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Abstract

We introduce a spatially extended transport kinetic FitzHugh-Nagumo model with forced
local interactions and prove that its hydrodynamic limit converges towards the classical
nonlocal reaction-diffusion FitzHugh-Nagumo system. Our approach is based on a relative
entropy method, where the macroscopic quantities of the kinetic model are compared with
the solution to the nonlocal reaction-diffusion system. This approach allows to make the
rigorous link between kinetic and reaction-diffusion models.

1 Introduction

Generally, neuron models focus on the regulation of the electrical potential of the membrane of a
nerve cell depending on the input it receives. This regulation is the result of ionic exchanges be-
tween the neuron and its environment through its cellular membranes. A very precise modeling
of these ion exchanges led to the well-known Hodgkin-Huxley model [25]. In this paper, we shall
rather focus on a simplified version, called the FitzHugh-Nagumo (FHN) model [22, 35], which
keeps its most valuable aspects, but remains relatively simple mathematically. More precisely,
the FHN model accounts for the variations of the membrane potential v of a neuron coupled to
an auxiliary variable w called the adaptation variable. It is usually written as follows

dv
a = N('U) —w + Iext7
(1.1)
d
d—Q::T(v—i-a—bw),

where Iey stands for the input current the neuron receives, N (v) is a bistable nonlinearity which
models the cell excitability, and 7 > 0, a € R and b > 0 are some given constants. Without loss
of generality [2, 20, 34, 35], we assume that N(v) is given by the following cubic nonlinearity!

N@w):=v—v% veR. (1.2)

*Corresponding author: gregory.faye@math.univ-toulouse.fr
! All our results remain true for N(v) = v(a — S|v|?) with any a, 8 > 0.



Another mathematical reason for looking at system (1.1) is that it is a prototypical model of
excitable kinetics and interest in such systems stems from the fact that although the kinetics
are very simple spatial coupling can produce complex dynamics, where well-known examples
are the propagation of excitatory pulses, spiral waves in two-dimensions, and spatio-temporal
chaos. Here, we introduce spatial coupling through the input current Ie.; which models how
the membrane potentials of the other neurons influence the membrane potential of one given
neuron. More specifically, following [2, 34], we consider a network of n neurons interacting
through their synapses, which we suppose to be of electrical type, such that the evolution of
the pair voltage-adaptation (v;, w;)1<i<n satisfies the system of equations

d'UZ' 1 -
T - N(vi) — w; — - E_ch)E(xi —x5)(vi — vj),
! (1.3)
dw;
;t) = 7(v; + a — bwy),

where we choose to associate to each neuron i € {1,...,n} its position in the network x; € R?
with d € {1,2,3} as in [33]. The connectivity kernel ®. : R? — R models the effect of the
distance between two neurons on their electro-chemical interactions, and here € > 0 is a scaling
parameter as explained later. System (1.3) is a natural spatial extension of the FHN models
introduced and studied in [2, 34].

The main purpose of this article is to establish a macroscopic description of the neural net-
work (1.3) in the limit n — 400, choosing an appropriate scaling for the connectivity function
®.. Our strategy is to introduce an intermediate modeling scale, namely a mesoscopic descrip-
tion of system (1.3). We thus associate to system (1.3) the following spatially-extended kinetic
equation

0f* + 0y (J*N(v) = fw — f*Ka.[f]) + 0w (Alv,w) f) =0, on (0,00) x R**? (1.4)

where the operator Ko, [f¢] and the convective term A are given by

’C‘Pa [fs](tﬂ X, ’U) = / q)e(x - X/)(U - ’U/) fs(t, X/, ’Ul, wl) dw'dv’dx',

Ra+2
A(v,w) == 7(v + a — bw).

Such an equation models the evolution of the density function f¢(¢,x,v,w) of finding neurons
with a potential membrane v € R and an adaptation variable w € R at time £ > 0 and position
x € R? within the cortex. The term K.[f¢] describes nonlocal interactions through the whole
field, whereas the other terms account for the local reactions due to the excitability of nerve
cells.

Using classical arguments [10, 23] and under some mild assumptions on ®., it can actually
be proved that the kinetic equation (1.4) is the mean-field limit of (1.3) as n goes to infinity
[17]. In fact, the mean-field limit of the FHN system (1.3) with stochastic fluctuations towards
a kinetic PDE similar to (1.4) has already been studied for conductance-based connectivity
without spatial dependance [2, 4], for homogeneous interactions [34] and for spatially organized
neural network with compactly supported communication weight [33]. Various other types of
kinetic models have been derived during the past decades depending on the hypotheses assumed
for the dynamics of the emission of an action potential. They include for example integrate-
and-fire neural networks [8, 9, 12] and time-elapsed neuronal models [13-15, 36].



Coming back to our problem of establishing a macroscopic description of the neural network
(1.3), we introduce the following macroscopic quantities for f¢ a solution of (1.4):

po(t,x) == fe(t, x, v, w) dudw,
R2
p(t,x)VE(t,x) = j°(t,x) = / vfe(t, %, v, w) dvdw, (1.5)
R2

P (t,x)We(t,x) = ¢°(t,x) = / wfe(t, x,v,w)dvdw,
R2

where p® stands for the averaged neuron density, V¢ is the average membrane potential, and
WE is the average adaptation variable. Formally, it is not difficult to check that the equation
satisfied by j¢ is not closed because of the presence of the reaction term 9, (f¢(N(v)) in (1.4),
which introduces higher moments of f¢ in v. To circumvent this difficulty and obtain a closed
macroscopic system, we consider a specific form for the connectivity function ®.. We will
assume that it can be decomposed by the superposition of strong local interactions modeled by
%50, where dg is the Dirac distribution centered at 0 and weak lateral interactions described by
a non-negative connectivity kernel ¥. As a consequence, for all € > 0, we work with

1
P, =T + g50- (1.6)

Note that such an assumption of strong local interactions and weak lateral interactions is often
used when modeling visual cortex [7]. We can then rewrite the kinetic equation (1.4) as

1 .
Ouf* + 00 (FEN () = frw = fRf7]) = 200 (f°(p70 = 5%)) + 0w (Alv,w) f7) =0 (L.7)
and the macroscopic quantities (p°, p°Ve, p°W¢) formally verify the system of equations:

O0p° = 0,
O (p°VE) = p"Lpe(VE) = p7[N(VF) = WET + E(f), (1.8)
O (p"W*) = p= A(VE, WF),
where the spatial nonlocal operator £, is defined through
Ly(V) = —=(Txp)V + Tx[pV], (1.9)

whereas * stands for the convolution product in R? only with respect to space. Furthermore,
we have set

E(fO)(t,x) = /R2 fe(t,x,v,w) [N(v) — N(VE(t,x))] dvdw. (1.10)

Let us formally determine the hydrodynamic limit of the equation (1.7) as e — 0. If we multiply
(1.7) by € and if we take ¢ — 0, the local interaction term p°(v — V) f¢ vanishes. Consequently,
f¢ should converge in some weak sense to the mono-kinetic distribution in v

fe(t,x,v,w) = F(t,x,w) ® dp(v — V(t,x)), (1.11)

e—0

where the limit (F, V') has to be determined. First we set

p(t,x) == /RF(t,X,w)dw, p(t,x) W(t,x) = /RF(t,x,w)wdw,

3



hence the macroscopic equation satisfied by V' is formally obtained by observing that £(f¢) — 0
as € — 0 in the second equation of (1.8), hence we get

8 (pV) — pLy(V) = p N(V) — W].

Then substituting (1.11) in the kinetic equation (1.7) and integrating with respect to v € R, it
yields that F' is solution to
OWF + 0y (A(V,w) F) = 0.

Therefore, the limit function Z := (p, pV, pW) is expected to verify the following nonlocal
reaction diffusion system:

o0Z =F(Z), (1.12)
with F given by
0
FZ)=p|L,(V)+ NV)-W|. (1.13)
A(V, W)

Let us first make some comments on the structure of the macroscopic model (1.12)-(1.13).
For all x € R? such that p(t,x) = po(x) > 0, the system (1.12) reduces to the usual nonlocal
reaction-diffusion system of FitzHugh-Nagumo type

UV — Lyy(V) = N(V) — W,
(1.14)
W = 7(V +a—bW),

where L£,,(V) can be interpreted as a nonlocal diffusion operator in x. In the limiting case
po = 12, such a system has already been well studied especially regarding the formation of
propagating waves (traveling fronts and pulses) in both cases 7 =0 and 0 < 7 < 1 [3, 20]. We
also mention the classical works regarding the local FitzHugh-Nagumo system, that is when
L,, (V) is replaced by the standard diffusion operator [11, 24, 28|, and the more recent advances
for the discrete case [26, 27]. The present work is then a rigorous justification of the nonlocal
reaction-diffusion system of FitzHugh-Nagumo type (1.12) that is obtained as the hydrodynamic
limit of the kinetic equation (1.7) as € — 0.

The main challenge towards a rigorous proof of this hydrodynamic limit stems from the Dirac
singularity of the mono-kinetic distribution which prevents us from using a classical entropy of
the form flog(f) since it would not be well-defined. Following ideas from [21], who proved a
similar hydrodynamic limit of the kinetic Cucker-Smale model for collective motion with forced
local alignment towards the pressureless Euler equation with a nonlocal force, we shall overcome
this problem by the mean of a relative entropy argument. Let us also mention the work of [29]
in which the hydrodynamic limit of a collisionless and non-diffusive kinetic equation under
strong local alignment regime is rigorously established via a relative entropy argument. The
specific difficulty here is that, instead of having a transport term as in [21], the presence of the
reaction term O0,(f°N(v)) in (1.7) introduces higher order moments of f€ in v which we will
need to control. In fact, it will be enough to have a priori estimates of second and fourth order
moments of f€ in (v, w) to circumvent this difficulty.

We conclude this introduction by comparing the kinetic model (1.4) to the pioneer works of
Amari, Wilson and Cowan in the 1970s [1, 38, 39] who heuristically derived spatially extended
models describing the macroscopic activity of large assemblies of neurons. Such models are
referred to as neural field equations in the literature and account for the time evolution of the

2In our setting, po is probability density function such that the case po = 1 is excluded from our hypotheses.
Nevertheless, system (1.14) is still well defined for pg = 1, see Proposition 2.3.



spatial averaged membrane potential of a population of neurons. Such a class of models has
received much attention and has been very successful at reproducing a number of biological
phenomena, including in particular visual hallucinations, binocular rivalry or working memory.
We refer to the recent surveys [5, 6, 16] for more developments on neural field models and
applications in neuroscience. By derivation, neural field equations are macroscopic models and
it is still an open problem to rigorously justify such models from conductance-based neural
networks. In a slightly different direction, we mention the recent work of Chevallier et al. [15]
on mean-field limits for nonlinear spatially extended Hawkes processes with exponential memory
kernels who are able to recover at the limit a process whose law is an inhomogeneous Poisson
process having an intensity which solves a scalar neural field equation. In this article, we have
addressed this open question in the case of the FHN model.

The rest of this article is organized as follows. In Section 2, we state our main result about
the hydrodynamic limit of (1.7) towards (1.12). Then, in Section 3, we derive some a priori
estimates that will be crucial for our relative entropy argument. The proof of our main result
is contained in Section 4.

2 Preliminaries and main result

In this section, we present our main result on the hydrodynamic limit from a weak solution
(f%)e>0 of the kinetic equation (1.7) to a classical solution (po, poV, poW) of the asymptotic
system (1.12). For that, we first need to present the existence result for the weak solution of
(1.7) and the classical solution of (1.12).

First we set the hypotheses we make for the study of the kinetic FHN equation (1.7) and
the limit system (1.12). We consider a connectivity kernel ¥ in (1.6) which is non-negative,
symmetric and satisfies

¥ ¢ L'(RY). (2.1)
This last assumption models the fact that if two neurons are far away from each other, they
have weak mutual interactions. The other condition is a natural biological assumption and
expresses the symmetric and excitatory nature of the considered underlying neural network.

2.1 Existence of weak solution to (1.7)
We here say that f€ is a weak solution of (1.7) if for any T > 0, f5(0,.) = f§ > 0 in R%+2,
fe e €°([0, T), LY (R*2)) N L>=((0, T) x R4+2),

and (1.7) holds in the sense of distribution, that is, for any ¢ € C°([0,T) x R%*2), the weak
formulation holds

+ / fo(0)dz = 0 (2.2)

where z = (x,v,w) € R2,
Remark 2.1. Using the mass conservation property of equation (1.7), we can easily check that

the time varying macroscopic quantities (p°, Ve, W*¢) defined in (1.5) simplify to

Ftx) = [ Ftxvw)dudw = [ f5(x0,w) dvdw = p5(x), (2.3)
R2 R2



hence we have

P (x)VE(t,x) ::/ v f(t,x,v,w) dv dw,
R2

pe(x)We(t,x) = / w fE(t,x,v,w) dv dw,
R2
for all x € R and all t > 0 where f¢ is well-defined.
First, let us prove the well-posedness of the kinetic equation (1.7).

Proposition 2.2. For any e > 0 we choose ¥ to be non-negative, symmetric and satisfies (2.1),
we also assume that f§ satisfies

620, f e L'RY?), [, Vafj € L¥(RY), (24)
where u = (v,w) and for all x € RY,
Supp(fE(x,-,-)) € B(0, R§) C R2. (2.5)
Then for any T > 0, there exists a unique f€ weak solution to (1.7) in the sense of (2.2), which
is compactly supported in u = (v,w) € R?.

The proof relies on a classical fixed point argument, but for the sake of completeness, it is
postponed to the Appendix A.

2.2 Existence of classical solution to the nonlocal FitzHugh-Nagumo system

Let us now state the result of existence and uniqueness for the nonlocal reaction-diffusion
FitzHugh-Nagumo system defined as

OV — L,(V) = N(V) = W,
t >0 and x € R?,
oW = 17(V +a—bW), (2.6)

V(0,x) = Vo(x), W(0,x)=Wy(x), x<cR%

Before describing precisely the existence and uniqueness of solution (V,W) to the hydro-
dynamical system (2.6), let us emphasize that this system is more convenient to analyse than
(1.12)-(1.13) verified by Z = (po, po V, po W). Indeed, as we will see, both solutions coincide in
the region of interest where pg > 0, but the study of (2.6) allows to construct a solution such
that for all ¢ € [0,7]

V(t), W(t) € L= (RY).

This property is crucial to apply the relative entropy method in the asymptotic analysis of (1.7)
when € — 0.

Proposition 2.3. We choose ¥ to be non-negative, symmetric and satisfies (2.1), we also
suppose that py and the initial data (Vo, Wy) satisfies,

po >0, poe L' NL®RY, Vo, Wy e L=RY. (2.7)

Then for any T > 0, there exists a unique classical solution (V, W) € €1([0,T], L>(R%)) to the
equation (2.6). Furthermore, Z = (po, poV, poW) is a solution to (1.12)-(1.13).



The proof of this proposition also relies on a classical fixed point argument. For the sake
of completeness, it is postponed to the Appendix B. Then as a direct consequence, for a given
initial data (Fp, Vp), it leads to the existence and uniqueness of solution (F, V') to the following
system of equations

OF + 0y (A(V,w) F) = 0,

POV — poLpy(V) = po [N(V) — W],

M@ZAwawwa

V(t,x) = 0, t>0andx <R\ Supp(po),

1
W(t,x) = Po(x)

0, else.

/F(t,x,w)wdw, if po(x) > 0,
R

More precisely we have the following result.

Corollary 2.4. Consider Vo € L¥(R%) and Fy € M(R¥Y) such that
/ w? Fy(dx, dw) < oo
Rd+1

and for almost every x € RY,

1@4%@mwm,#mm>&

i) = [ Folxouw)du, W) = {7

0, else,

where pg € L'NL>®(R?Y) and Wy € L¥(RY). We further assume that Vo = 0 on R?\ Supp .. (p0).
Then for any T > 0, there exists a unique couple (F, V') solution to (2.8), where

(F.V) € L=((0,T), MR™)) x ([0, T], L*(R)),

and F is a measure solution to the first equation (2.8), that is, for any ¢ € €.}(R1)

4 o(x,w) F(t,dx,dw) — AV (t,x),w) Owp(x,w) F(t,dx,dw) = 0 (2.9)
dt Rd+1 Rd+1

such that there exists a constant Ct > 0,

/ w?F(t,dx,dw) < Op, t€[0,T).
]R‘i""l

Proof. We first apply Proposition 2.3 with (pg, Vo, Wo), where (po, Wy) is computed from the
moments with respect to (1,w) of the initial distribution Fy, that is, for almost every x € R?,

Fo(x,w)wdw, if po(x) >0,
po(x) = /]RFO(X, w)dw, Wy(x) = pO(x)/R

0, else.



We then denote by (‘N/, W) the corresponding unique classical solution to (2.6) starting from
such an initial condition. Finally, we define

V(t,x), if po(x) >0,
V(t,x) = (2.10)
0, else.

As py is independent of time, we note that V' € ([0, T], L™°(R%)).

We now prove that for any couple solution (F, V) of (2.8) then V is precisely given by (2.10).
Thus, let us suppose that (F,V) is a well-defined solution of (2.8) on [0,7] with finite second
moment. We necessarily get that pgWV has to satisfy

A (poW) — po A(V, W) = 0,

together with

PodV — poLpy(V) = po [N(V) — W].
Thus, for any x € R? such that pg(x) > 0, the couple (V, W) coincides with the unique solution
to (2.6) with initial condition (pg, Vo, Wp). This is ensured from the fact that the convolution in
the nonlocal part W (poV) of the linear operator £,, (V') is only evaluated on the regions where

po > 0. Then, this uniquely defines V(¢,x) = V(¢,x) on py > 0. By definition of a solution to
(2.8), whenever py = 0, we have that V(,x) = 0. As a conclusion, we have just shown that if
(F,V) is a well-defined solution of (2.8) on [0,7] with finite second moment then necessarily
V =V where V is uniquely defined in (2.10).

For V defined as above in (2.10), we consider the transport equation
(2.11)
F(0) = Fyp.

Then, for almost every x € R? and all (t,w) € [0; T] xR, we introduce the system of characteristic
curves associated to (2.11), that is,
d

W) = AV(s,%), W(s)),

(2.12)
W(t) = w,

where V' is defined in (2.10). From the regularity with respect to (¢,w) € [0,7] x R of the
functions A(.,.) and V(.,.) and since A(.,.) grows at most linearly with respect to w, we get
global existence and uniqueness of a solution to (2.12). This solution is denoted by W(s, t, x, w),
then we verify using the theory of characteristics that the unique solution to the transport
equation (2.11) is given by

F(t,x,w) = Fo(x, W(0,t,x,w)) e "

From the above expression, it easy to compute the second order moment of F' with respect to
w and get that there exists Cp > 0 such that

/ w?F(t,dx,dw) < Cp, te[0,T].
Ra+1

As a final consequence of the above computations, we have that

1 N
/ F(t,x,w)wdw = W(t,x), for all x € R such that po(x) >0,
po(x) Jr
by uniqueness of the solutions of (2.6). This shows that the couple (F, V') is the unique solution
to (2.8) where V is given in (2.10) and F' is the unique measure solution of (2.11). n



2.3 Main result

Now, we are ready to state our main result about the hydrodynamic limit. To this aim we
consider a non-negative initial data (f)e>0 and suppose that there exists a constant C' > 0,
such that for all € > 0,

ool < C (2.13)
and
/ (L4 |x* + [o* + [w|*) £5(x, v, w)dwdvdx < C. (2.14)

Theorem 2.5. Let T' > 0, ¥ be a non-negative, symmetric kernel verifying (2.1) and (f§)e,
a sequence of initial data such that for all € > 0, (2.4), (2.5), (2.13) and (2.14) are satisfied.
Assume that (po, Vo, Wo) verifies (2.7), and

P — polle + /p‘B(X) (V5 (x) = Vo(x)? + [W§ (x) = Wo(x)]*] dx < CV/( 0. (2.15)

Then, the macroscopic quantities (p§, V<, W<), computed from the solution f€ to (1.7), verify
that for all t € [0,T],

/ [[VE(t%) = V()] + [We(t,x) = W(t,x)P] p5(x)dx < Crel/ (9,
R4

where (V, W) is the unique solution to (1.14).
Let further assume that (po, Vo, Wo) are such that,

1
1 / Fo(e,w)wdw, if po(x) >0,
R

pO(X) = /RF()(X,w)dw, WO(X> — po(X)

0, else,

for Fy € M(R¥L), and Vo = 0 on RY\ Supp,,(po). Moreover, consider the function F§ such
that for all x € R% and all w € R,

F(x,w) = [ f(x,0.0)do
If F§ — Fy weakly-* in M (R*1) then we have for all ¢ € € (R4T2):

/gp(x,v,w) fet, x,v,w) dvdwdx — /gp(x,V(t,x),w)F(t,dX, dw),

strongly in L (0,T) as ¢ — 0, where (F, V) is the unique solution to (2.8).

loc

Sketch of the Proof of Theorem 2.5. Our approach is based on the application of
relative entropy method [18, 19] and more recently [29] , and will be explained in section 4. The
first step of the proof is to introduce a relative entropy which allows us to compare solutions of
(1.12) with those of (1.8), and then derive an estimate which will enable us to prove that this
relative entropy tends to 0 as € vanishes. Deriving such an estimate is the most difficult part of
the analysis. More precisely, the difficulties come from: (i) the reaction term 9,(f*N(v)) which
introduces moments of order 4 that we will need to control, and (ii) the fact that V¢ and W¢ are
not a priori bounded in L™ (]Rd). We will overcome this problem using two entropy inequalities
that will be proved in Section 3.

The rest of the paper is devoted to the proof of Theorem 2.5, where we get a priori estimates
uniformly with respect to € > 0 on the solution (f¢).~o constructed in Proposition 2.2 and study
the behavior of a relative entropy [18, 19].



3 A priori estimates

In this section, we prove some a priori estimates of the moments of a solution to (1.7) which
will be crucial for the proof of Theorem 2.5. For all i € N and z € {x, v, w}, we denote by p?
the moment of order 7 in z of f¢, defined as

wi(t) = / |2|" f5(t, x, v, w) dxdvdw.
Ra+2

whereas p; is given by
pi(t) = i (t) + pg (8) + p (@)

Throughout this sequel, let 7' > 0 and € > 0, and suppose that f° is a well-defined solution
to (1.7) for all ¢ € (0,7 obtained in Proposition 2.2. For any p € N*, we first establish some a
priori estimates on uj, and puy,.

Lemma 3.1 (Moment estimates). Consider the solution f¢ to (1.7) given by Proposition 2.2
and p* € N*

Then there exists C > 0, only depending on p* and T, such that for all p € [1,p*],

1 d

2p di [Mgp + N%Up] (t) + popya(t) + épp(t) <0 ([Mgp + 'ug)p] (t) + 1) ’ (3.1)

where D,(t) is non-negative and defined as
Dy(t) = / e (v = V) p§ dxdudw.
Rd+2

Proof. Consider f¢ a well-defined solution to (1.7) and p € N*| we compute the time evolution
of moments in |[v|?” and |w|?", hence we have

1

o i (s, + i) (1) = I + Ip + Iy + Iy + Is,
where
L = +/ P71 N (v) £¢ dxdvdw,
Rd+2
I _1 e € ,2p—1 _1/€
I, = feptu (v —V?®) dxdvdw,
€ JRrd+2
I; = — / VP Ky [£9] £ dxdudw,
Rd+2
Iy = —/ v~y ¢ dxduvdw,
Rd+2
Iy = +/ w?P~ A(v, w) f€ dxdvdw.
Rd+2
First of all we treat the term Iy, since v??~1 N(v) = |[v]|?P — |v|*P*2] we get

fo= [ (P = ) dsdedu = (0 = )

10



Furthermore, we estimate the second term I and show that it is non-positive. Indeed, from
the definition of V¢, we observe that

/pa (veyt (/ fe(w=Ve) dv dw> dx = 0.

2p—1

Therefore, since p > 1, the function v — v is non-decreasing, which yields

el = —/fe (v~ = (Vo)1) + (V)7 (v — VF) p° dudwdx
= —/fa (UQp_l - (Va)zp_l) (v—=V*) p° dvdwdx < 0.
As a consequence, we obtain that € I = —D, < 0.

Then, we deal with I3 and prove that it contributes to the dissipation of moments. Indeed,
by symmetry of ¥ we may reformulate I3, using the shorthand notation f¢' = f¢(x’,v', w’) and

fe = fe(x,v,w), as
I = _% / / W(x — x) 021 (0 =) (1) £5(t) dxdvodwdxdodw!

1
D) // U(x —x)o/?Pt (v =) fo'(t) f°(t) dxdvdwdx'do’dw’
< 0.

Finally, we can easily compute I, which yields
2p — 1 1
L < /ff <p|vy2p+|w|2p> dxdvdw
P 2p

<

whereas the last term I5 gives

B Ry

1 2p—1 2p—1 p
< o [ 22 e+ 22+ e o
2p 2p 2p 2p
2p —1 7|a|??
< T P pop(t) + ‘2]|3 .

Therefore, gathering the previous results, we get the entropy inequality (3.1) with C' > 0, only
depending on p, 7 and a. ]

This Lemma will be helpful to pass to the limit e — 0 in (1.7). The first consequence is
some moment estimates in u = (v, w) and also x.

Corollary 3.2. Under the assumptions of Lemma 3.1 with p* = 2, we choose an initial datum
1§ such that (2.14) is satisfied. Then, there exists a constant Cp > 0, which does not depend
on € > 0, such that for any k € [0,4],

pe(t) < Cp, t€(0,T],
(3.2)



Proof. First we observe that

o) =3 [ f7(t) dodwdx = 3o 11, (3.3)

RdA+2

which gives the result with k£ = 0.

Then for k = 4, we apply Lemma 3.1 with p = 2 and integrate with respect to t € [0,7] and
by the Gronwall’s lemma, it yields the estimates on the second order moment in u = (v, w),
there exists a constant Cp > 0 such that for any ¢ € [0, T]

pa(t) + pi () < Cr.

Furthermore, since p° does not depend on time, we also have for all ¢ € [0,T],

i) = [ ixltppx < .
Rd

hence from hypothesis (2.14) which gives us the uniform control of the moment of order 4 in x
of f§, there exists a constant Cr > 0, independent of ¢ > 0, such that for all ¢ € [0, 77,

pa(t) < Cr. (3.4)

On the other hand, from the latter result and the dissipative terms obtained in Lemma 3.1,
there exists a constant C7 > 0 such that

T
| miwa < o (3.5)
0
Interpolating (3.3) and (3.4)-(3.5), it yields the result with 0 < k < 4. n

Another consequence of Lemma 3.1 is the control of the dissipation D;(.), which is a crucial
step to characterize the limit of the sequence (f¢).>o when ¢ — 0.

Corollary 3.3. Under the assumptions of Lemma 3.1 with p* = 1, we choose an initial datum
1§ such that (2.14) is satisfied. Then, there ezists a constant Cp > 0, such that

T
/0 a2 o) lv— Vﬁ(t,x)]2 po(x)dxdvdwdt < Cre. (3.6)

Proof. We first apply Corollary 3.2 to obtain a uniform estimate on the moments psf(.),
pe(t) < Cr, te€l0,T).

Then, integrating the entropy inequality (3.1) between 0 and T" and using the positivity of Dj(.),
we find

1 /7
/ et x,v,w) v — VE(t, %)% p5(x)dx dv dw dt
€ Jo Rd+2

T
< m(0) +2C [0+ mv)a < cr,

from which we easily deduce (3.6). n

This last result is not enough to justify the asymptotic limit. Hopefully, it can be improved
by removing the weight pg in the previous estimate.
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Lemma 3.4. Consider the solution f¢ to (1.7) given by Proposition 2.2, where the initial datum
1§ satisfies (2.14). Then, there ezists a constant Cp > 0, independent of € > 0, such that

T
/ Fe(t,x, v, w)|v — VE(t, x)|? dx dv dw dt < Cpe?/(@+0), (3.7)
0 Rd+2
Proof. Let us fix e > 0 and T > 0. First, we set

T
I° :/ /f€|u—V€|2dwdudxdt
0

and notice that according to the definition of V¢,

T
IF = / /fs(|v\2—|—\V5]2—2vvg)dwdvdxdt
0

IN

T
/ /f€]v|2dwdvdxdt < +o0.
0

so it gives that f¢|v — V?|? € L([0, T] x R%*2). Our strategy to prove (3.7) is to divide R? into
several subsets where f€|v — V¢|? is easier to control.
We consider any n > 0 and define the set A,
A= {x cRY | pi(x) = o},

and BY given by
Bl i={xeR" | () >n},

whereas C/ = RY\ (A. U BY), that is,
Cl = {XE]Rd | 0<p8(x)§n}.

Thus, we have I® = I] + I5 + I3, where

( T
I5 ::/ / /f5|v—V€]2dwdvdxdt,
0 e
T
I5 ;:/ / /f5|v—V5]2dwdvdxdt,
0 JB?
T
I ::/ //fs\v—Vﬂdedvdxdt.
o Jc?

On the one hand, since f* > 0, we directly have that f* = 0 when pj = 0, that is when x € A,

thus we have -
I :/ / /fg\v — Ve|Adxdvdwdt = 0. (3.8)
0 :

On the other hand, for x € BZ, we know that p§(x) > 7, therefore it yields that

T pa
I5 < / / /fslv—Vs\Qodxdvdwdt
0 JB? n

1 T
< / /ff\v—V€|2pgdxdudwdt.
nJo

13



Hence, by application of Corollary 3.3, we get the following estimate:

=0 <;> . (3.9)

It remains to control the last term I5. To this aim we bound it by the sum of three terms :
for any R > 0, we have

T
I3 < / / /f5|v]2dvdxdwdt =I5, + I55 + I3,
0 cg ) ) K

T
I, ::/ / / f¢|v)?dv dx dw dt,
' 0o Jeo J{|jv|>R}

T
I, :—/ / / fElv]*dv dx dw dt,
' 0 JcInBe(0,R) J{|v|<R}

T
I, ;:/ / / fElvPdv dx dw dt.
’ 0 JeInB(0,R) J{|v|<R}

For k > 2, the estimates on moments in velocity gives that

I I
0 0

where the last term is uniformly bounded according to Corollary 3.2 for k € [0, 6].
Furthermore, we estimate I3, using a similar argument as for I5; but now using moments
in space, that is, for p € [2,4],

where

T |X‘p 1 T
I35, g/o ﬁfa(t) R?dwdvdxdt < T2 /0 poy (t) dt, (3.11)

where £ (.) is uniformly bounded according to Corollary 3.2 for p € [0,4]. Finally, the last term
I3 5 can be computed as

T
I5; < R? / / podxdt < CT Ry, (3.12)
’ 0 JC’NB(0,R)

where C is the positive constant such that |B(0, R)| = CR?. By summing (3.10), (3.11) and
(3.12), we can conclude that there exists a constant C' = C(T") independent on R, n and € such
that

1 1
d+2
For simplicity we choose p = k = 4 and optimize the value of R, which leads to
I5 < Cpn?/d+d), (3.13)

Finally by summing (3.8), (3.9) and (3.13), we get that there exists a positive constant
Cr > 0 independent on 71 and &, such that,

IF < Cp (772/(d+4) n 5)_
n

Hence, we can choose 7 = £(@t4/(d+6) and

T
/ /fg\U—VEFdxdvdwdt < Cp e2/(d+6),
0

14



4 Relative entropy estimate and proof of Theorem 2.5

Following ideas from [21, 29], our proof of Theorem 2.5 relies on a relative entropy argument to
estimate the distance between a solution of (1.8) and a solution of (1.12) on [0, 7| for some finite
T > 0 as € — 0, with well-prepared initial conditions. Throughout this section, by a solution
(po, poV, poW) of (1.12), we refer to the solution constructed in Proposition 2.3. We start this
section with the definition of the relative entropy that we will be using. Then, we present an
equality satisfied by the relative entropy, which will be useful to estimate it. This estimate will
finally be the key argument to conclude the proof.

4.1 Definition of relative entropy

We want to use a relative entropy argument which enables us to compare solutions of (1.12)
with the solutions of (1.7) seen on its hydrodynamic form (1.8). We first introduce the notion
of entropy.

Definition 4.1 (Entropy). For all functions V and W : R — R, and for any non-negative
function p : RY — R, we define for Z = (p, pV, pW), the entropy n(Z) by

V2 4+ W
Note that if we define P = pV and @ = pW, then we have
nz) = —-%
p
As a consequence, the differential of 1 with respect to its variables Z is given by
oo [ VE+IWP
Dn(2) = | Dpy | = VP . (4.2)
Dan W

Using the definition of entropy (4.1), we can now introduce the notion of relative entropy.

Definition 4.2 (Relative Entropy). For all functions Vi, Wy, Vo and W : R = R and for all
non-negative functions p1 and ps : R* — R, we define for Z; = (pi, piVi, piWs), with i = 1,2,
the relative entropy

n(21|22) == n(21) — n(22) — Dn(Z2) - (21 — 22)
which gives us after computation

” Vo — VA + [Wy — W1 |?

n(21|22) = 5

(4.3)

This relative entropy will be useful to ”compare” the weak solution (pg, pgV¢, pgW*¢) to (1.8)
with the classical solution (pg, poV, poW) to (1.12).

15



4.2 Relative entropy equality

In this subsection, we prove an equality satisfied by the relative entropy defined by (4.3) between
an arbitrary smooth function and a solution of the hydrodynamic equations (1.12). The purpose
of this result is to split the relative entropy dissipation into one part due to the macroscopic
solution (1.12) and another part which estimates the difference between the two solutions.

Lemma 4.3. Under the assumption that VU is non-negative, symmetric and satisfies (2.1), we
consider (V W) the solution to the hydrodynamic equation (2.6) given by Proposition 2.3. Then,

for any Z = (p, pV pW) such that p is non-negative, p € L' N L>(R?), whereas V and W
are both differentiable in time and such that for any t € [0,T],

F(IVOI + W) e L' ®Y,
the following equality holds:

5 [n@E2ax = L [n(Z)ax (4.4)

/ Dy(2) 8.2 - F(3)] ax + R(2|2) + 8(2),

with R = Ry 4+ Ry and S = S+ Sy, where Ry and S; contain local terms

R(Z|2) = /5(v— V) (NOV) =W~ N7) + ) dx
+ / ]5(W - ’W) (A(v, W) — A(V,W)) dx, (4.5)
S(Z) = —/,5 VN@) — VW + W AW, 7)) dx

whereas Ruy(Z|Z) and Spi(Z) gather nonlocal terms

Ru(Z|2) = / 5 [V =7 (Lp(V) — £5(7)] ax.
(4.6)
Su@) = = [[ve-9)560750) [P030) - Viey)| dxay

Proof. First of all, it is worth noticing that for all ¢ € [0; 7], since V(¢) and W (t) € L>®(R%)
and since pg € L'(R?Y), then for all i € N, po (|[V(t)[' + [W(t)[) € L*(R?). From the definition
(4.2) of n(Z|Z), we have

G [n@2ax = [[om@ - om@) - ouz)- (2 2) - Du(z)- 0, (2 - 2) | ax
= L1+ 1y,
with
L= / am(Z) — Dy(2)- [até - f('z)} dx,
I = — / [@Dn(z)- (2—2) + Dy(2) -f(é)} dx,

16



where F is defined in (1.12)-(1.13).
On the one hand, the term I; corresponds to the variation of entropy which simply gives

I = % n(2)dx — / Dn(2) - {até - ]—"(ZN)] dx. (4.7)

On the other hand, we decompose Iy as Iy = Is1 + Ioo with

Iy = / 8.Dn(2) - (2— z) dx,

Iy = — / Dn(Z) - F(Z)dx.

Using the definition of Dn(Z) in (4.2) and since Z is solution to (1.12), we have

2 2 B

WEEWEY o

Iy, == — [ O % | PV —poV | dx
1174 pW — poW

/ (5 = p0) [V (Lpo(V) + N(V) = W) + WAV, W)] dx
[ (57 = V) (LnV) 4 N V) - W)

- /(ﬁW — o W) AV, W) dx,

hence it yields
Iy = /,3 [(V - 17) 1L, (V) + N(V) — W] + AV, W) (W - W)} dx.

Furthermore, from the definition of F(Z) in (1.12)-(1.13) and Dn(Z) in (4.2), we obtain
Iy = — / 5 (v [57) + NT) — W] + WA, T)) dx.
Then, gathering the latter two equalities and after reordering, we have
I = / p [(V—f/) (ﬁpO(V) —ﬁ,;(f/)) - fwﬁ(f/)} dx
+ /,5 [(v - f/) (N(V) ~N(V) - W+ W) VN + ffW} dx

+ /ﬁ [(W - W) <A(V, W) — A(V, W)) WA, W)} dx,

which can be also written as

I = Ty + Ri(Z|2) + Si(2), (4.8)

where R; and &; are given in (4.5) whereas the first term Zy is given by

T, = / 5 [V =T (L(V) ~ £5(7)) — 7 £(7)] dx.

17



Thus, we set

S = —/Wﬁﬁ(f/)dx

and a direct computation gives

1 o ~ - 2
Su =5 [ Wx=3)550) [Pt - Vity)| axay.
We conclude the proof by gathering the last equality together with (4.7) and (4.8). u

4.3 Relative entropy estimate

Now that we have established the relative entropy equality (4.4), we apply it with p = pf,

V = V¢ and W = W¥¢ to estimate the relative entropy between the weak solution (VE,W¢) and
the classical solution (V,W). More precisely, we prove the following result.

Proposition 4.4. Under the assumptions of Theorem 2.5, there exists Cr > 0 such that we
have for all t € (0,T]:

/ p5(x) (|VE(t,x) — V(t,x))? + [WE(t,x) — W(t,x)[*) dx < Cpel/(@F6)] (4.9)
R4

where (V, W) is the solution to (2.6) and (pg, pgV=, pgW*) are the macroscopic quantities com-
puted from f€ the solution to (1.7) on [0,T].

Proof. Consider f¢ a solution to (1.7) on [0,7] given in Proposition 2.2. From Corollary 3.2,
we get that for any ¢ € [0,7], the moment p4(¢) is uniformly bounded with respect to € > 0.
Therefore applying the Hélder inequality, we obtain that for all x € R such that p§(x) > 0 and
for all ¢ € [0; 71,

AV = o ( / vff(t,x,v,w>dvdw>4,

< /]v|4f€(t,x,v,w) dv dw. (4.10)

Note that the last inequality remains true when p§(x) = 0 and the same argument applies when
we replace V¢ by We.
Consequently, since p° € L'(R?), we get for any 0 < p < 4 and t € [0, T,

P (IVE@P + (WE(P) € LY(RY).

Thus, we can compute the time evolution of the entropy 1(Z¢) where Z¢ = (p§, pgVe, pgW*®)
corresponds to the moments of f¢ with respect to (1,v,w), that is Z¢ is solution to (1.8). It

yields that
G [nEmax s s@e) = [ vioero) ax (a.11)

where S(Z¢) is given by (4.5)-(4.6) when Z = Z¢ and the error term £(f°) is defined in (1.10).
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Then we consider (V, W) the solution to (2.6) given in Proposition 2.3, hence we have for
Z = (po,po V,po W),

/Dn ) [0:Z5(t) — F(2°(t))]dx = /V(t)é’(fs(t))dx (4.12)

Therefore, applying Lemma 4.3 with Z = (5, PG5 V<, py W*) and using (4.11) and (4.12), we
simply get the following equality

T n(ZE(t)|2(t))dx = /(V€ - V) E(f)(t,x)dx + R(Z°|2), (4.13)

where R = R; + R,y is given in (4.5)-(4.6). On the one hand, we estimate the term R; by

Ri(2°]2)] < ’/Po (V =V (N(V) = N(VF) = (W - W7)) dx

+ '/ Py (W = W#) (A(V, W) — A(VZ, W) dx

IN

1
/<|V—V€|2 + 5(|V—V‘f|2+ !W—W5|2)> ph dx
3 [V =V W W) g dx

< 3T /n(Z’EIZ>dx

On the other hand, we estimate the second term R,;(Z¢|2) as

Ru(2°|12)] < //‘I’(X—Y) po(X) lpo(y) — po(¥)I IV(Ey) = V(E,x)[ [V(t,x) = V(t,x)| dxdy

IN

Wl 191 (I6bllelion— sl + [ n(z712)ax).
Gathering these last inequalities, using the uniform control of || p§|| L given by hypothesis (2.13),

we have shown that there exists a constant Cp > 0, which does not depend on ¢ > 0 such that
for all t € [0, 7],

t t
[ IR @z < o [lm -l + [ [azelze) o). @
0 0
It remains to estimate the error term

} Jwro-vaneuoa| < 5 [1vio - VOIVED - o (0 + 7] £ @dududx

(/yvs _ ()dvdwdx)l/2,
3

oft) = ( / (o) + v2]2 VE) — V2 £(t) do dwdx>1/2.

IN

where a(t) is given by

Using that V' is uniformly bounded in L*> according to Proposition 2.3 and since

o6 [V (£, )6 < / o[£ (8, x, v, w)dvdw
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we deduce from Corollary 3.2 that there exists a constant Cp > 0, which does not depend on
€, such that

T
/ a?(s)ds < Cr.
0
It yields from Lemma 3.7 and the Cauchy-Schwarz inequality that
T
/

Finally integrating (4.13) on the time interval [0,¢] we get from the previous estimates (4.14)
and (4.15) and using the Gronwall’s lemma that

/ (VE(t) — V() E(f5)(H)dx| dt < Cp e'/(4F6), (4.15)

[uzoizmax < or | [aEEo1zo)axc Im - i+ 0
From the assumption (2.15), we get that for all ¢ € [0, 7],
[z @iz ax < opet/eo),
which concludes the proof. "

4.4 Conclusion — Proof of Theorem 2.5

In this section, we complete the proof of Theorem 2.5 using the entropy estimates previously
established to show the convergence of f¢ in the limit ¢ — 0.
First, we set

Fe(t,x,w) := /fa(t,x,v,w)dv,

with an initial datum F§ given by

F; = / 15 dv.
R

Noticing that since f¢ is compactly supported in v for any € > 0, we can choose a test function
in (2.2) independent of v € R, hence the distribution F* satisfies the following equation, (1.7)

T
/ Feoip + 7 [/ vfedv + (a —bw) Fé} Owp dxdwdt
0 JRra+t R
+/ ES (0)dxdw = 0, Vo e €2([0,T) x R,
Rd+1
or after reordering

T
/ / Fe [0 + AV (t,x),w) O] dxdwdt + F§ (0) dxdw
0 JRrd+1

Rd‘H
T
= 7'/ / (V(t,x) —v) f€ Ope dvdxdwdt, VYo € €1([0,T) x R,
0 Ra+2

where V' is solution to (1.12).

On the one hand, using that up to a subsequence F® converges weakly-x in M((0,T) x R*+1)
to a limit F' € M((0,T) x R%*1), we can pass to the limit on the left hand side by linearity. On
the other hand, from Lemma 3.4 and Proposition 4.4, we get when € — 0,

T
/ /f5|v — V(t,x)|*dxdvdwds
0

IN

T
/0 /fs (Jo = VE(t,x)|* + [VE(t,x) — V(t,x)[?) dzds

Cp e}/(d+6)

IN
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hence it yields that since p* does not depend on time,
‘ / (V(t,%) — v) [ Duip dvdxdwdt‘ < Cr ||0wpll e (o530 /24412,

Thus, passing to the limit & — 0, it proves that F' is a measure solution (2.8). Furthermore, by
uniqueness of the solution to (2.8), we get the convergence for the sequence (F*¢)c~o.
Finally let us show that for any ¢ € €0(R%2),

/(p(x, v,w) f(t,x,v,w) dvdwdx — /cp(x, V(t,x),w) F(t,dx,dw),
strongly in L}OC(O, T)ase — 0. Consider 0 < t < t' < T. We start with showing the convergence

for any ¢ € €.} (R2), and then we will conclude using a density argument. Consider ¢ €
€ (R2), we have:

t/
T := / /cp(x,v,w) fe(s,x,v,w)dvdwdx — /@(X,V(s,x),w) F(s,dx, dw)’ ds
t

SII + I27

where

ds,

t/
Il = /
t

tl
Ig = /
t

We estimate the first term Z; using the regularity of ¢ and the Cauchy-Schwarz inequality:

/(g@(x,v,w) — p(x,V(s,x),w)) f(s,x,v,w)dvdwdx

/@(X,V(s,x),w) (F*(s,dx,dw) — F\(s,dx, dw))‘ ds.

1y

IN

T
||av(10||Loo/ /|U — V(s,x)| f¢(s,x,v,w)dvdwdxds
0

T 1/2
< ||Ovep|| oo (/ /fe(s,x,v,w) dvdwdxds>
0

T 1/2
X </ /fs(S,X,U,w) ’U — V(S,X)’z d’wadXdS)
0

< |0vpllLoe (T [|f§llzr Cp)'/? /2412,

A

whereas the second term 7y also converges to zero when € goes to zero since F¢ converges
weakly-+ in M((0,T) x R¥1) to F. Using a density argument, this shows the convergence of
fein L ((0,T), M(R%+2)), so this concludes the proof of Theorem 2.5.

loc

A Proof of Proposition 2.2

This appendix is devoted to the proof of the existence and uniqueness of a solution f¢ to (1.7).
Let T'> 0 and € > 0 be fixed. The main difficulty is that we cannot use a compactness argument
based on an average lemma as in [30] for example, since there is no transport term of the form
vV, f€ in (1.7). Thus, our strategy is to linearize the equation (1.7) in order to construct a
Cauchy sequence which converges towards a solution to (1.7). First of all, we need to prove
some extra a priori estimates on f°. In the rest of this section, since ¢ is fixed, for the sake of
clarity, we will note f instead of f¢, but all the following estimates are not uniform in e.

21



A.1 A priori estimates

We recall that for any solution f of (1.7) and for all ¢t € [0,T7], || f(t)|lr: = ||f(0)||z1. This
subsection is devoted to the proof of some a priori estimates.

First of all, we set the system of characteristic equations associated to (1.7) for all (x,v,w) €
R*2 and all t € [0,T]:

( dZ;S(S) _ N(EU(S)) — Ew(g) _ [(PE*PO](X)EU(S) + [(I)g *jf(S)](X),
T A, 50(9)) (A1)
TUt) = v, TV(t) = w,

where f is a solution of (1.7) and j; is defined with:

Jf ::/fvdvdw.
We define the flow of (A.1) for all z = (x,v,w) € R¥2 for all s, in [0, T):
Y(s,t,z) = (X(s,t,2z), (s, t,2)) , X(t,t,z)= (v, w).

We start with proving the well-posedness of the flow of the characteristic equation (A.1) and
an estimate of the support of a solution to (1.7).

Lemma 1.1 (Well-posedness of the characteristic system and estimate of the support). Con-
sider an initial data fo satisfying (2.4) and (2.5), and suppose that there exists f a smooth
non-negative solution to (1.7) such that for all t € [0;T], || f(t)|lrr = ||f(0)||z1. Then, the char-
acteristic system (A.1) is well-posed. Furthermore, there exists a positive constant Rr. such
that:

sup Supp(f(ta X, )) - B(Oa RT,&)? (AQ)
t€[0,T
x€R4

and there exist two positive constants C1 and Coy such that:
Rpe < Coe1 02T, (A.3)

Proof. The Cauchy-Lipschitz Theorem yields the local existence and uniqueness of the flow of
the characteristic equation (A.1). Define for all s € [0,T7:

Re(s) i=sup {|I=(s,0.2)| | s € [033], 2 € R x B(0, F5) } .

Our purpose is to estimate R. using the following energy estimate. Let s € [0; T], z = (x,v,w) €
RY x B(0, R5). We have:
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15(s,0,2)* = [|(v,w)]* + 2/0 ¥(s',0,2) 9s%(s',0,2) ds’

@)l + 2 [ [ N - e

0

— [0 % po)(%) [ + [@2 + (] T + S A(S",£)] ds’
$ 1

<RSP+ 2 [ 12 G O+ ()
0

T
2

s 2
< \RE‘Q + Tra® + / <3+27’—|—2Hp0]Loo | W] 71 —I—g ‘p()HLoo> ]Ra(sl)Istl.
0

+ Re(9) [0+ pol (S0 + (S [ + L (a? + [57)] s’

Thus, passing to the supremum in x € R? and in (v, w) € B(0, R§), we get that for all s € [0, T7:
2 £ |2 2 ° 2 / /
[Re(s)]” < |Rg|” + T'7a” + 3427+ 2|pollze [ ¥llzs + = llpollz= | Re(s7) ds'.
0

Using the Growall’s inequality, we get that there exist two positive constants C; and Co which
depend only on T', R, || Y|/, po, 7 and a such that for all s € [0, T]:

IR.(s)]2 < Cpelt (DT,

Therefore, the function X(-,0,-) is well-posed in €*([0,T])? x B(0, R), L>(R%)). Similarly,
for all t € [0,T], we show that ¥(-,¢,-) is well-posed in €'([0,T]? x B(0, R.(t)), L=(RL)).
Furthermore, we can conclude that

sup Supp(f(t, X5 )) c B(O, RE(T))
tel0,7]

xcR4

Now, using this estimate on the propagation of the support in u = (v, w) of any solution f
to (1.7), we can estimate f and V,f in L.

Lemma 1.2 (Estimates in L*™). Consider an initial data fo satisfying (2.4) and (2.5), and
suppose that there exists f a smooth non-negative solution to (1.7) such that for all t € [0,T],
N f@llzr = I follpr- Then, there exists a positive constant Cr . such that for all t € [0,T],

1)~ < Cre  and [Vl ()]~ < Cr...
Proof. We write (1.7) in a non-conservative form:
hf+A - Vyuf =—divy (A) f, (A.4)
where A is the advection field of (1.7) given for all ¢ € [0, 7] and all z = (x,v,w) € R*?2 by:
N(v) — w — [®cx po](x) v + [Pe * j (1)](x)

A(t,z) = o)
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Thus, for all ¢ € [0, 7] and all z = (x,v,w) € R¥*2, we note u = (v,w) and we have:

—divy (A(t,z)) = —N'(v) + [®:* po](x) + Tb
=302 — 1 + [ * po](x) + Tb.

Then, we get that for all ¢t € [0, 7] and z = (x,v,w) € R¥*2:

F(t.2) = fo(x,5(0,1,2)) _/0 (diva (A) f) (£, 5(s,t,2)) ds.

Consequently, we have for all ¢ € [0, T]:

t
If Bz~ < Hf0||L°°+/0 [ divu (A(s, ) f(s)]| e~ ds,

Moreover, according to Lemma 1.1, there exists a positive constant Ry . satisfying (A.2), and
therefore, for all s, t € [0,7] and z = (x,u) € R? x B(0, Rr.),

|divy (A(s,2)| < 3[Rrel® + 1+ [|%]|1 [loollz= + To.

Therefore, the Gronwall’s inequality gives us that there exists a positive constant C; such that
for all t € [0, T7:

If®)llLee < [l follpoer.

Then, by differentiating (A.4) with respect to v and w, we have:

% (Ouf)+A - Vu(df) = St,2)0f —70uf—N"(v)f,

O (&uf) +A - Vy (awf) = Sw(ta Z) Owf + 0uf,
where SV and S are given for all ¢ € [0,7] and all z = (x,v,w) € R¥*2 by:

SY(t,z) == —2N'(v) + 2 [P, * po] (x) + T b,

SY(t,z) := —N'(v) + [Pe * po] (x) +270.

Therefore, using the estimate of the support of f (A.2), the Gronwall’s inequality gives us that
there exist two positive constants Cy and Cs such that for all ¢ € [0, T7:

IVaf(@)r < Ce™.

A.2 Proof of existence and uniqueness

We proceed with a linearization of the equation (1.7) in order to construct a Cauchy sequence
{f2}nen of non-negative functions in the Banach space €°([0,T] x R2 , L>°(R%)), such that for
all n € N, the Lemmas 1.1 and 1.2 give that there exist two positive constants Ry, and Cr.
independent on n such that for all n € N:

sup Supp(fi(t,x,-,-)) C B(0, Rr.),
te[0,7
xER4

2@z < Cre and  [[Vufp(t)llze < Cre.
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Thus by a classical fixed point argument in a Banach space, the sequence {fZ},en strongly
converges in €°([0,7] x R, L>°(R%)) towards a function f¢, which is non-negative and

2 € €°([0, T) x Ry, L2(RY)).

Hence, passing to the limit n — 400 in the linearized equation, f¢ is a weak solution to (1.7)
in the sense of (2.2) which satisfies the support estimate (A.2). Consequently, we deduce

FFee® ([O,T], Ll(Rd+2)) ’

hence we can apply Lemma 1.1 with f¢, which yields that the characteristics ¥ € €*([0, T]? x
R2 | L>°(R%)) are well-defined. As previously, we note A the advection field of (1.7). Therefore,
for all t € [0,7], u = (v,w) € R? and x € RY,

fe(t,x,u) = f5(x,%(0,¢,%x,u)) exp <— /Ot div A (s, x, X(s, t, x, u))ds) .

Finally, using the regularity of div,A, ¥ and f§ which satisfies (2.4), we get that

fs’ vufe e LOO((O,T) % Rd+2).

B Proof of Proposition 2.3

This appendix is devoted to the proof of Proposition 2.3. We apply a fixed point argument to
get the existence and uniqueness of a classical solution (V, W) of (2.6). We first set

& = °([0,T], L(R?))
and for a fixed M > 0 we define
A = {(V, W) € &5 [V(E) = Vol oo may + W (E) = Woll oo may < M, Vit € [OvT]} ;

equipped with the norm for U = (V, W) € 7,

NI = sup (V) oty + W Ol o) -

te[0,7T

Consider the application I" such that for all U = (V,W) € J¢p, for all ¢ € [0,7] and almost
every x € R,
t £PO (V)(Sa X)ds + N(V(5> X)) - W(S’ X)
T[U](t %) = Uo(x) + / ds.
O L A(V,W)(s,x)
On the one hand, since ¥ € L'(R?) and N € €'(R), we prove that T is well-defined
IT[U] = Toll < CT

for some constant C' > 0 independent of time. As a consequence, we can choose T small enough
so that T'[U] € 7. On the other hand, I' is contractive : for U; Uy € J#p and (t,x) be in
[0,T] x R?, we have

ID[th] = TU]| (t,x) < Ct||Ur = Ual],
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where C' > 0 does not depend of time ¢ > 0, hence for T" small enough, I' is a contraction
from #7 to 7, which is a complete for the distance associated to the norm ||.|| previously
defined. Therefore, using the Banach fixed point theorem, there exists a unique U € J#p such
that T'[U] = U, that is, U = (V, W) is solution to (2.6) for the initial condition Uy = (Vi, Wp).
Moreover since V and W € €°([0, T], L>°(R%)) and using the Duhamel’s formula, it yields that

vV, W e €0,T], L°([R?)).

Finally, an energy estimate gives that

3+
LT 1 ool ) 1V e e

1+271 9 Ta®
5 WOz ey + ——

N —

d
G (vesr s wexp) < (

Using Gronwall’s lemma, we can conclude that there exists a constant C' > 0, only depending
on a, 7 and ¥, such that

IV, W) < Vo, Wo)lll + C) e“T.

It allows to prove that this unique solution is global in time.
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