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1 LMGC, Univ. Montpellier, CNRS, Montpellier, France
2 CEA, DEN, DEC, SFER, LCU, F-13108 Saint-Paul-les-Durance, France
3 Faculty of Hydraulic Engineering, National University of Civil Engineering, Hanoi, Vietnam
4 〈MSE〉2, UMI 3466 CNRS-MIT, MIT Energy Initiative, 77 Massachusetts Avenue, 02139 Cambridge, MA, USA

Abstract. We investigate sheared granular materials composed of crushable particles by means of contact 
dynamics simulations and the bonded-cell model for particle breakage. Each particle is paved by irregular 
cells interacting via cohesive forces. In each simulation, the ratio of the internal cohesion of particles to the 
confining pressure, the relative cohesion, is kept constant and the packing is subjected to biaxial shearing. 
The particles can break into two or more fragments when the internal cohesive forces are overcome by the 
action of compressive force chains between particles. The particle size distribution evolves during shear as 
the particles continue to break. We find that the breakage process is highly inhomogeneous both in the 
fragment sizes and their locations inside the packing. In particular, a number of large particles never break 
whereas a large number of particles are fully shattered. As a result, the packing keeps the memory of its 
initial particle size distribution, whereas a power-law distribution is observed for particles of intermediate 
size due to consecutive fragmentation events whereby the memory of the initial state is lost. Due to growing 
polydispersity, dense shear bands are formed inside the packings and the usual dilatant behavior is reduced 
or cancelled. Hence, the stress-strain curve no longer passes through a peak stress, and a progressive 
monotonic evolution towards a pseudo-steady state is observed instead. We find that the crushing rate is 
controlled by the confining pressure. We also show that the shear strength of the packing is well expressed in 
terms of contact anisotropies and force anisotropies. The force anisotropy increases while the contact 
orientation anisotropy declines for increasing internal cohesion of the particles. These two effects compensate 
each other so that the shear strength is nearly independent of the internal cohesion of particles.

1 Introduction

Particle damage and fracture occur in granular materials
both in industrial applications such as powder technology
and mining and in natural rock and soil deformations and
flows. Particle size reduction during such processes affects
the mechanical behavior of a granular material through
both energy dissipation and evolution of granular tex-
ture [1–4]. The manufacture of compact shapes by mold-
ing powders is a well-known example in which the bulk
crushing of particles plays as much a role as particle rear-
rangements [5–9]. The grinding process of clinker nodules
in the cement industry is another example where particle
crushing is used to produce the desired size grading. The
energetic (in)efficiency of such operations is a crucial issue
that needs to be improved by a better control of the frag-
mentation process [9]. Another important example is the
effect of particle crushing on stress distribution in earth

dams. The permeability of soils constituting dams is re-
duced by particle breakage, thus increasing pore pressure
and dam failure probability by soil liquefaction [10].

Despite its industrial importance, the particle break-
age process and its underlying microscopic mechanisms
are still poorly understood due to granular disorder and
short length and time scales governing particle breakage.
For example, it is experimentally observed that crush-
ing may begin at stresses much lower than the cohesive
strength of single particles [3, 11]. This is a purely gran-
ular effect that reflects stress concentration due to the
presence of strong force chains. At low confining stresses,
tensile fracturing plays an important role in the develop-
ment of shear bands [12,13]. In such cases, particle fracture
occurs mainly in intense shearing bands, and the mechan-
ical properties of the granular sample become strongly in-
homogeneous. Conversely, the advent of particle breakage
may be at the origin of shear banding.

A key issue is whether a self-similar or stable size dis-
tribution is reached under continuous fragmentation by



shearing or compaction and whether the memory of the 
initial size distribution is lost by the fragmentation pro-
cess [14]. Several experiments seem to indicate that par-
ticle fragmentation in granular materials does not signif-
icantly change the size of the largest particles (though 
their number declines) [14–17]. In fact, the larger particles 
are mostly surrounded by smaller particles, reducing thus 
the mean shear stress that they support. In this way, the 
lower shear stress exerted on large particles outweighs the 
decreasing strength of individual particles with increasing 
particle size. For this reason, the resulting size distribution 
is expected to be dependent on the initial size distribution.

Analytical models have also been proposed for the evo-
lution of the particle size distribution (PSD) [18–24]. Most 
models are based on kinematic considerations and the cas-
cading nature of the fragmentation process, leading to log-
normal distributions or power laws [20, 25, 26] A power-
law distribution of fragment sizes may be a consequence 
of the absence of characteristic length scales in the pro-
cess [27, 28]. This power-law PSD, as observed in experi-
ments, is sometimes attributed to the force network [29]. 
However, the force network has not a fractal nature, al-
though the inhomogeneous distribution of forces, com-
posed of a network of strong force chains embedded in a 
network of weak forces carrying low shear stress [8,30–36], 
plays a prominent role in the process of particle crush-
ing [19, 24].

Numerical simulations by Discrete-Element Methods 
(DEM) have been increasingly employed in order to get a 
better understanding of the particle size reduction [37–41]. 
Such discrete element numerical methods, based on rigid-
body dynamics and frictional contact interactions, require 
a model of particle fracture such as the Bonded Parti-cle 
Model (BPM) in which the particles are modeled as 
aggregates of spherical sub-particles bonded by cohesive 
forces [3,4,17,42–50]. In this model, the contacts between 
sub-particles need to be calibrated to produce a targeted 
macroscopic behavior of the material [42, 43]. DEM sim-
ulations of crushable granular materials have provided 
many interesting insights about the mechanisms of frac-
ture propagation and effects of particle crushing. It is re-
markable that, even in simple BPM simulations, a rather 
good agreement is often observed with experimental data. 
For example, the size-dependent strength of single parti-
cles is correctly reproduced [9, 45].

More recently, new variants of DEM-based fracture 
methods have been developed by accounting more rig-
orously for the fracture mechanics of individual parti-
cles. The particles are divided into cells by Finite-Element 
(FE) meshing [13, 51, 52] and the potential fracture paths 
are simply represented by damageable cohesive inter-
face elements. Alternatively, the cells can be treated as 
rigid elements of polygonal or polyhedral shapes obtained 
by Voronoi tessellation of the particles [53–57]. In this 
Bonded-Cell Model (BCM), the cells pave the whole vol-
ume of the particle so that the total volume is conserved 
by particle crushing. Recently, it was shown that this 
model may be simulated by means of the Contact Dynam-
ics (CD) method by assuming that the cells are perfectly 
rigid and their common sides are governed by frictional-

cohesive contacts [57]. The CD method accounts for the
correct kinematics of side-side contacts. A crack is gener-
ated only when all critical intercellular contacts (contacts
at their tensile threshold) percolate across the particle.
This model reproduces correctly major fracture properties
of disk-like particles subjected to diametrical compression,
including fracture modes, size dependence and compres-
sive strength [57].

In this paper, we use CD simulations with the BCM
to analyze the behavior of granular samples composed of
many crushable pentagonal particles subjected to biaxial
shearing. We are interested in the stress-strain behavior
and the evolution of PSDs. In particular, in contrast to
shear without taking into account particle breakage, the
value of the confining stress plays an important role and
it will be quantified in this study.

During biaxial compression, the packing deforms due
to both particle rearrangements and particle crushing de-
pending on the internal cohesion of the particles compared
to the confining pressure. The continuous shearing of a
granular assembly under biaxial compression implies also
the redistribution of the fragments generated by particle
crushing and hence their efficient filling of the void space.
It is therefore interesting to understand how this fragmen-
tation process affects the evolution of the internal friction
coefficient and dilatancy of the granular samples.

In the following, we first briefly describe the numeri-
cal approach and simulation parameters. Then, we focus
on the stress-strain behavior. Finally, we analyze the evo-
lution of the samples in terms of PSD and texture. We
conclude with salient results of this work.

2 Numerical approach

2.1 Bonded-cell model

The simulations were performed by means of the CD
method together with the BCM as detailed in [57]. We
used particles of polygonal shape which were divided into
nv cells by Voronoi tessellation, each cell representing a
rigid sub-particle. For a particle of area S, the number of
cells is given by nv = S/d2

0
, where d0 is the average cell

size. nv points are distributed randomly inside each par-
ticle by imposing that the distance L between the points
is above 0.8d0. The cells interact via cohesive frictional
contacts along their common sides. A side-side contact
between two cells involves two unilateral constraints, and
hence two repulsive forces along the common side are re-
quired to prevent their overlap. For this reason, a side-side
contact is represented by a set of two contact points, as
illustrated in fig. 1(b), and the normal direction is the
normal to the common side.

When a particle breaks into fragments, the latter may
have both side-side and side-vertex contacts. The normal
direction for a vertex-side contact is perpendicular to the
cell side. Vertex-vertex contacts are rare, but when they
occur, they are treated as double side-side contacts as de-
tailed by Azema et al. [58]. In the CD method, the rigid-
body equations of motion are integrated by simultane-
ously accounting for all kinematic constraints arising from



(a) (b)

Fig. 1. Contact dynamics model of side-vertex (a) and side-
side (b) contacts.

contact interactions [59–62]. The implicit time-stepping
scheme allows for large time steps, and the numerical pre-
cision can be controlled independently by the number of
iterations in each time step. The CD method has been
extensively employed for the simulation of granular mate-
rials in 2D and 3D [30,59,63–78]. But here it is applied for
the first time to granular materials of crushable particles.

The cohesive strength σc is assumed to be the same for
all particles, and the shear strength is given by τc = μsσc,
where μs is the internal friction coefficient. The choice of a
frictional material behavior is not mandatory for the par-
ticles and τc may be defined independently of σc. We used
a Coulomb friction law in order reduce the number of inde-
pendent strength parameters. When the cohesion between
two cells is lost along a side-side contact, the latter turns
into a crack governed by the frictional contact behavior.
The loss of cohesion is assumed to be irreversible.

2.2 Simulation setup

For our simulations we used pentagon-shaped particles.
Due to their 5-fold directional symmetry, the pentagons
are less prone to local ordering than hexagons and squares,
which may spontaneously organize into locally ordered
structures. The size of a pentagonal particle is defined by
the diameter d of its circumscribed circle. We used a uni-
form distribution of particle volume fractions in a range
[dmin, dmax = 3dmin]. Initially, we have 1000 particles,
which may potentially fragment into 44249 fragments of
diameter d0 = 0.2dmin using the BCM; see fig. 2. These
particles are initially placed on a square lattice in a rect-
angular box of dimensions l0×h0 and deposited under the
action of the gravity g. Then, the gravity is set to 0 and
the packings are subjected to isotropic compression. The
friction coefficient between particles and with the walls is
set to zero during compression in order to obtain dense
and isotropic packings as shown in fig. 2(a). The coeffi-
cient of friction between cells is set to μc = 0.3.

This isotropic samples are then subjected to vertical
compression by downward displacement of the top wall
at a constant velocity ẏ, where y is the vertical length,
for a constant confining stress σ0 acting on the lateral
walls. The friction coefficient μ is now set to 0.3 between
particles and to zero with the walls. The zero friction with
the walls prevents from stress gradients as those leading to
the Janssen effect [79]. The vertical shear rate ε̇ = ẏ/y is

(a)

(b)

Fig. 2. Packing of pentagonal particles at the beginning of
biaxial shearing (a); Particles tessellated into Voronoi cells (b).

low enough to ensure quasi-static conditions by reducing
the value of the dimensionless inertia parameter I given
by (in 2D) [80] :

I = ε̇

√

m

p
, (1)

where m is mean particle mass and p is mean pressure.
The quasi-static limit is characterized by the condition
I ≪ 1. In our simulations, I was below 10−3.

For large values of the confining stress σ0 compared to
the internal cohesion σc, some particles break at the very
beginning of the test. Since we are not interested here



in particle crushing by the action of the applied stress1, 
we only consider cohesion levels such that the particles 
remain intact prior to the application of shear strain. This 
depends on the dimensionless number

Ce =
σc

σ0

, (2)

which defines the “relative” cohesion of the particles. We
checked that the samples are intact at the beginning of
biaxial compression for Ce > 1. Hence, we will analyze
below the macroscopic behavior and particle fragmenta-
tion process for Ce = 1, 2, 5, 10 and 20, respectively. Since
the confining stress is too low to cause spontaneous parti-
cle crushing, the latter occurs in response to shearing and
fluctuating stresses. As we shall see below, the relative co-
hesion determines the crushing rate. Video samples of the
simulations analyzed below can be found by following the
link: www.cgp-gateway.org/ref034.

3 Macroscopic behavior

In this section, we consider the stress-strain and volume-
change behavior for different values of the cohesion param-
eter Ce. We need to evaluate the stress tensor and packing
fraction during deformation from the simulation data. For
the stress tensor, we start with the tensorial moment M i

of each particle i defined by [81,82]:

M i
αβ =

∑

c∈i

fc
αrc

β , (3)

where fc
α is the α component of the force exerted on par-

ticle i at contact c, rc
β is the β component of the position

vector of the same contact c, and the summation runs over
all contact neighbors of particle i (noted briefly by c ∈ i).
The average stress tensor σ in the volume V of the sample
is given by the sum of tensorial moments of all particles
divided by V :

σ =
1

V

∑

i∈V

M i =
1

V

∑

c∈V

fc
αℓc

β , (4)

where ℓc is the branch vector joining the centers of the two
touching particles at contact point c. The first summation
runs over all particles whereas the second summation runs
over contacts.

Under biaxial compression, the major principal stress
σ1 is oriented along the compression axis whereas the mi-
nor principal stress σ2 is perpendicular. The mean stress
p and stress deviator q are defined as

p =
1

2
(σ1 + σ2), (5)

q =
1

2
(σ1 − σ2). (6)

1 The uniaxial compaction has been investigated using the
same method but the results will be presented in an upcoming
paper.
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Fig. 3. Evolution of the normalized deviator stress q/p (a) and
packing fraction (b) as a function of the shear strain εq for the
different values of effective cohesion Ce.

For our system of perfectly rigid particles, the stress state
is characterized by the mean stress p and the normalized
stress deviator q/p. The internal angle of friction is given
by sinϕ = q/p.

The strain parameters are the cumulative vertical, hor-
izontal and shear strains ε1, ε2 and εq, respectively. By
definition, we have

ε1 =

∫ h

h0

dh′

h′
= ln

(

1 +
Δh

h0

)

, (7)

where h0 is the initial height and Δh = h0 −h is the total
downward displacement, and

ε2 =

∫ l

l0

dl′

l′
= ln

(

1 +
Δl

l0

)

, (8)

where l0 is the initial box width and Δl = l−l0 is the total
change of the box width. The cumulative shear strain is
then defined by

εq ≡ ε1 − ε2. (9)

Finally, the cumulative volumetric strain εp is given by

εp = ε1 + ε2 =

∫ V

V0

dV ′

V ′
= ln

(

1 +
Δρ

ρ

)

(10)

where V0 = l0h0 is the initial volume and Δρ = ρ − ρ0 is
the cumulative change of packing fraction ρ.

Figure 3(a) shows the evolution of the normalized
stress deviator q/p as a function of the shear strain εq



(a) (b)

(c) (d)

Fig. 4. Snapshots of the packing for Ce = 5 during shear:
(a) εq = 0.1, (b) εq = 0.2, (c) εq = 0.4, (d) εq = 0.8.

for different values of Ce. We see that for high values of
Ce, q/p increases to a peak before relaxing to a constant
value q∗/p ≡ sinϕ∗ in steady shearing state. For the lowest
values of Ce, q/p evolves to the same steady value sin ϕ∗

without passing by a peak. The peak stress increases with
Ce as observed by triaxial shear tests [83]. Hence, a major
effect of enhanced particle crushing due to low cohesion of
particles, as we shall see below, is to cancel or reduce the
stress peak as the packing is sheared.

Figure 3(b) shows the evolution of packing fraction as
a function of εq. Here again, we clearly observe the effect
of particle fragmentation, which leads to a contracting be-
havior (increase of ρ) at low cohesion and to a dilating be-
havior (decrease of ρ) at high cohesion at the beginning of
shearing. Particle rearrangements induced by shear imply
dilation since our samples are initially very dense, but this
dilation is counter-balanced here by the fragmentation of
particles when the cohesion is weak, tending thus to in-
crease the packing fraction by numerous small particles
filling the space between larger particles. Interestingly, the
evolution of ρ is subsequently reversed by crushing in the
dilatant case and by dilation in the contracting case. All
samples seem to converge towards the same level of pack-
ing fraction. Nevertheless, a constant packing fraction is
not reached. For this reason, we will refer below to this
state as “quasi-steady” state.

The long evolution of the packing fraction reflects the
fact that the breaking process is not homogeneous. Par-
ticle breakage occurs initially in the entire volume, but it
quickly concentrates in several shear bands as observed in
a series of snapshots in fig. 4 for Ce = 5. A zoom on a
shear band is displayed in fig. 5. We see that the shear
bands are mainly composed of fragments and damaged

Fig. 5. Zoom on a shear band at εq = 0.4. The line segments
are cracks.

particles. A close inspection of the snapshots also reveals
that the cracks often occur at the boundaries of particles,
where the stresses are mostly concentrated by side-vertex
contacts.

Another striking feature of the shear bands is the
shattering of many particles whereas some others remain
nearly intact. This indicates that particle crushing is often
an unstable process in which strong force chains remain
active on a damaged or fragmented particle until it fully
breaks up. On the other hand, many small fragments pro-
duced from the breakup of particles in the neighbourhood
of a large particle may reduce the mean shear stress acting
on the large particle and hence its probability of failure.
As a consequence of this coexistence between intact and
shattered particles, the packing fraction is higher in the
shear zones. This feature is also unique to a packing of
crushable particles since the shear bands in the absence of
particle breakage are often dilatant zones with a packing
fraction below the average [84–88].

4 Evolution of particle damage and size

distributions

In order to achieve a quantitative description of the frag-
mentation process, we need to analyze the proportions of
cracks, damaged particles and fragment sizes during shear.
Figure 6(a) shows the proportion Pb of broken (or dam-
aged) particles as a function of cumulative shear strain.
This is the proportion of particles that have undergone any
degree of damage (one or several cracks or broken into two
or more fragments). Pb increases rapidly at the beginning
of shear and then continues to increase at a lower rate in
the quasi-steady state for εq ≃ 0.4. It is remarkable that
the plots nearly coincide for Ce ≤ 5. For lower values of
Ce nearly all particles are damaged before a quasi-steady
state is reached. This suggests that, even at these levels
of cohesion for which the particles do not break at the be-
ginning of shear under the action of the confining stress,
the latter prevails nevertheless during shear. In contrast,
for Ce ≥ 5, the latter plays no role and particle breakage
appears to be fully governed by shearing.



0.0 0.2 0.4 0.6 0.8 1.0 1.2
ε

q

0.0

0.2

0.4

0.6

0.8

1.0

P
b

C
e
=1

C
e
=2

C
e
=5

C
e
=10

C
e
=20

(a)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
ε

q

0.0

0.2

0.4

0.6

0.8

P
f

C
e
=1

C
e
=2

C
e
=5

C
e
=10

C
e
=20

(b)

Fig. 6. Evolution of the proportion Pb of damaged particles
(a) and the fraction Pf of broken contacts (b) as a function of
cumulative shear strain during biaxial compression for different
values of Ce.

It is also important to note that even for Ce ≤ 5 all
cohesive contacts do not break apart and all particles are
not fully fragmented. Figure 6(b) shows the proportion
Pf of broken contacts. Pf increases steadily such that no
difference can be observed between the initial and late
regimes as we observed in the evolution of Pb. This means
that particle damage is a more sensitive descriptor of the
process than contact breakage. The relative cohesion Ce

controls the rate of contact breakage but not that of par-
ticle breakage, which seems to be independent of Ce for
Ce ≤ 5 and is more closely correlated with the evolution
of the stress deviator.

The cumulative volume fraction (CVF) h(d) of par-
ticle fragments (total volume of particles with diameters
below d) is shown in fig. 7 for two values of Ce. The ini-
tial distribution is uniform by particle volume fractions,
corresponding to an affine function in this representation
of PSD. We observe a progressive evolution of h towards
smaller particle diameters. The distribution h remains es-
sentially uniform by particle volume fractions for all diam-
eters except for fragments of diameters close to the size of
cells. Since the cells cannot break, the number of cell-size
fragments increases during this process.

We may thus characterize the size distributions as
composed of three distinct parts: 1) affine with a high
slope β for d/dmax ≥ 0.3, 2) affine with a lower slope for
0.1 ≤ d/dmax ≤ 0.3 and 3) a population of particles with
a size of about the mean cell size for d/dmax ≤ 0.1. Obvi-
ously, the affine shape of the CVF implies that the frag-
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Fig. 7. Evolution of the cumulative volume fraction of particles
during the biaxial deformation for Ce = 5 (a) and Ce = 20 (b).

ment sizes are distributed as P (d) ∝ d−2 initially and in
the range of both large and small fragments. The exponent
D = −2 is the fractal dimension. Our value of the fractal
dimension is close to many others simulation and experi-
mental results [89–92] with values ranging from 1.5 to 3.5
for granular materials. The first part is the reminiscence of
the initial size distribution. In particular, the largest par-
ticle size dmax is not reduced even at large shear strains.
This part of the distribution consists mainly of particles
that have lost small fragments. The second affine distri-
bution is the population of fragments generated from the
breakup of particles. Its affine shape can be attributed
to the self-similar nature of the process, which allows for
fragments of all sizes to be generated from larger parti-
cles [89].

The first part of the CVF (large fragments) can thus
be approximated as

h(d) = h(d1) + β(d − d1), (11)

where d1 ≃ 0.4dmax is the particle size separating the two
affine parts and

β =
1 − h(d1)

dmax − d1

(12)

The volume fraction h(d1) increases with εq and it declines
when Ce increases. Figure 8 shows the evolution of β with
εq for different values of Ce. Just as the proportion of
damaged particles, β decreases first rapidly depending on
the value of Ce and then continues to decrease steadily at
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Fig. 8. Evolution of parameter β (see text) as a function of cu-
mulative shear strain for different values of effective cohesion.

a lower rate with nearly the same rate for all values of Ce.
The size reduction rate in this phase reflects the shear rate.
This is fully consistent with the picture that the evolution
of the packing is governed by pressure-induced crushing
at the beginning of biaxial shearing and by strain rate in
the quasi-steady state.

5 Contact network and fabric evolution

It was shown above that the internal angle of friction in
the quasi-steady state is nearly constant while particles
keep breaking and the microstructure and packing frac-
tion evolve. In this section, we analyze the microstructure
and contact variables such as force and fabric anisotropies
in order to gain a deeper insight about physical mecha-
nisms underlying the shear strength in a granular packing
of crushable particles. Figure 9 shows successive snapshots
of a portion of the contact network during shear. The mi-
crostructure can be described in terms of the connectivity
of the contact network, which at lowest order is charac-
terized by the coordination number Z (average number of
contact neighbours per particle), and the orientations n
of contacts. We see that the contact network changes as a
result of the generation of new fragments of different sizes.
These fragments move in the course of shearing. The query
here is whether the granular texture is influenced only
through the increasing polydispersity of the particles.

Figure 10 shows the evolution of Z as a function of
shear strain. As in the case of packing fraction analyzed
in sect. 3, for Ce > 5 we find here an unmonotonic evolu-
tion due to competition between volume change (dilation
or contraction) by particle rearrangements and enhanced
space-filling by small fragments as a result of particle frag-
mentation. For Ce < 5, Z declines monotonically. This
may appear surprising since the packing fraction increases
at the beginning of shear. It indicates that all generated
fragments do not spontaneously make new contacts with
existing particles and their fragments. As for packing frac-
tion, the contact network even after large shearing keeps
changing despite the nearly constant value of the shear
strength.

The anisotropies of the contact network and contact
forces are usually described in terms of the probability
density function P (n) of contact normals, the average

(a)

(b)

(c)

(d)

Fig. 9. Snapshots of a portion of the contact network for
Ce = 20 at εq = 0.1 (a), εq = 0.2 (b), εq = 0.6 (c) and
εq = 1.0 (d). The contacts are represented by segments joining
particle centers. The gray level of particles is proportional to
the coordination number.



0.0 0.2 0.4 0.6 0.8 1.0 1.2
ε

q

3.0

3.2

3.4

3.6

3.8

4.0

4.2

Z

C
e
=1

C
e
=2

C
e
=5

C
e
=10

C
e
=20

Fig. 10. Evolution of the coordination number Z as a function
of shear strain for different values of Ce.

branch vector (joining particle centers) 〈ℓ〉(n) and the av-
erage contact force 〈f〉(n) as a function of the contact
normal n [61, 93–98]. In two dimensions, the unit vector
n is defined by its angle θ with the x-axis, and the branch
vector ℓ and contact force f can be represented by their
normal and tangential components. Thus, the probability
density Pθ(θ) of contact orientations θ, the angular aver-
ages of the components 〈ℓn〉(θ) and 〈ℓt〉(θ) of the branch
vector and the average components 〈fn〉(θ) and 〈ft〉(θ) of
forces as a function of contact orientation θ provide a full
description of the anisotropic state.

As a granular material is sheared, the above functions
tend to take a simple unimodal shape well approximated
by their truncated π-periodic Fourier expansions [93,96]:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

P (θ) =
1

2π
{1 + ac cos 2(θ − θc)},

〈ℓn〉(θ) = 〈ℓn〉{1 + aln cos 2(θ − θln)},

〈ℓt〉(θ) = 〈ℓn〉alt sin 2(θ − θlt),

〈fn〉(θ) = 〈fn〉{1 + afn cos 2(θ − θfn)},

〈ft〉(θ) = 〈fn〉aft sin 2(θ − θft),

(13)

where ac is the contact orientation anisotropy, aln is the
normal branch anisotropy, alt is the tangential branch
anisotropy, afn is the normal force anisotropy, and aft

is the tangential force anisotropy. The angles θc, θln, θlt,
θfn, and θft are the corresponding privileged directions.
Here, we consider all contacts between cells belonging ei-
ther to two different particles or to the same particle. All
cell-cell contacts transmit forces and, for this reason, they
are involved in the average stress tensor of the packing.

Figure 11(a) shows the evolution of the contact ori-
entation anisotropy ac for different values of Ce. For all
values of Ce, ac increases with shear strain. For Ce = 1
and Ce = 5 we observe a fast increase of anisotropy at the
beginning, followed by a slow increase above εq = 0.4. Par-
ticle fragmentation affects therefore the contact network
by an increase of ac (and decrease of Z as it was shown
before). Figures 11(b) and (c) show the anisotropies of
normal forces afn and tangential forces aft as a function
of shear strain. Both anisotropies increase to a peak, and
then decrease and level off at a constant value in the quasi-
steady state. During shear, the anisotropies are higher at
higher values of Ce. The normal force anisotropy reflects
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Fig. 11. Evolution of the contact orientation anisotropy ac (a),
normal force anisotropy afn (b) and tangential force anisotropy
aft (c) during shear.

strong force chains whereas the tangential force anisotropy
is a measure of friction mobilization. In both cases, the
anisotropy is lower at lower cohesion as particles break at
too high force concentration or friction mobilization.

The internal angle of friction ϕ∗ in the quasi-
steady state is a direct consequence of fabric and force
anisotropies. Due to shear, the privileged directions of con-
tacts and forces tend to coincide with the major principal
stress direction so that θc ≃ θln ≃ θlt ≃ θfn ≃ θft. Under
these conditions, it can be shown that [70,93,99]

sinϕ∗ ≃
1

2
(ac + aln + alt + afn + aft). (14)

The evolution of sinφ∗ as well as its predicted value from
the above relation are shown in fig. 12(a) as a function of
Ce. We see that ϕ∗ is nearly independent of Ce and the
measured values are in excellent agreement with the pre-
dicted values. The evolution of different anisotropies with



0 5 10 15 20

C
e

0.30

0.35

0.40

0.45

0.50

si
n
ϕ

*

sin(ϕ*)

0.5(a
c
+a

fn
+a

ft
+a

ln
+a

lt
)

(a)

0 5 10 15 20

C
e

0.0

0.2

0.4

0.6

0.8

a
c

a
fn

a
ft

a
ln

a
lt

(b)

Fig. 12. Normalized shear stress sin φ∗ and harmonic approx-
imations given by eq. (14) (a) and mean value of anisotropies
in the quasi-steady state as a function of the effective cohesion
Ce (b).

Ce is displayed in fig. 12(b). For increasing Ce, afn in-
creases and ac declines. The evolution of other anisotropies
is not significant. Hence, the independence of ϕ∗ with re-
spect to the internal cohesion of the particles is a conse-
quence of additive compensation between the increase of
afn and the decrease of ac. The increase of afn may be at-
tributed to the production of particles of anisotropic shape
by fragmentation whereas the decrease of ac is a conse-
quence of increasing polydispersity. This behavior was pre-
viously analyzed for polydisperse granular materials [74].
The shear strength is basically controlled by the largest
particles, which capture strong force chains and lead to a
higher force anisotropy whereas the contact anisotropy de-
clines due to increasing polydispersity. Hence, the nature
of force transmission and fabric anisotropy both change
with the internal cohesion of particles on which the frag-
mentation process depends, but the shear strength re-
mains nearly unchanged.

Note that the shear strength at peak sinφpeak increases
strongly with Ce as shown in fig. 13(a). We also see in
fig. 13(b) that sinφpeak increases mainly due to the in-
crease of the normal force anisotropy afn and the tangen-
tial force anisotropy aft with Ce.

6 Conclusion

We used the bonded-cell model in the contact dynamics
framework to investigate the mechanical behavior of pack-
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Fig. 13. Normalized shear stress sin φ∗ and harmonic approx-
imations given by eq. (14) (a) and mean values of anisotropies
at peak as a function of the effective cohesion Ce (b).

ings of pentagonal crushable particles subjected to biaxial
shearing. In this work, the ratio of the mean confining
stress to the internal cohesion of particles was fixed and
the fragmentation process was a consequence of continu-
ous shearing and local stress fluctuations. This is different
from most reported studies in which particle crushing is
a direct consequence of increasing stress. In this respect,
in our simulations particle crushing is an intrinsic mecha-
nism of shear together with particle rearrangements, slid-
ing and rolling. Hence, the effect of particle crushing on
the rheological behavior (shear strength, dilatancy) is a
fundamental issue that was addressed in this paper. It
is important to note that our breaking method by repre-
senting the particles as clusters of bonded cells, allows for
particle breakage without loss of volume, whereas most in-
vestigations in the past used the bonded-particle method
in which the particles are aggregates of spherical or circu-
lar particles.

It was shown that particle crushing can suppress di-
latancy at low ratios of the internal cohesion of the par-
ticles to the confining stress. This ratio, which represents
the relative cohesion of the particles, affects also the par-
ticle fragmentation rate. In all cases, a quasi-steady state
is reached after a transient with a nearly constant shear
strength although particles keep breaking by shear. We
also analysed the force and fabric anisotropies underlying
shear strength. The force anisotropy increases while the
contact orientation anisotropy decreases with the inter-
nal cohesion of the particles. The mutual compensation
of these anisotropies for increasing confining stress leads



to a shear strength independent of confining stress in the 
quasi-steady state.

As to the evolution of particle size distribution, we 
found two complementary behaviors: 1) The memory of 
the particle size range is partially conserved since a frac-
tion of large particles do not break, and 2) a power-law size 
distribution emerges in the range of intermediate frag-
ment sizes due to loss of memory induced by the consec-
utive breakage of large particles into increasingly smaller 
fragments. For the lowest values of relative cohesion, the 
distribution is largely dominated by the effect of the ir-
reducible size of the smallest fragments. For this reason, 
the size distributions of fragments for the lowest levels of 
cohesion are less reliable compared to real materials, 
wherein the fine particles may in principle continue to 
fragment and the size span can evolve. Another important 
feature evidenced by our simulations is the localization of 
strains and fragmentations in shear bands. Size polydis-
persity being greater in these bands, contrary to the dila-
tant bands usually observed, these bands are more com-
pact and therefore resemble compaction bands. The width 
of these bands increases with the shear.

This work can be pursued for a better understanding of 
the effects of different geometrical parameters such as 
particle shapes and their initial size distributions. The ini-
tial particle shapes can be irregular polygons of arbitrary 
numbers of sides and aspect ratios. In particular, it would 
be both interesting and of practical interest to clarify the 
respective roles of the number of sides and aspect ratios, 
which affect both the initial value of the packing fraction 
and its anisotropic structure. The bonded-cell model can 
also be applied to 3D particles. We presently develop a 3D 
version of our approach, which, in application to represen-
tative packings of 3D particles, will require much higher 
computational effort than in 2D.
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74. C. Voivret, F. Radjäı, J.-Y. Delenne, M.S. El Youssoufi,

Phys. Rev. Lett. 102, 178001 (2009).
75. Dirk Kadau, Guido Bartels, Lothar Brendel, Dietrich E.

Wolf, Comput. Phys. Commun. 147, 190 (2002).
76. Ivar Bratberg, Farhang Radjai, Alex Hansen, Phys. Rev.

E 66, 031303 (2002).
77. Duc-Hanh Nguyen, Emilien Azéma, Farhang Radjai,
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85. J.P. Bardet, J. Proubet, J. Eng. Mech. 118, 397 (1992).
86. A.N.B. Poliakov, H.J. Herrmann, Geophys. Res. Lett. 21,

2143 (1994).
87. H.J. Herrmann, J.A. Astrom, R. Mahmoodi Baram, Phys-

ica A: Stat. Mech. Appl. 344, 516 (2004).
88. J. Desrues, G.S. Viggiani, Int. J. Numer. Anal. Methods

Geomech. 28, 279 (2004).
89. D.L. Turcotte, J. Geophys. Res.: Solid Earth 91, 1921

(1986).
90. H.J. Herrmann, A.N.B. Poliakov, S. Roux, Fractals 3, 821

(1995).
91. G.R. McDowell, M.D. Bolton, D. Robertson, J. Mech.

Phys. Solids 44, 2079 (1996).
92. Tetsuo Akiyama, Keiko M. Aoki, Tatsusaburo Iguchi,

Kazuo Nishimoto, Chem. Eng. Sci. 51, 3551 (1996).
93. Leo Rothenburg, R.J. Bathurst, Géotechnique 39, 601
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