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Abstract— We study the consensus problem for
networks with changing communication topology and
with time-dependent communication links. That is,
the network changes in two dimensions: “geographi-
cal” and “temporal”. We establish that consensus is
reached provided that there always exists a spanning
tree for a minimal dwell-time and the interconnec-
tion gains are persistently exciting. Our main result
covers the particular case, studied in the literature,
of one fixed-topology with time-varying interconnec-
tions but also that of changing topologies with reliable
interconnections during a dwell-time. Another origi-
nality of our work lies in the method of proof, based on
stability theory of time-varying and switched systems.
Simulations on an academic example are provided to
illustrate our theoretical results.

I. INTRODUCTION

In spite of the considerable bulk of literature on
consensus consensus analysis, such problem for systems
with taime-varying changing topologies and time-varying
interconnections, has been little studied; some recent
works include [2], [8], [3], [9]. This problem, however, is
of great interest for researchers of several disciplines due
to the multiple applications related to networked multi-
agent systems: satellite formation flying [1], [14], coupled
oscillators, formation tracking control for mobile robots
[4], coupled air traffic control [15] just to mention a few.
These applications justify the design of appropriate con-
sensus protocols to drive all dynamic agents to a common
value. The consensus problem consists in establishing
conditions under which the differences between any two
motions among a group of dynamic systems, converge to
zero asymptotically.

In [12] the authors present multiple agents in the pres-
ence of limited and unreliable information exchange with
changing communication topologies; the analysis relies
on the graph theory and consensus may be established
if the union of the directed interaction graphs have a
spanning tree. In [11] directed networks with switching
topology are treated as a hybrid system. A common
Lyapunov function allows to show convergence analysis
of an agreement protocol for this system.

The authors of [5] study the consensus problem in undi-
rected networks of dynamic agents with fixed and switch-
ing topologies. Using Lyapunov theory; it is showed that
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all the nodes in the network achieve consensus asymp-
totically for appropriate communication delays, if the
network topology graph is connected. In [16] the authors
address the consensus problem for discrete-time multi-
agent systems with changing communications topologies
and bounded time-varying communication delays.

In this paper, we consider the consensus problem
for networks of dynamic systems interconnected in a
directed graph through time-varying links. In contrast
to the related literature, see for instance [7], [17], we
assume that the network’s graph is time-varying with
respect to two time-scales. Firstly, we assume that the
interconnection topology changes that is, the agentAmay
communicate with B over a period of time and with C
over a (dwell-)time interval. Secondly, in clear contrast
with the literature, we assume that during a dwell-time
in which the topology is fixed, the communication links
are not reliable that is, they vary with time and, in
particular, they may have random failures. The necessary
and sufficient condition is that each interconnection gain
is, separately, persistently exciting. Persistently exciting
covers in particular random signals of positive mean
(offset). This is also in contrast to conditions based on
excitation of an “averaged” graph Laplacian –cf. [7].
Thus, the problem we analyze covers both the case of fixed
topology with time-varying interconnections and that of
switching topologies with reliable interconnections.

In the following section we present our main results.
For clarity of exposition, we present in the first place,
an auxiliary result on consensus under a fixed spanning
tree topology with time-varying reliable interconnections.
Then, we show that the switched topology problem
may be approached using stability theory for switched
linear time-varying systems. In Section III we present an
example of three agents whose interconnection topology
changes among six possible configurations. Concluding
remarks are provided in Section IV.

II. MAIN RESULTS

A. Problem statement

Consider N dynamic agents

Ψλ : ẋλ = uλ, λ = 1, 2, · · · , N, (1)

where uλ represents a protocol of interconnection. The
most common continuous consensus protocol under an
all-to-all communication assumption, is given by –see [11],
[16],

uλ(t, x) = −
N∑
κ=1

aλκ(t)
[
xλ(t)− xκ(t)

]
, (2)



where aλκ is the (λ, κ) entry of the adjacency matrix and
xλ is the information state of the λ-th agent.

The system (1), (2) reaches consensus if for every initial
condition all the states reach a common value as t tends
to infinity. The consensus problem has been thoroughly
studied both for the case of constant and time-varying
interconnections, mostly under the assumption of an all-
to-all communication topology. It also is well known,
from graph theory, that it is necessary and sufficient to
reach consensus that there exists a spanning tree. In the
case that the interconnections are time-varying, a similar
result was established in [10] based on the assumption
that, roughly speaking, there exists an average spanning
tree.

In this paper, we analyze consensus under time-varying
topologies; as opposed to the more traditional graph-
theory based analysis [13], we adopt a stability theory
approach.

B. The network model

With little loss of generality, let us consider the follow-
ing consensus protocol

uλ =

 −aλλ+1(t)
[
xλ(t)− xλ+1(t)

]
, ∀λ ∈ [1, N − 1],

0, λ = N,
(3)

where aλλ+1 ≥ 0 and it is strictly positive whenever
information flows from the (λ + 1)th node to the λth
node. This protocol leads to a spanning-tree configuration
topology; the closed-loop equations are

ẋ1 = −a12(t)
[
x1 − x2

]
,

...
ẋλ = −aλ,λ+1(t)

[
xλ − xλ+1

]
,

...
ẋN−1 = −aN−1N (t)

[
xN−1 − xN

]
,

ẋN = 0.

(4)

In a leader-follower configuration, the Nth node may be
considered as a “swarm master” with its own dynamics.
For simplicity, here we consider it to be static.

It is clear that there are many other possible spanning-
tree configurations; the one showed above is considered
conventionally. Actually, there exist a total number of N !
spanning-tree configurations; for instance, for a group of
three agents there exist six possible spaning-tree configu-
ration topologies which determine six different sequences
{Ψ3,Ψ2,Ψ1}, {Ψ2,Ψ1,Ψ3}, etc. –see Figure 1.
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Fig. 1. Example of 3 agents, where by changing their positions,
we obtained six possible topologies.

Thus, to determine the N ! possible spanning-tree com-
munication topologies, among N agents, we introduce
the following notation. For each k ≤ N we define a
function πk which takes integer values in {1, . . . N}. We
also introduce the sequence of agents {Ψπk}Nk=1 with the
following properties: 1) every agent Ψλ is in the sequence;
2) no repetitions of agents in the sequence is allowed 3)
the root agent is labeled ΨπN and it communicates with
the agent ΨπN−1

, the latter is parent of ΨπN−2
and so

on down to the leaf agent Ψπ1
. That is, the information

flows with interconnection gain aπkπk+1
(t) ≥ 0, from the

agent Ψπk+1
to the agent Ψπk . The subindex k represents

the position of the agent Ψπk in the sequence. Note that
any sequence {Ψπ1

,Ψπ2
, ...,ΨπN−1

,ΨπN } of the agents
may be represented as a spanning-tree topology which
is depicted in Figure 2.
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Fig. 2. A spanning-tree topology with time dependent communi-
cation links between Ψπk and Ψπk+1 .

Thus, in general, each possible fixed topology labeled
i ∈ 1, . . . , N ! is generated by a protocol of the form (3)
which we write as

uiπk =

{
−aiπkπk+1

(t)
[
xπk − xπk+1

]
, k ∈ {1, . . . , N − 1},

0, k = N,
(5)

where k denotes the position of the agent Ψλ in the
sequence {Ψπk}Nk=1 and πk represents which agent Ψλ

is in the position k, this is, πk = λ. Under (5), the system
(1) takes the form

ẋdi = −Li(t)xdi, i ∈ {1, . . . , N !}, (6)

where to each topology i ≤ N ! corresponds a state vector

xdi =
[
xπ1 , xπ2 , . . . , xπN

]>
which contains the states of all interconnected agents in
a distinct order, depending on the topology. For instance,

referring to Figure 1, for i = 1 we have xd1 =
[
x1, x2, x3

]>
while xd4 =

[
x1, x3, x2

]>
while for i = 4.

Accordingly, to each topology we associate a distinct
Laplacian matrix Li(t) which is given by

Li(t) :=
aiπ1π2

(t) −aiπ1π2
(t) 0 0 0

0 aiπ2π3
(t) −aiπ2π3

(t) 0 0
...

...
. . .

. . .
...

0 0 · · · aiπk−1πk
(t) −aiπk−1πk

(t)
0 0 · · · · · · 0

 .
(7)

Since any of the N ! configurations is a spanning tree,
which is a necessary and sufficient condition for consen-
sus, all configurations may be considered equivalent in
some sense, to the first topology, i.e., with i = 1. As
a convention, for the purpose of analysis we denote the

state of the latter by x =
[
x1, x2, . . . , xN

]>
and refer to

it as an ordered topology. See Figure 3.
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Fig. 3. A spanning-tree topology with time dependent communi-
cation links between Ψπk and Ψπk+1 .

It is clear (at least intuitively) that consensus of all
systems (6) is equivalent to that of ẋ = L1(t)x, where

L1(t) :=
a12(t) −a12(t) 0 0 0

0 a23(t) −a23(t) 0 0
...

...
. . .

. . .
...

0 0 · · · aN−1N (t) −aN−1N (t)
0 0 · · · 0 0

 .
(8)

More precisely, the linear transformation from a “dis-
ordered” vector xdi to the ordered vector x is defined via
a permutation matrix Pi that is,

xdi = Pix (9)

with Pi ∈ Rn×n defined as

Pi =


Eπ1

Eπ2

...
EπN

 , i ∈ {1, . . . , N !}, (10)

and the rows

Eπk =
[

0, 0, . . . , 1︸︷︷︸ . . . , 0
]
.

πkth position

The permutation matrix Pi is a nonsingular matrix with
P−1i = P>i [6]. For instance, relative to Figure 1 we have
xd2 = [x2, x1, x3]> and

P2 =

0 1 0
1 0 0
0 0 1

 .
In order to study the consensus problem for (6) for
any i it is both sufficient and necessary to study that
of any configuration topology. Moreover, we may do so
by studying the error dynamics corresponding to the
differences between any pair of states.

C. Fixed topology

For clarity of exposition we start with a preliminary
result which applies to the case of a fixed but arbitrary
topology –cf. [13, Theorem 2.33]. In view of the previous
discussion, without loss of generality, we focus on the
study of the ordered topology depicted in Figure 3.
Consensus may be established using an argument on
stability of cascaded systems. To see this, let z1 denote
the vector of ordered errors corresponding to this first
topology that is,

z1λ := xλ − xλ+1, ∀λ ∈ {1, . . . , N − 1}.

Then, the systems in (6) with i = 1 reach consensus if
and only if the origin of

ż11 = −a12(t)z11 + a23(t)z12
ż12 = −a23(t)z12 + a34(t)z13

...

ż1N−1 = −aN−1N (t)z1N−1 (11)

is (globally) uniformly asymptotically stable.
In a fixed topology we have aλ,λ+1(t) > 0 for all t ≥ 0

that is, the λth node in the sequence always receives
information from its parent labeled λ + 1, albeit with
varying intensity. The origin of the decoupled bottom
equation, which corresponds to the dynamics of the root
node, is uniformly exponentially stable if aN−1N (t) > 0
for all t. Each of the subsystems in (11) from the bottom
to the top is input to state stable. Uniform exponential
stability of the origin {z = 0} follows provided that aλλ+1

is bounded.
In compact form, the consensus dynamics becomes

ż1 = A1(t)z1, z1 = [z11 · · · z1N−1]> (12)

where the matrix A1(t) ∈ RN−1×N−1 is defined as

A1(t) =
−a12(t) a23(t) 0 · · · 0

0 −a23(t) a34(t) 0
...

...
...

. . .
. . .

...
0 0 0 −aN−2N−1(t) aN−1N (t)
0 0 0 · · · −aN−1N (t)

 .
(13)

Lemma 1: Let

Φ̇(t; t◦) = A1(t)Φ(t; t◦), Φ(t◦; t◦) = IN−1, ∀t ≥ t◦ > 0.
(14)

Assume that, for every i ∈ {1, ..., N − 1}, aii+1 is a
bounded persistently exciting signal that is, there exist
Ti and µi > 0 such that∫ t+Ti

t
aii+1(s)ds ≥ µi ∀ t ≥ 0. (15)

Then, there exist ᾱ > 0, α > 0 such that

||Φ(t; t◦)|| ≤ ᾱe−α(t−t◦), ∀ t ≥ t◦ ≥ 0. (16)

Proof: Note that the solution of the differential equation
(14) is given by Φ(t; t◦) = [φij(t; t◦)], where

φij(t; t◦) =


0, i > j,

e
−
∫ t

t◦

aii+1(s)ds
, i = j,∫ t

t◦

φii(t; s)ai+1,i+2(s)φi+1,j(s; t◦)ds, i < j.

(17)
We show that every element of Φ(t; t◦) is bounded by

an exponentially-decreasing function. Using the Schwartz



inequality for the third integral and (15) for the second
we obtain

|φii(t; t◦)| ≤ k̄ie
−ki(t−s), i = j;

|φij(t; t◦)| ≤
∫ t

t◦

|φii(t; s)||ai+1,i+2(s)||φi+1,j(s; t◦)|ds,
i < j.

(18)
For each j = i + 1 such that i < N − 1 the third
integral in (17) depends on φii and φi+1i+1 which are
bounded by k̄ie

−ki(t−s) and k̄i+1e
−ki+1(t−s), respectively.

Consequently,

|φij(t; t◦)| ≤ k̄ik̄j |ai+1,i+2|∞
[

1

|ki − kj |
e−min{kj ,ki}(t−t◦)

]
where by assumption, |ai+1,i+2|∞ is bounded. Thus, all
elements of Φij(t; t◦) are bounded in norm by a decaying
exponential.

D. Time-varying topology

In this section we study the more general case, in which
not only the interconnection gains are time-varying, as in
the previous section and [13], but the topology may be
randomly chosen as long as there always is a spanning
tree which lasts for at least a dwell-time.

For the purpose of analysis we aim at identifying, with
each possible topology, a linear time-varying system of the
form (12) with a stable origin and to establish stability
of the switched system. To that end, let i determine one
among the N ! topologies schematically represented by a
graph as showed in Figure 2. Let xλ denote the state of
system Ψλ then, for the ith topology, we define the error

zi = [zi1 · · · ziN−1]>, (19)

zik = xπk − xπk+1
, k ∈ {1, · · · , N − 1}, (20)

where k denotes the graphical position of the agent Ψλ

in the sequence {Ψπk}Nk=1 and πk represents which agent
Ψλ is in the position j, this is, πk = λ.

Example 1: Consider two possible topologies among
those showed in Figure 1 represented in more detail in
Figure 4 (for i = 1) and Figure 5 (for i = 4). Then, we
have

z11 = xπ1 − xπ2 = x1 − x2
z12 = xπ2 − xπ3 = x2 − x3

Ψ1��
��
k = 1

� Ψ2��
��
k = 2

� ��
��
Ψ3

k = 3

Fig. 4. A topology with 3 agents where π1 = 1, π2 = 2 and π3 = 3.

whereas in the second case, when i = 4,

z21 = xπ1
− xπ2

= x1 − x3
z22 = xπ2

− xπ3
= x3 − x2

Ψ1��
��
k = 1

� Ψ3��
��
k = 2

� ��
��
Ψ2

k = 3

Fig. 5. The second topology with 3 agents where π1 = 1, π2 = 3
and π3 = 2.

That is, for each topology i the dynamics of the intercon-
nected agents is governed by the equation

żi = Ai(t)zi (21)

where

Ai(t) :=


−aiπ1π2

(t) aiπ2π3
(t) 0 0

...
. . .

. . .
...

0 0 −aiπN−2πN−1
(t) aiπN−1πN (t)

0 0 · · · −aiπN−1πN (t)


(22)

According to Lemma 1 the origin {zi = 0} is uniformly
globally exponentially stable provided that aπkπk+1

(t) is
strictly positive for all t. It is clear that consensus follows
if the origin {zi = 0} for any of the systems (21) (with i
fixed for all t) is uniformly exponentially stable. Actually,
there exist αi and ᾱi such that

|zi(t)| ≤ ᾱie−αit, ∀ t ≥ 0. (23)

Observing that all the systems (21) are equivalent up
to a linear transformation, our main result establishes
consensus under the assumption that topology changes,
provided that there exists a minimal dwell-time. Indeed,
the coordinates zi are related to z1 by the transformation

zi = Wiz1, (24)

where Wi := TPiT
−1, Pi is defined in (10), T ∈ RN−1×N

is given by

T =


1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
...

. . .
. . .

...
0 0 0 1 −1 0
0 0 0 · · · 1 −1

 (25)

and T−1 ∈ RN×N−1 denotes a right inverse of T .Note
that the matrix Wi ∈ RN−1×N−1 is invertible for each i ≤
N ! since each of its rows consists in a linear combination
of two different rows of T−1, which containsN−1 linearly-
independent rows. Actually, using (24) in (21) we obtain

ż1 = Āi(t)z1, (26)

where

Āi(t) := W−1i Ai(t)Wi. (27)

We conclude that

|z1(t)| ≤ α̃ie−αit, α̃i :=
∣∣W−1i

∣∣ ᾱi, ∀ t ≥ 0. (28)

Based on this fact we may now state the following result
for the switched error systems which model the network
of systems with switching topology.

Lemma 2: Consider the switched system

ż1 = Āσ(t)(t)z1 (29)



with σ : R≥0 → {1, . . . , N !} and for each i ∈ {1, . . . , N !},
Āi is defined in (27). Let the dwell time

τd >

ln
( N !∏
i=1

α̃i
)

N !∑
i=1

αi

. (30)

Then, the equilibrium {z1 = 0} of (26) is uniformly
globally exponentially stable for any switching sequence
{tp} such that tp+1− tp > τd for every switching time tp.

Proof: Let tp be an arbitrary switching instant. For all
t ≥ tp such that σ(t) = i we have

||z1(t)|| ≤ α̃ie−αi(t−tp)||z1(tp)||, ∀tp ≤ t < tp+1. (31)

Since by hypothesis τd ∈ [tp, tp+1), from (31) we have

||z1(tp + τd)|| ≤ α̃ie−αiτd ||z1(tp)||. (32)

Using the property of continuity of both the norm func-
tion and the state z(t), we have

||z1(tp+1)|| ≤ ||z1(tp + τd)|| (33)

and therefore

||z1(tp+1)|| ≤ α̃ie−αiτd ||z1(tp)||. (34)

Note that to guarantee asymptotic stability of (29) it is
sufficient that for every pair of switching times tp and tq

||z1(tq)|| − ||z1(tp)|| < 0 (35)

whenever p < q and σ(tp) = σ(tq).
Now consider the sequence of switching times tp, tp+1,

..., tp+N !−1, tp+N ! satisfying σ(tp) 6= σ(tp+1) 6= . . . 6=
σ(tp+N !−1) and σ(tp) = σ(tp+N !) which corresponds to a
switching signal in which all the N ! switched are chosen.

From (34) it follows that

||z1(tp+N !)|| ≤
(
N !∏
i=1

α̃ie
−(

∑N!
i=1 αi)τd

)
||z1(tp)||. (36)

To ensure that

||z1(tp+N !)|| − ||z1(tp)|| < 0 (37)

it is sufficient that(
N !∏
i=1

α̃ie
−(

∑N!
i=1 αi)τd − 1

)
< 0 (38)

Therefore, since the norm is a non-negative function we
obtain

N !∏
i=1

α̃ie
−(

∑N!
i=1 αi)τd < 1 (39)

and the proof follows.
Finally, in view of Lemma 2 we can make the following
statement.

Theorem 1: Let {tp} denote a sequence of switching
instants p ∈ Z≥0 and let σ : R≥0 → {1, . . . , N !} be a
piecewise constant function satisfying σ(t) ≡ i for all t ∈
[tp, tp+1) with tp − tp+1 ≥ τd and τd satisfying (30).

Consider the system (1) in closed loop with

uσ(t)πk
=

{
−aσ(t)πkπk+1(t)

[
xπk − xπk+1

]
, k ∈ {1, . . . , N − 1},

0, k = N.
(40)

Let the interconnection gains aiλκ, for all i ∈ {1, . . . , N !}
and all λ, κ ∈ {1, . . . , N − 1}, be persistently exciting.
Then, the system reaches consensus with uniform expo-
nential convergence.

III. EXAMPLE

For illustration, we consider a network of three agents
hence, with six possible topologies, as showed in Figure 1.
The information exchange among agents in each topology
is ensured via channels with persistently-exciting com-
munication intensity; the corresponding parameters are
shown in Table I.

i=1 T µ i=2 T µ i=3 T µ
a12(t) 0.25 0.5 a21(t) 2.0 1.6 a31(t) 0.3 0.1
a23(t) 0.2 1 a13(t) 0.8 0.2 a12(t) 0.7 0.6

i=4 T µ i=5 T µ i=6 T µ
a13(t) 2 1 a23(t) 0.4 0.1 a32(t) 0.5 0.3
a32(t) 4 0.4 a31(t) 0.5 0.4 a21(t) 4.2 1.8

Table I. Parameters of the interconnection gains.
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Fig. 6. Persistently exciting interconnection gains for the topolo-
gies {Ψ1,Ψ2,Ψ3}, {Ψ2,Ψ1,Ψ3} and {Ψ3,Ψ1,Ψ2}.

The graphs corresponding to the interconnection gains
are showed in Figures 6 and 7. By applying Lemma 1,
we can compute α̃i and αi for each topology i, see Table
II. Substituting the values of α̃i and αi into (30), we find
that the dwell time must satisfy τd > 7.92.

i 1 2 3 4 5 6
α̃i 6.51 10.26 6.11 12.85 4.71 3.98
α 0.2 0.3 0.4 0.1 0.35 0.1

Table II. Parameters corresponding to the exponential bounds.

We performed some numerical simulations using
Simulink of Matlab. In a first test, the initial conditions
are set to x1(0) = −2, x2(0) = 1.5 and x3(0) = −0.5;
the switching signal σ(t) is illustrated in Figure 8. The
systems’ trajectories, converging to a consensus equilib-
rium, are showed in Figure 9. It is worth mentioning,
however, that the dwell-time condition (30) only provides
a sufficient stability condition. In Figure 10 we show the



graph of a switching signal which does not respect the
dwell-time condition and, yet, all the states converge to
a common value –see Figure 11.
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Fig. 7. Persistently exciting interconnection gains for the topolo-
gies {Ψ1,Ψ3,Ψ2}, {Ψ2,Ψ3,Ψ1} and {Ψ3,Ψ2,Ψ1}.
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Fig. 9. Trajectories of x1, x2 and x3.
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Fig. 10. The switching signal σ(t), which does not satisfy the
dwell-time condition.

IV. CONCLUSIONS

We provided the convergence analysis of a consensus
problem for a network of integrators with directed infor-
mation flow under time-varying topology. Our analysis
relies on stability theory of time-varying and switched
systems. We established a minimal dwell-time conditions
over the switching signal.
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Fig. 11. Trajectories of x1, x2 and x3.
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