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Sweeping Processes Perturbed by Rough Signals

Charles CASTAING, Nicolas MARIE and Paul RAYNAUD DE FITTE

Abstract This paper deals with the existence, the uniqueness and an approximation
scheme of the solution to sweeping processes perturbed by a continuous signal of
finite p-variation with p € [1,3[. It covers pathwise stochastic noises directed by a
fractional Brownian motion of Hurst parameter greater than 1/3.

1 Introduction

Consider a multifunction C : [0,7] = R¢ with e € N*. Roughly speaking, the
Moreau sweeping process (see Moreau [20]) associated to C is the path X, living in
C, such that when it hits the frontier of C, a minimal force is applied to X in order to
keep it inside of C. Precisely, X is a solution to the following differential inclusion:

dDX
~aipx] ) € NewX (@) DX|-ae.

X(0) = a € C(0)

6]

where DX is the differential measure associated with the continuous function of
bounded variation X, |DX| is its variation measure, and Nc¢((X(¢)) is the normal
cone of C(t) at X(¢). This problem has been deeply studied by many authors. For
instance, the reader can refer to Moreau [20], Valadier [27] or Monteiro Marques [19].
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Several authors studied some perturbed versions of Problem (1), in particular by
a stochastic multiplicative noise in It6’s calculus framework (see Revuz and Yor
[22]). For instance, the reader can refer to Bernicot and Venel [3] or Castaing et
al. [5]. On reflected diffusion processes, which are perturbed sweeping processes
with constant constraint set, the reader can refer to Kang and Ramanan [13].

The general way to formulate the perturbed Problem (1) when the perturbation
has unbounded variation is to split the unknown X in two parts, following ideas
of Skorokhod [24, 25]: one part has bounded variation and represents the “pure”
sweeping process, and the other one may have unbounded variation and represents
the perturbed part. In this line, we consider the perturbed sweeping process

X(t) = H(t)+Y(r)

H() = / FX(s))dZ(s) @
dDY 0

~ 2oy € Newo (@) DY -ae. with ¥(0) = a

where X, Y and H are unknown, Cy(t) = C(t) — H(1),t € [0,T] (thus Nc, (Y (?)) =
Newy(X®), Z - [0,T] — R4 is a continuous signal of finite p-variation with d € N*
and p € [1,00[, f € Lip"(R°, M. 4(R)) with ¥ > p, and the integral against Z is
taken in the sense of rough paths (see Section 2 for precise definitions)). On the rough
integral, the reader can refer to Lyons [16], Friz and Victoir [11] or Friz and Hairer
[9]. Throughout the paper, the multifunction C satisfies the following assumption.

Assumption 1 C is a convex compact valued multifunction, continuous for the Haus-
dorff distance, and there exists a continuous selection y : [0,T] — R€ satisfying

Be(y(1),r) C int(C(1)) ; V1 € [0.T],
where B.(y(t),r) denotes the closed ball of radius r centered at y(t).

This assumption is equivalent to saying that C(¢) has nonempty interior for every
t € [0,T], see [5, Lemma 2.2].

In Falkowski and Stomiriski [8], when p € [1,2[ and C(¢) is a cuboid of R€¢ for
every t € [0,T], the authors proved the existence and uniqueness of the solution of
Problem (2). Furthermore, several authors studied the existence and uniqueness of
the solution for reflected rough differential equations. In [1], M. Besaldi et al. proved
the existence and uniqueness of the solution for delayed rough differential equations
with non-negativity constraints. Recently, S. Aida gets the existence of solutions for
a large class of reflected rough differential equations in [2] and [1]. Finally, in [6],
A. Deya et al. proved the existence and uniqueness of the solution for 1-dimensional
reflected rough differential equations. An interesting remark related to these refer-
ences is that when C is not a cuboid, moving or not, it is a challenge to get the
uniqueness of the solution for reflected rough differential equations and sweeping
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processes.

For p € [1,3[, the purpose of this paper is to prove the existence of solutions to
Problem (2) when C satisfies Assumption 1, and a necessary and sufficient condition
for uniqueness, close to the monotonicity of the normal cone which allows to prove
the uniqueness in the case when p = 1 and there is an additive continuous signal
of finite g-variation with ¢ € [1,3[. In that, the convergence of an approximation
scheme is also proved.

Section 2 deals with some preliminaries on sweeping processes and the rough
integral. Section 3 is devoted to the existence of solutions to Problem (2) when
Z is a moderately irregular signal (i.e. p € [1,2[) and when Z is a rough signal
(i.e. p € [2,3]). Section 4 deals with some uniqueness results. The convergence
of an approximation scheme based on Moreau’s catching up algorithm is proved
in Section 5 in the case when p = 1 and there is an additive continuous signal of
finite g-variation with g € [1,3[. Finally, Section 6 deals with sweeping processes
perturbed by a pathwise stochastic noise directed by a fractional Brownian motion
of Hurst parameter greater than 1/3.

The following notations, definitions and properties are used throughout the paper.

Notations and elementary properties:

1. Cp(t) := C(t) — h(z) for every function & : [0,T] — R€.

2. Nc¢(x) is the normal cone of C at x, for any closed convex subset C of R¢ and any
x € R€ (recall that Nc(x) = @ if x ¢ C).

3. Ar = {(s,t) € [0,T]? : s < t} and Ay, := {(u,v) € [5,¢]* : u < v} for every
(s,t) € Ar.

4. For every function x from [0,7] into R? and (s,7) € Ar, x(s,1) := x(1) — x(s).

5. Consider (s,7) € Ar. The vector space of continuous functions from [s, 7] into R¢
is denoted by C?([s,],R) and equipped with the uniform norm ||.||e.s.; defined
by

Ixlleos = sup flx(@)]

uels,t]

for every x € C%([s,¢],R?), or the semi-norm ||.||o.s.; defined by

llxllo,s.c := sup  [lx(v) = x(u)l
u,vels,t]
for every x € CO([s,¢],RY). Moreover, I-lloo.7 := Il-llo,0.75 ll-llo.7 := I|-llo,0,r and

C([s,11L,RY) := {x € C°([s,1],R?) : x(0) = 0}.

6. Consider (s,f) € Ar. The set of all dissections of [s,] is denoted by Dy, and
the set of all strictly increasing sequences (s,)nen Of [s,7] such that so = s and
limg, s, = t is a denoted by Deo 5]
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Consider (s,f) € Ar. A function x : [s,7] — R has finite p-variation if and only
if,

1/p

;n € N*and (% )kef1,n] € Dps.r]

n-1

D et e )I1?

k=1

llx|lp-var,s,c := sup

< oo,
Consider the vector space
CP (5,1 RY) := {x € CO([5, 1] R ¢ [|xllpmvar,s < 00}

The map ||.||p-var,s,; is @ semi-norm on CP¥([s,],RY).

Moreover, ||.||p-var,7 := Il llp-var,0,7-

Remarks:

a. Forevery gq,r € [1,00[ such that g > r,
Vx € C7 ([, 1], RY), 1 xllg-vars,e < 1% llr-vars.:-

In particular, any continuous function of bounded variation on [s,¢] belongs
to C9V¥([s5,1],R¥) for every ¢ € [1,00].
b. For every (s,¢) € A7 and x € C'™V¥([s,1],R),

t
e = / \Dx],
S

where |Dx| is the variation measure of the differential measure Dx associated
with x.

The vector space of Lipschitz continuous maps from R¢ into M, 4(R) is denoted
by Lip(R¢, M. 4(R)) and equipped with the Lipschitz semi-norm ||.||.i, defined
by

lle®y) — eIl .

llellLip == sup{ ;x,y € R and x # y}
lly — xll

for every ¢ € Lip(R¢, M, 4(R)).
For every 1 € R,
[A] :=max{n €Z:n< A}
and {1} := 1 - [1].
Consider y € [1,00[. A continuous map ¢ : R® — M (R) is y-Lipschitz in the
sense of Stein if and only if,

lelLipr := 1D @llgy)me v max{|D* ¢l ; k € [0, Ly]T}

< 00,
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Consider the vector space
Lip”(R®, M,.a(R)) := {¢ € COR*, M, a(R)) : || pllLipr < oo}
The map ||.|[Lipr is a norm on Lip”(R¢, M, 4(R)).

Remarks:

a. If ¢ € Lip” (R, M, 4(R)), then ¢ € Lip(R®, M, 4(R)).
b. If ¢ € CI*1(R°, M, 4(R)) is bounded with bounded derivatives, then ¢ €
Lip” (R, Mc,a(R)).

2 Preliminaries

This section deals with some preliminaries on sweeping processes and the rough
integral. The first subsection states some fundamental results on unperturbed sweep-
ing processes coming from Moreau [20], Valadier [27] and Monteiro Marques [19].
A continuity result of Castaing et al. [5], which is the cornerstone of the proofs
of Theorem 3 and Theorem 4, is also stated. The second subsection deals with the
integration along rough paths. In this paper, definitions and propositions are stated
as in Friz and Hairer [9], in accordance with M. Gubinelli’s approach (see Gubinelli

[12]).

2.1 Sweeping processes

The following theorem, due to Monteiro Marques [17, 18, 19] using an estimation
due to Valadier (see [4, 27]), states a sufficient condition of existence and uniqueness
of the solution of the unperturbed sweeping process defined by Problem (1).

Proposition 1 Assume that C is a convex compact valued multifunction, continuous
for the Hausdorf{f distance, and such that there exists (x,r) € R¢X]0, co[ satisfying

B.(x,r) c C(t) ; Vt € [0,T].

Then Problem (1) has a unique continuous solution of finite 1-variation y : [0,T] —
R€ such that

Iy lh-var,r < 1(r, lla = xI]),
where | : R2 — R, is the map defined by

2 2

max{O,S—S} if e>1
2s
max{0,S —s} ife=1

1(s,S) := 1 Vs, S e R,
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This proposition is a consequence of the two following ones. These two propositions
are also used in Section 5.

Proposition 2 Under Assumption 1, amap y : [0,T] — R€ is a solution of Problem
(1) if it satisfies the two following conditions:

1. Foreveryt € [0,T], y(t) € C(¢).
2. For every (s,t) € At and 7 € Ny¢s,11C(T),

(&30~ > IO - I,

Let us denote by proj 4(.) the orthogonal projection on a convex set A C R€.

Proposition 3 Consider n € N*, (t,. . .,t}) the dissection of [0,T] of constant mesh
T /n and the step function Y™ defined by

Yt =a
Yl = pojer (3 sk € [0,n = 1]
Y1) = Y sr e [ [k € [0,n— 1],

1. Under the conditions of Proposition 1 on C, ||Y"|[i-var,r < I(r,|la — x]|).
2. Under Assumption 1, for every m € nN* and t € [0,T], there existi € [1,n]] and
j € [1,m] such thatt € [t 1], t € [tj”il,tj’.”[and

1Y (6) = YOI < 2du(C(E"), CE DAY hvare + 17" l1-var,o)-

See Monteiro Marques [19], Chapter 2 for the proofs of the three previous proposi-
tions.

Let h be a continuous function from [0,7] into R¢ such that 4(0) = 0. If it ex-
ists, a Skorokhod decomposition of (C,a, i) is a couple (vj, wy,) such that:

vi(t) = h(t) + wp(t)

dDWh .
_dIDWh| (t) € NCh(t)(Wh(t)) |Dwy,|-a.e. with wy,(0) = a

3)

where vy, and wy, are continuous, and wy, has bounded variation. Since N¢,, (;)(x) = 0
when x ¢ Cp(t), the system (3) implies that, |Dwy|-a.e., wy(t) € Cp(t), that is,
vp(t) € C(¢). Under Assumption 1, by Proposition 1 together with Castaing et al. [5,
Lemma 2.2], (C, a, h) has a unique Skorokhod decomposition (vj, wy,).

Theorem 1 Under Assumption 1, if (h,)nen is a sequence of continuous functions
from [0,T] into R which converges uniformly to h € C°([0,T],R¢), then

sup [[wh,, [li-var,r < o0
neN

and
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[I-lloo, T
Vi, s Wh,) —— (i, wp).
n—oo

See Castaing et al. [5, Theorem 2.3].

Under Assumption 1, note that there exist R > 0, N € N* and a dissection (9, . . ., fn)
of [0, 7] such that _
Be(y(tx),R) € C(u) 4

forevery k € [O,N — 1] and u € [tg, tx+1]-
Proposition 4 Under Assumption 1:
1. The map (v_,w.) is continuous from
C([0,T],R?) to C°([0,T],R¢) x C™¥"([0,T],R).

2. Consider (s,t) € Ar and p €]0,R/2] where R is defined in (4). For every
h € CY([5,1],R¢) such that ||hlo.s.c < p,

IWnll1-var,s,: < M(p)

with

N
M(p) :== — sup sup [lx -yl
2 u€l0,T] x,yeC(u)

Proof Refer to Castaing et al. [5, Lemma 5.3] for a proof of the first point.

Let us insert s and ¢ in the dissection (f,...,ty) of [0,T] and define k(s), k(¢) €
[0,N + 2] by
Ii(s) = s and t () 1= 1.

Consider k € [[k(s), k() — 1] and u € [tg, tx+1].
On the one hand,

Be(y(t) = h(t), p) € Be(y (1) = h(u), R) € Cp ().

So,
Be(y(1) = vi(t) p) € Cut) = h(tx u) = v (i)
On the other hand,
Vi (ti, u) = h(te, u) + wp g, (1)
with
Wi, () := wp(u) = wp(tk).
Moreover,
() € Nt (Wi 0) D e

and then,
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dDWh’t,
—m(u) € Nc(w)-h(tg ,u)—vi () Wh,i () |[Dwp g, |-a.e.
Wh,tk (tk) = O

So, by Proposition 1:

”wh”l»VaI,tk,lkH = ||Wh,tk||l-var,tk,tk+1

< U(p, [y (te) = va(to)ll)-
Therefore,

k(t)-1
”Wh”l-var,s,t = Z ||wh||1-VaI,tk,tk+1
k=k(s)

N sup I(p, [ly(u) = va()l))

u€ls,t]

M(p). =

N

N

2.2 Young’s integral, rough integral

The first part of the subsection deals with the definition and some basic properties
of Young’s integral which allow to integrate a map y € C"*([0,T], M. 4(R)) with
respect to z € C9V¥([0,7],RY) when ¢,r € [1,00[ and 1/g + 1/r > 1. The second
part of the subsection deals with the rough integral which extends Young’s integral
when the condition 1/g + 1/r > 1 is not satisfied anymore. The signal z has to be
enhanced as a rough path.

Definition 1 A map w : A — R, is a control function if and only if,

1. w is continuous.
2. w(s,s) = 0 forevery s € [0,T].
3. w is super-additive:
w(s,u) + w(u,t) < w(s,t)

for every s,t,u € [0,T] such that s < u < 1.
Example. Let p > 1. For every z € CPV([0,T],R¢), the map

p
p-var,s,t

Wpz 1 (8,1) € Ay V— wp -(s,1) = ||z]|
is a control function.

Proposition 5 Let p > 1. Consider x € C°([0,T],R?) and a sequence (x,)nexn of
elements of CPV*([0,T],R?) such that

lim ||x, — x”DO,T = 0 and sup ”xn”p—var,T < 0.
n—oo el
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Then x € CP™*([0,T],R?) and

lim ||x, = x[l(p+&)var,r =03 Ve > 0.

n—oo

See Friz and Victoir [11, Lemma 5.12 and Lemma 5.27] for a proof.

Proposition 6 (Young’s integral) Consider q,r € [1,00[ suchthat1/q+1/r > 1, and
two maps 'y € C™([0,T], M¢.a(R)) and z € C1V¥([0,T],R¥). For every n € N*
and (t/?)ke[[l,n]] € Djo,7), the limit

n-1
. n n .n
gg;;ﬂ@kamo

exists and does not depend on the dissection (1! )xe[1,n]- That limit is denoted by

T
!/ymam
0

and called Young’s integral of y with respect to z on [0,T]. Moreover, there exists a
constant c(q,r) > 0, depending only on q and r, such that for every (s,t) € Ar,

H /0 y(s)dz(s)

See Lyons [16, Theorem 1.16], Lejay [14, Theorem 1] or Friz and Victoir [11,
Theorem 6.8] for a proof.

< (g, Pl zllg-var,s,e Uy lr-var,s,e + [1¥lloo,s,2)-
r-var,s,t

Proposition 7 Consider q,r € [1,00[ such that 1/q + 1/r > 1, two maps y €
C™v¥([0,T], Me.a(R)) and z € C4V*([0,T],R?), and a sequence (y, )nex of elements
of C"™V¥([0,T], Me a(R)) such that:

lim ”yn - YHOO,T = 0and sup ”yn”r—var,T < .
n—oo nelN

Then,

=0.
oo, T

lim

n—oo

(Amwﬁw—lymaw

See Friz and Victoir [11, Proposition 6.12] for a proof.

Consider p € [2,3[ and let us define the rough integral for continuous functions
of finite p-variation.

Remark. In the sequel, the reader has to keep in mind that:
1. M¢4(R) = R¢ @ R4,

2. Ma1(R) = My 4(R) = R4,
3. LRI M, 4(R)) = LR?, LRY,R?)) = L(R? ® R, R).
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Definition 2 Consider z € C'™**([0,T],R9). The step-2 signature of z is the map
$5(z) : Ar — R x My(R) defined by

S$2(2)(s,1) := (Z(S, 1), dz(v) ® dz(u)
for every (s,1) € Ar.
Notation. 7 (RY) := {S,(z)(0,.) ; z € C¥([0,T],R%)}.

Definition 3 The geometric p-rough paths metric space GQP,T(R" ) is the closure of
SrRY) in CPY([0,T],RY) x CPI2Y([0,T], Ma(R)).

Definition 4 For z € CP™*([0,T],R¢), a map y € CP¥([0,T], Mc.q(R)) is con-
trolled by z if and only if there exists y’ € CP¥([0,T], L(R?, M, 4(R))) such that
y(s,1) = y'(s)z(s,1) + Ry(s,1) ; ¥(s,1) € Ar

with [|Ry||p/2-var,7 < ©o. For fixed z, the pairs (y, y’) as above define a vector space

denoted by ©F / 2([0, T], M. q(R)) and equipped with the semi-norm ||.||;, /2,7 such
that

”(yay/)”z,p/Z,T = ”y,”p—vaI,T + ||Ry||p/2—var,T
for every (v,") € D2*([0,T], M a(R)).

Theorem 2 (Rough integral) Consider z := (z,Z) € GQP,T(Rd) and (y,y’) €
Df/z([O, T], M. a(R)). For every n € N* and (t]')re1,n] € Djo,1), the limit

n-1
Tim > ()2 1) + ¥ (G )
k=1

exists and does not depend on the dissection (1! )xe[1,n]- That limit is denoted by

T
f ¥(s)da(s)
0

and called rough integral of y with respect to z on [0,T]. Moreover,

1. There exists a constant c(p) > 0, depending only on p, such that for every
(s.7) € Ar,

t
/ y)dz(u) = y(s)z(s,1) = y'(5)Z(s, 1)|| < c(P)|zllp-var,s.e [ Ry llp j2-var.s.e
s

+||Z||p/2—var,s,t”y/||p»var,s,t)~

2. The map
() ( /0 y(s)dz<s>,y)
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is continuous from ’9;’/2([0, T, M. a(R)) into fo/z([O, T1,R®).

See Friz and Shekhar [10, Theorem 34] for a proof with the p-variation topology,
and see Gubinelli [12, Theorem 1] or Friz and Hairer [9, Theorem 4.10] for a proof
with the 1/p-Holder topology.

Proposition 8 Consider z := (z,Z) € GQP,T(Rd), a continuous map
(1. [0.7] — Me.a(R) x LR Me.a(®)),

and a sequence (Y, y;)nen of elements ofbf/z([o, T, Me. a(R)) such that
’ deo, 7 ’ ’
O Ryn) 2= O Ry) and sup |Gy y)lle.pjor < oo
ne
Then, (y,y") € D/2([0,T], M a(R)) and

tim | [ sutsrtats) - [ ytsrtats

Proof On the one hand, since

=0.
o, T

’ dw,T ’
(yn’ Ryn) —_— (y > Ry)’
n—oo
the function y is the uniform limit of the sequence (y; ),en. Moreover, since

sup (v, y)lle,p /2,1 < 00,
neN

by Proposition 5,
Y € CPY(0,T), LRY, M, a(R))) and Ry € CP>Y([0,T], M 4(R)).

So, (y,y") € DY/*([0,T], M 4(R)).

On the other hand, also by Proposition 5, for any € > 0 such that p + € € [2,3],

Jim [|(vns y) = 0 Y Mlespreyzr = BNl = 3 llp+e)var

+nh_I;[olo ”R n Ry||(p+g)/2-var,T

= 0. O

So, by continuity of the rough integral (see Theorem 2),

Jim H( /0 .Yn(s)dz(s)’yn) - ( /0 .y(S)dZ(S)J)

Therefore, in particular:

=0.
z,(p+&)/2,T
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/ Yn(s)da(s) - / ¥(5)da(s)
0 0

Proposition 9 Consider z = (z,Z) € GQ,r(R?), (x,x") € D/*(0,T],R®) and
¢ € Lip? "' (R¢,R4). The couple of maps (¢(x), ¢(x)’), defined by

@(x)(1) := @(x(1)) and @(x)' (1) := Dep(x(1))x"(1)

for every t € [0,T], belongs to @f/z([o, T1, Me,a(R)).

=0.
o0, T

lim

n—oo

Remark. By Theorem 2 and Proposition 9 together,

/O () dau)
is defined. For every (s,7) € Ar, consider

/ @(x(u))dz(u) — @(x(s))z(s,1) = Dp(x(5))x"()Z(s,1)

Stp,z,x(ss t) =
For every (s,t) € A, since

(O lp-var,s,e < @l ipr-111xllp-var, s,
“‘;D(x)’”p—var,s,t < “‘PHLipV*‘(”x’”p—vax,s,t + ”x/”w,s,t“x”p—var,s,t) and

2
||R<p(x)”p/2—var,s,t < ||90||Lip7’1(”x”p—var,s,t + ”Rx”p/l—var,s,t)’

by Theorem 2,

3<p,z,x(s’t) < c(p)“(p“LiPV*](”x/”p—var,s,t + ”x/”oo,s,t“x”p—var,s,t
2 1
+||x||p—var,s,t + ”Rx”p/2—var,s,t)wp,z(s’ 1) /p’

where w, ; : Ar — R, is the control function defined by

. -1 .
0p 2(11:v) 1= 227 el + IZI7 5 ) 2 YY) € A

Proposition 10 Consider z. := (z,Z) € GQ, r(R¥), ¢ € Lip” ' (R¢,R?), a continu-
ous map
(xwx,) : [07 T] — Re X L(Rd, Re),

and a sequence (x,, x!,)nen of elements of DF / 2([0, T1,R®) such that

deo,T
(X3 Rx,,) —— (x', Ry) and sup ||(xp, xp)llz pj2.1 < 0.
n—o00 nEN

Then, (¢(x). ¢(x)’) € D2*([0.T], Me.a(R)) and
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=0.
o0, T

lim H /O n(s))da(s) - /0 plx(s))da(s)

n—oo

Proof Since

doc,T
(x5 Ry,) —— (x', Ry) and sup [|(xn, X))z, p/2.7 < o0,
n—oo neN

by Friz and Hairer [9, Theorem 7.5] together with Proposition 5,

, deo, T , ’
(o(xn) ’R<p(xn)) n_wo’ (o(x) ’R<p(x)) and Sug [1(e(xn), (xp) )”Z,p/Z,T < 00.
ne
So, by Proposition 8,

=0.
oo, T

lim H /0 " pa(s))d(s) - /0 " p(x(s))d(s)

n—oo

3 Existence of solutions
The existence of a solution to Problem (2) is established in Theorem 3 when p € [1, 2],
and in Theorem 4 when p € [2,3].

Theorem 3 Under Assumption 1, if p € [1,2[ and f € Lip”(R%, M. a(R)), then
Problem (2) has at least one solution which belongs to CP™V*([0,T],R®).

Proof Consider the discrete scheme
Xn(t) = Hy(t) + Yu(1)

Hy (1) = / F (X1 (5))d2Z(s) 5)
dDY, 0
" d|DY,|

(1) € Ny, (1) (Ya(8)) | DY, |-ae. with ¥,(0) = a

for Problem (2), initialized by

dDXo
_m(l) € Nc)(Xo(1)) [IDXpl-a.e. ©
Xo(0) = a

Since the map || Z||p-var,0,. is continuous from [0, 7] into R, and since || Z||p-var,0,0 =
0, there exists 1y € [0,77] such that

m
. P fllLipr (m + M + 1)’

“Z”p—var,ro S U=
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where m := R/2 and M := M(R/2) (see Proposition 4.(2)). Let us show that for
every n € N,
”Xn”p—var,ro <sm+M
| Hnllp-var.zy < m (7
<M

”Yn ” 1-var,7o

By (6) together with Proposition 4,
”XO”p—Var,‘ro <M.

Assume that Condition (7) is satisfied for n € N arbitrarily chosen. By Proposition
6, and since || Z||p-var,0,. is an increasing map,

< C(p’p)”Z”p—var,To(HDf”oo”Xn”p»var,m +|fo Xn”OO,To)
< peP, P fllLipr (m + M + 1)
< m.

||Hn+1 “p»var,ro

Since Y,,+1 = wg, ., , by Proposition 4,

n+l1?
”Yn+] ”]-var,m <M.
Therefore,

||Xn+1||p—var,-r0 < ”Hn+l “p—var,ro + ||Yn+l ”p»var,ro <m+ M.

By induction, (7) is satisfied for every n € N.

For every ¢t € [0,T], the map ||Z||p-var;,. is continuous from [¢,7] into R, and
| Z|p-var,s,+ = 0. Moreover, the constant u depends only on p, m, M and || f||.;p> . So,
since [0,77] is compact, there exist N € N* and (7x )k efo,n] € Dz, 1] Such that

||Z||p—var,'rk,'rk+1 < /J 9 Vk € [[0,N - 1]]
Since for every n € N* the maps

(s.1) € Ar V> [ X, ll}

p-var,s,t>

(s,1) € Ay — ||H,|I2 and

p-var,s,t
(s,1) € Ay — ”Yn”l—var,s,t O

are control functions, recursively, the sequence (H,;, X;;, ¥;,)nen+ is bounded in
p.l ._ ~p- - 1-
GT - CP Var([o’ T]’ Re) X CP Var([09 T]7 Re) X C Var([o’ T]’ Re)'

By Proposition 6, for every n € N* and (s,1) € Ar,

1Hn(2) = Hu(s) || < c(p, ) | 1D flleo sup 1 Xnllp-var,r + L flloo | 1Z1lp-var,s.c -
ne
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Since (s,t) € A7 = || Z]|p-var,s,s is @ continuous map such that || Z||,-var,,,; = O for
every t € [0,T], (Hy)nen+ is equicontinuous. Therefore, by Arzela-Ascoli’s theo-
rem together with Proposition 5, there exists an extraction ¢ : N* — N* such that
(Hyp(n))nen+ converges uniformly to an element H of CP™¥*([0,T],R¢).

Since (Hy(n))nen+ converges uniformly to H, by Theorem 1, (X, (n), Yo(n)nen+ con-
verges uniformly to (X,Y) := (vg,wg). So, for every ¢ € [0,T7,
X(t) = H(t) + Y(2)

dDY .
_d|DY| (t) € Neyo(Y (1)) |DY|-ae. with Y(0) = a,

and by Proposition 5,
X € CPY([0,T],R¢) and Y € C'™¥([0,T],R®).

Moreover, since (X, (n))nen+ converges uniformly to X, by Proposition 7,

=0.
o, T

lim ‘

n—oo

Hyw = [ FX(5)2(5)
Therefore, since (Hy () )nen+ converges also to H in CcO([0,T],R®),

H(r) = /0 t F(X()dZ(s) ; Vt € [0,T].

In the sequel, assume that there exists Z : [0,T] — My(R) such that Z := (Z,Z) €
GQ, 1 (RY).

Theorem 4 Under Assumption 1, if p € [2,3[ and f € Lip”(R°, M, 4(R)), then
Problem (2) has at least one solution which belongs to CP™V*([0,T],R®).

Proof Consider the discrete scheme

Xn(1) = Hu(1) + Y, (1)

) Hy(t) = /0 S (Xn-1(s)dZ(s) ®)
DY, ;
BT € New, (T IDE . with 1,(0) = a

for Problem (2), initialized by

dDX,
- t) € N, Xo(1)) |DXol-a.e.
dlDXol( ) c(t)(Xo(?)) |DXol ©)
X()(O) =a

At step n € N* of the scheme, the integral involved in the definition of H,(t),
t € [0,T1, is the rough integral on [0,T] of f(X,-1(-)) with respect to the geometric
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rough path Z over Z (see Definition 2).

Since the map w), z(0, .) is continuous from [0, 7] into R, and since w), z(0,0) = 0,
there exists 7 € [0, 7] such that
mc A mc
c(p. DPIf i (Mc + 1P (2 V co)P(1 + pic + Mg + pg)P
1

1+p’é+MII;+,u2CP’

wp.7(0,70) <

where m¢ := R/2, M¢c := M(R/2), uc := mc + Mc,
Mg = (c\Mc4'P) v (cs(uf. + 1)'/7)

and the positive constants ¢, ¢3, ¢s and cg, depending only on p and || f|Lip>, are
defined in the sequel.

First of all, let us control the solution of the discrete scheme for n € {0,1}:
e (n = 0) By (9) together with Proposition 4:

”XO”l—var,T() < MC'
« (n=1)Since Xo € C'™Y¥([0,T],R¢), by Proposition 6:

IH lpvar,rg < (P Dy, 2(0,70) 2| fllLipr (M + 1)
< mc.
Since Y] = wy,, by Proposition 4:

”Yl”l—val,‘ro < MC-

Therefore,
”Xl ”p—va.r,-ro < ”Hl ”p—var,ro + ”Yl ”p—va.r,-ro < Me-

Let us show that for every n € N\{0, 1},

(X1, f(Xn2)) € D5/([0,70], RY) (10)
and
”Xn”p—var,-ro < He
”Hn”p—var,‘ro < mc (11)
”YnHI—var,‘ro < MC
”RXn”p/Z—var,To < MR

Set X := f(Xo). For every (s,1) € A,
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Rx,(s,1) = Xi(s,1) — X{(5)Z(s,1)

Yils.1) + / FXo()dZ () — f(Xos)Z(s.).

By Young-Love estimate (see Friz and Victoir [11, Theorem 6.8], or [7, Section 3.6
and the interesting historical notes pages 212-213]), for every (s,7) € Ay,

1

m||f||Lip7”Z”p—var,‘ro”X0||p/2»var,s,t-

1Rx, (5Ol < Ml j2-var.s.r +

o . /2 /2 .
By super-additivity of the control functions ||¥; II:: J2var.. and || Xo ||§ J2var,.? there exists

a constant ¢ > 0, depending only on p and || f{|.ip>, such that

2 2 2 2
1R, llp2var ey < 1T o+ 1ZIE e ey X125 VPP

< aMc(1 + wp 2(0,79) 2)HP.
Then’ ||RX1 ||p/2—var,-r() < CIMC41/‘D < MR and
p/2 e
(X1, f(X0)) € D,7([0,70],R®).

So, the rough integral

Hy = [ ro)aze)
0
is well defined. For every (s,t) € Ay,

(s, )| < 1A ipr 1 Z lpvar,s.o + 1A N2 2evar .o + 7.2, (5:1)
< (fllipr VAN g Yo, z(s, )P
+e(PI f g (1 V 1 i YU Xollp-var,s.c + 1K1 llp-var. 5.0
FIX I vars.0 + 1R lp/2-var.s.0)p 25,7
< a(l+pc + Mg + ﬂzc)wp,z(s,f)l/p,

where ¢, > 0 is a constant depending only on p and || f||.ip». By super-additivity of
the control function wp, 7:

”H2”p—var,-ro < 02(1 + uc + Mg + H%;)wp,z((), TO)l/p
< mc.

So, by Proposition 4,
”YZ”p—var,-ro < MC

and
”XZ”p-vaI,‘ro < ||H2||p—var,‘ro + ||Y2||p—var,1'o < Uc-
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Therefore, Conditions (10)-(11) hold true for n = 2.

Assume that Conditions (10)-(11) hold true until n € N\{0, 1} arbitrarily chosen.
Set X, := f(Xn-1). For every (s,t) € A,

Rx, (s,1) = X, (s,1) — X, (8)Z(s,1)

= Yu(s.0) + / F X1 )Z) — (K1 () Z(5.1).

So, for every (s,t) € A,

IR, (s, DIl < [[Ya(s, DI + 1D f (Xn-1() f (Xn-2(NZ(s, )| + Jf,z.x,,_,(5,1)
< Wallp/2var,s.e + ||f||ﬁipy||Z||p/2-var,s,z
+c(P)UZ|lp-var,s,: I Rrx,,_1)l|pj2-var, st
+IZllp j2-var, 5.6 1D f (Xn-1() f (Xn-2)|lp-var.s.1)
< Wallpjavars.e + I 12l j2var,s

+C(p)”f”Lip7(||Z||p—var,‘rown(s» t)Z/p + M(I’l, TO)”Z”[)/Z-VEU’,X,[)’
where

M(n,10) = ||f(Xl’l*2)||p—Val',T() + ”f(Xn—Z)HOO,To 1 X1 ”p—var,-r(]
< ||f||Lip7(”Xn—Z”p—vaI,‘ro + ”Xn—l ”p—var,‘ro)

and w, : A;, — R, is the control function defined by

. 2-1 2
O, v) = 2727 Xt D araes + IR N5 )

for every (u,v) € A,. By super-additivity of the control functions

2 2
”Yn“fj;Z-vaI,.’ ”Z”f))//Z—Var,. and wy,

there exist three constants c3,c4,¢s > 0, depending only on p and || f|lri», such that

N

2 2
(A VAl

||RXn ”p/Z—var,'ro p/2-var, 7o p/2-var,7g

HIZIP 2 20 n(0,70) + M(n,7o)P | ZYP12 )P

p-var,7g 'p/2-var, T
< alllVall} gy + (1 + @ (0, 70) + M(n, 7)), (0, 70)) P
2
< es(uf + (1 + uf. + ||Rx,_, “5/2-va:,70 + 1P wp,2(0,70)' P

2
es(ule + (1+ il + ME + pP)wp 2(0,70)' /7.

N

Then, ||RX,, ||p/2-var,To < CS(,UZ + 1)1/p < Mpg and
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(X f (Xa-1)) € D5/2([0. 70 B).
So, the rough integral
He = [ F)az()
0

is well defined. For every (s,7) € Ar,

1Ea (.01 < 1 i 1 Zlvars. + 1 IR 1l v + 32,5, (5.1)
< (Uflligr v 1 F1R ) 250077
el (U i Y0 Koot s+ 11Xl
Xl s + 1Rl 2. )0p 25,17

< co(1 + pe + Mg + p2)wp z(5,1)P,

where cg > 0 is a constant depending only on p and || f|lrp». By super-additivity of
the control function wp z:

||Hn+l “p»var,ro co(1 + puc + Mg + :uzc)wp,Z(O, TU)I/p

<
< mc.
So, by Proposition 4,
1Ys1llp-var,z < Mc
and
1 Xn+1llp-var,zo < 1Hn+tllp-var,zo + 1 Yns1llp-var,zo < He-
By induction, Conditions (10)-(11) are satisfied for every n € N\{0,1}. As in the

proof of Theorem 3, the sequence (H,,, X,,, Y,)nen\ {01} is bounded in (E;J. In addi-
tion, the sequence (Rx,, )ne\ (0,1} is bounded in C? 12var([0,T],R®).

For every n € N\{0, 1} and (s,7) € Ar,

2
I1Hn(s. Ol < (1 lLipr VLI
+e(P)I f iy (1 V11 fllLipr )(sup [ Xn-2 llp-var,r + sUp [ Xn-1lp-var,7
neN neN

+ sup ”Xn—l ”12;.\131-,1" + sup ||RXn_1 ||p/2—var,T))wp,Z(S’ t)l/p~ ]
neN neN

Since wp,z is a control function, (H,),en\{0,1} is equicontinuous. Therefore, by
Arzela-Ascoli’s theorem together with Proposition 5, there exists an extraction
¢ : N\{0,1} — N\{0,1} such that (Hy(u))nen (0,1} converges uniformly to an
element H of CP¥¥([0,T],R¢).

Since (Hyp(n))nen{o0,1; converges uniformly to H, by Theorem 1, the sequence
(Xp(n) Yo(n)Inew\ (0,1} converges uniformly to (X,Y) := (vg,wq). So, for every
t €[0,T7,



20 Charles CASTAING, Nicolas MARIE and Paul RAYNAUD DE FITTE

X(@) = H@t)+Y(r)
—m(t) € Ncy(Y (1)) |DY|-ae. with Y(0) = a,
and by Proposition 5,
X € CPY([0,T],R¢) and Y € C'™¥([0,T],R®).
Denoting X’ := f(X), X’ (resp. Rx) is the uniform limit of (X‘;(n))neN\{(),l}
(resp. (Rx,,,,, Jnen\ {0.1})- S0, by Proposition 10:

=0.
o0, T

Hyn — /0 (X (5)dZ(s)

lim
n—oo0
Therefore, since (Hy(n))nen+ converges also to H in C°([0,T],R®),

H(t) = '/Ot f(X(s))dZ(s) ; ¥Vt € [0, TT].

4 Some uniqueness results

When p = 1 and there is an additive continuous signal of finite g-variation with g €
[1,3[, the uniqueness of the solution to Problem (2) is established in Proposition 11
below. Proposition 12 and Proposition 13 provide necessary and sufficient conditions
for uniqueness of the solution when p € [1,2[ and p € [2,3[ respectively. These
conditions are close to the monotonicity of the normal cone which allows to prove
the uniqueness when p = 1 (see Proposition 11). The criteria of Propositions 12 and
13 seem difficult to apply.

Proposition 11 Assume that p = 1 and f € Lip'(R®, M, 4(R)). Consider the Sko-
rokhod problem

X(t) = Hit)+Y(r)

HO) = [ FX(6)dz(5)+ W) 1)
—dtfg; (t) € Nc, (X (1)) |DY|-ae. withY(0) = a

where W € C4V¥([0,T],R®) with g € [1,3[. Under Assumption 1, Problem (12) has
a unique solution which belongs to C1V*([0,T],R®).

Proof Consider two solutions (X,Y) and (X*,Y*) of Problem (2) on [0,7]. Since
(s,t) € AT = || Z||1-var,s,: is a control function, there exists n € N* and (tx )k efo,n] €
Djo,7] such that
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1 Z1l-var, oy riee < M 2= ;Vk € [0,n—1] 13)

1
4 fllipr
For every t € [0,71],

IX(1) = X* (01 = IIH(I)—H*(I)I|2+2/O ¥(s) = Y*(s).d(Y = Y")(s))

2 / (H(D) — H(1.d(Y — ¥*)(5))
0
< my(1)? + 2ma() + 2ms(1),

with m; (1) := [|H = H||oo, 7,

(1) = /O (X(s) = X*(s).d(¥ — Y*)(s)),

and

m3(1) = /0 (H(1) = H*(t) = (H(s) = H"(5)),d(Y = Y")(s)).

Consider ¢ € [0,7;]. By Friz and Victoir [11], Proposition 2.2:

IH@®) - H* ()] = H/O (f(X(s)) = F(X())dZ(s)

< ||f||Lip7||X - X*HOO,T] ||Z||1—Var,1'|~

So,
1 .
m(11) < 21X = Xl (14)

Since the map x € C(f) — N¢(,(x) is monotone, my(f) < 0. By the integration by
parts formula,

(1) = /0 (¥(s) ~ Y*(s). d(H — H)(s))
- /0 (X(5) = X*(s) — (H(s) — H* () (F(X(s)) — FX*(s))dZ(5)).

So, by Friz and Victoir [11], Proposition 2.2 and Inequality (14),

< D flleollX = X loo,r, (1X = X Mooz, + 1H = H{|oo, )1 Z1-var, 7,
< ”f”LipVHZ”l»var,‘r](l + ||f||Lip7”Z”l—var,‘rl)”X - X*”Zo,-rl
< 5/16]|1X - X*||12

00,71 *

m3(t)

Therefore,
. 11 ,
1X = X80, < X = X oo,
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Necessarily, (X,Y) = (X*,Y*) on [0, 71].

For k € [[0,n — 1], assume that (X,Y) = (X*,Y*) on [0,7;]. By Equation (13)
and exactly the same ideas as on [0, 7]

. 11 .
X = X oo mens < TelX = X Mo
So, (X,Y) = (X*,Y*) on [0, 7%+ ] Recursively, Problem (2) has a unique solution on
[0,T]. o

Remark. The cornerstone of the proof of Proposition 11 is that

/t(X(s) - X*(s),d(Y = Y*)(s)) <0;Vre[0,T] (15)
0

Thanks to the monotonicity of the map x € C(t) — Nc¢)(x) (¢ € [0,T]), Inequality
(15) is true. When p €]1,3], it is not possible to get inequalities involving only the
uniform norm of X — X*. In that case, the construction of the Young/rough integral
suggests to use ideas similar to those of the proof of Proposition 11, but using the
p-variation norm of X — X*.

In a probabilistic setting, uniqueness up to equality almost everywhere can be ob-
tained for Brownian motion, with p > 2, in the frame of It6 calculus, using the
martingale property of stochastic integrals and Doob’s inequality, see [26, 15, 23]
for a fixed convex set C and [3, 5] for a moving set.

The two following propositions show that when p €]1,3[, there exist some con-
ditions close to Inequality (15), ensuring the uniqueness of the solution to Problem
(2). These criteria seem quite difficult to apply, and we have no example where they
do. However we think they are interesting for themselves because they shed a light
on the open problem of uniqueness of the solution to Problem (2) when p > 1.

Proposition 12 Consider (s,t) € Ar, p € [1,2[, f € Lip"(R¢, M, 4(R)) and two
solutions (X,Y) and (X*,Y*) to Problem (2) under Assumption 1. On [s,t], (X,Y) =
(X*,Y*) if and only if X(s) = X*(s) and
v
/ (X, r) — X*(u,r),dY =Y*)(r)) <0;V(u,v) € Ag; (16)
u

Proof For the sake of simplicity, the proposition is proved on [0, 7] instead of [s, ],
with (s,t) € Ar.

First of all, if (X,Y) = (X*,Y*) on [s,], then

/V<X(u,r) = X*(u,r),dY =Y")(r)) =0;V(u,v) € Ay ;.
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Now, let us prove that if X(s) = X*(s) and Inequality (16) is true, then (X,Y) =
(X*,Y*).

For every (s,1) € Ar,
IX(s, 1) = X*(s, )| = |H(s, )= H (s, 0)|I”
+2/:(Y(s,u) Y (s,u),dY —=Y")(u))
+2/2(H(s,t)—H*(s,t), dY - Y")(u))
= IIH(:J)—H*(SJ)II2

+2 /t (X(s,u)=X"(s,u),dY = Y")(u))

+2 /t (H(s,t)— H(s,u)— (H*(s,t) — H*(s,u)),dY = Y")(u))

N

IIH -H* ”z—var,s,t + 2m(s, t)

with

t
m(s,t) := / (H(u,t) — H*(u,1),dY = Y")(u)).
)
Let (s,t) € Ay be arbitrarily chosen.

On the one hand,
m(s, t) < 2e- C(P,P)”H - H*”p-var,s,t“Y - Y*”p-var,s,t'
So, there exists a constant ¢; > 0, not depending on s and ¢, such that

IX(s,0) = X* (5,07 < (1H = H*|I +2m(s, 1)

p-var,s,t
< a(llH _H*”}I))—var,s,t

FUH = HD s, P UY = YN )

p-var,s,t p-var,s,t

Since 1/2 + 1/2 = 1, the right-hand side of the previous inequality defines a control
function (see Friz and Victoir [11], Exercice 1.9), and then there exists a constant
¢p > 0, not depending on s and ¢, such that

% % * 2 % 2
IX = XN e < CLIH = H . e + 1H = HE 0 Y = Y712

p-var,s,t p-var,s,t p-var,s,t
< CZ(“H - H*Hz-var,s,t
2 2
+||H - H*Hg—/var,s,tHX - X*”[I:—/var,s,t (17)

The right-hand side of the previous inequality defines a control function.

On the other hand, since X(0) = X*(0):
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|15 - H*”p—var,s,t < C(P’P)”Z”p-var,s,t(”f oX - fo X*”p—var,s,t
+HIA(X () = £(X(0)) = (f(X"(s)) = FXTO))ID)
< 2C(p9p)||z||p—var,s,t”f oX - f © X*”p—var,t-

Consider (u,v) € A, and
o(u,v) == [|(f o X)(u,v) = (f o X*)u,v)l.

Applying Taylor’s formula to the map f between X (u,v) and X*(u,v):

o(u,v) <

1
/ Df(X(u) + 0X(u,v))(X(w,v) — X*(u, v))dHH
0

+

1
/ (Df(X(u) + 0X(u,v)) — Df(X*(u) + OX*(u,v)))X*(u,v)dOH
0

< ||f||Lip7(||X - X*”p-var,u,v + 2||X*||p—var,u,v||X - X*”p—var,t)-

So, there exists a constant c¢3 > 0, not depending on #, such that
If o X = foX lpvars < 311X = X7 |lp-var,zs
and then there exists a constant ¢4 > 0, not depending on s and ¢, such that
”H - H*”p—var,s,t < c4||Z||p—var,s,t”X - X*”p—var,t (18)

By Equation (17) and Equation (18) together, there exists a constant ¢s > 0, not
depending on s and ¢, such that

1/2
p-var,s,t

IIX - X*”p—var,s,t < os||Z]| IIX - X*”p—var,b

Since (u,v) € Az = [|Z||} yar.u.v is @ control function, there exists N € N* and
(Tk)ke[[O,N]] € D[Q,T] such that

1
||Z||p—var,rk,7k+1 < _2 ’Vk € |[07N - 1]]
4cs

First,
" 1/2 *
”X -X ”p-var,-r] < CSHZ”p{var,rl ”X -X ”p—var,‘rl
1 ,
< EHX -X ”p—var,rl-
So, X = X* on [0,7(]. For k € [1,N — 1], assume that X = X* on [0, 7¢]. Then,
”X - X*llp’VaI,Tk+1 = “X - X*”p—var,-rk,-rkH

1 .
< EHX—X llp-var, 7111 -
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So, X = X" on [0, 7%+1]. Recursively, X = X* on [0,T]. m]

Proposition 13 Consider (s,t) € Ar, p € [2,3[, f € Lip”(R°, M, 4(R)) and two
solutions (X,Y) and (X*,Y*) to Problem (2) under Assumption 1. On [s,t], (X,Y) =
(X*,Y*) if and only if X(s) = X*(s) and

/V(Rx(u,r) = Rx+(u,r),d(Y =Y*)(r)) < 0;V(u,v) € Ay, (19)

Proof For the sake of simplicity, the proposition is proved on [0, 7] instead of [s, 7]
with (s,1) € Ar.

First of all, if (X,Y) = (X*,Y*) on [s,7], then
v
f (Rx(,7) — Ry- (0,7, d(Y = Y)(r)) = 0 ¥(u,v) € Ay,

Now, let us prove that if X(s) = X*(s) and Inequality (19) is true, then (X,Y) =
(X*,Y%).

There exists a constant ¢; > 0 such that for every (s,7) € Ar,

X = X (X = X)Mz,p/2,5.0
:”f(X) - f(X*)”p—var,s,t + ||Rx — RX*”p/Z—var,s,t

; e (20)
<C1(||RX - RX*”]J/Z—Var,x,t + ”Z”p—var,s,t”(x -X ,(X -X ) )”Z,p/Z,t)

Let us find a suitable control function dominating

r/2
p/2-var,s,t”°

(s,1) € Ar — ||Rx — Rx-|
For every (s,t) € Ar,
||RH(S’t) - RH*(S,I)”Z

+2 / (Y (s,u) = Y*(s,u),d(Y — Y*)(u))

”RX(S,I) - RX*(Sa t)”z

v / (Reg(s.1) - Reg- (5.1, d(¥ — ¥*)(u))
= Ru(s.0) - Rt (5.1

+2/ (Rx(s,u) — Rx+(s,u),d(Y = Y*)(u))

+2 /I<RH(S, t) — Ry (s,u)
~(Rpz+(s.1) = Rig-(5,u)). d(¥ — Y*)(u))

IR = RN} 15yar .0 + 2m(s,1)

N
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with

t
1) i= [ (Ru(n) = Rip (). d = ¥)w),
S
Let (s,1) € Ar be arbitrarily chosen.
On the one hand,

m(s,t) < 2e - c(p,p)||IRy — Ru~ ||p/2—var,s,t||Y - Y*”p/Z-var,s,t-

So, there exists a constant ¢, > 0, not depending on s and ¢, such that

IRx(51) = R (5, 017 < (IRt = R 2y + 2(5, )P
2
< o(lRu — Ru- ||]];;2»var,s,t

p/2 1/2 #||P/2 1/2
+(IRe = R 1213 VR =Y 1P ),
Since 1/2 + 1/2 = 1, the right-hand side of the previous inequality defines a control
function (see Friz and Victoir [11], Exercice 1.9), and then there exists a constant
c3 > 0, not depending on s and ¢, such that

1Rx = Rx- 11212 e oo < C2(1Re = ReelIP)3
HIRe = R |25 MY =Y PIS )
< (IR = Ru-25 e
HIRe = R 1205 e s Rx = R I3 ) (21)

On the other hand, since X(0) = X*(0):

£ (X (s) = F(X) ()l

IDf(X(5))f(X(s)) = Df(X(0))f(X(0))
—(Df(X* () f(X"(5)) = DX (O) f(X* (O]
1F X)) = FX) llp-var,s-

N

Then,

IRE(s,1) = Ru+(s, DIl < Iz, px)-rx)(8,1) + [[(F(X)(s) = f(XT) (s)Z(s, |
< C(p)(”Rf(X) - Rf(X*)||p/2»var,s,t”Z”p-var,s,t
+”f(X)/ - f(X*)’”p—var,s,t“Z“p/Z»var,s,t)

+||f(X)/ - f(X*)/”p—var,t||Z||p/2—var,s,t-

So, with the same ideas as in P. Friz and M. Hairer [9, Theorem 8.4 p. 115], there
exists a constant ¢4 > 0, not depending on s and ¢, such that

IRE = R+ llpjavars.e < callX = X*,(X = X))|z.pjiwpz(s;,)P (22)
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By Equations (20), (21) and (22) together, there exists a constant ¢s > 0, not
depending on s and ¢, such that

10C = X0 = XNz pjass < esIX = XX = X))z . p, 25,00/,

The conclusion of the proof is the same as in Proposition 12. O

5 Approximation scheme

In Proposition 11, it has been proved that, under Assumption 1, Problem (2) has
a unique solution (X,Y) if p = 1 and if, moreover, there is an additive continuous
signal of finite g-variation W with ¢ € [1,3[. This section deals with the convergence
of the following approximation scheme for X:

X' =a
0 ) 23
:x,;;l = projeqp (X + FXE,, — ) + Wi, ) ke [0n—1] &)

where n € N* and (¢[, . . .,#}) is the dissection of [0, 7] of constant mesh T'/n.

Consider the maps X", H" and Y" from [0, 7] into R¢ defined by X"(¢) := X',

k-1
H™()) := )" FX = 1)+ FXO( = 1) + WD) (24)
i=0

and
Y'(t) == X"(t) - H"(t}) (25)

for every k € [0,n— 1] and z € [1], 1], [-

Lemma 1 Under Assumption 1, if f € CO(R®, M, 4(R)), one can extract a uniformly
converging subsequence from any subsequence of (H™),,env.

Proof On the one hand, since C(¢) is a bounded set for every ¢t € [0,T], C is
continuous on [0,T] for the Hausdorft distance and X"([0,T]) C U;¢jo,r|C(¢) for
every n € N* by construction,

sup [| X" loo,7 < c0.
neN*

On the other hand, consider (s,t) € Ar and j,k € [0,n] such that s < ' < ¢ for
every i € [J,k]. Then,
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k-1

I1H"(1) - H"(s)]| = Zf(Xf)(t{il — 1)+ [0 - 1)
i=0

Jj-2
= D P =11 = FX (s = £) + W(s,1)
i=0

t
= / F(X™M(w))du + W(s,t)
N
< @(s,1) == |t = s sup [|f o X" leo,7 + [IWllg-var,s.c-
neN*

Since (s,7) € Ar +— ¢(s,1) is a continuous map such that ¢(z,1) = O for every t €
[0,T7], (H™),en- is equicontinuous. Therefore, by Arzela-Ascoli’s theorem, one can
extract a uniformly converging subsequence from any subsequence of (H"), en+. O

Lemma 2 Under Assumption 1, if f € CO(Re,Me’d(R)), there exist R > 0 and
N € N* such that
sup [IY"{l1var,r < M(N, R)

nenN*

with
2

N n
M(N.R) := 2 | [Vlleo. + sup [|X"lco.r +¢(0.T)] .
neN*

Proof On the one hand, since the map (s,7) € Ay — ¢(s,t) defined in the proof of
Lemma 1 is continuous and satisfies ¢(z,1) = 0 for every ¢ € [0,T], by Assumption
1, there exist R > 0, N € N* and a dissection (1y, . .., 7y) of [0,7] such that

B.(y(1;),R) € C(u) and ¢(1;,7i41) < R/2

for every i € [O,N — 1] and u € [7;, 7;+1[. Then,

Be(y(r;) = H"(1:), R/2) C B.(y(r;) = H"(u), R) € C(u) — H" (1)
foreveryi € [O,N — 1] and u € [7;, 7i41[.
On the other hand, for every k € [1,#],

Y'(t)) = projc(,i})(X,?_l +H"(t)_.1) — H" (1)
= PFOJ'C(zg)—Hn(t;)(Y"(fgfl))-

So, for any i € [0, N — 1], by applying Proposition 3.(1) to Y" on [1;, 7;+1[:

< UR/2|ly(7i) = H* (i) = Y™ (m)ll)
< R7My(m) = H' (7)) = Y" (@)l

”Yn ||1—var,'r,-,7,~+1

Since there exists j € [[0,n] such that Y"(1;) = Y "(t]'.‘),
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1Y ivarrrzin < R Uy @l + 1H () = H GO+ 1H @) + Y EHID
< R (@)l + o 7) + [1IX21)?
< N'M(N,R). O

Therefore,

1Y e = D 1Y livarey vy < MON, R).

=l

Lemma 3 Under Assumption 1, if f € CO(R®, M. a(R)), for every (s,t) € Ar and
€ mTE[A‘,IJ(C(T) - H”(T)),

1
(Y1) = Y"(s)) > E(IIY"(t)II2 = 1Y ()l
Proof Consider (s,t) € Ar. There exists a maximal interval [/, k]| € [0, n] such that
s <t <t;Vielj k]

Consider z € Nr¢[s,1(C(t) — H"(7)). In particular, for every i € [, k], there exists
yi € C(t]') such that z = y; — H"(t}"). For every i € [[j, k],
(=YY" - Y"() =
i = H"(i) = Y"1 Y" (1) = Y" (1)) =
i = XX = (XL + HY (1) 2 0
because
X' = PrOjC(t?)(Xz'n—1 +H (1,11)).
Then,
k
@Y™ =Y (5)) = @Y Y (E)) = > (@Y - Y )
=

k
> YY) - Y E)

i=j

k
> %;ﬂw"(zz’)nz IR = SAYOIF ~ 1Y)

Now, W is 1/g-Holder continuous from [0, 7] into R¢. Then, there exists a constant
C, > 0 such that
@(5,1) < Cylt — 5|9 ;V(s,1) € Ar.

Theorem 5 Assume that C fulfills Assumption 1, f € Lip'(R¢, M, 4(R)), and that
there exists (K, a) €]0,00[X]0, 1] such that
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dy(C(s),C(t)) < K|t — s|¥ ; V(s,1) € Ar.
Then, (X",Y™),en+ converges uniformly to the unique solution (X,Y) to Problem (2).

Proof Consider an extraction ¢ : N* — N* such that (H¥™), - is uniformly con-
verging to a limit H*.

On the one hand, consider n € N* such that 7'/n €]0,1], m € nN* and ¢ € [0,T]. By
Proposition 3.(2) together with Lemma 2, there exist R > 0, N € N*, i € [1,n] and
j €[1,m] suchthatz € [¢]" ,#7[, 1 € [tj”il,t]’.”[ and

IY" () = Y™ ()|

N

2du(C(1') = H™ (1), C(1]") — H™(1]"))

XY™ var,r + 1™ iovarT)

AM(N, R)(dp (C(t]), C(e) + | H™(t]) = H™ (7))
4M(N,R)(K |t} — 17"

HIH ) = H* () + |H () = H™ (1)
AM(N.R)(Cy + K)|T/n|*M49 + |H" = H" 1) (26)

VAR

N

Consider £ > 0. There exists N, € N* such that for every n,m € N* N [N, co|,

T anl/q |7 anl/q < & Al 27
IT/yn) AT [y (m)] 16M(N,R)(Cy, + K) @7
and &
Hl//(n) _ Hl//(m) o T & —— — 28
I . 16M(N,R) o

Consider n,m € N* N [N, oo[ and let p be the least common multiple of ¥ (n) and
W (m). By Inequality (26):
[y =y g < 20 = YP IR g+ 1YY YR 1)
< 8M(N, R)(Cy + K)IT jy(m)|* + | HY™) — BV V|| 1)
+8M(N, R)(Cy + KT [ys(m)|” + |[H*T — HYWT PV 7).

Since p > ¢(n) and p > ¥(m), ¥~'(p) > nVm > Ng. Then, by (27) and (28)
together:
”Yt//(n) _ Y‘”('")Hfo r<e

Therefore, (Y¥"), i+ is a uniformly converging sequence and by Equation (25),
(X¥), - also. In the sequel, the limit of (Y¥),c (resp. (X¥™),en) is de-
noted by Y* (resp. X™).

On the other hand, consider (s,#) € Ar, 2 € Nres,1)C(7) and T € [5,7]. By Lemma
3:
1
(2= HUO@ Y0 = YO 5) > SO0 = [P,
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So, when n goes to infinity:
* * * l * *
(2= H' @Y =Y () > 5V O = ¥ 6.

Therefore, by Proposition 2:

dDY*

_—IEN _ Y*t DY*-..
d|DY*|() cw-a (Y1) |DY"|-a.e

Moreover, since (X¥(),, o+ is a sequence of step functions uniformly converging to
X*, the definition of (H¥),,cx given by Equality (24) ensures that:

H*(r) = /0 t FX*(s))ds + W(t) ; Ve € [0,T].

Since the solution (X,Y) to (2) is unique by Proposition 11, (X*,Y*) = (X,Y) and
H =X-Y.

We have proved that, for each subsequence of (X",Y"), <y, We can extract a further
subsequence which converges uniformly to the solution (X,Y). Thus (X", Y"), en+
converges uniformly to (X,Y). O

6 Sweeping processes perturbed by a stochastic noise directed by
afBm

First of all, let us recall the definition of fractional Brownian motion.

Definition 5 Let (B(7));¢[0,7] be a d-dimensional centered Gaussian process. It is a
fractional Brownian motion of Hurst parameter H €]0, 1] if and only if,

1
cov(B;(s), Bj(s)) = E(WH + s = |t = s,

for every (i, j) € [1,d]]* and (s,1) € [0,T]>.

Fore more details on fractional Brownian motion, we refer the reader to Nualart [21,
Chapter 5].

Let B := (B(t))ie[o,r] be a d-dimensional fractional Brownian motion of Hurst
parameter H €]1/3,1[, defined on a probability space (Q, A, P).

By Garcia-Rodemich-Rumsey’s lemma (see Nualart [21, Lemma A.3.1]), the paths
of B are a-Holder continuous for every a €]0, H[. So, in particular, the paths of B are
continuous and of finite p-variation for every p €]1/H, oo[. By Friz and Victoir [11,
Proposition 15.5 and Theorem 15.33], there exists an enhanced Gaussian process B
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such that BY = B.

Consider b € CIPFI(R?), o € CIPFI(R¢, M, 4(R)) and the following sweeping
process, perturbed by a pathwise stochastic noise directed by B:

X(t) = H(t)+Y(t)

H(t) =/ b(X(s))ds+/ a(X(s))dB(s) (29)
DY 0 0
~d|DY]

(t) € Nc, (X (1)) |DY|-a.e. withY(0) = a

In the following, since H can be deduced from X, and Y from X and H, we say that
X is a solution to Problem (29) if the corresponding triple (X, H,Y) satisfies (29).

Let W := (W(¢))s¢[0,7] be the stochastic process defined by

d
W(t) :=te; + > Br(t)ers1;Vt € [0,T].
k=1

By Friz and Victoir [11, Theorem 9.26], there exists a GQ,, 1 (Rd+1)-valued enhanced
stochastic process W such that W) := W. Consider also the map f : R¢ —
M. a+1(R) defined by:

£, v) == b(x)u + o (x)v ; ¥x € RE, V(u,v) € R4,
So, Problem (29) can be reformulated as follow:
X(t) = H(t)+Y(r)

H() = / F(X(5)dW(s)
dDY 0

~ 2oy ® € New¥() DY |-ae. with ¥(0) = a

Therefore, the previous results of this paper apply to Problem (29):

Theorem 6 (Existence) Assume that, for every t € [0,T], C(¢t) is a random set with
convex compact values with nonempty interior, and that the paths of C are continuous
for the Hausdorff distance. Then Problem (29) has at least one solution, whose paths
belong to CP™¥([0,T],R®), for p €]1/H, o0].

Proof This is a direct pathwise application of Theorems 3 and 4. O

Proposition 14 (Existence and uniqueness for an additive fractional noise) Assume
that, for every t € [0,T], C(t) is a random set with convex compact values with
nonempty interior, and that the paths of C are continuous for the Hausdorf{f distance.
If o is a constant map, then Problem (29) has a unique solution, whose paths belong
to CPY¥([0,T],R®), for p €]1/H, oo|.
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Proof This is a direct pathwise application of Theorem 3, Theorem 4 and Proposition
11. O

Remark. For instance, Proposition 14 ensures the existence and uniqueness of the
solution to a multidimensional reflected fractional Ornstein-Uhlenbeck process.

Proposition 15 Assume that, for every t € [0,T], C(¢) is a random set with convex
compact values with nonempty interior, and that the paths of C are a-Hélder con-
tinuous for the Hausdorff distance with a €]0,1[. If o is a constant map, then the
sequence of processes (X"), en+ defined by

X' =a
0
Xt = projc((kH)T/n)(X,:' +b(X)T [n+oB(kT [n, (k + )T [n)) ; k € [0,n 1]
XMt) = X! st € [kT/n, (k+ DT /n[, k € [0,n—1]

for every n € N* converges pathwise uniformly to the unique solution X to Problem
(29).

Proof This is a direct pathwise application of Theorem 5. O

Acknowledgements This work was supported by the CNRS-INSMI GdR TRAG.

References

1. S. Aida. Reflected Rough Differential Equations. Stochastic Processes and their Applications
125, 9, 3570-3595, 2015.

2. S. Aida. Rough Differential Equations Containing Path-Dependent Bounded Variation Terms.
ArXiv e-prints, August 2016.

3. F. Bernicot and J. Venel. Stochastic Perturbation of Sweeping Process and a Convergence
Result for an Associated Numerical Scheme. Journal of Differential Equations 251, 4-5,
1195-1224, 2011.

4. C. Castaing. Sur une nouvelle classe d’équation d’évolution dans les espaces de Hilbert.
Séminaire d’Analyse Convexe 13, 10, 28 pages, 1983. with an appendix from M. Valadier.

5. C. Castaing, M. D. P. Monteiro Marques and P. Raynaud de Fitte. A Skorokhod Problem
Governed by a Closed Convex Moving Set. Journal of Convex Analysis 23, 2, 387-423, 2016.

6. A. Deya, M. Gubinelli, M. Hofmanova and S. Tindel. One-Dimensional Reflected Rough
Differential Equations. ArXiv e-prints, October 2016.

7. R. M. Dudley and R. NorvaiSa. Concrete Functional Calculus. Springer Monographs in
Mathematics, Springer, New York, 2011.

8. A.Falkowski and L. Stominski. Sweeping Processes with Ptochastic Perturbations Generated
by a Fractional Brownian Motion. ArXiv e-prints, May 2015.

9. P.Friz and M. Hairer. A Course on Rough Paths with an Introduction to Regularity Structures.
Universitext, Springer, Cham, 2014.

10. P. Friz and A. Shekhar. General Rough integration, Levy Rough paths and a Levy—Kintchine
type formula. The Annals of Probability 45, 4, 2707-2765, 2017.

11. P. Friz and N. Victoir. Multidimensional Stochastic Processes as Rough Paths. Cambridge
Studies in Advanced Mathematics 120, Cambridge University Press, 2010.

12. M. Gubinelli. Controlling Rough Paths. Journal of Functional Analysis 216, 1, 86-140, 2004.

13. W. Kang and K. Ramanan. A Dirichlet Process Characterization of a Class of Reflected
Diffusions. The Annals of Probability 38, 3, 1062-1105, 2010.



34

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

Charles CASTAING, Nicolas MARIE and Paul RAYNAUD DE FITTE

. A. Lejay. Controlled Differential Equations as Young Integrals: A Simple Approach. Journal
of Differential Equations 249, 8, 1777-1798, 2010.

P.-L. Lions and A.-S. Sznitman. Stochastic Differential Equations with Reflecting Boundary
Conditions. Comm. Pure Appl. Math. 37, 4, 511-537, 1984.

T. Lyons, M. Caruana and T. Lévy. Differential Equations Driven by Rough Paths. Lecture
Notes in Mathematics 1908, Springer, Berlin, 2007. Lectures from the 34th Summer School
on Probability Theory held in Saint-Flour, July 6-24, 2004, with an introduction concerning
the Summer School by Jean Picard.

M. D. P. Monteiro Marques. Rafle par un convexe semi-continu inférieurement d’intérieur
non vide en dimension finie. Séminaire d’analyse convexe 14, 6, 24 pages, 1984.

M. D. P. Monteiro Marques. Rafle par un convexe continu d’intérieur non vide en dimension
infinie. Séminaire d’analyse convexe 16, 4, 11 pages, 1986.

M. D. P. Monteiro Marques. Differential Inclusions in Nonsmooth Mechanical Problems:
Shocks and Dry Friction. Progress in Nonlinear Differential Equations and their Applications
9, Birkhduser Verlag, Basel, 1993.

J. J. Moreau. Solutions du processus de rafle au sens des mesures différentielles. Travaux
Sém. Anal. Convexe 6, 1, 17, 1976.

D. Nualart. The Malliavin Calculus and Related Topics. Second Edition. Probability and its
Applications, Springer-Verlag, Berlin, 2006.

D. Revuz and M. Yor. Continuous Martingales and Brownian Motion. Third Edition.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences] 293, Springer-Verlag, Berlin, 1999.

Y. Saisho. Stochastic Differential Equations for Multidimensional Domain with Reflecting
Boundary. Probability Theory and Related Fields 74, 3, 455-477, 1987.

A. V. Skorohod. Stochastic equations for diffusion processes with a boundary. Teor. Verojat-
nost. i Primenen., 6:287-298, 1961.

A. V. Skorohod. Stochastic equations for diffusion processes with a boundary. 1. Teor.
Verojatnost. i Primenen., 7:5-25, 1962.

H. Tanaka. Stochastic Differential Equations with Reflecting Boundary Condition in Convex
Regions. Hiroshima Math. J. 9, 1, 163-177, 1979.

M. Valadier. Lipschitz Approximation of the Sweeping (or Moreau) Process. Journal of
Differential Equations 88, 2, 248-264, 1990.



