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Abstract Purpose Minimally invasive surgery is be-
coming the standard treatment of care for a variety
of procedures. Surgeons need to display a high level
of proficiency to overcome the challenges imposed by
the minimal access. Especially when operating on a dy-
namic organ, it becomes very difficult to align instru-
ments reliably and precisely. In this paper, a hybrid ro-
botic system and a dedicated robotic control approach
are proposed to assist the surgeon performing complex
surgical gestures in a dynamic environment.

Methods The proposed hybrid robotic system con-
sists of a rigid robot arm on top of which a continuum
robot is mounted in series. The continuum robot is
locally actuated with McKibben muscles. A control
scheme is adopted based on quadratic programming
framework. It is shown that this framework allows en-
forcing a set of constraints on the pose of the tip, as
well as of the instrument shaft, which is commanded
to slide in and out through the entry point.

Results Through simulation and experiments it is
shown how the robot tool-tip is able to follow sinus-
oidal trajectories of 0.37 Hz and 2 Hz, corresponding
to motion due to breathing and heartbeat respectively,
while maintaining the instrument shaft pivoting nicely
about the entry point. The positioning and tracking ac-
curacy of such system is shown to lie below 3mm in
position and 5◦ in angle.
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Conclusion The results suggest a good potential for
applying the proposed technology to assist the surgeon
during complex robot-assisted interventions. It is also
illustrated that even when using flexible hence relat-
ively safe end-effectors, it is possible to reach accept-
able tracking behaviour at relatively high frequencies.
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1 Introduction

Minimally invasive surgery (MIS) is becoming the stand-
ard treatment for many surgical procedures. Shorter
patient recovery time, reduced trauma, reduced in-
flammatory reaction and potentially lower medical costs
are some of the claimed benefits. For example in the
case of heart surgery the procedure could be performed
on a beating heart as opposed to open heart surgery,
which more frequently needs an arrested heart and a
cardiopulmonary bypass. If operated on an arrested
heart, the heart is assessed in a non-physiological con-
dition. In the beating heart approach, the surgeon can
more easily evaluate the outcome of her/his actions and
adjust the intervention on the spot to optimize the clin-
ical outcome. Whereas the patient is seeing multiple
and clear benefits, this stands in contrast to a signific-
antly increased difficulty in execution of the procedure
itself, due to reduced access and reduced dexterity. The
success of the procedure is therefore determined by the
ability of the surgeon to overcome these technical chal-
lenges and her/his ability to correctly handle and align
surgical instruments, and manipulate tissue or ana-
tomic structures. To simplify the problem, nowadays,
one often resorts to rapid pacing, minimizing cardiac
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motion and therefore simplifying instrument control.
Rapid pacing is an established technique for tempor-
ary heart arrest. For example in the procedures such
as Transcatheter Aortic Valve replacement (TAVI) [5],
rapid pacing is used when the arrest of left ventricular
ejection is required. The periods where rapid pacing is
used are however to be kept minimal in order to ensure
hemodynamic stability. This is especially critical in pa-
tients with depressed left ventricular function and/or
non-revascularized coronary artery disease [16].

Above mentioned limitations could potentially be
overcome by introducing a dynamic robotic system
that guides the positioning and deployment of surgical
instruments in the moving environment. For example
in the work by Kesner [14], a motion compensation
control strategy for a single Degree of Freedom (DoF)
robotic catheter was demonstrated. This study focused
on solving the problems of catheter backlash and fric-
tion resulting from insertion of the catheter inside the
guiding rigid sheath. The kinematics of such system
is straightforward since the resulting insertion and re-
traction of the catheter results in a collocated motion
of the robotic catheter tip w.r.t. the guiding sheath. The
access port for surgical instruments resulting from the
MIS approach particularly limits the dexterity of the
surgical instruments, hence additional degrees of free-
dom are required to correctly position and align the
instruments. By introducing the instrument through
the access port(trocar), the surgeon is effectively losing
two degrees of freedom. Her/his motions are restric-
ted to insertion/retraction, rotation and pivoting about
the entry point. Moreover, the pivot point creates a ful-
crum effect that inverts the movements of the tip of
the instrument. By using an instrument which offers
two additional local DoFs past the trocar point, instru-
ment dexterity can be restored, allowing for complete
control over position and orientation of the tool. For
example, a possible compliant 2-DoF surgical instru-
ment was presented in [21]. Such compliant structure,
nowadays often referred to as continuum robot [22, 27],
would provide additional local DoFs that can over-
come the motion constraints that are imposed by the
access port. The combination of a rigid robot with a
tip-mounted active continuum robot proposed in this
work would restore the 6 DoFs required for correctly
positioning and alignment of the surgical instruments.
Fig. 1 illustrates conceptually how such a system could
be used for example for a robot-assisted transapical,
transcatheter aortic valve implantation. The prosthetic
valve would be mounted here on top of the flexible sur-
gical instrument. In more challenging procedures such
as mitral valve repair and mitral valve replacement,
such robotic approaches could bring even more bene-

Artificial valve

Continuum robot

Entry point (trocar)

Rigid robot

Fig. 1 Illustration of an exemplary robot-assisted heart proced-
ure. In trans-catheter transapical aortic valve implantation the
native valve has to be replaced by a prosthetic valve which could
be mounted on a dynamically controlled hybrid robotic system
as illustrated here.

fits. The use of such hybrid-robotic mechanism for op-
eration on a beating heart was also demonstrated in the
work of Thienprapa [24]. The system was used to posi-
tion the instrument tip on a location in the heart where a
possible foreign body could be captured. Even though
operating on a beating heart, the control strategy does
not involve active heart beating compensation tech-
niques and the overall system, as claimed by the au-
thors, features slow motion. In this paper we propose
a novel hybrid robotic system, where a pneumatically
actuated continuum robot featuring 2-DoF was used to
follow a relatively fast heart beating motion.

Continuum robots are considered more and more
for use in surgical interventions. Their ability to bend
and flex upon contact with the environment is con-
sidered extremely appealing especially from a safety
point of view. When compared to their rigid counter-
parts such as the Intuitive Surgical Da Vinci system
[12], the inherent compliance many of the continuum
robots exhibit makes it easier to keep force levels down.
Nevertheless, the control of continuum robots is con-
siderably more involved since their kinematic beha-
viour is largely dependant on various forces acting on
the robot (such as environment interaction forces or
gravity). In recent years, this problem attracted a lot of
attention by the research community. A variety of mod-
els as well as different designs of pneumatically driven
continuum robots have been proposed. To name a few,
the deflection of the pneumatically driven robots un-
der the presence of external loads was treated in [26].
Here a Cosserat rod model of the robot was used to
account for deflections resulting from the gravitational
loads. Another example includes modelling of a multi-
segment robot through a lumped mass-spring-damper
model [13]. The behaviour of pneumatically driven ro-



Control of a hybrid robotic system for computer-assisted interventions in dynamic environments 3

bots with variable lengths was described in [10]. This
work targeted in particular the kinematics of robots
which experience contraction and elongation during
their actuation. Another concept of a pneumatically
driven robot used as an active colonoscope was demon-
strated in [4]. Here a constant curvature assumption
was used to model the continuum robot kinematics.
Whereas these aforementioned designs are not meant
to be used as surgical tools for heart surgery mainly
due to their large size, the main concepts of pneumatic
actuation and kinematic modelling are also valid for
the case of the continuum robot treated in this paper.
Since the goal of this paper is to evaluate the ability of
the robotic system to follow complex trajectories un-
der a complex set of constraints, we will deal mainly
with free space motion. A simpler constant curvature
continuum robot model can therefore be used here [28].

Multiple and complex motion constraints follow
directly from the nature of the envisioned transapical
MIS procedure. Since these constraints need to be ex-
pressed in different, time-varying coordinate frames,
this largely complicates the formulation of appropri-
ate robot controllers. Here, the task-frame formalism
by Mason [19] forms an elegant solution allowing easy
expression of the different control objectives and ac-
cording derivation of joint level controllers. The Task
Frame Formalism is the ancestor of many frameworks
including i) the whole body framework (WBF, [15]) a
torque-resolved, priority-based scheme ii) the Stack of
Task (SoT, [18]), with great emphasis on optimization
of the solution computation, and iii) the instantaneous
task specification using constraints (iTaSC, [7]) and one of
the later developments eTC(expressiongraph-based Task
Controller, [1]) which, taking advantage of alternative
spatial representations, enriches the flexibility of task
description.

In our work the eTC framework is adopted to con-
trol a hybrid robotic system composed of rigid and
continuum elements. The approach proposed in this
work is general in the sense that it does not discrim-
inate between flexible or rigid parts of the system as
long as they are modelled in an adequate manner. Both
the controller and the actual system are validated in a
scenario where following fast trajectories is required.
Here, position tracking of the instrument tip is shown
to be possible while maintaining a rotational center-of-
motion.

The paper is built up as follows. crefsec:hybridsystem
gives an overview of the system and of the control
framework (Sec. 3) that is being used. The so-called
surgical scene which summarizes the collection of ob-
jects and coordinate frames of interest, along with im-
posed constraints is introduced in Sec. 4. Experimental
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Fig. 2 Hybrid robotic system consisting of a flexible continuum
robot mounted on a rigid robot arm. The rigid robot provides
6 DoFs to the tip, of which 2 are sacrificed to comply with the
kinematic constraint at the entry point into the body. Two addi-
tional DoFs are offered by the continuum robot tip which restore
the instrument dexterity in the presence of the trocar constraint.

results are reported in Sec. 5.3, and finally conclusions
are drawn in Sec. 6.

2 System overview

Fig. 2 shows the proposed hybrid-robotic system, where
the arrows indicate the possible motions the robot is
able to perform. Similar to manual operation, the rigid
part of the robot can also only execute: tool insertion
through the entry point, rotation of the tool about the
tool axis and tool pivoting around the entry point. In
addition, the tool tip can be bent in 2 directions. The
hybrid robot employed in this work consists of a pneu-
matically actuated continuum robot , mounted on a
longer shaft ® which is used to pass the surgical tool
through the trocar(indicated by the red circle). This
shaft is rigidly connected to a 3D-printed mounting
stage ¯ which is finally mounted on the rigid robot
¬. The type of the rigid robot employed in this study
is a KUKA LWR robot (KUKA, Germany) featuring
7 DoF. The continuum robot control box ± contains
valves to supply the pressure to the continuum robot
through the long pressure tubes °. An electromagnetic
(em) field generator module (NDI, Aurora) ² is placed
in the vicinity of the site of interest, giving absolute
position measurements (with respect to the coordinate
frame of the field generator) of the continuum robot.

The remainder of this section describes the con-
tinuum robot design (Sec. 2.1) and characterizes its
kinematic properties (??).
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McKibben muscles
NiTi backbone

Electromagnetic sensor
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Fig. 3 The robot is built from a NiTi tube designed to achieve the
desired bending. Four McKibben muscles are embedded inside
the NiTi tube. At the connection pieces at the tip and the rear
two electromagnetic tracking sensors are attached.

2.1 Continuum robot – Design and Actuation

The continuum robot, depicted in Fig. 3, is a composite
structure actuated with four McKibben muscles (a type
of pneumatic artificial muscles, PAM) embedded into
a flexible nitinol (NiTi) tube. In order to achieve the de-
sired maximal bending and stiffness, the tube has been
cut using wire-EDM, as shown in Fig. 3. The resulting
structure is 66 mm long and has an external diameter
of 7 mm. Each muscle is 66 mm long, has an initial dia-
meter of 2.1 mm, and it is fastened at each side of the
continuum robot.

The actuation is realised pneumatically. An increase
of pressure induces a radial expansion of the muscle,
as well as an axial contraction, and thereby an axial
pulling force. This pulling force is applied to the struc-
ture, making it bend. Characterized by a high power
density, McKibben muscles are also inherently more
compliant than other actuation principles. An extens-
ive characterization of artificial muscles can be found
in the literature [6, 11, 25]. Note that the surrounding
NiTi tube acts as a return spring, so that the continuum
robot straightens back if the pressure is released. The
four muscles are symmetrically distributed within the
NiTi tube, so that bending motions in two directions
are achieved by pressurizing one or more artificial
muscles.

The bending curvature of the structure is defined
by the composite stiffness of both the muscles and of
the NiTi tube, as well as the pressure to force ratio of the
artificial muscles. The relation between the curvature
of the continuum robot and the applied pressure can
then be expressed with a parameter K which has a
unit of [1/Pa· mm]. This parameter was obtained experi-
mentally by linearly increasing the pressure in one of
the muscles and measuring the bending angle using
the embedded em sensors. The obtained value for this
parameter is K = 0.01431/Pa· mm. The pressure range in
each of the muscles goes from 0.5bar to 7bar. This min-
imal pressure in each of the muscles ensures a proper
pre-pressurisation and moves the working range of the
muscle away from the initial ”backlash” of the muscle
which arises around zero pressure [9].
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Fig. 4 The robot independent mapping gives the description of
the robot shape w.r.t. the arc parameters: κ and φ.

Two em tracking sensors are embedded at both ex-
tremities of the continuum robot. These em-sensors al-
low measurement of the relative pose of the tip of the
continuum robot with respect to its base.

2.2 Continuum robot – Kinematics and Differential
Kinematics

In the present work we employ a constant curvature
model to model the continuum robot. Following the
guidelines outlined in [28], the kinematics of the con-
tinuum robot can be divided into two parts. The ro-
bot independent mapping describes the shape of the con-
tinuum robot as a function of the arc parameters: the
curvature κ and the angle of rotation φ. From the robot
independent mapping, a link can be made towards the
robot actuation space qc. Since the 4 McKibben muscles
are aligned with the principal axis of the continuum
robot, unequal pressurization of the different muscles
causes the flexible robot to bend in a plane defined with
this principal axis and the axis tangent to the centreline
(z-axis). Given that the muscles can only work in an ant-
agonistic way (i.e. pull-pull configuration), 2 muscles
are required to span both sides of the bending plane.
The control variables qc of the continuum robot can be
thus defined as:

q1 = p1 − p3,

q2 = p2 − p4,
(1)

where q1 and q2 represent the control space vari-
ables and p j, j ∈ [1, . . . , 4] is the pressure in each of
the muscles. The equations ?? are not well defined
and they allow an infinite number of combinations for
pressures

(
p1 p3

)
and

(
p2 p4

)
. Additional constraints

can be imposed here based on the requirement of pre-
pressurisation at 0.5bar and minimal overall pressure
in the system.

A further relation between the continuum robot
control space qc = [q1, q2] and the variables of the robot
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independent mapping qi = [κ, φ] can be written as:

q1 = Kκ cosφ,

q2 = Kκ sinφ,
(2)

where K is the muscle coefficient which relates the pres-
sure to curvature.

From [28], the forward kinematics transformation
matrix for the robot independent mapping can be written
as:

bTt(κ, φ) =


cosφcosκL − sinφ cosφsinκL cosφ(1−cosκL)

κ

sinφcosκL cosφ sinφsinκL sinφ(1−cosκL)
κ

− sinκL 0 cosκL sinκL
κ

0 0 0 1


(3)

Here T is the homogeneous transformation matrix
between the base frame {b} of the continuum robot, and
its tip frame {t}. The differential kinematics, and relative
Spatial Manipulator Jacobian [20], of the continuum robot
follows from (??):

bt
t = bJt

[
κ̇
φ̇

]
, bJt =



cosφ(cosκL−1)
κ2 0

sinφ(cosκL−1)
κ2 0

−(sinκL−κL)
κ2 0

−L sinφ 0
L cosφ 0

0 1


, (4)

where the Jacobian matrix bJt provides the mapping
between the twist bt

t of the frame {t}with respect to the
base frame {b}, expressed in frame {b}, and the rate of
change of robot independent variables [κ̇ φ̇]T.

3 Control framework

The control of the robot is based on the eTC control
framework, documented in [1]. This type of constraint-
based control allows an easy definition and evaluation
of tasks defined in different coordinate spaces and in
different reference frames. The eTC framework is a ve-
locity resolved control framework, and thus the desired
quantities and control laws are expressed in terms of
desired velocities. Each constraint defines one or more
directions of the output space. In this space, at each time
step, the desired velocity vector (i.e. the output rate-of-
change that we would like to observe during next time
step) is computed as:

ẏ◦d = Kp(yd − y) + ẏd, (5)

where yd and ẏd are the desired generalised positions
and velocities, y is the vector of position measure-
ments, and ẏ◦d are the calculated(desired) velocities in
the output space. Kp is a (diagonal) matrix that contains
the gains of the controller; its dimensions being [1/s].
The gains here define the response time for each com-
ponent of the constraint. Once the desired commanded
velocities are determined, the problem of obtaining the
control joint velocities is formulated as an optimization
problem (see [8]):

q̇ = arg min
∥∥∥q̇THq̇

∥∥∥ ,
subject to: q̇ ∈ arg min

∥∥∥Aq̇ − ẏ◦d + Bχ̇u
∥∥∥

W
,

(6)

where W is a diagonal weighting matrix that, in case
of conflicting constraints, determines which constraint
will be dominant. H is a matrix of joint weights that
in case of redundancy will determine the inclination
of a joint to move with respect to others. The A matrix
is the Jacobian matrix which is a combination of the
rigid robot Jacobian wJb, the flexible robot Jacobian bJt,
and the Jacobian mapping the Cartesian space to the
output space where all constraints have been defined.
The term Bχ̇u is a correction term (introduced in [7])
that is to be applied to the output, and that originates
from movements of uncontrollable frames. In the case
at hand this will include the (estimated) velocities of
the beating heart [3]. The matrix A and the term Bχ̇u are
computed automatically by the expressiongraph library.
A detailed discussion on these derivations falls outside
the scope of this work.

The weighting matrices H and W are also used to
normalize joint variables and outputs that might have
different physical dimensions. This is important for the
proposed hybrid system as the joint variables of the
continuum robot are expressed as curvatureκ (physical
dimension of [1/mm]) and rotation angle φ (dimension
[rad]). The same reasoning holds for matrix W that
combines linear and rotational constraints.

In the case at hand, the optimization scheme (2)
computes the vector q̇ of generalised joint velocities,
which includes: i) the joint velocities to be commanded
to the rigid robot [rad/s], ii) the commanded curvature
variation κ̇ [1/mms] of the flexible robot and iii) the com-
manded angle of rotation velocities φ̇, [rad/s], for rota-
tion. The calculated velocities are given as a set-point
for the rigid robot. In the case of the continuum ro-
bot, these values are integrated to obtain the targeted
curvature κ and rotation angle φ. Latter are then con-
verted into adequate pressure levels according to ????.
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{w}

{t}

{b}

{o}

{k}

{
f
}

Fig. 5 Representation of the scene and the frames which define
the relation between the objects in the scene.

name expressed in: applied to: subspaces DoF

tip pose {o} {t} positions 3
orientation 3

trocar {b} {k} positions 2

Table 1 Constraints used in the experiment. Tip pose constraints
are expressed in object frame {o} while being applied in the tip
frame {t}. The entry point constraint is expressed in {b}, but is
applied to the entry point where the frame {k} is defined.

4 Scene and Constraints Description

In constraint-based approaches, the definition of tasks
is achieved in two steps. First frames are defined as
they are attached to the robot(s) and object(s) of in-
terest, then the outputs y that are to be constrained
are defined. Here, the objects of interest are the entry
point (frame {k}) and the beating heart (frame

{
f
}
) at

the point inside the patient’s body where the treatment
has to be delivered. Frame {o} indicates the stationary,
reference position of the heart. Frame

{
f
}

represents in
fact the uncontrollable frame resulting from the uncer-
tainty related to the motion of the heart itself w.r.t. the
frame {o}. On the robot, the frames {w}, {b}, and {t} are
defined. The rigid part of the robot is located between
frame {w} and frame {b}. Latter is attached to the base of
the flexible robot. Frame {t} is conveniently attached to
the tip of the continuum robot and indicates the frame
of the surgical tool. Fig. 4 depicts the hybrid robotic
system and the corresponding objects of interest.

In addition a number of constraints follow from the
envisioned surgical task: i) The position and orienta-
tion of the tip frame relative w.r.t. the treatment site is
to be controlled. These form a total of six constraints.
ii) The instrument shaft is to be controlled along the z-
axis of frame {b} at the the entry point. This counts for
two additional constraints. Tab.1 summarizes the list

of constraints and the frames in which the constraints
are defined.

The first set of constraints, labelled as tip pose, im-
plements a position Cartesian control. This set of con-
straints ensure that the desired pose, i.e. zero relat-
ive orientation and positions, is expressed in a moving
frame. If this frame is moving the velocity of motion
will be compensated for.

The second set of constraints, labelled as trocar con-
straints, imposes that the shaft of the instrument, which
is collinear to the z-axis of frame {b}, passes through the
entry point. This behaviour is achieved by simply rep-
resenting the entry point position k in the frame {b},

bk =
(

wTb
)−1

wk, (7)

selecting the x- and y- coordinates as part of the output
vector,

ytr =

[
1 0 0
0 1 0

]
bk, (8)

and imposing convergence to zero by means of (1) with
null desired output vector yd and output desired velo-
city ẏd.

5 Simulation and Experiments

This section presents simulation and experimental res-
ults that were obtained in order to assess the per-
formance of the proposed hybrid robotic system and
the proposed control approach. The envisioned scen-
ario follows from the case of transapical trans-catheter
valve implantation on a beating heart. Note that at this
point such scenario is a bit artificial as in reality the
valve will be flushed away by the blood flow upon de-
ployment. So a minimal arrest of the heart during the
short period of valve deployment might be inevitable.
Overall, the procedure requires the system to be able to
follow motion due to heartbeat, but should at the same
time respect the constraint of entry at the apex through
the incision.

Fig.5 shows the experimental set-up. For sake of
illustration of the principle working space of the hy-
brid robotic system, the tip of the robot was moved in
several positions, while maintaining the orientation of
the tip itself and of course maintaining the trocar con-
straint. Methods such as described in [23] can be used
to estimate the location of an optimal pivot point. Here,
the position of the tip frame {t} and the frame {b} are
both measured by the em tracking sensors. By express-
ing the position of the em sensor at {t} w.r.t. the sensor
at {b}, an independent system for measuring the deflec-
tion of the continuum robot tip is obtained. This pose is
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{k}

{t}
{w}

{b}

Fig. 6 The actual experimental set-up. The tip of the continuum
robot is maintaining the orientation towards the ground, while
travelling along a set-point trajectory. Simultaneously the rigid
part of the robot is passing through the trocar.

then superimposed on the the pose of the rigid robot.
Latter can obviously be measured by the different ro-
bot encoders. From this, the tip position measurement
y of the hybrid robotic system is obtained.

5.1 Experimental parameters

The tip position and orientation of the tool-tip frame {t}
were commanded to follow the pose of frame

{
f
}
, while

this frame has been made to move so that it follows a
simulated heartbeat movement. Such motion was pro-
grammed to take place along the z-axis of the object
frame {o}. The incision point constraint is here repres-
ented by a stationary constraint by fixing the position
of {k} rigidly in space.

From spectral decomposition of the heart motion
performed by Cavusoglu and Bebek [2], the first har-
monic of heart motion is found at 2 Hz with frequency
components going up to 26 Hz . The results of this study
indicate that the lower frequency components of heart
motion typically result from breathing. Here a domin-
ant mode can be found around approximately 0.37 Hz.
Overall, the power density of motion at frequencies
higher than 8 Hz can be neglected. From these obser-
vations the following sinusoidal trajectory has been
imposed on

{
f
}
:

oT f =


0

I3×3 0
A sin (ωt)

01×3 1

 , χ̇u{ f} = ot
f =


0
0

Aω cos (ωt)
03×1


(9)

where A is the amplitude of the sine wave (set to
10 mm), and ω = 2π f is the angular frequency.

The position and orientation of the frames {k}which
defines the position of the trocar w.r.t. the position of
the base of the rigid robot at frame {w}, and the position
of the frame {o} is summarised in table 2.

frame orientation position[mm]
x y z

{k} I3×3 -650 -50 160

{o}

 1 0 0
0 −1 0
0 0 −1

 -670 -50 80

Table 2 Pose of the object frame {o} and the trocar {k} w.r.t. the
world frame {w} located at the base of the rigid robot.

Further on, the parameters of the controller used in
the simulation and later in the experiments are given
in table 3.

tip pose trocar
diag(Kp) diag(W) H diag(Kp) diag(W) H

0.5 1 1 3 20 0.001

Table 3 Controller parameters.

5.2 Simulation

First, the capability to track the above defined traject-
ory has been evaluated in a simulation scenario. Such
simulation gives a first indication of the ability of the
controller to cope with fast trajectory following, but
in an ideal scenario, i.e. in the absence of modelling
errors. Both the rigid robot and the continuum robot
are here replaced by an idealized system, where the ri-
gid robot accurately follows the imposed velocity and
the kinematics of the continuum system is accurately
described with the kinematic model given in ??.

Fig. 6 shows the results of the trajectory following
simulation where the tip pose is plotted for the two
different sine waves, with frequencies f respectively at
0.37 Hz and 2 Hz. An increase in tracking error can be
observed. The error is present in both cases, however
for the sine trajectory at 0.37 Hz, the maximum errors
remain below 0.1 mm. For the more dynamic simula-
tion at 2 Hz the error increases to 1 mm.

This effect is expected to originate from the lin-
earisation implicitly introduced by the Jacobian-based
control, and in particular the way the tangent manifold
(linearisation of forward kinematics around the current
configuration) approximates the non-linear mapping
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Fig. 7 Simulation results for two different values of reference
trajectories at 0.37 Hz and 2 Hz. The increase in the error for
the 2 Hz reference is obvious, indicating a dependency of the
tracking accuracy on the rate at which computations take place.
Note that the graphs have different scale.
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Fig. 8 The change of the manipulability index with the config-
uration of the robot in the simulation scenario.

between input q and output T , in relation to the desired
motion (in output space) within a single time step. The
measures of Jacobian manipulability can be used here
to assess the Jacobian properties. In particular by ob-
serving the singular values of the task Jacobian matrix
A, where the largest singular value is (in average) 2.02
and the smallest 3.5 · 10−3, it can be concluded how
the Jacobian matrix A is ill-conditioned. The overall
manipulability index µ:

µ =
√

det (AAT), (10)

is changing through different configurations of the ro-
bot. For the simulations performed for the case when
f = 2 Hz, the manipulability µ is shown on Fig. 7.

The effect of low manipulability directly relates to
the sampling time, and with lower dexterity of the ro-
bot higher sampling rates are required [17]. This effect
is also visible in larger tracking errors when follow-
ing faster trajectory in simulation (Fig. 6) even though
the sample time is the same in both simulations. Fur-
thermore, due to the non-linear nature of the robotic
system, the amplitude and phase of these oscillations
are highly related to the configuration of the robot itself
and the position of the robot w.r.t. the location of the
trocar and the location of {o}.

0 1 2 3 4 5 6
-10

-5

0

5

10

x 
[m

m
]

meas.
ref.

0 1 2 3 4 5 6
-10

-5

0

5

10

y 
[m

m
]

0 1 2 3 4 5 6
-10

-5

0

5

10

z 
[m

m
]

0 1 2 3 4 5 6
-2

-1

0

1

α
[°

]

0 1 2 3 4 5 6

-5

0

5

β
[°

]

0 1 2 3 4 5 6
-3

-2

-1

0

1

γ
[°

]

0 1 2 3 4 5 6
-0,6

-0,6

-0,5

-0,4

-0,3

k x
[m

m
]

0 1 2 3 4 5 6
-1.9

-1.8

-1.7

-1.6

k y
[m

m
]

Time [s]

Fig. 9 Experimental results of sinusoidal trajectory following.
The upper three graphs show the position of the tip. The middle
three graphs show the orientation of the tip. The bottom two
graphs indicate the position error of the trocar point in x-y plane,
expressed in {b}.

5.3 Experiments

Following the results obtained in simulation, an actual
experiment was performed. This experiment corres-
ponds to the simulated experiment in the sense that
the position and the configuration of the rigid robot,
the positions of the trocar point as well as the trajector-
ies are identical.

Fig. 8 shows the results of a trajectory following ex-
periment. Each graph shows the evolution of a single
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constraint that is set during the experiment. Overall the
tracking performance is acceptable. For example this
can be seen by observing the quality with which the
sinusoidal reference trajectory is followed (third graph
in the figure). However, even though the sinusoidal
reference is applied only on the z coordinate, some
oscillations can also be observed in the other graphs
showing that the system is not entirely decoupled. The
position error remains however below 3 mm for both x
and y coordinates. The orientation error goes up to 5◦,
whereas the error in maintaining a fixed trocar position
remains below 2 mm. The tracking errors during this
experiment are thus larger than those observed in sim-
ulations. In particular a rise in tracking error of 1 mm
for the x-component and 3 mm for the y-component
was observed. The error in z direction remains below
2 mm.

The errors could originate from several sources:
i) imperfect system assembly. Amongst others the align-
ment of muscles was not done as perfectly symmet-
ric as assumed by the kinematics model. ii) Muscles
have different K coefficients. As such, each muscle has
a different pressure to curvature ratio. iii) Some hyster-
esis appeared in the continuum robot response. iv) Dy-
namic effects that follow from the non-negligible mass
of the robot, as well as the presence of non-modelled
internal structural damping. v) Dynamics from the air
pressure valves and the delay following from the rel-
atively long air supply tubes. vi) The lower sampling
rate of the em tracking system (40 Hz) as opposed to the
(100 Hz) sampling rate of the rigid robot. . In further
work the origin of this tracking error will be investig-
ated more deeply. However the study of the continuum
robot characterisation is beyond the scope of this paper.

5.4 Discussion

This subsection summarizes some additional observa-
tions that were made during the experiments and that
can’t be immediately observed from the experimental
results alone.

Robot workspace It has been found that certain tool
tip poses are not reachable with the proposed instru-
ment configuration. In particular, the robot was un-
able to orient the tool accurately in the entire mock-up
workspace. This follows from the fact that the con-
tinuum robot can only achieve a maximum bending
angle within the range of ±45◦. Therefore, the ability
of the robot to reach a desired pose depends largely on
various parameters such as: the relative position of the
incision point w.r.t. the rigid robot position, the config-
uration of the rigid robot and the proximity to its joint

limits. These limitations can be overcome or mitigated
by planning the procedure and calculating the optimal
location of the rigid robot, or by devising new flexible
instruments with larger range of angulation or with a
certain amount of pre-curvature.

Sample time It has been observed in the simulation that
the trajectory following accuracy improves with faster
loop rates. At present, the loop rate is set to 0.01 s which
is equal to the rate at which the joint velocity controller
of the rigid robot works. Following the rationale given
in Sec. 5.2 the employed hybrid-robotic mechanism re-
quires faster loop rates due to the ill-conditioned robot
Jacobian.

Hybrid robotic mechanism Another relevant observa-
tion resulting from this study relates to the use of the
rigid robot employed in the scope of this work (KUKA
LWR). The robot is a serial-chain robot with seven re-
volute joints. Since the proposed procedure requires
insertion/retraction of the tool through the trocar and
some pivoting about this point, the nature of the pro-
cedure could indicate that the employed rigid robotic
mechanism is not the best possible option to achieve
this task. We suggest that the rigid robot should be
chosen in combination with the employed continuum
robotic mechanism such that the more uniform ma-
nipulability of the overall hybrid robotic mechanism
is achieved. A possible extension of this work could
be to use the proposed simulation framework in or-
der to identify and validate the best possible couple of
rigid-continuum robot combinations for a given clin-
ical application.

6 Conclusion

This paper proposes a hybrid robotic and control ap-
proach, combining a classical rigid robot with a con-
tinuum segment, in order to overcome the classical
limitations of transapical heart surgery and, more gen-
erally, of keyhole surgery. The rigid robot allows 6-
DoF instrument positioning while the continuum ro-
bot adds 2 more DoF at the tip, effectively restoring
the 2 DoFs that are lost when passing through a trocar.
The continuum robot tip is compliant and as such in-
troduces extra safety into the system, reducing the risk
for tissue damage.

The paper shows how by using a control framework
adapted from eTC, it becomes possible to control the tip
degrees of freedom and make those follow a complex
trajectory while respecting constraints imposed by the
insertion point. The quality of the proposed approach
is validated both in simulation and experiment.
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Although the proposed hybrid robotic system shows
great potential for use in complex keyhole procedures,
further works need to be conducted before allowing
this system in a real clinical operating theatre. This in-
cludes a further study of the phenomena that explain
the existence of a certain tracking error. Also the control
framework must be evaluated in more detail to under-
stand how the presence of conflicting constraints affect
the overall outcome and whether any kind of perform-
ance guarantees can be made.

The effect of low manipulability and the existence of
oscillations in the simulation due to the lower sampling
times further stresses the importance for finding effi-
cient modelling schemes for calculation of forward and
differential kineamtics of continuum robots.
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