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Abstract

We define the quantile set of order o € [1/2,1) associated to a
law P on R? to be the collection of its directional quantiles seen from
an observer O € R?. Under minimal assumptions these star-shaped
sets are closed surfaces, continuous in (O, ) and the collection of em-
pirical quantile surfaces is uniformly consistent. Under mild assump-
tions — no density or symmetry is required for P — our uniform central
limit theorem reveals the correlations between quantile points and a
non asymptotic Gaussian approximation provides joint confident en-
larged quantile surfaces. Our main result is a dimension free rate
n~*(logn)'/?(loglogn)'/* of Bahadur-Kiefer embedding by the em-
pirical process indexed by half-spaces. These limit theorems sharply
generalize the univariate quantile convergences and fully characterize
the joint behavior of Tukey half-spaces.

1 Introduction

1.1 Short presentation

Let {X,,} be a sequence of independent random vectors in R¢ defined
on a probability space (£, 7,P) and having the same law P = PX.
Many procedures in multivariate data analysis have been proposed
to picture out the structure of the data cloud Xi,...,X, and dis-
tinguish between inner points, outer points and outliers. In partic-
ular it is worth mentioning generalized quantiles ([12],[19],[28],[30]),
data depth ([16],]24],[23],[34],[35]), level sets ([27]), Tukey contours
([101,]210,]261,[33]), modal set estimation (|3],[25],[27],[28]), k-means
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([7,18]), trimming ([22],[26], [29]), quantile regression ([I5]) among
many others. The underlying generic problem is to infer about the
mass localization of P in R? — modal regions, support, main mass di-
rections. Since probabilities and locations come into play together, the
need of multivariate quantiles arises naturally. Now, the univariate
a-th quantile can be defined in many ways, hence as many multivari-
ate generalizations can be proposed in terms of points, vectors or sets
satisfying some equation involving «.

The inference paradigm we promote below uses what we call quan-
tile surfaces. They are defined in a purely nonparametric way, always
exist and satisfy sharp convergence properties without too restrictive
hypotheses. In this paper we focus on quantile surfaces built from
half-spaces probabilities, so that our results can be applied to sta-
tistical procedures based on the popular Tukey half-spaces. Flexible
extensions are studied in companion works, with applications to good-
ness of fit tests, depth vector fields and Lorens-Gini and Wasserstein
type distances.

The paper is organized as follows. In Section 1 we discuss motiva-
tion and compare our approach to the main existing ones. In Section 2
we recall the limit theorems for univariate quantiles we intend to gen-
eralize. Then we provide notation, definitions and basic properties of
the deterministic and empirical quantile surfaces, with a few illustra-
tions and comments. Our results are stated in Section 3. Section 4 is
devoted to proving continuity, uniform consistency, uniform weak con-
vergence, strong approximation and a dimension free Bahadur-Kiefer
representation of quantile surfaces.

1.2 Basic principles

It is important to point out that we depart from the following classical
ideas, which have been extensively exploited.

It seems commonly admitted that localizing mass requires first a
well defined mass center M = M (P). On R the median corresponds to
a robust central location M from where nested inter-quantiles intervals
can grow up. In R? it is then tempting to characterize some median
point M, typically through a global minimization of some centrality
expectation function. Seen from M the support of an unimodal P can
be divided into central, inner, outer and extreme regions in a nested
way. Such a contour description can be achieved by two main basic
principles.

The depth principle consists in associating a real value to each point
O € R, with a maximum at some mass center M. The latter typically
depends on a notion of central or angular symmetry and depth contours
stand as level sets of some depth function depending on P and M.

The quantile principle consists in associating a set of points to



a value a € (0,1). Typical quantile sets are selected among a small
entropy collection of sets by means of argmax estimation, and centering
sets at M helps making them nested like contours.

Outer spatial quantile sets or less deep contours are used to char-
acterize outliers and build trimmed areas before processing, for sake
of robustness. Inner spatial quantile sets or deeper contours are used
to depict central regions of the support of P. In this spirit the depth
axioms are formalized in [34]. Other approaches provide a similar
center-outward ordering of points. Note that centered quantile sets
have a probability @ whereas depth contours may or not rely on a-th
quantiles of some associated real valued random variable. Even when
« is not a probability, contours require a central median point to cross
directions. This is the case in [I9] where the inverse of a multivalued
function is used to represent directional quantiles.

1.3 Motivation

The limitations of the framework of quantile sets and depth contours
motivate our notion of arbitrarily anchored quantile surfaces.

Firstly, focusing on a unique mass center M € R? could be mis-
leading and excludes interesting cases like mixtures or low dimensional
supports. We would like to depict mass localization beyond the center-
outward case, with no need of any objective center M = M(P). We
thus suggest to learn about P by moving a subjective viewpoint O € R¢
— like turning around a geometrical structure to see all faces rather than
observing it from a central point inside. If P is M-symmetric then all
expected properties hold at O = M and we recover radial quantiles.

Secondly, few limit theorems are available besides consistency com-
pared to the variety of proposed methods. We would like to generalize
the sharpest limit theorems on univariate quantiles. Using directional
projections seen from O € R? allows to go back to R and our main
contribution is to control them jointly.

Thirdly, known results hold under restrictive assumptions on P. In
particular, P often has density and contiguous support or is regular
with respect to the indexing sets or a depth function. We would like to
impose no stronger assumptions than for univariate quantiles. More-
over in higher dimension the statistical dependency of the coordinates
of X could make P very concentrated around low dimensional mani-
folds or geometrical structures, and such a sparsity means no density.
Thus a special effort is made to relax the density and support require-
ment.

Sometimes theoretical methods have unrealistic computational as-
pects. Consider for instance plug-in procedures such as computing
level sets after a d-dimensional density estimation. The quantile sur-
faces we introduce are quickly computed by orthogonal projections and



confident bands follow from our Gaussian approximation by tractable
Monte-Carlo simulations.

Lastly, in our opinion a non reductive notion of a—th quantile set
in R? should be (d — 1)-dimensional and informative depth should be
d-dimensional. This is what quantile surfaces and their depth vector
fields are.

1.4 A new principle

Imagine an observer located in O € R? looking at the sample X1, ..., X,,
in all directions u € Sy_1 where Sy_1 is the unit sphere of R%. Let him
picture out the data cloud in R? from O by drawing the collection
of wu-directional a-th quantile point @,(0,u,a) = O + Y, (0O, u, a)u
where Y,,(O, u, @) is the univariate a-th quantile of the projected sam-
ple (X; — O,u) on the oriented line (O, u), and (.,.) is the inner prod-
uct. We thus associate a star-shaped quantile set @, (O, ) to every
(O,a) € R% x (1/2,1). This is a multivariate quantile principle with
no mass center, no a-mass quantile set and no global contour.

Under minimal assumptions the sets Q(O, o) associated to P are
nested surfaces starting at O then extending toward modal areas. For
fixed O, increasing « indicates main mass directions and concentra-
tions. For fixed «a, the deepest is O the "smaller" is Q(O,«). This
leads to new kinds of depth. For instance a depth vector can be as-
signed to each O by integrating along the surface Q(O, «). Vectors of
the resulting depth field point to the main mass — not always central
or even multi-modal — then rotate and grow longer as « increases. Ap-
propriate limit theorems are derived elsewhere from the forthcoming
results.

Informative quantile multivariate data analysis can be performed
by moving O and changing the projection rule ¢. This new paradigm
is rich and can be stated as follows. Facing the fact that R? is not
naturally ordered, one should simply admit subjectivity and collect
viewpoints. The statistical challenge is then to learn about P by com-
paring the surfaces Q(O, ) while changing (O, «) and .

Results don’t depend on the observer O only in the orthogonal
projection case, which is fully analyzed below. Our limit theorems are
uniform in (O, «) and as sharp as for d = 1, even when P has no density
or low dimensional support. Essentially, we jointly control the quantile
processes (v/n (Y,(0,u,a) — Y (0O, u,))) associated to the projected
samples (X; — O, u) in each direction v € S;_1. The main result is an
optimal and surprisingly dimension free Bahadur-Kiefer approximation
(I21,[171,[31]). The most useful result is a non asymptotic Brownian
approximation.

The closest results we can compare with concern the Tukey contour
([I0], [24],]33]). This central region is the intersection of half-spaces



having probability a. The main difference is that we study the loca-
tion of Tukey half-spaces themselves rather than their possibly empty
intersection — if a < d/d + 1, see [I0]-, in order to catch all the sta-
tistical information. In [26] a central limit theorem is stated for the
empirical Tukey contour under strong regularity assumption on P and
a mass center. We go further by proving results uniform in « together
with rates, approximations and weaker assumptions.

2 From quantiles to quantile surfaces

2.1 Univariate quantiles

It is useful to recall the limiting behavior of the univariate quantile pro-
cess since our goal is to obtain similar results jointly for a d-dimensional
collection of real random samples, each being strongly dependent of the
others, namely Y,, = (X,, — O,u) where X,, € R, O € R? u € Sy_;.
Consider on (Q, T,P) a sequence {Y;,} of independent copies of a real
random variable Y. Write, fory € Rand a € (0,1), Fy (y) =P(Y < y),
Fy'(a) = inf{y € R: Fy(y) > a} and 4, the Dirac mass at y. De-
fine the empirical measure P, = > . Jy,/n, the empirical distribu-
tion function F,, = P,((—o0,y|) and the empirical quantile function
F Y a)=inf{y e R: F,(y) > a}, a € (0,1).

Two problems make the estimation of Fy 1 a not so easy task. First,
F(ap) is not consistent if Fy !'is not continuous at g . Second, if
Sy is unbounded then sup, (g 1) }Fn‘l(a) - F;l(a)| = 400 so that tail
quantiles of F' cannot be estimated by using extreme values without
extra hypotheses and appropriate truncation see [5] [6, B1]. We won’t
consider this situation here. Let A = [a™,at] where 0 < a™ < at <
1.

Proposition 2.1 (Uniform consistency). If Fy is continuous on Fy ' (A)
then

(2.1) lim sup |F,'(a)- F;l(a)‘ =0 a.s.

n—=0 qcA

if, and only if, F;l 1s continuous on A. This remains true for A =
(0,1) if F5-*((0,1)) is bounded.

Proof. 1f Fy, ! is continuous on A see Section 4.1 where the proof is not
classical even for d = 1. Conversely, if Fy ! is not continuous at «g €
(0,1) we almost surely have limsup,,_, . |Fy; *(a0) — F;l(ao)’ > 0. To
see this, observe that F;l(ao) =yo < y1 = limgyq, F;l(a) implies
P(Y € (yo,y1)) = 0 thus, with probability one, we have inf,, inf {Y; > yo : i < n} >
y1 and also F),(yo) < «p infinitely often, since by the law of the iterated



logarithm it holds

\/ﬁ(Fn(yo) - Oéo)

lim inf =-1 a.s.
n—o0 /200(1 — ap)loglogn

therefore F, 1(ag) > y; happens infinitely often, and the above lim sup
is bounded from below by y; — yo > 0. O

In order to establish the weak convergence of quantiles a well be-
haved density is needed. Assume that Y has density fy > 0 on
Fy'((0,1)) and define the so-called density quantile function to be

(2.2) hy = fy o Fyt.

Note that hy is translation invariant since for all a,b € R, it holds
hay+b = hy/l|a|. Also, 1/hy is the quantile density function. Few
hypotheses on hy are required when considering quantiles of order A
instead of (0,1), thus avoiding controlling tails.

Let D(A) be the set of left continuous functions on A endowed
either with the Skorokod topology and Borel sigma field or with the
sup-norm topology and the sigma field generated by open balls. A
sufficient condition for the Donsker type convergence is the following.

(H) There exists an open set Ao such that A C Ay and fy is
differentiable on So = Fy'' (o) with infg, fy > 0 and supg, |f3| < oo.

Proposition 2.2 (Uniform Central Limit Theorem). Under (H) the
sequence of weighted quantile processes v/n (Fn’1 — F;l) hy indexed by
A weakly converges on D(A) to the Brownian Bridge B restricted to
A.

Proof. This is THEOREM 3.2 when d = 1. The differentiability as-
sumption (H) corresponds to (A4) in Section 3 and is weakened into
(A2). O

The convergence of finite dimensional marginals immediately fol-
lows, and helps understanding the covariance structure of our multi-
variate quantiles.

Corollary 2.1. Fiz 0 < a1 < ... < ag, < 1. If fy is continuous and
away from zero on some neighborhood of {1, ...,ax} then
(2.3)

Fot (an) = Fyt (o)

vn Lay N (04, ), gm.:w.
Fl(ap) — Fyt(ay) ) "7 hy (a;)hy (o)

Proof. The limiting process B is Gaussian, centered, with covariance
function cov(B(a1), B(az2)) = a1 A ag — aag, o € (0,1). Thus (2.3)



holds under (H) with o~ < a1 < a; < at. However the assump-
tion on f{ is useless when {a, ..., ax} are fixed, it serves in the proof
of THEOREM 3.2 for d = 1 only to ensure uniform tightness on A.
Likewize continuity of fy is only required locally. O

A way to strengthen and prove PROPOSITION 2.2 is to make use of
the Hungarian construction. Starting from [18] [l 6] this strategy con-
sists in using the quantile transform to control y/n (FE L—Fy 1) hy by
the easier to handle uniform quantile process uniformly on A. Then by
KMT (]20]) and the representation of order statistics by partial sums of
exponential random variables, the latter can in turn be approximated
at rate (logn)/y/n by a sequence of Brownian Bridges built jointly.

Proposition 2.3 (Gaussian Approximation). Assume that (H) holds.
Then one can construct on the same probability space (Q, T,P) an i.i.d.
sequence Y, with law Fy together with o sequence {By} of standard
Brownian Bridges in such a way that

lim sup Vi sup [vn (F, ' («) — Fy (@) Bnle) <00 a.s.

n—oo 108N qecA B hY(Oé)

Proof. See [6]. Assumption (H) is weakened into (A3) at THEOREM
3.3. O

This approach can not be generalized to our quantile surfaces since
no quantile transform or partial sum representation hold in R?¢. Fortu-
nately, a second strategy works on R. It is based on the Bahadur-Kiefer
approximation of the quantile process by the empirical process at rate

b, = n~"Y*(logn)'/?(loglogn)*/*.

Proposition 2.4 (Bahadur-Kiefer Approximation). Under (H) we
have

limsup— sup |7 (F(a) — Fyl(a)) + Vi <F”(FY_1(O‘))_Q> ’ <00 as.

n—oo Un a€eA hY(O‘)
Proof. See [6], [9], [1I], [31]. This also follows from THEOREM 3.4
where (H) is weakened into (A3). O

This yields an approximation of /n (Fn_ L Iy 1) hy at this sub-
optimal order b,, by the KMT Brownian Bridges B}, built jointly with
the empirical process at sup-norm distance (logn)/+/n. This further
means that the same process B, is simultaneously close to the empirical
and quantile processes, which could help deriving joint limit laws in
statistical applications.

We make use of the second strategy to extend the above results to
R?. Thus the key result is a Bahadur-Kiefer type approximation of the



quantile surfaces by the empirical process, and surprisingly b, turns
out to be dimension free. The ensuing Gaussian approximation rates
are distribution free, but depends on the dimension through the strong
approximation of [4].

2.2 Directional quantiles

In DEFINITION 2.2 below the directional quantile points are built from
projections {(X,,,u) : u € Sg_1} and are related to each other through
a common anchoring point O € R%. The resulting quantile points no
more depend on O if, and only if, d = 1. In this case the left and
right directions are associated to the unit vectors u = —1 and u = +1
and, for o € [1/2,1], the left and right directed a-th quantile points
are, respectively, Q(—1,a) = F7-(a) and Q,(+1) = Fy ' (a). We call
Qo ={Q(-1,®),Q(+1,a)} the a-th quantile set.

The usual univariate quantiles use only the right direction +1 and
a € [0,1]. They can be deduced from @, as follows. Since Q(—1, «) is
the right limit of Fy;' at 1 — « it holds Q(—1,a) > Fy-'(1 — a) with
equality if and only if Fy is strictly increasing just after Fy, 1(1 —a).
Let @~ (—1,1 — ) denote the left continuous version of the increasing
function @ — Q(—1,1 — «) on [0,1/2]. In particular, @~ (—1,1/2) =
inf{y : Fy(y) > 1/2} and Q@ (—1,1) = inf {y : Fy(y) > 0}. Also write
QT (+1,1/2) = sup{y: Fy(y) <1/2} the right limit of Q(+1,«) at
a =1/2. Then we have

Fyl(a) =Tac1pQ (—1,1=a) +1a512Q(+1,0), a € (0,1)\{1/2}

and Q172 = [Q(—1,1/2),Q*(+1,1/2)] is the median interval of V.
Let @, (—1, @) be the empirical a-th quantile of —Y7, ..., =Y, and @, (+1, ) =
F1(a). Write h(—1,a) = h_y(a) and h(+1,a) = hy ().
In the univariate case all subjective viewpoints are the same since
O plays no role and THEOREM reduces exactly to the following.

Corollary 2.2. Assume that (H) holds. The sequence of real ran-
dom processes /n (Qn(u, o) — Q(u, @) indexed by (u, ) € {—1,1} xA
weakly converges to a centered Gaussian process Gp indezed by (u, o) €
{—1,1} x A having covariance given by

a1 N\ ag — a1

(24)  cov(@plur ), Gp(uz,a2)) = grnpr e

Proof. Take d =1 in THEOREM 3.2. This is also a simple consequence
of PROPOSITION 2 since by hypothesis F;l is strictly increasing on A
and thus Q(—1,a) = Fy'(1 — ). The limiting process is then defined
by Gp(+1,a) = B(a) and Gp(—1,a) = B(1 — «) so that yields
24). 0



Here is our flexible general definition of multivariate quantile sur-
faces.

Definition 2.1. (Generalized quantile sets). Let O € RY, uy € Sq_1,
04 be the origin and ¢ be a ug-symmetric continuous function from R?
to R satisfying

o (=00, 1)) = Ay, C Ay, 11 <o,

Ml ({y}) =0, yeR
For any u € Sy_1 write v, any rotation of R having center 0g and
angle ug — u and to the translation directed by O. For o € [1/2,1)
define
Y(O,u,a) = inf{y:P(toor.(4,)) > a}
Q(O0,0) = {O+Y,(0,u)u:u€S4_1}

to be the u-directional (p,uq)-shaped a-th quantile range and set seen
from O.

Hence each a-th quantile point O + Y, (O, w)u corresponds to a set
having probability «, symmetric with respect to the line (O, u). Put
together this points form a surface Q(O, &) under appropriate condi-
tions. It is easily seen that DEFINITION 2.1 reduces to DEFINITION [2.2]
in the special case ¢(z) = (z,ug), Ay = ¢~ ((—o0,y]) = H(04, uo,y)-
This orthogonal projection case is our main focus.

2.3 Multivariate quantile surfaces

Let H denote the family of all half-spaces and H, the sub-family of
half-spaces H having probability P(H) = a > 0. Let

(2.5) HO,u,y) ={zeR*: (- O,u) <y} e H

be the half-space standing at distance y € R from O in direction u €
Sa—1. Given a € [1/2,1) and u € S4_1 let

Y(O,u,a) =inf{y : P(H(O,u,y)) > a}
be the u-directional a-th quantile range from O and
H(u, o) = H(O,u,Y (0, u, @)

be the u-directional a-th quantile half-space, that does not depend on
O. Conversely, for y € R, P(H(O,u,y)) is the u-directional p-value at
y. It is noteworthy that P(H(O,u,y)) = Fix_o,u)(y) and thus

(2.6) Y(O,u,a) = F(_Xl—o,u) () = F<_X17u> (o) = (O, u)

is the a-th quantile of the real random variable (X — O, u).



Definition 2.2 (Multivariate quantile set). For a € [1/2,1), O € R?
and u € Sg—1 define the u-directional a-th quantile point seen from O
to be

(2.7) QO,u,a) =0 +Y(0,u,a)u

and the a-th quantile set seen from O to be the star-shaped collection
of points

(2.8) Q(0,a) ={Q(0,u,a) : u € Sg_1}.
Since
(2.9) QO u,a) = Q(O,u,a) + O — O — (O = O,u)u

it is easy to get all quantile sets Q(O, «) from any of them. However,
from a statistical point of view, looking at several Q(O, «) simultane-
ously by moving O, is a good way to learn about P.

l -«
O+Y(O,u,a).u

O'+Y(0O,u,a)u

4 4
4 4
4 4
4 4
4 4
4 4
4 4
4 4
4 4
’ ’
/; /;
O 04

We restrict ourselves to laws P for which the a-th quantile sets
Q(O, «) are surfaces, but we do not require that P is absolutely con-
tinuous.

Remark 2.1. The boundary of the intersection T, of all H(u,a) is
the so-called “Tukey contour”. If T, is mot empty then it is a compact
convex set and u — Y (O,u,«) is its support function. Hence it is
continuous, subadditive and, in general, not differentiable. However,
To is likely to be empty if P is multimodal and o is small enough.

A median surface simply corresponds to @ = 1/2 and has no special
feature except maybe at central points where it is more self intersecting
than for @ > 1/2 or at outliers.

10



BASIC ASSUMPTIONS. Let 04 be the origin of R and A = [a~,a™] C
[1/2,1). Assume that the hyperplanes

OH (u,0) = {z € R": (z,u) = YV (04, u, ) }
satisfy
(Ay) P(OH(u,0)) =0, weS41, a€cA.

Under (Ag ), for « € A we have P(H(u,«)) = aand Ho = {H (u, o) : u € Sg_1 }.
This excludes laws P partly supported by one or more hyperplanes, for

instance laws P with discrete component. Assume moreover that hy-
perbands

satisfy for all u € Sy_4
(AE;) P(H(O,u,y,2)) >0, Y(O,u,a”)<y<z<Y(O,u,at).

Remark 2.2. Let A A B = (A\B) U (B\A). Under (A, ) and (A})
it holds

lim P(H(u,a) A Hu,B)) =0, ué€Sqg_1, «a€ll/2,1).

B—a

These two assumptions are sufficient to make the natural non-parametric
estimator of Q(O, u, o) consistent uniformly in (O, u, o). Define the set
of admissible distances by

(2.11) Ya(0,u) = {y: P(H(O,u,y)) € A} = Fi\_; (D).

Since the probability measure P is tight, there exists 7+ > 0 such that
P(B(O,rT)) > at and thus H(u,a) N B(O,r%) # () for a € A, hence

(2.12) sup sup|Y(O,u,a)] = sup sup |y| < 4o0.
u€Sq—1 a€EA u€Sq—1 yeYa(O,u)

Theorem 2.1. Under (A, ), assumption (A?)') is equivalent to the
fact that (u, @) = Q(O,u, a) is continuous on Sq_1 x A for any O € R,

By THEOREM the set Q(O,«) from (2.8) is the image of the
compact set Sy_; through a continuous application, it is a surface we
call the a-th quantile surface seen from O.

Corollary 2.3. Under (A,) and (A?;), the set Q(O, ) is a closed
surface, for all O € R? and o € A.

11



Let define the set of admissible bands of width € > 0 allowed by A
to be
(2.13)
B.={H(O,u,y,y+e): O€ R ueSq_1,y,y+e€ Ya(O,u)}.

Note that B. depends on A through Ya(O,u). It is useful to rewrite
(Ag) and (AJ), in terms of the function

(2.14) U(e) = Blngss P(B), >0

Proposition 2.5. Under (Ay ) and (A};) the following two conditions
hold true

(Ayy) lime o U(e) = 0
(A;\I,) Ule)>0,0<e<et =sup{e > 0,B. # 0}

Proposition 2.6. The function ¥ is right-continuous on (0,e™). More-
over, under (A, ) and (A}) the function W is continuous on [0,e%).

By PRoPOSITION [2.6/under (A ) and (A{) W is cadlag and strictly

increasing with

(2.15) Vol l(a)=a and U 'o¥(a)>a, acA.

2.4 Empirical quantile surfaces

We intend to estimate Q(O, «) jointly in o« € A C [1/2,1) and O € R¢
by applying the definition of quantile surfaces from section 2.3 to the
empirical measure P, = LY. 6y, where 6, is the Dirac mass at

n
z € R For u € Sy_1 let
Yn(07u7 O[) = lnf {y : Pn(H(Oa ’U,,y)) Z O[} .

Define the wu-directional a-th empirical quantile point seen from O to
be
Qn(O,u,a) = O 4+ Yy (O, u, a)u

and associate to this point the a-th empirical quantile half-space
H,(u,a) = HO,u,Y,(0, u,a)).
Let the a-th empirical quantile set seen from O be
Qn(0,0) ={Qn(O,u,a) :u € Sg—1}.
The quantile half-spaces indexed by points Q,(O,u,«) are collected

into

Hn,a = {Hn(u7 Oé) RS Sd—l}

12



For O, 0" in R? we have Y, (0", u,a) = Y,(O,u,a) — (O’ — O,u) and
combining this with (2.9) we can highlight the following important
property of the directional quantiles process

(2.16) Y, (O u,a) = Y(O',u,a) = Y, (0,u,a) — Y (O, u, )

which means that Y,, — Y is independent of O.
Proposition 2.7. Under (A, ), for alln > d,

Hna C {H : H half-space, P,(H) € [a,a—i— d} }
n

2.5 Illustrations and comments

We picture out several examples in dimension 2. On FIG [1| we show
shapes of quantile surfaces obtained for symmetric laws, here the sym-
metry point is O = (0,0) and thus Q(O,a) is a circle. The function
a — Y(0,(1,0),a) corresponds to the univariate quantile function of
the radial law. Moving O at O2 = (—3,0), O3 = (=5,0), Oy = (=7,0)
gives examples of typical shapes when the observer is away from the
central point. This typical shape has one inner and one outer loops
intersecting at O, each corresponding to connex subsets of directions
n Sd—1~

F1G [2 shows that the previous typical shape is preserved even if P
has no density but obeys (A, ) and (A(J)r)7 here a spiral support with
uniform law. The empirical surface for @ = 0.7 is shown to be less
smooth with n = 1000 points than the almost true one with n = 10000
points.

Next we consider a mixture of two Gaussian distributions V' ((—2,0), I)
and N'((2,0),3]) with weights 1/4 and 3/4 respectively, where I is the
identity matrix. In FI1G |3| the surfaces are contours since the observer
is inside the central area, here we take a = 0.6, 0.7, 0.8 and 0.9. In
F1c [ « is fixed and O is moving outside the data. Note that any of
the surfaces can be deduced from the other by so drawing several
O is very fast and facilitates a visual human interpretation.

In Fic [fland [6] P is a similar gaussian mixture but the two modes
are more separated compared to the standard deviation. The Tukey
contours are sometimes empty, however the quantile surfaces always
exist and are shown from an observer standing between the two modes.
In FIG [ increasing « results in resorbing the left part of the initial
contours to create an inside loop at the right hand side, associated to
the left oriented directions for which the mass has to be catched behind
the observer — here a = 0.6, 0.7, 0.8 and 0.9. In F1G [}, moving O for
a fixed @ = 0.7 is a simple computation and drawing all surfaces helps
understanding where the modal areas are located — for alpha large

13



enough the main modal area is easily revealed in between the surfaces.
In cases where the data cloud is so big that no study can be performed
visually such a data summary can be useful.

On F1G 8| we show in red color, the median surface seen from O =
(0,0) which is almost a point since the spiral uniform law is "almost"
symmetric. By zooming toward the median surface we can see on F1G
[0 that it is indeed a very oscillating surface around O with a very small
volume. Obviously if P is symmetric about M then the median surface
seen from O = M is reduced to the point O itself and the median
surface seen from another point is a sphere (a circle here) passing
through the symmetry point M. Such a central median point can then
be localized by intersecting median surfaces. If P is not symmetric
the median surface has not necessarily a small volume somewhere. For
instance at FIG the point where the median surface is almost of
minimum volume for the second gaussian mixture is at O = (4.1,0).
The associated median surface shows three loops — one cutting mass
from the right and two from the upper left or lower left respectively.
Moreover the median surfaces seen from O; = (—15,6), Os = (—5,6),
O3 = (—5,—6) and O4 = (15, 6), intersects around the median surface
of F1G [10] but they are not circles.

It is noteworthy that under (A, ) and (A:)r ), every median surface
is a "double" surface, in the sense that every point of Q(O,1/2) corre-
sponds at the same time to Q(O,u,1/2) and the point Q(O, —u, 1/2).

In F1G we show a case where at the special point O = (0,0) even
for a large more than two loops appear inside the quantile surface. Here
P is a mixture of several laws having disjoint supports separated by
lines containing O. Moving slightly O at Fia provides again the
typical shapes and the transition merging the two inner loops into one
is smooth as O moves. Then sending O far away confirms the usual
shape seen from outer points, see F1a [I5]

As a conclusion we promote the technique of moving alpha and
O to analyze data from the mass localization viewpoint. Since all is
under the control of sharp limit theorems we can also think about
using deterministic and random projections on low dimensional spaces
minimizing quantile surfaces, as for linear data analysis. It is possible
to build many kind of tests based on quantile surfaces, and also depth
vector fields summarizing for each O the distance and average direction
to move in order to recover o mass.

3 Results

3.1 Uniform Strong Consistency

The following result reduces exactly to PROPOSITION when d = 1.

14



Figure 1: Central symmetric law,

Figure 2: Law with Lebesgue zero
a = 0.8, moving O.

support.

Figure 4: « fixed, a = 0.7, moving
O around.

Figure 5: O fixed between two Figure 6: o fixed, o = 0.7, moving

modes, moving «. O around.

Figure 7: Examples of quantiles surfaces in dimension 2
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Figure 13: Two inner loops at O = (0,0), a« =0, 7.
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Figure 14: O moved outward, o = Figure 15: One inner loop at O =
0,7. (070)7 o = 078

Figure 16: An example of law with multi loops for some O.
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Theorem 3.1 (Uniform Strong Consistency). Under the assumption
(A, ), (A}) is equivalent to

nhﬁngo [Yn(O,u, ) = Y(O,u,0)||gayg, ,xa=0 as.

Hence, we have

lim sup sup dg(Qn,(0),Q.(0)) =0 a.s.

n—oo OERd acA
where dy denotes the Hausdorff distance.

To go beyond this consistency result, we require the existence of a
directional density quantile as in (2.2)). For (u, ) € Sg—1 x A define

h(u, @) = hu(a) = fixu 0 Fix (@)

(A,) For all uw € Sq_1, the random variable (X,u) has a continuous
density f(x,y >0 on F<_X1u> (A) , moreover, for some m and M

0<m < inf inf hu(a) <sup sup hy(a) <M < +oo
Q€A u€Sa—1 Q€A u€S4_1

Remark that (A;) does not imply that P has a density on RY.
However (A,) implies (Ag) and (Ag) with

m(zfy) S P(H(Ovuaf%z)) S M(ny)v y<z uc Sd—17 Y,z € yA(Ovu)

In particular, under (A;) P has no discrete component in its
Lebesgue-Nikodym decomposition, and likewise none of the marginal
laws of P, has a discrete component since none of their linear combi-
nations has.

3.2 Uniform Weak Convergence

In order to state the central limit theorem, we first define the lim-
iting Gaussian process Gp. Let Bp be the P-Brownian bridge in-
dexed by half-spaces, that is the zero mean Gaussian process on H
having covariance cov(Bp(H),Bp(H')) = P(HNH') — P(H)P(H'),
for (H,H') € H x H. Under (A;) the random function

Bp(H(u,a))

(3.1) Gp(u,a) := (i)

, for (u,a) € Sq—1 X A

is a bounded centered Gaussian process indexed by the compact pa-
rameter set Sg_1 X A with covariance function given by

(3.2)

P(H(ul, Oq) n H(UQ, 042)) — 1 Qo

h(ul, al)h(UQ, OZQ)

cov(Gp(uy,a1),Gp(ug, ) =

18



We also set @p(u,a) = Gp(u,a) - u, for (u,a) € Sq_1 x A. To state
the regularity condition (A,) ensuring the weak convergence, we need
to introduce for all 0 < v < 79, the quantity
(3.3)
p(v) = sup sup sup |y (V(O,u,0) + ') — a — h(u, a)e'|
le’| <y u€Sq_1 a€A

that controls the expansion of F x ,,y in the y-neighborhood of Y (O, u, a).
(A,) We assume that

lim loglog(l/v)p(v) _o.

y—0 ¥
Theorem 3.2 (Uniform Central Limit Theorem). Under (A,) and
(A,) the process \/n(Y, —Y) weakly converges to Gp on the set of
bounded real functions on Sq_1 X A, endowed with the supremum norm.
Likewise, the process v/n(Qn,—Q) indexed by Sq_1 X A weakly converges

to G p on the set of bounded R? valued functions on Sg_1 x A, endowed
with the supremum norm.

THEOREM is a weak convergence statement involving jointly all
quantile surfaces for a € A. In particular, we have the following CLT
for finite set of points on any of these surfaces.

Corollary 3.1. Let (O1,u1, 1), ..., (Og, ug, ar) dans R x Sq_1 x A.
Under (A,) and (A,), we have

Yn (Olaulaal)*y(olaulaal) r
vn % N (05, %)
Yo (Ok, uk, ag) =Y (O, ug, ag)
with X the covariance matriz defined by

P(H(Oi,ui7Y (Oi,ui, Oél)) n H(Oj, U, Y (Oj,uj, aj))) — Q0

X FiX—0s i) © F(}l_oi,ug(O‘i)'f<X*Oj,u]'> o F&l_oj)uﬂ(aj)
P(H (u;, 0) N H(uj, ) — e
h(ui, o) h(ug, o) '
Note that THEOREM [3:2]and Corollary [3.I]are exact generalizations
of PROPOSITION [2.2] and COROLLARY [2.1} respectively.

3.3 The main result

To ensure the Bahadur-Kiefer type representation, we need the follow-
ing stronger condition.
(Aj3) We suppose that

o PO)loglog(1/7)

=572 flog(1/7)
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This condition can be replaced by one of the following conditions, which
are more restrictive but easier to check.
(A}) There exists 7 > 1/2 and C* > 0 such that for all 0 < v < g

p(y) < CH M.

(A,) The function h is differentiable on Sq_; x A with uniformly
bounded derivatives.

Under (A,), the assumption (Aj) holds true with r = 1. Moreover
we have (A,) = (A5) = (A3) = (A,). Let A, = /n(P, — P) be
the empirical process indexed by H and define

E, (u,0) = Ay (H(u,a)) = vVa(P, (H(u,a)) - a)

Theorem 3.3 (Bahadur-Kiefer type representation). Under (A,) and
(A,) we have

E, _ 0
5 = a.s.

(3.4) lim H\/E(Yn ~Y)+
Sda—1 X A

n—oo

and for any 0 > 0 there exists co(m, M,d) > 0 and ng(m,M,d) > 0
such that we have, for all n > ng,
E,
h

1

2 Coan | < —5,
RdXSd_lXA n

(3.5) P <H¢ﬁ(n —Y)+

where

1/4

logn)/?(loglogn
an:\/ﬁp(\/loglogn/n)\/( gn) 7”515 gn)

If moreover (Agy) holds then
(3.6)

Hﬁ(m—wa"

(logn)*/?(loglogn)/* >
; .

= Oa.s. < n1/4
Sd71><A

Note that THEOREM [3.3] contains PROPOSITION 2.4 for d = 1. It
is a good surprise that the order of the rate of convergence in is
dimension free. Note that ¢y can be computed explicitly and depends
on the dimension d and P. By THEOREM [3.3|the multivariate empirical
quantile surfaces inherit the properties of the empirical process.

3.4 Non asymptotic strong approximation

The following Gaussian approximation is useful to construct explicit
confident bands around empirical quantile surfaces by using Monte-
Carlo methods. As a matter of fact, using (3.7)) and (3.8)) it remains to
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plug-in any estimator of h in the covariance in order to compute
joint confident intervals along a very large set of points from @, (O, «).
Even for fixed n the probability of such confident band has an explicit
upper bound.

Theorem 3.4 (Uniform Strong Approximation with rate). Under

(A,) and (A,) one can construct on the same probability space (2, T, P)
an i.i.d. sequence X,, with distribution P and a sequence G, of ver-

sions of Gp in such a way that for O € R4, u €Sy 1, a € A

Gn(u,a)  Zp(u, )
Vi

where Zp, = /n(Y, = Y) — G, is such that

(3.7) Y, (0O,u,a) =Y (O, u,a) +

(3.8) lim |[|Znllg,  xan =0 as.

n—oo

If P moreover satisfies (Ag) then G, can be constructed such that
for vg = 1/(2 + 10d) and wg = (4 + 10d)/(4 + 20d), there exists
ng(m, M,d) > 0 such that we have, for all n > ng,

gy

1
(3.9) P <||Zn||sd1 xa = Co nvd = nd

3.5 Law of the iterated logarithm

Recall that ¥ is given in (2.14]).
Theorem 3.5 (Law of the Iterated Logarithm). Under (A,) and
(45)

. ||Yn - Y”Sd,1 XA

lim sup

n—oo -l ( (log logn)/n)

Remark 3.1. If instead of (A, ) and (A};) we assume the stronger
(A, ), then the law of iterated logarithm can be rewritten in the follow-
ing more classical form

< o0 a.s.

: Y = Yls, i xa
lim sup —————— < © a.s.
n—soo (loglogn)/n

In the particular case of a central symmetric distribution, we obtain
exactly same result as for the quantile process on R.
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4 Proofs

4.1 Proof of THEOREM [2.1]

The proof of THEOREM relies on the technical LEMMA Its
proof is postponed to the appendix.

NECESSARY CONDITION. First, under (Ay) and (Aa’) Q(0,a) is a
bounded set since holds, then for all O € R? there exists r > 0
such that for all u € S*, & € A we have O+Y (O, u,a)u = Q(O,u,a) €
B(O,r). Now, we show that (u,a) — Q(O,u,«) is continuous. If
(u,) = Q(O,u, ) is not continuous, then there exists a sequence
(Un)n>1 in S¢g—1 and (ay)n>1 in A with w,, — v and «,, — a such that

lim Q(O,un, an) # Q(O,u, ).

n—oo

Since Q(O, un, ay,) is bounded there exists a subsequence (u,,);>1 such
that u,; — v and (ay,);j>1 such that a,,; — a with moreover

Iim Q(O,up,, ;) = Qoo = O + Yoot € R?

j—o0
where Yoo = lim;j 00 Y(O, Up,, apn;) < 400 and
Yoo 7Y =Y (0,u,a)

so that Qe # Q(O, u, ). Suppose that y < yoo and choose 3’ such that
Yy <y < Yoo By LEMMA there exists an increasing subsequence
(nj(k))kzl with Nj(k) — +00 and a decreasing sequence of sets Hj such
that

(Y Hr=0, HO,u,y)\ H(tn,,,an,,,) C Hy C HO,u,y')
E>1

and it follows that (H(O,u,y’) \ Hy)x>1 is increasing with
lim 1 (H(O,u,y') \ H) = | (H(O,u, )\ Hy) = H(O,u,y )\ () H
hoee k>1 k>1

hence
U (H(O,u,y")\ Hy) = H(O,u,y).

k>1

By the lower continuity property of P and (Ag), we get

a < P(H(O,u,y)) = lim T P(H(O,u,y') \ Hy))
—00
= klgr; P(H(O,u,y') N H (un g 5 0y )
S lim P(H(Unj(k);anj(k))) =«

k—o0
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and consequently,
P(H(O,u,y,y")) = P(H(O,u,y") \ H(u,@)) =0

then P(H(O,u,y,y’')) = 0 which contradicts (Ag). The case yo, <
Y (0O, u, ) is analogous.

SUFFICIENT CONDITION. We prove that if (u,a) — Y (O,u,a) is
bounded and continuous on Sz—1 X A then (Ag) holds true. To do so,
we show that

—\(Ag) =Y (O,-,-) is not continuous on Sg_1 x A

where —|(A3') is the converse property of (Aar). Suppose that —|(A3')
holds true and (u,a) — Q(O,u,a) is bounded and continuous on
S¢—1 x A. By ﬁ(A(J)r), there exists ¢g > 0 such that By € B,
with P(Bg) = 0. Pick u € S4—1 such that By = H(O,u,y,y + €o)
and a9 = P(H(O,u,y + &0)). We have ap = P(H(O,u,y + &) =
P(H(O,u,y)UBy) = P(H(O,u,y)) then Y (O, u, ap) < y. Let (af Jken
be a strictly decreasing sequence with ag 1 ag. Under (A, ) we have
H(O,u,y+¢e0) € H(u,a;) hence Y (O, u, ;) > y+ 0. By continuity
of Y(O,-,-) we get
lim Y(O,u,af) =Y (0,u,c0) >y + <o

k—o0

and consequently y + g9 < Y(O, u,ap) < y which contradicts g9 > 0.

4.2 Proof of PROPOSITION [2.5]

The assumption (A, ) implies (A ), since for y = Y(O,u, ) with
u € Sg_1 and o € A we have by the continuity property of P

lim ¥(e) < 1in(1) P(H(O,u,y,y +¢)) = P(OH(u,a)) = 0.
E—

e—0

It remains to show that under (A,) the assumption (A(J)r) implies
(A(J,r)lp). Suppose that W(eg) = 0 for some g > 0. There exists ug in
Sa—1 and yi, yr + €0 € Ya (O, u) such that

(4.1) Jim P(H (O, ug, yr, y: + 20)) = 0.

Since YA(O) = U,es, ,Ya(O,u) is compact, we can extract a subse-
quence (u},¥r) € Sa—1 X Ya(O,u},) having limit (ug,yo). We have
Yal(O, u;c) = [Y(O, u%, a”), Y(O, u;w a+)]

so by continuity of v — Y (O,u,«) we get that (uop,y0) € Sq—1 X
Ya(O,ugp), ie. for (ug,yo + €0). Set

Bllg = H(Oau;wy;cvy;q: + 60)'
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By (4.1) we have limy_,o, P(B},) = 0. We now show that
Ip, 2 lim 1p; > 1p,\om, = Ls, — Los,

where By = H(O,ug, Y0, Yo + €0). First, if ¢ By then there exists a
d—neighborhood Vj of (ug, yo) in Sq—1 X R such that = ¢ U(u,y)eng(Ov u, Y, Y+
o) thus for every k big enough, x ¢ Bj. If x € 0By we always

have 1p/(z) > lp,aB,(z) = 0. Finally, if 2 € By\0DB, there

exists a d—neighborhood Vj of (ug,yo) in Sg—1 x R such that = €
ﬂ(uyy)evaH(O,u,y,y + &) so for all k big enough, = € Bj,. Conse-
quently,

P(Bo) > kﬁ_)HOlOP(Bllc) = P(By) — P(0Bo)

but by (Ag) and (A{) we know that P(By) > 0 and P(dBp) = 0.
This implies that limg_,o, P(Bj},) = P(By) > 0, which is contradictory.

4.3 Proof of PROPOSITION [2.6]

The monotonous function ¥ has a right limit at any g > 0 and a left
limit at any g > 0. Let e | €9 > 0. For every 6 > 0 there exists
By € B., such that By o= H(O,ug,ys,ys + €o) satisfies

(L+6)¥(e0) > P(Bo,o) = ¥(eo).

Consider a decreasing sequence of sets By j, = H(O, ug, Yo, yo+€i) with
limit (), Bo,x = Bo,o so that P(By) | P(Bg,). There exists kg > 0
such that for every k > ky

(1+0)¥(e0) > P(Box) = P(Boo) > ¥(eo).

Since W is increasing we have P(Bgy) = U(er) = Ulep). As U(ey)
converges to a right limit ¥ () at o, we have for every 6 > 0,

(14 6)¥(gg) > Jim U(er) = U(el) = ¥(eo).
In other words limg_,o U(eg) = \I/(aar) = W(gg). Likewise, if e T ¢ >
0 then to every 6 > 0 we associate a sequence By j € B., such that
(1+6)¥(ex) > P(Bo) > V(ek)
and by compacity in u and y we can extract a stabilized sequence,
By k, = H(O, Uk, Yk, : Yk, + €k,)

with ug, — we, Yk, — yo. We set Bpg = H(O, ug, Y, Yo + £0). Under
(Ay) and (A}) by PROPOSITION [2.1 we have P(Bgy,) — P(Bago)
hence for all k¥ > kg it follows that

nl;rr;o P(Bgg,) = V(ey) = (1 —60)P(Bgo) = (1 —60)T(eo)
U(eo) = W(ey) = (1 —0)¥(eo)
for every 8 > 0. Therefore, U(g; ) = ¥(ep).
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4.4 Proof of PROPOSITION 2.7

Under (A, ) we want to show that we almost surely have for all O, u, o
and n > d that

d

a< P, (H(O,u,Y,(0,u,a))) = Py(Hp(u,a))) < a+ —.

n
By definition of Y,,(O,u,a) we have P,(H(O,u,Y,(0,u,q))) > «.
Fix n > d. Under (A, ) the probability that X7, ..., X441 stand on the
same hype-plan is null. As a matter of fact, by denoting 0H (21, ..., Z4)
the unique hyper-plan containing d distinct points x1, ..., x4 we have

P (X441 € OH(X1, ..., Xq))

:/ / P(Xd+1 € 8H(x1,...,asd) | X1 =21,....Xg= ],‘d) dP(l‘l)dP(J?d)
mleRd fEdERd

= / / P(Xgt1 € 0H (21, ..., 2q)) dP(21)...dP(z4) = 0
(L‘leRd .'L'dERd

since P (Xq41 € OH) = 0 for all hyper-plan 0H, by (Ay). It follows
that

P ({Xid+1 € 3H(Xl-1,...,Xl-d), for distinct il, ...,id+1})
< > P(Xi,,, €0H(X;,, ... Xi,)) =0

0<it,. s la41<N
Therefore, almost surely, no hyper-plan contains more than d sample
points,
d+1
P <sup P,(0H) > ) =0.
HeH n

By denoting int (H(O,u,y)) = {z € R : (z — O,u) <y} we have,
with probability one, for all u, «

P,(H,(u,)) = P,(int (H,(u,))) + P, (0H, (u, @)
< P, (int (Hy, (u, @) + %

We also have P, (int (H, (u,«))) < a because if P, (int (H,,(u, «))) > «
then there is at least [na] points X; € int (H,(u,«)) hence we have
(Xi,u) < Yn(O,u,a) and by denoting

Y,.(0,u,«a) = ma

X Y, (O
Xieint(Hi((u’a))« i»u) < Yn(O,u,q)

it follows that
Pu(H(O, 0,V n(0,u,0))) = 29 5 o
n
which contradicts the definition

o

Y, (0,u,a) =inf{y € R: P,(H(O,u,y)) > a} < Y,(0,u, ).
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4.5 Proof of uniform consistency with rate

Proof of THEOREM Under (A, ) and (A;',\I,) suppose that
there exists § > 0 and an Increasing random sequence nj — oo such
that

|Ynk (Ov Uny ank) - Y(07 Uny ank)| > 0.

Let (un;,an;) be a subsequence on Sg_1 X [a”,at] C S4_1 x (1/2,1)
with Uy, # ug and U, # g and Ups — U and an, — ap. It is possible
to extract from (n},) an increasing sequence (my) with my — oo such
that either

(4.2) Y(Oyumkaamk) = Y, (O7umk7amk) >0

or Y, (O um, , am,) — Y (O, U, , m, ) > 6. We assume (4.2) and we
set

Ak‘ :Hmk(Oaumkaa'lnk)v Ok‘ :H(Oaumkva'rnk)7 Bk‘ :Ck\Ak"
Since H is a VC-class we have

lim sup |P,(H)—-P(H)| =0, a.s.
n—o0 HeH

Under (A, ), PrOPOSITION implies
sup | P, (H) = P(H)| > P, (Ag) — P(Ag)

HeH
d
> Qm, — m7k - (O‘mk P(Bk))
> Ly
my
so that we have,
d
(4.3) U(5) < Sup [Py (H) — P(H)| +
HeH mg

Therefore there exists § > 0 such that ¥(§) = 0 which contradict
(A(J;, v)- In the alternative case of 1) a similar arguments holds.

Proof of THEOREM Under (Ag) and (A ) suppose that
there exists a random increasing sequence nj — oo such that

_ log log
‘Ynk(Oaunkaank) _Y(O’unmank)‘ > 6nk =V ' < T '

Let (“”L’O‘”Q be a sequence of Sy_1 x [, a™] C S4_1 x (0,1) with
Upy, # ug and Q. # g and Ups — U and Q= Q. There exists an

26



increasing sequence (my,),>1 such that my, — oo and Y(O, up, , m,, ) —
Ymk (Ov Umy, Ozmk) > 6mk . We set

Ak:Hmk(O7umk7amk)7 Ck:H(Oyumk7amk)7 Bk}:Ck‘\Ak?'

Since H is a VC-class, by the law of the iterated logarithm of Alexander
[1] we know that

P,—P 2
limsupu < £ a.s.
n—oo +/(loglogn)/n — 2

since 4/5 > /2/2, there exists k(w) > 0 such that for all k& > k(w)

4 flogl
2028 up | P, (H) — P(H).
) my HeH

Under (A, ) by PROPOSITIONS and we have

sup [P, (H) — P(H)| > P, (Ag) — P(A)
HeH
d
> Qmy — py (o, — P(Bk))
d
Z -—+ \Il(an)
mg
> [log log my 7i
my mg
hence

4 [loglogmy Togl d
(4.4) =4[220k > sup |P,,, (H) — P(H)| > | 2281k 2
5 my HeH my my

This implies that 1 > 5171 my, log log my, which is absurd, so we have

< o0 a.Ss.

. HYn - Y”S,i,le
lim sup
n—oo -l ( (log logn)/n)

the case when Y, (O, U, , &m, ) — Y (O, U, , m, ) > Om,, is identical.

4.6 Preliminary to the proofs of the main theorem

Let us write the empirical process indexed in different ways, as follows.
ForOeRY uwcSy_1,ycR, ac€ Aand HEH,

an(Ovuvy) = \/E(Pn(H(Ovuﬂ y)) - P(H(Oﬂt,y))) )
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B (u, ) = v/n (Pp(H(u, ) = P(H(u,a))),
An(H) = +/n(P,(H) — P(H)),
and the quantile process
Dy, (u, ) = v/n (Yo (O,u, ) = Y (O, u,a)).
Thus, for O € R?, v € Sy_1 and a € A, we have

(4.5) an (0,4, Y (0O,u,a)) = Ep, (u, @) = Ay (H(u, @)
and the increments

A(H(O,u,y,y +¢)) = v/n(Pu(H(O,u,y,y +¢)) — P(H(O,u,y,y +¢)))
= A (HO,u,y+¢e)) — A (H(O,u,y)).

/log1
Forn >3, C > 1, denote ¢, = C Le08n and
n

Bo= |J B, Fu={lp: BeB,}.

0<e<en

The next proposition is crucial for the upcoming proofs. It’s about the
sharp control of the modulus of continuity of the empirical process A,
for the bands of width smaller than &,,.

Proposition 4.1. Under (A,), for all ¢ > 1 there exists Cy,Cy > 0,
then for all n > 3 we have

(log n)l/g(log log n)1/4 4
P{ s, G (o <&

Proof. Let n > 3. By REMARK from the appendix, the class F,
satisfies (F.i) and (F.ii), thus by applying the Talagrand inequality
[32] there exists Ag, A1 > 0 such that

P{IIAan > 40 (E ( sup
BeB,

Agt?
<2exp(——5" | +2exp (—Altn\/ﬁ)
o

n

1 n
—= ZTi]lXieB
Vi

with

M (1 1/2 log1 1/4
(4.6) 02 = sup Var(lxep), tn= CMC (logn) /" (loglog ) .
BeB, Ay nl/4

By (A,) we have

Var(lxep) = P(B) (1 — P(B)) < Men(1 —me,) < Men,.
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Thus,

Alt% < Alt% . 1
exp sz )= exp Ve, ) T nd
Moreover, for n > 3 we have
C/
exp (—Altn\/ﬁ) = exp (—\/MCAlg“(logn)lm(n log 10gn)1/4) < 1771

By REMARK the class F,, obeys the conditions of THEOREM [5.2
thus there exists As > 0 such that for all n > ng we have

1 n
E| sup |— il x, < A \/vMsnlo (1\/1 \/Msn>
(Begn Vn ; ries ) ? s /
, (logn)'/2(log log n)'/*
= G nl/4
hence the result is proved. O

4.7 Proof of the main theorem
Preliminary step For OcR? v €Sy_;anda €A, v>0
ya:Y(O,u,a) and U'y(ya):{yER, |y7yo¢| <7}'

We know that lim, e [|[Yn(O, u, @) = yalls,  xa =0 a.s. then there
exists v > 0 such that for all 0 < v < vy we have for n > n(w, )

Y, (0, u, a)
= inf {P,(H(O,u,y))>a}
YEVy (Ya)
= in(f : {P, (H(O,u,y)) — P(H(O,u,y)) > a— P(H(O,u,y))}
YEVy (Yo
= yG;l)n(fy ) {Pn (H(O,’U,, y)) - P (H(O7uay)) > F{Xfo,u) (ya) - F(Xfo,u) (y)}
= yeii)n(fy ) {an(O,u, y) > \/’E (F(XfO,u> (yoc) - F(XfO,u) (y))}

with o, (O, u,y) = /n (P, (H(O,u,y)) — P (H(O,u,y))). Under (A,)
and (A,), ¥ — Fix_0,4)(y) is continuous and differentiable on R thus
by Taylor expansion to the first order in the neighborhood of y,, we
have for all y € v, (ya)

F(X—O,u) (Ya) — F<X—o,u) (y) = f(X—o,u> (Ya) Yo —y) + %(Uv Yo —Y)
with

lim sup Sup|€»y(U, @, Yo —y)| = 0.
y—0 UESg_1 a€EA
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From now on, we study the following,

Y’I’L(O7 u’ a)
= yEii)n(fy ) {an<0au7 y) > \/ﬁ (f{X*O,U) (ya)<ya - y) + E’Y(u7 Qs Yo — y))} .

ni/A

(O, u)

Step I Under (A,) and (A,), we show that

En
h

=0 a.s.

(4.7) lim H\/ﬁ(yn —Y)+
Sa_1 XA

n—oo

By LEMMA there exists Ca > 0 and n(w) > 0 such that for all
n > n(w), we have for all O € R?, v € Sg_; and a € A, Y,,(0,u,a) €
Uy, (Yo) where

log logn
02 () = o = Yosbia + 7l = Cay 2552,

For all y € vy, (ya), denote
Zn(Oa u7y7y0é) = an(ovuvya) - an(07u7y) = AH(H(OvuayOuy))

the increments of the empirical process A,, on the bands of width less
than 7,,. By PROPOSITION
(4.8)

logn)/2(log logn)/*
sup sup  sup  [2,(0, 4,9y, Ya)| = Ou.s. <( ) (1/4 )
u€S? a€A yEvy, (ya) n
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hence

(4.9) lim sup sup sup |z,(0,u,y,¥a)] =0 a.s.
0 uest €A yEvs, (ya)

and for all n > n(w), we get

Y, (0, u, @)
= inf ) {an(Oa U, y) > \/ﬁ (f(X—O,u) (ya)(ya - y) + €y, (uv Qs Yo — y))}

YEVy, (Yo

. O‘n(Ovuay) g’Y (u705,yoz - y) }
— inf {y>ya- 4o
Y€V, (Ya) { 2 fix—0.u) (Ya) fix—0,u) (Ya)
_ 1nf {y > Yo — an(ovuaya) _ Zn(Ovuayvya) E'yn(uaaaya - y) }
vev,wa) L7 7" 2 fix_owWa) 2 fix—0u (Ya) Jix—0.u) (Ya)

Since |V, (0, u, )| < oo, we have on the one hand,

_ an(ovuvya)
n2 fix—0,u) (Ya)
n 07 y Iy Jo 5 sy Yo —
+ inf inf  inf <_ 122( WY Ya) | Ey(U Y y))
u€S? a€A yevy, (va) \ N2 fix_0,u) (Ya) fix—0.u) (Ya)
an(ovuaya) eln

Yn(ovuv a) 2 Yo

> o T - S = @ n
=Y n1/2f(XfO,u>(ya> n1/2 >
where
n O? b b «
(4.10) O, = supsup sup 2l WY Yo) (0,9, Ya)
u€S? a€EA y€vy,, (Ya) f(Xfo,u> (Ya)
(4.11) Oy, = supsup sup E,Yn(u,a,ya—y)‘
u€Sd A€EA y€vs,, (Ya) f(X*O,u) (ya)

Likewise, we have

_ an(O,%ya) O1,n
n1/2f<XfO,u> (ya>

Yo (O, u,a) < ya

thus

Qi (Oa u, ya)

1/2 —
(4.12)  |n/*(Yo(O,u, ) ya)+f<X—O,u)(ya)

< @l,n + 77,1/2@2,”.
By (A,;), we have

1
O1,, < —sup sup  sup  |2,(0,u,¥,%a)l-
M yesd a€A ycu,, (ya)
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Hence by (4.9), we have lim,_,oc ©1,, = 0 a.s. Observe that p of (3.3))
can be written as

p(y) = sup sup sup [ey(u, @, Yo —y)|.
ueS? AE€EA y€vy (yo)

Since fix—0,u)(Ya) = h(u,a), under (A;) we obtain

n1/2p(7n)

(4.13) n/?0,, <
m

By (A,), we have

loglog(1

n—oo ’yn

hence lim,, o, n'/205,, = 0 thus,

. O, U, Yo)
lim |n'/2(Y,, (0, u,a) — ya —&—M =0 a.s.
=00 Il ) ) fix—0.u) (Va)

and with previous notation

an(0,u,ya) E,(u, @)
f(X—O,u) h<u7a)

then (4.7) holds.

Step II Under (A,) and (A,) we show that we can construct on
the same probability space (2, 7,P) and i.i.d. sequence (X,,) of law P
and a sequence (G,,) of versions of Gp such that

(4.14) nl;rgo IEn = Gulls, ,xa =0 as.
The set H is a class of Vapnik-Chervonenkis, thus it is a Donsker class,

(An(H)) ez =% (Gp(H)) ey

n—oo

with Gp a Brownian bridge indexed by H of covariance
cov(Gp(H),Gp(H'))=P(HNH') - P(H)P(H'), H,H €H.

Then, by applying THEOREM to A,,, we can construct on the same
probability space (©,7,P) and i.i.d. sequence (X,,) of law P and a
sequence (G,,) of versions of Gp such that

32



with
(4.16) JLHSOM”(H)”H =0 a.s.

and for all > 1 there exists K1 >0

1 Wd 1
(4.17) P ( sup sup |&,(u, )| > K1(mgn)> < o

wESg_1 €A nvd

with the notation &, (u, «) = &,(H(u,a)) and vg = 1/(2 + 10d), wg =
(44 10d)/(4 4+ 20d). Consequently (4.14]) holds.

Step III Under (A,) and (A,), we show that

lim H]D)n + @ =0 a.s.
n—00 h Su_1 XA
By Step I we have
E
lim H\/H(Yn -Y)+ =" =0 a.s.
n—00 h Su_1 XA

and by Step 11

nh_)rr;o IEn —Gulls, ,xa=0 as.

By (A;) the function h is bounded thus under (A,) and (A,), we
have

G

lim HDn + == =0 a.s.
n— 00 h Sy_1xA
which readily implies
. Gn . GP
Jim dpr(vn(Y, —Y), _T) = lim dpL(Vn(Y, = Y), _T)
: Gp
=l denlva(n —¥), 57) =

where dpy, is Prokhorov-Levy distance. Therefore

aw ~ G
D, = vn(Y, —Y) ni—oé G = TP

in the sense of the weak convergence on the space of bounded function
on Sy_1 X A endowed with the supremum norm. Note that
P(H(u,a) N H(u, o)) — ad

h(u, a)h(v, o) '

cov(G(u, ), G(u', o)) =
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Step IV (Rate in Bahadur-Kiefer representation). We show that
under (A,), (A,), (Aj), it holds

En
n

(4.18) ' D, +

0 <<1og10gn)1/4(1ogn)1/2>
Sq—1 XA o n1/4

The class H is a Vapnik-Cervonenkis class of dimension d + 1, so by
the law of the iterated logarithm (Alexander 1984 [I]) we have

limsupM < 1 a.s.
n—oo V2loglogn — 2

then with probability 1, there exists n(w) > 0 such that for all n >
n(w), we have for all u € Sg_1

an(0,u,y) = Ay (H (O, u,y)) € {—\/log logn, v/log logn} .

For all n > n(w), recall (4.12))

Oén(O, Uu, ya)

1/2 —
(4.19) | (Yn(0,u,a) ya)+f<X—O,u)(ya)

< 6)1,n + n1/2@2,n

and by (4.8) and (A;) and (A,) there exists C’ > 0, such that for all

n > n(w)
0, << <(1Ogn)1/2(11<;§10gn)1/4>
m n
and by (4.13)
120, < n'2p(m)
= m

thus for n > n(w),

E,(u, a
Dn(ua Oé) + h(EL,Oé>) >~ el,n + n1/2@2,n
C”((loglogn)1/4(10gn)1/2) n'2p(yn)
< = +
) nt/4 m
_ (loglogn)!/*(logm)/2 ( ply)(loglogm)/?
: wi/im ()22 (log 1)1
< & (em)oglogt/ )" (lolt/ ) (o n>)”2 e
~ m ,},73;/2(10g(1/%))1/2 loglog(1/vn)(logn)

with t/, = n=/*(logn)'/?(loglogn)'/*. We have

_ (log(1/7a)(loglogn) \/* 1
lim =5

)
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and by (Aj)

i POm)(oglog(1/3 )/ plm)
e 2 log(1/)) 2 flog(1/3)
Consequently, under (A;), (A,) and (Az) we have proved (4.18).

Remark 4.1. Under (A,) and (A,) we have

Lim n'/?p(7,) = 0

without the additional assumptions (Ag) or (Aly), we can only state
that there exists n(w) > 0 such that for all n > n(w)

E, log log n)Y/4(log n)/2
— Oa.s‘ ((nl/2p(’}/n)> V. ( g 10g ) ( g ) ) )
A

h

HD” + nl/4

Sq—1X

Step V  (Rate of the Gaussian approzimation). We have shown that
under (A;) and (A,), we can construct on the same probability space
(Q,7,P) an ii.d. sequence (X,,) of law P and (G,,) of versions of G
such that for all u € Sy_1 and a € A, we have

Du(u ) = ) 4 2, )

limy o0 [|Znlls, ,xa =0 a.s. We have

En,
D, + —*

D, + -
+ h

oo+

1
+ E ||En - Gn“sd_l XA

Sqg_1 XA ” Sq_1 XA

Under (A;), by (4.18)), there exists n(w) > 0 and Cx > 0 such that
for all n > n(w), we have

and by (4.17) and the Borel-Cantelli lemma, we have
(IOg n)wd )

nvd

E
]D)n#—#

<o (loglog n)'/*(log n)'/?
Sdfle - n1/4

IEn — Gulls, va = O (

Conclusion Under (A,) and (A,) one can construct on the same
probability space (Q,7,P) an i.i.d. sequence X,, with distribution P
and a sequence G,, of versions of Gp in such a way that for O € R?,
uESq_1, €A

Gn(u, ) n Zn(u, )

Y. (0,u,a) =Y (0, u,a) + i Jn
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where lim, 0o [|Znlls, ,xa = 0 a.s. If P moreover satisfies (Aj)
then G,, can be constructed such that for vy = 1/(2 + 10d) and wyg =
(4 + 10d)/(4 4 20d), there exists ng(m, M,d) > 0 such that we have,
for all n > ng,

<

1
P (12l a2 0B ) < .

5 Appendix

5.1 Technical Lemmas

Lemma 5.1. Let O € R, u e Sy_1, y €R and yoo € R with y # Yoo.
For every sequence (up)nen of Sq—1 with u, # w and u, — u and for
every sequence (Yn)nen of reals with y, # Yoo and Yn — Yoo, there
exists an increasing sequence of integers (ny)ren with ng — oo and a
sequence of sets (Hy)i>1 such that

Hiy1 C Hiy (s He =0,  H(O,upy, Y, )\H(O,u,y) C Hy C H(O,u,y).

Proof. Let u € Sg_1, y € R and yoo € R with y < yo, and let PH(O,u,y)
denote the orthogonal projection on 0H(O,u,y). We denote Q =
PH(O,u,y)(0) = O+yu. For (u,) in Sq_; with u, # v and lim, ;o up =
u and (y,,) sequence of reals with ¥, # Yoo and lim,_co Yn = Yoo, ONE
can extract ((Um,,Ym,))p>q 10 Sa—1 X R such that ((um,,u))k>1 is
increasing with limy_, e (U, , u) = 1.

Ymy,

Tmy,

Qk

We set Dy, = 0H(O,u,y) N OH (O, Um, ,Ym,), which is not empty
since U, # w and it is an hyper-plan of dimension d — 2. Denote the
distance between @ and Dy, by ry, = infg,ep,, @k — Q|-

36



Step I We show that

lim 7y, = +oo.

k—o0
Fix @' = O + y'u with y < ¢y < yoo an element from the line (O, u)
and A}, = H(O,um,, Y, ) the half-space of normal u,,, intersecting
(O, u) exactly in @', i.e.

AN (0,u) = Q.

we can easily see that y,, = y'(um,,u), hence (ym,)r>1 is increas-
ing with y;, — 3'. For k big enough, y,,, < ym, , thus 4 C
H (O, um, , Ym, ). From now on, denote

D:nk =0H(0,u,y) N A, r;nk = ,inf Q) — Q| -
QreDy,,

By observing that A}, C H (O, um,,, Ym, ), we have r;, < rp, . Conse-
Yy -y
tan(arccos({tm,,, u)))
Now, we can extract an increasing subsequence (7, )r>1 with

!/ _ /
quently, r}, = and ry, — 0o, hence rp,, — oo.
lim 7y, = +oo.
— 00

Step I figure

6 = arccos((ty,, u))
Yoy

Step II  We construct (H)k>1 of LEMMA [5.1
Let k > 1, define the set of directions Vi, = {v € Sg_1 1 (v, 1) = (up,,u)}
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and the set of half-spaces Uy, = {H(O,v,yn,): v € Vi} obtained by
revolution of H (O, Uy, ,Yn, ) around (O, u). Finally, define

Ty = m H(O,v,yn,) = m H

veEVy HeU,

and

Hy= | H(O,u,9)\ H(O,v,yn,) = H(O,u,y) \ Tr.
veEV

As r,, T +oo we have Hiy; C Hp. And since u,, # u then for
all H € Uy, we have H(O,u,y) N H # § in particular, Hj, # 0. We
have H C H(O,u,y) and u,, € Vi we get by definition of Hy, that
H(O,u,y)\ HO, un, ,yn,) C Hy.

U1,my,

o) U

V2,my,

In Grey H, = H(O,u,y) \ Tj;

We have limg_yo0 (Up,,u) = 1 then Voo = {u} and limg_yo0 Yn, = ¥-
Moreover (., Hy = 0. The case where yo, <y’ <y is analogous. [J

Lemma 5.2. Under (A,), almost surely there exists Can > 0 and
n(w) > 3 such that for all n > n(w) we have

loglogn
1Yo =Yg, ,xa <Cay/f —

38



Proof. Under (A,), we have

me < W(e) < Me, €2>0.

By taking ¢ = U~! (\/log log n/n), we obtain by PROPOSITION 2.6
that for all n > 3

(5.1) \I"1< lloglogn> < 1 lloglogn.
n m n

and by THEOREM we know that almost surely there exists ca > 0
and n(w) > 3 such that for all n > n(w) we have

_ loglogn

and by (b.1) for Ca = ca/m, we get

loglogn
¥ = Ylls, s < Cayf 252

5.2 Tools needed in the proof of main theorem

Let F be a class of measurable real valued functions of X’ , suppose
that

(F.i) for S, >0, for all f € F, sup,cy|f(z)] < 5./2.

(F.ii) The class F is point-wide measurable, i.e. there exists a countable
subclass Fo, of F such that for every f there exists (fm)men C
FY for which lim,, o fm(x) = f(z) for all z € X.

the (F.ii) is set to avoid measurability problems and the use of outer
integrals.

Theorem 5.1 (Talagrand Inequality [32]). If G satisfies (F.i) and
(F.ii) then for alln > 1 and t > 0 we have for finite constants Ag > 0

and A1 >0
g

P {|0‘n”g > A <E <| \}H;ng(Xl)

Aqt? A
< 2exp (— 12t ) + 2exp <_1t\/ﬁ>
oG S

where 0% = sup,eg Var(g(X)), and S, from (F.i).
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The constants Ay, A; are universals and do not depend in G and
S

/log1
Remark 5.1. Letn >3, C > 1, fore, =C 0808 , we set
n

B,= |J B, F.={lp: BeB,}

O0<e<en

Fn satisfies (F.i) and (F.ii), as a matter of fact

- for all g € F,, we have sup,cxlg(z)] < 1 = 2/2, thus, with
notations of (F.i) we have S, = 2.

- foralle >0, 0 € R, u € Sq_1 and y € Ya(O,u) such that
H(O,u,y,y+e¢) € B, there exists a sequence of rational numbers
Sk — €, and a sequence of uy, — u of Qg1 = {v € Q% : ||Jv]|, = 1}
and a sequence of rational numbers yr — y such that for all
x € R? we have

A g(z) = Um0 uy,ypeton) (€) = 9(2) = La(0,u,y.9+6)(2)

Theorem 5.2 (Moments inequality [13], [14]). Let G satisfy (F.i) and
(F.ii) with envelope G and be such that for some positive constants
B,v,¢>1 and o < 1/(8¢) the following conditions holds

E(G*(X)) < 8% Ng(e,G) <ce™",0<e<1; sulg)]E(gQ(X)) < o?
ge

and

no?/In(BV1/c
sup suplg(z)| < YT/ BV /o)
geEG TEX 2vv+1

Then we have for a universal constant Ay not depending on (3,

E (H\/lﬁ ;Tig(Xi)

Remark 5.2. Letn > 3, g € F, and G =1 the envelope function of
Fun, we have

) < Asy/ve2In(BV 1/0).

g

E(GX))=1<p=2
Under (A,) for all B € B,

E(]l%(eB) = P(B) < Me,, =: 62
since By, is a VC class of dimension 2d + 1 there exists ¢ > 1

N, Fn)<ee7?,0<e<1
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with v = 2((2d + 1) — 1) = 4d. Finally, there exists ng > 0 such that
for all n > ny we have

1 1 T N | nt/4 )
—_ = = = M > .
0n VMg, <MC’ 1oglogn> VMC (loglogn)t/4

consequently, In(8 Vv 1/6,,) =log(2 Vv 1/6,) = log(1/6,) and

n#2 = CM+/nloglogn

50
n6? - CM+/nloglogn
lo vAi) o L_. n'/¢
g(ﬁ en) log (\/W (log log n)1/4)
thus
n92

lim 72 .
e log(By L)

Since supge r, SUPex|g(x)| = 1 there exists ny > ng > 0 such that for
n > n; we have

\/n02 /log(B Vv 1/6,, )
sup su <
GJE megm ?) 2vv+1

Theorem 5.3 (Berthet and Mason 2006 [4]). Let G be a VC class
of dimension VC(G) satisfying (F.i) and (F.ii) with envelope G :=
S./2. For all A > 1 there exists p(\) > 1 such that for alln > 1 we can
construct on the same probability space, the vectors Xy, -+, X, and a
sequence (G,,) of versions of G such that

P{[|or, — Gullg > p(A)n~"* (logn)*>} < n™*

with vy = 1/(245vg) and v = (445v9)/(4+10v) and vy = 2(VC(G)—
1) and where G is P-Brownian Bridge indezed by G.
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