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Abstract A new numerical model is proposed to investigate the normal contact
of multi-layered solids with rough surfaces. The Hankel transform and the
transfer matrix technique are used to solve the problem of the deformation of a
multi-layered solid. Then, the normal contact of an asperity is solved with Abel
transform. Using this solution, an asperity-based contact model of rough
surfaces is developed considering interactions between asperities. Numerical
results are presented and compared to finite element calculations. The present
model provides good results. The effects of interactions and the solid layers
properties are discussed.

Keywords Contact analysis - surface roughness - multi-layered solid - Hankel
transform - transfer matrix technique.

1 Introduction

Contact mechanics is of high interest in many engineering systems. For many of
them, if two solids are in contact the real contact area is much smaller than the
apparent one due to surface roughness. The interface behavior and the
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contact area has a great effect on system performance [1].

Naturally, the contact interface behavior depends on the roughness of the
contacting solids and their mechanical properties. A contact model considering
surface roughness goes first through the description of surface roughness. For
this purpose, the random process theory is commonly used to compute some
relevant statistical parameters [2, 3] and fractal techniques are often used to
characterize the multi-scale nature of rough surfaces [4, 5]. For this purpose,
statistical parameters are commonly used to characterize the surface [2, 3] and
fractal techniques are often used to describe the multi-scale nature of rough
surfaces [4, 5].

There is a wide range of normal contact theories with rough surfaces. The
classical contact theories are based on the concept of asperity which was first
introduced by [6]. The classical contact theories are based on the concept of
asperity introduced first in Hertz theory and used by Archard [6] to model multi-
scale rough surfaces. The basic idea of these theories is that contact occurs only
on the top of these asperities. The well-known theory of Greenwood and
Williamson [7] represents the basis of all the asperity-based models. This theory
assumes that roughness can be described as a spatial distribution of spherical
asperities having the same curvature radius and a randomly distributed heights.
The asperities deform according to Hertz theory. An improvement of this theory
has been proposed by Bush et al.[8]. They consider that each asperity is
approximated by a paraboloid having the same geometric parameters as the
asperity. The basic idea is to consider a random process of asperity heights and
curvatures. The basic idea is to consider a random distribution of asperity
heights and curvatures.

These models have achieved many results of great interest and have been
successful for many years. However there is some weaknesses arising from the
dependency on the statistical parameters and the non-consideration of
interactions between asperities. Nevertheless, many improvements have been
proposed by different authors. For instance, interactions have been included
using semi-analytic approaches [9, 10, 11]. Considering interactions is in
particular important for the cases close to full contact situation.

The contact problem can also be solved by means of numerical methods. Using
the finite element method, the problem is solved with optimization techniques
and the region near to contact surfaces has to be finely meshed to guarantee a
good accuracy [12, 13]. In return, the method is very costly in terms of CPU time
which might be restrictive.

Another method is to consider the solid as a half space and solve the problem
using the so-called influence coefficients [14, 15]. Following this approach, only
the surface is discretized which saves considerably CPU time. Using the Fast
Fourier Transform (FFT), a fast version of this method, has been developed in
[16].

The various existing models are focused on the contact surface geometry and
consider that the solid is elastic and homogeneous, which is obviously not
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always true. Solids could be heterogeneous and could undergo several
transformations under thermal and mechanical loadings and notably the

subsurface material is the most exposed to these loadings. Hence, the bulk
material properties change constantly and could affect the contact interface
behavior. In several works, the material properties effect have been
investigated. The plastic contact have been analyzed in [17] using the influence
matrix coefficients, in [18] with the finite element method and in [19] with an
improved statistical asperity model. Material heterogeneities have been
considered in [20] to model fretting problems.

In many problems, the material beneath the surface can be considered as
multilayered, such as coating and composites. Moreover, in braking applications
and hot forging tools, there is material transformations leading to the
appearance of a gradient of material properties near to contact interfaces. Thus,
these properties vary in the direction normal to the contact surface.
Consequently, in some way, the material can be considered as a multi-layered
system where each layer is homogeneous and perfect continuity is assumed at
the interface layers.

To the best of our knowledge, the contact problem involving rough surfaces with
multi-layered solids has so far received a few attention.The contact between an
ellipsoid and a layered half space has been studied numerically in [21]. In [22,
23], a Green function approach has been used to analyze a 2D sliding contact
problem including friction. In [30, 29], Papkovich-Neuber potentials with a Fast
Fourier Transform scheme (FFT), have been used to study the rough contact
problem of elastic and plastic solids. These studies were carried on solids having
a maximum of three layers. The problem is solved using the influence matrix
method of which the coefficients are obtained by solving a linear system of
equations. This system is obtained from the continuity conditions at the
interface layers. Under such an approach, it is very complicated to extend the
technique to cover the general case of multi-layers.

The contact problem involving rough surfaces with multi-layered solids (3
layers and more) has so far received a few attention. The contact between an
ellipsoid and a layered half space has been studied numerically in [21]. In [22,
23], a Green function approach has been used to analyze a 2D sliding contact
problem including friction. [24] developed a modified version of Hertz theory
for coated solids and have obtained fitted curves of contact area based on the
work of [25] who calculate influence coefficients of coated half spaces using
Fourier transform [26]. Another deterministic technique has been proposed by
[27] to obtain a closed form solution for an asperity using a perturbation
technique developed by [28]. In [29, 30], Papkovich-Neuber potentials with a
Fast Fourier Transform scheme (FFT), have been used to study the rough
contact problem of elastic and plastic solids. The problem is solved using the
influence matrix method of which the coefficients are obtained by solving a
linear system of equations. In most of these works, the analyses were carried on
solids having a maximum of three layers. Under such approaches, it is very
complicated to extend the different methods to cover the general case of
multilayers. Alternatively, the finite element method has also been used to study
subsurface stresses and deformations within a flat layered medium in contact
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with a rigid sphere [31] and for the case of a rough surface described by
Weierstrass fractal function[32]. More recently, with the same method, the
contact of coated solids has been investigated by [33] and [34] with the
objective of identifying the location of plastic yielding onset in coated solids.
Although, this method can give a full description of a multi-layered structure, its
numerical cost remains very considerable comparing to semi-analytic and
analytic methods.

An interesting approach has been proposed by [37] who has investigated the
contact problem of a multi-layered solid submitted to the indentation of a rigid
circular plate using the transfer matrix technique([35, 36]) and both the Fourier
transform and Hankel transform properties [38] to obtain a Fredholm integral
equation which is solved to obtain a closed-form solution for the contact
problem. The main advantage of this technique is the ability to relate directly
surface stresses to surface displacements which is very useful in solving contact
and surface loading problems.

For multi-layered solids (3 layers and more), an interesting approach seems to
be more convenient. It consists of defining a transfer matrix for each solid layer
and then relating surface stresses to surface displacements with a transfer
function depending on these matrices [35, 36]. This technique has been used by
[37] to calculate the stresses in a multi-layered solid submitted to the
indentation of a rigid circular plate. To do that, He used a technique developed
by [38] and have obtained a Fredholm integral equation which is solved to
obtain a closed-form solution for the contact problem as in [39, 40]. Recently,
the same technique has been used by [41] to solve the axisymmetric indentation
problem of multi-layered solids.

In this paper, a rough contact model of multi-layered solids is proposed based
on the transfer matrix technique [36] and the works of [39, 37]. First, by making
use of the transfer matrix technique, the surface displacements are expressed in
terms of surface stresses for a multi-layer problem. Second, a contact model of
an axially symmetric asperity is developed by extending the solutions proposed
by [39, 37]. Then a closed form solution is obtained for the same problem.
Subsequently, by considering the classical multi-asperity surface description,
the contact asperity model is used to solve the rough contact problem including
interactions between asperities. Finally, typical results are presented and
compared to Finite Element calculations. In particular, the effect of the solid
layers elastic properties and the asperities interactions are discussed. Moreover,
several calculations are performed on many surface samples with the aim to
highlight the effect of the surface spectrum breadth.

2 Surface loading of multi-layered elastic solid : the transfer matrix
technique

2.1 General framework
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Considering an isotropic elastic medium (z = 0) laterally unbounded (see Fig.1).
There is no body forces, the static equilibrium of the solid can be written as

follows
0i;j=0 (1)

where o is the Cauchy stress tensor and x;is the 15t order partial derivative of a
given operand x per the jt" component.

The deformation in the solid is assumed to be infinitesimal, thus, the strains jare
related to the displacements u;by

(i + i

[N

€ij = 7

) (2)

The constitutive based material has elastic properties varying with depth z.
Thus, one can consider the solid as a multi-layered system of unbounded
horizontal layers, where each layer has its own local properties (see Fig.1).

For the k' layer, the constitutive equation between stresses o and strains jis
expressed by Hooke’s law

7
oy — 2#;‘ (EU + 1_—2”*&”61,1) (3)

where pkis the shear modulus, vk is the Poisson’s ratio and &jjis the Kronecker
symbol.

Solving the contact problem is to express the displacements and the stresses in
the contacting regions of the top surface of the solid (z = 0). For that issue, the
problem is solved through the Hankel integral transform and the transfer matrix
technique.

L1 Lo IRRLE 0.
(Mla 1/1) 1* layer
Z1
( o, 1/2) i layer 22
(u(2),v(2) —_—
2N-1
( LN, VN) N layer .

Fig. 1 Schematic of a multi-layered elastic solid under surface loads
2.2 The transfer matrix technique
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Let us consider the axis of symmetry of an isotropic elastic medium as the z-axis.
The governing equations are presented as follows in cylindrical coordinates

(r,6,2). The problem is solved in the case of axially symmetric deformation and
all field variables are independent of 6.

Considering the stress vector defined by T:= [0r500,02]t and the displacements
vector u = [ur ug,u;]t. Let us introduce the following set of solution representation
using the Hankel integral transform

we +oo [=Ji(or)/p 0 0
= |w,| = / 0 Ji(pr)/p 0O .ardr
w LW 0 0 0 Jo (pr)
T¢ +oo [=Ji(pr) /p 0 0
T= |1 = [ 0 Ji(pr)/p 0 LT, rdr
T, 0 0 0 Jo (pr)

where Juis the nt" order Bessel function.
It is well known that this set of variables satisfies the two decoupled first order

differential equations
1

-1 A

d

T, o
o Lt

vp (1—-2v)p 1
wy l—v 2p(l—v) W,
_|pwe| _|-p O 0 L PWe
Te
0 L
L 1—-v 1—v .
d
z {TZ/,OJ | 0 0 0 ';| {T:/PJ
d L7 2up

The global solution of this system is an eigenvalue extraction problem and can
be written in the following form

w, A
we | _ o | A
=7
[wn] =7 {A’I] /P 2| B.
T nlandL T¢ BE

where Az, Ay, By, Bz, Atand Beare constants and the matrices Z1and Z; are given
in Appendix A.

Considering that the medium is an unbounded horizontal layer of which the
thickness is h (see Fig.2). The superscript () (resp. () is used for the top layer
surface variables (resp. the bottom one). One can show that
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wgﬂ w(f)
pw(+) pw(—J
[“’gﬂ ] ) [w,(?_)] SETH I
T7g+)/p - ng_)/p and Tﬁ(ﬂ Tf(i) (4)

where Tzzand Tjare the transfer matrices of the layer and are given in Appendix
A.

(,_4+), w”))

(14—>,Q(—))

Fig. 2 Schematic of an elastic layer of which the deformations and the stresses are given by the transfer
matrix technique

Now let us consider a multi-layered body made of N horizontal layers Fig.1. The
1stlayer is on the top of the solid and the Nt layer lies on a homogeneous half
space that can be either rigid or elastic. Considering the perfect continuity
between the parallel layers, then the displacement field u and the stress vector
T:.are both continuous. Using the transfer matrices, one can obtain the following
set of equations

Wz(0) Wz(N)
" W(O] # W ) " W[N] # (0 ™)
" _ U]
@, =TT, __few
and @ (0)¢ AAA = T(1)z¢ T¢ =S T¢
. TEmBARARATpWz(ve/pRIER
n n Tz /p
[{z}
=R

From these equations, it can be seen that the transformed stresses and
displacements of the top surface of the 1stlayer can be related directly to those
of the bottom surface of the Nt'layer by the mean of the matrices S and R. These
matrices are given by a simple product of the transfer matrices of the
intermediate layers as shown in these equations.

In order to solve the problem, the boundary conditions in the bottom face are
used. Following many algebraic operations, one can show that
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[(0) (0)

u'z(m " (o{p Fiy Fia 0

P - (o R

Wy o /P), where F 0 0 Fy (5)

The matrix F is called the transfer matrix of the body. The matrix coefficients
depend on the bottom surface boundary conditions and are given in Appendix B.
In Eq.5, one can see that surface displacements are related directly to surface
loads using the matrix F. More clearly, if a general surface loading is applied to
the top surface z = 0, one can compute the real displacements automatically
using the inverse Hankel transform of Eq.5.

At last, it has to be noticed that the transfer matrix can also be formulated in
Cartesian coordinates with the use of Fourier integral transform.

In what follows, the normal elastic contact problem of an axially symmetric
asperity is solved by making use of the transfer matrix and integral transforms.

3 Elastic contact of an axially symmetric asperity

3.1 General contact problem

Considering a multi-layered solid, the top surface shape of the solid contains an
asperity which is described by a function z = f (r). The small-slope
approximation is considered. The asperity is compressed normally against a
rigid plan with a vertical motion é. Just as in Hertz theory, a circular contact zone
appears and has aradius a. Also, no shear stresses are considered. The boundary
conditions of the problem are :

- Inside the contact: uz(r)=6-f(r),0<r<a

- Outside the contact: 022 (r)=0,a<r

As shown in the previous section, using the transfer matrix technique, one can
show that

wz= F11(p)(t2/p)

Using inverse Hankel transform, the boundary conditions can be written as
follows

- Inside contact:

ua(r) =6~ f(r) = ]U " P (9) 72 (0) Jo (or) dp

,0<sr<a (6)

- Outside contact:

+ o0
/ = (p)Jo(pr)pdp =0, a<r
0

Let us denote
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a= lim —
proo Iy (p)
One can show that for any given boundary conditions, we have
H1
o V" — 1

where p1 et viare the elastic parameters of the first layer. Consequently, we
introduce the kernel k. defined by

kz(p) =aF11(p) -1
Then Eq.(6) becomes

7, +oo 7, +oo
a(6-f(n) = Tz (p)Jo (pr)dp+ kz(p) Tz(p)Jo (pr)dp,0 <r<a
0 0
(7)
In order to solve this singular integral equation, we will refer to the earlier works
of [39, 37]. Therefore, the auxiliary function ¢ is introduced by

. (p) = f " 6 () cos (pr) dz o)

We also introduce the Abel transform A defined by

A(f (2),r) = % A AC)

7

Knowing that
Jo(pr) = A(cos(px),r)
then
foo -
T (p) Jo (pr)dp=A(=o(x),r
[ o nena=a(Gow.)
and

00 400 (1
/ k. (p)T. (p)Jo(pr)dp=A (/ / k. (p) ¢ (x)cos(pz)cos (pr)dzdp, 'r')
Jo Jo o Jo

Hence Eq. (7) may be written as an Abel integral equation

(u ['OL /” (p) @ (x)cos(pz) cos (pr) dzdp, r) =a(d— f(r)

Making use of the inverse Abel transform A-!and the integration by parts, one
can obtain

+00 "
gc) / / (p) & (z) cos (px) cos (pr) dadp = a ((5 F(0) If}i = 3_ 1 )

Using Abel integral transform [38, 37], one can obtain from Eq.(7)

,qb /*“ /” ) cos (px) cos (pr) dzdp = « (5 i) - - \}IJ:L )
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Introducing the dimensionless variables s = r/a and t = x/a, a Fredholm
equation of the second order is obtained

but)+ | Ko (50) 60 (1)l = G 8

9
where
I3 400
K, (s,t) = 2 L (p/a)cos (ps) cos (pt)dp
and
¢a (u) = 5¢ (a.u)
¢ s (@)
» G =a(s-ro-a [ L)

Solving Eq.(9) is done numerically by a quadrature technique. Indeed, by
choosing an interpolation base, the equation can be written in a matrix format

p+Ko=G

where ¢, K and G are respectively the discretized form of ¢, Ks and G expressed in
integration points.
Then ¢ is found by simple inversion of the matrix equation -1

9=(1+K) G

Once the auxiliary function ¢« is computed, one can calculate the total normal

force P by
1
P = —4(1'[ ba (1) dt
0 (10)

At last, all surface stresses and displacements can be deduced using Hankel
transform properties. In particular, we have

- The normal stress

_2(0() [T () .
T2 (8) = — (m i mdt) s=rla<l

If fis smooth, contact stress vanishes at the edge of contact zone (r = a),
hence, it comes that ¢ (1) = 0 and

2 1 (;5, (f)
T2z (‘5) = —— »ulidt...é?:f‘/as
V2 — 52 1 (11)
- Contactradius a in the case wherefis smooth
- ' (at) 1 ‘
6=f _flat) L+~ KJLQ@JQ&

V(- TZ ‘ (12) - The normal

displacement outside contact area

u: (s) = % IOu (t) (\/7 / = (p/a) cos(pt)Jy (ps) dp) dt
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wheres=r/a>1

It is important to state that the solution of [39] of elastic half spaces can be
deduced by considering kz = 0, whereas the solution given by [37] can be
retrieved by choosing f = 0, which corresponds to the flat contact case. In other
words, the proposed solution is an extension of both solutions to cover the
axially symmetric frictionless contact problem of multi-layered solids.

3.2 Contact solution for a parabolic asperity

Considering the case of an asperity of parabolic shape. In this case, by taking the
origin on the symmetry axis, the function fis given by

1) =57

Hence the Fredholm
. 1 2
equation (9) 6 (3) +f Ko (5.8) 60 () dt = a (6 B (as)” becomes
0

R !
(13)

In this equation, the unknown is the contact radius a. Eq.(13) is solved iteratively
starting from an initial trial valueV ao which can be chosen for instance

from Hertz theory ao= R6.

In order to illustrate the results obtained with this model, some calculations
have been performed on a single asperity model of a two-layered solid (see
Fig.3(a)). The asperity is in contact with a rigid flat plane that is moved vertically
against the asperity with a given displacement 6.

¢ rigid plane

s Asperity

0oom
parabolic .
. symmetric
| Axisof i ﬁenty { parabolic
revolution

/U.T Ve

up =10

N
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Fig. 3 (a) Schematic of the single asperity model. The asperity is compressed vertically with a
displacement §. The solid is composed of two elastic layers. (b) The finite element mesh of the

asperity model. The mesh is refined near to the top of the asperity.

The total height of the solid is H = 1mm and the Young modulus of the first layer
is E1= 4GPa. Both of these quantities are fixed in this study, while the first layer
thickness h is varied as well as the second layer modulus E>2. The Poisson ratio v
= 0.15 is the same for both layers.

The obtained results are compared to finite element calculations (FEM) and
Hertz theory. The latter corresponds to the case of a homogeneous half space.
The idea is to evaluate the accuracy of the model comparing to FEM calculations
and to enhance the role of the sub-layers parameters.

The geometry, boundary conditions and the mesh of the FEM model are shown
in Fig.3(b). The surface considered in this section is described by a parabolic
asperity followed by a symmetric parabola having the same curvature. This
parabola has been used to guarantee the continuity of the surface slope. Besides,
this curve stands outside the contact area so that it does not affect the system’s
response. A quadratic hexahedron element type is used and the mesh has been
refined to capture all the details of the asperity. A convergence test has been
performed. For example in Fig.3(b), 17.103 elements are used and the element
size at the top of the asperity is 0.5um. Axisymmetric boundary conditions are
applied at the axis of revolution of the asperity (u-= 0) and the displacement is
fixed on the bottom of the solid (ur= u-= 0). The lateral bounds are free from any
boundary conditions and the width of the solid is high enough so that the layers
can be considered as unbounded. Moreover, a perfect adherence is considered
between the layers to guarantee the continuity of displacement and stresses.
Regarding the contact interface between the rigid plane and the solid, the
augmented Lagrangian method is employed. The evolution of the total force P
with the displacement is presented in Figs.4 -6. In Fig.4, the elastic modulus ratio
E>/E1is varied from 0.2 to 5 and the thickness h is fixed at 100um. As we can see,
the predicted force deviates from Hertz theory predictions when the ratio E2/E1
varies. For the unit ratio, there is a slight difference which is due to boundary
conditions effect. Moreover, comparing the model predictions with finite
element results (marked by FEM in the figure and drawn by dashed lines) show
a good consistency. In Fig.5, the effect of the first layer thickness is highlighted.
The predicted results match FEM results. The less the thickness is, the more the
results deviate from Hertz theory. Additionally, the curve plotted in Fig.6 shows
the predicted values for different values of asperity radius and fixed elastic
parameters. Once again, there is a good consistency between the obtained
results and FEM values.

As summary, the proposed contact solution is in good accordance with FEM
calculations and the force-displacement evolution is affected by the layers
properties and thicknesses. In the following, the contact solution is simplified
and used to model the normal contact of rough surfaces considering solid layers.
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v v B/E =02
- Ey/E,=0.2- FEM
200* ¢ B/E=05

- E/E = 0.5- FEM o
e o EB/E=10 ',-" ‘,"1
S15| ~ B/Ei=10-FEM o w
T | B/E=20
N - Ey/E = 2.0- FEM -4
5 s o BfE =50 L
=10 Ey/E = 5.0- FEM -
~—  Hertz theory
0.5
0.0
0 2 4 6 8 10

Displacement d(pm)

Fig. 4 Variation of the total force with the vertical displacement for the parameters : h = 100um and
R=100um

25
v v h=50pm
- h=>50 pm - FEM A
2.0 ¢ * h=100 um A
= h=100 yum - FEM R
o o h=200pm g y

Z15 - h=200 jum - FEM
E: * + h=500 pm

3 - h=500 ym - FEM
E Hertz theory

0 2 4 b 8 10
Displacement &(um)

Fig. 5 Variation of the total force with the vertical displacement for the parameters :
E2=10GPa and R = 100um

4 Contact of rough surfaces
4.1 An approximate asperity contact model

In the previous section, a contact model of asperities has been presented. In
order to make use of this model, some simplifications are proposed. First, let us
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3.0
Y v R=50pum
+ R=50 pm - FEM
25 : ;
¢ ¢ R=100 um o
- R=100 um - FEM g
2.0t/ e ¢ R=200 um &
2 - R=200 um - FEM ’ a
El 5 » v
IE e A
10 B -
' ',p" - y-
- . -
»'." ¥
05 ol
0, Qhasssarst
0 6 8 10

Displacement §(pum)

Fig. 6 Variation of the total force with the vertical displacement for the parameters : E2= 10GPa and h
=100um

consider a parabolic asperity. The derivation of the Fredholm integral equation
Eq.9 gives

d
ha ' OK, 2a°s
(s s,t) o, (t)dt = —c
do () | g s oa e =™
0Kq d(pa
Since __ (0,t) =0,one candeducethat __(0)=0
as ds

Hence, by considering that the function @ is a 27 order polynomial, one can
write

b (5) = Pa (0) (1 - 32)

Using this simplified form and based on Eq.(9) and Eq.(12), ¢q (0) and 6 are
respectively given by

ba (0) = . a9
1+ / K, (0,t) (1 —#%)dt
Jo ( ) (14)
2 ¢4 (0) [ 2
5=+ M/ (1—#%) K, (1,8)dt
R o Jo (15)

Making use of the two last equations, one can write
Using this simplified form, one can write from Eq.(9) and Eq.(12)
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2

a.) and 0= ;RC (@)

aa?
R X

where ( and y are functions of a

Pa (0) = (

1

1
1 +f (1— %) (K, (0,t) — K, (1,¢))dt
0

X (a) =

¢(a) = (1 + /1 (1—12) K, (0,0) dt) x (@)

JO

Finally, the following approximated expressions are deduced:

- The total normal force P

3 R (16)

- The normal stress o0z

4o
Ozz (I) = - X (H) m ifr<a

7R (17)

- The normal displacement is then given by

1 9 . 2
— (2a°C (a) — r*
" (:-)_Jzn( Cla) =)

( ifr<a
l x(a) {(2(:‘2 — !'2) arcsin (E) +avr? —a?+ g(a, r)}
R T “lelse.
(18)
g(a,r) =4 / k. (p) Jo (pr) sin(ap) {:/)(L:h(rzfj)(_ll)
where Jo P

By using this simplified form By using the parameters y and {, one can express
all the variables as a function of the contact radius a, which is very helpful for
the case of rough surfaces as it will be presented in the next section. In
particular, the normal force and the stress and the displacement are given in
Appendix C. But before tackling the problem of rough surfaces, the parameters
x and ¢ are plotted in Figs.7-10 for the same configurations studied in the
previous section. For small values of contact radius g, these parameters are close
to 1. In this case, the predicted values of the total force is almost the same as
those predicted by Hertz theory.

Increased ratio E2/E1and or decreased h both lead to too much small values of {
corresponding to too much large contact radius for a given displacement, and to
too much large values of y resulting in more important force values. Conversely,
reducing F2/F1and or raising h lead to contact area and strength lowering.
These parameters can be seen, in a certain manner, as sub-layer impact
coefficients. Indeed, if the sub-layers have elastic parameters that are very
different from those of the first one or if the first layer is very thin, these
coefficients will influence strongly the contact behavior, which is the case in the
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predicted curves shown in Figs.4-6. As stated before, this approximate solution
is ob-

1.2
11 et
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Fig. 7 Evolution of function y for the case of h = 100um
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Fig. 8 Evolution of function { for the case of h = 100um

tained using a 2" order approximation of the auxiliary function. In Figs.1112,
the relative error between the total force predicted using the approximate
solution and the one issued from the theory is drawn for the same tested
configurations. As we can see, the maximum relative error does not exceed 1%
except for the case of the thinnest layer (h = 50um) where the value of 4% is
reached, which is still acceptable.



A new contact model for multi-layered solids with rough surfaces 17
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Fig. 9 Evolution of function y for the case Ez= 10GPa
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Fig. 10 Evolution of function { for the case E>=10GPa

The approximation introduced in this paragraph is of great importance because
it significantly simplifies the asperity contact model. Using this approximation a
multi-asperity contact model is presented in the following section.
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Fig. 11 The relative error between the theoretical predictions of the total force and those of the
approximated model for h = 100um, R = 100um
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Fig. 12 The relative error between the theoretical predictions of the total force and those of the
approximated model for E2= 10GPa, R = 100um

4.2 A multi-asperity contact model

In this section, we are dealing with the contact problem between a rough surface
and a flat one. The following geometric description is similar to the ones given
in [9, 11]. The body containing the rough surface is elastic and is considered as
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a multi-layered solid. The flat surface is rigid and is moved normally with a
displacement § with respect to the rough surface. Within the frame-

Asperities flat surface

. l ~3 l 5 : Contact zones

Nl
0 )1 0.2 0.2

X (mm)
Deformed interface

X (mm)
Initial interface

Contact geometry for an asperity

@

Circular shape

Fig. 13 Geometry of rough contact problem within a multi-asperity approach. Contact occurs only on
asperities and the contact area shape in an asperity is circular.

work of a multi-asperity approach, the normal displacement in every point is a
consequence of all the contact strengths forces applied on surface asperities.
Taking into account the interactions between asperities, the displacement of
each asperity is obtained by summing the displacements due to all the
contacting asperities.

If N is the number of the supposed contacting asperities, the displacement wk
of the kth asperity reads

Nwk = XGi
(rix) (19)
i=1
where
a2
G ﬁ ¢ (G;‘ ) if
i (?.,:A:) ) x (ag) (202 - ) arcsin i 4+ a1 /r2 — a2+ q(al- 7"'1.‘) i=k
TrR_i g ik S Ter Z] ik “i { is i

else

where rix is the horizontal distance between the kt and the it asperity. This
expression has been obtained from the simplified asperity contact model developed
in the last section (see 30 in Appendix C.)
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Let us denote zn the maximum height of the rough surface and z:the height of
the ith asperity, the prescribed displacement of the ith asperity is given by:

Sk=h8 - (zu- zi)i (20)

where <. > is the positive part of its operand.

Solving the problem is to find a distribution of contact dimensions a = (ai,az,..,an)
satisfying contact conditions : wk = k.

The equality means that the asperity is in contact while the strict inequality
signifies that the asperity is not in contact, and in this case, the change of the
asperity height is due to interaction effects.

Unlike our previous work [11], where the problem has been solved using a direct
method based on the minimization of an objective function based on contact
kinematic conditions, the present problem is solved with a variational method
consisting in minimizing of the total complementary potential energy Uk of the
solid [14]

Ug :1/ JiXT dS'—f p.ods
2/ r, (21)

where I'cis the contact zone, p is the contact pressure field and § is the prescribed
displacement field.

For a given asperity, using the asperity contact model, the first integral
corresponds to the internal energy and reads

' —8ay (a;) [ -
A, dS = —2—~2 2 _ 2 I
'/thu ds R, '/qufﬂj r ZG; (715) rdr
_ —8ax( uJ 1
-5 (Yo f (o -5)

I#j

and the second integral is the prescribed displacements work which is given by

' . —8ax(a;) / ‘ r?
0dS = = 2 —7r2 (6 — — | rd
'/FJ p.d dS R, /s, ai —7r? | 9; oR, rdr

_ —8ax(a;) @) 5 lﬁ
3 R, 5 R;

By summing the contribution of all the contacting asperities, the total
complementary energy reads

N a3 a2
—4 X(GJ) 1
Up = 3 E i, E G (11 +RJ(C((11)+ )253'
J : I#£j (22)

For the special case of homogeneous half spaces y = { = 1, this energy reads

R

N

a2
ZGJ T15) —R—J — 20,
I#3 (23)

.:a|w
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The problem is solved by minimizing the system total energy under the
constraints a = 0. A Newton likewise method is used to minimize this quantity
[42].

Once the optimal contact radius distribution is found, the total force and the real
contact area are obtained by adding the contribution of all the contacting
asperities, hence they are respectively given by

8 N as
PZ*EQZX(%’)E (24)

1’\"
_ 2

The normal separation between the two faces is

gn=(zu-2z)-6 (26)
where "z is the height of the mean plane.
As stated before, this model considers the interactions between asperities. A
simple form can be proposed to cover the case where interactions are not
considered. Indeed, by neglecting the interaction terms Gj, the contact radius for
each asperity can be computed from the following equation
2

5 = ;—14(@)

This formula can be obtained directly from contact kinematic conditions.

5 Results

As an example, the normal contact of a two-layered elastic solid with a rigid plan
plane is investigated. The surface of the solid is rough (see Fig.14 (a)). For
instance, surface roughness is kept fixed while the solid layer parameters are
varied. For each configuration, the obtained results are compared to finite
element calculations in the same manner as it was done for the single asperity
problem (see section 3.2). Moreover, the effect of the solid parameters and
interactions is discussed.

The dimensions of the surface sample are 1mm x 1mm. A fractal self-affine rough
surface is considered (see Fig.14 (c)). Roughness is generated numerically using
numerical tools based on the surface spectral density (PSD). This means that its
power spectrum density (PSD) is approximately given in the form of a power
law PSD ~ |Kk|-2(4-D), where Dris the fractal dimension and k is the wave vector.
In this paper, the fractal dimension of the surface is fixed at Df= 2.4. The self-
affinity is considered between two cut-off wave numbers knand ku. The discrete
interval [kmkwm] defines the breadth of the roughness spectrum and the PSD
vanishes elsewhere. The cutoff wave numbers have been first fixed at km= 2 and
kv =10, but will be varied later to discuss their effect. For the chosen values of
the cutoff wave numbers, the studied surface corresponds to a narrow band of
roughness. Using the PSD, the rough surface has been generated numerically



22 Yassine Waddad et al.

using the discrete Fourier Transform [5]. In particular, the height profile z is

— 1 i(ZEkxto(k)
(x) = 2o Z PSDz (k)e ( )Where Zois a

generated by the equation *
scaling amplitude

k parameter, L is the root square of the surface area and ¢(Kk)
are independent random variables which are uniformly distributed in the
interval [0,27[. Once the random rough surface is generated, the asperities are
identified as local maxima and their geometrical properties are computed using
the finite difference method. The fractal dimension of the surface is 2.4 and the
root mean square is 3.4um. The surface asperities are identified as local maxima.
Their geometrical properties are computed using the finite difference method.
In the finite element model (FEM model), illustrated in Fig.14, the solid is
meshed with 6.105 quadratic hexahedron elements (see Fig.14 (b)). At the top of
the rough surface, there is ~ 3.104 elements. The convergence of the numerical
models has been checked and the number of the considered elements is high
enough to capture all surface details. The contact problem is solved using
Augmented Lagrangian formulation [13] which guarantees the FEM solving
efficiency. The finite element analysis is performed with Abaqus/Standard 6.13.

The results from various models are shown in Fig.15 and Fig.16. The first layer
thickness is h = 100um, its Young modulus is fixed at E1 = 4GPa and the ratio
E>/E1is varied from 0.2 to 5.

The variation of the dimensionless contact pressurepw/Ef (where EY = 2045
the equivalent elastic modulus of the first layer and p» is the mean contact
pressure) with normal separation gnis shown in Fig.15. At first sight, there is a
good accordance between the proposed model predictions and finite element
results. One also can see that the impact of the sub-layer properties is
considerable. It is also noticeable that the evolution between the logarithm of
Pn/EY and gnis almost linear except for the case of small loadings, and this

for the different tested configurations.
In Fig.16, the evolution of the real contact area fraction A/Ao (where Ao is the
apparent contact area) with the quantitypn/ EY is presented. The numerical
predictions are in good agreement with the model results. The contact area -
mean pressure relationship is almost linear except for the case of very small
fractions of contact area (4/Ao < 0.5%). However, the most interesting
observation that can be made is that this evolution is marginally affected by the
sub-layer modulus. Indeed, the first layer modulus is the same for all the
considered configurations and the introduced function y is equal to 1 (see
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Rigid flat

100 pm

1lmm

Layers

(c)

Fig. 14 (a) Schematic of the model. The first layer thickness is h = 100um and the following
parameters are considered : H = 1mm and E1 = 4GPa. (b) Schematic of the finite element model. The
two-layered solid is meshed with 6.105hexahedron elements. (¢) Illustration of surface roughness.

Figs.7- 10), independently of the sub-layer modulus. Therefore, the pressure
level which is controlled by function y (see Eq.29), is kept fixed with respect to
contact area. Thus, this evolution is mainly affected by roughness and the first
layer modulus. Finally, one should expect that the linearity of the area vs
pressure relationship is only valid for a limited range of contact area, as in the
classical asperity theories [7, 9].

From these examples, it is clear that the elastic properties of the sub-layers have
a considerable influence on the separation-load relation but marginally effect on
the contact area-load evolution. It seems that this relationship depends only on
the first layer modulus which was fixed in this study.

Another interesting point to be investigated is the interaction effect on the
system response. Up to now, the complete model considering interactions has
been tested and results are in good accordance with FEM calculations. In what
follows, the results from the complete model (thatis indicated as ” I model ”) are
compared to the simplified model which does not consider interaction
(indicated as ” N model ”).

The evolution ofP»/£7 with normal separation g» is shown for both models in
Fig.17. As we can see, the contribution of interactions depends on the solid
parameters, and in this example, it is the ratio E2/FE1. The increase of E2/E1
attenuates the effect of interactions. For higher values of this ratio, interactions
has little effect on the studied curve. Indeed, the function g introduced
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Fig. 15 Evolution of the dimensionless contact pressure with the normal separation. Comparison
between FEM results and the model predictions.

in Eq.30 has a great effect on interaction terms. For instance, for the case where
E2/E1 = 5, these terms almost vanish and there is no need to consider
interactions. In contrast, if the sub-layer is less rigid than the surface layer
(E2/E1< 1), the non-consideration of asperities lead to an overestimation of the
global stiffness.

Hence one can conclude that the major influence of the sub-layers properties on
the interface behavior lies in the interactions between asperities, which affect
subsequently the contact area and normal stiffness. It is also worth to notice that
the influence of interactions is not only dependent on the sub-layers properties
but also on the first layer thickness.

Regarding the evolution of the real contact area with loading (see Fig.18), we
observe that interactions do not affect this evolution. This remark have been
already made in many works studying the effect of interactions on loading-area
evolution (see [9, 11]).

With regard to the computational time, the new contact model provides results
within ten to twenty minutes if interactions are included, and few seconds if not.
The fully discretized solution obtained with the finite element method is more
computationally expensive and lasts 6-8 hours using a high-performance
computer. Thus the present model is numerically efficient.
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As is aforementioned, the precedent studies were conducted on a narrow band
rough surface and the results have been verified with the finite element method.

In what follows, we present the results obtained with this model using different
Fig. 16 Evolution of the fraction of the contact real area with the dimensionless contact pressure.
Comparison between FEM results and the model predictions.

kinds of roughness. Indeed, the upper cut-off wave number ky has been varied
from 10 to 20 and then to 40. For each value of ku, 20 surface samples have been
studied. The purpose is to investigate the dependency of the effects of
interactions and the sub-layer parameters on the surface spectrum bandwidth.
Moreover, from this study the deviation from one result to another can be
assessed and the global tendencies can be analyzed if they exist.

In Fig. 19 is shown the evolution of the dimensionless contact pressure with the
normal separation for the case where E2/E1=1 and considering the two models
:” I model ” if interactions are considered and ” N model ” if not. As can be seen
from this figure, the spectrum breadth have a considerable influence on the
predictions of the model if interactions are not considered (see the red curves
in the same figure). However, interestingly the gap between the same curves
decrease if interactions are considered especially for small separations (see the
blue curves). For large separations, a considerable scatter is observable which
can be due to the dependency of the results at this stage on the arrangement of
asperities. Once again, this study confirms that interactions tend to reduce the
slope of the pressure vs separation relationship despite the spectrum
bandwidth value. As regards the contact area vs pressure curve (see Fig. 20),
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one can see that this curve depends considerably on the spectrum breadth. The
contactarea decreases with the increase of ku. This behavior is predictable since
the asperities become much smaller when kw increases. Interestingly, one can

also remark that interactions do not modify these curves

Fig. 17 Evolution of the dimensionless contact pressure with the normal separation. Comparison
between the complete model (" I model ”) and the one which does not consider interactions (” N
model ")

and this for the different surface samples.

Similarly, we have conducted the same study considering E2/E1 = 5. The
evolution of the pressure vs separation is shown in Fig.21. Comparing to the
previous case, it is clear that interactions become less influent on this
relationship especially for the narrow band surfaces k» = 10. As ku increases,
interactions still have an impact on this relationship. This can also be explained
by the fact that the increase of knleads to decreasing the contact spots size with
respect to the surface layer thickness which remains fixed at 100um. Moreover,
for the same configurations, Fig.22 shows the area vs pressure curve. Once
again, the same results can be seen, namely the considerable influence of kv and
conversely the non-dependence on interactions.

From the different studies, it is clear that the prediction of the pressure vs
separation curve depends on the spectrum bandwidth and the solids layers
properties. As we have shown, the consideration of interactions is proved to be
necessary for many cases, in particular, if the surface spectrum bandwidth is
enough large and / if the surface layer is enough thick or if the solid sub-layers

8 9 10

Separation g, (pm)
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are less stiff. Moreover, if interactions are considered, the predictions of the
model seems to be less dependent on the upper wave number especially for the
case of small separations. Furthermore, the contact area vs pressure curve
seems to be marginally affected by all these features, except the spectrum
bandwidth, and the linearity is predicted for limited range of contact areas. In
particular, the increase of the surface bandwidth leads to a decrease of the
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Fig. 18 Evolution of the fraction of the contact real area with the dimensionless contact pressure.
Comparison between the complete model (" I model ”) and the one which does not consider
interactions (" N model ")

contact area with respect to the load. This is a classical result and was already
predicted in many theories such as Bush et al. theory [8] and Persson’s theory
[43].

Conclusion

In this work, a contact model of rough surfaces and multi-layered solids has
been proposed. The model is based on a multi-asperity surface description. The
transfer matrix technique has been used to express surface displacements as
functions of the surface loads. Then, making use of Abel and Hankel transforms,
a contact model of parabolic asperities has been developed. At the asperity scale,
results show that the sub-layer properties affect clearly the load-displacement
curve.

By making use of a second order approximation of the asperity model, a contact
model of rough surfaces has been developed. The obtained results have been
compared to finite element calculations. A good agreement has been observed
between the two methods.

As an example, a two-layered solid with a rough surface has been studied.
Results show that the sub-layer properties strongly affect the contact interface

Contact pressure p, [E/
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stiffness but much less the load-area evolution. The latter depends essentially

on surface roughness and the first layer properties. With regard to stiffness,
Fig. 19 Evolution of the dimensionless contact pressure with the normal separation. Comparison
between the complete model (" [ model ”) and the one which does not consider interactions (" N
model ") for different values of the upper wave number kv (10, 20 and

40), E2/E1=1 and 20 surface samples

the sub-layers properties have a great influence on interaction terms which
affects the load-separation evolution. Indeed, it has been shown that in some
cases, the interactions between asperities can be neglected, while in the
homogeneous case, interactions must be considered even in the case of small
loads and contact areas. Moreover, the effect of the surface bandwidth has been
investigated over many surface realizations. The obtained results highlight the
role of interactions which increase if the surface is a large band while the contact
area decreases since the scale of asperities decreases with the upper wave
vector increasing.

Finally, this model can be used to embed large scale numerical models with the
aim to consider the effect of roughness and a normal gradient of properties
using the approach presented in our work [11].
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Fig. 20 Evolution of the fraction of the contact real area with the dimensionless contact pressure.
Comparison between the complete model (” I model ”) and the one which does not consider
interactions (” N model ”) for different values of the upper wave number ky (10, 20 and 40), Ez/E1=
1 and 20 surface samples
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Appendix A

- Elastic matrices

1 exp (—2pz)

=exp (pz).
Zl P (p2) [,{Lp —,u.pexp(—sz)]

and
Q_'UCXP (pz) ECXP(_PZ) b z = 2(lp—y) exp (pz) i
= e o) —gew (o) oo (24 2 e (os) 5
exp(pz)  —exp(—p2) ( - }) exp (p2) -3
exp (pz) exp (—pz) zexp (pz) zZexp

and exp() is the exponential function.

- Transfer matrices of a layer

T

1+ exp(—2ph —
n = 0.5 exp (ph). + exp(—2ph)

—p (1 — exp(—2ph))

1
(1 —exp(—2ph))
1

1 + exp(—2ph)
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and 7 .
=1 (T4 cosh (ph) + T2 sinh (ph
T ) (27)
where
[1—v ph ph 0 [ ph 1—-2v 3—4v ph
I 2u  4p? 20 p 42 42
phol-v o ph phph _ph 1-v
| 2u L dpu? 2u  2u 4p? 2pu2
b ph 0 L-v _ph o -1 ph _ph _ph
1 2p ' 2u 2u
ph 1—v 1—-2v  ph
0 —ph — —ph -1 — —
T L 2p poJgT L Iz 2p

and cosh() and sinh() are the hyperbolic sine and cosine functions.

Appendix B

The transfer matrix that relates surface displacements to surface loads can be
expressed as follows
Fii Fiz 0
Foy Fa 0

F 0 0 Fsg
The matrix coefficients are obtained from boundary conditions. Two cases are
examined here :

- Case of an elastic half space

The multi-layered solid lies on an elastic half space. Thus, the half space pa-

N+l N41) ;
A'Ez )AL and B vanish. It follows that

rameters
Fi Fiz| _ 1 Nio Nig| [ Nyg —Nay
F21 FQQ AN44A"32 - Ng;lf\r:ig ]VQQ ]\‘T24 ff\iu fV;;Q
M
Fog =12
and Mo

N1 N+1
where N = S-Zg v (zN) and M= R'Z(l v (2v) and zwis the total height of
the solid.

- Case of a rigid half space

If the multi-layered solid lies on a rigid half space, the displacementsu"&

N
and ui )

are set to be zero. One can deduce that

N}

()

w
, &
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Rip
Fiy3 = —=
= R
Fiy Fra| _ 1 S13 S1a| | Saa —Sa
and Fo1 Fop S44S33 — S34S43 |S23 S2a| [—Sa3 Saz

Appendix C

Using the closed form of @, and the parameters y and ¢, the following
approximated expressions can be deduced :

- The total normal force P

"R (28)

- The normal stress o0z

0., (r) = ta (a) m ifr<a

~ 7R (29)
- The normal displacement u.reads

R 2
I e

( ifr<a

: x(a) 2_ 2 i (& 2 _ g2 .
l o~ {(2(1 r )arc&1n(r)+a\/7 a +g(a,r)]else.
(30)

sin(ap) — apcos(ap)
e

glar) =4 [ ko) Ta(or) dp
where 0



