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We demonstrate by explicit multiloop calculation that γ-deformed planar N ¼ 4 supersymmetric
Yang-Mills (SYM) theory, supplemented with a set of double-trace counterterms, has two nontrivial
fixed points in the recently proposed double scaling limit, combining vanishing ’t Hooft coupling and
large imaginary deformation parameter. We provide evidence that, at the fixed points, the theory is
described by an integrable nonunitary four-dimensional conformal field theory. We find a closed expression
for the four-point correlation function of the simplest protected operators and use it to compute the exact
conformal data of operators with arbitrary Lorentz spin. We conjecture that both conformal symmetry
and integrability should survive in γ-deformed planar N ¼ 4 SYM theory for arbitrary values of the
deformation parameters.

DOI: 10.1103/PhysRevLett.120.111601

Introduction.—The most general theory which admits an
AdS5 dual description in terms of a string σ-model [1,2] is
believed to be γ-deformed N ¼ 4 supersymmetric Yang-
Mills (SYM theory) [3,4]. At the classical level, this σ
model is integrable and conformal. At the quantum level,
it admits a solution in terms of the γ-deformed quantum
spectral curve (QSCγ) [5–9]. It is not obvious, however, that
this solution yields the correct description of γ-deformed
planar N ¼ 4 SYM theory at any ’t Hooft coupling
g2 ¼ g2YMNc, since it automatically implies conformal
symmetry and integrability of the theory. Both properties
are highly debated, especially due to the loss of super-
symmetry for the general deformation parameters γ1, γ2, γ3,
breaking the R symmetry SUð4Þ → Uð1Þ3.
The main danger for both conformality and integrability

in this theory comes from the fact that γ-deformed N ¼ 4
SYM theory is not complete at the quantum level [10–12].
Namely, in order to preserve renormalizability, it has to be
supplemented with new double-trace counterterms of the
kind trðϕjϕ

†
kÞtrðϕkϕ

†
jÞ and trðϕjϕkÞtrðϕ†

jϕ
†
kÞ, with ϕj¼1;2;3

being a complex scalar field [10,13,14]. The corresponding
coupling constants run with the scale, thus breaking the
conformal symmetry. For example, for the double-trace

interaction term α2jjtrðϕjϕjÞtrðϕ†
jϕ

†
jÞ the one-loop β func-

tion is given by [11]

βα2jj ¼
g4

π2
sin2γþj sin

2γ−j þ α4jj
4π2

; ð1Þ

where γ�1 ¼∓ 1
2
ðγ2 � γ3Þ, γ�2 ¼∓ 1

2
ðγ3 � γ1Þ, and γ�3 ¼

∓ 1
2
ðγ1 � γ2Þ. However, at weak coupling, the β function

has two fixed points βα2jjðαjjÞ ¼ 0,

α2jj ¼ �2ig2 sin γþj sin γ−j þOðg4Þ: ð2Þ

At these fixed points, which should persist at arbitrary
values of g2 and arbitrary Nc, γ-deformed N ¼ 4 SYM
theory should be a genuine nonsupersymmetric conformal
field theory (CFT). In addition, it is natural to conjecture
that the QSCγ formalism gives the integrability description
of this theory in the planar limit precisely at the fixed
points.
To elucidate the role of the double-trace couplings we

examine the scaling dimensions of the operators trðϕJ
j Þ.

Such operators are protected in the undeformed theory but
receive quantum corrections for nonzero deformation
parameters γi. For J ≥ 3 the contribution of the double-
trace terms to their anomalous dimensions γJ is suppressed
in the planar limit [15]. However, this is not the case for
J ¼ 2 for which γJ¼2 would diverge without the double-
trace coupling contribution. At the fixed points (2), we get a
finite but complex anomalous dimension
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γJ¼2ðgÞ ¼∓ ig2

2π2
sin γþj sin γ−j þOðg4Þ: ð3Þ

This means that we deal with a nonunitary CFT.
In this Letter we confirm explicitly, in the double scaling

(DS) limit introduced in [15], that γ-deformed planar
N ¼ 4 SYM theory does have a conformal fixed point
parameterized by g2 and the three deformation parameters
γ1, γ2, γ3. The existence of this fixed point was first
discussed in [12] in the DS limit.
The double scaling limit of γ-deformed N ¼ 4 SYM

theory [15] combines the g → 0 limit and large imaginary
twists e−iγj/2 → ∞, so that ξj ¼ ge−iγj/2 remain finite. In
particular, for ξ1 ¼ ξ2 ¼ 0 and ξ3 ≡ 4πξ ≠ 0, one obtains a
nonunitary, biscalar theory [15]

Lϕ ¼ Nctr

�X
i¼1;2

∂μϕ†
i ∂μϕi þ ð4πÞ2ξ2ϕ†

1ϕ
†
2ϕ1ϕ2

�
: ð4Þ

In this limit the double-trace counterterms become

Ldt/ð4πÞ2¼α21
X2
i¼1

trðϕiϕiÞtrðϕ†
iϕ

†
i Þþ−α22trðϕ1ϕ2Þtrðϕ†

2ϕ
†
1Þ

−α23trðϕ1ϕ
†
2Þtrðϕ2ϕ

†
1Þ; ð5Þ

whereα21 ≡ α211/ð4πÞ2 ¼ α222/ð4πÞ2. In theDS limit, relations
(2) and (3) simplify as α21 ¼∓ ξ2/2 and γJ¼2 ¼ �2iξ2 [12].
In this Letter we compute the β functions for the double-

trace couplings at seven loops, confirming that the biscalar
theory with Lagrangian Lϕ þ Ldt given by (4) and (5) is a
genuine nonunitary CFTat any coupling ξ. We examine the
two-point correlation functions of the operators trðϕ1ϕ2Þ
and trðϕ1ϕ

†
2Þ in this theory and find that they are protected

in the planar limit. Moreover, we compute exactly, for any
ξ, the four-point function of such protected operators and
apply the operator product expansion (OPE) to show that
the scaling dimension of the operator trðϕ1ϕ1Þ satisfies the
remarkably simple exact relation

ðΔ − 4ÞðΔ − 2Þ2Δ ¼ 16ξ4: ð6Þ

Its solutions define four different functions ΔðξÞ. At weak
coupling, the solutions Δ ¼ 2 ∓ 2iξ2 þOðξ6Þ describe
scaling dimensions of the operator trðϕiϕiÞ (with i¼1, 2)
at the two fixed points. The two remaining solutions,
Δ ¼ 4þ ξ4 þOðξ8Þ and Δ ¼ −ξ4 þOðξ8Þ, describe scal-
ing dimensions of a twist-four operator, carrying the same
Uð1Þ charge J ¼ 2, and its shadow, respectively.
As another manifestation of integrability of the biscalar

theory, relation (6) can be reproduced [16] by means of the
QSC formalism [5–7] (see [17]).
Perturbative conformality of biscalar theory.—In order

to compute the β functions for the double-trace couplings,

we consider the following two-point correlation functions
of dimension-2 operators:

G1ðxÞ ¼ htr½ϕ1ϕ1ðxÞ�tr½ϕ†
1ϕ

†
1ð0Þ�i;

G2ðxÞ ¼ htr½ϕ1ϕ2ðxÞ�tr½ϕ†
1ϕ

†
2ð0Þ�i;

G3ðxÞ ¼ htr½ϕ1ϕ
†
2ðxÞ�tr½ϕ†

1ϕ2ð0Þ�i: ð7Þ

The reason for this choice is that, in the planar limit, each
Gi receives contributions from Feynman diagrams involv-
ing double-trace interaction vertices of one kind only.
As a consequence, Gi depends only on two coupling
constants, ξ and αi. For arbitrary values of the couplings
αi, the renormalized correlation function GiðxÞ satisfies the
Callan-Symanzik evolution equation depending on the β
function for the coupling αi.
To compute the correlation functions (7) we employ

dimensional regularization with d ¼ 4 − 2ϵ. We start with
G2 and G3. In the planar limit, they receive contributions
from Feynman diagrams shown in Fig. 1 (left). They consist
of a chain of scalar loops joined together through single- or
double-trace vertices. In momentum space, their contribution
to Gi forms a geometric progression. In configuration space,
the bare correlation function is given by

Gi/G
ð0Þ
i ¼

X
l≥0

ðξ2 − α2i Þlðπx2Þlϵ

×
Γ(ð2 − ðlþ 2ÞϵÞ)Γlþ1ðϵÞΓ2lð1 − ϵÞ

Γ(ðlþ 1ÞϵÞ)Γlþ1ð2 − 2ϵÞ ; ð8Þ

where i ¼ 2, 3 and Gð0Þ
i denotes the Born-level contribution.

To obtain a finite result for the correlation function, we have
to replace bare couplings with their renormalized values

ξ2 → μ2ϵξ2; α2i → μ2ϵα2i Zi; ð9Þ

and perform renormalization of the operators in (7) by
multiplying Gi by the corresponding ZGi

factor. Requiring
ZGi

Gi to be finite for ϵ → 0 leads to the following
expression for Zi in the minimal subtraction scheme:

Zi ¼ 1 −
ðα2i − ξ2Þ2

α2i ðα2i − ξ2 − ϵÞ ; ði ¼ 2; 3Þ: ð10Þ

In the standard manner, we use this relation to find the exact
β function for the coupling αi (for i ¼ 2, 3)

βi ¼ 2ϵα2i þ
dα2i
d ln μ

¼ −α2i
d lnZi

d ln μ
¼ 2ðα2i − ξ2Þ2: ð11Þ

We deduce from this relation that the β functions vanish for
α2i ¼ ξ2, which also implies Zi ¼ 1. As follows from (8), the

correlation function at the fixed point is Gi ¼ Gð0Þ
i , so that

the operators trðϕ1ϕ2Þ and trðϕ1ϕ
†
2Þ are protected.
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The calculation of the correlation function G1 is more
involved. In the planar limit it receives contributions
from Feynman diagrams shown in Fig. 1 (right) and those
known as “wheel” diagrams [19]. In momentum space,
their contribution to G1 factorizes into a product of
Feynman integrals IL that form a geometric progression,

G̃1ðpÞ¼
Z

d4xeipxG1ðxÞ¼
X
l≥0

α2l1

�X
L≥0

ξ4LILðpÞ
�
l
: ð12Þ

Here the sum over l runs over double-trace vertices and
ILðpÞ denote (2Lþ 1)-loop scalar “wheel” integrals with
2L internal vertices shown in Fig. 1 (right).
In dimensional regularization, ILðpÞ takes the form

ILðp2Þ ¼ ðp2Þ−ð2Lþ1Þϵ/ϵ2Lþ1ðc0 þ c1ϵþ � � �Þ, with L-
dependent coefficients ci. Expressions for IL at L ¼ 0, 1
are known in the literature [20]; we computed IL for
L ¼ 2, 3. Using the obtained expressions we determined
the expression for the bare correlation function G1ðxÞ up to
seventh order in perturbation theory. Going through the
renormalization procedure, we use (9) to express G1ðxÞ in
terms of renormalized coupling constants ξ2, α21 and require
ZG1

G1ðxÞ to be finite for ϵ → 0. This fixes the coupling
renormalization factor Z1 and allows us to compute the
corresponding β function β1 ¼ −α21d lnZ1/d ln μ.
For β1 we obtained in the minimal subtraction scheme

β1 ¼ aðξÞ þ α21bðξÞ þ α41cðξÞ; ð13Þ

where the functions a, b, and c are given by

a ¼ −ξ4 þ ξ8 −
4

3
ξ12 þOðξ16Þ;

b ¼ −4ξ4 þ 4ξ8 −
88

5
ξ12 þOðξ16Þ;

c ¼ −4 − 4ξ4 þ 4

3
ξ8 þOðξ12Þ: ð14Þ

At weak coupling their expansion runs in powers of ξ4.
Similarly to (11), β1 is a quadratic polynomial in the double-
trace coupling α21. This property follows from the structure
of irreducible divergent subgraphs of Feynman diagrams
shown in Fig. 1. As a consequence, β1 has two fixed points,

α21;� ¼ −
1

2c

�
b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − 4ac

p �

¼ � iξ2

2
−
ξ4

2
∓ 3iξ6

4
þ ξ8 � 65iξ10

48
−
19ξ12

10
þOðξ14Þ:

ð15Þ

For these values of the double-trace coupling, the correlation
function scales as G1ðxÞ ∼ 1/ðx2ÞΔ, where the scaling
dimension Δ� ¼ Δðα21;�Þ is given by [21]

Δ� ¼ 2 ∓ 2iξ2 � iξ6 ∓ 7i
4
ξ10 þOðξ14Þ: ð16Þ

Notice that, in distinction from (15), the expansion of Δ�
runs in powers of ξ4. It is straightforward to verify that Δ�
satisfy the exact relation (6).
Curiously, there exists the following relation between the

functions (14) and the scaling dimensions at the fixed point:

b2 − 4ac ¼ 4ðΔ� − 2Þ2: ð17Þ

It can be understood as follows. For generic complex ξ,
we find using (13) that for μ → 0 and μ → ∞ the coupling
α1ðμÞ flows into one of the fixed points α�. Then, in the
vicinity of a fixed point, for μ → ∞, the Callan-Symanzik
equation fixes the form of renormalized G̃1ðpÞ

G̃1ðpÞ ∼ e
4
R

α1ðμÞ
α1ðpÞ

½dααγðαÞ�/β1ðαÞ

∼
�
α21ðμÞ − α2�
α21ðpÞ − α2�

�
2γðα�Þ/

ffiffiffiffiffiffiffiffiffiffiffi
b2−4ac

p

; ð18Þ

where α21ðμÞ;α21ðpÞ are in the vicinity α2�, and γðαÞ ¼ Δ − 2

is the anomalous dimension. We recall that the bare
correlation function G̃1ðpÞ is given by the geometric
progression (12), so that as a function of α21 it has a simple
pole at some α21. After the renormalization procedure, α21 is
effectively replaced by a renormalized coupling constant
defined at the scale μ2 ¼ p2. The requirement for G̃1ðpÞ to
have a simple pole in α21ðpÞ fixes the exponent on the left-
hand side of (18) to be 1, leading to (17).
Thus, we demonstrated by explicit seven-loop calcula-

tion that the β functions have two fixed points,
α22 ¼ α23 ¼ −ξ2, while α21;�ðξÞ is given by (15). We there-
fore conclude that, in the planar limit, the biscalar theory
(4) and (5) with appropriately tuned double-trace couplings
is a genuine nonunitary CFT, at least perturbatively.
Exact correlation function.—We can exploit the con-

formal symmetry to compute exactly the four-point corre-
lation function

G ¼ htr½ϕ1ðx1Þϕ1ðx2Þ�tr½ϕ†
1ðx3Þϕ†

1ðx4Þ�i ¼
Gðu; vÞ
x212x

2
34

; ð19Þ

FIG. 1. Feynman diagrams contributing to two-point correla-
tion functions G2, G3 (left) and G1 (right) in the planar limit.
Interaction vertices in the left diagram describe either the single-
trace coupling ξ2 or the double-trace coupling α2i (with i ¼ 2, 3)
depending on the choice of Gi. The right diagram consists of the
chain of scalar loops joined together through the double-trace
coupling α21. Each internal scalar loop is built using the single-
trace coupling ξ2.
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which is obtained from the two-point function G1ðxÞ
defined in (7) by point splitting the scalar fields inside
the traces. Here Gðu; vÞ is a finite function of cross-ratios
u ¼ x212x

2
34/ðx213x224Þ and v ¼ x214x

2
23/ðx213x224Þ, invariant

under the exchange of points x1 ↔ x2 and x3 ↔ x4. It
admits the conformal partial wave expansion

Gðu; vÞ ¼
X

Δ;S/2∈Zþ

C2
Δ;Su

ðΔ−SÞ/2gΔ;Sðu; vÞ; ð20Þ

where the sum runs over operators with scaling dimensions
Δ and even Lorentz spin S. Here CΔ;S is the corresponding
OPE coefficient and gΔ;Sðu; vÞ is the conformal block [22].
Having computed (19), we can identify the conformal data
of the operator tr½ϕ2

1ðxÞ� by examining the leading asymp-
totic behavior of G for x212 → 0.
In the planar limitG is given by the same set of Feynman

diagrams as G1 (see Fig. 1), with the only difference that
two pairs of scalar lines joined at the left- and rightmost
vertices are now attached to the points x1, x2 and x3, x4,
respectively. The fact that the contributing Feynman dia-
grams have a simple iterative form allows us to obtain the
following compact representation for G:

G ¼
Z

d4x10d4x20

x2
103x

2
204

hx1; x2j
1

1 − α2V − ξ4H
jx10 ; x20 i

þ ðx1 ↔ x2Þ: ð21Þ

Here xij ≡ xi − xj, α2 ¼ α2� is the double-trace coupling at
the fixed point, and V, H are integral operators

VΦðx1; x2Þ ¼
2

π2

Z
d4x10d4x20

x2
110x

2
220

δð4Þðx1020 ÞΦðx10 ; x20 Þ;

HΦðx1; x2Þ ¼
1

π4

Z
d4x10d4x20

x2
110x

2
220 ðx21020 Þ2

Φðx10 ; x20 Þ; ð22Þ

where Φðx1; x2Þ is a test function. Expanding (21) in
powers of α2 and ξ4, we find that the operator H adds a
scalar loop inside the diagram whereas V inserts a double-
trace vertex. The operators V and H are not well defined
separately; e.g., for an arbitrary ΦðxiÞ the expressions for
α4V2ΦðxiÞ and ξ4HΦðxiÞ are given by divergent integrals.
However, at the fixed point, their sum is finite by virtue of
conformal symmetry.
A remarkable property of the operators V and H is that

they commute with the generators of the conformal group.
This property fixes the form of their eigenstates

ΦΔ;S;nðx10; x20Þ ¼
1

x212

�
x212

x210x
2
20

�ðΔ−SÞ/2�
∂0 ln

x220
x210

�
S

; ð23Þ

where Δ ¼ 2þ 2iν and ∂0 ≡ ðn∂x0Þ, with n being an
auxiliary light-cone vector. The state ΦΔ;S;n belongs to

the principal series of the conformal group and admits a
representation in the form of the conformal three-point
correlation function

ΦΔ;S;nðx10; x20Þ ¼ htr½ϕ1ðx1Þϕ1ðx2Þ�OΔ;S;nðx0Þi; ð24Þ

where the operatorOΔ;S;nðx0Þ carries the scaling dimension
Δ and Lorentz spin S. The states (23) satisfy the ortho-
gonality condition [23,24]

Z
d4x1d4x2
ðx212Þ2

ΦΔ0;S0;n0 ðx100 ; x200 ÞΦΔ;S;nðx10; x20Þ

¼ c1ðν; SÞδðν − ν0ÞδS;S0δð4Þðx000 Þðnn0ÞS
þ c2ðν; SÞδðνþ ν0ÞδS;S0YSðx000 Þ/ðx2000 Þ2−2iν−S; ð25Þ

where Δ0 ¼ 2þ 2iν0, Yðx000 Þ ¼ ðn∂x0Þðn0∂x00 Þ ln x2000 , and

c1ðν; SÞ ¼
2S−1π7

ðSþ 1Þν2(4ν2 þ ðSþ 1Þ2) ;

c2ðν; SÞ ¼ −
iπ5ð−1ÞSΓ2ðS/2 − iνþ 1ÞΓðSþ 2iνþ 1Þ
νðSþ 1ÞΓ2ðS/2þ iνþ 1ÞΓðS − 2iνþ 2Þ :

ð26Þ

Calculating the corresponding eigenvalues of the
operators (22), we find

VΦΔ;S;nðx1; x2Þ ¼ δðνÞδS;0ΦΔ;S;nðx1; x2Þ;
HΦΔ;S;nðx1; x2Þ ¼ h−1Δ;SΦΔ;S;nðx1; x2Þ; ð27Þ

where the function hðΔ; SÞ is given by

hΔ;S ¼
1

16
ðΔþ S − 2ÞðΔþ SÞðΔ − S − 2ÞðΔ − S − 4Þ:

ð28Þ

Applying Eqs. (25)–(27), we can expand the correlation
function (21) over the basis of states (23). This yields the
expansion ofG over conformal partial waves defined by the
operators OΔ;Sðx0Þ in the OPE channel Oðx1ÞOðx2Þ

Gðu; vÞ ¼
X

S/2∈Zþ

Z
∞

−∞
dνμΔ;S

uðΔ−SÞ/2gΔ;Sðu; vÞ
hΔ;S − ξ4

; ð29Þ

where Δ ¼ 2þ 2iν, and μΔ;S ¼ 1/c2ðν; SÞ is related to the
norm of the state (25). The fact that the dependence on
the double-trace coupling α2 disappears from (29) can be
understood as follows. At weak coupling, expansion of
Gðu; vÞ runs in powers of ξ4/hΔ;S. Viewed as a function of
S, ξ4/hΔ;S develops poles at ν ¼ �iS which pinch the
integration contour in (29) for S → 0. The contribution of
the operator V is needed to make a perturbative expansion
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of (29) well defined. For finite ξ4, these poles provide a
vanishing contribution to (29) but generate a branch-cutffiffiffiffiffiffiffiffi
−ξ4

p
singularity of Gðu; vÞ.

At small u, we close the integration contour in (29) to the
lower half-plane and pick up residues at the poles located at

hΔ;S ¼ ξ4 ð30Þ

and satisfying ReΔ > S. The resulting expression for
Gðu; vÞ takes the expected form (20) with the OPE
coefficients given by

C2
Δ;S ¼

Sþ 1

π4(ð4 − ΔÞΔþ SðSþ 2Þ − 2Þ)

×
ΓðS − Δþ 4ÞΓ2ð1

2
ðSþ ΔÞÞ

Γ2ð1
2
ðS − Δþ 4ÞÞΓðSþ Δ − 1Þ : ð31Þ

The relations (30) and (31) define exact conformal data of
operators that appear in the OPE of tr½ϕ1ðx1Þϕ1ðx2Þ�. For
S ¼ 0 the relation (30) leads to (6). At weak coupling, (30)
has the two solutions Δ ¼ Sþ 2 − 2ξ4/½SðSþ 1Þ� þOðξ8Þ
and Δ ¼ Sþ 4þ 2ξ4/½ðSþ 1ÞðSþ 2Þ� þOðξ8Þ describing
the operators of twist 2 and 4, respectively. The two
remaining solutions of (30) have scaling dimensions
4 − Δ and correspond to shadow operators. We verified
by explicit calculation that (30) and (31) correctly repro-
duce the weak coupling expansion of the anomalous
dimensions and the OPE coefficients for the operators of
twist 2 and 4.
Conclusions.—We demonstrated by explicit multiloop

calculation that the strongly γ-deformed planar N ¼ 4
SYM has two nontrivial fixed points whose position
depends on the properly rescaled ’t Hooft coupling. We
also provided evidence that, at the fixed points, it is
described by an integrable nonunitary four-dimensional
conformal field theory. Namely, we found a closed expres-
sion for the four-point correlation function of the simplest
protected operators and used it to compute the exact
conformal data (scaling dimensions and OPE coefficients)
of twist-2 and twist-4 operators with arbitrary Lorentz spin.
In general, correlation functions in this theory are domi-
nated by fishnet graphs [15,25] which admit a description
in terms of integrable noncompact Heisenberg spin chains
[26–28]. Following [15,27,29], the integrability can be
used to compute these correlation functions and also the
amplitudes [30,31].
We conjecture that both conformal symmetry and

integrability should survive in γ-deformed planar N ¼ 4
SYM theory for arbitrary values of the deformation
parameters γi. The underlying integrable nonunitary
CFT4 can be studied using the QSCγ formalism [5–8].
The integrable nonunitary CFTs of the kind considered

here also exist in lower or higher dimensions. The known
examples include a two-dimensional effective theory

describing the high-energy limit of QCD [32], where the
two-dimensional fishnet graphs can also be studied [33],
the three-dimensional strongly γ-deformed Aharony-
Bergman-Jafferis-Maldacena (ABJM) model [29], and a
six-dimensional three-scalar model [34] for which the
“mother” gauge theory is not known (see also [35]).
According to [34], the latter two theories are self-consistent
CFTs and do not require adding double-trace counterterms.
It would be interesting to find the dual string description

of the biscalar theory. It might be nontrivial due to the
tachyon in γ-deformed AdS5 × S5 [37].
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