405 )
Thus,

Ry, .y a) < ok o §HEMP+EM gk _ 93k G +EM2+fesM

And finally,

RZ(%, ka) < <2M)k €k+3klog(2)+kcaM23k€§+§M2+§M — (@K)k )

Where we have set :

Oy = ¢!t log(?)—i—c(;M—i-é(1+M2+205M)+10g(2M).

4 Homogeneous Poisson limit for nf <1 and a =1

1
In the sequel, we assume that 0 < f < —, a = 1 and above all §,, > 1.
n

n

We shall prove that the random process Z5an(>\i—bn) converges in distribution to a
i=1

homogeneous Poisson point process with intensity 1, for the same choices of the Gaussian

modified scaling sequences (a,), (b,), under a certain decay rate of § and a restriction on
(0,) which is discussed in the following remark :
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Remark 4.1. The assumptions log(d,) < 1/log(n) and §,, >> 1 mean that §, = eV ?21e(®)

1
with ——— < ¢,, < 1. The perturbation by 9,, corresponds to an increase of the zoom

\/log(n)

around the same Gaussian center minus a negligible factor.

4.1 Proof of the theorem

We follow the same scheme of proof but with y = d\ the Lebesgue measure.

So we compute first :

. = Zn_ 1 z; 2 ~
RZ(xla ) fl?k) = _ (n ’Ak(x)‘ﬁ Z—Zﬁe ;Zle(”n +bn) ekﬁ(nik) IOg(bn)RZ<HZ’1, cens .ij)

with

Rﬂ%wwfw?=/‘k£2§Jﬁjbﬂwg@_duﬂwmﬂhww%w)
Rn—

We already proved that Ry (xy, ..., ;) — 1 in the last section, so that we have to show :

noo

k 2

n‘ _k—B8 — 1 ZT;

= k)‘an 2k(k=1) |AL(2)]” exp (—5 Z (— + bn) + kB(n — k) log(bn)> — 1.
’ i=1 n

We have the following asymptotics :

L _k
1 1
log a, = 5 log 2 + 5 loglogn + log(d,)
n! K
= 1 1
o = 1+ ol1)
_gkt=1) g
an * " =exp(—klog(a,)) (1 +o(1))

= exp (—g log(2) — glog log(n) — klog(én)) (14 0(1))
exp (kB(n — k) logb,) = exp (gnﬁ log log(n)> (14 0(1))

k k
Ap(2y, . 2p)? = H |z — xj]” = exp <5210g |z; — x]|> =1+o0(1).

1<j i<j
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The main difference with the setup a,, ~ b, and u = e *dx is the following asymptotic for
ay > by,

k 2 k n
o <_§ (a_" ! b”) ) - (_7 - E i=1 " ﬁ i=1 $Z> - <_T ' 0(1)> ‘

=1 n

Hence,
n k —k -k koo
Ry (x1,...,x) = n"a,”(2m)" 2 exp <_§b” + knp log(bn)) (14 0(1))

= exp (k (log(n) —log(a,) — %bi + nplog(b,) — %log 27?)) (14 0(1))
= (14 0(1)).

It only remains to show that A,, < 1. We compute the following asymptotics :

nflog(b) = o(1)  since f < ooy

1 1
log(an) = 5 log(2) + 7 loglog(n) + log(dx),

log? (0n)

b2 =21

—loglog(n) — 2log(d,) — log(4m) + o(1).
So that, we have :

1 1
A, :=log(n) —log(a,) — §bi ~ 5 log(2)

_ log* ()
2log(n)

+o(1).

The latter quantity converges to 0 under our growth hypothesis on (,,).

To conclude the proof, we have to show the uniform upper-bound analog to Lemma
3.6, which is exactly the same work as done before.

4.2 The Gaussian case : =10

In this last subsection, we derive our result on homogeneous limiting Poisson process in
the purely Gaussian case § = 0. Although the correlation functions method also applies
(as we did for the inhomogeneous case when 5 = 0), it turns out that the classical method
from EVT provides a better regime for the perturbation (d,,). We formulate the result and
prove it.
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Lemma 4.2. Let (\;)i<n an i.i.d. sequence of N'(0,1). Let d,, > 1 such thatlog(d,) < log(n),

and :
a, = 0py/2log(n)
_ lloglog(n) + 2log(d,) + log(4)

b, = v/2log(n) 5 TTos(n)

Then, the point process Z(San(/\fbn) converges to a Poisson point process on R with in-
i=1
tensity 1.

Proof. We set ¢, (z) = L + b,,. Since we consider a collection of n i.i.d. random variables
a

and a homogeneous limirfcing Poisson process, that is with intensity proportional to dA
where A is the Lesbegue measure on R, it is enough [4, Th 7.1] to show that for any z < y,

Ai=n(P 2 ¢n(@)) =P (M 2 dn(y))) — y—=.

By Mill’s ratio, we know that for any v > 1,

IP’()qZU):#(leo(l)).

Under the hypothesis log(d,,) < log(n), one has b, ~ /2log(n), hence ¢,,(z) ~ 1/2log(n).

We get :

_on(@)? _on?
n e 2 e 2
A=

V2r \ da(@)  duly)
- & G_MQIF— x@_w 0
rerrad Gl 5 ) (14 ot1)
<1 - ew) (1+0(1).

) (14 0(1))

_ ¢n(m)2
2

N V/2log(n)v2r

A little computation gives :

On(0)* = Only)* _ 2" =y w—y (z—y)loglog(n) (z—y)log(d,) (z—y)log(dm)

2 © 4821og(n) 6 20, log(n) on log(n) 20, log(n)

The highest order term is :c(s— v Indeed,

1 1
% <5 > log(d) <log(n) which is true.
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We deduce that :

7¢n(1)2
ne- 2 z—y
A= (1 — eW(H‘O(l))) 1+ o(1
V/2log(n)v2m ( W)

_ ¢n(73)2
2 (y — X

= NN A ) (1+0(1)).

To conclude, we compute :

_ on(x)?
ne 2

SrON 5o (1+0(1)) .
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