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Thin Layers in Micromagnetism

Gilles Carbou

Mathématiques Appliquées de Bordeaux, CNRS ERS 123 et Université Bordeaux 1, 351 cours
de la libération, 33405 Talence cedex, France.

Abstract - In this paper we study the solutions of micromagnetism equation in thin domain
and we prove that the magnetic field induced by the magnetisation behaves like the projection
of the magnetic moment on the normal to the domain.

1 Introduction

The aim of this work is to study the behavior of solutions of micromagnetism equations in thin
domains. This paper concerns for example the magnetic microscopes composed by a thin layer
of ferromagnetic material deposited on a dielectric point.

In the micromagnetism theory, a ferromagnetic material is characterized by a spontaneous mag-
netisation represented by a magnetic moment u defined on the domain 2 in which the material
is confined. This moment satisfies |u| = 1 on 2 and links the magnetic field H and the magnetic
induction B by the relation B = H + u, where u is the extension of u by zero outside Q.

The magnetic field H satisfies curl H = 0 by static Maxwell Equations, and by the law of
Faraday we have div B = div (H + @) = 0. Hence the magnetic moment v induces a magnetic
field H(u) given by :

H(u) € L*(IR%),

curl H(u) = 0 in D'(IR3), (1.1)
div (H(u) 4+ @) = 0 in D'(IR?).

We will study two models of ferromagnetism.

Model I : steady state model
For u € H'(Q;8?) = {U e HY(Q; IR?), such that |v| = 1 almost everywhere}, we set

ew) = [ Ivuf+ [ H@]E.

The steady state configurations of u are the minimizers of € in the space H'(€; 5?). They satisfy
the following Euler equation :

—Au —u|Vul|? = H(u) + (u, H(u))u = 0 in D'(Q).
Existence of the minimizers of £ is proved in [6]. Regularity results about these minimizers are
proved in [3] and [5].
Model II : Quasi-stationary Model
In this model u depends on the time ¢ and satisfies the Landau Lifschitz equation :

ou ou
E—Fu/\E:Qu/\(Au—FH(u)) (1.2)



where H(u) is defined by (1.1).
In [6] and [4], it is proved that if ug € H'(Q;S?), there exists at least one weak solution of (1.2)
which satisfies :

o ue I®(R; (),
o luj=1 ae.

ou
- L2 + Q
° 5 € L°(IRT x ),

e for all y € D(IRT x Q), (1.3)

/ (@—i-u/\@) ——2/ iu/\au~ax+2/ uA H(u) -
i xo \ Ot 0t )X T T Jrexe =" 0n 0n T rixa X

t 9
o forallt >0, Egs(t) +/ H—UH%Q(Q) < &Egs(0)
o Ot
where Egs(t) = / Vu(t, z)[?de + / H()(t @) de.
Q IR

Our first result is the following

Theorem 1.1 We set Qj, = w x [0, h], where w is a regular bounded domain of IR?.

Let uy, € HY(Qp; S?) be a minimizer of € in H'(Qy,; S?).

For (z,y,z) € wx]0,1[ we set up(x,y, z) = up(x,y, hz).

Then there exists a subsequence still denoted iy, such that iy, tends in H'(w x [0,1];52) to a
constant vector field e.

This constant e satisfies |e| = 1 and is contained in the plane of w. Moreover it minimizes the
following energy :

8O = [ I€vw)Pdoty),  for & e B2 1 =1 (1.4)

where v is the outward unitary normal to Ow.

For the same kind of flat thin layer, we prove the following theorem which concerns weak solutions
of Landau-Lifschitz equations (model II) :

Theorem 1.2 Let ug € HY(w;S?%). Let v, € L®°(IRT; HY(w x [0, h]; S?)) be a weak solution of
(1.3) with initial data v)(x,y,z) = uo(x,y). For (t,x,y,2) € RT xwx[0,1], we set vp(t,z,y,2) =
vp(t, z,y, hz).

Then there exists a subsequence still denoted vy such that vy tends to a function v in
L®(IRT; HY(w x [0,1]; 8?)) * weak, in L?([0,T] x w x [0,1]) strong and almost everywhere.



Furthermore, v does not depend on z and satisfies :
e U(t=0)=uo,

e U e L®(R"; H'(w)),

e 0| =1 a.e.

v 2+
° a5 € L°(R" X w),

for all x € D(RT x ©),

9o oY 205 Oy o
/B+><w<8t oA 8t)x /]RJrXW;UAa:EZ' 0x; /R+vaA (@) x,

with P(v) = —(v, e3)es where 63 is the third vector of the canonical basis of IR®,

o forallt>0, &t +/ ||8t”L2(“’ £2(0),
where Eo(t /|VU ) + / 3(t).

Remark 1.1 When h goes to zero, the non local operator H behaves like the local operator P.
We remark that — P is the projection of u onto e3, the normal to the domain.

Remark 1.2 Theorem 1.2 remains valid if we suppose that the initial data v2 satisfies :

1. v2 — g in H'(w x [0,1]) strongly, where ﬁ(w,y,z) = vg(a:,y,hz),

1 0
2. E% tends to zero in L?(w x [0,1]) strongly.

Afterward we will prove the same kind of theorems in a more complicated geometry.

Let us consider a surface S C IR? such that S is diffeomorphic to B2. We denote by 7 a regular
unitary vector field defined on § and normal to S.
We set

On={X € R®, X =u+ti(u), uc S, t[0,h]}.

On the other hand, we endow IR? with a chart compatible with O, : let ¢ be a global diffeo-
morphism from IR? to IR? such that :

there exists R such that ¢|cpo,r) = Idjcp(0,R):
»(B? x {0}) =

% (2, 5) = A((x,0))

B2
Ve B Yzel|0,ho, 85(

We remark that Oy, = ¥(B? x [0, h]).

Remark 1.3 This geometry describes the thin layer of ferromagnetic material in the magnetic
MIiCroscopes.



For this kind of thin layer, we first prove the following

Theorem 1.3 Let u, € H'(Op; S?) be a minimizer of € in H'(Op; S?). We set up = up o p™!
(un, € HY(B? x [0, h]; 5%)). We consider the rescaled up(x,y,z) = up(z,y, hz).

Then there exists a subsequence still denoted uy, such that uy, tends to u in H'(B? x [0,1]; S?)
strong. The limit @ does not depend on its third variable, and if we set u(X) = u(y~1(X)) for
X € 8, then u minimizes the following energy :

é(u):/ |V3v|2da~|—/ v - i2do, ve H'(S:S?).
S S

Remark 1.4 We can remark that the demagnetizing energy behaves in thin domains like an
anisotropy energy forcing the magnetic moment to be tangential to the domain.

For the solutions of Landau-Lifschitz equations in the domain Oy, we have the following

Theorem 1.4 Let ug € H'(S;S?). We consider ul € H*(Oy; S?) satisfying :

ub =wug in S

ul is constant along the lines [x,x + hii(x)] for v € S.

let vy, € L®(IR"; H'(Op; S?)) be a weak solution of (1.8) in IR x Oy, with initial data uf.

Like in Theorem 1.3 we set vy(t, X) = vp(t, (X)) fort € RT and X € B? x [0,h] and we set
@\f;(t, x,Y, Z) = ’U_h(t7 x,Y, hZ)

Then extracting a subsequence, v, tends to ¥ in the L (IR"; H*(B%x[0, 1]; 5?)) x weak, L*([0,T]x
B? x [0,1]) strong and almost everywhere.

Furthermore v does not depend on his third variable and if we denote v(X) = v(¢(X)) for
X €8, v satisfies

e v(0,X) =wu(X),

o vE LX(RTHY(S)),

o v|=1 ae.
ov
e LQ +
° ot S (R XS)
e v is a weak solution of%—i—v/\% =vA <A5v— (v‘ﬁ)ﬁ),

‘9
o forallt>0, sg(t)+/ |52 22(s) < E3(0)
o Ot
where 53(t):/ |ng(t)|2da—|—/ v - ii|2do.
S S

Remark 1.5 In this more complicated geometry we remark that the same phenomenon than in
flat domains occurs : the non local operator H behaves like the opposite of the projection onto
the normal to the domain.



Remark 1.6 The hypothesis on the initial data u’(} can be weakened in the following form :

If we set ul(x,y,z) = ul(Y(z,y, hz)), we assume that

1. z?é tends to ug in H'(B(0,1) x [0,1]) strongly,

1 Ouf 9
2. E(‘)— tends to zero in L=(B(0,1) x [0,1]) strongly.

This paper is organized as follows : Chapter two is devoted to the proof of Theorems 1.1 and
1.2. We prove Theorems 1.3 and 1.4 in Part 3.

2 Thin Domains of the form w x [0.h]

2.1 Proof of Theorem 1.1

Let uj, be a minimizer of & on H(w x [0,h];5?). We denote up(z,y,2) = up(x,y,hz). We
consider K}, the rescaling of H(up) :

Kh('rvyv Z) = H(uh)(xvya hZ)

First step : energy estimate.

Let e be a constant vector field on Q;. We suppose that |e| = 1. We have e € H!(Q,; S?), so
E(up) < E(e).

We have,

ge) = [ 1HEP.
R
Now, there exists a constant C' such that
Voe LR, |[HW)| g < Cllvllr2 s (2.6)

So,
Elun) < £() < Clel2s s < Ch

/ . |Vuh|2+/ (un)2 < Ch.
w X

We re-scale this inequality and we obtain that :
Jup, Oup, 1 Ouy,
Lo (G r G+l k) + [ mP<c 27)
wx[0,1] R3

Second step : limit when h goes to zero.

hence

Extracting a subsequence we can suppose that there exists % € H(wx[0,1]; §?) and K € L?(IR?)
such that uj, tends to @ in H'! weak, L? strong and almost everywhere and K, tends to K in L?
weak.

ou -
Furthermore we remark that —~ tends to zero in L2 strong hence u does not depend on z.

0z

We remark also that || =1 a.e.



Lemma 2.1 Let wy;, € L?(wx]0,1[) such that wy, — w in L*(w x [0,1]).

For (x,y,2z) € wx|0,h[, we set wyp(z,y,2) = wp(z,y,7). We consider the rescaling of H(w,)
setting Wy(z,y,2) = H(wp)(z,y, hz).

Then, Wy, tends to P(@) = —(w, e3)es in L*(IR*) strong as h goes to zero.

Remark 2.1 We recall that W is the extension of W by zero outside of w x [0, 1].

Proof of Lemma 2.1.

let us write the equations satisfied by W), = (W}, W2, W2).

We know that H(wy,) satisfies curl H(wy,) = 0 and div (H (wp) +wp) = 0.
After rescaling we obtain that

LOWR | oW

“h 0z y =0

oWl owp

h 0z ox =0

(2.8)
WL owp

oy or

=0

0
Ox

0 —3
5. (Wil + %) =0

S

a -
(Wh +U)h )+a_y(Wh +'wh )+

These equations are satisfied in D’(IR%). Let us take the weak formulation of the first equation
of (2.8) : we fix U € D(IR?) and we have

ov ov
W2 30V
/ﬂ{5 oz T /R3Wh oy’

Taking the limit when h tends to zero, since W2 — K2 and W7 — K3 in L2(IR3) weak, we
obtain that

1(p3 2 0¥

VU eD(R’), We— =0,
IR3 0z

hence W2 does not depend on the variable z and since W? € L?(IR?), we deduce that W2 = 0.
In the same way we prove that Wt = 0.
Now, taking the limit in the weak formulation of the fourth equation in (2.8), we obtain that
W3 + w3 = 0. Therefore -

W = —(@, 63)63.

In order to prove that W), — W in L?(IR?®) strong, we remark that

o=

and by property of the operator H (since —H is an orthogonal projection in L?(IR?) onto the
fields of gradients), we have :

/ (W2 ——h/ wp, - H(wp) = / Wy, - Wh,.
x[0,1]



Since wy, tends to w in L? strong and since W}, tends to —(w, e3)es in L? weak, we obtain that
[Whllr2(ms) tends to || — (w0, es)es|l p2(ps)-
Hence, W}, tends to —(w, e3)es in L? strong, which fulfills the proof of Lemma 2.1.

Applying Lemma 2.1 in our case, we obtain that K, tends to K = — (@, e3)es in L?(IR?) strong.

Third step : u is a constant.

Let e be a unitary vector contained in the plan of w.
We set ep(z,y,z) = e for (x,y,z) € Q. We have :

£en) = [ )P =~ [ H(en)-en

We take the rescaling of the previous equality and we obtain :

E(en) = _h/x[o . By, - e,

where Bh('rvyv Z) = H(eh)(x7y7 hZ)

0
As in the second step we prove that B — 0 =0in L? (ZR3) weak, so / By, - e tends
3 wx[0,1]
e

to zero when h tends to zero.
Now by minimality of uj, we obtain after the rescaling that

— 1 ouyp,
qu2+—/ —2+/ K2§—/B-e,
/w><[0,1]| yinl h? w><[071]‘82‘ R3| nl "

which implies first that Vu = 0 i.e. @ is a constant vector field, and that K} tends strongly to
zero in L2(IR3), hence K = 0, i.e. U3 = 0.
So w is a constant unitary vector field contained in the plan of w.

Fourth step : ¥ minimizes E.

In order to prove that u minimizes E , we will compute an equivalent of £(ej) when e is a
constant unitary vector field defined on §2;, and contained in the plane of w. We denote v the
outward unitary normal to the domain w.

We recall that of H(ej) = —Vy, and that :

2 _ 2 _ _ C€ = — i
HH(Bh)HL2(R3) —/BS\V¢h| = /1R3 Vop, - €y = /89h on(en,v) +‘/Qh wrdiv ep.

Furthermore we have :

o) = [ e dy — [

2, [z =yl

1

O, m(em v)(y)do(y).

Now, since ey, is a constant vector field,

1
||H(€h)||%2(ﬂ35) = /:ce{)Qh Aeth m(eh,u)(m)(eh,u)(y) dO’(l‘) dO'(y)

The boundary of ©j, has three parts : dw x [0,h], w x {0}, and w x {h}.



Since ey, is a constant included in the plan of w, the expression of Ay, = ||H(ep) becomes :

1

Ay = 2 / (e, )(X) (e, ) (Y )do(X) do(Y) dz d2',
(X,Y)€bw?,(2,2")€[0,1]2 ( ||X _ Y||2 + h2|z _ z’|2)5

= [ (en)(X)Gh(X)do(X),

where
1—2

G =f | ey (G LU eLS

Hence
Gn(X) = G(X) + G} (X),

with

GH(X) = - (1X = Y[?+ 127 — | X = Y| (e, ) (¥ )dor(Y)

Y edw

and

GHx) = [ Argh (ﬁ) (e, 1) (Y)do (V).

Let us compute now an equivalent of G}L. We prove that

1

1
- ot _Z
53 hGh(X) tends to 2(e,y)(X)

as h tends to zero. Furthermore, this limit is uniform in X € Ow.

Let u : R — IR%, be a L-periodic normal parameterization of w (L is the length of dw). Let
X € ow.

Let € > 0 be fixed. As the frontier Jw is regular and compact, there exists ag > 0 such that :

(1 =¢)ls = so| < [lu(s) = ulso)| < (1+€)ls — sof
Vso € IR, Vs €]sg — ap, o + apl,{ and
(e,v(s0)) —e < (e,v(s)) < (e,v(sp)) +¢.

We remark that ag does not depend on X.
Even if it means translating the parameterization of dw, we can suppose that X = u(0).
We have :

L

GAX) = = [ [(lus) = w(O)I + 5 = [u(s) — w(O)]] (e v())ds.

2

We split the integral of G}, in 2 parts using the periodicity of u :

%- ag L—ag
L e / . _.I_ .
B —Qo a0

Let us study the first part of this expression. If s €] — avg, agl,

<(1 + €)% + h2>% -1 +5)]s\1 [(e,y(X)) - 5} <

8



[(lu(s) = ()2 + %)% — fJu(s) = u(so)l] (e, v(u(s))) <
[((1 _ e 4 h2>§ —a —5)]5\] {(e,u(X)) + 5}

We integrate this inequality between —a and ag. We remark that

1
§2 2)? _ 1
h—>0 —h2lnh/ l< +h ) 7|S|] ds = v

Hence there exists hg > 0 such that for all A < hg,

1—¢
T+e [(e’V(X)) B 5] =

h2 nh / (luls) = w(O)[* + 52)2 = [[u(s) = w(0)]| (e, v(s))ds <
1+e¢

s {(e,u(X)) + 5] .

We remark that hg is independent of X.

Let us study now the second part of the integral defining G/ (X).
Since the parameterization of dw is an embedding in [0, L[, there exists § > 0 such that if
ap < |s1 — s2| < L then ||u(s1) —u(s2)|| > 3. Hence, for all h > 0,

. /L—ao [(62 —|—h2)% —ﬁ} '

@Q

L7 [0t = w12 + 2% — o) ~ O] e, (50

0

Now,
1 L—ap 9 o\ 1
i [0 =]

tends to zero when h tends to zero. So this part of G}, (X) can be neglected, and we have proved

that
1

WG}L(X) tends uniformly in dw to — (e, v(X)).

In the same way we study now G2 (X) :

G2 (X h/ Argsh<” ()H>( v(u(s)))ds.

We remark now that

1 ag h
hlino mh Argsh <_|> =2,
hence, we prove that :
1
WG%(X) tends uniformly to 2(e,v(X)).
Therefore .
“2h lnhGh(X) tends uniformly on dw to (e, v (X))



Hence,

H(ep) is equivalent to — h%Inh [ (e,v(X))*do(X)
Ow

when h tends to zero.
Since up, minimizes H on Ow X [0, h], and since uy, tends to a constant which belongs to the plane
of w, this constant minimizes the energy :

E(e) = /aw(e,u(X))zda(X).

2.2 Proof of Theorem 1.2

Following [4] we build a weak solution of (1.2) which satisfies :

0+ L[5

Sh(t):/Q |wh(t,x)|2dx+/R3 H (op) (¢, 2) da.

As in the proof of Theorem 1.1 we consider the rescaling of vy, : we set vy, (¢, x,y, 2) = vp(t, z,y, hz).
We set

_ 1 Ovy
F)= [ (9l + 5l SR oy o dy d+ [ |ty Pdo dy dz
wx[0,1] R

where K, (t,x,y,z) = H(vp)(t, x,y, hz).

The energy inequality writes :

t dvy,
Ao+ [ [ G < A
0 Jwxo,1] Ot

8’Uh

&n(0),

with

We remark that

Fn(0) = Vayuol* + [ |Kn(0)?
wx[0,1] R?

since ug does not depend on z.
Furthermore,

1
R = 5 [ H G

where ug(x y,2) = up(x, y)X[ }(z)
As the operator H is continuous on L?(IR?) we obtain that / |H(ul)|? < Ch.
R3

Hence, there exists a constant C' such that for all h > 0,
IVayUnll Lo (m+:22wxo,1)) < €

avh

5, I (m+iL2@xpa) < Ch?
(2.9)
avh

¢ 2 xwxio ) =€

||Kh||L°°(B+;L2(B3)) < C.

Extracting a subsequence, we can assume that :

10



e v, = vin L¥(RT; HY(w x [0,1])) * weak, L2([0,T] x w x [0, 1]) strong, and almost every-

where,
. % - % in L2(IR" x w x [0,1]) weakly,

o K; — K in L®(IR"; L?(IR?))  weak.

We know that |v| = 1 since v, — v almost everywhere.
Following the proof of Lemma 2.1, we obtain that

K = —(ﬁ, 63)63.

Now, in order to take the limit in Landau-Lifschitz equation, let us consider the weak formulation
of (1.2). Let ® € D(IRT x Qy,). We have :

dup, 87}h) c%h 0P
ot Y ¢ =-2 / + 2/ A H(vp) - .
/R*xﬂh < or " Z +><Qh dr; Ox B xq, Un (vn)

Let us take ®(t,z,y, 2) = ¢(t,x,y) where ¢ € D(IRT x ©) (i.e. ¢ does not depend on z).
Taking the same rescaling, we obtain that :

ov, avh> / 8175 Op N
A — o= — — . T 42 on ANKp - .
/1R+ xwx[0,1] < ot " Z R+ xwx[0,1] o Ox; Ox; R+ xwx[0,1] nARRe
It is now straightforward to take the limit of this expression when h tends to zero, since :
c%h ov
ot at
v, Ov in L2([0,T] x w x [0,1]) weakly.
Ky — —(v,e3)es

Now the integrand of the limit does not depend on z. We obtain that v is in L (IR*; H!(w))
and satisfies :

v v ov 0Oy
/R+Xw(at I A_>Q0_ Z/mew dz; O +2/JR+WUA(_(U’€3)€3)'¢’

which is the weak formulation of

ov ov
E—H}AE_%/\(AU_(U e3)es) .

It remains to show that v satisfies the energy inequality. By lower semi-continuity of the norm
for the weak topology, we obtain that

troov, 1
— < N 1 —_
Eg(t)—i-/o /w|8t| < lim inf hé’h(O),

with

Sg(t):/ |w(t,x)|2dx+/ (s (¢, ) da.

11



Let us compute lim inf +&,(0). We have :

En(0) = Vayuol* + [ |H(ug)?
wx[0,1] R3

where ug = up(z, y)X[o,h}(Z)-
We set Ki'(z,y,2) = H(ull)(z,y, hz).
So

Sh(O):h/ |szuo|2—|—h/3|Kg|2.

By Lemma 2.1 we know that K} tends to (0,0, — ) in L? strong, hence

—Sh —>/ zyuo\ +/ \uo\ 52

which concludes the proof of Theorem 1.2.

3 Non flat domain

We only detail the proof of Theorem 1.3. The proof of Theorem 1.4 follows with the same kind
of arguments.

First step : geometrical preliminaries.
We recall that ¥ is a global diffeomorphism of IR? such that :

there exists R such that ¢c g r) = Id|cp(0o,R)

W(B? x {0}) =

VaeB Vel ho, O (rs) = A(i(r,0)

We remark that Oy, = ¥(B? x [0, h]).
We will use the following notations :

e p=0"",

* (a) = (GH(0). 5 (0)

e g(x) is the matrix of the g;;’s,
¢ gh(-rl,.fg,z) = g(xaya hZ),
° ’lzbh(-rla-rQaZ) :@Z)(l‘lj.ﬁszhz)’

e ¢" are the coefficients of g~1(x),

o J(x1,x9) = 1(V(x1,22,0)).

12



By property of the diffeomorphism v, we remark that g(z) is on the form :

0
0 01
and g~! is on the same form.
In particular, g2 = ¢** = 0.
On the other hand we remark that for all (z1, 9, 2), we have ¢ (1(x1,22,2)) = 2 thus
0
Vbl 2,2) g =0

0
Ve (a1, 23, 2)) - 8—;/’2 ~0

Ve, ) - 90 =1,

so V@* (w1, 2, 2)) = (¢ (21, 72,0)) = F(x1, 72).
We will now translate the energy in the new coordinates in order to perform the classical

rescaling.

Second step : formulation of the energy in the new coordinates.

We have 8 9
V|2 / g8 () SR 2k dz1duodrs.
J, vwi= [ on 295 gl dodands,

and after rescaling we obtain that :

Ouyp, duy,
/ \VWLP =h Z ga (:r y,zh)ﬂﬂ ‘ 9($1,$2,h2)|d:61da:2dz+
Qp B2x[0,1] , 51,9 0z Oxg
1
I3 g(x1, 29, hz)|dry drodz.

In order to study the rescaling of Hp,, we set Kp,(z,y,2) = H(up)(¥(x,y, hz)), and we have :
| @R = [ 1y, 2) P ac by, 2)
R? R3

and since | Jac ¢p(z,y,2)| = hy/|g(x,y, zh)|, we have
[ )R =h [ |KaGy, 2Py gy, 2h)lde dy d
R3 R3

Third step : energy estimate.

Comparing the energy of u; with the energy of a constant, using that there exists two constants
p and v such that

Vee R VEE R, ul¢l’ <3 gY@ < vl
7-]

13



we obtain that there exists a constant C such that :

8uh
”8 lz2(B2x[0,1)) < C

HaLHLZ(B 2xj0,1)) < C
dy (3.10)
H8uh z2(B2x[0,1)) < Ch
Kbl L2 (mey < C
Extracting a subsequence, we can suppose that :
up — uin HY(B? x [0,1]) weakly,
up — U in L?(B? x [0,1]) strongly, and almost everywhere. (3.11)

K, — K in L?(B? x [0,1]) weakly.

Fourth step : fundamental lemma.

Lemma 3.1 Let (W), a sequence of L?(B? x [0,1]) such that wy, tends to w in L? strong.

For x € Qp we set wy(x) = wp(p1(z), p2(x), E@g(az)) and we consider the rescaling of H(wp)
setting :
Wh(x1,z2,2) = H(wp)(Y(z1, 22, h2)).

Then Wy, tends in L*(IR3) strong to — (@ - ¥)i.

Proof of the Lemma :
We have

H(wn)(@) = Wa(e1(2), 02(2), 3 3(2))

By property of the operator H we know that ||H(wp)| 12(g3) < [whll2(ms)- Hence there exists
a constant C' such that

||Wh||L2(JR3) < C||17)71||L2(B2x[0,1]),
thus there exists a subsequence still denoted W, such that W}, tends to W in L?(IR3) weak.
Let us prove that W = —(w - 7).
We write that div (H(wp) +wp) =0 :

Vee DR, [ (H(w) +7m) - V¢ =0

and taking &(z) = n(¢1(x), p2(z), %@3(1’)), we obtain
3.2 - on 0y; 1
oo 2 ) g ) e

14



993 1 (0 ! v
h/RaZ T D+ )@ G2 (0 (0) e

Multiplying by h and taking the limit when h goes to zero, one obtains that :

1

2 8803 o
/RP,Z D) G o) kX 0.

Now we know from the first step that Vs(¢o(X)) = v(X).

Hence we have obtain that :
dn
/]R3 5% (W—i—w 1/) \/1g90] = 0.

We deduce of this last assertion that (W + W, 17) V/|g90| does not depend on z and since this
quantity is in L? we obtain that

(W+E,ﬁ)zo.

Let us write now that curl H(wj,) = 0. Taking a test function of the same type and taking the
limit when h goes to zero, we obtain that

2 3
|5 (Wl%%wo(a:)) Wi 2E <w<x>>) 9o(@)] = 0.

and using the same argument we get W13 — W35l = 0.
Therefore we have shown that :

WAU=0

(W, ) = —(@, 7).

So
W =-—

It remains to prove that Wj, tends to W in L?(IR3) strongly.

@, 7).

—~

There exists a constant C independent of h such that :

[ow-wp < o[ =W g

¢ [ Wi\l gn(@)
—20/R3 Wi, - Wi/| gn(2)] +C/]R3 (W21 gn(@)]

[l =3 [ 1

1 _
= 7 /1R3 wy, H (wp,)

IN

We remark now that

by property of the operator H,



Now taking the limit when A tends to zero, using that

W), = W in L?(IR®) weakly,
wy, — w in L?(B(0,1) x [0,1]) strong,
[9n(@)] — VIgo(@)[ in L¥(B(0,1) x [0, 1]) strong,

we deduce that |[Wj, — W{| 23 tends to zero, thus W), tends to W in L*(IR®) strong.
Fifth step : end of the proof.

With (3.10) we obtain that —ZZL = 0. Hence u does not depend on z and we can define v on S
by u(z) = a(y~1(x)) for X € S.
Let w € HY(S;S2). Let us prove that E(u) < E(w).

We introduce wy, € H'(2,;5?) equal to w on S and constant along the radius [z, x + hii(z)] for
r€S. We set w, = wy, o Y=t and wp,(21, 22,2) = wh (21,2, hz). We remark that wy does not
depend on z.

We set :

Wh(x1,z2,2) = H(wp)(Y(z1, 22, h2)).

Since wy, € H'(Qy; S?), by minimality of uj, we have

5(uh) < E(wh).
We obtain that
Oup, Ouy,
Lo S e ah) g SO glanma, he)dadeads
B2x[0,1] a,86{1,2} Tq 0T
+ [ Walaraa )2 lg(ar, 2a. )| doy day de <

owy, Owy,

By, w9, 2h) —2 —2 1,22, hz)|dridredz
/BQX[O’”M;M}g (@22, 2h) ot S gt o) dn

+/]R3 (Wi (1,22, 2)*\/|9(21, 22, 2h)|d21d22 dz,

. Wp,
since — =
0z

Now taking the limit when h goes to zero and using Lemma 3.1 we obtain that

E(u) < E(w).
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discussions.
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